
Journal of Statistical Physics manuscript No.
(will be inserted by the editor)

Symmetry of the unsteady linearized Boltzmann equation in a
fixed bounded domain

Shigeru Takata

Received: / Accepted:

Abstract A symmetric relation between time-dependent problems described by the lin-
earized Boltzmann equation is obtained for a gas in a fixed bounded domain. General rep-
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through the boundary, in terms of an appropriate Green function are derived from that rela-
tion. Several application examples are presented. Similarities to the fluctuation–dissipation
theorem in the linear response theory and its generalization to gas systems of arbitrary Knud-
sen numbers are also discussed. The present paper is an extension of the previous contribu-
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1 Introduction

The linearized Boltzmann equation is widely used for the study of a slow rarefied gas flow
or a gas in a micro scale system such as a micro channel, an aerosol particle, etc. One of
the interesting features in such gas systems is cross effects between fluid-dynamical and
thermodynamical phenomena (e.g., the Poiseuille flow vs. the thermal transpiration [1,2],
the thermophoresis [3,4] vs. the thermal polarization [5]; see, e.g., [6–8]). In order to in-
vestigate what kind of relation holds in general between such independent problems, we
recently derived in [9] a symmetric relation between two different boundary-value problems
described by the steady linearized Boltzmann equation. In this reference, by considering
a solution of the problem as a static response of the system against the perturbation from
the surroundings through the boundary, we introduced the Green function for an elemental
source on the boundary. Then, we derived a general expression of mass, momentum, and
heat fluxes through the boundary in terms of the corresponding Green function. The expres-
sion is valid for the entire range of the Knudsen number Kn (0< Kn < ∞). As a natural
consequence of the Green function approach, the reciprocity of the fluxes on the boundary
caused by the Green functions was obtained. With the aid of this reciprocity, in [10], we
discussed the Onsager–Casimir reciprocity for the systems of arbitrary Kn on the basis of
the entropy production argument. In this reference, as in [11–15], we considered the total
entropy production caused by the gas–gas and gas–surface interactions. Then, we obtained
the Onsager–Casimir reciprocity in a way of point correspondence. We also pointed out that
the real identity of the conventional-type Onsager–Casimir relation is the Green reciprocity.

In [9,10], we have restricted ourselves to discussion of time-independent problems. In
the present paper, we will extend our theory [9] to time-dependent problems. The existing
theories on the Onsager–Casimir relation are based on the entropy production argument
(e.g., [11–15]), in which the production caused by the gas–surface interaction is determined
indirectly by the entropy balance at the steady state. On the other hand, we have shown in [9]
that the meaningful cross effects can be deduced from the Green function approach, which
is completely free from the entropy production argument. This feature allows us to develop a
general framework for the cross effects between time-dependent problems described by the
linearized Boltzmann equation. In the present paper, we restrict ourselves to a monatomic
single component gas in a fixed bounded domain.

The paper is organized as follows. In Sect. 2, we first formulate the class of time-
dependent problems to be discussed and then derive a symmetric relation between two
problems described by the unsteady linearized Boltzmann equation. Next in Sect. 3, we
introduce a few Green functions for the initial data and present a general expression of the
total mass, momentum, and energy in the system for any time. In Sect. 4, we introduce a few
Green functions for the inhomogeneous term, which represents the effect of a generalized
weak external force, and present an expression corresponding to that derived in Sect. 3. By
comparing two expressions, we show that the Green functions for the inhomogeneous term
are a time integration of the corresponding Green function for the initial data. In Sect. 5,
we introduce the Green functions for boundary data and derive a general expression of the
mass, momentum, and heat fluxes through the boundary. This is an extension of the repre-
sentation theorem in [9] to the case of unsteady systems. One may find a similarity of some
results in Sects. 3 and 4 to those of the linear response theory [16,17] for the systems with-
out boundary effect (the so-called bulk systems, where Kn is supposed to be small), though
our theory covers the entire range of the Knudsen number. In order to illustrate a point about
the resemblance, in Sect. 6, we apply the symmetric relation to a gas in a periodic box and
derive the expressions similar to the fluctuation–dissipation theorem and to those for the
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static admittance in the linear response theory for bulk systems [16]. We also discuss their
extensions to the systems of arbitrary Kn.

2 Symmetry of the linearized Boltzmann equation in unsteady systems

2.1 Problem

Consider the time-dependent behavior of a single component monatomic rarefied gas that
occupies a fixed bounded domainD (i.e., the shape ofD does not change in time). The state
of the gas is assumed to be close to the equilibrium state at rest with densityρ0 and temper-
atureT0, so that the higher order effects of the deviation from this state will be neglected.

With a proper choice of the reference timet0 and lengthL, we denote byt0 t, Lxxx,
(2kT0/m)1/2ζζζ , ρ0(2kT0/m)−3/2[1+ φ(t,xxx,ζζζ )]E(ζζζ ), the time, the space coordinates, the
molecular velocity, and the velocity distribution function of gas molecules, respectively.
Here,k is the Boltzmann constant,m is the mass of a molecule, andE(ζζζ )= π−3/2 exp(−|ζζζ |2).
The domain of the dimensionlessxxx-space corresponding toD will be denoted byD. Then,
the behavior of the gas is described by the following linearized Boltzmann equation:

Sh
∂φ
∂ t

+ζi
∂φ
∂xi

=
2√
π

1
Kn

L (φ)+ I (ζζζ ∈ R3, xxx∈ D, t > 0). (1)

Here Sh[= L/t0(2kT0/m)1/2] is the Strouhal number, Kn(= ℓ0/L) is the Knudsen number
(ℓ0 is the mean free path of a molecule in the reference equilibrium state at rest),L is
the linearized collision operator and is required to have the properties summarized in Ap-
pendix A.1. For the sake of the latter discussions, the inhomogeneous termI(t,xxx,ζζζ ) is added
to the right-hand side of (1).1

The initial data is denoted by putting the subscripted “initial”:

φ(0,xxx,ζζζ ) = φinitial(xxx,ζζζ ) (ζζζ ∈ R3, xxx∈ D). (2)

The boundary∂D of the domainD is composed of two parts in general. One is a simple
boundary (or a solid surface) or an interface with the condensed phase of the gas, which we
generically call the real boundary and denote by∂Dw. The other is an artificial boundary
or a control surface set inside a gas region wider thanD, which we generically call the
imaginary boundary and denote by∂Dg. The specular reflection and periodic boundaries
are typical examples of the imaginary boundary.

First consider the real boundary∂Dw. Let us denote the temperature of the boundary by
T0(1+τw), the corresponding saturation pressure of the gas byp0(1+Pw), and the velocity
of the boundary by(2kT0/m)1/2uuuw, wherep0 = (ρ0/m)kT0 is the pressure at the reference
equilibrium state at rest.Pw, τw, anduuuw are, in general, a function oft andxxx. Since the shape
of D does not change in time,uuuw ·nnn = 0. φ obeys the following condition on∂Dw:

φ = gw +
∫

ζ ∗
n <0

|ζ ∗
n |E(ζζζ ∗)
|ζn|E(ζζζ )

R(ζζζ ∗
,ζζζ ;xxx)(φ ∗−g∗w)dζζζ ∗ for ζn > 0, xxx∈ ∂Dw, t > 0, (3)

1 A typical example ofI is the effect of weak external forces ofO(φ), thoughI is not necessarily related
to external forces. For instance, in the problem of the Poiseuille flow, the imposed pressure gradient can
be treated as the inhomogeneous term (see Examples 2 and 3). In the present paper, we do not consider an
external force ofO(1) for simplicity.



4

where

gw = Pw(t,xxx)+2ζiuwi(t,xxx)+(|ζζζ |2− 5
2
)τw(t,xxx) for ζζζ ∈ R3, xxx∈ ∂Dw, t > 0, (4)

ζn = ζζζ ·nnn, andζ ∗
n = ζζζ ∗ ·nnn. The(2kT0/m)3/2R is the reflection kernel of the boundary that

is at rest with the reference temperatureT0. In what follows, if necessary, we shall denoteR
of a simple boundary byRCR and that of an interface with the condensed phase byRPR. As
to the descriptions with the notationR, they are valid both forRCR andRPR. TheRCR and
RPR satisfy the properties summarized in Appendix A.2. Due to the fourth property ofRCR,
Pw in gw is a fake parameter on a simple boundary, and one may putPw = 0 without loss of
generality forRCR. It should be noted that⟨ζnφ⟩ = 0 holds on a simple boundary (see the
second property ofRCR). This equality does not hold in general forRPR.

Next consider the imaginary boundary∂Dg. We assume that the imaginary boundary is,

in general, composed of two parts, say∂D(1)
g and∂D(2)

g (i.e.,∂Dg = ∂D(1)
g ∪∂D(2)

g ):

(i) On ∂D(1)
g , φ obeys the following condition:

φ(t,xxx,ζζζ ) = hin(t,xxx,ζζζ ) for ζn > 0, xxx∈ ∂D(1)
g , t > 0. (5a)

Herehin is a given function forζn > 0. For the sake of later discussions, we denote this
function extended to the whole range ofζζζ by h(t,xxx,ζζζ ). The way of extension may be
arbitrary and does not influence the results that follow in the present paper.

(ii) On ∂D(2)
g , φ obeys the following condition:

φ = h(t,xxx,ζζζ )+
∫

∂D(2)
g

∫
ζ ′

n′<0
P(xxx′,ζζζ ′

,xxx,ζζζ )(φ ′−h′)dζζζ ′ dS′

for ζn > 0, xxx∈ ∂D(2)
g , t > 0, (5b)

whereh(t,xxx,ζζζ ) is a given function forζζζ ∈ R3, xxx∈ ∂D(2)
g , andt > 0; ζ ′

n′ = ζζζ ′ ·nnn′; nnn′ is

the inward unit vector normal to∂D(2)
g at positionxxx′; dS′ is the surface element of∂D(2)

g

at positionxxx′; andφ ′ = φ(t,xxx′,ζζζ ′) andh′ = h(t,xxx′,ζζζ ′). The kernelP is independent oft
and its properties are summarized in Appendix A.3. It should be noted that the specular

and periodic boundaries are a typical example of∂D(2)
g .

Let us denote the mass density, flow velocity, and temperature of the gas byρ0(1+ω),
(2kT0/m)1/2ui , andT0(1+ τ). Let us denote the stress tensor, heat-flow vector, and specific
energy of the gas byp0(δi j +Pi j ), p0(2kT0/m)1/2Qi , and3

2 p0(1+E ). Then, they are defined
as the moment ofφ as follows:

ω[φ ] = ⟨φ⟩, ui [φ ] = ⟨ζiφ⟩, τ[φ ] =
2
3
⟨(|ζζζ |2− 3

2
)φ⟩, (6a)

E [φ ] =
2
3
⟨|ζζζ |2φ⟩, Qi [φ ] = ⟨ζi(|ζζζ |2−

5
2
)φ⟩, Pi j [φ ] = ⟨2ζiζ jφ⟩. (6b)

Here, the brackets⟨ ⟩ represents the following moment:

⟨ f ⟩(t,xxx) :=
∫

f (t,xxx,ζζζ )E(ζζζ )dζζζ .

In later discussions, we need to deal with the moments of different velocity distribution
functions, sayφA, φB. For the sake of later convenience, we have introduced the notation
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convention in (6) that the concerned velocity distribution function is indicated inside the
solid parenthesis[ ] (e.g.,ω[φA], ω[φB], etc.). If [·] is omitted, the quantity is defined as
the corresponding moment ofφ (e.g.,ω = ω[φ ]). In what follows, we denote a quantity
integrated in time fromt = 0 by putting a line− over the quantity. For instance,

ω[φ ](t,xxx) =
∫ t

0
ω[φ ](r,xxx)dr.

2.2 Preparations — basic lemmas

We introduce the following notation:

fτ(t,xxx,ζζζ ) := f (τ + t,xxx,ζζζ ) (τ > 0, t ≥−τ),

f ♭
τ (t,xxx,ζζζ ) := f (τ − t,xxx,ζζζ ) (τ > 0, t ≤ τ),

f−(t,xxx,ζζζ ) := f (t,xxx,−ζζζ ),

and frequently use the following obvious properties in the sequel:

(Φ−)− = Φ , ⟨Φ⟩ = ⟨Φ−⟩ for anyΦ . (7)

Below we show Lemmas 1–3, which will be the base in deriving the symmetric relation
for unsteady systems.

Lemma 1 Let φA be a solution of(1) with I = IA. Let φB be a solution of(1) with I =
IB. Here,Sh, Kn, and L in (1) are common toφA and φB. If L satisfies the properties
summarized in Appendix A.1, the following equality holds:

Sh
∂
∂ t

⟨φA
τ φB♭−

s ⟩+ ∂
∂xi

⟨ζiφA
τ φB♭−

s ⟩ = ⟨IA
τ φB♭−

s ⟩−⟨IB♭−
s φA

τ ⟩. (8)

Proof Because of the definition ofφA, φA
τ satisfies

Sh
∂φA

τ
∂ t

+ζi
∂φA

τ
∂xi

=
2√
π

1
Kn

L (φA
τ )+ IA

τ .

The integration over the whole space ofζζζ after the multiplication ofφB♭−
s E yields

⟨φB♭−
s Sh

∂φA
τ

∂ t
⟩+ ⟨φB♭−

s ζi
∂φA

τ
∂xi

⟩ = ⟨φB♭−
s

2√
π

1
Kn

L (φA
τ )⟩+ ⟨φB♭−

s IA
τ ⟩. (9)

On the other hand, because of the definition ofφB, φB♭
s satisfies

−Sh
∂φB♭

s

∂ t
+ζi

∂φB♭
s

∂xi
=

2√
π

1
Kn

L (φB♭
s )+ IB♭

s .

Thus the first term on the right-hand side of (9) is transformed as follows:

⟨φB♭−
s

2√
π

1
Kn

L (φA
τ )⟩ = ⟨φA−

τ
2√
π

1
Kn

L (φB♭
s )⟩

= −⟨φA−
τ Sh

∂φB♭
s

∂ t
⟩+ ⟨φA−

τ ζi
∂φB♭

s

∂xi
⟩−⟨φA−

τ IB♭
s ⟩

= −⟨φA
τ Sh

∂φB♭−
s

∂ t
⟩−⟨φA

τ ζi
∂φB♭−

s

∂xi
⟩−⟨φA

τ IB♭−
s ⟩,

where in the first equality the self-adjointness ofL and (7) have been used. Substitution
into (9) eventually leads to (8). ⊓⊔
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Lemma 2 Let φA satisfy(3) with gw = gA
w. Let φB satisfy(3) with gw = gB

w. Here R in(3)
is common toφA andφB and satisfies the properties summarized in Appendix A.2. Then, the
following equality holds:

⟨ζn(φA−gA
w)τ (φB−gB

w)♭−s ⟩ = 0 on ∂Dw. (10)

Proof Consider the integral
∫

ζn>0 ζn(φA−gA
w)τ (φB−gB

w)♭−s Edζζζ . By the use of (3) forφA,
this integral is expressed as

∫
ζn>0

ζn(φA−gA
w)τ (φB−gB

w)♭−s Edζζζ

=
∫

ζn>0

∫
ζ ∗

n <0
|ζ ∗

n |E∗R(ζζζ ∗
,ζζζ ;xxx)(φA∗−gA∗

w )τ (φB−gB
w)♭−s dζζζ ∗ dζζζ .

Because of the detailed balance in Appendix A.2, the right-hand side is rewritten as

=
∫

ζn>0

∫
ζ ∗

n <0
|ζn|ER(−ζζζ ,−ζζζ ∗;xxx)(φA∗−gA∗

w )τ (φB−gB
w)♭−s dζζζ ∗ dζζζ .

This form can be further transformed by changing the variable of integration and substituting
(3) for φB:

=
∫

ζn<0

∫
ζ ∗

n >0
|ζn|ER(ζζζ ,ζζζ ∗;xxx)(φA∗−gA∗

w )−τ (φB−gB
w)♭sdζζζ ∗ dζζζ

=
∫

ζ ∗
n >0

|ζ ∗
n |E∗(φA∗−gA∗

w )−τ (φB∗−gB∗
w )♭sdζζζ ∗

=
∫

ζn<0
|ζn|E(φA−gA

w)τ (φB−gB
w)♭−s dζζζ .

Transposing the most right-hand side to the most left-hand side yields (10). ⊓⊔

Remark 1Even whenR is common toφA andφB only on a part of∂Dw, the equality (10)
holds at every point on the common part.

Lemma 3 Let φA satisfy(5) with h= hA. Let φB satisfy(5) with h= hB. Here P in(5b) is
common toφA andφB and satisfies the properties summarized in Appendix A.3. Then, the
following equality holds:

∫
∂Dg

⟨ζn(φA−hA)τ (φB−hB)♭−s ⟩dS= 0. (11)

Here, on∂D(1)
g , hA and hB are respectively the extensions of hA

in and hB
in into the whole space

of ζζζ .

Proof The proof is similar to that of Lemma 2 and is omitted here. ⊓⊔
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2.3 Symmetric relation in unsteady systems

Lemmas 1–3 in Sect. 2.2 are the extensions of the corresponding lemmas for the steady
systems in [9]. As in the case of the steady systems, we now derive the symmetric relation
for the unsteady systems from Lemmas 1–3.

Proposition 1 (Symmetric relation for unsteady systems)Let φA be a solution of the
initial- and boundary-value problem(1)–(5) with I = IA, gw = gA

w, h = hA, and φinitial =
φA

initial . LetφB be a solution of the initial- and boundary-value problem(1)–(5) with I = IB,
gw = gB

w, h= hB, andφinitial = φB
initial . Here the bounded domain D, the Strouhal and Knudsen

numbersSh and Kn, the collision operatorL , and the kernels R and P are common to
the problems ofφA and φB. Then, ifL , R, and P satisfy the properties summarized in
Appendix A, the following symmetric relation holds:

Sh
∫

D
⟨φB−

initialφ
A⟩(t,xxx)dxxx+

∫
D
⟨IB− ∗φA⟩(t,xxx)dxxx−

∫
∂Dw

⟨ζn(gB−
w ∗φA)⟩(t,xxx)dS

−
∫

∂Dg

⟨ζn(hB− ∗φA)⟩(t,xxx)dS+
1
2

∫
∂Dg

⟨ζn(hB− ∗hA)⟩(t,xxx)dS

= Sh
∫

D
⟨φA−

initialφ
B⟩(t,xxx)dxxx+

∫
D
⟨IA− ∗φB⟩(t,xxx)dxxx−

∫
∂Dw

⟨ζn(gA−
w ∗φB)⟩(t,xxx)dS

−
∫

∂Dg

⟨ζn(hA− ∗φB)⟩(t,xxx)dS+
1
2

∫
∂Dg

⟨ζn(hA− ∗hB)⟩(t,xxx)dS. (12)

Here, f∗g is a convolution of f and g with respect to time (thus f∗g = g∗ f ):

f ∗g(t, ·) ≡
∫ t

0
f (r, ·)g(t − r, ·)dr.

Proof First integrate (8) with respect toxxx over the domainD:

Sh
∂
∂ t

∫
D
⟨φA

τ φB♭−
s ⟩dxxx−

∫
∂D

⟨ζnφA
τ φB♭−

s ⟩dS=
∫

D
⟨IA

τ φB♭−
s ⟩dxxx−

∫
D
⟨IB♭−

s φA
τ ⟩dxxx. (13)

With the aid of (10), (11), and (4), the second term on the left-hand side is transformed as
follows:∫

∂D
⟨ζnφA

τ φB♭−
s ⟩dS=

∫
∂Dw

⟨ζnφA
τ φB♭−

s ⟩dS+
∫

∂Dg

⟨ζnφA
τ φB♭−

s ⟩dS

=
∫

∂Dw

⟨ζngA
wτ φB♭−

s ⟩dS+
∫

∂Dw

⟨ζnφA
τ gB♭−

ws ⟩dS

+
∫

∂Dg

⟨ζnhA
τ φB♭−

s ⟩dS+
∫

∂Dg

⟨ζnφA
τ hB♭−

s ⟩dS−
∫

∂Dg

⟨ζnhA
τ hB♭−

s ⟩dS.

Thus (13) is rewritten as

Sh
∂
∂ t

∫
D
⟨φA

τ φB♭−
s ⟩dxxx =

∫
D
⟨IA−

τ φB♭
s ⟩dxxx−

∫
∂Dw

⟨ζngA−
wτ φB♭

s ⟩dS

−
∫

∂Dg

⟨ζnhA−
τ φB♭

s ⟩dS+
1
2

∫
∂Dg

⟨ζnhA−
τ hB♭

s ⟩dS−
∫

D
⟨IB♭−

s φA
τ ⟩dxxx

+
∫

∂Dw

⟨ζngB♭−
ws φA

τ ⟩dS+
∫

∂Dg

⟨ζnhB♭−
s φA

τ ⟩dS− 1
2

∫
∂Dg

⟨ζnhB♭−
s hA

τ ⟩dS. (14)
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Now integrate (14) with respect tot from t = −τ to t = s. Then the integration of the
left-hand side leads to

Sh
(∫

D
⟨φB−

initialφ
A(τ +s,xxx,ζζζ )⟩dxxx−

∫
D
⟨φA−

initialφ
B(s+ τ,xxx,ζζζ )⟩dxxx

)
,

while the integration of each term of the right-hand side is transformed as follows:∫ s

−τ
fτg♭

sdt =
∫ s

−τ
f (τ + t)g(s− t)dt =

∫ τ+s

0
f (t)g(s+ τ − t)dt = ( f ∗g)(s+ τ).

Denotingτ +s by t, we eventually obtain (12) from (14). ⊓⊔

Proposition 1 is an extension of the symmetric relation for steady systems (see Sect. 2.2.2
in [9]) and is the most general form proposed in the present contribution.2 It should be noted
that each term in the equation is a definite moment ofφA or φB. This feature is significant
and is due to the fact that the cross term ofφA andφB is eliminated by Lemmas 2 and 3.

Remark 2Consider the homogeneous linearized Boltzmann equation for the domain sur-
rounded by a resting simple boundary. In the case, (12) is reduced to

Sh
∫

D
⟨φB−

initialφ
A⟩dxxx−

∫
∂D

τB
w ∗Qn[φA]dS= Sh

∫
D
⟨φA−

initialφ
B⟩dxxx−

∫
∂D

τA
w ∗Qn[φB]dS. (16)

This equation is remarkably similar to the Green formula for the solutions of heat conduc-
tion equation. Let us consider two solutions of the heat conduction equation for a common
domainD:

∂tT
A = ∆TA, TA(t = 0,xxx) = TA

initial(xxx) in D, TA = TA
w (t,xxx) on ∂D,

∂tT
B = ∆TB, TB(t = 0,xxx) = TB

initial(xxx) in D, TB = TB
w (t,xxx) on ∂D.

The Green formula for two functionsf (t,xxx) andg(t,xxx) generally takes the form of∫
D
[( f ∗∆g)− (g∗∆ f )]dxxx =

∫
∂D

[g∗ (∇ f ·nnn)− f ∗ (∇g·nnn)]dS.

Substitution ofTA andTB into f andg yields the relation∫
D
[(TA∗∂tT

B)− (TB ∗∂tT
A)]dxxx =

∫
∂D

[TB
w ∗ (∇TA ·nnn)−TA

w ∗ (∇TB ·nnn)]dS.

Since∂t
∫

D f ∗gdxxx =
∫

D f ginitial dxxx+
∫

D f ∗∂tgdxxx, we eventually obtain∫
D

TB
initialT

A dxxx+
∫

∂D
TB

w ∗ (∇TA ·nnn)dS=
∫

D
TA

initialT
B dxxx+

∫
∂D

TA
w ∗ (∇TB ·nnn)dS. (17)

The correspondence to (16) is now obvious because the heat flow is of opposite sign of the
temperature gradient. In the fluid-dynamic limit of the linearized Boltzmann equation, the
temperature field is known to be expressed by the heat-conduction equation. In this sense,
(16) may be regarded as the extension of (17) to the systems of arbitrary Knudsen number.

2 In the case of steady systems, individual functions are time-independent, so that we may putφ α
initial = φ α

(α = A,B). Then, (12) divided byt is reduced to∫
D
⟨IB−φA⟩dxxx−

∫
∂Dw

⟨ζngB−
w φA⟩dS−

∫
∂Dg

⟨ζnhB−φA⟩dS+
1
2

∫
∂Dg

⟨ζnhB−hA⟩dS

=
∫

D
⟨IA−φB⟩dxxx−

∫
∂Dw

⟨ζngA−
w φB⟩dS−

∫
∂Dg

⟨ζnhA−φB⟩dS+
1
2

∫
∂Dg

⟨ζnhA−hB⟩dS. (15)

This is identical to the symmetric relation for steady bounded-domain systems (see (14) in [9]).
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Table 1 Green functions for initial data

Green function corresponding element sources note

G(m)(t,xxx,ζζζ ) gw = 0 h = 0 G(m)
initial = 1 I = 0 −

G(ℓℓℓ)(t,xxx,ζζζ )a gw = 0 h = 0 G(ℓℓℓ)
initial = ζℓ I = 0 G(−ℓℓℓ) = −G(ℓℓℓ)

G(E)(t,xxx,ζζζ ) gw = 0 h = 0 G(E)
initial = 2

3 |ζζζ |
2 I = 0 −

a ℓℓℓ is an arbitrary unit vector andζℓ = ζiℓi .

In the same way as in [9], we can consider a point source in the initial data, inho-
mogeneous term, and boundary data and its corresponding Green functions. Then, various
reciprocities in a way of point correspondence can be derived from Proposition 1. We shall
not repeat all these processes here. Rather, we shall pick up only a few kinds of Green func-
tions in Sects. 3–5 and present several interesting consequences obtained from Proposition 1.
Further in Sect. 6, we will show that the expressions similar to the fluctuation–dissipation
theorem and to those for the static admittance in the linear response theory for bulk systems
[16] can be obtained from Proposition 1 by applying it to a gas in a periodic box. On the
basis of this observation, we also discuss their extensions to the systems of arbitrary Kn.

3 Representation in terms of the Green functions for initial data

We consider an initial- and boundary-value problem (1)–(5) (the original problem, in short)
and its associated problems (1)–(5) with the initial data, boundary data, and inhomogeneous
term listed in Table 1. The latter problems are associated with the original one in the sense
that the domainD, collision operatorL , kernelsR andP, and the Strouhal and Knudsen
numbers Sh and Kn are the same as those in the original problem. We denote the solutions
of the associated problems byG(m), G(ℓℓℓ), andG(E) and call them the Green function for
the initial mass, momentum, and energy, respectively.G(m), G(ℓℓℓ), andG(E) represent the
response of the system against the initial uniform perturbation of mass, momentum, and
energy. There is no perturbation through the boundary and the inhomogeneous term. By
applying (12) to the pair of the solutionφ of the original problem and any of the Green
functions in Table 1, we obtain a general expression of the total mass, momentum, and
energy in the domainD at any time for the original problem:

Proposition 2 Consider the initial- and boundary-value problem(1) – (5) in the domain D.
The total mass, momentum, and energy in the domain at any time are expressed in terms of
the Green function for the initial mass, momentum, and energy as follows:

Sh
∫

D

 ω(t,xxx)
uℓ(t,xxx)
E (t,xxx)

 dxxx = Sh
∫

D

 ⟨φ−
initialG

(m)⟩(t,xxx)
⟨φ−

initialG
(−ℓℓℓ)⟩(t,xxx)

⟨φ−
initialG

(E)⟩(t,xxx)

 dxxx+
∫

D

 ⟨I− ∗G(m)⟩(t,xxx)
⟨I− ∗G(−ℓℓℓ)⟩(t,xxx)
⟨I− ∗G(E)⟩(t,xxx)

 dxxx

−
∫

∂Dw

 ⟨ζn(g−w ∗G(m))⟩(t,xxx)
⟨ζn(g−w ∗G(−ℓℓℓ))⟩(t,xxx)
⟨ζn(g−w ∗G(E))⟩(t,xxx)

 dS−
∫

∂Dg

 ⟨ζn(h− ∗G(m))⟩(t,xxx)
⟨ζn(h− ∗G(−ℓℓℓ))⟩(t,xxx)
⟨ζn(h− ∗G(E))⟩(t,xxx)

 dS. (18)

Example 1Consider a vapor in a domainD that is surrounded by its condensed phases I–IV
at rest at uniform temperatureT0 (Fig. 1). The vapor is in phase equilibrium with the con-
densed phases (the reference equilibrium state). Att = 0, the temperature of the condensed
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Fig. 1 A vapor in the domainD surrounded by its condensed
phases (I∼ IV). At t = 0, the temperature of the condensed
phases instantaneously changes fromT0 to T0(1+ τw). The cor-
responding saturation pressure of the vapor changes fromp0 to
p0(1+Pw).

Fig. 2 Poiseuille and thermal
transpiration flows. (a) Sketch of
the problems. (b) Geometry of the
pipe cross-section.

phases instantaneously changes fromT0 to T0(1+ τw), whereτw may be nonuniform but is
constant in time. We are interested in the time evolution of the total mass and energy in the
domainD.

In the present case, there is no imaginary boundary, so that∂D = ∂Dw. Let us denote the
saturation pressure of the vapor at temperatureT0(1+τw) by p0(1+Pw) and the solution of
the considered problem byφ . Sinceφ is the solution of the problem (1)–(3) withφinitial = 0,
I = 0, andgw = Pw +(|ζζζ |2− 5

2)τw, we obtain by the use of the first and third equations of
(18) the following expressions for the total mass and energy in the domainD:

Sh
∫

D

[
ω(t,xxx)
E (t,xxx)

]
dxxx = −

∫
∂D

[
Pw(xxx)un[G(m)](t,xxx)+ τw(xxx)Qn[G(m)](t,xxx)
Pw(xxx)un[G(E)](t,xxx)+ τw(xxx)Qn[G(E)](t,xxx)

]
dS. (19)

If the domainD is surrounded by a simple boundary,Pw is a fake parameter and disap-
pears from the above expressions because the mass flux through the boundary vanishes. In
the case, the first equation becomes trivial because ofG(mmm) = 1, so that (19) is reduced to

Sh
∫

D
E (t,xxx)dxxx = −

∫
∂D

τw(xxx)Qn[G
(E)](t,xxx)dS. (20)

Example 2Consider the time-dependent Poiseuille and thermal transpiration flows in a
straight pipe (Fig. 2). The geometry of the pipe cross-section may be arbitrary.

The time-dependent problem of the Poiseuille flow can be formulated as the flow of
a gas, which is initially in the thermal equilibrium at rest with the pipe wall of uniform
temperature, caused by a uniform weak external force in the (negative)x1-direction. Let us
denote the perturbed velocity distribution function byφP(t,xxx⊥,ζζζ ), wherexxx⊥ = (x2,x3). The
φP is a solution of (1)–(3) withD = S,∂D = ∂Dw = ∂S, I = −ζ1, gw = 0, andφP

initial = 0.
Next consider the time-dependent problem of the thermal transpiration and denote its

perturbed velocity distribution function byφT = x1(|ζζζ |2− 5
2)+ ΦT(t,xxx⊥,ζζζ ). Then,ΦT is

a solution of (1)–(3) withD = S, ∂Dw = ∂S, ∂Dg = 0, I = −ζ1(|ζζζ |2− 5
2), gw = 0, and a

certain initial dataΦT
initial(xxx⊥,ζζζ ). 3

3 Natural initial data would beΦT
initial = −

√
π

2 Knζ1A(|ζζζ |), whereA is the solution ofL (ζ1A(|ζζζ |2)) =
−ζ1(|ζζζ |2− 5

2) such that⟨|ζζζ |2A(|ζζζ |2)⟩ = 0. Here, we simply assume thatΦT
initial is independent ofx1.
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Table 2 Green functions for inhomogeneous term

Green function corresponding element sources note

G(m;I)(t,xxx,ζζζ ) gw = 0 h = 0 G(m;I)
initial = 0 I = 1 −

G(ℓℓℓ;I)(t,xxx,ζζζ ) gw = 0 h = 0 G(ℓℓℓ;I)
initial = 0 I = ζℓ G(−ℓℓℓ;I) = −G(ℓℓℓ;I)

G(E;I)(t,xxx,ζζζ ) gw = 0 h = 0 G(E;I)
initial = 0 I = 2

3 |ζζζ |
2 −

Substitution ofφP andΦT into the second equation of (18) yields the following relations:

Sh
∫

S

[
u1[φP](t,xxx⊥)
u1[φT](t,xxx⊥)

]
dxxx⊥ = −

∫
S

[
u1[G(e1)](t,xxx⊥)

Sh⟨ΦT−
initialG

(e1)⟩(t,xxx⊥)+Q1[G(e1)](t,xxx⊥)

]
dxxx⊥, (21)

wheree1 is the unit vector in thex1-direction. The relationu1[φT] = u1[ΦT] has been taken
into account in the second equation. Thus, the mass flow (flux) through the pipe can be
expressed for any time in terms of the Green function for the initial momentum in thex1-
direction. Incidentally, sinceG(e1) → 0 ast → ∞, (21) is reduced in the same limit to∫

S

[
u1[φP](xxx⊥)
u1[φT](xxx⊥)

]
dxxx⊥ = −Sh−1

∫
S

∫ ∞

0

[
u1[G(e1)](t,xxx⊥)
Q1[G(e1)](t,xxx⊥)

]
dt dxxx⊥. (22)

The left-hand side is the mass flow of the steady Poiseuille and thermal transpiration flows.

4 Representation in terms of the Green function for inhomogeneous term

In the present section, for the original initial- and boundary-value problem (1) – (5), we
consider the associated problems (1) – (5) with the initial data, boundary data, and inho-
mogeneous term listed in Table 2. We denote the solutions of the associated problems by
G(m;I), G(ℓℓℓ;I), G(E;I) and call them the Green function for the mass, momentum, and en-
ergy type inhomogeneous term, respectively. The total mass, momentum, and energy, which
have already been studied in Sect. 3, can also be expressed for any time in terms of the
Green function for the inhomogeneous term. These alternative expressions are obtained by
applying the pair of the solutionφ of the original problem and any of the Green functions in
Table 2 to the symmetric relation (12). The results are as follows:

Proposition 3 Consider the initial- and boundary-value problem(1) – (5) in the domain D.
Then, the time integration of the total mass, momentum, and energy in the domain can be
expressed in terms of the Green function for the mass, momentum, and energy type inhomo-
geneous term as follows:

∫
D

 ω(t,xxx)
uℓ(t,xxx)
E (t,xxx)

 dxxx = Sh
∫

D

 ⟨φ−
initialG

(m;I)⟩(t,xxx)
⟨φ−

initialG
(−ℓℓℓ;I)⟩(t,xxx)

⟨φ−
initialG

(E;I)⟩(t,xxx)

 dxxx+
∫

D

 ⟨I− ∗G(m;I)⟩(t,xxx)
⟨I− ∗G(−ℓℓℓ;I)⟩(t,xxx)
⟨I− ∗G(E;I)⟩(t,xxx)

 dxxx

−
∫

∂Dw

 ⟨ζn(g−w ∗G(m;I))⟩(t,xxx)
⟨ζn(g−w ∗G(−ℓℓℓ;I))⟩(t,xxx)
⟨ζn(g−w ∗G(E;I))⟩(t,xxx)

 dS−
∫

∂Dg

 ⟨ζn(h− ∗G(m;I))⟩(t,xxx)
⟨ζn(h− ∗G(−ℓℓℓ;I))⟩(t,xxx)
⟨ζn(h− ∗G(E;I))⟩(t,xxx)

 dS. (23)

The total mass, momentum, and energy in the domain can be obtained for any time by
differentiating(23)with respect to t.
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Example 3Consider again the time-dependent Poiseuille and thermal transpiration flows
studied in Example 2. As explained before,φP is the solution of (1)–(3) withD = S,∂Dw =
∂S, I = −ζ1, gw = 0, andφP

initial = 0. HenceφP is no other than the Green functionG(−e1;I),
if we considerΦT to be the solution of the original problem in the domain S. Therefore, by
applying the second equation of (23) withℓℓℓ = e1 to ΦT, we obtain the following relation:

∫
S

u1[φT](t,xxx⊥)dxxx⊥ = Sh
∫

S
⟨ΦT−

initialφ
P⟩(t,xxx⊥)dxxx⊥ +

∫
S

Q1[φP](t,xxx⊥)dxxx⊥.

Here again we have used the fact thatu1[φT] = u1[ΦT]. Differentiating the above relation
with respect tot yields

∫
S

u1[φT](t,xxx⊥)dxxx⊥ = Sh∂t

∫
S
⟨ΦT−

initialφ
P⟩(t,xxx⊥)dxxx⊥ +

∫
S

Q1[φP](t,xxx⊥)dxxx⊥. (24)

This is an extension of the reciprocal relation between the steady Poiseuille and thermal
transpiration flows. In the limitt → ∞, the first term on the right-hand side vanishes, because
φP tends to a steady solution. Thus, in the same limit, (24) recovers the known reciprocity
that the (dimensionless) heat flux of the Poiseuille flow is identical to the mass flux of the
thermal transpiration flow (e.g., [6] and Example 5 in [9]). It should be noted that the same
reciprocity as the steady case remains valid for any time, ifΦT

initial = 0.

By the comparison between (23) and (18), it is seen that the integration of the right-hand
side of (18) from the initial to timet is the same as the right-hand side of (23) multiplied by
Sh. Sinceφinitial in (23) is arbitrary, we obtain the following:

Corollary 1 The Green function for the inhomogeneous term is a time integration of the
Green function for the corresponding initial data:

G(α;I)(t,xxx,ζζζ ) = Sh−1
∫ t

0
G(α)(r,xxx,ζζζ )dr (α = m, ℓℓℓ,E). (25)

Remark 3(25) implies that∂tG(α;I) multiplied by Sh solves the same initial- and boundary-
value problem (1)–(5) as that forG(α), which suggests the interesting behavior ofG(α;I).
That is, even whenG(α;I) is continuous,∂tG(α;I) has a discontinuity corresponding to that
of G(α) which is caused by the difference between the initial condition and the boundary
condition forG(α).

5 Representation in terms of the Green function for boundary data

In the present section, we consider the reaction of the system against the elemental source
on the boundary. We will show that the mass, momentum, and energy transferred to the
boundary can be expressed for any time in terms of the Green function for the element
source. The discussions are essentially parallel to those for steady systems in [9]. We discuss
the case of real boundary and that of imaginary boundary separately.
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Table 3 Green functions for the boundary data on Sw of real boundary∂Dw.

Green function corresponding element sources

G(P;Sw)(t,xxx,ζζζ ) gw = χSw
a h = 0 G(P;Sw)

initial = 0 I = 0

G(T;Sw)(t,xxx,ζζζ ) gw = (|ζζζ |2− 5
2)χSw h = 0 G(T;Sw)

initial = 0 I = 0

a χSw is the characteristic function of Sw ⊆ ∂Dw, i.e.,χSw = 1 on Sw andχSw =
0 otherwise.

5.1 Mass and heat fluxes on the real boundary

For the original initial- and boundary-value problem (1)–(5), we consider the associated
problems (1)–(5) with the initial data, boundary data, and inhomogeneous term listed in
Table 3. We denote the solutions of the associated problems byG(P;Sw) andG(T;Sw) and call
them the Green functions for the pressure and temperature sources on the surface Sw. By
applying (12) to the pair of the solutionφ of the original problem and any of the Green
functions in Table 3, we obtain the representation of the mass and heat fluxes through Sw in
terms of the Green functions. The results are summarized as follows:

Proposition 4 Consider the initial- and boundary-value problem(1) – (5) in the domain D.
The total mass and heat transferred from the surfaceSw on ∂Dw to the gas up to time t can
be expressed in terms of the Green function for the pressure and temperature sources onSw:

∫
Sw

[
un(t,xxx)
Qn(t,xxx)

]
dS= −Sh

∫
D

[
⟨φ−

initialG
(P;Sw)⟩(t,xxx)

⟨φ−
initialG

(T;Sw)⟩(t,xxx)

]
dxxx−

∫
D

[
⟨I− ∗G(P;Sw)⟩(t,xxx)
⟨I− ∗G(T;Sw)⟩(t,xxx)

]
dxxx

+
∫

∂Dw

[
⟨ζn(g−w ∗G(P;Sw))⟩(t,xxx)
⟨ζn(g−w ∗G(T;Sw))⟩(t,xxx)

]
dS+

∫
∂Dg

[
⟨ζn(h− ∗G(P;Sw))⟩(t,xxx)
⟨ζn(h− ∗G(T;Sw))⟩(t,xxx)

]
dS. (26)

The mass and heat fluxes throughSw are obtained for any time by differentiating(26) with
respect to t.

Example 4Consider again the example studied in Example 1. We are interested in the mass
and heat transfer from the condensed phase I (see Fig. 1). Denoting by SI the interface
between the vapor and the condensed phase I, the expression of the total mass and heat
transferred from the condensed phase I up to timet is given by (26) as follows:

∫
SI

[
un(t,xxx)
Qn(t,xxx)

]
dS=

∫
∂D

[
Pw(xxx)un[G(P;SI)](t,xxx)+ τw(xxx)Qn[G(P;SI)](t,xxx)
Pw(xxx)un[G(T;SI)](t,xxx)+ τw(xxx)Qn[G(T;SI)](t,xxx)

]
dS.

In particular, if SI is a simple boundary, the above expression is reduced to∫
SI

Qn(t,xxx)dS=
∫

∂D
τw(xxx)Qn[G

(T;SI)](t,xxx)dS.

Example 5Consider a gas in a straight channel, in which the bodies 1∼ 4 are periodically
arranged (Fig. 3). The channel wall and the bodies are maintained at uniform temperature
T0 (the reference temperature). The gas is initially in the thermal equilibrium state with the
channel wall and bodies. Fromt = 0, a weak uniform external force acts on the gas in the
x1-direction. We are interested in the heat that the gas receives from the bodies.
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Fig. 3 A gas in a channel with periodically
arranged bodies

The present problem is formulated by (1)–(5) withφinitial = 0, I = ζ1, andgw = h = 0.
Thus, the total heat that the gas receives from the bodies up to timet is expressed by the use
of (26) as follows: ∫

∂B
Qn(t,xxx)dS=

∫
D

u1[G(T;∂B)](t,xxx)dxxx, (27)

where∂B is the surface of the bodies. Thus, the heat transfer in the present problem can be
computed by the flow in the channel when the bodies are uniformly heated.

The right-hand side of (27) can be transformed as follows:

∫
D

u1[G(T;∂B)](t,xxx)dxxx =
∫

D
(

∂ x1u1[G(T;∂B)]
∂x1

−x1
∂ u1[G(T;∂B)]

∂x1
)dxxx

=
∫

S(x1)
u1[G(T;∂B)]dxxx⊥

∣∣∣
x1=1

−
∫ 1

0

∫
S(x1)

x1(Sh⟨G(T;∂B)⟩−∇⊥ ·uuu⊥[G(T;∂B)])dxxx⊥dx1

=
∫

S(x1)
u1[G(T;∂B)]dxxx⊥

∣∣∣
x1=1

−Sh
∫

D
x1⟨G(T;∂B)⟩dxxx,

where S(x1) is the cross section ofD at the axial positionx1, xxx⊥ = (x2,x3), uuu⊥ = (u2,u3),
and∇⊥ = (∂/∂x2,∂/∂x3). In the above transformation, the second equality is due to the
mass conservation law, while the third equality is due to the Gauss divergence theorem in
the cross section and to no mass flow across the channel wall and body surfaces. Thus (27)
is rewritten as follows:4∫

∂B
Qn(t,xxx)dS= −Sh

∫
D

x1⟨G(T;∂B)⟩(t,xxx)dxxx+
∫

S(x1)
u1[G(T;∂B)](t,xxx)dxxx⊥

∣∣∣
x1=1

.

By taking the limit t → ∞ after differentiating with respect tot, we obtain the following
relation that holds at the final steady state:∫

∂B
Qn(xxx)dS=

∫
S(x1)

u1[G(T;∂B)](xxx)dxxx⊥
∣∣∣
x1=1

.

Therefore, if the bodies are arranged so that a steady one-way flow is not induced when
uniformly heated, the steady flow induced by the uniform external force does not transfer
the heat to the bodies in total.

5.2 Mass, momentum, and heat fluxes on the imaginary boundary

For the original initial- and boundary-value problem (1)–(5), we consider the associated
problems (1)–(5) with the initial data, boundary data, and inhomogeneous term listed in

4 If we introduce the functionΦ = −x1 +φ , Φ is a solution of (1)–(5) withΦinitial = −x1, I = 0, gw = 0,
andh = −1. The present relation is obtained directly by applying (26) toΦ .
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Table 4 Green functions for the boundary data on Sg of imaginary boundary.

Green function corresponding elemental source note

G(P;Sg)(t,xxx,ζζζ ) gw = 0 h = χSg(xxx) G
(P;Sg)
initial (xxx,ζζζ ) = 0 I = 0 −

G(ℓℓℓ;Sg)(t,xxx,ζζζ ) gw = 0 h = 2ζiℓi χSg(xxx) G
(ℓℓℓ;Sg)
initial (xxx,ζζζ ) = 0 I = 0 G(−ℓℓℓ;Sg) = −G(ℓℓℓ;Sg)

G(T;Sg)(t,xxx,ζζζ ) gw = 0 h = (|ζζζ |2− 5
2)χSg(xxx) G

(T;Sg)
initial (xxx,ζζζ ) = 0 I = 0 −

Fig. 4 Thermal edge pump [18]

Table 4. We denote the solutions of the associated problems byG(P;Sg), G(ℓℓℓ;Sg), andG(T;Sg)

and call them the Green functions for the pressure, velocity, and temperature sources on the
surface Sg. By applying (12) to the pair of the solutionφ of the original problem and any of
the Green functions in Table 4, we obtain the representation of the mass, momentum, and
heat fluxes through Sg in terms of the Green functions. The results are as follows:

Proposition 5 Consider the initial- and boundary-value problem(1) – (5) in the domain
D. The total mass, momentum, and heat transferred from the surfaceSg on ∂Dg to the gas
up to time t can be expressed in terms of the Green function for the pressure, velocity, and
temperature sources onSg:

∫
Sg

 un(t,xxx)
Pnℓ(t,xxx)
Qn(t,xxx)

 dS= −Sh
∫

D

 ⟨φ−
initialG

(P;Sg)⟩(t,xxx)
⟨φ−

initialG
(−ℓℓℓ;Sg)⟩(t,xxx)

⟨φ−
initialG

(T;Sg)⟩(t,xxx)

 dxxx

−
∫

D

 ⟨I− ∗G(P;Sg)⟩(t,xxx)
⟨I− ∗G(−ℓℓℓ;Sg)⟩(t,xxx)
⟨I− ∗G(T;Sg)⟩(t,xxx)

 dxxx+
∫

∂Dw

 ⟨ζn(g−w ∗G(P;Sg))⟩(t,xxx)
⟨ζn(g−w ∗G(−ℓℓℓ;Sg))⟩(t,xxx)
⟨ζn(g−w ∗G(T;Sg))⟩(t,xxx)

 dS

+
∫

∂Dg

 ⟨ζn(h− ∗G(P;Sg))⟩(t,xxx)
⟨ζn(h− ∗G(−ℓℓℓ;Sg))⟩(t,xxx)
⟨ζn(h− ∗G(T;Sg))⟩(t,xxx)

 dS+
∫

Sg

 un[h](t,xxx)
Pnℓ[h](t,xxx)
Qn[h](t,xxx)

 dS. (28)

The mass, momentum, and heat fluxes throughSg are obtained for any time by differentiating
(28)with respect to t.

Example 6Consider a gas in a straight pipe, in which two arrays of plates, sayB1 andB2,
are periodically arranged (Fig. 4). Initially, the pipe wall and the plates are commonly at a
uniform temperatureT0 and the gas is thermally in equilibrium with them. If the temperature
of the arraysB1 is changed toT0(1+ τw1) (τw1 is a small constant), a flow is induced to
develop a steady one-way flow in the pipe (thermal edge pump [18]). When the change of
the temperature occurs instantaneously att = 0, the problem is formulated by (1)–(5) with
φinitial = 0, I = 0, gw = (|ζζζ |2− 5

2)τw1χ∂B1
, andh = 0. Thus, the expression of the total mass

passing through the pipe cross-section S up to timet in the x1-direction is obtained from
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(28) in the form: ∫
S

u1(t,xxx)dS= −τw1

∫
∂B1

Qn[G
(P;S)](t,xxx)dS.

Differentiating with respect tot yields the mass flux for any time:∫
S

u1(t,xxx)dS= −τw1

∫
∂B1

Qn[G(P;S)](t,xxx)dS (t > 0).

This is an extension of the formula in Example 6 of [9] to the time-dependent situation.

6 Similarity to fluctuation–dissipation theorem and symmetry of static admittance in
the linear response theory for bulk systems

As mentioned at the end of Sects. 1 and 2.3, the symmetric relation (12) yields the expres-
sions similar to the fluctuation–dissipation theorem and to those for the static admittance
in the linear response theory for bulk systems (i.e., the systems for small Kn or without
boundary effect) [16], when applied to a gas in a box with the periodic condition. In this
section, we briefly discuss this issue and their extension to gas systems in a fixed bounded
domain for arbitrary Kn. In rarefied gas dynamics, the fluctuation–dissipation theorem was
sometimes used to evaluate the validity and/or accuracy of particle simulation methods like
the DSMC (e.g., [19–21]). The point of the present argument is different from those studies.

Consider a gas in a box with the periodic condition (the periodic boxDp, in short). The
gas in the periodic box is intended to represent a uniform expanse of the gas in a whole
space, i.e., a bulk gas without boundary effect, so that Kn for the periodic boxDp is a fake
parameter or may be considered small. Let us denote byφA the solution of (1), (2), and (5b)
with h = 0, I = ζ1(|ζζζ |2− 5

2), andφA
initial = 0. Then,φA is independent ofxxx and approaches

(
√

π/2)Knζ1A(|ζζζ |) ast → ∞, whereA(|ζζζ |) is the solution ofL (ζiA(|ζζζ |)) =−ζi(|ζζζ |2− 5
2)

with ⟨|ζζζ |2A(|ζζζ |)⟩ = 0 [22–24]. On the other hand, let us denote byφB the solution of (1),
(2), and (5b) withh = 0, I = 0, andφB

initial = ζ1(|ζζζ |2− 5
2). Then,φB is also independent ofxxx

and tends to vanish ast → ∞. Now applying (12) to the pair ofφA andφB and dividing the
resulting byDp, we obtain5

Sh⟨ζ1(|ζζζ |−
5
2
)φA(t,ζζζ )⟩ =

∫ t

0
⟨ζ1(|ζζζ |−

5
2
)φB(s,ζζζ )⟩ds. (29)

SinceφB
initial = ζ1(|ζζζ |2− 5

2) and thatφA → (
√

π/2)Knζ1A(|ζζζ |) ast → ∞, taking the limit
t → ∞ in (29) leads to

λ = 2(k/m)p0t0

∫ ∞

0
⟨φB

initialφ
B(t)⟩dt. (30)

Here,λ [≡
√

π p0(2kT0/m)−1/2(k/m)ℓ0⟨ζ 2
1 (|ζζζ |− 5

2)A(|ζζζ |)⟩] is the thermal conductivity of
the gas. The relation (30) means that the thermal conductivity is expressed by the time-
correlation in the relaxation problem from the initial perturbationζ1(|ζζζ |2− 5

2). In this sense,
(30) is similar to the fluctuation–dissipation theorem for the thermal conductivity.

The corresponding expression for the viscosity can be obtained in the same way. Let us
denote byφA the solution of (1), (2), and (5b) withh = 0, I = 2ζ1ζ2, andφA

initial = 0. Let

5 For the BGK (or BKW in [22]) model, the relation (29) is easily verified becauseφA and φB can
be solved explicitly asφA = (

√
π/2)Knζ1(|ζζζ |2 − 5

2)[1− exp(−(2/
√

π)(t/KnSh))] and φB = ζ1(|ζζζ |2 −
5
2)exp(−(2/

√
π)(t/KnSh)). In the same way, (31) is easily verified for the BGK model, becauseφA and

φB are given byφA =
√

πKnζ1ζ2[1−exp(−(2/
√

π)(t/KnSh))] andφB = 2ζ1ζ2 exp(−(2/
√

π)(t/KnSh)).
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Table 5 Additional Green functions for initial data and inhomogeneous term

Green function corresponding element sources

G(ℓℓℓ⊗kkk;I)(t,xxx,ζζζ ) gw = 0 h = 0 G(ℓℓℓ⊗kkk;I)
initial = 0 I = 2ζkζℓ

G(Hℓ;I)(t,xxx,ζζζ ) gw = 0 h = 0 G(Hℓ;I)
initial = 0 I = ζℓ(|ζζζ |2− 5

2)
G(ℓℓℓ⊗kkk)(t,xxx,ζζζ ) gw = 0 h = 0 G(ℓℓℓ⊗kkk)

initial = 2ζℓζk I = 0

G(Hℓ)(t,xxx,ζζζ ) gw = 0 h = 0 G(Hℓ)
initial = ζℓ(|ζζζ |2− 5

2) I = 0

us denote byφB the solution of (1), (2), and (5b) withh = 0, I = 0, andφB
initial = 2ζ1ζ2.

Here,D is the periodic boxDp. Then, bothφA and φB are independent ofxxx, andφA →
(
√

π/2)Knζ1ζ2B(|ζζζ |) andφB → 0 ast →∞, whereB(|ζζζ |) is the solution ofL (ζ1ζ2B(|ζζζ |))=
−2ζ1ζ2. From (12), we obtain

Sh⟨2ζ1ζ2φA(t,ζζζ )⟩ =
∫ t

0
⟨2ζ1ζ2φB(s,ζζζ )⟩ds, (31)

and taking the limitt → ∞ in this relation leads to

µ = p0t0

∫ ∞

0
⟨φB

initialφ
B(t,ζζζ )⟩dt, (32)

whereµ[≡
√

π p0(2kT0/m)−1/2ℓ0⟨ζ 2
1 ζ 2

2 B(|ζζζ |)⟩] is the viscosity of gas. Thus, the viscosity
is expressed by the time correlation in the relaxation problem from the initial perturbation
2ζ1ζ2 (the similarity to the fluctuation–dissipation theorem for the viscosity).

Motivated by the above observations, we consider correlations between the Green func-
tions for initial data and inhomogeneous term listed in Tables 1 and 5 for any fixed bounded
domainD (and for any Kn). By applying the symmetric relation (12) to the pair ofG(α ;I)

andG(α) (α = ℓℓℓ,ℓℓℓ⊗kkk,Hℓ) and taking the limitt → ∞, we especially obtain

lim
t→∞

∫
D

 ⟨ζℓG(ℓℓℓ;I)⟩(t,xxx)
⟨2ζℓζkG(ℓℓℓ⊗kkk;I)⟩(t,xxx)

⟨ζℓ(|ζζζ |2− 5
2)G(Hℓ;I)⟩(t,xxx)

 dxxx = Sh−1
∫

D

∫ ∞

0

 ⟨G(ℓℓℓ)
initialG

(ℓℓℓ)⟩(s,xxx)
⟨G(ℓℓℓ⊗kkk)

initial G
(ℓℓℓ⊗kkk)⟩(s,xxx)

⟨G(Hℓ)
initialG

(Hℓ)⟩(s,xxx)

dsdxxx.

(33)
It should be noted that, ifD is the periodic boxDp, the first equation becomes a trivial iden-
tity,6 while the second and third become the expression corresponding to the fluctuation–
dissipation theorem for the viscosity and the thermal conductivity, respectively. The ex-
pression (33) may be regarded as a generalization of the expression corresponding to the
fluctuation–dissipation theorem to gas systems in a fixed bounded domain for arbitrary Kn.
Incidentally, if the domainD is the cross-section S of the straight pipe discussed in Exam-
ple 2, the first equation of (33) withℓℓℓ = e1 is identical to the first equation of (22).

In the same way, we can discuss the extension of the static admittance in the linear
response theory for bulk systems to the systems of arbitrary Kn. That is, by applying (12)
to the pairs ofG(ℓℓℓ;I) andG(Hℓ) and ofG(Hℓ) andG(ℓℓℓ;I) and then taking the limitt → ∞, we
obtain

lim
t→∞

∫
D

[
⟨ζℓG(Hℓ;I)⟩(t,xxx)

⟨ζℓ(|ζζζ |2− 5
2)G(ℓℓℓ;I)⟩(t,xxx)

]
dxxx = Sh−1

∫
D

∫ ∞

0

[
⟨G(Hℓ)

initialG
(ℓℓℓ)⟩(s,xxx)

⟨G(ℓℓℓ)
initialG

(Hℓ)⟩(s,xxx)

]
dsdxxx.

6 WhenD = Dp, G(ℓℓℓ;I) = ζℓ t/Sh andG(ℓℓℓ) = ζℓ.
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The left-hand side is the static admittance of the systems against the weak external force
represented by the inhomogeneous term for any fixed bounded domainD. On the other
hand, application of (12) to the pair ofG(ℓℓℓ) andG(Hℓ) yields∫

D
⟨G(ℓℓℓ)

initialG
(Hℓ)⟩dxxx =

∫
D
⟨G(Hℓ)

initialG
(ℓℓℓ)⟩dxxx.

Thus, the above static admittances are reciprocal each other:

lim
t→∞

∫
D
⟨ζℓG

(Hℓ;I)⟩(t,xxx)dxxx = lim
t→∞

∫
D
⟨ζℓ(|ζζζ |2−

5
2
)G(ℓℓℓ;I)⟩(t,xxx)dxxx. (34)

WhenD is the periodic boxDp, both sides vanish7 and (34) loses its meaning. However,
in general, the above reciprocity is physically meaningful. To illustrate it, let us consider
Example 2 again, in which the domainD is the cross-section of the straight pipe. Then (34)
with ℓℓℓ = e1 is identical to (24) witht → ∞. Thus, the latter is an example of the symmetry of
the static admittance generalized to gas systems in a fixed bounded domain for arbitrary Kn.
As is mentioned in Example 3, (24) witht → ∞ is a known relation between the net mass
flow of the steady thermal transpiration and the net heat flow of the steady Poiseuille flow,
both of which are known to be induced as a gas rarefaction effect. The present discussion
gives an alternative view of the reciprocity between the steady systems for arbitrary Kn.

7 Conclusion

In the present paper, we first established a symmetric relation between two problems de-
scribed by the unsteady linearized Boltzmann equation for a gas in a fixed bounded domain.
Then, we introduced several Green functions for the initial data, inhomogeneous term, and
boundary data and derived general expressions for the total mass, momentum, and energy in
the system and those for the mass, momentum, and heat fluxes through the boundary for any
time in terms of the Green function. Several examples of the application of these expressions
have been presented. Finally, the expressions similar to the fluctuation–dissipation theorem
and to the static admittance in the linear response theory for bulk systems were presented.
Further, their extensions to the systems of arbitrary Knudsen number were discussed.

A Linearized collision operator L and the kernelsRand P

A.1 Properties ofL

1. L (Φ)− = L (Φ−) for anyΦ , whereΨ−(xxx,ζζζ ) ≡Ψ(xxx,−ζζζ ).
2. ⟨ΦL (Ψ)⟩ = ⟨ΨL (Φ)⟩ for anyΦ andΨ , where⟨Φ⟩ =

∫
Φ(ζζζ )E(ζζζ )dζζζ . (self-adjointness)

3. L (Φ) = 0 holds if and only ifΦ is a linear combination of 1,ζζζ , and|ζζζ |2.
4. ⟨ΦL (Φ)⟩ ≤ 0 for anyΦ , where the equality holds if and only ifΦ is a linear combination of 1,ζζζ , and

|ζζζ |2.

A.2 Properties ofR

We summarize the properties ofRCR andRPR separately (see Appendix A.9 in [22]).

7 WhenD = Dp, G(Hℓ;I) → (
√

π/2)KnζℓA(|ζζζ |) ast → ∞ andG(ℓℓℓ;I) = ζℓ t/Sh.
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Properties of RCR

1. RCR(ζζζ ∗
,ζζζ ;xxx) ≥ 0 for ζ ∗

n < 0, ζn > 0. (non-negativity)

2.
∫

ζn>0
RCR(ζζζ ∗

,ζζζ ;xxx)dζζζ = 1 for ζ ∗
n < 0. (condition of no mass flow across the boundary)

3. |ζ ∗
n |RCR(ζζζ ∗

,ζζζ ;xxx)E(ζζζ ∗) = |ζn|RCR(−ζζζ ,−ζζζ ∗;xxx)E(ζζζ ) for ζn > 0, ζ ∗
n < 0. (the detailed balance)

4. Let ϕ beϕ = c0 +ciζi +c4|ζζζ |2, wherec0, ci , andc4 are independent ofζζζ . Among suchϕ, only ϕ = c0
satisfies the following relation: (uniqueness condition)

ϕ(xxx,ζζζ )E(ζζζ ) =
∫

ζ ∗
n <0

|ζ ∗
n |

|ζn|
RCR(ζζζ ∗

,ζζζ ;xxx)ϕ(xxx,ζζζ ∗)E(ζζζ ∗)dζζζ ∗ for ζn > 0.

Properties of RPR

1. RPR(ζζζ ∗
,ζζζ ;xxx) ≥ 0 for ζ ∗

n < 0, ζn > 0. (non-negativity)
2. There exists a given functiong0(xxx,ζζζ ) ≥ 0 defined inζn > 0 such that

E(ζζζ ) = g0(xxx,ζζζ )+
∫

ζ ∗
n <0

|ζ ∗
n |

|ζn|
RPR(ζζζ ∗

,ζζζ ;xxx)E(ζζζ ∗)dζζζ ∗ for ζn > 0.

3. |ζ ∗
n |RPR(ζζζ ∗

,ζζζ ;xxx)E(ζζζ ∗) = |ζn|RPR(−ζζζ ,−ζζζ ∗;xxx)E(ζζζ ) for ζn > 0, ζ ∗
n < 0. (the detailed balance)

4. Let ϕ beϕ = c0 +ciζi +c4|ζζζ |2, wherec0, ci , andc4 are independent ofζζζ . Among suchϕ, only ϕ = 0
satisfies the following relation: (uniqueness condition)

ϕ(xxx,ζζζ )E(ζζζ ) =
∫

ζ∗
n <0

|ζ ∗
n |

|ζn|
RPR(ζζζ ∗

,ζζζ ;xxx)ϕ(xxx,ζζζ ∗)E(ζζζ ∗)dζζζ ∗ for ζn > 0.

A.3 Properties ofP

(a) P(xxx′,ζζζ ′
,xxx,ζζζ ) ≥ 0 and is not identically zero.

(b) |ζn|E(ζζζ )P(xxx′,ζζζ ′
,xxx,ζζζ ) = |ζ ′

n′ |E(ζζζ ′)P(xxx,−ζζζ ,xxx′,−ζζζ ′) for ζn > 0 andζ ′
n′ < 0.

(c) There exists a given functiong0(xxx,ζζζ ) ≥ 0 defined inζn > 0 andxxx∈ ∂D(2)
g such that

1 = g0(xxx,ζζζ )+
∫

∂D
(2)
g

∫
ζ ′

n′<0
P(xxx′,ζζζ ′

,xxx,ζζζ )dζζζ ′ dS′ for ζn > 0.
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