COMPOSITE MULTI-OBJECTIVE

OPTIMIZATION
Theory and Algorithms

HIROKI TANABE



COMPOSITE MULTI-OBJECTIVE

OPTIMIZATION
Theory and Algorithms

by
HIROKI TANABE

Submitted in partial fullfillment of
the requirement for the degree of
DOCTOR OF INFORMATICS

(Applied Mathematics and Physics)

KYOTO UNIVERSITY
KYOTO 606-8501, JAPAN
SEPTEMBER 2022






Preface

To accurately answer all human needs with optimization problems, we cannot avoid
considering multi-objective optimization. Humankind is a greedy creature that can-
not tolerate only a single desire and always has multiple preferences. Unfortunately,
many of them conflict, and the best choice to answer all of them seldom exists.
This trade-off is what makes multi-objective optimization a tough challenge. Even
for problems indeed with multi-objectives, the single-objective models tend to be
adopted. However, thanks to the long-standing wisdom of scientists, the develop-
ment of theories and algorithms for multi-objective optimization has been gradually
gaining speed in recent years. As one of the “dwarfs who ride above the giants,” 1

would like to contribute to its development, even if only slightly.

By adding some explanations and novel discoveries to the author’s papers [104,
102, 101, 103, 100}, this thesis provides theories and algorithms for problems in
multi-objective optimization where the objective functions are non-smooth. These
types of problems are very complex. Thus, it is not practical to consider general non-
smooth models for large-scale problems, which have been recently in high demand.
Therefore, this thesis mainly focuses on multi-objective optimization problems with
a specific structure, called composite models. In detail, this model’s every objective
function is the sum of differentiable and convex functions. Such models work well,

for example, with the loss and regularization models in machine learning.

There are three main contributions of this thesis. One is new merit functions
for multi-objective optimization and the elucidation of their properties. A merit
function is a function that returns zero in the solution of the problem and a pos-
itive number otherwise. We can use it to reformulate the original problem and
estimate the rate of convergence of the algorithm. Another contribution is the prox-
imal gradient method for multi-objective optimization problems. It is a first-order
method using information from first-order derivatives for composite multi-objective

optimization problems. It is more efficient than existing first-order methods for



non-smooth multi-objective problems; it has an O(1/k) convergence rate. It can
also generate stationary points for non-convex problems. Another contribution is
the accelerated proximal gradient method for multi-objective optimization. It does
not work for non-convex problems but is faster than the proximal gradient method
and solves problems with O(1/k?). The proposed algorithm is also novel for single-
objective problems depending on the choice of the parameters. Its numerical results

are better than existing algorithms for single objectives.

Hiroki Tanabe
September 2022



Acknowledgment

This thesis summarizes the author’s research during the enrollment in the doctoral
course at the Department of Applied Mathematics and Physics, Graduate School of
Informatics, Kyoto University. Professor Nobuo Yamashita and Associate Professor
Ellen Hidemi Fukuda of the same department, my supervisors, allowed me to conduct
this research and provided guidance throughout it. I want to express my deepest
gratitude to them.

I likewise thank the members of the System Optimization Laboratory, the scien-
tists of the Operations Research Society of Japan, and many others for their valuable
comments and suggestions at the workshops and conferences. I would also like to
thank my friends and family for their emotional support.

Part of this research was supported by Grant-in-Aid for JSPS Fellows (20J21961)

from the Japan Society for the Promotion of Science.






Contents

Preface

Acknowledgment

List of Figures

List of Tables

List of Symbols and Notations

1 Introduction
1.1  Multi-objective optimization . . . . . . . . ... ... .. ... ...,
1.1.1  Scalarization approach . . . . . . . .. .. ... ... ...
1.1.2  Heuristics . . . . . . . . .
1.1.3  Descent methods . . . . . .. ... ... L.
1.2 Composite optimization . . . . . ... ... ... ... ...
1.2.1  The proximal gradient method . . . . .. .. ... ... ...
1.2.2  The accelerated proximal gradient method . . . . . . ... ..
1.3 Merit functions . . . . . .. .. Lo
1.3.1 Merit functions for variational inequalities . . . . . . .. . ..
1.3.2  Merit functions for multi-objective problems . . . . . . . . ..
1.4 Motivations and contributions . . . . . . ... ...
1.5 Outline of the thesis . . . . . . ... ... ... ... ... ...

2 Preliminaries
2.1 Vectors and matrices . . . . . .. ... Lo
2.2 Convexity and semi-continuity . . . . . . .. ... ...
2.3 Differentiability . . . . . . . ..o

iii

ix

xi

XV



2.4 Holder and Lipschitz continuity . . . . . .. ... .. ... ... ... 17

2.5 Directional derivatives and subgradients . . . . . .. ... ... ... 17
2.6 The proximal operator and Moreau envelope . . . . . ... ... ... 18
2.7 Polyak-f.ojasiewicz inequality and proximal-PL inequality . . . . . . . 19
2.8 Quasi-Féjer convergence . . . . . ... ... L. 20
2.9 Stability and sensitivity analysis . . . . . ... ..o 20
2.10 Pareto optimality . . . . . . . . . ..o 21
Merit functions for multi-objective optimization 25
3.1 Introduction . . . . . . ... Lo 25
3.2 Merit functions and their basic properties . . . . .. ... ... ... 27

3.2.1 A gap function for lower semi-continuous multi-objective op-
timization . . . . . ..o 27

3.2.2 A regularized gap function for convex multi-objective opti-
mization . . . . ..o Lo 28

3.2.3 A regularized and partially linearized gap function for com-

posite multi-objective optimization . . . . . . ... ... ... 37

3.3 Relation between different merit functions . . . . . ... ... .. .. 48
3.4 Level-boundedness of the proposed merit functions . . . . ... ... 51
3.5 The multi-objective proximal PL inequality and error bounds . . . . 53
3.6 Conclusions . . . . . . . . . . e 58
A proximal gradient method for multi-objective optimization 61
4.1 Introduction . . . . . . . .. .. 61
4.2 The algorithm . . . . . .. ... oo 62
4.2.1  Armijo rule along the feasible direction . . . . . . . . ... .. 63
4.2.2  Sufficient decrease rule along the proximal arc . . . . . . . .. 64
4.2.3 Constant stepsize . . . . . . . ... 64

4.3 Convergence of the method . . . . .. . ... ... ... ....... 64
4.4  Convergence rate of the method . . . . . . .. .. ... .. ... ... 67
4.4.1 The noN-CONVEX CASE . . . + v v v v v v e et e e 68

4.4.2 The convex case . . . . . . . . v v i e 70
4.4.3 The case that the multi-objective proximal-PL inequality holds 75

4.5 Application to robust multi-objective optimization. . . . . . . . . .. 7
4.5.1 Linearly constrained quadratic programming . . . . . . . . .. 78

4.5.2  Second-order cone programming . . . . . . . . ... ... .. 79



4.5.3 Semi-definite programming . . . .. .. ...
4.6 Numerical experiments . . . . . . . .. ... oL

4.7 Conclusions . . . . . . .

5 An accelerated proximal gradient method for multi-objective op-
timization
5.1 Introduction . . . . . . ... Lo
5.2 The algorithm . . . . . . .. ...
5.3 Convergence rates analysis . . . . . . . . . ... 0oL
5.4 Convergence of the iterates . . . . . . . . .. ... ... ... ...,
5.5  Numerical experiments . . . . . . . . . . ... ... ...
5.5.1 Artificial test problems (bi-objective and tri-objective)
5.5.2  Image deblurring (single-objective) . . . . . . ... ... ...
5.6 Conclusions . . . . . . ..

6 Conclusions

87
87
38
97
106
112

. 113

117
119

121






List of Figures

4.1
4.2
4.3

5.1

5.2
5.3
5.4
5.5

Result for Experiment 1 . . . . . . . . ... ... 83
Result for Experiment 2 . . . . . . .. ... .. ... .. 84
Result for Experiment 3 . . . . . . . . ... .. ... L. 84

Objective function values obtained by Algorithms 4.1 and 5.1

with (a,0) = (0,1/4) . . . .. 114
Pareto solutions obtained with some (a,b) . . .. ... ... ... .. 115
Deblurring of the cameraman . . . . . . .. ... ... ... ..... 117
Deblurred image . . . . . . . . .o 118

Values of uo (2%) = Fi(z) — Fy(2*), where z* is the optimal solution

estimated from the original image . . . . . . . . ... ... ... .. 119






List of Tables

3.1

5.1

5.2
5.3

Properties of our proposed merit functions . . . . . . ... ... ... 26

Average computational costs with Algorithms 4.1 and 5.1
with (@,0) = (0,1/4) « . oo 115
Average computational costs of Algorithm 5.1 with various (a,b) . . . 116

Computational costs for the image deblurring . . . . .. ... .. .. 118






List of Symbols and Notations

Vector Spaces

R the set of real numbers

R"  the n-dimensional real space

R’  the nonnegative orthant in R"

(x,y) the open line segment between z and y
[z,y] the closed line segment between x and y
dim(X) the dimension of a space X

(x,y) the Euclidean inner product between x and y
|z|l1 the ¢;-norm of x

|z]|2  the fo-norm of x

|z]|co the loo-norm of

Sets

A"™  the unit n-simplex

conv(C') the convex hull of C'

int(C) the interior of C

dist(x, C) the distance between x and C
Matrices

ker(A) the kernel of a matrix A



AT the transpose of a matrix A

I, the n x n identity matrix

Functions and Operators

Vf(z) the gradient of f at z

J¢(z) the Jacobian matrix of f at x

Of(x) the subdifferential of f at x

f'(x;d) the directional derivative of f at z in a direction d

dom(f) the effective domain of function f



Chapter 1

Introduction

Optimization, a branch of applied mathematics, minimizes (or maximizes) an objec-
tive function under given constraints. It is a fundamental technique for operations
research and machine learning.

This chapter first describes multi-objective optimization, the subject of this the-
sis, and composite optimization, a crucial class of non-smooth optimization. It also
explains the merit function, an analytical tool for optimization. Finally, it identifies
the research challenges on multi-objective optimization problems and explains this

thesis’s motivations, contributions, and outlines.

1.1 Multi-objective optimization

Optimization problems usually deal with only one objective function. However,
many real-world problems have multiple objectives. One solution to this is multi-

objective optimization, which minimizes several objective functions as follows:

min F(x), (1.1)
where C' C R" is a constraint set, and F': R" — (—o0, +o0]™ is a vector-valued
function with F := (Fy,..., F,,)". When m = 1, (1.1) reduces to a single-objective
optimization. This model has many applications in engineering [38], statistics [22],
and machine learning (particularly multi-task learning [93, 72| and neural architec-
ture search [66, 32, 37]).

In most cases of m > 2, no single point minimizes all objective functions simul-

taneously, so we use the concept of Pareto optimality, a generalization of the usual
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optimality for single-objective problems. We say that y € C' Pareto dominates x € C
if Fi(y) < Fi(z) foralli=1,...,m and F;(y) < Fj(x) for at least one j =1,...,m,
and we call a point Pareto optimal if it is not Pareto dominated by any other point.
Generally, the Pareto optimal solution is not unique and constitutes a set. We call
such a set the Pareto frontier. The solutions in the Pareto frontier are in trade-off

relationships, and the decision-makers must select a solution from it further.

1.1.1 Scalarization approach

The scalarization approach [51, 52, 111] is one of the most popular strategies for
multi-objective problems. It converts the original multi-objective problem into a
parameterized scalar-valued problem.

Let us now introduce the weighted sum method [111], one of the most well-
known scalarization techniques. It scalarizes (1.1) with the weight vector w =

(wy,...,wy,)" € R™ as follows:

min (w, F'(x)), (1.2)

zeR™

where .
w>0 and Zwizl.
i=1
When F is convex, for every Pareto optimal solution z* of (1.1), there exists w such
that z* is the solution of (1.2) [79]. However, it may be challenging to choose a
good weight in advance. Moreover, if F' is non-convex, there may be Pareto optimal
solutions that are not the solutions of (1.2) for any w, and some w may make (1.2)

unbounded.

1.1.2 Heuristics

Heuristics are approaches that do not necessarily lead to the optimal solution but
can yield a solution close to the optima at some level. Regarding the multi-objective
context, in many cases, heuristics employ evolutionary algorithms, particularly ge-
netic algorithms (GA) such as NSGA-II [31] and NSGA-III [30], being practical
for the Pareto frontier enumeration because they are multi-point search algorithms.
These approaches have had some success for real-world problems, but they have the

disadvantage that there is no theoretical convergence guarantee to obtain a Pareto
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solution.

1.1.3 Descent methods

Descent methods [45] are iterative algorithms that decrease the objective function
values at each iteration. They do not require a priori parameters selection like
scalarization, and unlike heuristics, we can analyze their global convergence property
under reasonable assumptions. All algorithms proposed in this thesis are part of the

descent methods. Below we provide typical descent methods for (1.1).

Example 1.1

The steepest descent method [40, 56]
Consider a smooth unconstrained multi-objective optimization, i.e., C' = R"
and each F; is differentiable in (1.1). Then, the steepest descent method up-
dates {xk} by the following operations:

d" = argmin| max (VF(z"),d) + T;HdH% ; (1.3)

deR™ i=1,....,m

"= b 4 spd

with o, > 0 and s, > 0. When m = 1, we have d* = —,VF,(x), which is

the steepest descent direction for the scalar optimization [25].

The projected gradient method [57]
For a convex-constrained smooth multi-objective optimization, i.e., C C R" is
non-empty, closed, and conver, and every F; is differentiable in (1.1), we can

use the projected gradient method described by

‘ 1 2
2k = argergln Z:nl1axm<VFl(£Ek)7Z - 95k> + EHZ - ka2 ’

(1.4)
M= aF sy (zk - xk)

with ag, > 0 and s, > 0. When m =1, (1.4) reduces to the projected gradient

method for scalar optimization [86, 54, 53, 18], i.e.,

2= projq(2¥ — a, VE (2F)),

o= gk 4 Sk (zk — xk),



4 CHAPTER 1. INTRODUCTION

where proj. denotes the projection onto C' given by

proj.(x) = argrrclinHz — s (1.5)
z€E

Moreover, when C'=R"™, (1.4) amounts to the steepest descent method (1.3).

The projected subgradient method [12]
Focus on a convex-constrained, non-smooth, and convex multi-objective opti-
mization, i.e., C is a non-empty, closed, and conver subset of R", and each F;
is convex and non-differentiable in (1.1). The subgradient method requires an

exogenous sequence { By} satisfying
Be>0, Y fr=o0, and Y S <oo
k=0 k=0

and generates {:L‘k} by

1
2 = argmin [—Hz — "2+ 2= max (&F, 2 — xk)] :
zeC 2 k1=

where £F € OF;(z*) and

ne = max [|§][a.
i=1,....m

When m = 1, this step represents the projected subgradient method [85, 87,

94, 1, 2] for scalar optimization:

. Br
" = proj, (xk — k),
Tk

There are various other extensions of single-objective methods, e.g., the proximal
point [17], Newton’s [39, 55, 106], quasi-Newton [89, 88, 81], trust-region [90, 21|, in-
exact projected gradient [46], reduced gradient [75, 35], augumented Lagrangian [29],
external penalty [108, 44], barrier [43], and conjugate gradient methods [74].
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1.2 Composite optimization

Composite optimization has the following structure:

min  F(z) = f(x) + g(2), (1.6)

zeR™

where f: R® — R is Ly-smooth with some L; > 0, and g: R" — (—o0,4+00] is
closed, proper, and convex. When f is convex, we call (1.6) convex composite. This
model has many applications, particularly in machine learning. In detail, f and g
often represent the loss function and the regularization term, respectively. We list

below some typical examples with the structure (1.6).

Example 1.2
Smooth unconstrained minimization

If g =0, (1.6) reduces to the unconstrained smooth minimization

min - f(x),

where f: R" — R is Lg-smooth.

Convex-constrained smooth minimization

If g is an indicator function of a non-empty, closed, and convex set C, i.e.,

0 zed,
g(x) =dc(x) = ' (1.7)
oo otherwise,

then (1.6) amounts to the convex-constrained smooth minimization

min  f(z)

with an Ly-smooth function f.

(1-regularization

If g(x) == 7||z||y for some T > 0, (1.6) reduces to the {,-regularizaiton
min () + 7l

with f being Lg-smooth.
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1.2.1 The proximal gradient method

The prozimal gradient method [50] is one of the most common algorithms for solv-

ing (1.6). For a given 2° € int(dom(F)), it recursively update {z*} by
" = prox,, , (2" — @,V f(2")),

where prox is the prozimal operator, which we will define in (2.10). If we can
estimate the Lipschitz constant L, we can use a constant stepsize ay € (0,1/Lg].
Otherwise, we can determine ¢ in each iteration by backtracking.

The description of the algorithm now follows.

Algorithm 1.1 The proximal gradient method

Input: z° € int(dom(F)),e > 0
1: k<0
2: repeat
3 pick ag > 0
4 " prox,  (aF — V[ (2F))
5: k+—k+1
6
7

cuntil |28 — 28| < e

. return z¥

With this algorithm, {[|z*"" — 2¥||,} converges to zero with a rate of O( 1/k>

and every accumulation point of {xk}, if it exists, is a stationary point [9]. When f is
convex, {xk} converges to the global minima z*, and {F (xk) - F (m*)} converges to
zero with a rate of O(1/k) [9]. Moreover, when f is strongly convex, {:Ek} converges
linearly to z* [9]. Furthermore, if we assume the so-called proximal-PL condition,
which we will define by (2.14), { F/(2*)} converges linearly to F(z*) [65].

1.2.2 The accelerated proximal gradient method

When f is convex, the accelerated proximal gradient method, also known as the
Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) [11], can solve (1.6) with
an O(1/k?) rate of convergence, while the proximal gradient method achieves a rate
of O(1/k).
We describe below the algorithm. Like the proximal gradient method, the step-
size oy, may be fixed at a constant or updated by the backtracking procedure.
With Algorithm 1.2, {F(2*) — F(2*)} for the global minima z* converges to

zero with a rate of O(1/k?) [11], but the convergence of iterates remains unknown.
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Algorithm 1.2 The accelerated proximal gradient method

Input: 2° € int(dom(F)),e >0
k<1

! 20

t1 1

repeat

1:

— = =
N = O

pick ag >0

xk proxakg(yk —apVf (yk))
thr1 < /2 +1/441/2

Vi (te — 1)/t

Y o (2 — )
k< k+1

cuntil [[2% — ¥ < &
: return z

k

With a slite modification, that is, changing the update rule of the momentum factor

with ¢, = (k 4+ a — 1)/a for some a > 2, we can prove that {z"} converges to the

minima while keeping the convergence rate of O(1/k?) [24].

1.3 Merit functions

Merit functions [49] are maps that return zeros at the problems’ solutions and

strictly positive values otherwise. In other words, they are the objective functions of

optimization problems with the same solutions as the original problems. Therefore,

the merit functions should have the following properties:

Quick computability;

Continuity;

Differentiability;

Optimality of the stationary points;
Level-boundedness;

Error-boundedness.

Moreover, as we can consider the merit functions to represent how far feasible points

are from the optimal solutions, they help analyze convergence rates of optimization

algorithms.
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1.3.1 Merit functions for variational inequalities

Merit functions have evolved in the context of reformulating variational inequalities
(VIs) and complementarity problems (CPs) as optimization problems [49]. The

variational inequality (V1) consists in finding € C' such that
(T'(x),y—x) >0 forallyeC, (1.8)

where C' C R" is nonempty, closed, and convex, and 7: R™ — R" is continuous.

We can also rewrite (1.8) as the following complementarity problem (CP):
T(x) >0, >0, and (T(z),x)>0. (1.9)

In particular, if T" is affine, we call (1.9) the linear complementarity problem (LCP).
There are many merit functions for VIs and CPs, but here we illustrate the most
basic two merit functions for Vls.
Example 1.3 (Merit functions for the VI (1.8))
The classical gap function [8, 60]

We call the function G« : R™ — (—00,400] the classical gap function:

Goo(z) = ile,qc)(T(a:), T —y). (1.10)

It has the following properties:

e Goo(z) >0 forallz € C;
e Goo(z) =0 and x € C if and only if x satisfies (1.8);
o If C is bounded, G is finite everywhere.

The top two indicate that G, is a merit function for the VI (1.8).

The regularized gap function [48, 6]
For a given parameter o > 0, we can consider the regularized gap func-
tion G,: R" — R defined by

o 1 2
Ga(w) = max|(T(z), 2 —y) = 5o =yl (1.11)

which is a merit function for the VI (1.8), too. Since (1.11) mazimizes a

strongly concave function on a nonempty, closed, and convex set, even if C
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is unbounded, a unique point attains the mazximum, and G, is finite every-
where. Moreover, denoting such a mazimizer by H,(x), if T is continuously

differentiable, G, is also differentiable at any point x, and we have
VGa(@) = T(x) = [Tr(x) — a~ L)(Ha(x) — 7).

Note that
H,(r) = projc(z — aT(x)).

Furthermore, if the Jacobian Jr(x) is positive definite on C, any stationary

point of the problem

min Go(x)

solves the VI (1.8) [48]. In addition, if T is strongly monotone with modu-
lus >0, i.e.,

(T(x) = T(x),x — 2"y > pllx —2'||3 forall z,2’ € R",
and if a > 1/(2p), then G, has the following error bound property [99]:

|z —a*|| < _Galr) forallz e S,

p—1/(2c)

where x* is the unique solution of the VI (1.8).

1.3.2 Merit functions for multi-objective problems

The history of research on merit functions for multi-objective problems is relatively
new, beginning in 1998 with Chen, Goh, and Yang [27] on (1.1) under the assump-
tions of polyhedrality of C' and convexity of F'. Afterward, various merit functions
appeared for multi-objective problems, including multi-objective optimization [73,
33], (finite-dimensional) vector variational inequalities [26, 67, 69, 110, 109, 25, 70],
and (finite-dimensional) vector equilibrium problems [62, 69, 68, 71, 77]. Below
we pick up generalizations of Example 1.3 to the weak Stamnpacchia type vector
variational inequality (SV'V I)", which consists in finding x € C such that

(T (x),y —x),..., (Tn(x),y —x)) ¢ —int(R7Y) forally € C, (1.12)
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where C' C R” is a nonempty, closed, convex, and T;: R* — R",t =1,..., m. Note
that z satisfies (1.12) if and only if x is weakly Pareto optimal for (1.1) when Fj is
differentiable and T; = VF; for each i =1,...,m

Example 1.4
The gap function for (SVVI)" [25, 70]
We can write the gap function G : R™ — (—o00, +00] for (1.12) as

ATyl \

Goo(x) == min sup<z NTi(x), . — y>,

where A™ is the unit m-simplez, which we will define by (2.1). When m = 1,
it corresponds to (1.10). Like (1.10), G is a merit function for (1.12), i.e

e Guoo(z) >0 forallz € C;

e Goo(x) =0,2 € C if and only if x solves (1.12),
and it is finite-valued if C' is bounded.

The regularized gap function for (SVVI)" [25]
We can define the reqularized gap function G,: R™ — R with o > 0 for (1.12)

by

. . 1 2
Ga(w) = min, mKZ ATi(x), y> — o lle- yu2], (1.13)

matching (1.11) when m = 1. It also salisfies the two propeties as a merit
function for (1.12). Moreover, if each T;,i = 1,...,m is continuously dif-
ferentiable, then G is directionally differentiable in any direction d € R",

and

G (2;d) = = min [<Z NT(z Z T (2)(Hy (2, \) — ), d>

+ a(Hy(z,\) — =z, d)] ,
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where

i=1

H.(z,)\) = proj. (x —a ! Z )\iﬂ(l’)> ,

To(2,)) = _<Z M), Ho(w, A) — x> _ iHHa(x, A - 22,
Az) ={Ae€ A" | Gu(z) =Tu(z,N)}.

Particularly, if A(x) is a singleton, i.e., A(x) = {\(x)}, G, is Gateauz differ-

entiable at x and

VG, ()
=Y N@)Ti(w) = Y Ni(@) T (0)[Ha(w, A(2)) — 2] + o [Ha (2, A(w)) — 2.
i=1 i=1
Furthermore, if eachT;, 1 =1, ..., m is strongly monotone with modulus p; > 0,

and if a > 1/(2p) with p = min;_y ., i;, then G, provides the error bound:

.....

Gal(z)

dist(z, sol(SVVI)¥) < 1—1/(2a)

forall x € C,

where sol(SVVI)" denotes the solution set of (1.12).

1.4 Motivations and contributions

As discussed in Section 1.1, multi-objective optimization (1.1) is an indispensable
model in dealing with real-world problems, and the studies on its theories and al-
gorithms have great significance. On the other hand, many previous studies on
multi-objective optimization, particularly on the descent methods described in Sec-
tion 1.1.3 and the merit functions described in Section 1.3.2, have dealt with smooth
problems, and there is still room for exploration of non-smooth problems. The
projected subgradient method introduced in Example 1.1 can handle non-smooth
multi-objective optimization, but it may not work well for large-scale problems due
to the stepsize decay.

This thesis focuses on non-smooth multi-objective optimization problems with
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specific structures, mainly the generalization of the composite model introduced in
Section 1.2, i.e.,
min  F(z) = f(z) + g(a), (1.14)

zeC
where ¢' C R"™ is a non-empty, closed, and convex set, and F: R" —
(—o0,+00]™, f: R" — R™,¢g: R" — (—o00,+00]™ are vector-valued functions
with F o= (Fy,....,FE)" f = (fi,..., fm) 9= (91,.-.,9m)" such that f;: R* —
R is continuously differentiable and g;: R" — (—o0,+0o0] is closed, proper, and

convex. Then, we present their theory and algorithms.

1.5 Outline of the thesis

After introducing in Chapter 2 some symbols, basic definitions, and their properties
necessary for the discussion, Chapter 3 proposes and characterizes three new types
of merit functions for non-smooth multi-objective optimization problems: the gap
function for continuous problems, the regularized gap function for convex problems,
and the regularized and partially linearized gap functions for composite problems.
Chapter 4 develops the proximal gradient method for composite multi-objective op-
timization problems, describes its convergence, convergence rate, applications to ro-
bust multi-objective optimization, and performs numerical experiments. Chapter 5
presents its acceleration applicable with convexr composite objectives: the acceler-
ated proximal gradient method or Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) and provides similar discussions. We note here that our multi-objective
FISTA represents a new algorithm even for single objectives, depending on the

choice of acceleration factors, and performs better in numerical experiments.
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Chapter 2

Preliminaries

This chapter presents some notations, basic definitions, and their properties used in
this thesis.

2.1 Vectors and matrices

Let R? denote the space of p-dimensional real column vectors. Meanwhile, we write
the set of real numbers as simply R or (—oo, +00) instead of R!. Moreover, R9*?
stands for the space formed by ¢ x p real matrices. In addition, define the non-

negative orthant in R? by
R}—’&— = {U = (Uh...,’Um)TERp ‘ V; ZO,Z: 1,...,p},

where T denotes transpose, and define the unit simplex A? C RY. by

zp:v,: 1}. (2.1)

=1

AP = {UGRﬁ

The orthant RY induces the partial orders for any v',v* € RP: o' < % (al-

ternatively, v? > o' if v¥ — o' € RE, and v' < v? (alternatively, v? > o')

if v2 — o' € int(RY). In other words, we say that v! < (<) v? if v} < (<) 0?

)

for all @ = 1,...,p. Furthermore, let (-,-) stand for the Euclidean inner product,

Le, (v, v?) = > vlvl. We also define ly-norm ||-||2, f;-norm |||, and le-
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norm |||/ by

p

p
lolls = o) =3¢z ol =Y ll, and fofl = max oy
=1

-1 T p
1=

for any v € RP. Finally, we note some apparent inequalities that hold for arbitrary

vectors v!,v% v3 € RP and a sequence {v*?} C RP.

min v; — min v} > min (v; — v}), (2.2)
i=1,...,p 1=1,...,p i=1,...,p
2 2 2
lo* = ol +2¢0* — ot 0t =) = o =2, = [0t =Pl (23)
T S T T
Y Dp IS B 21
s=1 p=1 p=1 s=p

2.2 Convexity and semi-continuity
We first define the convexity of sets and functions. A set C' C R? is convex if
(1—ap'+av? € C forall v',v* € C,a € [0,1].

Likewise, a function h: R? — (—o0, +00] is conver if

h((1—a)r+ay) < (1 —a)h(x)+ ah(y) for all z,y € dom(h),a € [0,1],
strictly convex if

h((1 —a)z+ay) < (1 —a)h(x) + ah(y) forall z,y € dom(h),a € (0,1),
and p¢-conver with py € R if

h((1—a)r+ay) < (1 —a)h(x)+ah(y) for all z,y € dom(h),a € [0,1],
where dom(h) stands for the effective domain of h given by

dom(h) = {z € R? | h(z) < 4+o0}.

In particular, the strong convexity (with modulus ps) denotes the ps-convexity

with py > 0. We also note that the 0O-convexity is equivalent to the usual con-
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vexity. Moreover, if dom(h) # ) for some convex function h: RP(—o0, 00|, we say
that h is proper and convex. On the other hand, we call h to be concave if —h
is convex. Every definition and argument relating to convex functions also holds
for concave functions by appropriately interchanging < and >, +o0 and —oo, sup

and inf, etc.

Let us now introduce the semi-continuity of functions. For all {:L‘k} C R? con-
verging to x € RP, a function h: R? — (—o0, +0o0| is upper semi-continuous at x
if

h(z) > limsup h(z")
k—o00
and lower semi-continuous if
h(z) < liminf b (z*).
k—o00
A necessary and sufficient condition for A to be lower semi-continuous is that the

level set lev,.(h) given by
lev.(h) ={z € R? | h(z)<c} (2.5)

is closed for any ¢ € R. We refer to lower-semi-continuous, proper, and convex
functions as closed, proper, and convexr functions. The level sets of convex functions
are convex, and the level sets of closed, proper, and convex functions are closed and
convex. Note that if lev.(h) is bounded for all ¢ € R, we say that h is level-bounded.
For example, every strongly convex function is level-bounded. Note also that (2.5) is
applicable as a definition of the level set for the vector-valued function h: R? — R4
and c € RY.

2.3 Differentiability

Suppose that h: R? — (—o00, +0o0] is finite-valued in an appropriate neighborhood
of x € RP. If h has the partial derivative

foralli=1,....p
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with e’ being the unit vector along the z;-axis, and if
h(z +¢) = h(z) + (Vh(z),e) + o(|le|lz) for all e € R? (2.6)

with o: [0, +00) — R satisfying lim; .o 0(t)/t = 0 and

Oh(x)
0xy
Vh(z) = : :
Oh(x)
oz,

then h is differentiable at x, and we call Vh(x) € R? a gradient of h at z. If Vh(x)
is continuous at x, we say that h is continuously differentiable at x. Again, if h has

second-order derivatives and

h(z+¢) = h(z) + (Vh(z),e) + %<5, V2h(z)e) + o(||hl]3)

with _ _
0%h(x) 0%h(x)
0xy 01y o Oy Ox,
V2h(z) = ; : 7
0%h(x) 0%h(x)
| 0z, 04 o 0z, Oy |

then h is twice differentiable at x € RP, and V?h(z) is the Hessian matriz of h
at x. When V?2h is continuous at x, h is twice continuously differentiable at z, and
then V2h(z) is symmetric. On the other hand, for a vector-valued function h: R? —
R with h == (h1,..., hm)", Ju(x) denotes the Jacobian matrix of h at x, that is,

[Ohy () Oh ()]
01, o oz,
Tn(z) = : : = [Vhy(),...,Vhy(z)]" € RT?, (2.7)
Ohy(x) Ohy(x)
| Ony o Oz, |

where T denotes transpose.
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2.4 Holder and Lipschitz continuity

We call h: R? — R to be locally Hélder continuous with exponent 3 > 0 if for every
bounded set 2 C RP there exists Ly > 0 such that

[h(z) = h(y)| < Lullw —ylz for all z,y € Q.

In particular, when L; does not depend on ), we say that h is Holder continuous
with exponent 5 > 0. Moreover, we refer to the (local) Holder continuity with
exponent 1 as the (local) Lipschitz continuity. When h is Lipschitz continuous, we
call Ly, the Lipschitz constant, and we also say that h is Ly-Lipschitz continuous. As
the following lemma shows, many functions with good properties are locally Lipschitz

continuous.

Lemma 2.1
Continuously differentiable functions and finite-valued convex functions are locally

Lipschitz continuous.

Proof. The former is due to the mean value theorem, and the latter is from [107].
O

Furthermore, if h is continuously differentiable and Vh is Lj,-Lipschitz contin-
uous, we say that h is Ljp-smooth. We now recall the so-called descent lemma [14,

Proposition A.24] as follows:

Lemma 2.2 (Descent Lemma [14, Proposition A.24])
Let h: R? — R is Ly-smooth on RP with Ly, > 0. Then, we have

L
|h(y) — h(x) — (Vh(z),y — )] < %Hx - yHg for all x,y € RP.

2.5 Directional derivatives and subgradients

A function h: R? — (—o0,+00] is directionally differentiable at x € R in a direc-
tion d € R? if

B (z;d) = lim Mz + fd) = h(z)

ANO p
exists, and then we call W/(x;d) the directional derivative at x in a direction d.
When £ is differentiable at x, we have h'(z;d) = (Vh(z),d) for all d € RP. As

(2.8)
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the following lemma implies, convex functions are directionally differentiable if we

allow oo as a limit.

Lemma 2.3 ([15, Section 4.1])
Let h: RP — (—o0, +00] be convex. Then, the function hyq: (0, +00) — (—00, +]

d d b
e by (v + Bd) — h(x)

B

is non-decreasing. In particular, it follows that

hoalB) ="

h'(x;d) < hya(B) < h(z+d) — h(x) for all z,d € R?, 5 € (0,1].

On the other hand, for a proper and convex function h: R? — (—o0, +0o0], we
call £ € R? a subgradient of h at x € RP if

h(y) — h(z) = ({,y —z) forall y € R”,

and we write Oh(x) the subdifferential of h at z, i.e., the set of all subgradients of h
at . When h is differentiable at z, Oh(z) amounts to a singular {Vh(x)}.

2.6 The proximal operator and Moreau envelope

We suppose that h: R? — (—o0, +0o0] is closed, proper, and convex. Then, we define
the Moreau envelope or Moreau-Yosida reqularization My : RP — R by

1
= min | h “llz—yli5|- 2.9
M) = i o) + 3l ol 29)
The minimization problem in (2.9) has a unique solution because of the strong
convexity of its objective function. We call this solution the prozimal operator and

write it as

. 1
prox, (o) = arguin (s) + 3l ~ 3] (2.10)
yeRP 2

The proximal operator is non-expansive, i.e., |prox,(z) — prox,(y)|l2 < ||z — yl|2
for any x,y € R?. This also means that prox,, is 1-Lipschitz continuous. Moreover,
when h is the indicator function (1.7) of a non-empty, closed, and convex set C' C R,
we have

prox; (r) = projo(r), (2.11)
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where proj is the projection onto C defined by (1.5). Even if & is non-differentiable,

its Moreau envelope My, is differentiable.

Theorem 2.1 ([9, Theorem 6.60])
Let h: RP — (—o0, +0o0] be closed, proper, and convex. Then, My, is 1-smooth and

VM (x) =z — prox, ().

We also refer to the so-called second prox theorem and a corollary quickly derived

from it.

Theorem 2.2 (Second prox theorem [9, Theorem 6.39])
Let h: RP — (—o0, +0o0] be closed, proper, and convex. Then, it follows that

(x — prox,(z),y — prox,(z)) < h(y) — h(prox,(x)) for all z,y € RP.

Corollary 2.1

Let h: R? — (—o0, +00] be closed, proper, and convex. Then, we have

|z — prox,(z)||3 < h(x) — h(prox,(z)) for all v € RP.

2.7 Polyak-Lojasiewicz inequality and proximal-

PL inequality
We focus on the following unconstrained optimization problem:

min  f(z), (2.12)

rzeR?

where f: R™ — R is continuously differentiable. Assume that (2.12) has an optimal
solution, and let f* denote the optimal function value. Then, we say that f satisfies

the Polyak-FLojasiewicz (PL) inequality if there exists py > 0 such that

SIVF@IE > s (F(@) — %) forall z € R™ (2.13)

Equation (2.13) is valid, for example, when f is strongly convex. Under (2.13), the
steepest descent method [23] solving (2.12) converges linearly [86].

On the other hand, we consider the composite optimization (1.6), supposing
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that F* denotes the optimal function value. If there exists jir4 > 0 such that

1

QDg(w, L) > pyqe(F(x) — F*) forall z € R, (2.14)
where

Dy (. 5) = ~20 min | (V1(z).y — ) + 9(s) — g(x) + 5 Iy — 23]

Like (2.13), the strong convexity of g is the sufficient condition of (2.14). With (2.14),
the proximal gradient method described by Algorithm 1.1 for (1.6) converges lin-
early [65].

2.8 Quasi-Féjer convergence

We define the concept of quasi-Féjer convergence and introduce a related theorem
useful for the global convergence analysis.

Definition 2.1 (Quasi-Féjer convergence)
We say that {mk} C R? is quasi-Féjer convergent to a non-empty set T C R? if for
all x € T there exists {e} € Ry such that

o — ol < llo* —alf +ec and Y er<too forallk=0,1,....
=0

Theorem 2.3 ([18, Theorem 1])
If {xk} s quasi-Féjer convergent to a non-empty set T' C RP, then {:vk} 1s bounded.

Moreover, if an accumulation point x* of {mk} belongs to T, then limy_,o z* = x*.

2.9 Stability and sensitivity analysis

We consider the following parameterized optimization problem:

min  h(z,§), (2.15)

zeX
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depending on the parameter vector £ € =. We assume that X C R? and = C R¢

are non-empty and closed. Let us write the optimal value function of (2.15)

¢(&) = inf h(x,§) (2.16)

zeX

and the associated set as

(§) ={r e X | ¢(&) = h(z,§)}.

The following proposition describes the directional differentiability of the optimal

value function ¢.

Proposition 2.1 ([16, Proposition 4.12])
Let £° € =. Suppose that

(i) the function h(z,§) is continuous on X X =;

(ii) there exist « € R and a compact set C' C X such that for everyf near £°, the

level set lev, h(-, f) is non-empty and contained in C;
(iii) for any x € X, the function hy(-) == h(x,-) is directionally differentiable at £°;

() if £ € 2t \( 0, and {xk} C C, then {xk} has an accumulation point T such
that

i M~ )t
k—o0 k

> hi(€%€ &%),

Then, the optimal value function ¢ given by (2.16) is directionally differentiable at £°

and

¢'(€%€—¢€") = inf )h;(ﬁo;f —£°).

zed (€0

2.10 Pareto optimality

Let us introduce the concept of optimality for the multi-objective optimization prob-
lem (1.1).

Definition 2.2 (Pareto optimality and weak Pareto optimality)
For (1.1), we say that x € C' is

(i) Pareto optimal if there is noy € C' such that F(y) < F(z) and F(y) # F(x);
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(i1) weakly Pareto optimal if there does not exist y € C' such that F(y) < F(x).

By definition, weak Pareto optimality contains Pareto optimality, though both def-
initions reduce to the usual optimality when m = 1. On the other hand, if the
objective functions are non-convex, it is challenging to find Pareto minima or weak
Pareto minima. In such cases, optimization algorithms aim to get Pareto stationary

points defined as follows:

Definition 2.3 (Pareto stationarity)
Assume that F; is directionally differentiable for every i =1,... ,m, and C is non-
empty, closed, and convex. Then, we call x € C' Pareto stationary if

max F/(z;y—x)>0 forallyeC.

i=1,....,m

We state below the relation among the three concepts given by Definitions 2.2
and 2.3.

Lemma 2.4
Suppose that F; is directionally differentiable for every i =1,...,m, and C' is non-

empty, closed, and convex. Then, the following three claims hold.

(i) If x € C is weakly Pareto optimal for (1.1), then x is Pareto stationary
for (1.1).

(ii) Let every F;,i =1,...,m be convex. Then, all Pareto stationary points of (1.1)
are weakly Pareto optimal for (1.1).

(1ii) Suppose that F; is strictly convexr for any i = 1,...,m. Then, every Pareto

stationary point of (1.1) is Pareto optimal for (1.1).

Proof. We prove each claim’s contraposition.

Claim (i): Assume that z € C is not Pareto stationary. Then, Definition 2.3
shows that for some y € C we have max;—; ., F/(z;y —x) < 0. By the defi-
nition (2.8) of the directional derivative, for a sufficiently small scalar 5 > 0, we
obtain

‘max [Fy(z+ By —x)) — Fi(x)] <0,

i=1,....m

which means that x is not weakly Pareto optimal from Definition 2.2 (ii).
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Claim (ii): Suppose that x € C is not weakly Pareto optimal. Then, Def-
inition 2.2 (ii) implies that there exists y € C such that Fi(y) < F;(x) for

all v =1,...,m. Therefore, the convexity of F; and Lemma 2.3 give
F'(x;y —x) < Fi(y) — Fi(x) <0 foralli=1,...,m.

Hence, we get

which implies that z is not Pareto stationary from Definition 2.3.
Claim (iii): Suppose that z € C' is not Pareto optimal. From Definition 2.2 (i),
there exists y € C such that F(y) < F(z) and F(y) # F(x). Since F; is strictly

convex for every i = 1,...,m, we have
Fx+p(y — =) < F(x) + S(F(y) — F(z)) forall §€(0,1).
Reducing F'(x) and dividing by  from both sides lead to

Pz +p(y —z)) — F(x)
B

Applying Lemma 2.3 to each component yields

< F(y)— F(z) <0.

Fi(z;y —x) < Fi(y) — Fi(z) <0,

which shows that x is not Pareto stationary. 0
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Chapter 3

Merit functions for multi-objective

optimization

3.1 Introduction

This chapter considers the convex-constrained multi-objective optimization prob-
lems, i.e., (1.1) with C' being non-empty, closed, and convex. It presents new merit
functions for them, and discusses their properties mentioned in Section 1.3.

In detail, it proposes the following three merit functions for (1.1):
(i) the gap function for lower semi-continuous multi-objective optimization;
(ii) the regularized gap function for convex multi-objective optimization;

(iii) the regularized and partially linearized gap function for composite multi-

objective optimization.

In Table 3.1, we summarize the properties of those merit functions, which will be
shown in the subsequent sections. There, ‘Sol. represents the types of Pareto solu-
tions for (1.1) corresponding to the merit functions’ minima (zero points). Moreover,
‘SP.” ‘LLB,” and ‘EB’ indicate each F;’s sufficient conditions so that stationary points
of the merit functions can solve (1.1), the merit functions are level-bounded, and the
merit functions provide error bounds, respectively. The gap function (i) connects its
minima and the weak Pareto solutions of (1.1) but does not have good properties in
other aspects. The regularized gap function (ii) has better properties but requires
the convexity of F;. The regularized and partially linearized gap function (iii) relaxes

the convexity assumption and is easy to compute for particular problems.
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Table 3.1: Properties of our proposed merit functions

(a) Proposed merit functions and their properties

Obj. Sol.  Cont.  Diff. SP LB EB
(i) LSC LSC X X LB
777777777777777777777 WPO - T
(ii) Conv SC Conv., LB PL
fffffffffffffffffffffffffffffff Cont. DD ---ocoeeooiiieie
(iii) Comp PS SC, C? Conv., LB, etc

(b) Table of abbreviations

Obj. Objective functions
Sol. Solutions

Cont. Continuity

Diff. Differentiability
SP Stationary points
LB Level-boundedness
EB Error bounds

Cont. Continuity

Comp. Composite

WPO Weak Pareto optimality
PS Pareto stationarity
LSC Lower semicontinuity
DD Directional differentiability
C? Twice continuously differentiable
SC Strict convexity

PL Multi-objective proximal PL inequality
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We summarize the structure of the rest of this chapter. Section 3.2 proposes dif-
ferent merit functions for multi-objective optimization with loser semi-continuous,
convex, and composite objectives, respectively, along with methods for evaluat-
ing the function values, the differentiability, and the stationary point properties.
Section 3.3 then discusses the connection between different merit functions. In ad-
dition, Section 3.4 gives sufficient conditions under which the merit functions are
levfel-bounded. Finally, Section 3.5 extends the proximal-PL condition mentioned
in Section 2.7 to multi-objective optimization and shows that the merit functions

provide error bounds under such a condition.

3.2 Merit functions and their basic properties

This section proposes different types of merit functions for the multi-objective opti-
mization (1.1), considering three cases: when the objective function F' is continuous,

it is convex, and it has a composite structure.

3.2.1 A gap function for lower semi-continuous multi-
objective optimization

First, we assume only lower semi-continuity on F and propose a gap func-

tion ue,: C' — (—00, +00] as follows:

Uso(x) ==sup min [F;(z)— F;(y)]. (3.1)

yeC i=1,....,m
When F is linear, this merit function has already been discussed in [73], but here we
consider the more general nonlinear cases. We now show that u, is a merit function

in the sense of weak Pareto optimality.

Theorem 3.1
Let uy, be defined by (3.1). Then, we have ux(x) > 0 for allz € C. Moreover, x € C
is weakly Pareto optimal for (1.1) if and only if us(z) = 0.

Proof. Let x € C. By the definition (3.1) of us,, we get

Uso () =sup min [Fj(x) — Fi(y)] > min [F;(z) — F;(z)] = 0.

yeC i=1,....m i=1,....m
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On the other hand, again, considering the definition (3.1) of u.,, we obtain

Ueo(7) =0 <= min [Fj(z) - F(y)] <0 foralyeC.

1=1,....m

This is equivalent to the existence of ¢ = 1,...,m such that
Fi(z) - Fi(y) <0 forallyeC,
i.e., there does not exist y € C such that
Fi(z) = F(y) >0 foralli=1,...,m,

which means that x is weakly Pareto optimal for (1.1) by Definition 2.2 (i). O

The following theorem is clear from the lower semi-continuity of F;.

Theorem 3.2

The function us, defined by (3.1) is lower semi-continuous on C.

Theorems 3.1 and 3.2 imply that if wu. (xk) — 0 holds for some bounded se-
quence {xk}, its accumulation points are weakly Pareto optimal. Thus, we can
use U, to measure the complexity of multi-objective optimization methods.
Moreover, Theorem 3.1 implies that we can get weakly Pareto optimal solutions
via the following single-objective optimization problem:
min Uso ().
However, if F; is not bounded from below on C', we cannot guarantee that .

is finite-valued. Moreover, even if u., is finite-valued, u,, does not preserve the

differentiability of the original objective function F'.

3.2.2 A regularized gap function for convex multi-objective
optimization
Here, we suppose that each component F; of the objective function F' of (1.1) is

convex. Then, we define a regularized gap function u,: C — R with a given con-

stant a > 0, which overcomes the shortcomings mentioned at the end of the previous
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subsection, as follows:

uale) 1= max min | Fi(2) = Fi(y) = oo~y (3:2)
Note that the strong concavity of the function inside max,cc implies that u, is
finite-valued, and there exists a unique solution that attains this maximum in C.
Like w4, we can show that u, is also a merit function in the sense of weak Pareto
optimality.
Theorem 3.3
Let u,, be defined by (3.2) for some a > 0. Then, we have u,(x) > 0 for all z € C.
Moreover, x € C' is weakly Pareto optimal for (1.1) if and only if u,(x) = 0.

Proof. Let x € C. The definition (3.2) of u, yields

1
wole) = e i, [ ()~ F0) el
) 1
> min [Fe) = Fl) - oo = o] =0

which proves the first statement.
We now show the second statement. First, assume that u,(xz) = 0. Then, (3.2)
again gives
. 1 >
‘min | Fj(x) — Fi(y) — 2—||:1c —yll3| forallyeC.
= a
Let z € C and 8 € (0,1). Since the convexity of C implies that x + 3(z — x) € C,

substituting y = x + a(z — x) into the above inequality, we get

1

min | F(e) = Re +8(: = o)) = 50 - )] <0

The convexity of F; leads to

min [B(F() ~ F(:) - 518G - ] <0
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Since z can take an arbitrary point in C, it follows from (3.1) that u(z) = 0.

Therefore, from Theorem 3.1, x is weakly Pareto optimal.

Now, suppose that x is weakly Pareto optimal. Then, it follows again from The-
orem 3.1 that us(z) = 0. It is clear that u,(x) < us(x) from the definitions (3.1)
and (3.2) of us and uy, so we get uqy(z) = 0. O

Let us now write

1
Uy(x) := argmax min |Fj(z) — Fi(y) — —||lz — yl|3]|. (3.3)
yeC i=1,..., m 20[
The optimality condition of the maximization problem associated with (3.2)

and (3.3) gives

l[x — Uy(z)] € conv OF;(Uy(z)) + No(Uy(z)) for all x € C,

« 1€I0(x)

where No denotes the normal cone to the convex set C' and

Fo(x) = argmin[F(z) — F;(Ua(2))].

i=1,...,m

Thus, for all z € C there exists e(z) € A™, where A™ is the unit m-simplex given
by (2.1), such that e;(z) = 0 for all j ¢ Z,(x) and

é(x Ua(@), 2~ Ua(@)) < Y e@)[Fi(2) — FEUa(z))] forall ze C. (3.4)

=1

Then, we can also show the continuity of u, and U, without any particular

assumption.

Theorem 3.4
For all « > 0, u, and U, defined by (3.2) and (3.3) are locally Lipschitz continuous

and locally Hélder continuous with exponent 1/2 on C, respectively.

Proof. For any bounded set Q C C, let 2!, 22 € Q. Adding the two inequalities
obtained by substituting (z,2) = (z',U,(2?)) and (x,2) = (22, U,(z")) into (3.4),
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+ il ei(7') [Fi(Ua(a?)) = Fi(2")] + il ei(2’) [Fi(Va(2")) = Fi(2%)]

Since e(z) € A™ and e;(x) # 0 for all j € Z,(z), we have

L(0,() ~ Uale?) = (2 =), Ua(o) — Uals?))
— min [(e) = AU()] + _min [A() - BU()]

+ Zi, ei(v') [Fi(Ua(2) = Fi(2')] + 2 ei(2”) [Fi(Ua(2)) = Fi(2%)]

Again using the fact that e(z) € A™, we get

L0 - Ua) - () 0.0) - V)

Multiplying by « and adding (1/4)||z! — 22||* in both sides of the inequality, it
follows that

.....
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Taking the square root of both sides, we obtain

Hxl z2|)? +2a max |F(x1) F;(2?)].

.....

V(o) — Uale?) = 5 (o — a2

Then, it follows from the triangle inequality that

[Vaet) = Uala?)], < 3l = 22, + et = 2203 + 20 _max |Fi(a?) = ).

.....

Since Lemma 2.1 implies that F; locally Lipschitz continuous, there exists Lg, (€2) > 0
such that

|Fi(2") — Fi(2%)| < L, (Q)||lz" — 2|2 (3.5)

Hence, the above two inequalities show U,’s local Holder continuity with expo-
nent 1/2.

On the other hand, the definition (3.2) of u, gives

1
o (') = max min [F (") = Fly) = 5 [l+" - yHi]
1 2 1 1
> min [F(a)) = Fi(Ua(o?)] = 5 |lo" = Ua(a?) [l
Reducing u,(x?) from both sides yields
1
(o) = ua(e?) 2 i |F(et) = F(U() = 5ot = Unle?) 2] ~ a2
(3.2) and (3.3) lead to
1
wo(e!) ~ o) 2 in, [F(e!) = FU() - 5l ~ Ul ]
1
- apin [A @) = A(U) - 5ol - U]
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Cauchy-Schwarz inequality and (3.5) implies

1
o) = (o) > = e L (@) + = o1 + 2 = 20, (&) ] - ]
Since U, (x) is bounded for z € € due to the continuity, and the above inequality

holds even if we interchange z!' and 22, we can show the local Lipschitz continuity
of u,,. O

On the other hand, using the unit m-simplex A™ defined by (2.1), u, given
by (3.2) can also be expressed as

i 1
o) = i i|Fi(x) = Fi(y) — o—llz = yll3|.
Uo(w) = max min iﬂe{ (@) = Fi(y) = 5 lle ylb}

We can see that C is convex, A™ is compact and convex, and the function in-

side min,cam is convex for e and concave for y. Therefore, Sion’s minimax theo-

rem [95] leads to

Ua(x) = ergi% ?eaéc;el[ Fi(y) — %Hx - y”2]

. (3.6)
= mi iFi(z) —a™! m
e%lir}" [21 ¢ ($) @ Ma > eFi+oc <I>] ’
1= =1
where M and 0o denote the Moreau envelope and the indicator function defined
by (1.7) and (2.9), respectively. Thus, we can evaluate u, through the following m-
dimensional, simplex-constrained, and convex optimization problem:

m

] . . —_— _1 m
eréllllI}” Z GZE(x) @ MO( > e Fit+éc (IL')

=1 . i=1 (37)
st. e>0 and Zei = 1.

As the following theorem shows, (3.7) is also differentiable.
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Theorem 3.5
The objective function of (3.7) is continuously differentiable at every e € R™ and

V. Z eiFi(r) —a ' M (x)

=F(z)—-F (proxa i_nf s (:1:)) ,

m
« Z e; F;+dc
1= =1

i=1

where prox denotes the proximal operator (2.10).

Proof. Define

m

1
M) = Y esFi(y) + 5-lle = ol

i=1

Clearly, h is continuous. Moreover, hy(-) == h(y, -) is continuously differentiable and
Vehy(e) = F(y).

Furthermore, prox,swm . p5.(r) = argmingch(y,e) is also continuous at ev-
ery e € R™ from [91, Excercise 7.38]. Therefore, all the assumptions of Propo-
sition 2.1 are satisfied. Since prox,sm . pys () is unique, we obtain the desired
result. O

Therefore, when prox,s-m . 5. (%) is easy to compute, we can solve (3.7) using
well-known convex optimization techniques such as the interior point method [14].
If n > m, this is usually faster than solving the n-dimensional problem directly to
compute (3.2).

Let us now write the optimal solution set of (3.7) by

m

E(x) = aggznﬁiln ZZI eiFy(r) —a™! ,/\/la i s (z)]. (3.8)

Then, we can show the (directional) differentiability of u,, as in the following theo-

rem.

Theorem 3.6
Let © € C. For all « > 0, the reqularized gap function u, defined by (3.2) is

directionally differentiable at x and

m

ul (v;2 —x) = inf e, Fl(r;2—x)—a ' z—prox m x), 2 —x
a( ’ ) ec&(x) zzl z( ) < p a_gein‘JréC( ) >]
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for all z € C, where E(z) is given by (3.8), and prox denotes the proximal op-
erator (2.10). In particular, if £(x) is a singleton, i.e., E(x) = {e(x)}, and F; is

continuously differentiable at x, then u, is continuously differentiable at x, and we

have "
Vs (x) = ; ei(x)VFi(z) —a™! (g; — prox_ Z.i ei(x)Fi+6c> :
Proof. Let -
h(z,e) = Z eiFi(z) —a™! ./\/la & s (x).

i=1 i=1
Since Mysm ¢ F450(7) is continuous at every (w,e) € C' x A™ from [91, Theo-
rem 7.37], h is also continuous on C' x A™. Moreover, Theorem 2.1 implies that for
all z, z € C the function h.(-) :== h(-,e) has a directional derivative:

hl(z;2 —x) = E el (z;2 — 1) —a ' prox m (x),2 —x ).
a Y eFi+éc

Because prox,s-~m . g5, (%) is continuous at every (z,e) € C'x A™ (cf. [91, Ex-
ercise 7.38]), h.(z;z — x) is also continuous at every (z,z,e) € C' x C' x A™. The
discussion above and the compactness of A™ show that all assumptions of Proposi-

tion 2.1 are satisfied, so we get the desired result. 0

From Theorems 3.3 and 3.6, the weakly Pareto optimal solutions for (1.1) are
the globally optimal solutions of the following (directionally) differentiable single-

objective optimization problem:

min - u, (). (3.9)

zeC

Since u,, is generally non-convex, (3.9) may have local optimal solutions or station-
ary points that are not globally optimal. As the following example shows, such

stationary points are not necessarily Pareto stationary for (1.1).
Example 3.1
Letm=1,a=1,C =R and Fi(z) = |z|. Then, we have

2 .
My () = {az /2, if |z < 1,

|x| —1/2, otherwise.
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Hence, we can evaluate uy as follows:

uy(z) =

jo| = 2?/2, if |z <1,
1/2, otherwise.

It is stationary for (3.9) at |x| > 1 and x = 0 but minimal only at © = 0. Further-

more, the stationary point of Fy is only x = 0.

However, if we assume the strict convexity of each Fj, the stationary point of (3.9)
is Pareto optimal for (1.1) and hence global optimal for (3.9). Note that this as-

sumption does not assert the convexity of u,.

Theorem 3.7
Suppose that F; is strictly convex for alli=1,...,m. If x € C is a stationary point
of (3.9), i.e.,

ul(x;2—2) >0 forall z€C,

then x is Pareto optimal for (1.1).

Proof. Let e € E(x), where E(x) is given by (3.8). Then, Theorem 3.6 gives

E eiFl(z;2—2) —a ' x — prox m (),z—x ) >0 forall ze€C.
i1 « ;1 e; F;4+dc
Substituting z = prox m (x) into the above inequality, we get
a ‘21 e; Fi+d¢

2
— m > 0.

x provaEiF#éc(:c) >0
i=1

/ . —1
; e F; <x, prox i_n: ein"f‘éC(:C) — x) +a

i=1

On the other hand, Theorem 2.2 yields

% — prox = eiFi+5C<x>
=1

2 m
<a E €;
2 =1

Fi(x) — F; (proxa O (x))] :

=1
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Combining the above two inequalities, we have

m
/ .
ZZ_; e; I} (:L’, prox g s (x) — a:)
>

i=1
m

>

=1

F; (proxa & oo (x)) — Fi(z)].
i=1

i=

Since Fj is strictly convex for all © = 1, ..., m, the above inequality implies that x =
ProX,sm 5. (), and hence uqs(x) = 0. This means that x is Pareto optimal
for (1.1) from the strict convexity of F;, Lemmas 2.4 (i) and 2.4 (iii) and Theorem 3.3.
U

3.2.3 A regularized and partially linearized gap function for

composite multi-objective optimization

Now, let us consider the composite case (1.14). Since they are generally non-convex,
we can regard them as a relaxation of the assumptions of the previous subsection.
For (1.14), we propose a regularized and partially linearized gap function w,: R" —

R with a given a > 0 as follows:

(o) = max min |(V£i(0).2 — 9) + 0ie) — 9:0) — 5o~ lB|. (3.10)
Like u,, the convexity of g; leads to the finiteness of w, and the existence of a unique
solution that attains max,ecc. As the following remark shows, w, generalizes other
kinds of merit functions.

Remark 3.1
(i) When g; = 0, w, corresponds to the reqularized gap function (1.13) for vector

variational inequality.

(ii) When f; =0, w, matches u, defined by (3.2).

As shown in the following theorem, w, is a merit function in the sense of Pareto

stationarity.

Theorem 3.8
Let w,, be given by (3.10) for some a > 0. Then, we have wy(x) > 0 for all z € C.
Furthermore, x € C is Pareto stationary for (1.14) if and only if w,(x) = 0.
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Proof. We first show the nonnegativity of w, for all « > 0. Let x € C. The

definition of w, gives

wnle) = s i, (V10,2 =) + i) — ) = 5o = o]
yeC =1, m o

Let us prove the second statement. Assume that w,(z) = 0. Then, again using

the definition of w,, we get
. 1
win [(VA(e), =) +00) = 9s) = el = ol <0 forally e

Let z € C'and 5 € (0,1). Since C C R" is convex, x, z € C implies x+[(z—z) € C.
Therefore, by substituting y = = + $(z — ) into the above inequality, we obtain

min [—(Vfi(a?),ﬂ(z )+ 0u(e) — gl + Bz — ) — 5z - x)HQ] <.

Dividing both sides by 3 yields

which means that x is Pareto stationary for (1.14).

Now, we prove the converse by contrapositive. Suppose that w,(z) > 0. Then,

from the definition of w,, there exists some y € C such that

i (Vf(e)a =)+ 00) - i)~ 5-llo — o] >0

Since g; is convex, we obtain

“min [(Vfi(x),x—y) —gi(zy —x) — %Hx—y\!i] > 0.
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Thus, we have

1
Fllasy —2) < ——|lz —y|l2 < 0
max F(wy — ) < —o-lle — yl3 <0,

i=1,...,

which shows that x is not Pareto stationary for (1.14). O

While 1y, and u, given by (3.1) and (3.2) are merit functions in the sense of weak
Pareto optimality, w, defined by (3.10) is a merit function only in the sense of
Pareto stationarity. As indicated by the following example, even if w,(x) = 0, x is

not necessarily weakly Pareto optimal for (1.14).

Example 3.2
Consider the single-objective function F: R — R defined by F(z) = f(z) + g(x),
where

f(x)=—2* and g(z):=0,

and set C' = R. Then, we have

wa(0) = max| 7/(0)(0 — ) + g(0) — gly) — ~—(y - o>2] ~ max [—izf] _o,

yER 2¢ yER 2a

but x = 0 is not global minimal (i.e., weakly Pareto optimal) for F.

We now define the optimal solution mapping W,: R" — R"™ associated
with (3.10) by

Wa(z) = argmax min ((Vfi(z),z —y) + gi(x) — g:(y) — %Hﬁv —yl3|- (3.11)

yeC i=1,....m

From the optimality condition of the maximization problem associated with (3.10)
and (3.11), we obtain

Lie Zwi(@)] € conv [Vfi(@) + 0g:(Wa(2))] + No(Wa(z)) forall z € C,

« 1€La (T)

where N¢ is the normal cone to the convex set C' and

To(x) = afgmin[(Vfi(:c), x — Wy(x)) + gi(x) — :(Wa(2))]. (3.12)

1=1,....m

Therefore, for any = € C there exists A(z) belonging to the unit m-simplex A™
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defined by (2.1) such that \;(z) =0 for all j ¢ Z,(z) and

L) Z V(Y i), 2= Wa(@))+0:(2)— g (Wa(2))] (3.13)

(07

for all z € C. Particularly, if we substitute z = x, we get

1 1
= Wal@)I3 < wale) + 5l — Wal@)l3
which reduces to .
wo () > %le—Wa(l‘)lli (3.14)

We can also show the continuity of w, and W,.

Theorem 3.9
For all « > 0, w, and W, defined by (3.10) and (3.11) are continuous on C.
Moreover, if every Vfi, 1 = 1,...,m is locally Lipschitz continuous, w, and W, are

locally Lipschitz continuous and locally Hélder continuous with exponent 1/2 on C,

respectively.

Proof. Let Q be a bounded subset of C' and let 2,22 € Q. Adding the two in-
equalities gotten by substituting (z,z) = (2!, W,(2?)) and (z,2) = (22, W,(z!))
into (3.13), we obtain

L0 (a1) = Wale?) — () — ). W) = W)

< SN UTAE). o — Wae)) + (o) — (W ()]
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Since \j(xz) =0 for j € Z,(z), we have

L (o) — Waa?) — (&' — ) Wale') — W)
< ) Wle) 40

.....

Therefore, simple calculations give

) - W)l < 2

+ 2@ =A@ i) = 0i(2) + (Vila") 2" = 2%)

(Wo(z') = W, (2?), 2" — 2?)

i 1>—w@-< 4.2
IR CONCACORAACIRIE +Z)\ 2(Vfi(a®) = Vfi(a'), Wa(z").

(3.15)

When 2! — 22, the right-hand side tends to zero, which means the continuity of W,
on C. Therefore, from the definition, we can also say that w, is continuous on C'

immediately.

Assume that each Vf;,7 = 1,...,m is locally Lipschitz continuous. Since g; is
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also locally Lipschitz continuous from Lemma 2.1, we can prove the local Holder
continuity of W, from (3.15). On the other hand, the definitions (3.10) and (3.11)

of w, and W, give

wa (1) — wa (2?)

= min [(Vi(ah), 2" = Wa (') +g:(2") = i (Wale)] = 5[l = Wa ()]

< min [(VAi(e), o = Wa() + ai(e) = g (Wa ()] = 5! = Wa (@)
— min [(VA(), 0 = Wa(@) + () — g (Wa(@)] + 5o la? = Wale)

< max [(Vfi(e!) = Vfi(e?), 2" = Wa(2')) + (Vi(2®) 0" — %) + g:(2") = 0i(a%)]
1 1
— £<x1 — 2t 4 2? — 2Wa(:1:1)>
< ot = Wala) |, max [V1i(2') = Vi)l

+ izrrllameVfi(xQ) |, llz! — 2?2 + igrllaxm]gi (z') — g:(2?)]

geeey =1,...,

where the first inequality comes from (2.2), and the third inequality follows from the
Cauchy-Schwarz inequality. The above inequality holds even if we interchange z'
and z?. Furthermore, W, (z) and V f;(x) are bounded for any = € Q due to their
continuity. Therefore, local Lipschitz continuity of Vf; and g; implies the local

Lipschitz continuity of wy,. U

On the other hand, in the same way as the derivation of (3.6), Sion’s minimax

theorem [95] gives another representation of w, for a > 0 as follows:

m

. 1 2
() = iy mas DN (VA2 — )+ o) — o) = 5o — i
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where A™ denotes the unit m-simplex (2.1). Moreover, simple calculations show
that

= min
Wa )\EA"L Z Azgl

2
1 m

2

— min Z)\Zgz +— x—aZ)\sz

yeC

2

RS NS

—1
—a ./\/la & \atbe <x —« ; Aini($)>] ,

i=1

where M and d¢ are given by (1.7) and (2.9), respectively. In other words, we
can compute w, via the following m-dimensional, simplex-constrained, and convex

optimization problem:

o . _ N f 3.16
@ Ma ; Aigitdc <x “ ; AlVf’L (x)> ( )

st. A>0 and Z)‘izl'

i=1

Moreover, the following theorem proves that (3.16) is differentiable.
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Theorem 3.10
The objective function of (3.16) is continuously differentiable at every A € R™ and

2 m
J— _1 m JE— . .

1=

=g(z)—yg (proxa £ rgtic (:c —a) /\ini(ZE))>

i=1

— J;i(x) (proxa i_n: Narbe (:c —« Zl )\@'Vfi(iﬁ)) — :E) )

=1

- o
Vi Z)\igi(m)+§
i=1

i=1

where prox is the proximal operator (2.10), and Jy(x) is the Jacobian matriz at x
given by (2.7).

Proof. Let
2

0y N) = D Nigily) + 5 |v —a D AVSila) —y
=1 =1

2

Then, 6 is continuous, 0,(-) = 6(y, -) is continuously differentiable, and

Vaby(N) = g(y) + T¢(2) (y —r+« Z /\Z-Vfi(x)> .

Moreover, prox,s-m .. 5. () = argmin .. 60(y, A) is also continuous at every A €
R™ (cf. [91, Excercise 7.38]). The above discussion implies that every assumption in
Proposition 2.1 is satisfied. Combined with the uniqueness of prox,s-m .5 (),

we get

O D]

=1

=g (proxa 2 rtoc <x — ZZI )\ini<$)> )

=1

+ Js(x) (proxa rz:n:l Nt <x -« ZZ:; /\ini(éE)> —r+ o ; )\in¢($)) )

i=1
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On the other hand, we have

m m 2
Va [ 2o M) + 5[ XoAVA@)| | = (@) + (e Z NV il
=1 =1

Adding the above two equalities, we obtain the desired result. O

Thus, like (3.7), (3.16) is solvable with convex optimization techniques such as
the interior point method [14] when we can quickly evaluate prox,s-m .o s.(-).

When n > m, this usually gives a faster way to compute w,,.

Example 3.3
(i) If gi(x) =0 for alli=1,...,m, then prox,ym .5, reduces to the projec-
tion onto C' from (2.11).

(ii) If gi(z) = q1(x) for any i = 1,...,m, or if gi(x) = ¢1(x;,) and the index
sets I; € {1,...,n} do not overlap each other, then ProX,ym o 1S com-

putable with each prox, when C'=R".

(1ii) Even if there is an overlap, we can compute prox,, ST Aigs for special functions.
For example, whenm = 2, g1(z) = ||z||1, g2(x) = ||x||3, and C = R", \ig1(x) +
Xaga(x) is the elastic net [112]. It has a prozimal operator in closed-form [8/,
Section 6.5.3].

Now, define the optimal solution set of (3.16) by

A(z) = argmin Z:)\,gZ

AEA™

—a! ,/\/la in: Mot <£L‘ - azl AV fi( ))] . (3.17)

Then, in the same manner as Theorem 3.6, we obtain the following theorem.

Theorem 3.11
Let x € C. Assume that f; is twice continuously differentiable at x. Then, for
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all a > 0, the merit function w, defined by (3.10) has a directional derivative
! — f A
wo(w;z—2) = inf [Z igi(x

_1< [[n -« Z )\Z-Vin(:L’)] [x — prox & \atbe (a: —« Zm: /\ini(ZE)>]
—a Z ANiVfi(x), z — x>]

for all z € C, where prox and A is given by (2.10) and (3.17), respectively, and I, €
R™" is the n-dimensional identity matriz. In particular, if A(z) is a singleton,

i.e., A(z) = {\(x)}, and g; is continuously differentiable at x, then w, is continuously
differentiable at x, and we have

Vw,(z Z)\
I, —« Z () V2 fi(z ] [x — PrOX, 5™ X (2)g,+c (x -« Z /\Z(I)sz(l‘))] .

If the convex part g; is the same regardless of i, we get the following corollary without
assuming the differentiability of g;.

Corollary 3.1

Let x € C and o > 0. Assume that f; is twice continuously differentiable at x
and g; = g1 for all i = 1,...,m, and recall that w, and prox be defined by (2.10)
and (3.10), respectively. If A(x) given by (3.17) is a singleton, i.e., A(z) = {\(z)},

then the function w, — g1 is continuously differentiable at x, and we have
Ve(wa(z) = g1(2))
— a1, —aZ)\ (z)V2f;(z) ] [x—proxamMC (x—aZ)\i(x)Vfi(mO]

i=1

+ Z)\i(x)Vfi(x).

Corollary 3.1 implies that, under certain conditions, the merit function w, = (w, —
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g1) + g1 is composite, i.e., the sum of a continuously differentiable function and a

convex one.

Theorems 3.8 and 3.11 show that the Pareto stationary points for (1.14) are
global optimal for the following directionally differentiable single-objective optimiza-
tion problem:

min - wy (). (3.18)

zeC

Moreover, when the assumptions of Corollary 3.1 hold, we can apply first-order
methods such as the proximal gradient method [50] to (3.18). On the other hand, if
we consider Example 3.1 with f; = 0, we can see that the stationary point for (3.18)
is not necessarily Pareto stationary for (1.14). However, if f; is convex and twice
continuously differentiable, and F; is strictly convex, then we can prove that every
stationary point of (3.18) is Pareto optimal for (1.14), i.e., global optimal for (3.9).
Note that this assumption does not assert the convexity of w,,.

Theorem 3.12
Let x € C' and o > 0. Suppose that f; is conver and twice continuously differentiable
at x, and F; is strictly convezr for any i = 1,...,m. If x is stationary for (3.18),
i.e.,

wl(x;z—x) >0 forallz€C,

then x is Pareto optimal for (1.14).

Proof. Let z € C' and A € A(x), where A(x) is defined by (3.17). Then, it follows
from Theorem 3.11 that

> Aigi(w;z —x)
=1

_ a—1< [[n -« zm; )\Z-V2fz‘(ar)] [x - proxa % N (x — zm: /\ini(x)>]

=1 i=1

—aZ)\ini(x), z— x> > 0.
i=1
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Substituting z = prox,s-m s, (%), we have

/ . B | | -
; )\lFZ <x’ prOXO‘ in: Aigit+éc <SL‘ a Z >\sz1 (l‘)) l’)

=1 =1

+ a—1< [In -« Z )\¢V2fi<a7)] [x — proxa i N— (x -« ; )\ini(x))] 7

=1 i=1

T — prox, i_nf N (x -« ; /\ini(lU)) > > 0.

=1

Since the convexity of f; implies that V2f;(x) is positive semidefinite, we get

Z'Z1 )\iFg <=73§ proxa Tf: Xigi+éc <JJ - Z /\szZ(.T)> — x)

=1 =1
2

> 0.
2

+a !

prox i_nl N (3: -« ; )\z'Vfi(iC)>

i=1

Therefore, with similar arguments used in the proof of Theorem 3.7, we obtain x =
ProxX,som o5 (r —ad L AV fi(z)), and thus we(z) = 0. Since F; is strictly

convex, z is Pareto optimal for (1.14) from Lemma 2.4 (iii) and Theorem 3.8. [

3.3 Relation between different merit functions

This section assumes that the problem has a composite structure (1.14) and discusses
the connection between the merit functions proposed in Section 3.2. First, we show

some inequalities between different types of merit functions.

Theorem 3.13
Let U, uq, and w, be defined by (3.1), (3.2) and (3.10), respectively, for all o > 0.
Then, the following statements hold.

(1) If fi is pus,-convex for some py, € R and pup = min,—y__, piy,, then we have

~~~~~

Uso () < wu;1(a7) and g1 (7) < Wi pa)-1 (),  if gy >0,

U ;)1 (T) < wo-1(2), otherwise

foralla >0 and z € C.
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(it) If V fi is Ly,-Lipschitz continuous for some Ly, > 0 and Ly = max;—y__m, Ly,,

then we get

u(Lf-‘ra)*l (37) < W1 (l‘), uoo(x) > wLle (ZE), and uoﬁl(l‘) > w(Lf-i-a)*l(x)

foralla >0 and x € C.

Proof. Claim (i): Let ¢ =1,...,m. The puy,-convexity of f; gives

z —yll5.

filz) = fi(y) < (Vfi(z),z —y) — %f

By the definition of js, we get

fi@) = fily) < (Vi) = y) = Ellla =yl

Thus, recalling (1.14), we have

F@) = Fy) < (Vhle).x = 9) + g.(0) = 9:(y) — Ll — 3
Fi(w) = Fi(y) = Sllz =yl < (Vila),w = ) + gi(2) = 9i(y) =

Fi(z) - Fi(y) - L2

[ e
2

r =yl < (V@) =) + (@) = 5iy) = iz = ol

lz = yllz,

so the desired inequalities are clear from (3.1), (3.2) and (3.10).

Claim (ii): Let ¢ = 1,...,m. Suppose that Vf; is Ly-Lipschitz continuous.
Then, Lemma 2.2 yields

z —yll3.

fi(y) — fi(x) — (Vfilx),y — 2)| < LTf

By the definition of Ly, we have

iy) — i) — (Vfile)oy — )| < Ll — i3
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This gives

Fi(x) — Fi(y) - 42

|z —yll3 < (Vfi(x),z —y) + gi(z) — giy) — %le — 3,

Fie) = Fiy) > (VA(a), o — ) + (o) — 0:ly) — Lo — o1l
Lf —|— v
2

Fi(z) — Fi(y) — %le —yll3 > (Vfi(z), z —y) + gi(x) — g:(y) |z —yll3-

Therefore, we immediately get u,ia)-1(7) < Wo1(7), Us(z) > ngl(x),
and uq-1(2) > w(g, o)1 (z) for all z € C by (3.1), (3.2) and (3.10).

Second, we present the relation between coefficients and the proposed merit
functions’ values.
Theorem 3.14
Recall that w,, is defined by (3.10) for all cc; > 0. Let g be an arbitrary scalar such
that c; > an. Then, we get

Wy (1) < wy, (x) < %waz(x) for all x € C.
€%)]
Proof. Let z € C. Since a3 > ag > 0, the definition (3.10) of w,, and w,, clearly
gives the first inequality. Thus, we prove the second one. From the definition (3.10)

of wy,, we have

oy (&) = sup _min [<Vfi<x>,x S+ 0ie) — 9iy) — o — y||§]

yeC i=L...,m 2&1
[ 2
(31 . (o7 Qo 1 ||
= —sup min Viilx), —(x — + —(gi(x) — g ——||—(z =
o S i < filw), y)> o, 9(#) = 6iy)) = 5| (@ =) J

< 2y in (9700, 20— 0) +e) — (2 - 2 —)

Qg yeC =L..m 1 1
2
2

where the first inequality follows from the convexity of g;. Since C'is convex, x,y € C

1

2062

Q9

a—l(l’—y)

implies © — (ag/ay)(z —y) € C. Therefore, from the definition (3.10) of w,,, we get

(6]
Wa, () < a_;wm ().
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O

Considering Remark 3.1 (ii), we get the following corollary.

Corollary 3.2
Assume that each component F; of the objective function F' of (1.1) is convex. Recall
that ua, is defined by (3.2) for all cy > 0. Let ag be an arbitrary scalar such that

a1 > ao. Then, we get

Uay () < Uy, () < %ua2 (x) forallzeC.
(%)

3.4 Level-boundedness of the proposed merit

functions

As we discussed in Section 2.2, we call a function level-bounded if every level set
is bounded. This is an essential property because it ensures that the sequences
generated by descent methods have accumulation points. We state below sufficient

conditions for the level-boundedness of the merit functions proposed in Section 3.2.

Theorem 3.15
Let Uo, uq, and w, be defined by (3.1), (3.2) and (3.10), respectively, for all o > 0.
Then, the following claims hold.

(i) If F; is level-bounded for alli =1,...,m, then us is level-bounded.

(ii) If F; is convex and level-bounded for all i =1,...,m, then u, is level-bounded
for all o > 0.

(iit) Suppose that F' has the composite structure (1.14). If f; is py,-convez for
some [y, € R or Vf; is Ly,-Lipschitz continuous for some Ly, > 0, and F;
is convex and level-bounded for all 1 = 1,...,m, then w, is level-bounded for
all o > 0.

Proof. Claim (i): Suppose, contrary to our claim, that u., is not level-bounded.
Then, there exists ¢ € R such that {x € C'| uw(z) < ¢} is unbounded. By the

definition (3.2) of us, the inequality us(z) < ¢ can be written as

sup min [Fj(x) — Fi(y)] <c.
yeC i=1,....m
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This implies that for some fixed z € C, there exists j = 1,...,m such that
FJ((L’) S Fj(Z) +c.

Therefore, it follows that

{z€C | ux(z)<c} C| J{z e C | Fi(x) < Fj(2)+c}.

J=1

Since Fj is level-bounded for all ¢ = 1, ..., m, the right-hand side must be bounded,
which contradicts the unboundedness of the left-hand side.

Claim (ii): Recall the definitions (2.1), (2.9) and (2.10) of A™ , M, and prox.
Equation (3.6) gives

. . Bl — ! m
)= i SR e M 0
1= =1
— )\Igir}n — Ai E(Z‘) - F (prOXa in: NiFi+d¢ <$>>
i i=1
-
! )
20 ||F ~ Prox, & AiFi—HSC(I
i=1
> = . . X _ ; m
> 5 min 1 Ai | Fi(z) — Fi (proxa > NiFi+dc (@) ]
1= =t
= g, R - R (pmxa £ F”)] |
i=1

where the inequality follows from Corollary 2.1. Therefore, with similar arguments
given in the proof of claim (i), we can show the level-boundedness of u, by contra-
diction.

Claim (iii): From Theorems 3.13 and 3.14, there exist some 7 > 0 and § > 0
such that ug(x) < Tw,(z) for all x € C. Since claim (ii) implies that ug is level-

bounded, w,, is also level-bounded. O

The following example indicates that our proposed merit functions are not neces-

sarily level-bounded, even if F is level-bounded.
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Example 3.4
Consider the bi-objective function F: R — R? with each component given by

Fi(z) =2% Fy(z):=0.
Then, the gap function us, defined by (3.2) is written as
Uoo () = iglgmin[ﬂ(x) — Fi(y), Fa(z) — Fa(y)]
= sup min[(2? — y?),0] = 0.

yeR

On the other hand, F is level-bounded because lim g, o0 F1(x) = 00.

3.5 The multi-objective proximal PL inequality

and error bounds

For the multi-objective composite problem (1.14), this section extends the proximal-
PL inequality introduced in Section 2.7 and shows that it induces the proposed merit

function’s error bound. We first define the multi-objective proximal-PL inequality.

Definition 3.1 (Multi-objective proximal-PL inequality)

Assume that f;,1 = 1,...,m is Ly,-smooth with Ly, > 0 and let Ly := max;—1__,, Ly,.

7777 k4

We say that (1.14) satisfies the multi-objective proximal-PL inequality if there ex-
ists T > 0 such that

wL;1($) > Tuso(z)  for all z € R" (3.19)

with U and w1 given by (3.1) and (3.10).

If m =1, (3.19) reduces to the proximal-PL inequality for scalar optimization (2.14).
We state below some sufficient conditions for (3.19).
Proposition 3.1

(i) When f; is py,-convex with puy > 0, (3.19) holds with T = min(pus/Ly, 1),

where [if = MiNG—1,__m [LF,

(ii) Assume that f;(x) = h(A;x) with some strongly convex function h; and linear

transformation A;, and g; == dx, with &; being a polyhedral set and dx, given
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by (1.7). If each mingern Fi(z) has a nonempty set X for i = 1,...,m,
then (3.19) holds with some constant T.

Proof. Claim (i): Since f; is strongly convex, Theorem 3.13 (i) gives
Uso(2) < wy(z) for all z € R™.

Applying Theorem 3.14 to the above inequality implies

L
Uso () < max(—f, 1) w;-1(x) forall z € R",
s !
which means
wy-1(x) > min ﬂ, 1 Juoo(z) for all z € R™.
f Lf

Claim (ii): Since A&; is polyhedral, we can write it as {z € R" | Bx < ¢;} for

some matrix B; and vector ¢; fort = 1, ..., m. We now show that foralli =1,...,m

there exists some z; such that
X ={r €eR" | Bix <c¢ and Ajxz = z}.

To obtain a contradiction, suppose that there exists ! € X} and z? € X} such
that A;z! # A;x?. Clearly, we have f;(z') = f;(2?). Since h; is strongly convex, we
get

A = SHG) + SAa?) = Shi(Ait) + Shi(Aa)

1 1 1 1
A A St - 22 _ (0 2.2
>hz< 1(21' +2x)> fl(Qx —|—2:c>,

which contradicts the fact that z! € X?. Therefore, we can use Hoffman’s error
bound [61], and so there exists some p; > 0 such that for any z € R", there

exists 7 € X with

|z —zi|l, < pifmax || A; |z—| 2 [,0

2
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Note that we take the max operator componentwise on the right-hand side.
Since B;xz — ¢; < 0 for all z € dom(F), we have

(5)-(2)]

|z — 273 < p2|| Az — 2|3 for all z € dom(F).

|z — 27|, < pil|max for all z € dom(F),

2

which yields

Since projy-(z) € X/, it follows that

2
A; (:c — projx- (a:)) H2 for all z € dom(F).
(3.20)

2
| = projy; @) < Il — a1} < o2
Now, suppose that z € dom(F'). From the definition (3.1) of u., we get

Uno(x) = sup min [F(x) - F(2)]

zeRn t=1,....m

< min sup[Fi(2) ~ F(=)] = min |Fi(2) ~ F(projy; (v))].

1=1,....,m ,cRn i=1,....m

where the second equality holds because projy:(x) = argmin,cg» F;(z). Assuming

that h; is op,,-convex with o3, > 0, it follows that

0= g, (91041 o)
+%@%ﬂ(mmm@ﬂ—f?z%@—pmhﬂ@>j
= tnin_ <Vfi(x), T — Projy. ($)> + 9i(z) — g; (prOJ'X,; (Jf)>

Oh;
2

A; (x — Projy- (x)) Hz] :
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Applying (3.20) to the above inequality leads to

(Va1 — proixs (1) + ) — 0 (proixs ()

Oh, . 2
T T — projx:(z) .|

.....

any v € R™, we get

(o) < mi 3 x| (Vo). = profe; () + si(a) = g profy; ()
Oh,; 2
~gear = proi; (@)

. = Oh; 2
< ) Vz 9 - I3 - Y NG -
i sup D (VA2 =)+ ae) — i)~ Sl I
. “ Oh;
— sup min > e, {<Vfi<x>,x—z> T gia) — gi(2) - —2||w—z||3}
ZER" CEA 221 2 7:
. Oh,;
— sup min [<Vf@-<x>,x—z>+gz-<x>—gz-<z>— e zuz}
ZeRn’L—l ..... m 2,01

< g/ i o0, ()
where the first equality follows from the Sion’s minimax theorem [95], and the third

equality comes from the definition (3.10) of wy2/ i Thus, Theorem 3.14 gives

1,0

which completes the proof. O

We now show that the multi-objective proximal-PL inequality (3.19) leads to the

error-bound property.

Theorem 3.16
Let x € R". Suppose that f; is Ly,-smooth with Ly, > 0 for eachi=1,...,m, Ly =

max;—1,_m Ly, and the multi-objective proximal-PL inequality (3.19) holds with T >

-----
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0. Then, the trajectory Wf,l(x) = T/VL;1 0---0 WLl(x)} converges linearly to a
s

weakly Pareto optimal point x* and

TL .
G

where U, and WL;1 are given by (3.1) and (3.11), respectively.

Proof. Recall that us, is non-negative due to Theorem 3.1. We have

Uso (T) — Uoo (WLFI (a:))

oo () + \/uoo (Wi (@) |

Vi) = oo (W) =

The definition (3.1) of u, gives

Uoo (T) — Uso (WL;1( )) > IIllIl [Fz(x) - F}(WLJIl(x))} > ngl(x),

i=1,....m

where the second inequality follows from Lemma 2.2 and (3.10) and (3.11). Note
that this inequality, together with (3.19), proves that {Wf_l (:IZ‘)} converges linearly
!

to zero. On the other hand, since oo (%) > Uso <WL;1(.T)> because of Theorem 3.8

and the above inequality, we get

) e (W1 0)) < 2] < 2, fag

where the second inequality comes from (3.19). Then, the above three inequalities

show

Vi) = o (Wi 2\/7/

Therefore, it follows from (3.14) that

Vi s (Wi01) 2 G - Wi
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More generally, we arrive at

/7Ly
\/uoo (Wffl (x)) - \/uoo (WE:}@)) HWk WE;}(@
forall k =0,1,.... Adding up the above inequality from k = k; to k = ko — 1 yields
TLy¢ ol
o (18200) = e (210 2 Y S
Thus, the triangle inequality implies

\/uoo <Wf;_l(x)) — \/uoo (Wf;l(x)> > ﬁHW’“ Wf;l(x)

As kq, ko — o0, the left-hand side tends to zero. Therefore, the right-hand side also

tends to zero because of the non-negativity of the norm. This means that {I/Vf,1 ()}
!

2

- Wit @)

2

(3.21)

2

is the Cauchy sequence, which is convergent to some weakly Pareto optimal point z*.
Substituting k; = 0 and ks = oo into (3.21) leads to

NaZ,
Uoo () = o I2-

O

This theorem also presents the error-bound property of w, and u, for any a > 0
because of (3.19) and Theorems 3.13 (ii) and 3.14.

3.6 Conclusions

In this chapter, we first proposed a gap function for (1.1) in the sense of weak
Pareto optimality and showed its lower semicontinuity. We also defined a regularized
gap function when F' is convex and discussed its continuity, the way of evaluating
it, its differentiability, and the properties of its stationary points. Furthermore,
when each Fj is composite, we introduced a regularized and partially linearized
gap function in the sense of Pareto stationarity and showed similar properties. In
addition, we gave sufficient conditions for the proposed merit functions to be level-

bounded and to provide error bounds, introducing the multi-objective proximal-PL
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Chapter 4

A proximal gradient method for

multi-objective optimization

4.1 Introduction

This chapter proposes the proximal gradient method for the unconstrained compos-
ite multi-objective optimization, i.e., (1.14) with C' = R"™. The proposed method
generalizes Algorithm 1.1. Moreover, we analyze the proposed method’s convergence

rate using the merit functions (3.1) and (3.10) to measure the complexity.

We also observe that the problem and the proposed method have many appli-
cations. For example, when g; is an indicator function of a non-empty, closed, and
convex set S, (1.14) is equivalent to the optimization problems with constraints
x € S. Also, as seen in Section 4.5, we can deal with robust optimization prob-
lems. These problems include uncertain parameters and consist in optimizing under
the worst scenario. Although the literature about robust optimization is vast, the

studies about robust multi-objective optimization are relatively new [34, 42, 80].

The outline of this chapter is as follows. Section 4.2 proposes the proximal gradi-
ent methods for unconstrained multi-objective optimization. We estimate the global
convergence rates of the proposed method in Section 4.4. In Section 4.5, we apply
the proposed method to robust optimization. Finally, we report some numerical ex-

periments by solving robust multi-objective optimization problems in Section 4.6.
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4.2 The algorithm

For given x € dom F' and a > 0, we consider the following minimization problem:

min - o (z:2) (4.1)
with

palzi) = max (Vfi(2). = — ) + gi(z) — g(a)] + 5= — 2}

The convexity of g; implies that ¢,(+;x) is strongly convex, so (4.1) always has a
unique solution, which is also in dom(F'). Let us write such a solution as p,(z) and

let 6,(x) be its optimal function value, i.e.,

Pa(x) == argmin p,(z;2) and 6,(z) = min p,(z; ). (4.2)
zeR" zERM
Note that
Pa =Ws and 0, = —w, (4.3)

for w, and W, defined by (3.10) and (3.11). The following proposition shows
that p,(x) and 6,(z) help to characterize the Pareto stationarity of (1.14).

Lemma 4.1
Let p,, and 0, be defined in (4.2). Then, the following claims hold.

(i) The following three conditions are equivalent: (a) x € R™ is Pareto stationary

for (1.14); (b) po(x) = z; (c) O4(x) = 0.

(ii) The mappings po and 6, are continuous. Moreover, if each V fi,i=1,...,m
is locally Lipschitz continuous, p, and 0, are locally Hélder continuous with

exponent 1/2 and locally Lipschitz continuous, respectively.
Proof. We can prove the claims immediately from Theorems 3.8 and 3.9. O

From Lemma 4.1, we can treat ||p,(z) — x|/, < € for some € > 0 as a stopping
criterion. Let us present our proposed algorithm in Algorithm 4.1. We can consider
the following three stepsize selection procedures. Note that every rule guarantees

the objective functions’ non-incrementality, i.e.,

(2" < F(2%) foralli=1,...,m, k> 0. (4.4)



4.2. THE ALGORITHM 63

Algorithm 4.1 The proximal gradient method for multi-objective optimization
Input: 2° € int(dom(F)),e >0

1: k<0

2: loop

3: 2k Doy (ask) with some stepsize ay > 0

4: iszk—yckHOo < ¢ then

5 return z*

6 end if

T o 2P 4 s (27 — 2%) with some stepsize s, € (0, 1]
8 k+—Fk+1

9: end loop

4.2.1 Armijo rule along the feasible direction
We fix ap = a with some constant o > 0 for every £k = 0,1,... and compute s; by
sp = &, (4.5)
where j; is the smallest non-negative integer satisfying
Fi(z* + ¢ (zk — xk)) < Fl(xk) + p&r |6, (a:k) — %sz — xk”; (4.6)

with predefined constants p,& € (0,1) for each i = 1,...,m. The following lemma

demonstrates the existence of the stepsize s; satisfying this rule.

Lemma 4.2
If x € R™ is not Pareto stationary for (1.14), for all a > 0 and p € (0,1) there

exists some s > 0 such that
1 2
Fi(z +s(z —x)) < Fi(z) + ps |ba(x) — %HZ — zlf3

foralli=1,...,m and s € (0, 5].

Proof. Let s € (0,1 and i = 1,..., m. Since g; is convex, we have

9i(7 + 5(pa(z) — 7)) < 9i(7) + 5[g9i(Palz)) — gi(2)].
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Combined with (2.6), we get

Fi(x + s(pa(r) — z))
< Fi(x) + $(V fi(z), pa(x) — 2) + s[gi(pa(z)) — 6i(x)] + o(s[pa(z) — z]l2)

with o: [0, +00) — R satisfying lim; , o(t)/t = 0. Then, (4.2) gives
1
Fi(x + 5(pa(2) = 7)) < Fi() + 5 |6a(2) = 5= [Ipa(®) = 23| + o(s]lpa() = ]l2).

Since z is not Pareto stationary, Lemma 4.1 (i) gives 6,(z) < 0. Thus, the fact
that p € (0,1) completes the proof. 0]

4.2.2 Sufficient decrease rule along the proximal arc

Suppose that Vf; is locally Lipschitz continuous for ¢ = 1,...,m. Let s, = 1 for
all k =0,1,... and a_; > 0. For each iteration, we find the smallest non-negative

integer j; such that

Fi(Peina,_, (z)) < Fi(2*) + Ocirn,_, (zF) foralli=1,....m (4.7)
with some constant £ € (0,1) for any i = 1,...,m and set
. = fjkak_l. (48)

4.2.3 Constant stepsize

When Vf;,i = 1,...,m is Ly-Lipschitz continuous and L; := max;—;

set s = 1 and o = o with a € (0,1/Ly] for each i = 1,...,m. Then, Lemma 2.2
ensures that

E(pa(xk)) < Fl(xk) + Ga(:ck) foralli=1,...,mand k=0,1,.... (4.9)

4.3 Convergence of the method

We first show the (classical) global convergence of the proposed algorithm.



4.3. CONVERGENCE OF THE METHOD 65

Theorem 4.1
Fvery accumulation point of {xk} generated by Algorithm 4.1 with any stepsize

selection procedure given in Sections 4.2.1 to 4.2.3, if it exists, is Pareto stationary
for (1.14).

Proof. Assume that {z%} converges to . According to Lemma 4.1 (i), it suffices
to check that 0,(z) = 0 for some o > 0. Considering (4.4) and the existence of a
subsequence of {F;(2*)} converging to F;(z), we have
lim F;(2") = Fy(z). (4.10)
k—o0
Let us now prove the claim for each stepsize rule.

Armijo rule along the feasible direction: Equations (3.14), (4.3), (4.5) and (4.6)

give

L2 — a4 | < ponda(at) < 0.

F(1) — () < pse |6 () — -

for any ¢ = 1,...,m. Combined with (4.10), we get

lim 30, (2") = 0. 4.11
iy (e =0 (411
If limsup,,_, . $x > 0, it is clear that 0,(Z) = 0. We now suppose that limy_,, s, = 0.
If we fix some positive integer ¢, we have s, < £? for sufficiently large k. This means
that the Armijo condition (4.6) does not hold for the stepsize £9, i.e.,

By (& + €1(F — b)) > By (o) + pe? [ea () - o= - xkug] (1.12)

for some 7 = 1,...,m. Since the number of values that 7, can take is finite, some
subsequence of {i;,} converges to some i = 1,...,m. Therefore, if we choose a proper

subsequence and take the limit in (4.12), we obtain

_ N _ _ 1 N
Fi(z 4 €(pa(z) — 7)) = Fi(T) + p&* [9a(93) = 5 IPa() = éﬂllg} :
Since ¢ can take arbitrary positive integer values, Lemma 4.2 shows that  is Pareto
stationary.
Sufficient decrease rule along the proximal arc: Similarly to the derivation
of (4.11), the condition (4.7) leads to 6,, (:Bk) —0ask — oo. If == limy_o vy, > 0,
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it is easy to see that 0,(z) = 0. Assume that limy_,, o = 0. Similar to the last
paragraph, fixing some positive integer ¢ and considering that (4.7) does not hold,
we get

Fi(pea(T)) = Fi(T) 4 Oga (7).
Since ¢ can take any positive integer, the locally Lipschitz continuity of V f; shows
that z is Pareto stationary.

Constant stepsize is clear from (4.9) and the previous paragraph. O

We now introduce the following assumption, standard in the analysis of descent

methods for vector optimization [40, 57, 47].

Assumption 4.1
For all sequence {yk} C F(R") such that y**1 < y* k =0,1,..., there eristsx € R"
satisfying F(z) < y* k=0,1,....

Under convexity and reasonable assumptions, we can also prove the true convergence

of iterates as follows:

Theorem 4.2

Suppose that f; is conver fori=1,...,m and let {mk} generated by Algorithm /.1
with the stepsize selection procedure given in Sections 4.2.1 to 4.2.53. Under Assump-
tion 4.1, {a*} converges to some 2* € T ={z € R" | F(z) < F(z%),k=0,1,...}
and x* is weakly Pareto optimal for (1.14).

Proof. Let x € T. We have

et =y = fla* =y + (| = by 2k — 2t a — af)
= [|z* — asz + sp|[2" — xk”z — 25, (2" —a* x — 2, (4.13)
e e O S
where the second equality follows from line 7 of Algorithm 4.1, and the inequality

comes from the fact that s, € (0,1]. Recall that A™ and Z,, are defined by (2.1)
and (3.12), respectively. Then, (3.13) implies that there exists A(z¥) € A™ such
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that A;(z*) = 0 for any j € Z,, (z*) and

1
a—k<x — 2P —F

[(Vfi(a"), 2 = 2%) + gi(2) — gi(<")]
(Vfi(a"), 2 = 2%) + gi(x) — gi(a")]

VUV, 2" =25+ g:(2") = 9:(=")]-

I
||M3 ||M3 \\Mg

Since f; is convex and x € T', the first term in the right-hand side is non-negative.
Therefore, (3.12) and (4.2) and line 3 of Algorithm 4.1 give

1
Loty €0, () 4 | ot

Combining the above inequality with (4.13) gives
o = o < [l =~ 2wty (2) = [ — ol + 2 (2¥).

Since T' # 0, it is easy to see that Y .- aksk‘ﬁak (wk) ‘ < 400 holds for each stepsize
selection rule. Hence, Definition 2.1 implies that {x"“ } is quasi-Féjer convergent
to T', and thus {a:k } is bounded due to Theorem 2.3. Let z* be an accumulation

point of {xk} and assume that 2% — 2*. If we fix some non-negative integer k, for

F(a:kﬂ) < F(xE>

sufficiently large 7, we have

Taking j — oo yields that
F(z") < F(xk)
Since k can take any non-negative integer, * belongs to 7. Use Theorem 2.3, and

we can complete the proof. O

4.4 Convergence rate of the method

For the convergence rate analysis, we assume the Lipschitz gradient condition.
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Assumption 4.2
Fach f; is Ly, -smooth with Ly, > 0 fori=1,...,m. We write

Ly := max Ly,. (4.14)

4.4.1 The non-convex case
We present below the main theorem of this subsection.

Theorem 4.3

Assume that at least one of the functions Fi, ..., F,, is bounded from below. Then,
under Assumption 4.2, Algorithm 4.1 with the stepsize selection rule given by any of
Sections 4.2.1 to /.2.3 generates a sequence {xk} such that {w1 (xk)} is summable,
where wy is given by (3.10). In particular,

liminf (k log k)w; (z*) =0

k—o0

and

min _wi (z7) = O(1/k)

0<j<k-1

with O [0, 4+00) — R such that limsup,_, ., O(t)/t < co.

Before proving Theorem 4.3, we first show the existence of a uniform lower bound

on the stepsize s, when we adopt the Armijo rule along the feasible direction.

Lemma 4.3
In Algorithm 4.1 with the Armijo rule along the feasible direction under Assump-

tion 4.2, the stepsize sy satisfies

26(1 —p)

Sk 2> Smin ‘= min[ oL
f

,1] for all k > 0.

Proof. Recall that s, = &% for some non-negative integer j;, in (4.5). If j, = 0, s, = 1
clearly satisfies s, > spin. Thus, suppose that j, > 1. Since jj is the smallest non-

negative integer satisfying (4.6), there exists iy = 1,...,m such that

F’Zk(xk _l_gjk—l(zk o l’k)) > Ek (l’k) +p€jk—1 |:904(37k) _ %sz - .Tk”; )
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On the other hand, Ly, -Lipschitz continuity of V f;, and Lemma 2.2 give
Ey (2% + 571 (25 — 2)) < F, (2F) + (Vi (%), &6 (2F = 2F))

Lfi 0 2

B gt (o4 - 29

< B (24) + O (TF (), 2 = ¥) 4 g, () — g0 (1)) + L (5 — )|

+ gi, (@ + (2 = 2b)) — gi, (¢F) +

1

, 2(jx—
N (R R

1)
o AR

where the second inequality comes from the convexity of g;, and (4.14), and the
third one follows from (4.2) and line 7 of Algorithm 4.1. Combining the above two

inequalities lead to

Lfgz(jk_l)

5 sz—kaz > 0.

) 1 2
ekl B Lok ok
0= e o) gl ]+
Thus, (3.14) yields

SOy LD

2 sz—ka§>O.

Therefore, we have

£(1—p)

: 2
S = é’]k > O(Lf > Smin-

O

Similarly, when we employ the Sufficient decrease rule along the proximal arc, oy

has a uniform lower bound.

Lemma 4.4
In Algorithm 4.1 with the Sufficient decrease rule along the proximal arc under

Assumption 4.2, the stepsize oy, satisfies

O > Opin = Mmin {i, 1] forall k >0
Ly

Proof. 1t is clear from Lemma 2.2. 0

We now show the main theorem as follows:
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Proof of Theorem 4.5. Armijo rule along the feasible direction: Let k > 0 and take @
such that F; is bounded from below. Equations (4.5) and (4.6) give

F(1) = Fi(s4) < po (") — -

1
L - o

IN

—PSminWa (")

< —pSmin max(1, o Hwy (2,

where the second inequality follows from (4.3) and Lemma 4.3, and the third one
comes from Theorem 3.14. Since F; is bounded from below, adding up the inequality
from k =0 to k = oo lead to the summability of {wl (xk) }

Sufficient decrease rule along the proximal arc: Let k > 0 and let it =1,...,m

be an index such that F; is bounded from below. Lemma 4.4 imply that
F(1) = () <~ (29).

The proof from here is the same as in the previous paragraph.

Constant stepsize: This case is likewise apparent from (4.9). O

Remark 4.1

When g; = 0 for all i, references [20, /1, 58] present the convergence rate of various
multi-objective optimization methods. However, they all evaluate the convergence
rate with measures that depend on the subproblems or variables used in their algo-
rithms. This means that the comparison in terms of complexity between different
methods is not easy using those measures. However, Theorem 4.3 analyzes the con-
vergence rate using the merit function wy, which can be defined uniformly by (3.10)
for multi-objective optimization problems with a structure like (1.14). In the subse-

quent discussions, our convergence rate analyses have similar advantages.

4.4.2 The convex case

This subsection assumes the convexity of the objective functions of (1.14). More

precisely, let us suppose the following.

Assumption 4.3
Let f; and g; be py,-convex and pg,-convex, respectively, with py, € R and pg, > 0

fori=1,....m. Write puy = min,—__m, fty, and fry = min;_; m Ug;- Then, we

.....

suppose that py 4 1y > 0.
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Then, we can show the following recursive relation, which is helpful for the

subsequent discussion.

Lemma 4.5
Under Assumption /.3, the following three statements hold:

(i) Algorithm 4.1 with the Armijo rule along the feasible direction generates {:L‘k}
such that

. 1+
Jmin [F(a4+) — F)] + 202 ) e 2
n plL + apg — asp(py + f1g)] |=*

2
dl
i=1,....m 200 2

for allz € R" and k > 0.

(i) With the Sufficient decrease rule along the proximal arc, the sequence {:L‘k}

generated by Algorithm 4.1 satisfies

: L+ agp 2 _1—ogp 2
nin [ (e = Fia)] + 52 bt g < ISk

forallz € R" and k > 0.

(iii) Let {a*} be generated by Algorithm 4.1 with the Constant stepsize. Then, we

have

min [F(2#1) = (o)) + 0 g1 g2 < 22Ok

for all x € R™ and k > 0.

Proof. Claim (i): Let x € R™. Equations (4.5) and (4.6) give

. . 1
Jmin [F(257) = F(2)] < min [F(a") = Fi(@)]+pse| 6a(2") = 52" = ).

Let )\(:z;k) € A™ such that A; (xk) = 0 for any j € Z, (xk), where A™ and Z, are
defined by (2.1) and (3.12), respectively. Then, (4.2) and line 7 of Algorithm 4.1
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yield
nin [F;(2"*Y) — Fy(z)] — min [Fi(2*) — Fy(z)]
< psi Y Ni(@F) [(Vfi(ah), 25 = a*) + g:(2F) — g:(«")]
=1

Since )\(;1:’“) € A", we have

min [F;(z*") — Fi(z)] — (1 — psy) min [F;(2") — Fi()]

i=1,....m i=1,....m

It follows from the py,-convexity of f; that

‘min [F;(2"") — Fi(z)] — (1 - psk) mln [E (2%) — Fy(z)]

<p3k2/\ [<sz M), 25—y + g;(2") _gl(x)_l%fuxk_xuﬂ

2
27

<pSkZA (Vhi("), 2 = o)+ 0:(2*) = gi@)] = 5L [l —

where the second inequality comes from the fact that )\(:Uk) € A™ and py =
min;—y o, py,. Without loss of generality, (3.13), g;’s pq,-convexity, and the fact
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that 1, = min;—;__,, pg, lead to

,,,,,

min [F;(z*) — Fi(2)] — (1 — psg) min [Fi(2") — Fi(2)]

i=1,....m i=1,....m

ps PSkfL Skl
< = (kb ) - o |, - S| o]

_ _Pykvr kok N P okl K2
S Y S
2
- O ot — g - P Sk ) 0t o
_ p(1+ apy) (21— % o — ) — p(2s; + apy) |24+t — mkHQ
« ’ 2005y, 2
B /)Sk(/if‘i‘ﬂg)ka _xHQ
9 2
e P/ PRSP
_ p2si + apy) ka—i—l B kaQ _psk(py + py) ||xk: _ xH2
2aus, 2 2 2
p(1 + apy) 2 psk(y + py)
o o L) (ra e e 2) - £ s

where the first equality follows from line 7 of Algorithm 4.1, and the second in-
equality holds since s, € (0,1]. The above inequality is equivalent to the desired
one.

Claim (ii): Let x € R". Equations (4.7) and (4.8) yield

“min [FZ (mk“) - Fz(x)} < min [FZ (xk) - FZ(I)} + O, (a:k)

For the proof of claim (i), by replacing a with ay, p with 1, s, with 1, and 2*
with ¥, and adding (1/2a4)||2*"! — 2*||2 to the right-hand side, we obtain the
desired inequality.

Claim (iii): This claim is clear from claim (ii). O

Now, we show that {u.(z*)} converges to zero with rate O(1/k) with Algo-
rithm 4.1 under the following assumption.

Assumption 4.4
There exists a bounded set @ C R™ such that for all v € lev po)(F) with lev p(,o)
given by (2.5), some z € Q satisfies F(z) < F(x).
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Remark 4.2
(i) In single-objective cases, if the optimization problem has at least one optimal

solution x*, then Q = {x*} satisfies Assumption 4./.

(ii) When the level set 1evpo)(F) is bounded, Assumption 4.4 is also satisfied.

For example, this is the case when F; is strongly convex for at least one 1.

Theorem 4.4
Under Assumptions 4.1 to 4.3, Algorithm 4.1 with the stepsize selection rule given

in any of Sections 4.2.1 to 4.2.3 generates a sequence {:vk} converging to * such

77777

L : k 0] —
hkrgl;gf(k:log k) min [Fi(z") — Fi(z")] =0

and
limsupk min [F;(z") — F(z*)] < +o0.

k—00 i=1,....m

Supposing Assumption 4./ additionally, we also have
Uso (%) = O(1/k)  for all k > 1

with O: [0, +00) — R satisfying limsup,_,, O(t)/t < +00 and u given by (3.1).

Proof. Let T == {z € R" | F(z) < F(2*),k=0,1,...}. From Theorem 4.2, {z*}
converges to x* € T.

We first prove the claim for the Armijo rule along the feasible direction.
Since g > 0 and py + pg > 0, Lemmas 4.5 (i) and 4.3 yield

2

“min [Fi(xk—&-l) —Fz(x*)] +%|lxk+1 e .

< (1 — psmin) min [Fi(2") = Fi(z")] + %ka -z
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Adding up the above inequality from k = 0 to k = £, we obtain

k=0 7 "
: 0 * p 0 *[|2
< Z:r{nnm[Fz(x ) — Fy(z*)] + %”x |
. * p %2
_ Z:IEH}m[E@:E—H) . FZ(ZL‘ )] . £H$Z+l —r )
0 * 1Y 0 %12
< Z::r{unm[}«}(:c ) — Fy(z*)] + %”x — "5

Assumption 4.4. Since (4.4) implies F(xf) < F(xk) for all kK =0,...,/, the above
inequality holds even if we replace z* by z € 2 such that F(z) < F (:135) Again
using the relation F' (wz) < F (azk), we have

PSmin (¢ + 1)Z:r{11nm[Fz(;p£) — Fz(z)} < Z:r{nnm[Fl(xO) _ Fl(z)} + %on _ ZH

Therefore, we get

P ' PSmin({ + 1)

Since 2t € lev p(,0y(F), Assumption 4.4 implies that

Us(2') = sup min [Fj(z') — F;(2)] =sup min [F(z") — Fi(2)]

2eRn t=1,...m zeQ ==1,...m

Due to the boundedness of €2, we conclude that u..(x%) = O(1/¢).

We can likewise show the claim for the Sufficient decrease rule along the proximal
arc by Lemmas 4.5 (ii) and 4.4 and for the Constant stepsize by Lemma 4.5 (iii). O

4.4.3 The case that the multi-objective proximal-PL in-
equality holds

This subsection analyzes the convergence rate of Algorithm 4.1 under the multi-

objective proximal-PL condition defined by Definition 3.1.
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Theorem 4.5
Suppose that Assumption 4.2 and Equation (3.19) hold with a constant 7 > 0.
Then, {mk} generated by Algorithm J.1 with the stepsize selection rule given in any

of Sections 4.2.1 to 4.2.3 converges linearly to a weakly Pareto optimal solution z*

of (1.1), i.e.,
Iz — 2% ][> = O(exp(—rk))

for some r > 0 with O: [0, +00) — R satisfying limsup,_,, O(t)/t < +oc.
Proof. Similarly to the proof of Theorem 4.3, we have
Fi(&*) - F() < —éu(*)

with some constant ¢ > 0. Hence, Theorem 3.14 implies that

Fi(e) - F() < —ou 1 ()
with some ¢ > 0. Thus, the multi-objective proximal PL inequality (3.19) shows

F, (:UkH) — Fz(xk) < —CTUsg (:L‘k)
Adding F;(2*) — F;(z) to both sides gives

Fi(xk*l) — Fi(x) < E(xk) — Fi(z) — cTus (xk)

Therefore, it follows that

sup min [F;(z*") — Fi(2)] < sup min [F;(2") — Fi(2)] — cTus (2%),

rxeR™ i=1,..., m reR™? i=1,..., m

which is equivalent to
Uoo (2"1) < (1 = eT)uce (2%).

Applying this inequality recursively, we get
Uoo (2%) < (1 = e7)*uce (29).

From Theorem 3.16, there exists a weakly Pareto optimal point z* and

2

ket =

< (1 — er)Fug (2Y),
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which completes the proof. O

4.5 Application to robust multi-objective opti-

mization

Now, let us apply the proposed algorithms to robust multi-objective optimization.
Here, we suppose that the problems include uncertain parameters. Moreover, sup-
pose that we can estimate the set of these uncertain parameters. Then, we try to
optimize by considering the worst scenario. We observe that studies about robust

multi-objective optimization is relatively new [34, 42, 80].

Here, we consider the convex function g; defined as follows:

gi(z) = max g;(x, u). (4.15)

ueU,;

We calli; C R™ an uncertainty set. From now on, we assume that i; C R" is convex,
and g;: R" x R" — (—o00,400] is closed, proper, and convex for z. It is easy to see
that g; is also closed, proper, and convex. However, g; is not necessarily differentiable
even if g; is differentiable. First, let us reformulate the subproblem (4.1) by using

an extra variable v € R as

in v+ oz -l
min —lz —
V2 T e T
st. (Vfi(x),z—x) +gi(z) —gi(z) <, i=1,...,m.

Note that g; is not easy to calculate; thus, the subproblem is challenging to solve.
When ¢; and U; have some particular structure, the constraints can be written as
explicit formulae using the duality of (4.15). Now, assume that the dual problem of
the maximization problem (4.15) is written as follows:

min  §(z, w")

wi

st w' € Us(z),

where g;: R" x R™ — (—o00, 00| and U;: R" — 28" If the strong duality holds,
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then we see that the subproblem (4.1) is equivalent to

: 1 2
min 7+ o~z —z;

st. (Vfi(x),z —z) + gi(z,w") — gi(x) <, (4.16)

wel(z), i=1,...,m.

When §; and U; have some explicit form, this problem is tractable. As we mention be-
low, we can convert the above subproblem to some well-known convex optimization
problems in this case. This idea can also be seen in [13]. In the following, we will
introduce some robust multi-objective optimization problems where the subprob-
lems can be written as quadratic programming, second-order cone programming, or

semi-definite programming problems.

4.5.1 Linearly constrained quadratic programming

Suppose that g;(x,u) = (z,u) and U; = {u € R" | A;u < b'}, where A; € R
and b' € R?, that is, §; is linear in z, and If; is a polyhedron. Suppose also that
U; is nonempty and bounded. Then, we can rewrite (4.15) as the following linear

programming problem:

max (x,u)
v . (4.17)
s.t. AZU S b

Its dual problem is given by
min <bi, w>

st. Alw =z,
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Since the strong duality holds, we can convert the subproblem (4.1) (or, equivalently

(4.16)) to a linearly constrained quadratic programming problem:

. 1 2
[ min v+ o lle =2l
st (Vfi(x),z —z) + (', w') — g;(z) <, (4.18)
AiTwi =z,

w'>0, i=1,...,m.

4.5.2 Second-order cone programming

Suppose that g;(z,u) = (z,u) and U; = {a’' + Pv € R" | |jv|2 < 1,v € R"}, where
a’ € R" and P, € R™ ", that is, §; is once again linear for z and U; is an ellipsoid.

Then, for all i = 1,...,m we have

gi(x) = max g;(x, u)

u€U;
— <ai,x> + max <PiTa7,v>.

vif|v|[2<1

If P’z =0, then max <PiTx, v> —0= }

PiTa:HQ. If P’z # 0, thenv = Px/||Pz]|,

vilv]|2<1

is a solution of max <Pfx,v>, and hence max <PZ~T33,U> = ||Pf:z:|| . Conse-
: ‘ 2
viflvll2<1 viflvll2<1

quently, we have
() = (a'.x) + [P,

Therefore, by introducing slack variables v € R and 7 € R, the subproblem (4.1)

can be written as

min T
T,7%,%2

s.t. <Vfl(x) +at, 2 — :L‘> + HP;;;”Q — HPZTxHQ <~, i=1,...,m,

<
—IZ — X T.
Y 2% 2 >

Note that convex quadratic constraints can be converted to second-order cone con-

straints. Using the expression given in [3, Section 2.1], we get the following second-
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order cone programming problem (SOCP):

min T
T,7Y,%
- | - .
- <sz(:t)+a,zPTx>+7+ ||Pz x”2 Ko
I i % (4.19)

L=+
l+v—71 | € Kppo,

V2/a(z — 2)

where K, == {(y0,7) € RxRZ | yo > ||y|l2} is the second-order cone in R?. The
above SOCP can be solved efficiently with an interior point method [3].

4.5.3 Semi-definite programming

Suppose that g;(z,u) = (r + u, Aj(z +u)) and U; = {a’ + PBv € R"| |v]l2 < 1},
where 4; € R™™ and A; = O,a' € R" and P, € R™". Then, there exists a matrix
M; € R™" such that A; = M;M,". Note that g; is convex quadratic and Uf; is an
ellipsoid. Here, without loss of generality we can assume that A is a symmetric
matrix since (z + u, A;(x +u)) = <x + u, Az + u)>, where A; = (4; + A])/2.

Then, g;(z) can be given as

gi(z) = max (z+a' + P, Aij(z+d + Po)). (4.20)

v:||v]|2<1
Since problem (4.20) is a maximization problem of a convex function, it is not a
convex optimization problem. Fortunately, it can be seen as a subproblem of a
trust region method, so its optimal value g;(x) can be obtained efficiently. Consid-

ering (4.20), we observe that

9i(z) = max (z+a'+ Pu,A;(z+a' + Pu)). (4.21)

vif|v|[2<1
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From [10, Section 3|, the Lagrangian dual of the maximization problem (4.21) is

given by
min —w
Byaw
_pTA.P _pTa. i _
5.t PZZ.A’TBT I?A’(ZJrai) ~p| 7 O (422)
—(z—i—a)AiPi —<z—|—a,Ai(z+a)>—w 0 1
B >0,

where [, stands for the identity matrix of dimension n. Let (5*, w*) be an optimal
solution of (4.22) and assume that dim(ker(A; + 5*1,)) # 1. Since both (4.21)
and (4.22) have strictly feasible solutions and I, > O, then the strong duality
holds from [10, Theorem 3.5]. Therefore, recalling (4.16), the subproblem (4.1) is

equivalent to

1
min_ -y + o~z — x3

¥,2,w,5 2a
st. (Vfi(r),z —x) —w; — gi(x) <,
T T %
—(z+4d") AP, —(z+4d", Ai(z +a')) —w; — 5;

B3>0, i=1,...,m.

Now, by using slack variables 7 € R and ¢’ € R and converting the convex quadratic

constraints to second-order cone ones, we get the following semi-definite program-
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ming problem:

min T
7,8,w,Y,2
st. (Vfi(x),z —x) —w; — gi(z) <,
_1—7+T
1 ) T S ICn+27
2
I E<Z — )
(—PTAP + 8L, —P A(z+d (4.23)
7 ' :F'— BT () ('Z _'_ a ) t O’
—(z + al) A, P, ¢*
- (- wi—
2
L+t wi+ Bi | € Ko,
2
M (s + d)

BZZO, 221,,?71

Note that the second-order cone constraints can be converted further into semi-
definite constraints.

4.6 Numerical experiments

In this section, we present some numerical results using Algorithm 4.1 for the prob-
lems in Section 4.5. The experiments are carried out on a machine with a 1.8GHz
Intel Core i5 CPU and 8GB memory, and we implement all codes in MATLAB
R2017a. We consider the problem (1.1), where n = 5,m = 2, fi(z) = (1/2)(z, Ajx)+
(a', ), g;(z) = max,ey, §i(z,u), A; € R a' € R", and g;: R" - R,i=1,...,m.
Here, we assume that each A; is positive semidefinite so that it can be decomposed
as A; = M;M,", where M; € R™". We generate M; and a’ by choosing every compo-
nent randomly from the standard normal distribution. To implement Algorithm 4.1,

we make the following choices.

Remark 4.3
o Every component of 2° is chosen randomly from the standard normal distri-

bution.

o In Ezxperiments 1 and 3, we set the constant ¢ = 5. In Fxperiment 2, we set
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the constant ¢ = 7.

o The stopping criterion is replaced by ||d*|| < e == 1076,

Also, we run each one of the following experiments 100 times from different
initial points and with 6 = 0,0.05,0.1. Naturally, when 6 = 0, no uncertainties are

considered.

Experiment 1

In the first experiment, we solve the problem of Section 4.5.1. We assume that
gi(r) = max,ey, (v, x),i = 1,2, where Uy = {u € R®* | =0 <w; <4§,i=1,...,5}
and Uy = {u € R® | —§ < (Bu); <4d,i=1,...,5}. Here, every component of B €
R*° is chosen randomly from the standard normal distribution and 6 > 0. We use
the MATLARB solver linprog to solve (4.17) and quadprog to solve (4.18). Figure 4.1
is the result for this experiment. For each d, we obtained part of the Pareto frontier,

and as 0 gets smaller, the objective values become smaller.

A 6=0
x 6=0.05
§=0.1

02

04|

-06 L *

F,o0)
X

- A,
0.8 L '

FlL0

Figure 4.1: Result for Experiment 1

Experiment 2

In the second experiment, we solve the problem of Section 4.5.2. We assume that
gi(r) = max,ey (u,z), where U; = {u € R® | Juls < 6},4 = 1,2, We use
the MATLAB solver SeDuMi [96] to solve (4.19). Figure 4.2 is the result of this
experiment. Once again, we obtained part of the Pareto frontier for the problems

with and without uncertainties.
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Figure 4.2: Result for Experiment 2
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Figure 4.3: Result for Experiment 3
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Experiment 3

Now, in the last experiment, we solve the problem of Section 4.5.3. We assume that
gi(z) = maxyey, (u+x, BB (u+ x)), where Uy = {ue R’ | |ju|| <d},i = 1,2.
Once again, every component of B € R?*® is randomly chosen from the standard
normal distribution and § > 0. We use the MATLAB solver fmincon to solve (4.20)
and SeDulMi to solve (4.23). As it can be seen in Figure 4.3, we also obtained the

Pareto frontier in this case.

4.7 Conclusions

We proposed the proximal gradient method for composite multi-objective optimiza-
tion problems. Under reasonable assumptions, we proved its global convergence
and convergence rate. Moreover, we presented some applications for robust multi-
objective optimization. We can convert the subproblems to well-known convex op-
timization problems in some robust optimization problems. Finally, we carried out
some numerical experiments for robust multi-objective optimization problems, and

we observed that the Pareto frontier changes when the uncertainty set is modified.
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Chapter 5

An accelerated proximal gradient
method for multi-objective

optimization

5.1 Introduction

This chapter develops the accelerated proximal gradient method for the uncon-
strained convex composite multi-objective optimization, i.e., (1.14) with f; being

convex and C' = R"™.

There are many studies related to the acceleration of single-objective first-order
methods. After being established by Nesterov [82], researchers developed various
accelerated schemes. In particular, the Fast Iterative Shrinkage-Thresholding Al-
gorithm (FISTA) [11], an accelerated version of the proximal gradient method, has
contributed to a wide range of research fields, including image and signal processing.
However, the studies associated with accelerated algorithms are still insufficient in
the multi-objective case. In 2020, El Moudden and El Mouatasim [36] proposed an
accelerated diagonal steepest descent method for multi-objective optimization, a nat-
ural extension of Nesterov’s accelerated method for single-objective problems. They
proved the global convergence rate of the algorithm (O(1/k?)) under the assumption
that the sequence of the Lagrange multipliers of the subproblems is eventually fixed.
Nevertheless, this assumption is restrictive because it indicates that the approach
is essentially the same as Nesterov’s (single-objective) method, only applied to the

minimization of a weighted sum of the objective functions.
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Here, we propose a genuine accelerated proximal gradient method for multi-
objective optimization. As usual, we solve a convex (scalar-valued) subproblem in
each iteration. While the accelerated and non-accelerated algorithms solve the same
subproblem in the single-objective case, the subproblem of our accelerated method
has terms that are not included in the non-accelerated version. However, we can
ignore these terms in the single-objective case, and thus we can regard our proposed
method as a generalization of FISTA. Moreover, under more natural assumptions,
we prove the proposed method’s global convergence rate (O(1/k?)) by using a merit
function (3.1) to measure the complexity.

The outline of this chapter is as follows. We present the accelerated proxi-
mal gradient method for multi-objective optimization in Section 5.2 and analyze
its O(1/k?) convergence rate in Section 5.3. Moreover, Section 5.4 demonstrates
the convergence of the iterates. Finally, we report some numerical results for test
problems in Section 5.5, demonstrating that the proposed method is faster than the

one without acceleration.

5.2 The algorithm

This section proposes an accelerated version of the proximal gradient method for
multi-objective optimization. Similar to the non-accelerated version given in the
last section, a subproblem is considered in each iteration. More specifically, the
proposed method solves the following subproblem for given € dom(F'), y € R",
and o > 0O:

acc

min 9y (z2,9), (5.1)

where
1
Pa(zy) = max [(Vfily),z = y) +9:(2) + fily) = Fi(@)] + - [l2 = wll5

Note that when y = z, (5.1) is reduced to the subproblem (4.1) of the proximal

gradient method. Note also that when m = 1, the subproblem becomes

. 1
min (Vfi(y),z —y) +0u(2) + 5-ll2 = vll3, (5.2)

which is the subproblem of the single-objective FISTA (Algorithm 1.2). The distinc-
tive feature of our proposal (5.1) is the term f;(y) — fi(z), whereas the easy analogy
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from the single-objective subproblem (5.2) is

min EnaxmKVfi(y), z—y)+gi(2)] + %”Z —yll3-

By putting such a term, the inside of the max operator approximates F;(z) — F;(x)
rather than F;(z) — Fi(y). This is a negligible difference in the single-objective case

but profoundly affects the proof in the multi-objective case.

acc

Since g; is convex for alli = 1,...,m, z — ¢©*°(z; x,y) is strongly convex. Thus,

acc
«

the subproblem (5.1) has a unique optimal solution p2°°(z,y) and takes the optimal

function value 02°(z,y), i.e.,

Py (@,y) = argming™(z;2,y) and  05°(z,y) = min pf*(z;2,y).  (5.3)
zeR" zeR"®

Moreover, the optimality condition of (5.1) implies

1
—ly —pi“(x,y)] € conv [Vfi(y)+ 0gi(pi(z,y))] forallz,y e R"
(0% 1€Za(z,y)

with

Lo(x,y) = argmax[(V fi(y), pi(z, y) — y) + ¢ (x,y)) + fily) — Fi(x)].  (5.4)

i=1,....m

Hence, for any z,y,z € R", there exists A(z,y) € A™ such that \;j(z,y) = 0
for j ¢ Z,(x,y) and

é(y —pa(w,y), 2 — pi(z,y))
< Z iz, YV fi(y), 2 — pi“(z,y)) + gi(2) — gi(py“(z,9))], (5.5)

where A™ denotes the unit m-simplex (2.1). We also note that by taking z = y in

the objective function of (5.1), we have

02 (2, y) < 0i“(y; ,y) = max [F(y) - Fi()] (5.6)
for all x € dom(F) and y € R" We now characterize weak Pareto optimality

in terms of the mappings p2® and 62°, similarly to Lemma 4.1 for the proximal
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gradient method.

Proposition 5.1
Let p2°(x,y) and 02°(x,y) be defined by (5.3). Then, the statements below hold.

o

(i) The following three conditions are equivalent:

(a) y € R™ is weakly Pareto optimal for (1.1);
(b) pic(w,y) =y for some x € R";

(c) 03¢(x,y) = max;—i,. m[Fi(y) — Fi(x)] for some x € R™.

.....

acc
«

(1) The mappings p2° and 62°° are continuous. Particularly, if V f; is locally Lips-

acc

¢ and 62 are locally Holder continuous with exponent 1/2

chitz continuous, p

and locally Lipschitz continuous, respectively.

Proof. Claim (i): From (5.6) and the fact that 62°(x,y) = ©2°(p2(z,y);x,y),
the equivalence between (b) and (c¢) is apparent. Let us show that (a) and (b)
are equivalent. When y is weakly Pareto optimal, we can immediately see from
Lemma 4.1 that p°(z,y) = pa(y) = y by letting x = y. Conversely, suppose

(67

that p2(x,y) = y for some z € R". Let z € R" and € (0,1). The optimality

[0}

acc
«

of p2°°(z,y) =y for (5.1) gives

max [Fi(y) — Fi(x)] < ¢i"(y + Bz —y)iz,y)
= max [(Vfi(y),B(z =) + gy + B(z —y)) + fily) — Fi(z)]
+ o8~ vl

Thus, from the convexity of f;, we get

max (Fy) ~ ()] < max Ry +B(: —y) ~ )] + 516 )

i=1,....m 1=1,....m

< max [F(2) + (1~ B)F(y) ~ Fa)] + 5= 18 ~ )

< B max [F(2) ~ F(y)] + max [F(y) — Fo)] + 515~ )l
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Therefore, we get

which implies the weak Pareto optimality of .

Claim (ii): Let 2 be a bounded subset of R™ and take &, ¢, &,y € Q. Adding (5.5)

acc acc

<O ON@E DUV F@), 5 — P(@,9)) — g0l (#,9)) — f(8) + Fi(2)]
+ Z N &, )V Fi(@), 5 — pE(2,9)) — g (p2(2,9)) — fi(§) + Fi()]
+ Z )‘1('%7 y>[<sz(g>’pZCC(:i’ g) - Z)> + gl(pzcc(j7 g)) + f2<g) - E(j:)]

+ Z X, 9V Fil@), 057 (2, 9) — 9) + 9: (e (2, 9)) + fi(§) — Fi(@)].
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Since \j(z,y) for j € Z,(x) with Z, given by (5.4), we get

e 9) — P 0) — (5~ )P ) — )
< min (VA@).T - P 9) — 0 i(6.9) — £) + Fi(@)

i=1,...,

+ min [(Vfi(9),§ — (%, 9)) — 9:(05° (2, 9)) — fi(9) + Fi(Z)]

+
g
=
S
<
=
<
=
"5
"
=
Q@>

—9) + gi(a (%, 9)) + fi(§) — Fi(2)]
+ Z (& D)V (@), 022, 9) — ) + 902 (2, 9)) + fi(§) — Fi(2)]
< zm: A2 DUV i), § = pa(2,9)) — gi(pa™ (2, 9)) — fi(9) + Fi(2)]
+ M@ DUVL@), g — (3, 9)) — (0 (2,9) — fi(5) + Fi(@)]
+ N DUVL@), P& 9) = 9) + (3, 9) + fi(§) — Fi(@)]

+ Z (@, DUV @), 052, 9) — §) + gi(0ac(2,9)) + fi(9) — Fi(Z)].

e 9) — ) < 0 9) — B ), - )
< SN DUVAG) — VG + ) ~ )~ (F(@) - F@)
+ A DUVAG) — VA 0) + £5) — 8) - (F2) — F)
+ 2@ 9) = M@ DIV @) = V@), 9) + (V@) 5 = 9).

When (z,9) — (&,9), the right-hand side tends to zero, so p2®® and #2°° are contin-
uous. Moreover, assume that V f; is locally Lipschitz continuous for ¢ = 1,... ,m.
Since f;, g;, F; are also locally Lipschitz, the above inequality shows that paLCC i
locally Holder continuous with exponent 1/2.



5.2. THE ALGORITHM 93

On the other hand, the definition (5.3) of p2°® and 62° gives

05 (2, 9) — 055 (%, 9) < 05 (0o (2, 9); &, 9) — o5 (0 (£, )3 2, §)
= max [(Vfi(9),p5(2,9) = §) + g:(0a(2,9)) + fi(9) — Fi(2)]

.....

< ,_r{laxm [(vfz(g)vg - @> + <vfz(@) - vfi(g)apzcc(:ih?J) - ?J>
+ fil@) — fu) — Fi(@) + Fi(2)]
o (0 (E0) — 9~ 5.5 )
< max [|V@)2lld = gllz + 1§ — i (2, 9)[l2 max [V£i(§) = Vi(5)]2

..........

+igaxm|fi@> @)+ max (@) - F(z)

..........

where the second inequality follows from (2.2), and the third inequality comes from
the Cauchy-Schwarz inequalities. Since the above inequality holds even if we inter-
change (#,9) and (Z,9), we can show the Lipschitz continuity of #2° on 2 in the

same way as in the previous paragraph. [

Proposition 5.1 suggests that we can use ||p2°(x,y) — y||, < € for some € > 0 as a
stopping criterion. Now, we state below the proposed algorithm.

The sequence {t)} defined in lines 2 and 8 of Algorithm 5.1 generalizes the well-
known momentum factors in single-objective accelerated methods. For example,
when @ = 0 and b = 1/4, they coincide with the one in Algorithm 5.1 and the
original FISTA [82, 11} (t; = 1l and t541 = (1+ M)ﬂ) Moreover, if b = a?/4,
then {tx} has the general term t; = (1—a)k/2+ (14 a)/2, which corresponds to the
one used in [24, 97, 5, 4]. This means that our generalization allows finer algorithm

tuning by varying a and b. We show below some properties of {¢;} and {v;}.

Lemma 5.1

Let {ty} and {7y} be defined by lines 2, 8 and 9 in Algorithm 5.1 for arbitrary a €
[0,1) and b € [a*/4,1/4]. Then, the following inequalities hold for all k > 1.

1—a 1+a

a
a d t > k ,
" F 2 2 ’

. 1—
(1) thpr >t +
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Algorithm 5.1 Accelerated proximal gradient method with general stepsizes
for (1.1)

Input: z° =y' € dom(F),a € [0,1),b € [a?/4,1/4],& > 0.
Output: z*: A weakly Pareto optimal point

1 k+1

2: 11 1

3: loop
xk « pa(zF=1 y¥) for some stepsize a > 0
if ||2* — || < € then

return 2"

end if
tht1 ti—atk+b+1/2
e (b — 1) iy
10: Y aF g (ah — 2k
11: k< k+1
12: end loop

>

1—a+V4b— a?
2

(ZZ) et <t + and t, < (k—1)~|—1§k,

1—a++V4b— a?
2

1
(ii) f — oy + tepr = aty — b+ 7 = s

1

; <y < T
(w)o_%_kJrl/Q’

1
(V) 1= > .
k

Proof. Claim (i): From the definition of {¢;}, we have

1 a2 a? 1
o f2 L _ ¢ _ -
i =\t —ati +b+ 3 \/<tk 2) + (b 4) +3 (5.7)

Since b > a?/4, we get

a 1
thr1 2 ’tk — 5’ + 5

Since t; = 1 > a/2, we can quickly see that ¢, > a/2 for any k by induction. Thus,

we have
1—a
lep1 2 e + 5
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Applying the above inequality recursively, we obtain

1-— 1— 1
2a(k;—1)+t1: %k + ra

to>
b= 9 2

Claim (ii): From (5.7) and the relation v/B; + B2 < /b1 + /B2 with 1, B2 > 0,
we get the first inequality. Using it recursively, it follows that

<1—a+\/4b—a2 1—a+v4b — a?
- 2 2

ty (k—1)+t, = (k—1)+ 1.

Since a € [0,1),b € [a*/4,1/4], we observe that

1 —a+v4b — a? < l—a++V1—-a? <1
2 - 2 -

Hence, the above two inequalities lead to the desired result.

Claim (iii): An easy computation shows that

11° 1
tr —th e =1 — {,/tg—atk+b+§] +@/ti—atk+b+§

1
=at, — b+ — > aty,
4
where the inequality holds since b < 1/4.

Claim (iv): The first inequality is clear from the definition of 7 since claim (i)

yields t;, > 1. Again, the definition of 7, and claim (i) give

")/k:tk_1< tk—l 3—a

< =1-—.
Tra1 tk—l—(l—a)/Q 2. +1—a

Combining with the claim (ii), we get

3—a
(1—a+Vib—a?)(k—1)+3—a
(e + VA —a?)(k—-1) (5.8)
_(1—a+\/4b—a2)(k—1)+3—a '
k—1

k—1+B—-a)/(l—a+V4ib—a?)

Ve <1—
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On the other hand, it follows that

. 3—a ) 3—a 3
min = min = —,
ae[ozl)zbe[a2/471/4] 1 - a + \/ 4b - CL2 ae[ovl) 1 - a + \/ 1 - CL2 2

where the second equality follows from the monotonic non-decreasing property im-

(5.9)

plied by

d 3 — 2v1l—a?+3a—1
( . ):( ki >0 forallaec|0,1).

da\1-a+vi-a?) (VI—@—a+1)'VI-a

Combining (5.8) and (5.9), we obtain v, < (k —1)/(k + 1/2).
Claim (v): claim (i) implies that ¢541 > t; > 1. Thus, the definition of v, implies
that

2 2
Lo b1\ (1) 21 2t 1
trit b t2 t2 t

We end this section by noting some remarks about the proposed algorithm.

Remark 5.1
(i) Since v € dom(F') implies p

acc
e}

(z,y) € dom(F), every x* computed by the

above algorithm is in dom(F). However, y* is not necessarily in dom(F).
(ii) Since y' = 2°, it follows from (5.6) that
0 (2" y') <0,
but the inequality 02(z*=1,y*) < 0 does not necessarily hold for k > 2.

(1ii) When m = 1, we can remove the term f;(y) — F;(x) from the subproblem (5.1),
so Algorithm 5.1 corresponds to the Fuast Iterative Shrinkage-Thresholding Al-
gorithm (FISTA) [11] for single-objective optimization.

(iv) Algorithm 5.1 induces the accelerated versions of first-order algorithms such
as the steepest descent [40], proximal point [17], and projected gradient meth-
ods [57].
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5.3 Convergence rates analysis

This section shows that Algorithm 5.1 has the O(1/k?) convergence rate under
Assumption 4.2. For simplicity, we suppose the constant stepsize o € (0,1/L¢].
Then, Lemmas 2.2 and 2.3 implies

0. (x,y) > max [Fi(py*(w,y)) — Fi(z)] (5.10)

for all x € dom(F') and y € R™. When it is challenging to estimate Ly, we can use
the backtracking procedure like Section 4.2.2.

We present below the main theorem of this section.
Theorem 5.1
Let {mk} be a sequence generated by Algorithm 5.1 and recall that us, is given
by (3.1). Then, the following two equations hold:

(i) Fi(a*) < Fy(a°) foralli=1,...,m and k > 0;
(it) U (2¥) = O(1/k?) as k — oo under Assumption 4.4.

Claim (i) means that {z*} C levp(F(2")), where levpo)(F) denotes the level
set of F' (cf. (2.5)). Note, however, that the objective functions are generally not
monotonically non-increasing. Claim (ii) also claims the global convergence rate.

Before proving Theorem 5.1, let us give several lemmas. First, we present some
properties of {t;} and {y;}. As in [101], we also introduce o;: R" — [—00, 4+00)
and p,: R™ — R for k£ > 0 as follows, which assist the analysis:

=L...,m (5.11)

The following lemma on oy, is helpful in the subsequent discussions.

Lemma 5.2

Let {xk} and {yk} be sequences generated by Algorithm 5.1. Then, the following
inequalities hold for all z € R"™ and k > 0:

1 1
(i) ori(2) < _a<yk+1 _ xkﬂ,z _ yk+1> . %szﬂ _ yk—l—l”;;

(”) O'k_H(Z)—Uk(Z) < ._rglax [E(l’k+1) . E(xk)] < _é<yk+1 . l’k+1,l‘k . yk+1>_
] S m
%kaﬂ _yk+1||2.
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Proof. Suppose that z € R™ and £ > 0. Recall that a Lagrange multi-
plier )\(xk ) ka) € A™ exists and satisfies the optimality condition (5.5).

Claim (i): From the definition (5.11) of o441, we get

opi1(2) = i min [F; (2" — Fi(2)]

< S Ak g [ - (o)
= iA ( ,ka)[F( k+1) —Fi(xk) +Fz($k) —E(Z)]

where the inequality follows from /\(x’“, yk“) € A™. From (5.10), we have

0k+1(z) < eicc(xk7yk+1) + Z/\ ( ’yk+1) [F (Ik) - E(z)}
=1
Z 7yk+1 <sz( /CJrl) xk’Jrl _ yk+1> +gz(xk+l) 4 fl(yk+1) _ Fﬂl(z)}
_i E+1 _ , k+1)|2
b ot

where the second inequality comes from (5.3) and (5.4). The convexity of f; yields

Orr1(2)

< ZA k—i—l Vfi(yk—&-l)’xk—l-l . z> —i—gi(xkﬂ) —gi(z)}—l-in

E4+1 k+1H2
9°

Equation (5.5) gives
or1(2) < —l<yk+1 — "tz — 2 inkH _ kaHz

1 1 2
__<yk+1 S R yk+1> _ %kaﬂ _ kaHQ‘
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Claim (ii): Again, from the definition (5.11) of oy, we obtain

i=1,....m i=1,....m
< max [R () - B,

where the inequality holds because of (2.2). Equation (5.10) leads to

. [F() = R(e)] < 0 (a4 )

i=1,....m
= Y Ay T VAT, =) g () + L) = Fi(e")]
i=1
1
+ %ka—&-l . kaHz

where the equality is from (5.3) and (5.4). From the convexity of f;, we obtain

max [F(e"7) = F(«")]

i=1,...,m
< DN YT (VAT M = 2b) 4 gy (aF) = gi(24)]
=1
1

2
R

Equation (5.5) yields

‘max [Fi(karl) _ FZ(:L’]“)} < _l<yk+1 gt gk $k+1> + %ka+l . kaHi
_ _é<yk+1 gkt gk yk+1> . %|

E4+1 k+1H2
[+t — 12,

Therefore, from Lemma 5.1 (v), we can obtain the following result quickly in the

same way as in the proof of [101, Corollary 5.1].
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Lemma 5.3

Let {xk} and {yk} be sequences generated by Algorithm 5.1. Then, we have

Uk2<z) - Ukl(z) < ._max [E(J‘JQ) - Fi(xkl)}
< 1 ko ko—1|2 k1 ki—1]|2 = I k—1(|2
< =g | 2™ =7, = fle =2, + D et =2t
k=k1

for any ko > k1 > 1.

Proof. Let k > 1. From Lemma 5.2 (ii) is equivalent to

1
ar(2) = u2) € i [F () — B € o ([0 - b2 - o+ - )
1 _
= (et e — ).

where the equality comes from line 10 of Algorithm 5.1. Adding up this inequality
from k = k; to k = ky — 1 yields

Uk2(z) — Ok, (Z) < 1nax [E (xk2> - E(xkl)}

i=1,....m
1 9 ) ko—1 )
< -l e = A 3 e -
k=k1
Using Lemma 5.1 (v), we get the desired inequality. O

We can now show the first part of Theorem 5.1.

Proof of Theorem 5.1 (i). It is clear from Lemma 5.3 with ky =0 and ky = k. O

The next step is to prepare the proof of Theorem 5.1 (ii).

Lemma 5.4

Let {a:k} and {yk} be sequences generated by Algorithm 5.1. Also, let oy and py be
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defined by (5.11). Then, we have

1 1
m |:ti+1 — atk_|_1 + (Z — b) k':| 0'k+1(2)

+ ﬁ_) {a(tiﬂ — 1) + G - b) k] kot — 2

e B

p=1

1
5o pn(2) < - [la = 2]l
for all k >0 and z € R™.

Proof. Let p > 1 and z € R". Adding Lemma 5.2 (ii) multiplied by (t,+1 — 1)
and Lemma 5.2 (i), both with k£ = p, yields

tp+10p41(2) = (fpr1 — 1)op(2)
1 2
= 20 [tpHpr—H o yp+1H2 + 2<xp+1 — Pty — (tp — 1)2? — Z>]

Multiplying this inequality by t,,1 and using the relation ¢ =2, | —t,.1 + (at, —
b+ 1/4) (cf. Lemma 5.1 (iii)), we get

1 2
t120+1‘7p+1(2> - tiap(z) < T o0 [H%H(lp“ - yp+1)||2

1
+ 2t (P — Py = (tp — 1)2? — z>] — (atp —b+ Z)ap(z).
Applying (2.3) to the right-hand side of the above inequality with

Ul — tp+1yp+1, 'UZ — tp+1xp+17 U3 — (tp-‘rl _ 1)1»10 + z,
we get
t12o+1‘7p+1 (2) — tiap(2>

1
= "o [Htpﬂxp“ = (tprr = Da? = 2y = [[tpay™" = (tpir = Da” — ZHE}

- (atp —b+ i)ap(z).
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Recall that p,(z) = [[tp12P™ — (tpp1 — 1)af — z||§ Then, considering the definition

of y? given in line 10 of Algorithm 5.1, we obtain
9 9 1 1
tp-s-lUerl(Z) - Z5;0‘710(2) < _%[Pp(z) —pp1(2)] = at, —b+ 1 op(2)-

Now, let £k > 0. Lemma 5.3 with (k1, k2) = (p, k + 1) implies

£2,10y11(2) = £20,(2) € —=[py(2) = ppr(2)]

2c0
1 1 k+1 k|2 ~1]|2 =1 r r—1]|2
~(aty =0 ) [onsaCet g oot = M = o = o2 o e =) |
Adding up the above inequality from p = 1 to p = k, the fact that t; = 1 and py(2) =

2! — || leads to

R0k (2) — 01(2) < — o [pul) — [t =[]
i 1 1 2
- (a;tp + (Z — b> k:) |:0-k+1<2) + %kaﬂ - kaz]
1 o 1 )
i gg(% ot 1)”‘5” o
— % k (atp —b+ i) i %er — :c”’lHZ. (5.12)
p=1 r=p

Let us write the last two terms of the right-hand side for (5.12) as S; and Ss,
respectively. (2.4) yields

k r

1 N,
S= 5 o2 (= 1)l —

r=1 p=1
ko p

1 1\ 1 _
= _@ZZ(M” —b+Z)EHx”—xp lHi

p=1 r=1
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Hence, it follows that

k P
1 2
Si+ Sy = —Z[—Z(am—b—l— ) (t —b+—) |27 — 27|
2 p=1 P r=1
1 1] (&= 1 2
2 -1
=3 Z E [a( tr—t, + tp) + (4_1 — b) (p— tp)] |? — a? H2 (5.13)
p=1 r=1
Again t; = 1 gives
p—1 p—1 1
2t = (it ) = Z(_u —a)t, — b+ Z)
r=1 r=1

—(1—a)§7;+ G—b)(p—l),

where the second equality comes from Lemma 5.1 (iii). Thus, we get

p—1 2
tz—t 1 p—1
d oty = i—ap+(1_b)1—a' (5.14)

r=1

Substituting this into (5.13), it follows that

k
ENECHN - {a?(tp I (i _ b)p ot olly - ”] T
p

Combined with (5.12) and (5.14), we have

thr10k1(2) — 01(2)

1
sl =t

B I L L
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Easy calculations give

1 1
m |:ti+1 — athrl + <Z - b) l{?:| Ok+1(z)

b g [ttt — o) + (5 0 )] o = a4

A € L

p=1

1

1
g 0r(2) S 0n(2) + oot — 25

Lemma 5.2 (i) with k¥ = 0 and y* = 2° and (2.3) with (v, 0%, v%) = (20,21, 2) lead
to

1 1 2 0 2
o1() < =5 | ot = 2[5 = " = =[]
From the above two inequalities, we can derive the desired inequality. [l

Let us define the linear function P: R — R and quadratic ones ¢);: R — R,
and Q2: R — R by

p(g) = 00,
Q1(B) = 1;aﬂ2+ {1—%+411_—_42)}6+1, (5.15)
Q) = =Dy B n —411__42)} 8

The following lemma provides the critical relation to evaluate the convergence rate
of Algorithm 5.1.

Lemma 5.5
Under Assumption 4.4 with Q@ C R"™, Algorithm 5.1 generates a sequence {xk} such
that

1

k
K (41) + Q)41 [+ = 3 P Ja? - 271 = 0(1)
p=1

2x

for all k > 0, where O: [0,4+00) — R satisfies limsup, ,  O(t)/t <

+00, P,@Q1,Q2: R — R are given in (5.15), respectively, and uy, is the gap function
defined by (3.1).
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Proof. Let k > 0. With similar arguments used in the proof of Theorem 4.4, we get

SUP Oj41(2) = Uoo ($k+1) .
z€Q)

Since pg(z) > 0 and 2 is bounded, Lemma 5.4 and the above equality lead to

1 1
1—a |:ti+1 — atpy1 + (1 - b) k] Okt1(2)
P N Y7 ST SR St
20(1 —a) | FH 4 2

e B

p=1

We now show that the coefficients of the three terms on the right-hand side can be

bounded from below by the polynomials given in (5.15). First, by using the relation

1—a
tht1 2

k+1 (5.16)

obtained from Lemma 5.1 (i) and a € [0,1), we have

ﬁ[tiﬂ — atpq + (411 - b) k] = ﬁ[tlﬁl(tlﬁl —a)+ <1 - b) k]
SENTIERSS RN [

Again, (5.16) gives

4 1 11— a)
1ia(1;ah+0<?ga€>+J{f;k:me.

Moreover, since ¢, < p (cf. Lemma 5.1 (ii)), tx > 1 (cf. Lemma 5.1 (i)), and b €
(a?/4,1/4], we obtain

|:a2(tp—1)+ G—b)p_t’ﬁa(tp_l)} > 1a2 (t, — 1) > P(p).

tp

1 1 a 1—4b
— {a(tzﬂ — tpy1) + (— — b) k} = — atk+1(tk+1 —1)+ k
>

1—a
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Thus, combining the above equations, we get the desired inequality. O

Then, we can finally prove the main theorem.

Theorem 5.1 (ii). Tt is clear from Lemma 5.5 and @y (k) = O(k?) as k — oo. O

Remark 5.2

Lemma 5.5 also implies the following other claims than Theorem 5.1 (ii):

e O(1/k?) convergence rate of {kaH — kaz} when a > 0;

o the absolute convergence of {k‘”xk“ — ka;} when a > 0;

Note that the second one generalizes [24, Corollary 3.2] for single-objective problems.

5.4 Convergence of the iterates

While the last section shows that Algorithm 5.1 has an O(1/k?) convergence rate,
this section proves the following theorem:

Theorem 5.2

Let {xk} be generated by Algorithm 5.1 with a > 0. Then, under Assumption /.4,
the following two properties hold:

(i) {a*} is bounded, and it has an accumulation point;

(ii) {(Ek} converges to a weak Pareto optimum for (1.1).

The latter claim is also significant in applications. For example, finite-time man-
ifold (active set) identification, which detects the low-dimensional manifold where
the optimal solution belongs, essentially requires only the convergence of the gen-
erated sequence to a unique point rather than the strong convexity of the objective
functions [98].

Again, we will prove Theorem 5.2 after showing some lemmas. The following

lemma contributes strongly to the proof of the main theorem.

Lemma 5.6
Let {~,} be defined by line 9 in Algorithm 5.1. Then, we have

TP
ZH% <2(s—1) foralls,r>1.

p=s q=s
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Proof. By using Lemma 5.1 (iv), we see that
q—1
H Ta = H Lg+1/2
Let I and B denote the gamma and beta functions defined by
00 1
['(«) ::/ 7 lexp(—7)dr and B(a, ) = / 7N 1= 7)ftdr, (5.17)
0 0
respectively. Applying the well-known properties:
[(a)T
INa)=(a—1), T'(a+1)=al'(a), and B(xa,f)= %. (5.18)
we get
I(p)/T(s—1)  _ B(p,3/2)
H Vg <

=T(p+3/2)/T(s+1/2) B(s—1,3/2)

This implies

ZH%<ZB (p,3/2)/B(s —1,3/2).

p=s gq=s

Then, it follows from the definition (5.17) of B that

ZH% < Z/ (1 —7)2dr/B(s — 1,3/2)
/ ZTP Y1 —7)Y*dr/B(s — 1,3/2)
_ /0 —7811_ (1—7)"2dr/B(s — 1,3/2)

B(s,1/2) — B(r+1,1/2) _  B(s,1/2)
B(s — 1,3/2) = B(s—1,3/2)

N

Using again (5.18), we conclude that

(1/2)/F(8 +1/2)
;qﬂqu = r L3211/ 2~ b
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Now, we introduce two functions wi: R™ — R and v,: R® — R for any k£ > 1,
which will help our analysis, by

wi(z) = max(O, ||mk — sz — H:}:k_l — sz), (5.19)
z) = ||a* - ij - Zws(z). (5.20)

The lemma below describes the properties of wy and v.

Lemma 5.7

Let {iL‘k} be generated by Algorithm 5.1 and recall that levg,wy, and vy, are defined
by (2.5), (5.19) and (5.20), respectively. Moreover, suppose that Assumption J.}
holds with Q@ C R™ and that ox(z) > 0 for some k > 1 and z € Q. Then, it follows
forallr=1,... k that

(i) Zws _Z (6s — 5)|a* —2*"
(i) vii1(2) < vp(2).

Proof. Claim (i): Let & > p > 1. From the definition of ™! given in line 10 of

Algorithm 5.1, we have

2.
27

7 = 2|[, = ¥ — =13
_ _pr-i-l _ xpllz + 2<xp+1 _ yp-I—l’xp—&-l _ Z> + 27p<xp _ :Ep—l’xp-&-l _ Z>
—prH — poz + 2<$P+1 — Pt gt z> + 2pr+l _ yp+1H§

+ 2y (a? — 2?7 aPt = 2).
On the other hand, Lemma 5.2 (i) gives
2Pt — P Pl ) < —200,44(2) — ||xp+1 _ ypHH;

Moreover, Lemma 5.3 with (k1,k2) = (p + 1,k + 1) implies

— 200p41(2)
2 2 2 "o 9
< —Zakﬂ(z) [ = || 4 ||t — 2P| - Z EHQET — a2
r=p+1
< ot a7

27
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where the second inequality comes from the assumption on z € 2. Combining the

above three inequalities, we get

a7t — sz — |l — 2|2 < [P+t — yp+1||§ + 29, (2P — 2Pl 2Pt )

= [l = g7l = 2l = o~ = 2[5+ [l2? = 27

+ 2(a? — 2P~ 2P — xp>>.

Using the relation ||zP — yp“H; + 29 (2P — 2Pt Pt — qP) = 2Pt — poZ +

v llaP — xP~t |5, which holds from the definition of y*, we have

274t = 2|f; = [l — 2[5 < |2 = 27|,

sy (o = 213 = o7 = 2[2) + Gy + Da” — 22

Since 0 <7, <1 from Lemma 5.1 (iv), we obtain

2 2
27 =2l = ll2” = =113

<o (lle? = 2l = a7t = 2f; + 2fja? = a7 3) + 27+ — a7

2

< (5(2) + 27— a7 2) + e — 07|

where the second inequality follows from the definition (5.19) of w,. Since the right-

hand side is non-negative, (5.19) again gives
wpr1(2) < 'Vp(wp(z) + Qpr - $p—1H;) + prH - $pH;'

Let s < k. Applying the above inequality recursively and using v, = 0, we get

() <33 [T ulle? = [+ 2 T lle? = 2l + e = o)
q=1

p=2 q=p

S S
<33 [Tl =2l + [l — 275

p=2 q=p
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Adding up the above inequality from s =1 to s =r < k, we have

Zws <833 [Tl — o 1H2+ZHw =

s=1 p—l q=p

=3 ol — o 1||2+ZH%’ =73

p=1 s=p q=p

09 CRREES

p=s g=s

where the first equality follows from (2.4). Thus, Lemma 5.6 implies
zi;wm < zi;ms — 5| — a2
Claim (ii): (5.20) yields
—z||s — wra (2) — ilws(Z)
w2 ) - 2})3@)
< Jartt =2l = (2 = 2[5 e = 2113) — :ws(@
e — 22— Zws (e

where the second and third equalities come from the definitions (5.19) and (5.20)
of w, 1 and v, respectively. O

2
— 2|3 — max(0,

Let us now prove the first part of the main theorem.
Proof of Theorem 5.2 (i). Let k > 1 and suppose that z € Q satisfies o1(z) > 0.
Then, Lemma 5.7 (ii) gives
1 2
vi(z) < mi(2) = |2 — ZH2 — wi(2)
— |1 2 1 2 0 2
= 2" = 2[5 = max(0, " = || - [}a° ~ =[|})

Ce s = (et =2l = 12 = =) = 120 - =]
SHSC Z||y T Z||y T Z|l,) = ||z ||y
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where the second equality follows from the definition (5.19) of wy. Considering the
definition (5.20) of v, we obtain

k
o = 2l < e — 2]+ Y wn(2)
s=1

Taking the square root of both sides and using (5.19), we get

k
le* = 2] < |l = 23 + D~ (65 = Bl — w1l
s=1

Applying the reverse triangle inequality ||2* — 20|, — [|2° — z[|, < [|2* — z||, to the
left-hand side leads to

k
|2* = 2°|| < ||2° — 2||, + 4| l2° — 2|12+ 2(65 —5)||lzs — 513,
s=1

Since z belongs to a bounded set 2 and a > 0, the right-hand side is bounded from
above according to Lemma 5.5. This implies that {x’“} is bounded, and so it has

accumulation points. 0

Before proving Theorem 5.2 (ii), we show the following lemma.

Lemma 5.8
Let {xk} be generated by Algorithm 5.1 with a > 0 and suppose that Assumption 4.4

holds. Then, if & is an accumulation point of {xk}, then {ka — :EHQ} s convergent.

Proof. Assume that {xkﬂ} C {xk} converges to . Then, we have o, (z) — 0 by
the definition (5.11) of oy,. Therefore, Lemma 5.7 with z = ¥ and k£ = oo means
that {1(Z)} is non-increasing and bounded, i.c., convergent. Hence {||z* — z||,} is

convergent. 0

Finally, we finish the proof of the main theorem.

Proof of Theorem 5.2 (ii). Suppose that {x J} and {xk?} converges to z! and z2,

respectively. From Lemma 5.8, we see that
2 2
k! 72H
— ||z — & .
[ -=)

. . 1
lim H:U - = lim kaﬂ — !
j—o0 J—00

.Ij_jQ
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This yields that ||z — #2|]; = —||z" — 2%|3, and so [|' — Z%|} = 0, ie., {2*} is
convergent. Let ¥ — z*. Since H:pkH — a:kH; — 0, {yk} is also convergent to x*.

Therefore, Proposition 5.1 shows that z* is weakly Pareto optimal for (1.1). O

5.5 Numerical experiments

This section compares the performance of Algorithms 4.1 and 5.1 with various a
and b through numerical experiments. We run all experiments in Python 3.9.9 on a
machine with 2.3 GHz Intel Core i7 CPU and 32 GB memory. For Algorithm 5.1,
we test 15 different hyperparameters combining a = 0,1/6,1/4,1/2,3/4 and b =
a’/4,(a®> +1)/8,1/4, i.e.,

(0,0),(0,1/8),(0,1/4),
(1/6,1/144), (1/6,37/288), (1/6,1/4),
(a,b) = ¢ (1/4,1/64),(1/4,17/128),(1/4,1/4),

(1/2,1/16), (1/2,5/32), (1/2,1/4),
| (3/4,9/64),(3/4,25/128), (3/4,1/4) |

and we set ¢ = 107° for the stopping criteria.
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5.5.1 Artificial test problems (bi-objective and tri-objective)

First, we solve the multi-objective test problems in the form (1.1), modifications

from [63, 39], whose objective functions are defined by

1 1
filz) = EHSEH; fala) =~z — 2[5, 91(z) = ga(x) = 0, (JOS1)
( 1 1
fi(@) = =[lz[l3, fa() = == — 2|3,
711 ”1 (JOS1-L1)
-~ = -l =1
| 01(2) = ~llall, () = 5w — 1
( n n
1 T
filw) = =5 3 ilw = ), fole) = exp< g) + e,
=1 . =1 (FDS)
1 . .
kf:a(iﬂ') = m ;2(" — i+ 1) exp(—x;), g1(z) = g2(z) = g3(x) =0,
( n n
1 . . Z;
fi(z) = 3 > iw — i), folw) = exp <Z poll I [E4
=t =1 (FDS-CON)
1 . .
kf3($) BEICE] ;Z(” —i+1)exp(—zi), g1(z) = g2(2) = g3(x) = Orr (),
where # € R",n = 50 and drr is an indicator function (1.7) of the nonnega-
tive orthant. We choose 1000 initial points, commonly for all algorithms, and
randomly with a uniform distribution between ¢ and ¢, where ¢ = (—=2,...,-2)"
and¢ = (4,...,4)" for (JOS1) and (JOS1-L1),c = (=2,...,—-2)Tande = (2,...,2)"

for (FDS), and ¢ = (0,...,0)Tand ¢ = (2,...,2)" for (FDS-CON). Moreover, we use
backtracking for updating « to satisfy (5.10), with 1 as the initial value of o and 0.5
as the constant multiplied into « at each iteration. Furthermore, at each iteration,
we transform the subproblem (5.1) into their dual like (3.16) and solve them with

the trust-region interior point method [19] using the scientific library SciPy.

Figures 5.1 and 5.2 and Tables 5.1 and 5.2 present the experimental results.
Figure 5.1 and Table 5.1 implies that Algorithm 5.1 generates a wide range of Pareto
solutions faster than Algorithm 4.1. Figure 5.2 plots the solutions only for the
cases (a,b) = (0,1/4),(3/4,1/4), but other combinations also yield similar plots,
including a wide range of Pareto solutions. Table 5.2 shows that the new momentum
factors are fast enough to compete with the existing ones ((a,b) = (0,1/4) or b =

a®/4) and better than them in some cases.
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% Starting points % Starting points
; ; < PGM (k=10) . x < PGM (k=10)
64 ; « Ace-PGM (k = 10) 7 + AccPGM (k= 10)
* - PGM (Solutions) + PGM (Solutions)

o Acc-PGM (Solutions) 0 o Acc-PGM (Solutions)

0 1 2 3 1 5 6 1 2 3 4 5 6 7 8
P Py
() (JOSI) (b) (JOSI-L1)
PGM (Solutions) = PGM (Solutions)
< Acc-PGM (Solutions) & Acc-PGM (Solutions)

(c) (FDS) (d) (FDS-CON)

Figure 5.1: Objective function values obtained by Algorithms 4.1 and 5.1
with (a,b) = (0,1/4)
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Table 5.1: Average computational costs with Algorithms 4.1 and 5.1 with (a,b) =

(0,1/4)

(a) (JOSI) (b) (JOS1-L1)
Algorithm 4.1  Algorithm 5.1 Algorithm 4.1  Algorithm 5.1
Time [s] 15.5 3.55 Time [s] 13.2 8.53
[ters. 231.7 65.0 Iters. 219.6 161.2
(c) (FDS) (d) (FDS-CON)
Algorithm 4.1  Algorithm 5.1 Algorithm 4.1  Algorithm 5.1
Time [s] 99.10 34.16 Time [s] 134.64 40.03
Iters. 636.1 216.1 Iterations 873.6 260.8
(a,b) = (0,1/4) (a,0) = (3/4,1/4) t (a,b) = (0,1/4) by (B0 = (3/4,1/4)
2.5 1 ,‘ 2;5' \ 2.5 1 .\ 2.5 .\
(a) (JOSI) (b) (JOS1-L1)
(a,b) = (0,1/4) (a,b) = (3/4,1/4) (@b = (0.1/4) (a,b) = (3/4,1/4)

1.2
10 =
0.8
0.6
04

180%0[{40%001000 )
(c) (FDS) (d) (FDS-CON)

Figure 5.2: Pareto solutions obtained with some (a, b)
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Table 5.2: Average computational costs of Algorithm 5.1 with various (a, b)

(a) (JOS1) (b) (JOS1-L1)

a b Time [s] Iterations a b Time [s] Iterations
0 0 6.442 97.0 0 0 10.733  157.512
0o 1/8 5.158 81.217 0 1/8  11.054  161.065
0 1/4 4.207 65.0 0 1/4  11.122  161.734
1/6 1/144  4.244 67.0 1/6 1/144  9.85 141.731
1/6 37/288  5.182 82.0 1/6 37/288  9.994  144.863
1/6  1/4 4.268 66.0 1/6  1/4  10.399  150.592
1/4 1/64  6.224 99.0 1/4 1/64 9271  135.804
1/4 17/128  7.239  113.566 1/4 17/128  9.463  137.108
/4 1/4 3.205 51.0 /4 1/4 9.662  139.848
/2 1/16 451 72.0 /2 1/16 7439  109.082
/2 5/32 4562 71.0 1/2  5/32  7.642  110.204
/2 1/4 4.466 70.0 /2 1/4 7.723  111.599
3/4  9/64  4.323 67.998 3/4 9/64  5.253 77.366
3/4 25/128  3.104 49.0 3/4 25/128  5.39 79.425
3/4 1/4 3.741 47.0 3/4  1/4 5.678 82.37

(c) (FDS) (d) (FDS-CON)

a b Time [s] Iterations a b Time [s] Iterations
0 0 20.24  204.438 0 0 37.345  259.508
0 1/8 29797  210.595 0 1/8 37439  261.522
0 /4 30565  214.934 0 1/4 37.94  263.911
1/6 1/144  24.964  174.393 1/6  1/144 32463  227.063
1/6 37/288 25.375  177.944 1/6 37/288 38.265  229.736
1/6 1/4  26.065  182.398 1/6  1/4  45.661  231.958
1/4 1/64 2294  159.737 1/4  1/64 41434  209.35
1/4 17/128 23.311  162.629 1/4 17/128 33.664  211.69
1/4 1/4 23976  166.918 /4 1/4 30772 213.811
/2  1/16  17.909  122.653 /2 1/16 2292 158.448
1/2  5/32  18.14 123.96 /2 5/32 23.1 159.685
/2 1/4 18221  125.697 /2 1/4 23539  162.226
3/4  9/64 13584  94.176 3/4  9/64  17.092  118.616
3/4 25/128 13.674  94.705 3/4 25/128 17.123  118.063

3/4 1/4 13.795 94.868 3/4 1/4 17.115 118.844
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5.5.2 Image deblurring (single-objective)

Since our proposed momentum factor is also new in the single-objective context,
we also tackle deblurring the cameraman test image via a single-objective f5-¢;
minimization with Algorithm 5.1, inspired by [11]. In detail, as shown in Figure 5.3,
to a 256 x 256 cameraman test image with each pixel scaled to [0, 1], we generate
an observed image by applying a Gaussian blur of size 9 x 9 and standard deviation

4 and adding a zero-mean white Gaussian noise with standard deviation 1073,

Ao
(a) Original (b) Blurred and noisy

Figure 5.3: Deblurring of the cameraman

Letting 0, B, and W be the observed image, the blur matrix, and the inverse of
the Haar wavelet transform, respectively, consider the single-objective problem (1.1)

with m =1 and
fi(z) = |BWz — 0|5 and gi(z) = A|z],,

where \ := 2 x 107 is a regularization parameter. Unlike in the previous subsection,
we can compute V f’s Lipschitz constant by calculating (BW)T(BW)’s eigenvalues
using the two-dimensional cosine transform [59], so we use it constantly as a~!.
Moreover, we use the observed image’s Wavelet transform as the initial point.
Figure 5.4 shows the reconstructed image from the obtained solution. Images
produced by all hyperparameters are similar, so we present only (a,b) = (0,1/4)
and (1/2,1/4). Moreover, we summarize the numerical performance in Table 5.3
and Figure 5.5. Like the last subsection, this example suggests that our new mo-
mentum factors may occasionally improve the algorithm’s performance even for

single-objective problems.
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(a) (a,0) = (0,1/4) (b) (a,b) = (1/2,1/4)
Figure 5.4: Deblurred image

Table 5.3: Computational costs for the image deblurring

a b Total time [s] Iteration counts
0 0 75.227 558
0 1/8 75.176 558
0 1/4 75.388 5958
1/6  1/144 66.499 460
1/6 37/288 66.866 462
1/6 1/4 66.685 462
1/4  1/64 61.791 421
1/4 17/128 61.622 421
/4 1/4 35.69 421
/2 1/16 26.828 306
1/2  5/32 26.274 304
1/2  1/4 25.535 303
34 9/64 32.54 369
3/4 25/128 30473 364

3/4  1/4 27.713 360




5.6. CONCLUSIONS 119

(0,0)
(0,1/8)
107 (0, 1/4)
(1/6 1/144)
(1/6 37/288)
(1/6,1/4)
(1/4,1/64)
(1/4 17/128)
(1/4,1/4)
""" (a ): (1/2 1/16)
(a,b) = (1/2,5/32)
(a,b) = (1/2,1/4)
1 — (a,b) = (3/4,9/64)
(a,b) = (3/4,25/128)
--------- (a,b) = (3/4,1/4)

—~
8

105 L

,b)
,b)
,b)
(a b)
b)
)
,b)
,b)
103 F )

101 L

10~ 1 I . . . I . . . I
0 200 400

Figure 5.5: Values of ue(2%) = Fy(z) — Fi(«*), where z* is the optimal solution
estimated from the original image

5.6 Conclusions

We have successfully accelerated the proximal gradient method for multi-objective
optimization by putting information on the previous points into the subproblem.
Moreover, we have generalized the momentum factor in a form that is even new in
the single-objective context and includes the known FISTA momentum factors [11,
24]. Furthermore, with the proposed momentum factor, we proved under reasonable
assumptions that the algorithm has an O(1/k?) convergence rate and that the iter-
ates converge to Pareto solutions. Moreover, the numerical results reinforced these
theoretical properties and suggested the potential for our new momentum factor to

improve the performance.
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Chapter 6

Conclusions

This thesis has proposed new merit functions, the proximal gradient method, and the

accelerated proximal gradient method for non-smooth multi-objective optimization

problems. We summarize the results obtained here as follows:

(i)

In Chapter 3, we have proposed three merit functions for non-smooth multi-
objective optimization: (a) the gap function for lower semi-continuous multi-
objective optimization; (b) the regularized gap function for convex multi-
objective optimization; (c) the regularized and partially linearized gap func-
tion for composite multi-objective optimization. First, we have shown that
they satisfy the properties of merit functions and proved the lower semi-
continuity of the item (a) and the locally Lipschitz continuity of the items (b)
and (c). We have also confirmed the differentiability of the items (b) and (c)
under reasonable assumptions and that the stationary points of the items (b)
and (c) solve the original multi-objective problem under strict convexity. Sec-
ondly, we have derived inequalities among different merit functions under cer-
tain conditions. We thirdly have demonstrated that the level-boundedness of
the objective functions implies the level-boundedness of the associated merit
functions. Finally, we proposed the multi-objective proximal-PL condition,
weaker than the strong convexity, and proved that it provides the error-bound

property of the proposed merit functions.

In Chapter 4, we have developed the proximal gradient method for composite
multi-objective optimization. We have shown that every accumulation point
of the generated sequence, if it exists, is Pareto stationary. Moreover, we

presented global convergence rates for the proposed algorithm, matching what
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(iii)

we know in scalar optimization for non-convex O(y/1/k) and convex O(1/k)
cases. We also have extended the so-called Polyak-tojasieqicz (PL) inequality
for multi-objective optimization and established the linear convergence rate for
multi-objective problems that satisfy such inequalities. Furthermore, we have
converted the subproblems to well-known convex optimization problems for
the robust multi-objective problem. Finally, we have reported some numerical

results.

In Chapter 5, we have proposed the accelerated proximal gradient method for
convex composite multi-objective optimization. We have proved the proposed
methods’ O(1/k?) convergence rate and the global convergence property. This
method includes some hyperparameters, which is new even for single-objective
cases. We finally have reported some numerical results, showing that our
proposed method is faster than the method without acceleration and that some

choices of hyperparameters give better results than the classical algorithms.

We believe that these contributions have had some impact on non-smooth and

composite multi-objective optimization. However, there are still many open prob-

lems.

(1)

(i)

(iii)

We conclude this thesis by describing future works related to our results.

We can consider our proposed merit function’s natural extension to infinite-
dimensional vector optimization. We can also regard other famous merit func-
tions’ generalization to multi-objective or vector problems, such as the implicit
Lagrangian [76] and the squared Fischer-Burmeister function [64]. Moreover,
developing a new multi-objective algorithm using such merit functions would

be interesting.

Extending the many variants of the proximal gradient method in single-
objective optimization to multi-objective optimization problems is a challenge
that needs addressing. Obtaining a theoretically sound extension will not be
straightforward for any method. However, we believe that finding practical
applications of composite multi-objective optimization, such as machine learn-

ing, will significantly impact this field.

Our proposed method has the potential to achieve finite-time manifold (active
set) identification [98] without the assumption of the strong convexity (or
its generalizations such as PL conditions or error bounds [65]). Moreover,

we took a single update rule of ¢; for all iterations in this work, but the
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adaptive change of the strategy in each iteration is conceivable, which has the
potential to guarantee linear convergence under PL conditions, as in [7]. Tt
might also be interesting to estimate the Lipschitz constant simultaneously
with that change, like in [92]. In addition, an extension to the inexact scheme
like [105] would be significant. Furthermore, it is crucial to extend the variants
of the accelerated proximal gradient method to multi-objective optimization,
as in [83, 28]. Moreover, applying our acceleration techniques to large-scale
problems like stochastic accelerated gradient descent would be interesting.
Developing internal techniques, such as a warm start for subproblems and

inexact methods, would also be necessary for applications.
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