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Chapter 1

Introduction

This thesis relates dynamical systems and variational problems. The field of dynamical
systems, broadly speaking, studies time evolutions of systems formulated as differential
equations or mappings. Henri Poincaré originated the field in the 1890s. Variational prob-
lems also have a long history, beginning with the brachistochrone curve problem presented
by Johann Bernoulli in the 1690s. Classically speaking, the calculus of variations involves
calculating differentiation in a functional space, and minimizing methods are a standard
way to obtain critical points of a functional. For some ordinary or partial differential
equations, there are functionals whose critical points correspond to their solutions. Vari-
ational problems can be formulated for symplectic mappings through Poincaré’s lemma.
Therefore we expect to obtain solutions of differential equations or orbits of mappings by
finding critical points of the corresponding functionals.

Our purpose is to show the existence of topologically or geometrically characteristic
solutions or orbits in chaotic dynamics by using minimizing methods and to study their
properties. This thesis mainly deals with twist maps and the n-body problem, especially
the restricted three-body problem, which is a special case of the three-body problem.
Tunst maps are a class of area-preserving maps on the annulus satisfying twist condition
and the n-body problem is the problem of studying the individual behaviors of a group of
particles interacting with each other gravitationally and represented by a system of ordi-
nary differential equations. Both of them are parts of important subjects for dynamical
systems and have variational structures.

Area-preserving maps are two-dimensional symplectic mappings and they contain a lot
of significant maps, such as standard maps [4,9] and billiard maps [34,57]. In particular,
twist maps have been studied vigorously [3,29,32]. Based on [5], Mather [35] considered
a variational problem for twist maps to show the existence of periodic or quasi-periodic
orbits, and his ideas led to Aubry-Mather theory, as seen later. By applying Mather’s
approach, Yu [66] recently have shown the existence of infinitely many heteroclinic and ho-
moclinic orbits of twist maps between a pair of two periodic orbits called the neighboring,
which implies chaotic dynamics.

In addition, it is well-known that the n-body problem, including the restricted three-
body problem, is non-integrable when n > 3 [31,47,61]. Whereas, beginning with the
figure-eight by Chenciner and Montgomery [18], a lot of periodic solutions of the full
n-body problem have been shown to exist by using variational approaches [13, 15, 53].
The restricted three-body problem is also an important research area that deals with
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significant issues in celestial mechanics, such as analyzing asteroid movement behavior and
orbit design for space probes. However, there are fewer studies on variational problems
for the restricted three-body problem compared with the full n-body problem, because
the corresponding action functional is more complicated [39)].

What properties of dynamical systems does the existence of various periodic solutions
indicate in the n-body problem? To consider this issue, we can define braids for periodic
solutions in the n-body problem that are shown to exist by using minimizing methods.
This study of braids is motivated by the fact that braid theory is closely associated with
low-dimensional dynamical systems through mapping class groups [10]. Although the
n-body problem is not a low-dimensional dynamical system, our viewpoint sheds some
new light on the relationship between dynamical systems, variational analysis, and braid
theory.

In the rest of this chapter, we first review several basic terminologies for dynami-
cal systems and basic concepts of variational problems for ordinary differential equations
including the n-body problem, and area-preserving maps through previous research. Ad-
ditionally, we describe n-braids for periodic solutions of the planar n-body problem.

1.1 Variational structures for ordinary differential equa-
tions

For t € R and x € R", we set
= F(t,x) (1.1.1)

where & = dx/dt and F': R x R™ — R" is a smooth vector field. There are three key types
of time-global solutions for (1.1.1): periodic, heteroclinic, and homoclinic solutions.

Definition 1.1.1 (periodic, heteroclinic, and homoclinic solutions). Let x = z(t) be a
solution of (1.1.1). Then

(i) ForT >0, x(t) is said to be T-periodic if x(t) = x(t+T) for allt € R. Moreover, if
a constant vector e satisfies F'(t,e) =0 for all t € R, then we call e an equilibrium
point. If e is an equilibrium point, then x(t) = e is called a stationary solution.

(ii) The solution x(t) is said to be heteroclinic if there are two distinct equilibrium points
e and ey with x(t) #Z e; (i = 1,2) such that |x(t) —e;] — 0 ast — —oo and
|z(t) —ea] = 0 ast — oo.

(iii) The solution x is said to be homoclinic if there is an equilibrium point e with x(t) # e
such that |z(t) —e| — 0 as |t| — oo.

What kinds of solutions appear in ordinary differential equations? This question is
extremely difficult to answer in general. However, we can often obtain a time-global solu-
tion with interesting geometric or topological behaviors by replacing the original system
with a variational problem.

We say ‘(1.1.1) has a variational structure’ when there is a functional A: X — R
such that if © € X satisfies A'(x) = 0, then z is a weak solution of (1.1.1). Here, X
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is a functional space. A typical example is a potential system, which has a function
V:R x R"” — R such that:

o
- Ox

We set Wh2([a,b]) := {x: [a,b] = R" | ||z|[3}1> < oo}, where a < b and:

z t,x). (1.1.2)

b
lolfisaqun = | (F +lof)dt
A function L: R™ x R™ — R is given by:
: L. o
L(z, ) := §|x| + V(t,x).

For the described system, consider a functional A: W2([a,b]) — R given by:

b
A[mb](x):/ L(x,%)dt. (1.1.3)

For simplicity, suppose that V' is smooth and n = 1. To obtain a periodic solution, we
consider when both ¢ and x are 1-periodic. We set:

X = W1’2(T1) = {LUZ T' - R | ||x||W1»2(’]I‘1) < OO},

and

A(x) == A (z).

Note that if € X, then x is continuous. It is well-known that z satisfying A’(x) = 0 is
a weak solution of (1.1.2), and also a classical solution if V' is smooth. Thus, the problem
of finding a solution of (1.1.2) is replaced by the problem of finding a critical point of
(1.1.3).

What kinds of critical points does the functional have? The standard approach is to
find a minimum point of (1.1.3). Such methods are called minimizing methods or direct
methods. If we obtain x* satisfying:

*) = inf 1.14
Az?) = nf A(z), (1.1.4)
then it is a periodic solution of (1.1.2). (Note that the existence of z* is guaranteed in
the weak closure X of X in general.)
Now we consider heteroclinic and homoclinic solutions. Given two equilibrium points
e and ey, let a functional A, and a set Y; be defined by:

Aoo(a:):/ %]$|2+V(t,x)dt (1.1.5)
and

Y) = {z € X | [z — e1]lz2iiv1) = 0 (1 = —00), [|x — ea||2p,i41) = 0 (1 = 00)},
(1.1.6)



CHAPTER 1. INTRODUCTION 6

where X, = I/Vl(l)f(]R, R). That is, # € Xj,. implies ||z||w12(q) < oo for any a,b with
a < b. Since the value of inf,cy Ay (x) can always be infinity, we need to normalize

(1.1.5). We redefine A, as:
As(z) = aix), (1.1.7)

where:
> 1
a;(r) = / —|z? + V(t,z)dt — c
oo 2
and c is a constant determined from the choice of Y;. Since a minimizer converges to e; or
ey if a; > 0 for all 7 € Z, we can expect that x that gives the minimum of the functional
A is a heteroclinic solution if = € Y;. To obtain a homoclinic solution, we set:

Yo = {z € Xioc | ||z — €1l z2[,i41) = 0 (|| = 00)}. (1.1.8)

Note that this setting is not appropriate where e; € Y3 and can be a minimizer of (1.1.7).
Therefore we need to assume some technical constraints on Y;. However, adding con-
straints makes it more difficult to show that a minimizer is in Y5, not in }72\Y2 We omit
the detailed argument here. The above discussion is based on [49].

Although we considered a potential system, a similar approach is valid for partial
differential equations (e.g. see [50]). To delve deeper into the calculus of variations for
multivariable functions, we recommend [25]. Furthermore, there are approaches other
than minimizing methods to find critical points. For a well-known example, see [48] for a
minimax method.

1.2 Variational structures for area-preserving maps

Let f: R® — R"™ be a smooth function and f~! be its inverse. Taking z, € R, we set
r = (1;)icz by x; = f'(x0) and call it an orbit. For a given orbit z, we define periodic,
heteroclinic, and homoclinic orbits, relating to Definition 1.1.1.

Definition 1.2.1 (periodic, heteroclinic, and homoclinic orbits).

(i) The orbit x is said to be periodic if there is m € N such that x; ., = x; for all i € Z.
Moreover if xo = f(x0), then we call xo a fized point.

(ii) The orbit x is said to be heteroclinic if there are two distinct fized points e; and e,
such that x; # e; for all i € Z and j = 1,2, with |zv; —e1| = 0 as i = —oo and
|z; —ea] = 0 as i — oo.

(iii) The orbit x is said to be homoclinic if there is a fized point e such that x; # e for
alli € Z and |x; —e| — 0 as |i| — c©.

Generally, we do not know whether (1.1.1) has a variational structure except in trivial
cases such as potential systems. On the other hand, Poincare’s lemma in the following
shows what maps have a variational structure.

Lemma 1.2.2 (Poincaré). If a k-form w satisfies dw = 0 on a simply connected domain
in R™, then for 1 < k <n, there exists a k — 1-form n such that w = dn.
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We check the variational structure of area-preserving maps through Lemma 1.2.2. A
map f: R? = R? ((z,y) — (X,Y)) is said to be area-preserving if f satisfies:

dx Ndy = dX NdY. (1.2.1)
Assume f € C! and is area-preserving. By simple calculation, (1.2.1) becomes:
d(YdX — ydz) = 0.
By Lemma 1.2.2; there is a function h = h(x, X) satisfying:
dh =YdX — ydx.
For the above h, we define a function H by:

k—1
H(xj, .. we) = Y h(wi, wiga) (1.2.2)
i=j

Although the critical points of H are not the orbits of f, the following discussion implies
that if f satisfies a twist condition, i.e., 0X /0y > 0, then f has a variational structure
and H is the corresponding function such as (1.1.3).
Let © = (zj,...,x)) be a critical point of (4.2.6). Clearly, x satisfies:
Oah(xi—1, ;) + O1h(z, 2441) = 0,

where 0; = 0/0x and 0y = 0/0X. We will show that (z;,y;) (i =1,--- ,n) is an orbit of
f, where:

Y; = —81h(xi,:vi+1). (123)
If h is well-defined, then we obtain:

f(@iyi) = f(i, =01h(@i; wi41)) = (@41, O2h(@i, Tit1)) = (@iv1, —O1A(@it1, Tiy2)),
and (z;,v;)", is an orbit. Since f € C', there is an inverse map and y can be regarded
as a map of (z, X). The twist condition implies:
Ay
0X

S0 y; is monotone and is not a multivalued function. Moreover, y; does not diverge because
h is of class C2.

As in (1.1.7), we define the normalized function H,, on RZ by:
Hoo(z) =Y (i, 2i01) — C. (1.2.4)

1€EZ

= —001h(x;, xi41) > 0,

Remark 1.2.3. For a 2n-dimensional mapping f: R* — R?"((z1,y1, "+ ,Tn,Yn)
(X1, Y1, , X, Y,), (1.2.1) is replaced by a symplectic form, i.e.,

> da Ady; =) dX; AdY;.
i=1 i=1
The above arguments relate to the Aubry-Mather theory, which was originated by [5]
and further developed by Mather [36-38]. Whereas we discussed periodic solutions in a
potential system, Mather [35] showed the existence of periodic or quasi-periodic orbits on
twist maps. Moreover, Bangert [6] obtained good conditions of h so that minimal sets
contain interesting configurations. We provide further detail in Chapter 2.
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1.3 Variational problems for the n-body problem

In this section, we introduce the n-body problem, which we will focus on in Chapters 3
and 4. The n-body problem, which is a potential system with singularities, is defined by:

. m;m; ,
mig; = Z G —ap@ @) (=L qe RY), (1.3.1)
J

and the corresponding potential V' is given by:

Vigi, -, qn) :ZL (g €RY). (1.3.2)

It is well-known that (1.3.1) is integrable when n = 2 and non-integrable when n > 3.
However, many works are proving periodic solutions of the n-body problem in the case
of n > 3 by minimizing methods. Readers can see various figures of numerical periodic
solutions of the n-body problem in [55].

Let an action functional A7 be given by:

/Z g + Z|

By considering the variational problem for (1.3.1), we can show the existence of periodic
solutions. However, our proof differs from the method in Section 1.1 because (1.3.2) has
singular points g; = g;.

We set:

X = {q = (qla e 7qn) € (Rd)n}7
Ay =1{qe X |q = q;}

A=Ay

i<j
and, by abuse of notation, can then define:
X = {q [O, 1] — X ‘ “q”leZ([O,lD < OO}

To prove that a minimizer is smooth, it suffices to show that it is not in A, i.e., it has
no collision. We explain the steps of the proof for showing periodic solutions as follows:

Step 1 Impose some ‘good’ constraints or boundary conditions on X.
Step 2 Show the existence of minimizers in the above set X.
Step 3 Show that a minimizer is not a trivial solution.

Step 4 Show that a minimizer has no collision.

Steps 1 and 4 are difficult. Although we show periodic solutions, we do not impose
a periodic boundary condition in Step 1. As an example to demonstrate why not, we
introduce the figure-eight.
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Example 1.3.1 (The figure-eight, [18]). The figure-eight solution is periodic in the planar
three-body problem with equal masses. Its existence was proved by Chenciner and Mont-
gomery. The proof is based on minimizing methods. They used isosceles triangles and a
linear configuration as the boundary conditions, as shown in Figure 1.1.

Figure 1.1: The figure-eight and its boundary conditions

In Step 4, we introduce two standard methods: level estimate and local estimate.

o Level estimate: Set
Xeot = {q € X | q(s) € A for some s € [0, 1]}.

We first estimate a constant C' so that the value of infyex_, Ar(q) is bounded below.
Next we construct a test path gies;s € X satisfying Ar(qiest) < C. Then we obtain:

qél)lff;o] AT(q) > O Z AT<qtest) Z ég)ff AT(q)

and a minimizer has no collision. This method of proof is called a level estimate (or
global estimate).

e Local estimate: Suppose that g.. collides at t = 0. We first analyze the behavior of
gcol 00 t € [0, ] for sufficiently small € > 0 by using the blow-up technique. More-
over, taking another path q([0,¢]) with q(¢) = qeai(¢), we show A.(q) < A.(geo)-
This approach is called a local estimate.

The existence of the figure-eight is shown by the level estimate. For other results using
a level estimate, we refer to [11,12]. Moreover, [53,65] used a local estimate to show
periodic solutions. Other methods to prove no collision include the averaging method [33]
and rotating circle property [21], which we do not delve into in this thesis.

1.4 Braids and braid types of periodic solutions in
the planar n-body problem

The figure-eight was first found by Moore, using numerical calculation. In [45], Moore
classified numerical periodic solutions of the planar n-body problem with n-braids. In
broad strokes, an n-braid is the suspension of an n-point set. The corresponding braid
for a T-periodic solution, such as (x(t),y(t)), is determined by plotting (z(t), y(¢),t) in
t € [0,T]. Figure 1.2 (the same as Figure 5.7) illustrates the corresponding braid for the
figure-eight in ¢ € [0,7T/3].
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(1 2)
Figure 1.2: A figure-eight and its corresponding braid

However, because the corresponding braid can be changed if we see it from another
direction, braids seem unsuitable for periodic orbits. For example, the braid in Figure 1.2
is different from the one made by turning it over. Therefore, we need to give some kind
of equivalence classes. We consider using braid types as the equivalence class. We state
precise definitions of braids and braid types in Chapter 5.

1.5 Outline of the thesis

This thesis is divided into two main parts. Chapters 2-4 deal with minimizing methods and
Chapter 5 examines braid types for periodic solutions obtained by minimizing methods.
More specifically, Chapter 2 consider twist maps and provides the variational structure
for infinite transition orbits, which alternately passes the neighboring of two periodic or
fixed points an infinite times. Chapter 3 and 4 are related to variational problems for the
restricted three-body problem. In Chapter 3, we show the existence of several periodic
solutions of the planar circular restricted three-body problem with the blow-up technique
and a local estimate. Chapter 4 is devoted to the study of the special case. In the first half
of this chapter, we use our methods in Chapter 3 to deal with the spacial Hill problem.
The second half provides the existence proof of brake orbits in the two-center problem
by using a level estimate. In Chapter 5, we study braid types for a family of periodic
solutions in the planar 2n-body problem and calculate the corresponding stretch factors
with covering spaces.



Chapter 2

Infinite transition orbits for twist
maps

2.1 Introduction

In this chapter, we consider chaotic dynamics and variational structures of area-preserving
maps. The dynamics of such maps have been widely studied, with key findings by Poincaré
and Birkhoff. To explore these variational structures, we define a special class of area-
preserving maps called monotone twist maps:

Definition 2.1.1 (monotone twist maps). Set a map f: TxR — T xR and assume that

feClandalift fof f :RxR—=RxR, (z,y) = (X,Y) satisfy the followings:
(fi) [ is area-preserving, i.e., dz Ady = dX AdY, and

(f2) 0X/0y > 0 (twist condition)

Then f is said to be a monotone twist map.

By Poincaré’s lemma, we get a generating function h for a monotone twist map f and
it satisfies dh = YdX — ydx. That is,

y=01h(z,X), Y =—0sh(x, X).

For the above h, by abuse of notation, we define h: R"*! — R by
h(wo, w1, @) = 3 W4, Tis) (2.1.1)
i=1

We can regard h as a variational structure associated with f, because any critical point
of (2.1.1), say (zg,-- ,x,), gives us an orbit of f by y; = —0hy (s, xi41) = Oha(xi_1, ;).
This is known as the Aubry-Mather theory, which is so called because Aubry studied
critical points of the action h in [5] and Mather developed the idea (e.g. [35,37]). We
briefly summarize Bangert’s investigation of good conditions of h for study in minimal
sets [6].

11
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We consider the space of bi-finite sequences of real numbers and define convergence of
a sequence z" € R” to x € R” by

lim |2 — ;| =0 (i € Z). (2.1.2)

n—oo

Assume that a Lipschitz continuous map h: R? — R satisfies (h1)-(h4), where they are
given by the followings:

(h1) For all (§,n) € R?, h(&n) =h(§+1,n+1);

(h2) lim h(€,€ +7) = oo

(hs) If £ < € and 5 < 7, then h(&, 1) + h(,7) < h(£,7) + h(E,n); and

(hy) If (z,20,21) and (&, xo, &) are minimal and (x, zg, 1) # (&, z0,&1), then (x —&)(z1 —
51) < 0.

Definition 2.1.2 (minimal configuration/stationary configuration). A finite configura-
tion © = (Zi)n<i<m 5 said to be minimal if, for any finite configuration {y;};2,, with
Ynog = Tng ANA Yp, = Ty,

h('rn(w In0+1, Ut 7In1717 'Z‘nl) S h(ynovyn0+17 Ut 7yn1717 yn1>7

where n < ng < ny < m. An infinite configuration x = (x;);cz is called minimal if,
for any n < m, we have x = (x;)1",, is minimal. Moreover, a configuration x is called
locally minimal or a stationary configuration if for any 1 € Z, it holds that Osh(x;_1,x;) +

81h($7;, ili'H_l) =0.
For z = (z;) € RZ, we define
X

Fo) o T G = e i
a(x).—iligloi,a(x). igr_nooi.

Definition 2.1.3 (rotation number). If both o™ (z) and o™ (x) exist and o™ (z) = o~ (z)(=:
a(x)), then we call a(x) a rotation number of x.

Let M, be a minimal set consisting of minimal configurations with rotation number
a. It is known that for any a € R, the set M,, is non-empty and compact (see [6] for the
proof).

Definition 2.1.4 (periodic orbits). A configuration v = (x;) is said to be (g, p)-periodic
if v = (z;) € RZ satisfies
Tp,qmi = Tp4q +q,

for anyi € Z.

It is easily seen that if z is (g, p)-periodic, then its rotation number is p/q. This chapter
discusses the case where a € Q. For a = p/q € Q, we set

MPT = {x € M, | x is T(,qg-periodic} N M,.
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Definition 2.1.5 (neighboring). A pair of (p,q)-periodic minimal configurations z°, x!

with 2° # ' is called neighboring if there is no other x € MP™ with 2° < x < z!

0

Given a neighboring pair (2°, '), we define:

M2y ={z e My | |zi—2°] = 0 (i = —o0) and |z; — 2'| = 0 (i = o)} and
M (2 2t ={z € My | |zi —2°] = 0 (i = o0) and |x; — 2'| = 0 (i — —o0)}.

Bangert [6] showed the following proposition.

Proposition 2.1.6. Given a € Q, if M, has a neighboring pair (z°, '), then MP M
and M, are nonempty.

Although we have discussed minimal configuration in the preceding paragraph, there
are also interesting works that treat non-minimal orbits between periodic orbits, particu-
larly, [49] and [66]. In [49], Rabinowitz used minimizing methods to prove the existence
of three types of solutions-periodic, heteroclinic and homoclinic-in potential systems with
reversibility for time, i.e. V(t,2) = V(—t,z). Under an assumption called gaps, which
is similar to neighboring, for periodic and heteroclinic solutions, each non-minimal het-
eroclinic and homoclinic orbit can be given as n-transition orbits (n > 2) between two
periodic orbits.

Definition 2.1.7 (n-transition orbits). An orbit is called an n transition orbit if it passes
between two periodic orbits, say u° and u', and alternately through a neighborhood of
them, where ‘n’ means the number of times it changes from a neighborhood of u° to a
neighborhood of u'. When n is odd, these are heteroclinic orbits; when n is even, these
are homoclinic orbits.

Remark 2.1.8. The ezistence of 1-transition orbits ( i.e., minimal heteroclinic orbits)
does not require gaps for heteroclinic orbits. We can see this by considering a simple
pendulum system.

Rabinowitz’s approach can be applied to variational methods for area-preserving maps.
Yu [66] added h to the following assumption (hs) — (he) to h:

(hs) There exists a positive continuous function p on R? such that:

h(&,n') + h(n, &) — (&, &) — h(n,7) / /
é‘/
if ¢ <mpand & <7
(he) There is a 6 > 0 satisfying the following conditions:

— & 08%/2 — h(E,¢) is convex for any &', and
— & 087/2 — h(£,€) is convex for any €.

Remark 2.1.9. One of a sufficient conditions for (hs) — (hs) is
(ﬁ) O1Ooh < —§ < 0 for some § > 0.

by taking a constant function p = § as a positive function. If f satisfies 0X/9y > o for
some & > 0, a generating function h for f satisfies (h). However, (h) is not a necessary
condition for satisfying (he) — (hs).
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Clearly, (hs) implies (hs). Mather [37] proved that if h satisfies (hi)-(hg), then
Ooh(x;_1,2;) and O1h(z;, x;41) exist in the meaning of the left-hand-side limit. In ad-
dition, he proved that if = is a locally minimal configuration, then it satisfies:

agh(xi_l, l’z) + c%h(xi, xi—i—l) =0.

Yu applied Rabinowitz’s methods to twist maps to show finite transition orbits of
monotone twist maps for all « € Q. We will give a brief summary of his idea in the
case of a = 0 (i.e. (p,q) = (1,0) in Definition 2.1.4). Let (u° u') be a neighboring
pair with v = 0. By abuse of notation, we then denote 1/ by the constant configuration
{z; = w }iez. We set

ci= miﬂg h(z,z)(= h(u’,u’) = h(u',ub)).
TE

And:
I(z) =) ai(x), (2.1.3)
i€Z
where a;(x) = h(x;, z41) — c.
Yu studied local minimizers of I to show the existence of finite transition orbits. Given
a rational number o € Q and a neighboring pair with (2% z'), we let:

IFa% ") = {zg € R | v € M} (u®,u")} and
I, (2% ") = {zg e R | v € M (u°,u")}.

«

Under the above setting, he showed the following theorem.

Theorem 2.1.10 (Theorem 1.7, [66]). Given a rational number o € Q, if
I (2%, 2") # (2, 2) and I, (2°, 2") # (x5, 75),

then there exist infinite number of 2k-transition heteroclinic orbits and 2k + 1-transition
homoclinic orbits which passes through the neighborhood of 2° and x' alternately.

Furthermore, [49] proved the existence of an infinite transition orbit as a limit of
sequences of finite transition orbits. However, the variational structure of infinite tran-
sition orbits is an open question. To consider the question for twist maps, the following
proposition is essential.

Proposition 2.1.11 (Proposition 2.2, [66]). If I(z) < oo, then |z;—u'| — 0 or |z;—u°| —
0 as |i| — oo.

Since this implies that /(z) = oo if x is an infinite transition orbit, we need to fix
the normalization of I. Therefore, we focus on giving the variational structure of infinite
transition orbits of twist maps and discuss the conditions of h. Roughly speaking, our
main theorem and the steps of the proof imply the following theorem.

Theorem 2.1.12. The function J defined in Section 2.5.1 gives us the variational struc-
ture of infinite transition orbits.

This chapter is organized as follows. Section 2.2 deals with some results in [66] and
remarks. In Section 2.3, our main results are stated and proved in the case of o = 0.
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2.2 Preliminary

In this section, we would like to introduce properties of (2.1.3) and minimal configura-
tions using several useful results in [66]. Moreover, we study estimates of heteroclinic
configurations.

2.2.1 Properties of minimal configurations
Let (u®,u') be a neighboring pair of M5 and:
X =X’ u') = {z = (23)icz | v’ < 2; <! (Vi € Z)},
X(n)=X(n;uu') = {o= ()" |’ <z; <u' (Yie{0,---,n})}, and (2.2.1)
X(n) = X(n;u®,ut) = {o = (2)"y | 20 = @0, «° < x; <u' (i €{0,---,n})}.

Definition 2.2.1 ( [66]). For z € X, we set:

d(r) := max min |z; — u!|.
0<i<n je{0,1}

For any 6 > 0, let C' be a Lipschitz constant of h and :

¢(9) := inf inf {i a;(z) | x € X(n) and d(z) > 5} :

ezt
" i=0

Remark 2.2.2. (1)We can replace Lipschitz continuity with local Lipschitz continuity on
[u® u'] x [l ul]. (2)The function ¢(8) is positive for any § > 0 and ¢(0) = 0.

Lemma 2.2.3 (Lemma 2.7 and 2.8, [66]). For any n € N and = € X(n) satisfying
min |z; — u’/| > 6,

[y

n—

a;(z) > ne(d)

~
I
o

and for anyn € N and x € X(n),

1
a;(z) > =Clx, — x|

n

Il
=)

Proof. See [66]. This proof requires (hs). O

Lemma 2.2.4 (Lemma 2.9, [66]). If x € X satisfies |x; —u®| as |i| — oo and x; # u° for
some i € Z, then I(z) > 0.

We also need to check that each component of stationary configurations is not equal
to u® or u'. This follows from the next lemmas.

Lemma 2.2.5 (Lemma 2.11, [66]). For any § € (0,u’ — ], if (x;)2, satisfies
(1) z; € [u°,u'] for all i =0,1,2;

(ii) z1 € [u' —6,ul], and xo # u' or zo # u'; and
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(1ii) h(zo, 1, 22) < W(wo, &, 23) for all € € [ur — §,ul],

then xy # u'. This still holds if we replace every u' by u® and every [u' — §,u'] by
[u® u® + 4.

Lemma 2.2.6 (Lemma 2.12, [66]). If a finite configuration x = (x;)}, ~ satisfies

i=ng
(i) z; € W, ul] for all i = ng,--- ,ny and
(i) for any (y:)it,, SOUSFYING Yny = Tngs Yny = Ty, and y; € [u°, u'],
h(xnmxnr‘rlﬂ oty Tpg—1, :EnQ) S h(ynlayn1+1a 5y Yng—1, yn2)7

then x is a minimal configuration. Moreover, if x also satisfies x,, & {u°’,u'} or z,, ¢
{u®,u'}, then x; ¢ {u® u'} for alli=ng+1,--- ,ny — 1.

Proof of the two lemmas above. See [66]. These proofs require (hy) and (hs). O
Moreover, we may replace o = 0 with other rational numbers as seen below.
Definition 2.2.7 (Definition 5.1, [66]). For a = p/q € Q\{0}, we set:
Xolz™2t) ={z = (0))icz | 2; <a; <af(i €Z)}.
where x~ and x are (p, q)-periodic neighboring minimal configurations with x~ < xt.

Definition 2.2.8 (Definition 5.2, [66]). For hy and hy, we define hy * hy: R? — R by

h1 * hg(l‘l, l’g) = Iﬁnglél(hl(l’l,g) + h2(§,x2)).

We call this the conjunction of hy and hs.

Using the conjunction, we denote H: R? — R for a = p/q by:

H(E,&) = h(& ¢ +p),
where h*9(x,y) = hy % hg -+ % hy (h; = h).
Definition 2.2.9 (Definition 5.5, [66]). For any y = (y;) € X(xy,x), we define v =
(x;) € Xo(x™,2™) as follows:
(i) = yi +ip and

(ii) (xj)g-i:i;)q satisfies

h(ig, - s T(it1)q) = H(Tig, iiv1yg) = H (Wi, Vi),

. +1 . . .
i.€., (xj)yjiq)q 15 a minimal configuration of h.

Although we focus on the case of rotation number o = 0, we may apply our proof to
all rational rotation numbers from the following.

Proposition 2.2.10 (Proposition 5.6, [66]). Let y € X(xy,zd) and v € X (x~,2") be
defined as above. If y is a stationary configuration of H, then x must be a stationary
configuration of h.
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2.2.2 Asymptotic behavior on [
Let X° and X! be given by:
X'={reX||r,—u’| =0 (i—oc0),|r; —u’| = 0 (i = —0c0)} and

X'={reX||r;—u’| =0 (i— —o0),|z; —u’| =0 (i = c0)}.

By considering a local minimizer (precisely, a global minimizer in X° or X!), Yu [66]
proved the existence of heteroclinic configurations, which Bangert showed in [6], as per
the following proposition.

Proposition 2.2.11 (Theorem 3.4 and Proposition 3.5, [66]). There ezists a stationary
configuration x in X (resp. X') satisfying I(x) = co (resp. I(x) = c1), where

= 1’16%(0 (37) “ mlenXl <$>

Moreover, x is monotone, i.e., r; < T;y1 (resp. x; > x;q1) for alli € Z.

Let:
MW ut)y ={r € X |cy= irgo I(z)} and
Te
M u)y={zeX | = in)g I(x)}.
zeX!

Set ¢, := I(2°) + I(x'), where 2* € M'. From the above and Lemma 2.2.4, we
immediately obtain the following corollary.

Corollary 2.2.12. ¢, >0

Proof. Choose 2° € M and x' € M arbitrarily From monotonicity, 2% and 2! intersect
exactly once. We define ™ and 2z~ in X by z; := max{z?,z!} and z; := min{z?, z}}.
By (hs) and Lemma 2.2.3,

e =I1(2°) +I(x7) > I(z%) +I(z7) > 0.
This completes the proof. O

Next, we consider a minimal configuration under fixed ends. Let:

Y*%(n,a,b)
Y*!(n,a,b)

X(n)N{xo=u"+a} N {z, =1’ +b} and
X(n)N{zy=u' —a}n{x, =u' — b}

and 3°(n,a,b) = (y?) € Y*°(n,a,b) be a finite configuration satisfying:

n—1

E a;(y°(n,a,b)) min E a;(z).
.’L‘EY*’O(H,(Z,b) —
1=

The assertion of the next lemma may appear confusing, but it is useful for our proof
in Section 2.3.
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Lemma 2.2.13. For any mg,my € Z>o(my < my) and pg, p1, and 6 with py + p1 + 20 <
¢ /2C, there exists ng such that for all n > ng, there exists | € [mg,n —m1|NZ satisfying
1y2(n, po, p1) — u®| < 8. A similar argument holds if u® and y° are replaced by u' and y'.

Proof We first con81der the case mg = m; = 0. Let z = (2;)", be given by zy = y§,
= y* and z; = u° otherwise. Clearly, for any n € Z,

n

Cx
Zaz(yl(n po; P1) <Zaz ) < C(p1+p2) < 5

=0 =0

On the other hand, Lemma 2.2.3 and the definition of 3° imply that if z € X(n) N
{min |z; — v/| > ¢}, then

Zal ) > np(0) — Clpr — pol.

and Y, a;(x) > ¢, /2 for sufficiently large n, which is a contradiction. The above remark
implies that for sufficiently large n, there exists [ € [0, n]NZ such that |y;(n, po, p1)—u’| < 8
or |yi(n, po, p1) — u'| < §. That is, either of the following two conditions holds:

(a) There exists [ € [0,n]NZ such that |z;(n, po, p1) —u®| < § and |z;(n, po, p1) —u'| > 6
for all 7 € [0,n] N Z, or

(b) There exists [ € [0,n] N Z such that |z;(n, po, p1) — u'| < 4.

To prove our claim for my = m; = 0, it suffices to show that the case of (b) does not
occur for sufficiently large n. If (b) holds, then by Corollary 2.2.12,

Zaz > Cx — (P1+P2)—205>%,

which is a contradiction. O

In fact, 3'(n, a,b) can be asymptotic to u’ any number of times, as per the following
lemma.

Lemma 2.2.14. For any k, po, p1 and § with py + p1 + 20 < ¢, /2C, there exists ng such
that for all n > ng, there exist ly,--- |l € [0,n] NZ satisfying |y} (n, po, p1) — u’| < 0 for
alli=1,--- k. A similar argument holds if u® and y° are replaced by u' and y'.

Proof. We only discuss the case where k£ = 2. If we assume the lemma is false, then we set
J1 = [n/2]. For some jj € [0,n], there exists z = (ml)mﬂ1 satisfying |x;(n, pg,pl) u’| >4
for all i € [jo,- -, jo+ j1] N Z. On the other hand, (hl) and Lemma 2.2.13 imply that for
sufficiently large ji, it holds that > a;(x) > ¢,/2, which is a contradiction. Other cases
are shown in the same way. O]

Lemma 2.2.15. For any ¢ > 0, there exist ng € Nsg and x € M°(u®,u') such that
2?2—01 a;(x) € (cg — &,c9 + €) for all n > ny.
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Proof. For sufficiently large n, there exists y € M? such that:
yo —u’ < ¢/2C,and u' — vy, < /2C.

By Lemma 2.2.3 and the monotonicity of v,

n—1
D ai(y) —co| = D aiy) + D aiy)| < Cllyo —u°) + (u' —ya)) <&
=0 <0 >n
as desired. O

Next, we assume a gap condition, i.e.,
(wo, u1)\ 1o and (ug, u1)\[; are nonempty sets, (gap)

where Iy = I (u°, u') and I = I; (u®,u'). We will check the properties of the heteroclinic
configurations. Under (gap), the following lemma holds.

Lemma 2.2.16 (Proposition 4.1, [66]). For any € > 0, there exist §; (i = 1,2,3,4) and
positive constants ey = ey(d1,92) and e; = e1(d3,d4) satisfying

inf{I(x) |z € X°, 29 = ug + 01 or 29 = u1 — &2} > co + ey and
inf{I(z) |z € X', 20 =u; — 63 or 29 = up + 64} > c; + ey.

2.3 Statements and proofs of our main theorem

2.3.1 Variational settings and properties of action J

Let (u°, u') be a neighboring pair and set

K= {k = (ki)iEZ CZ | ko = O, k; < ki+1} and
2.3.1
P:{p:(Pi>ieZCR>O’0<Pi<(ul_u0)/2>Zpi<00}- ( )
i€Z
For k € K and p € P, the set X}, is given by:
Xip = (ﬂ YOU%/%’)) N < ﬂ Yl(’%ﬂi))
i=0,1 i=—1,2

where . '
Y/(l,p)={z € X ||z, —v[<p} (j=0,1)

and a = b means a = b (mod 4). (See (2.2.1) for the definition of X.)
To ensure the topological property of X, ,, we first show the following lemma.

Lemma 2.3.1. The set X is sequentially compact.
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Proof. By Tychonoft’s theorem, X is a compact set. It suffices to check that X is metriz-
able. Let d: X x X — R be given by

[z — vl
d(I7y) - Z olil

€L

Clearly, d is a metric function. We show that convergence on d and (2.1.2) is equivalent.
Since for all i € Z
\z; — il
2lil
it is sufficient to show that for each x,y € X, the function d(z,y) goes to 0 if (2.1.2)
holds. Let (™) be a convergence sequence to y. There is a constant M > 0 such that for
all j e Z

< d(z,y),

M

(", y) < o) + 3

where c(j,n) = >, |2 — y;] /2. Notice that for each j € Z, c(j,n) — 0 as n — oo.
Thus, for any € > 0, we can take iy and ng such that M/2/°l < ¢/2 and c(ig, ng) < £/2,
thus completing the proof. Il

Clearly, X}, , is a closed subset of X, so we find the following.
Corollary 2.3.2. The set X}, , is sequentially compact.

Now we define a renormalized action J: R* — R on X}, , by:

J(z) = Jep(z) = > Ay() (2.3.2)

i€z
where
{3 jer M@y, i)} — Lile i=0,2
Ai(x) = S {2 e, My, 2500)} = i=1 (2.3.3)
D jer Mg, zjp)}t —e; i=—1
]z’ = {kmkz + ].7 C.e 7,+1 ].} and ’]| = kl+1 kl The nOtatiOIlS C+ and c~ l“epl"esent
¢ = min Zh %j,7541) and

z€Y O (ky,pi)NY L (Kig1, Pz+1)

c; = min g h(z;, z41)-
JrLg+1
€Y (ki,pi)NY O (Kit1,0i+1) e,
1

Clearly, A;(z) > 0 for i = £1. Notice that (h;) implies that the values of ¢ depend on

Pi, Pi1 and ki — k.
To check the basic properties of J through the following discussion, we first show that
for an infinite orbit, say z, J(z) can be finite unlike I(z).

Lemma 2.3.3. If p € P, then there exist y € Xy, and a constant M such that J(y) < M
forallk € K.



CHAPTER 2. 21

Proof. For cach i = 1, choose some =% = {='},ey, satisfying ¢ = 2,0, h(zf", 1)
Define 2™ = {Z]_ ‘}jer, for each i = —1 in a similar way. We construct a test sequence
Yy = (yi)iez as follows:

<

) = z;ri ifjel,U{k,i}andi=1 (2.3.4)
! u' i j € I\{k;} and i = 2
z' ifje;U{ki}andi=—1
Since A;(y) =0 for i = +1:
J(y) = ZA1<J;> = ZAz(x) < Czpi~
i€z i€27 i€z
This completes the proof. O

The above lemma implies that J overcomes the problem referred to in Proposition
2.1.11. Next, we show that J is bounded below.

Lemma 2.3.4. If p € P, then J(x) > —oo for all x € Xy ,.
Proof. Fori = 0,2, we see that A;(z) = a;(x). By Lemma 2.2.3 and A;(z) > 0 for i = £1,
J(x) > —CZmaX{pi,le} > —QC’Zpi > —00.

i€z i€z

By a similar argument, we obtain a constant v such that for any n € N,
li|<n
thus completing the proof. O]
To ensure that J has a minimizer in X}, ,, we present the following lemma.

Lemma 2.3.5. The function J is well-defined on R U {+00}, i.e.,

= liggiogf Z A;(x) = limsup Z Ai(x) =: 5.

li|<n "0 il<n

Proof. For the proof, we use a similar argument to Yu’s proof of Lemma 6.1 and Propo-
sition 2.9 in [66]. By contradiction, we assume a < (. First, we consider the case where
B = +o00. For a < 400, we take a constant & with @ > a + 1 — 2. Then there are
constants ng and n; such that ng < n; and:

Z Ai(z) > & and Z Ai(z) <a+1.
|

li<no i|<ny

Then,

—ng

2y>a+1—-a> Air) = ) Ai(x) = Y Ai(x) + ZlAi(x).

"LlSTH ‘Z‘S’no i:—n1 i:no
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Combining the first term and end terms implies

_z"f Ai(z) <~ or _z”f Ai(z) < 7.

This contradicts Lemma 2.3.4.

Next, we assume [ < +o0o. Since o < 3, there are two sequences of positive integers
{m; — oo}jen and {l; — oo}jen satisfying m; < mjy1, I; < i1 and m; +1 < [; <
mjp1 — 1 for all j € Z~, and:

p= Jhﬁr})lo Z Ai(x) > ]lggo Z Ai(x) = a.
i<|m;| i<l
Then we can find j > 0 such that

—m; L

D Aw) = D Aw) =D Ax) + ) Aile) < O‘;ﬁ.

i<|l;] i<[m;] i==l; i=m;

Since |l;| and |m;| are finite for fixed j, the above calculation does not depend on the
order of the sums. Thus, we obtain:

—m; lj
2 A@+ ) ARz Y, A+ Y A
i=—1; 1=m; iE[—lj,—mj]WQZ iE[Mj,lj]HZZ
= Z a;(z) + Z a;(z)
ie[*lj,fmj]f—‘IQZ Z'G[*lj,fmj]ﬂQZ

For sufficiently large j, we have

Z a;(x) > —CZ Ty, — 2| > c ; g

1€[—1;,—m;]N2Z i

and

Z a;(x) > —C’Z Ty, — 2| > a ; b

1€[—1;,—m;]N2Z i

because p € P implies

Therefore

which is a contradiction. ]

Proposition 2.3.6. For all k € K and p € P, there exists a minimizer of J in Xy ,.
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Proof. By Lemmas 2.3.3 and 2.3.4, we can take a minimizing sequence x = ("),en of
J in Xy ,. Since X} , is sequentially compact, there exists T € Xj, , with z,, — 2. It is
enough to show that for any € > 0, there exists j, and ng € N such that:

Z A;(2™) > —e (for all n > ng) and Z Ai(7) <e. (2.3.5)

|3]>jo |i]>jo

because if the above inequalities hold, we obtain:

= > Az +ZA

i <jo |i]>30
< lim > A +e= 7}13;0(2 Ayz™) = Y Ay(a") + e
lil<jo i€z lil>jo
< lim ZA( )+ 2¢
n—oo
€7

Using an arbitrary value of e, we have J(Z) < limy, 00 ) ;o7 Ai(2") and 7 is the infimum
(or greatest lower bound) of J.

We now show the first inequality of (2.3.5). Lemma 2.2.3 implies that for any n € N
and j € N:

Z Ai(z") > =C Z max{po;, p2ir1}t > —C Z Pi- (2.3.6)

li]>j 3> [i]>j

Note that A; > 0 for ¢ = 1,2. Since ., p; is finite, we have >, .p; < ¢/C for
sufficiently large j. Hence, the first inequality holds.

To check the second inequality, it suffices to show that ), J;(¥) is finite. If ). , Ji(y)
is infinite, then for any M > 0, there is a jy such that:

M < Z Ai(Z) = Z A;(lim 2™) = lim Z Ai(x
i1 <do i<io T i<do

since a finite sum >, . A;(z) is continuous. On the other hand, for any ¢ > 0, there
exists ng such that if n > ng, then (2.3.6) gives:

> A" =T - ) A"
li]<jo lil>jo
< inf J(x)—l—(S—i—CZpi,

zeXy
’ li>jo

S0 D _;1<j, Ai(z™) is finite, which is a contradiction.
These results and the continuity of the finite sum of A; imply that, for any € > 0,

~:ZAi(y)+ZAi( <nh_>r£loZA +€<nh_>r£102A )+ 2e.

|Z‘§’LO |i‘>’io | |<ZO €L

By using an arbitrary value of e, we have J () < limy, o0 D ;cq Ai(y"). O
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2.3.2 Properties of the minimizer

Let z* = (x]);ez be a minimizer in Proposition 2.3.6. First, we show the properties of A;
for + = 0,2 if p;’s are sufficiently small.

Proposition 2.3.7. For any p € P and a positive sequence § = (8;)icz, if 6 satisfies
p2i + paiv1 + 2max{de;, doi41} < /20,

then there exists a sequence k = (k;)icz that satisfies the following: there is a sequence
I = (ls)iez satisfying

(L) laiy loiva € (K, ki) NZ with Iy < lyiyy and
(Ip) |z} — 7] < &;, where j =0 ifi=0,1andj=1ifi=—1,2.
Proof. 1t is immediately shown from (h;), Lemmas 2.2.13 and 2.2.14. O

To see that ™ is an infinite transition orbit, it suffices to show that z* is not on the
boundary of Xy, We set Iy := (ug,u1)\lp and Iy := (up,u1)\[;. We assume a gap
condition for periodic and heteroclinic configurations, i.e., Iy and [; are nonempty sets.

Remark 2.3.8. Notice that p € I; can be chosen as arbitrarily small.
We choose p and k in the following steps:
Step 1 First we take p € P so that:

(pl) u®+ p; € Iy for all i = 1,2 and u! — p; € I, for all i = —1,0 and
(p2) For any i € Z, pa; + paip1 < :/2C

Step 2 To determine |ko; — ko4 1|, we define a positive sequence (e');ez by:
i — {60(P2z‘+1a pa(i+1)) (i :even) .
e1(p2it; /02(i+1)) (i : odd)
Choose a positive sequence (6;);ez so that:
(d) 2max{dy;, doir1} < ¢*/2C = (pai + paiy1)

Then, through Proposition 2.3.7 for (p;) and (J;), we can obtain |kg; — ko;11| and [;
for each i € Z such that (I;) and (l3) in Proposition 2.3.7 hold.

Step 3 For § in Step 2, choose (g;);cz so that:

(81) g + 20(521'-1—1 + 62(1'—&-1)) < 61/2 and
(e2) 61/20 < min{52i+1, (52@_;,_1)}.

For each ¢;, Lemma 2.2.15 gives n; and x* € M*(u°, u') such that E?;Ol ai(z) < cpt+e
for all n > n;. For (n;)iez and (2');ez, we choose |kgii1 — kogiy1)| satisfying

(k1) |k2it1 — ko@g1y| = ni and
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(k2) =" € Mo N Y0, pa;) N Y (ka1 — kos|, p2is1) when i is even and z* € M; N
Yl(O, pgz) N Yo(lkgifl — kzil, p2i+1) when 7 is odd.

Step 4 By the above steps and ko = 0, the sequence k = (k;);ez is determined.
Now we are ready to state our main theorem when the rotation number « is zero.

Theorem 2.3.9. For any p = (p;) € P and k = (k;) chosen in the above steps, there
exists a stationary configuration x* in Xy, , with rotation number a = 0.

Proof. Lemmas 2.2.5 and 2.2.6 implies that z} ¢ {u° u'} for alli € Z. For a contradiction
argument, we assume ry = u® + py.

Hereafter, 7 will be written simply as x; unless there is potential for confusion. Let
y be:

x; iE[kl—ll,kQ—Flg]mZ
yi=qu' P>kt

u i< k‘l — ll
Since y € X°, Lemma 2.2.16 and (hy) yield:

co+ e < I(y)

_ 3 ai(z)+ Y a(x)+ Y ay(x)

iG[kl—ll,kg—Hz—l}ﬂZ i<ki—ly i>ko+lo

< > a;(z) + C (01 + &)

i€ [kl —l1,ko+12 —l]ﬂZ

By the above remark and a; = A; for 1 =0, 2,

k1—1 ko+lo—1
E (Wi, Ti41) — ¢) + Ar(z) + E h(z, xi41) — ¢)
i=k1—11 i=ko

> C0+€0 - 0(51 —|—(52> + (|Il|C— CT)

On the other hand, (h;) implies that 2° € M in Step 3 satisfies:

ki—1 ko+la—1
> (had,al) — o)+ A+ Y (hlad,alyy) — o) <eoteot (Ihle—cf)
i=k1—I1 i=ks

We define a test sequence z = (z;);ez by

- .T?_kl 1€ []Cl—ll,kg—i‘lQ]ﬂZ
' ; otherwise '
By Lipschitz continuity, the monotonicity of 2° and (e2), we find:

(k15 00y —y) = Py -1 Ty, < Clag, = 2y, | < O6y and

(M2, 1y Ty tto 1) — Mgty Thgrtpn)| < Clah, 1, — Tyt < Ca
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Hence

J(Z) — J(.CE*) < Co+€0+0(51 +(52) — (CO+60 — 0(51 +(52))
0
:2(51+52)+80—60 < —% < 0,

which is a contradiction. The same proof works for the remaining cases. For example, if
Ty = u® + p; or xy, = ul — p; for all ¢ € Z, a similar argument yields:

A~ * 67‘
J(2) = J(2%) <Y 2(ais1 + Oais)) + 61 — € < _ZE <0,

1€ 1€EL

where 2 = (2;);ez is given by:

Sﬁg_;%.“ i € [kojy1 — lojia, kagi+1) + l2(j+1)] NZ and j: even
éi = x?*k2j+1 1€ [k2j+1 - l2j+1, k?g(j+1) + lg(j+1)] NZ and j :odd
T otherwise
This completes the proof. [

Moreover, we immediately obtain the following corollary.
Corollary 2.3.10. Given a € Q, if
IF(2° ') # (2, 25) and I, (2°,21) # (20, ),

there exists a stationary configuration x* of J with infinite transitions and rotation number
a.

Proof. This follows from Proposition 2.2.10 and Theorem 2.3.9. [



Chapter 3

Periodic solutions in the planar
restricted three-body problem

3.1 Introduction

The restricted three-body problem has long been studied. It is a special case of the
three-body problem and is known to be non-integrable. It deals with significant issues
in celestial mechanics, such as analyzing asteroid movement behavior and orbit designing
for space probes (see [56] for more details). This chapter aims to show the existence of
multiple periodic orbits in the planar circular restricted three-body problem (R3BP).

Chenciner and Montgomery successfully applied a variational method to the three-
body problem. They showed the existence of a remarkable periodic orbit called the
figure-eight orbit (see [18]), which has led to many works on the n-body problem. As a
recent result in this field, we refer the reader to [65]. Compared with the n-body problem,
there are few results on the restricted three-body problem using the variational methods
because the technical parts of the level estimates for the restricted three-body problem are
more difficult. In [39], Moeckel showed the existence of the transit orbit in the R3BP for
regions from around the earth to around the moon. The result in [54] yields the existence
of orbits realizing symbolic sequences in the Sitnikov problem. Arioli et al. showed the
existence of periodic orbits revolving around Jupiter in [1]. Chen proved the existence of
the orbits moving away from the center in [14].

The R3BP is defined by

z=VV(x) (xecC), (3.1.1)
where

I —p Iz
V(z,t;pn) = . . 3.1.2
@) = e o= (- ] 12

and p € (0,1) is a parameter. Here C is regarded as R% In the rotating coordinate
system, the equations are represented by

. . oU
I=x+2y+ a7

o (R3BP,)
j=y— 20+ —,

dy

27
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where
e a .
Vit +y V- 1-m)+y?

Here = z + iy and i = /—1.

We aim to show the existence of periodic orbits under several boundary conditions in
the R3BP. Our proof will use an elementary minimization argument and a level estimate
of the action functional in the R3BP. The steps of our proof give a new method for a level
estimate in the rotating coordinate system.

The result of this chapter is organized as follows. Section 3.2 states our main theo-
rems. Section 3.3 contains preliminaries for our proof including basic facts on variational
methods. Section 3.4 provides the proofs of the main theorems. In Section 3.5, we discuss
how the obtained periodic orbits behave and state open problems.

U(z; p) =

3.2 Main results

We define X°, X~ XT and Y as follows:

X :={(z,0) | —p <z <1—p},
X7 = A{(,0) [z < —p},

Xt :={(z,0)| 1 —p <z} and
Y :={(0,y) | —o0o <y < o0}.

Set X = {X°, X, X+1.
We state our main theorems. Each set 7 (A, B)(C R) in the following theorems is
defined in Section 3.4.

Theorem 3.2.1. For any A,B € X and T € T(A,B), there is a 2T-periodic orbit
(x(t),y(t)) of (R3BP,) such that x(2(k—1)T) € A, x((2k—1)T) € B and ©(2(k—1)T) =
y2(k —1T) =y((2k — 1)T) = 2((2k — 1)T) =0 for k € Z.

This theorem shows the existence of periodic orbits that are orthogonal to the z-axis
for 4 € (0,1). In the case of p = 1/2, we can show the existence of more symmetric
periodic orbits that are orthogonal to the z-axis and y-axis.

Theorem 3.2.2. Set p = 1/2. For any A € X and T € T(A,Y), there exists a 4T-
periodic orbit (x(t),y(t)) of (R3BP,) that satisfies x(2(k —1)T") € A and ©(2(k —1)T") =
y2(k—=1)T) =y((2k = 1)T) = z((2k — 1)T) =0 for k € Z.

Remark 3.2.3. Figures 3.1 and 3.2 may show the outlines of the given periodic orbits
obtained from Theorems 3.2.1 and 3.2.2 respectively. As a result, the shape of the obtained
orbits is symmetric about the x-axis. Moreover, the orbits from Theorem 3.2.2 are sym-
metric about the y-axis. Note that ‘may’ indicates we do not know their detailed global
behavior, as will be discussed in Section 3.5.

Remark 3.2.4. The word ‘periodic’ in this chapter is used in reference to the rotating
coordinate system. Therefore, in the stationary coordinate system, ‘I'-periodic’ orbits are
periodic if T /27 € Q and quasi-periodic if T'/2m ¢ Q.
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Figure 3.2: Periodic solutions in Theorem 3.2.2

3.3 Preliminaries

3.3.1 Lagrangians in the stationary and rotating coordinates

We use two different Lagrangian functions in this chapter. One is the original Lagrangian
which is time-periodic:

1
Lia,&, b p) = 5(& +9°) + V@, t; p), (3.3.1)

where V' is introduced in (3.1.2) in Section 3.1. The other Lagrangian is in rotating
coordinates and is time-independent:

) 1 . ) . o1
Lgspp(x, T; 1) = 5(902 +9%) + 2y — yi + 5(562 +97) + Ula; ). (3.3.2)

We will check that, up to a variable change, the two Lagrangian functions coincide. Indeed,
using z = x + iy € C, we can write (3.3.1) as

L tp) == . .
BB = e Y i wen

Similarly, using w = x 4 iy € C, we can write (3.3.2) as

L—p 1
+ - .
jw—pl  fw— (1= p)

) 1 N
Lypspp(w, w; ) = 5(10 + ) (0 — iw)
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Substituting z(t) = w(t)e” in the above, we have

L. 1—-p 0

PYZ — + .

2 |z 4+ pet| |z — (1 — p)et|

L N it it I—p 1

= 2(we + iwe" ) (we iwe™") + et 1 et + et = (1= et

= gl — i)+ e

Hence, the values of the two Lagrangian functions are the same, so switching between

them does not affect our results.

3.3.2 Some well-known facts in variational problems

Let D be an open set in R”, and A, B C D be nonempty subsets of affine subspaces in
R™, for example, a line segment or a half-line. Consider

Q(A,B) = {x € H'([0,T],D) | z(0) € A, z(T) € B}

where the norm is defined by

T T 1/2
||| m = (/ |m]2dt—i—/ |a’3]2dt) :
0 0

The action functional Ar(x; p) is given by

T
Arlwip) = [ L.t (333)
0

where T > 0 is constant and L is defined by (3.3.1).
We consider a minimizer of Ar, say x*, i.e., * satisfying
*iu) = inf I
Ar(a™; 1) weotf o) Ar(x; 1)

The existence is ensured under some boundary conditions. To show the existence, we can
use some useful lemmata. We first define coercivity.

Definition 3.3.1 (coercivity). The action functional Ay is said to be coercive if it satisfies
Ar(zx; 1) — oo as ||| g — oo.

Hereinafter, Q(A, B) is denoted to 2. The following lemma results from Tonelli’s
theorem [60].

Lemma 3.3.2. Assume that Ar is weakly lower semi-continuous. If Ar|q is coercive,
then there exists a minimizer * of Ap in the weak closure 2 of (2.

It is well-known that action functionals for potential systems are weakly semi-continuous
(see for example [27]). We state some sufficient conditions for coercivity in the next three
lemmata.
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Lemma 3.3.3. Let A and B be nonempty sets. If at least one of A and B is bounded,
then Arp|q, is coercive.

Lemma 3.3.4. Let A and B be nonempty sets. Suppose there is a constant |Cy| < 1 such
that for any a € A and b € B, it holds that a - b < Cyla||b|. Then, Ar|q is coercive.

See [12] for proofs of the above two lemmata.

Lemma 3.3.5. Let A and B be unbounded sets. Set Ay := {a € A | |a| < d} and
By :={b € B | |b| <d}. Suppose there is a constant M > 0 such that for any a € A\ Ay
and b € B\Byy, it holds that a-b < Ci|al|b|, where Cy € [—1,1). Then, Ar|q is coercive.

Proof. Set Q(A, B) = Ui_, U;_, Q(A;, B)) such that A =J_, A; and B = J;_, B;. It is
easily seen that if Alga, ;) is coercive for each i € {1,..,n} and j € {1,..,m}, then so is
Alo(a,p)- Under the assumption, we divide Q(A, B) into the following:

Q(A, B) = Q(Ay, Byg) UQ(A\Ans, Bar) U Q(Anr, B\Bar) U Q(A\ Ay, B\By).

Applying Lemma 3.3.3 yields that A|oa,,.Ba)s Aloa\an,Ba)s and Alaa,,,B\B,,) are co-
ercive. In the case Cy € (—1,1), Lemma 3.3.4 gives coercivity of A|qa\a,,,5\8,,)- Hence,
it suffices to consider the case Cy = —1. Then, x(T) = —Chx(0) (Cy > 0). It is clear
that |(0) — x(T)| = (1 + C2)|x(0)|. The rest of the proof is the same as that of Lemma
3.3.3. O]

From the calculation in Section 3.3.1, if Ap(x;u) is coercive, then so is the action
functional corresponding to the Lagrangian (3.3.2) instead of (3.3.1).

3.3.3 Reversibility

Consider the following ordinary differential equations:

q=1F(qg) (geR"). (3.3.4)

Definition 3.3.6 (Reversibility). Let R be an involutory linear map from R™ to R", i.e.,
R? =1d. If (4.2.3) satisfies FR+ RF =0, then (4.2.3) is said to be reversible with respect
to R.

It is easy to show the following lemma.

Lemma 3.3.7. Assume that (4.2.3) satisfies reversibility with respect to R. Then if q(t)
is a solution of (4.2.3), so is Rq(—t).

Set Fix(R) = {q € R" | Rq = q}. Assume that (4.2.3) is reversible with respect to R
and let g be a solution for (4.2.3). Then,

q(s) € Fix(R) <= q(s+1t) = Rq(s — t).

See [51] for a more detailed explanation of reversible systems.
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Moreover (R3BP,,) can be represented by

xz (% Xz
df v |_ vy I
dt | vs T+ 20, + g—’j ' Vg
Uy Yy — 20, + 8—2 Uy

and the system is reversible with respect to

1 0 0 0
0 -1 0 0
R = 00 -1 0 (3.3.5)
0 0 0 1
Indeed
T x x Vg
Yy ) o ) Uy _
FR o + RF . =F a0, + R x—l—QUy—i—%—g = 0.
Uy Uy Uy Yy — 20, + B_Z

If 41 = 1/2, then (R3BP,,) is reversible with respect to —R. By the above remarks, we
obtain the following proposition.

Proposition 3.3.8. The system of (R3BP,,) has reversibility with respect to R defined by
(3.3.5). Moreover, it is also reversible with respect to —R if up = 1/2.

3.3.4 Sundman’s estimate

In the case that some particles collide at ¢ = 0 in the n-body problem, the asymptotic
behavior of each particle x;(t) is represented by x;(t) ~ ¢+ a;t*® +o(t) as t — 0F. This
estimate is called Sundman’s estimate. From [7], there is a wide class in which Sund-
man’s estimate holds, including the classical n-body problems with Newtonian, quasi-
homogeneous, and logarithmic potentials.

We prove that this asymptoticity holds for (R3BP,). We analyze the singular points
in (R3BP,,) using the Levi-Civita regularization. Consider the following transformation
to study the singular point at (1 — u,0):

(x—(1—p),y)— (§ — &, 26&)

To construct canonical transformation, we set

Sim — Samz Somn + S1me
@”pr>(%ﬁ+fb’2@?+$)>' (3:3.6)

The potential part becomes
- 1—p 7
U(gla 52; :u) = +
VE+GP+2Ag -8 +2u-1 V(G +8)?

_ 1 (1— ) (€ +€2) w
G+ \VE+2+26 &) +2u—1 '




CHAPTER 3. 33

Thus, we obtain

Im1*

8/1€[>

—(1- )51772+52771

1
2[€[2 5(52771 §112)

ﬁ(&af%”lﬂh?#) =

| (L )e]?
+Hw2<_%¢MW+2& sg+mwﬂ>’

where & = (£1,&2) and g = (11, m2). If (x(t),y(t)) is a solution of (R3BP,,), H is conserved
along each solution, say H = h. Set I' := ||€||*(H — h). The canonical equations with
respect to I' become

d,

— = [l€1PHy, =m = (1 = )& + o([€* + [nl*)
% = ||€17Hy, = 112 — (1 = s + o€ + [nl*) .
% = €l He = (1= p)mz — 2(1 — g — h)éx + o(|€]* + In?)
Cfi—?f = —[|€l°He, = (1 — )i — 2(1 — p = h)&a + o(|€[* + n?).
The solutions &(7) of (3.3.7) imply the solutions &(7(t)) of the canonical equation for
Hamiltonian H by changing the time variable according to % = W Note that since

the right hand sides of (3.3.7) are analytic at (&,&) = (0,0), the solutions are also
analytic.

Considering (&1,&2) = (0,0) and the Taylor expansion at 7 = 0, we obtain

Z a; T, E(T Z bitt, m(T i art, () = i d; . (3.3.8)
i=0 1=0

Substituting (3.3.8) into (3.3.7), we can determine the coefficients. The relation between

t and & yields
t= [ lelear
—/((1174—@27 4 (T A+ b+ )Pdr
= (a3 + b?) /7’2d7' + o(1%)
= @+ B+ o).

3

This implies that z(t) and y(t) are represented by the forms z(t) )+ Z i3

and y(t thl/?’
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3.4 Proofs of the main theorems

3.4.1 Variational settings

As observed in Section 3.3.2, we can consider the action functional with Lagrangian
(3.3.2) as having the same property of the one associated with (3.3.1). Define the action
functional Br by

T
By (m: 1) / Lissp (@, i 1)t (3.4.1)
0

where = (x,y) and Lgspp is given by (3.3.2). The Euler-Lagrange equation of (3.3.2)
is equivalent to (R3BP,). We consider six types of boundary conditions. Denote €2; by
Q ={x e H([0,7],D) | £(0) € A;,x(T) € B;} for each i = 1,..6, where

Case 1: A; = X? and B; = X¢;
Case 2: Ay = X°and By = X™;
Case 3: A3 = X" and B3 = X™;
Case 4: Ay =X and By = XT;
Case 5: A5 = X%and B; =Y
Case 6: A= X" and Bg =Y.

We summarize our variational settings in the table below.

| Case | 4, — B; | L | Period | Region of time T (A, B) |
Case 1 | X°— X° | pe(0,1)| 4T |T>T (n)
Case2 | X°—= X" | pe(0,1)| 4T |T>0
Case3 | Xt = X | pe(0,1)| 4T |T>Tp,(u) and T # 2n7w (n € Zy)
Cased | X~ > Xt | pe(0,1)| 4T |T>0and T # (2n—1)w (n € Zy)
Case5| X°—=Y | u=1/2 | 2T |27 >Tp(1/2)
Case 6 | Xt =Y | u=1/2 2T |T>0and T # (n— 2w (ne€Zy)

Table 3.1: Variational settings

Here, T7,,© = 1,2, are defined in section 3.4.2. Now, we can define the time interval
T (A, B) in Theorems 3.2.1 and 3.2.2. For example, following Table 3.1, we have:

TXH X)) ={TeR|T>Tr,(n) and T # 2n7 (n € Z,)}
We do not need to consider the case of (A, B) = (X, X ™) by replacing p into 1 — p, i.e.,
TX, X )={TeR|T>T,(1—p)and T # 2nw (n € Z;)}.

In a similar way, the cases of (A, B) = (X°, X*) and (X,Y) lead to the ones of (A, B) =
(X° X7)and (X7,Y). In addition, the set T (A, B) satisfies that T (A, B) = T (B, A) for
any A, B € X from its construction. Hence, it is sufficient to only consider the six cases



CHAPTER 3. 35

in Table 3.1. To prove that (3.4.1) attains the minimum at some &} under each boundary
condition, it is sufficient to show that (3.3.3) is coercive in §2; for each i € {1,...,6} from
Lemma 3.3.2. Applying Lemma 3.3.3 to Cases 1, 2, and 5 yields the coercivity of B|q,,
Blq, and B|g,. Hence, we obtain the following proposition:

Proposition 3.4.1. For each i € {1,2,5}, the action functional By, attains the mini-
mum.

Next, we focus on Case 2. If T'=(n— 3)m, X is a subset of ¥ in the original
coordinates and is an unbounded set. Set a constant map sequence a,(t) := (n,0).
It is easy to check Ar > 0 and lim, . Ar(a,;pu) = 0, so Ar|g, does not attain the
minimum. Hence, Ar|g, does not possess the minimum if 7= (n — 1)m. By contrast,
invoking Lemma 3.3.4 and 3.3.5 yields that Ar|q, has coercivity if T # (n — 3)m. Similar

considerations apply to Cases 5 and 6 and we get the next proposition.

Proposition 3.4.2. The functionals Brlo,, Brl|a, and Brlo, are coercive except for

T=2nm,T=2n—1)r and T = (n — 5)m respectively.

If the obtained minimizers are not singular, we get periodic orbits from the following
proposition.

Proposition 3.4.3. If x* is a collision-free critical point of Brlg, (i = 1,..,6), it connects
with the reversed solution smoothly. In addition, it is a periodic orbit that is orthogonal
to each boundary condition.

Proof. The variational standard argument implies that a critical point of Br|q, satisfies
#(0) = 0 and y(7T) = 0. Applying similar arguments to the rest of the boundary con-
ditions, we conclude that each critical point of Br|g,(i = 1,..,6) is orthogonal to each
boundary condition. Combining Lemma 3.3.7 and Proposition 3.3.8 gives a new solution
Rax?(—t). Moreover, we obtain another solution —Rx}(—t) in Cases 5 and 6. Connecting
these, we obtain a periodic orbit. Il

3.4.2 Estimate of equilibrium points

The R3BP has three equilibrium points Ly, Ly, and L3 on the z-axis. It is sufficient to
consider L; and Ly by symmetry with respect to u. It is clear that L; = (13,0) € Qs
and Ly = (I3,0) € Q5. In the case of p=1/2, L; = (0,0) € ;. We need to study a
condition under which a minimizer is not identical to the equilibrium points. To check
this, we calculate the second variation B; at Ly and Lo. A simple calculation implies that
fori=1,2,

7 ’ 2 2 U 2 *U 2 \ \
BT(L“ u)(él, 52) = ; (51 -+ (52 -+ 1 -+ W (51 -+ 1 -+ 8_y2 52 + 2(51(52 — (5251)dt

T
0
(3.4.2)

where
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If (3.4.2) at L; is negative for some d; and dq, then L; is not a minimizer (i = 1,2). In
Cases 1 and 3, we take a test path as 8(t) = (01(¢), 02(t)) = (v1 cos (—%t) , vasin (—7t)).
Then the second variation can be estimated by

Br(Ly; 11)(01, 02)

T
= S {0+ 200 ()i + dyve + (1497 = aa ()3}

—Z 2 (0] 1% 27 1% :

+ ((1 +9* = an(p) - (1+ 724122041(@) VQQ}

where v = —Z. This calculation shows that if (1 + 7% — aq(u)) — 49 /(1 + 7 + 204 (p)) < 0,
that is, 7* + (a1 (p) — 2)v* + 1 4+ aq(p) — 2a(u)? < 0, then there are constants v; > 0
and vy > 0 such that B}.(Lq; 1) (01,d2) < 0. We conclude that for i = 1,2, the equilibrium
point L; is not a minimizer if

2
T>mn =:Tp,(u). (3.4.3)
\/ () — 2) + v/ () Oar() —
This is the definition of T7,(x) in Table 3.1.
In Case 5, we take a new test path as d(t) = (1/1 coS (—%t) , U9 Sin (—%t)) and set
v = —57 It immediately follows that if 7' > T, (1)/2, then L; is not a minimizer.

Remark 3.4.4. One can not precisely calculate the position of Ly except for the case of
= 1/2. However, if we have two functions g;: R — R (i = 1,2) that satisfy the inequality
g1(pn) < Ly < go(p), the second derivative can be estimated by

FPU _  1—p  p l—p I N

T B R P () B Rl (R g% L )
aZ_U:_l__“_ﬂ I et K = B(p)
dy? & BT e ((O—m—a@y

Using By and Bo, the upper bound of the second variation is given by
T
By (L; ) (1, 02) < / OF + 05 + 07 + 05 + 251 (k)07 + Ba(p)d3 + 2(0102 — da01)dt.
0

Remark 3.4.5. For sufficiently small p, it is known that dy = 1+ 373 4 o(u?) and
dy = 37133 4+ o(u?) (See [30]). Applying these yields

lim a; (1) = lim (1 n (1 —p)(d} - 1))

p—0 p—0 d:fdz
y (1 —p)(dy = 1)(d} +dy + 1)
= (1 + By
1— ) (d?+dy+1
_lim(l—i—( ) 13+ Lt )>_4.
n—0 d

Thus for each i = 1,2, lim,, o Ty, (p) = /(=1 +2v/7)V3(=: Ty). This period is the same
as one in [30]. By contrast, lim,_,, Ty, (1) = m and then our theorems imply the existence
of 2m-periodic orbits.
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3.4.3 Elimination of interior collisions

To guarantee that the obtained minimizers are smooth, it suffices to show that each
minimizer has no collision. Marchal’s theorem in [33] states that any minimizer has
no collision in (0,7") in the n-body problem under the fixed-ends constraint (x(0) =
a, z(T') = b). We confirm that it holds for (R3BP,).

Proposition 3.4.6. Let H' denote the Sobolev space. If

Br(x*;u) = inf Br(x;p),

then for any u € (0,1), the point * has no collision for any t € (0,T)).

Proof. Suppose a collision occurs at t = a. By a time transformation, we can assume
a = 0 without loss of generality. Let

T//
Br(m: 1) = / Fruam (@, d: 1), (3.4.4)
7T/
where 7" +T" =T and
ERBBP<$> T; N)
:= Lgspp(x + (1, 0),x; 1)

1 .92 .9 . . 1 2 2 y o 1_M
= (" + +xy —yr+ (2" + + +x)+ + .
2( y) y—vy 2( y) :u(y ) /—$2+y2 (l‘+1)2+y2
(3.4.5)

There is no loss of generality in considering By instead of By since we just use a coordinate
transformation.

Let (Zcol, Yeol) denote an orbit with a collision at ¢ = 0. We take xy and yy as the
following:

Teol + Ro(t) cost t e [-T",0),
T =
’ Teol + R1(t) cost ¢ €[0,T"]

and

Yoot + Ro(t)sinf ¢ € [-T",0),
"\ Yoot + Ru(t)sind ¢ € [0,7"].

where Ro(t) = (1 + Ti) p and Ry(t) = (1 _ Ti) ,

A simple calculation shows that

T
/ / 3703/9 - 9550 + ,u(yH + .CE@ dtda - / / xcolycol - ycolj"col + M(ycol + xcol)dtde
St 0
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and

1 T, 1, I
m 5(1’9 + yg)dtde = §(xcol + ycol)dt + Ry (t) dt
stJo 0 0

T
1 9 T
- dt + = p.
/(] 2 (xcol + ycol) + 3 P

The rest of the part is similar to the Kepler problem. As a result in [17], the estimate of
interior collisions is given by

1 ~ .
F BT(me; P“)de - BT(:BCol; M)
1S s
T 1 4/3 T t(l)/?’ s té/g 4A/3
<= 1 ——3)—(1 ——1)— log(1
< (3 + 57 P+ 00 + G =31+ () + (15 — )™+ Ot o110
t1/3
= (m— 4)7 + O(ty* log(1/to)) < 0,
where t, is sufficiently small and p = fth/ Sy O(t2/ 3). O]

3.4.4 Elimination of boundary collisions

By Proposition 3.4.6, we only need to consider orbits that have a collision at ¢ =0 or 7.
If a collision occurs at ¢t = 0, it is shown that the orbit, say (Zcol, Yeo1), is represented by

o0 [e e}
_ i/3 _ i/3
Teol = E Cljtj/ s Yeol = E C2jtj/
Jj=0 Jj=0

We say that an orbit has p-collision if it has a collision at t = 0 and hm y( )/@(t) = tan p.

In the case of a double collision in the N-body problem, Prop081t10n 5 7 of [24] implies
that if the collision angle p satisfies —m < p < 7, it is not a minimizer. As seen in Section
3.3, the asymptotic behavior of the R3BP is the same as in the N-body problem, so we
can adapt the approach in [24] to the R3BP. Hence, in the R3BP, it suffices to consider
the case p = %, i.e. the velocity of y(0) is 0.
As seen in Section 3.3, Sundman’s estimate is a useful way to study a collision path.

Substituting Sundman’s estimate into (R3BP,,) and applying coefficient comparison, we
obtain

Teol(t) = (1 — p) + c1t?® + 0(t?), yeor(t) = cot®® + 0(t?), (t € [0,¢]), (3.4.6)

where ¢; = (9/2)Y21'3, ¢y = —(9/2)V31/3, and ¢ is sufficiently small. By a polar coor-
dinate, (3.4.1) can be written as

T —_—
Br((r 0 = [ 300+ e s
0

2 T1 9

where 71 and 75 represent the distance from (—pu,0) and from (1 — p, 0) respectively.
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Proposition 3.4.7 (Local estimate, The case of p = 7). Minimizers under our boundary
conditions do not have m and (—m)- collision.

Proof. Applying a polar transformation to (3.4.6), m-collision orbits are represented by
the following:

TFeol(t) = (1 — ) + e1t?? + o(t?)

3.4.7
Ocot () i-§§§;;t5/3 +o(t?). (3.4.7)

For sufficiently small ¢ > 0, we deform 0. (t) to 04(t) = 1&52/315 +o(t?) int € [0,¢]
— p

and do not change r.(t), i.e. rge := reo1. Thus, we obtain

e €1 . . . .
/ K (7cot, Ocot) — K (Tcol, Oge)dt = / 57“301{(9301 - ege) + 2(0cor — bae) ydt
0 0

Because the main terms of 7., are 1 — p, it is sufficient to calculate

3 | (= WP = 03 + 200 — ). (3.45)

Note that 6., and 04, have the same boundary and this implies
/@m—%wzo
0
By the above remarks, (3.4.8) is calculated as follows:

€1 . . e . .
|50 0@ =t [ (1= 6~ i
0 0

1

= 5(1 - :u)Q/ (écol - éde)(écol + éde)dt
0

1 c /5 Co Co 5 Co Co

5 M)[:(3L—p 1—u° 31—, tio s o)
zla—MV/EE 2\ s 43—2&“+dﬁﬁ

2 o \31—p 1—p

1 4 Co 2 2 Co 2
A IR (- 2 W /7 3y L2 () s 3
2( 1) 51 (1—M) e'? 4+ o(e”) (1—p) = e’ 4+ o0(e’) >0

Next, we consider the value of the potential part. The Taylor expansion shows
2 5
1t =Teol(8)” +2u (1 — p) (1—|— lcls >cos ( @20 ) + 1’

— [ I—p

= sl = 220 (1) (14 25 Y os (25 ) 4 (1=

— IL—p
where s = t1/3. Substituting (3.4.9) into the potential U, we obtain

(3.4.9)

£ 2 £
/ U(reon, Ocor) — U (Teot, Oue)dt = — -2 c4/3 / £2 4 o(t4)dt
0 1—pn 0

= 1?4 0(e”) < 0.
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Hence, the orbit (2o, Yeor) i not a minimizer. In the same manner, we can see that (—m)-
collision orbits are not minimizers. A similar approach is valid when a collision occurs at
t="T.

Moreover, collisions with both primaries do not occur since such an orbit can be
changed in ¢ € [0,¢] similar to the above, and the action value of the deformed orbit is
smaller. ]

3.5 Global behavior of the obtained minimizers and
open problems

In this section, we discuss the remaining problems including open problems. Theorems
3.2.1 and 3.2.2 show the existence of periodic solutions; however, we do not know how
their minimizers behave in time ¢ € (0,7"). More precisely, we discuss the following:

Q1. Do the obtained periodic solutions in Theorems 3.2.1 and 3.2.2 have the same topol-
ogy as Figures 3.3 and 3.47

Q2. Our main theorems (Theorems 3.2.1 and 3.2.2) show the existence of 27- or 47-
periodic solutions. Are these periods minimal?

Q3. Are periodic orbits obtained under different boundary conditions different?

Although we do not answer these questions completely, we can partially solve them.

Figure 3.3: Minimizers of Cases 1 - 4

Figure 3.4: Minimizers of Cases 5 and 6
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First, we consider Q1. Orbit 5 in Figure 3.4 satisfies the boundary condition of Case
5. In the R3BP, the integral of the second term zy — yi in (3.3.2) corresponds to the area
and gives a negative value for minimizers. If the direction of the orbits is clockwise, the
second term is negative. If it is counter-clockwise, it is positive. We focus on minimizers
of (3.4.1), so it is sufficient to consider clockwise orbits. By contrast, the integral of the
third term (22 + 3?)/2 in (3.3.2) is a positive value, so it is difficult to see the behavior of
minimizers in the R3BP. The same difficulty occurs for Figures 3.3 and 3.4. For example,
is orbit 1 in Figure 3.5 a minimizer of Case 17 Hence, all we can show here is that
minimizing orbits are clockwise.

o N ..".
% %
b Y JRRSCLLING
H s R %
: B S, %
. : : : ; : . ; 2
: ¥ :

—H i N TR

Figure 3.5: Irregular types

We move on to Q2. If we obtain a T-periodic solution that follows from one of the
main theorems, 7" may not be the minimal period of the solution. For any n,m € N, nT-
periodic and mT-periodic solutions may be the same. We can not show that all periodic
solutions are distinct, but we can prove the existence of an infinite number of periodic
solutions. The proof is based on Rabinowitz’s idea in [48].

Proposition 3.5.1. Assume that there is a Ty-periodic solution that has a minimal period
To > 0. Then we get infinitely many T-periodic solutions satisfying T € (0,Tp).

Proof. We choose T' = Ty/4. Cases 2,4, and 6 in Table 3.1 show the existence of a
Tov/2-periodic solution. Clearly, its minimal period is not Ty, so we obtain a new periodic
solution and T is defined by a minimal period of the new solution. We now apply this
argument again with 7" replaced by T”. The rest of the proof is simple. O]

We discuss the final question. Q3 asks, for instance, whether periodic orbits of Theo-
rems 3.2.1 and 3.2.2 are different for y = 1/2. There is another problem. Consider orbit
2 in Figure 3.5. Is this a minimizer of Case 1 or an orbit consisting of minimizers in Case
27 We guess that if T'— T, (u) is sufficiently small, this problem does not occur because
a minimizer of this case may be closed to each equilibrium point. However, it remains an
open problem whether a periodic solution satisfies another boundary condition for large
T > 0.



Chapter 4

Special cases of the restricted
three-body problem

In this chapter, we treat special cases of the restricted three-body problem, the Hill
problem and planar two-center problem.

4.1 The Hill problem

4.1.1 Main results

The Hill problem models the motion of an asteroid or artificial satellite close to the second
primary in the R3BP. Particles around the Earth are the most affected by the gravitational
force of the Earth. Thus the motion is modeled by the Kepler problem

3} X
X =—
(XQ + Y? + Z2)3/2
y %
YV =—
(XQ + Y2 + Z2)3/2
. 7
Z=—

(X2+Y2+Z2)3/2’

Other forces which affect the particles are the gravitational force of the Sun, the Coriolis
and the centrifugal force due to the Earth’s revolution. The model which involves these
force is the spatial Hill problem:

.. . X
X =2Y +3X —
+3 (X2+Y2—}—Z2)3/2
. . Y
Y =-2X — 4.1.1
(X2+Y2+Zz)3/2 ( )
.. 7
4 =—7—

(X2+ Y2+ 2232

The Hill problem is more accurate than the Kepler problem for particles around the Earth
like artificial satellites (see [30,56] for more detail). This problem has been studied to
design orbits of space probes. See [26] for example.

42
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In Section 4.1, we show the existence of several symmetric periodic orbits in the Hill
problem. Let

LX+:{(X70>O)‘X>O}> Lsz{(X,0,0) ’X<O}7
Ly = {(0.Y,0)| ¥ > 0}, Ly = {(0.,0)] Y <0},
Pxz ={(X,0,2) | (X, Z2) e R\{(0,0)}}, Prz={(0,Y,2) [ (Y, Z) € R\{(0,0)}}.

Let Ty > 0 be the constant determined by cos Ty = Tp, which is approximately 0.739.
Theorem 4.1.1. For the spatial Hill problem (4.1.1), the followings hold.
(i) Foreach 0 <T < 1, there is a 2T -periodic orbit satisfying q(0) € Lx+,q(T) € Lx_.
(ii) For each 0 < T < 1, there is a 4T -periodic orbit satisfying q(0) € Lxy,q(T) € Ly .

(iii) For each 0 < T < Ty, there is a 4T -periodic orbit satisfying q(0) € Lx,,q(T) €
Ly_.

(iv) For each 0 < T < Ty, there is a 4T -periodic orbit satisfying q(0) € Lx,q(T) €
PYZ.

(v) For each 0 < T < 1, there is a 2T -periodic orbit satisfying q(0) € Ly, ,q(T) € Ly_.

(vi) For each 0 < T < Ty, there is a 4T-periodic orbit satisfying q(0) € Ly,,q(T) €
PXZ.

See figure 4.1.

Figure 4.1: Boundary conditions

To prove this theorem, we use a variational method. The Lagrangian for the Hill
problem (4.1.1) is
X2 yr 72 32 77 1

L=" b+ T+ XY -YX+ 2 - .
> Tt T MRV, € a2
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The Hill problem is equivalent to the variational problem with respect to the action

functional .
ao= [
0

The result is organized as follows. Next section, we show the coercivity condition for
the existence of a minimizer under the boundary conditions corresponding to each orbit in
Theorem 4.1.1. We also show that the obtained minimizers have no collision by applying
our previous result. In Section 4.1.3, we state the reversibility of the Hill problem and show
that the obtained minimizers are periodic orbits. From the viewpoint of an application
to the trajectory design for artificial satellites, we need orbits on a prescribed plane. For
example, geosynchronous satellites move directly above the Earth’s equator. We also
prove the existence of several periodic orbits in the constrained problem. Section 4.1.4 is
devoted to the study of the existence of periodic orbits of the holonomic constraint system
on a prescribed plane. The last section, we show the numerical solutions.

4.1.2 Coercivity and the existence of minimizers
For subsets Dy, Dy C R3, let
(D1, Dy T) = {y € H'([0,T],R\{0}) | 7(0) € D1, %(T) € Da}.

Here H' denotes the Sobolev space. By taking Lx.,...,Pyz in Section 1 as D; and
D,, we will show the existence of a minimizer of Ar|qp, p,:;r). We call the functional
Ar|a(p,, Dy coercive if Ap|ap, pyr)(7) — 00 as ||y]|mr — oo(y € Q(Dy, Dy;T)). Tt is

well-known that there is a minimizer of Ar|o(p, py;r) on Q(Dy, Do; T')(7y) if the functional
Is coercive.
By changing variables

X = (cost)r + (sint)y,Y = —(sint)z + (cost)y, Z = z,

the Lagrangian becomes

1
Lrot = _(jjz + y2 + 22)

2
3 2 t 2 3 2 t 2 2
(0052 g (COS2 Jy + 3 cos(t) sin(t)xy — —5; + y?

22 1
2 2yt 22

We estimate the terms on its second line by using the polar coordinate (z,y) = r(cos d,sin 6):

3 2t 2 3 2t 2 2
(COS2 Ja” _ (0052 Jy + 3 cos(t) sin(t)xy — % + 9
3rfcos(2t —20) 1, 1, 1, .,
_ 2> 2= :
1 Ttz gt 2(91; +y7)

Therefore, we get
1, 1, 1

1
Lo > = .2 .9 2yt o2 L oo 1 — 7
¢ > (@ gt 27 - oo v 57 o

-2 2 2
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~ T ~
Py
0
If AT|Q(D1,D2;T) is coercive, so is Ar|o(p,,py:1)-

Let
(2(0),y(0)) - (z(T), y(T)) = [(z(0), y(0)||(z(T), y(T))] cos p.

For example, in the case of Dy = Lxy, Dy = Lx_ which corresponds to (i) in Theorem
4.1.1, the boundary condition is represented by

Define

2(0) > 0,y(0) = 2(0) = 0
(cosT)a(T) + (sinT)y(T) < 0, —(sinT)x(T) 4+ (cosT)y(T) = 0,2(T) =0
(x(T),y(T),2(T)) € {&(cos(T + m),sin(T + 7),0) | £ > 0}.

Hence, p =T + 7.

Note that
T 1 T 2
/ |z |?dt > — </ y:b|dt) :
0 T \Jo
Let
max — t)|.
r nax |lz(t)]
If [p] < m/2,
~ 1 1 2 22
Ap > ﬁ(r sin? p) — §Trmax = %(SIBTP - 7).
Ifr/2 <|p| <m,
~ 1 1 r? 1
— _ T — _max /- )
‘/4' 2T( max) 2 Tmax 2 (T )

In the case that
)l = (&7 + |z]|72)"* = oo

and that |z||3, < oo, A7 diverges to infinity since
Ar 2 Sl — 5l

In the case of ||z[|3, — 00, rmax — 00, and hence Ay diverges if T < |sinp|(|p| < 7/2) or
T < 1(|p| > m/2). Now we adapt these computations to our setting in Theorem 4.1.1.

(i) Lxy — Lx_: since p=m+ T, Ar is coercive if 0 < T < 1;

(i) Lxy — Lyy: since p=n/2+ T, Ar is coercive if 0 < T' < 1;
(#i) Lxy — Ly_: since p =7/2 =T, Ar is coercive if 0 < T' < sin(n/2 — T') = cos T}
(iv) Lx+ — Pyz: since p=mn/2—T, Ar is coercive if 0 < T < sin(n/2 = T) = cos T}

(v) Lyy — Ly_:since p=m+ T, Ar is coercive if 0 < T < 1;
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(vi) Lyy — Pxgzsince p=m/2 =T, Ap is coercive if 0 < T < sin(w/2 —T) = cosT.

The structure of the collision singularity (X,Y, Z) = (0,0,0) is essential same as ones
of the restricted three-body problem. We established a method to avoid the collision
singularities in the restricted three-body problem. We can apply the method to the Hill
problem and show that the obtained minimizers have no collision.

4.1.3 Reversibility

Consider ordinary differential equations:
z = F(x) (x € R") (4.1.2)

where F': R" — R" is a smooth function.

Definition 4.1.2 (Reversible). Let R be an linear map from R™ to R™. If F(x) satisfies
F(Rx) + RF(x) =0,

then (4.1.2) is said to be reversible with respect to R.

With a simple calculation, we get the following proposition:

Proposition 4.1.3. In a reversible system with respect to R, if x(t) is a solution of Eq.
(4.1.2), so is Rx(—t).

We define
Fix(R) = {x € R" | Rx = x}.
It is easy to see that, for a solution x(t) of (4.1.2) and a real value s € R, x(s) € Fix(R)
is satisfied if and only if (s +t) = Rx(s — t).
By letting (Vx, V3, Vyz) = (X, Y, Z), we rewrite the Hill problem (4.1.1) as the first-
order differential equations:

X =Vx

Y =W

Z =V

. X

Vy = 2Vy +3X —

XA (X2 +Y?2 4 Z2)3/2
: Y

Vy = —2Vx —

v T(X2 Y2 4 7223
: Z

Vz=—

(X2 Y24 2232

This system is reversible with respect to the following four linear maps:

= diag(1, — 1,1, 1,1,-1)
= diag(1, — -1,1,1)
= diag(—1 71,1, -1, —1)
R4 = diag(—1,1,—-1,1,—-1,1)
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For those linear maps,

Fix(Ry) = {(X,Y, Z,Vx, Wy, Vz) | Y =Vx =V; =0}
Fix(Ry) = {{(X,Y, Z,Vx,Vy,Vz) | Y = Z =Vx =0}

Fix(R3) = {(X,Y, Z,Vx, Wy, Vz) | X = Vy =V = 0}
Fix(Ry) = {{X,Y, Z,Vx, W, Vz) | X = Z = Vy = 0}.

9L(T). Lx_ =0

Consider Case (i). From the first variational formula, 2%(0) - Ly, = 9%

Since
OL

83: = (X-Y,Y+X,2),
0)=0,X(T)=0

Therefore, < :Eg ) ( ; )ele Rs). We have
won ) (S ) - (3020)

(50 )= (
Therefore, we get

(Ztezn ) (g o ()
- (500 )= (50 )

Hence the obtained orbit is 27-periodic. The other cases (ii)-(vi) are similar.

4.1.4 Holonomic constraint

From the point of view of an application to orbits of artificial satellites, we need orbits on
a prescribed plane. A prescribed plane is not invariant under the flow of the Hill problem
in general. Hence we constraint the system to a prescribed plane with an external force
like a jet by an artificial satellite.

Let ¢ = (¢1, 2, ¢3) be a unit vector and consider the plane perpendicular to ¢ passing
the origin(Figure 4.2). The holonomic system is represented by the Lagrangian system
with the Lagrangian

_ 1
o 2 2

where \; < 0 < )y are the constants determined by

3
M+d=-3G+c+2, M= _103-
The equations are
x
(22 + y2)3/2

.. . Yy
Y = —203ZE —f- 2A2y — m

T =2c3y + 2\ x —
(4.1.3)
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Figure 4.2: Holonomic constraints

Figure 4.3: Boundary conditions in the constrained problem

Let
Ixy+ ={(X,0) [ X >0}
lX— = {(X7O) | X < O}
ly+ ={(0,Y) | Y >0}
ly-={(0,Y)]Y <0}

See Figure 4.3.
Theorem 4.1.4. For the holonomic system (4.1.3), the followings hold:

(i) For each 0 < T < min{n/2,1/(c2 — 2\1)}, there is a 2T-periodic orbit satisfying
Q(O) S lX+,q(T) S lx_.

(ii) For each 0 < T < min{nw/2,1/(c2 — 2\1)}, there is a 4T -periodic orbit satisfying
Q(O) € lXJr,q(T) S ly+.

(i11) For each 0 < T < min{m, T1}, there is a 4T-periodic orbit q(0) € Ix+,q(T) € ly_.



CHAPTER 4. 49

(iv) For each 0 < T < min{n/2,1/(c2 — 2)\)}, there is a 2T -periodic orbit satisfying
q(O) €lyy, q(T) cly_.

The proof is similar to one for Theorem 4.1.1. To apply these orbits for artificial
satellites, we need to control it for c-direction. But this must be less costly than in the
case of the Kepler problem.

4.2 The two-center problem

4.2.1 Introduction and the main theorem

The n-center problem is given by the following set of ordinary differential equations
(ODEs):

n

q= —me‘—gmm—aw (q € RY), (4.2.1)

where a; € R? is a constant vector. A solution q(t) of (4.2.1) is called a brake orbit if
there are real numbers 77 and T3 (T3 > T7) such that

q(Tr) = q(12) =0 (4.2.2)

and q(t) is not a stationary point, i.e. an equilibrium point. A brake orbit is a periodic
orbit with period 2(75 — T1), as we will demonstrate in Section 4.2.2.

The two-center problem is a simplified model of the restricted three-body problem [56].
The two-center problem is integrable, but its first integrals are complicated(for further
details, see [2]). It is not obvious what types of periodic solutions exist.

Various Lagrange systems have been researched over many years to find periodic so-
lutions with variational methods. In the n-center problem, it is shown that there exist
periodic orbits that move around one or several primaries ( [58], [64]). The brake orbits
that we prove to exist in this chapter do not wind around primaries.

Brake orbits are a special type of periodic orbits. Using collision manifold, Chen
[16] proved that brake orbits exist in the planar isosceles three-body problem. Moeckel,
Montgomery, and Venturelli [41] showed the existence of brake orbits using variational
methods with respect to the Jacobi-Maupertuis functional. However, the Lagrangian
functional has not previously been used to find brake orbits.

In this chapter, we will show that a brake orbit exists in the planar two-center problem
by using the Lagrangian action functional. We can set m; = 1 and a; = —as = (1,0)
without loss of generality for the planar two-center problem as stated in Section 4.2.4.
More precisely, we prove the following theorem:

Theorem 4.2.1. If (m,T) € D, then a 4T -periodic brake orbit q(t)(= (q1(t), q2(t))) ezists
in the planar two-center problem. The orbit is orthogonal to the x-axis att = 0 and has
zero velocity at t = T. The orbit q(t) satisfies (q1(t),q2(t)) = (q1(—t), —q2(—1)). Here,
the set D 1is defined by

D:={(m,T)|T > alm), f(m,T,c)>0(c>0)}
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where
(m) V2rml/4
am) = ———.
(14 /m)?
T _ 22/31/3 T/3
f(m7 70) 27T + 2(1 n 7T2/3(1 + m)71/3T*2/3)
2 T 1
— | 22713 +/ + m dt |,
3 0 \/(1 — D)2 + c2t4/3 \/(1 +b)2 + c2t4/3
and

b vm—1
CYm+1
Figure 4.4 shows the domain D drawn with MATLAB.

10

Figure 4.4: Domain D

Remark 4.2.2. We can expand the theorem to a larger domain than D. See appendix.

Section 4.2 is organized as follows. Section 4.2.2 and 4.2.3 provide background in-
formation on brake orbits and variational methods. In Section 4.2.4, we introduce the
variational settings in the planar two-center problem and set the boundary condition. In
Section 4.2.5, we complete the proof of Theorem 4.2.1 by eliminating the possibility that
the minimizer is an equilibrium solution or a collision path. In Section 4.2.6, we extend
the theorem to a larger domain than D.

4.2.2 Brake orbits
Consider ODEs:

qg=1F(q) (geR"). (4.2.3)

Definition 4.2.3 (Reversible). Let R be an involuntary liniear map from R™ to R", i.e.,
R* = E,. If (4.2.3) satisfies
FR+ RF =0,

then (4.2.3) is said to be reversible with respect to R .
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With a simple calculation, we get the following proposition:

Proposition 4.2.4. In reversible systems, if q(t) is a solution of (4.2.3), then so is
Rq(—t).

We define
Fix(R) = {q(s) € R" | Rq(s) = q(s)}

For a solution g(t) and a real value s € R, it holds that g(s) € Fix(R) is satisfied if and
only if g(s+1t) = Rq(s—t). See [51] for a more detailed explanation of reversible systems.
Consider the following Lagrangian:

Lia.d) =5l +V(a)  (a.d€R). (124

The differential equations of the Lagrangian system

(§)=(_ﬁ®) (4.2.5)

E, O
n=(5 )

In this case, the fixed space is Fix(R) = {(q,0) | ¢ € R"}.

are reversible with respect to

Proposition 4.2.5. Brake orbits of Lagrangian system (4.2.4) with ¢(Th) = q(T2) = 0
are 2(Ty — Ty )-periodic orbits.

Proof. This system has fix points at p(T}) = ¢(T71) = p(T2) = q(T2) = 0. Since q is
invariant under R, we see that q(T; +t) = q(T1 —t) and q(T> +t) = q(Tz — t), i.e.,

q(t) = q(t +2(1y — T1)).
This concludes the proof. O
Since the n-center problem is a Lagrangian system with form (4.2.4), we get
Corollary 4.2.6. In the n-center problem, if a solution q satisfies (4.2.2), then it is a
2(Ty — T1)-periodic orbit.

4.2.3 Existence of the minimizer

Let Ca,p,r be the set of C? curves in an open set D C R" connecting from A to B :
{q € C*([0,T],D) | q(0) € A, q(T) € B}
where A, B C D are affine spaces. The action functional for (4.2.4) is defined by:
T
M) = [ La.da
0

The following is well-known.
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Proposition 4.2.7. Let L be a Lagrangian of the form (4.2.4) and A be the action
functional. If q € Capr is a critical value of A, then q(t) satisfies the Euler-Lagrange
equation in (0,T). Moreover, in the case (4.2.4), q(0) is orthogonal to A and q(T) is
orthogonal to B. If A="D (B =D resp.), then q(0) =0 (¢(T") = 0 resp.)

We take

HY(I,D) = {q: I—+Dl|qe LQ(I,D),C;—(Z S L2(I,D)}

where I = [0,7]. The norm is defined by

lallm = \//O lq(t)|2 + |q(t)|2dt.

Definition 4.2.8 (coercive). Let Q C H*(I, D). We call the functional Al|g coercive if
A(g) — o0 as [|lg]lar — oo (g € Q).

In general, action functionals for potential systems are weakly semi-continuous [27].

Lemma 4.2.9 ( [60]). Assume that A is weakly lower semi-continuous. If Al is coercive,
then there exists a minimizer q* of A in the weak closure Q of 2.

Lemma 4.2.10. Define Q) by
Q={qe H'(I,D) | q(0) € A,q(T) € B}.
If A is a bounded set and non-empty, then Al, is coercive.

Proof. Although we now prove this lemma, note that similar proofs have been applied in
other settings (see for example [12]).
For any q € (2, we take

5(q) = — .
(q) Shgg[gjﬁq(sl) q(s2)|

By the Cauchy-Schwarz inequality, we have

T 2 T
6(q)2§(/ |q|dt) <7 / gt
0 0

Setting & = sup |q|, we see that
geA

lq(t)| < [q(0)] +|q(t) — q(0)| <&+ d(q).
Since

lql2: = / q(®)Pdt < (€ +6(@)°T < (€ + VT4ll)T,

we obtain
a3 = llgll2: + lldl2 < (€ + VT|dl|22)*T + ||4]|2-.

Hence we get
Alq) = oo (llgllmr — 00).
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4.2.4 Variational settings for the two-center problem

We consider the planar two-center problem i.e. take n =2 and d = 2 in (4.2.1). We fix
masses and positions of the primaries as follows:

e mi =1, my=m > 1.
e Fix the position of the primaries at a; and a..

e a; =a=(1,0), a; = —a.

We can assume the above setting without loss of generality for the two-center problem,
because for any a;, a; € R% m; > 0 and my > 0, the problem can be reduced to the
above case with appropriate transformations and scaling.

We define its action functional by

Alq) = /0 L(q, q)dt, (4.2.6)

1

+
lg—al lq+a
problem is equivalent to the following variational problem:

A'(g) =0. (4.2.7)
We fix a positive number 7" and search for a brake orbit q(t) = (q1(t), g2(t)) satisfying
e ¢1(0) € (—1,1) and ¢2(0) = 0.
e ¢(T)=0.
o q1(t) = a1(—1), @2(t) = —g2(—1).
To obtain such brake orbits, we take a class of curves as follows:
Q={q(t) = (), @2(t)) € H'([0,T],R?) | -1 < 2(0) < 1, 2(0) = 0}

From Lemma 4.2.9 and 4.2.10, (4.2.6)has a minimizer in the weak closure Q of Q. Let
q*(t) = (¢i(t),q(t)) be a minimizer. If g* is neither a trivial solution nor a collision
solution, then from Proposition 4.2.5 and 4.2.7, it is a quarter part of a brake orbit (See
Figure4.5).

and ¢ € H'(I,R?). The planar two-center

) 1 .
where L(q,q) = §|q]2 +

Figure 4.5: g*(t) (t € [0,T7])
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The system is reversible with respect to:

T T 1 0 0 0
Y _ — 10 -1 0 0
Blp, 17| - =10 0 -1 0
Py Dy 0 O 0 1

By corollary 4.2.4 if q(t) = (q1(t), g2(t)) is a solution, then so is q(t) = (q1(—t), —g2(—1)).
Thus, we get the entire trajectory of a 4T-periodic brake orbit as shown in Figure 4.6.

Figure 4.6: A whole brake orbit

4.2.5 Proof of the main theorem

Let g., denote an equilibrium point of (4.2.6), i.e.

(@ a) + (e +a) = 0
T 3W@eq — @)+ T 3(Qeq @) = 0.
‘qeq_a’|3 B ‘(qu‘{'a’|3 b
From a simple calculation, geq is determined by:
Vvm—1
geq = (0,0) (b:— .
vm+1
and the value of the action functional at g is
T
1 m 1
A(qe :/ - dt = =(1++/m)*T.
(9ea) 0 qeq —al  |geq +al 2 )
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We will obtain a condition under the equilibrium point is not the minimizer by estimating
the second variation, which is A”(q)(d) is given by

A(q)(8) = / (8(1), 8(6))V*L()(8(1). () dr,

where ¢ € H'([0,7],R?) and § € H'([0,T],R?). (For details, see [62].) If there exists &
such that A”(q)(d) is negative, then g is not the minimizer of (4.2.6). Since

2y 0 0 0
0 —v 0 0 (1+ /m)*
V2L<qeq): 0 0’7 1 0 (VZW ,
0 0 01
we obtain
A (geq)(8) = / 52 4 62 + 1(207 — 62)dt. (42.8)
We substitute
. N
& = (31(1),0:(1)) = (0, sin wt) (w—ﬁ> (4.2.9)

into (4.2.8). Since
T . .
/ 07 + 05 + (207 — 03)dt
0

T 1 T 1
= w2 (E + ™ sin(?wT)) - (5 e sin(2wT)>
T
- E(w2 - 7)7

the second variation of g, for (4.2.9) is negative if

s V2rmt/4
= 5 <T.

27 (L+vm)

Thus, the following lemma is proved.
V2rm!/A
(1+v/m)*

Next, we give an estimate of collisions.

Lemma 4.2.11. If T > Qeq 15 not a minimizer of A(q).

Lemma 4.2.12. The set (o1 ts given by
Qeor = {q € Q| g has collisions.},

Then, Alg,  is minimized by an orbit that moves along the x-azis (see Figure 4.7).

Figure 4.7: Minimizer with collisions
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Proof. Assume that g, collides with m; and
qcol(t) = 7(t)(cosb(t),sinb(t)) + (1,0).

The value of action functional at q.. is

T
1 1 m
A co :/ = 'co 2+ + dt
(q 1) 0 2‘q l‘ |qcol_a| ‘qcol+a|
T
1 -9 A 2 1 m
= —(r"+(rd)°)+ — + dt
/0 2( (r6)") 7| Vr24+4+42rcosh

r 1 .9 1 m
> [ it —  ————dt
0 2 r[ " Vr2+4+2r
This inequality becomes an equality if and only if §(¢) is identically zero. We can obtain
a similar estimate in the case where q.. collides with ms, and it is no less than the former

one since m > 1. It follows that the collision path moves on the x-axis as in Figure
4.7. O

We call the solution of Lemma 4.2.12 a collision-ejection solution of the two-center
problem and represent it by

qcol(t) - (QCol(t)7 0)

By Lemma 4.2.12, we consider only a collision-ejection solution to get a lower bound
estimate for the value of the action functional for any collision path.

Lemma 4.2.13 ( [27]). Let u >0, p > 0 be constants. For r € H'([0,T],R), define

T
K. P
B(r :/ =7 + —dt. 4.2.10
= [ Gt (4210)

If there exists to € [0,T] satisfying r(to) = 0, then the inequality,
3
B(r) > B(p, p, T) := 5”2/3p2/3/¢1/3T1/3,

holds and B(r) = B(u, p,T) if and only if r(t) is a collision-ejection solution of the Kepler
problem. Moreover, if r(t) is a collision-ejection solution with r(0) = 0, then

T(T) — 271_72/3“71/3'01/3772/3.

In (4.2.10), we take g = 1 and p = m + 1. Let g(t) = (G(t),0) where ¢(t) — 1 is a
minimizer of (4.2.10). From Lemma 4.2.13, we have

G(T) = 2n~ 2373 (m + 1)/3 4 1. (4.2.11)

Lemma 4.2.14.
%ol(T) < Q(T)
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Proof. Suppose

eol(T)24(T) (4.2.12)
and
1 m ~ m+1
Fco - 4 T T T
) qg—1 q+1 (@) qg—1
Note that we now have
G0l (0) = q(0) =1 (4.2.13)
Geat(T) = ¢(T) = 0 (4.2.14)
0> Fo(q) > F(q). (4.2.15)

We take
ty = SUP{t >0 | QCol(t) = Q(t)}

By (4.2.12) and (4.2.13), there exists to(< T') such that geol(to) = G(to). By (4.2.12) and
(4.2.15), 0 > Fio(geai(t)) > F(G(t)) holds. By Geol = Feol,§ = F and (4.2.14), for any
t € [ty,T), the following inequality holds:

t t t t
0> Geor(t) = / Gt — / Foon(Geon (£))dt > / Fg(t))dt = / Gdt = (1),
T T T T
Since qeoi(to) = ¢(to), we obtain

0> / Y 4(0) — dea(Ddt = qen(T) — G(T).

T

This contradicts (4.2.12). O
Lemma 4.2.15. For any q.o tn collision solutions,

7T2/3(1 +m)—1/3m
2(1+ 72/3(1 + m)-13T-2/3)

3
A(geol) > g(m, T) := 57T2/3T1/3 N s

Proof. From Lemma 4.2.12, we have

T T T
1 1
/—dt:/ dt > — 2 /dt:—m T
0 |qc01 + a| 0 Geol + 1 qCOI(T> +1 0 QCol(T> +1

2(1 + 72/3(1 +m)~1/3T7-2/3)

T3,

By (4.2.11), we obtain

T T
1 1 m
‘A qCO = / . qCO 2 + —dt —"_ / —dt
( l) 0 2| l| ’qcol_a’| 0 |qcol+a‘

T1/3
2(1 + w2/3(1 + m)~Y/3T=2/3) '

> gﬂ_Q/STl/S i
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At the end of our proof, we show that the value of the test path is smaller than one
of the collision path.

Lemma 4.2.16. If f(m,T,c) > 0, the collision path qeo is not a minimizer.
Proof. We take a test path:
q.(t) = (b,ct3) (¢ >0).

If A(qco1) > A(g.), then g is not a minimizer. The value of the functional with respect
to the test path is

DTPRIS  ay (p U E—
73 o VI —b2+EB (1 +b)2+ A5

By Lemma 4.2.15, it is sufficient to show that if g(m,T) > A(g.). This inequality is
equivalent to f(m,T,c) > 0. ]

Now, we show that domain D is nonempty without numerical calculation. Let

3
g(T) = §7r2/3T1/3.

Clearly g(m,T) > g(T) holds, therefore we obtain §(T') > A(geq), i.e. if

3v/3m
T< m(z B(m)),

then g is not a minimizer and if 7' > a(m), then g, is not a minimizer. If there exists
T such that a(m) < T < (m), then

0#{(m,T) | a(m) <T <B(m), f(m,T,0) >0} C D,

so D is nonempty. The inequality a(m) < f(m) is equivalent to

27

Vm(vm+1)* — 5 <0 (4.2.16)

For 1 < m < 3.1164778, (4.2.16) holds.

4.2.6 Extension of D

In this section, we will reconsider the estimate of (4.2.6) of collisions. For all A € (0, 1),
let

Alg) = Ai(A\ g — 1) + Az (A, g + 1),

where

T1-2\ 1
AN q) = | ——¢+ —dt (4.2.17)
0 2 IQ|
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and

T

A

As(N q) = / —q'2 + ﬁalt. (4.2.18)
0o 2 |Q|

By [27], we get the following estimate of (4.2.17):
3
A\ qg—1) > §7r2/3(1 — N3,

To estimate (4.2.18), we will use a comparison of (4.2.18) and a part of the linear Kepler
orbit.

We fix H and assume —m/2 < H < 0. Let Q(t) denote a collision-ejection solution
with respect to (4.2.18) satisfying Q(to) = 2, Q(T + to) = 0 and

_ gl
2 QI
Thus, we obtain
T+to y | m
As( N\, g+ 1 >/ QP+ —dt
2( ) to 2 |Q|

T+to A to
- / —Q2 + g — Hiy — 2/ .
0 0 |Q|

Gordon [27] gives

T+to by 3
/ _Q2 + @_ldt 27T2/3/\1/3m2/3(T+ to)l/g.
0

Lemma 4.2.17. If —H < 0, let T(x, H) denote the time from 0 to x with energy H.
Then, it holds the following equation holds:

T(x,H) =m ﬁ {Si“_l ( _;H> B \/_;H (1 ! %>}

Proof. By the definition of T'(x, H), we get
A (Lo A9
T(x’H)_\/g/O QdQ_\/;/O HQ+mdQ
:m\/%/_m \/%dq
0o _
1/ / —c0s20)df  (0y = sin~* (\/ a:H))
m
.1 —xH —xH xH
=m m{sm ( - )—\/ — (1—1—?)}

This completes the proof. O]
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The relation of T" and ¢, is indicated by the above lemma:

T = (T +to) — to = T(Tamax, H) — T(2, H)
A 1 —2H —2H 2H
m{ <\/T> +\/T (”ﬁ)}

Substituting H = —%y for any y € (0,1), we obtain

T :=T(m\y) = \/%;J{w_’_ 1—y}

and

It follows that

THtg=—y|———— == | — (4.2.19)

and

Moreover, we have

to |
2 M5 5, \/ o= ™
—2m\/_—/ \/1—_qdq
—2m/ /902d9 00—81111( %))
—2H mA
= 2m ﬁsm ( T) :4\/;&[1 (VY) -

Hence, since for all A € (0,1) and y € (0,1),

As(\, q) > \/ﬁ{

we get

A(geot) > g(m, A, y), (4.2.20)
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where
m.A,) = (1 )TN ) Vi {% cos™ (V) = VT~ 3.
Yy

In the same way as the proof of Lemma 4.2.16, if g(m, \,y) — A(q.) > 0, then g, is not
a minimizer.

From the above discussion, we show the following theorem extending the domain
beyond D.

Theorem 4.2.18. If (m,T) € D', then 4T -periodic brake orbits q(t)(= (q:(t),q2(t)))
satisfying the same condition of Theorem 4.2.1 exists in the planar two-center problem.
Here, the set D' is defined by

D = {(m,T) € R?

T > a(m) and *X\,y € (0,1) such that
fm, A\ y,¢) >0 and T =T (m, \,y).

where

f<m7 /\7 Y, C) = g(m7 )‘7 y) - A(qc)

and

T(m,/\y):Q\/g.l{m_{_ /1_y}‘

Y

Figure 4.8 illustrates domain D’.

10

Figure 4.8: the domain D’
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Braid types of periodic solutions in
the planar n-body problem

5.1 Introduction

Consider the motion of m points in the plane R?

x(t) = (z1(t),...,zm(t)),

where z;(t) € R? is the position of the ith point at t € R. Let Q,,,(t) = {z1(t), ..., zn(t)}.
We assume the following.

e x(t) is collision-free, i.e., for any t € R, z;(t) # x;(t) if i # j.

e There exists 5 > 0 such that
Then we have a (geometric) braid

b(a(t), [0,t]) = | {(z1(t) (Tm(t), 1)} C R? x [0, %]

te[0,to]

with base points @,,(0)(= Qm(to)). The actual location of base points is irrelevant for
the study of braids. To remove the data of the location, we consider its braid type
<b , [0, to] > instead of the braid (See Section 5.3.1 for the definition of braid types).

We 1nvest1gate periodic solutions of the planar N-body problem given by the following
ODEs.

mii; = =Y mamy I g, € R my >0 (i=1,..., N). (5.1.1)
Lj

Suppose that @ (t) = (z1(t),...,zxn(t)) is a periodic solution with period T of (5.1.1). The
solution () determines a (pure) braid b(z(t), [0, T]) and its braid type (b(x(t),[0,T7]).
Braid types can be used to classify periodic solutions of the planar N-body problem.

62
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Question 5.1.1 (Montgomery [44], (cf. Moore [45])). For any pure braid b with N
strands, is there a periodic solution of the planar N-body problem whose braid type is
equal to (b)?

Question 5.1.1 is wide open for every N > 3. In the case of N = 3 Question 5.1.1
is true by work of Moeckel-Montgomery [40]. For other studies on braids obtained from
periodic solutions, see a pioneer work by Moore [45]. See also [23,42,43].

Remark 5.1.2. We consider the following Newton equations

mei; = —Zmimj%, 2 €RY, mi>0(i=1,...,N), (5.1.2)
J#i v

where a > 1. The case o = 2 corresponds to (5.1.1) describing the motion of n bodies
under the influence of the gravitation. One can ask the same question as Question 5.1.1
for the planar N-body problem given by (5.1.2). It is known by Montgomery [43] that
Question 5.1.1 is true for any “tied” braid type when o > 3 (i.e., under the assumption
that the force is strong).

According to the Nielsen-Thurston classification of surface automorphisms [20], braids
fall into three types: periodic, reducible and pseudo-Anosov. (See Section 5.3.3.) To a
braid b of pseudo-Anosov type, there is an associated stretch factor A(b) > 1, and this is
a conjugacy invariant of pseudo-Anosov braids. Since the Nielsen-Thurston type is also a
conjugacy invariant, one can define the stretch factor A({b)) := A\(b) for the pseudo-Anosov
braid type (b) of b. See (5.3.1) in Section 5.3.3.

The stretch factor tells us a dynamical complexity of pseudo-Anosov braids. In this
chapter we ask the following question related to Question 5.1.1.

Question 5.1.3. Let b be a pure braid with N strands. Suppose that b is of pseudo-Anosov
type. Is there a periodic solution of the planar N-body problem whose braid type is equal
to (b)?

The stretch factor of each pseudo-Anosov braid with 3 strands is a quadratic irrational
(Section 5.3.4). This is not necessarily true for pseudo-Anosov braids with more than
3 strands. Moore [45] and Chenciner-Montgomery [18] found a simple choreographic
solution to the 3-body problem such that the three bodies chase one another along a
figure-8 curve. The braid type of the solution is pseudo-Anosov and its stretch factor is
the 6th power of the 1st metallic ratio s; (Example 5.3.6), i.e., golden ratio, where the
kth metallic ratio s, (k € N) is given by

1
skzi(/c+\/k2+4):k;+
k+
k+

1

ket

The study of braid types of the periodic solutions has been relatively less investigated.
We hope that the following result sheds some light on Question 5.1.3. Let | -] be the floor
function.
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Theorem 5.1.4. Forn >2 andp € {1,...,|5]}, there exists a periodic solution @, ,(t)
of the planar 2n-body problem with equal masses whose braid type X, , is pseudo-Anosov
with, the stretch factor (sy,)d , where d = ged(n, p).

A representative of the braid type X, in Theorem 5.1.4 is the (2)th power (f8,,)d of
the 2n-braid £, , introduced in Section 5.4. In 2006, the third author proved the existence
of a family of multiple choreographic solutions @, ,(t) of the planer 2n-body problem with
equal masses [52]. Some of the solutions in the family had already found by Chen [11,12]
and Ferraio-Terracini [21]. The orbit of the periodic solution @, ,(t) consists of 2d closed
curves, each of which is the trajectory of % bodies. The braid types X, ,(t) in Theorem
5.1.4 are realized by x,,(t) given in [52]. More precisely, for n > 2 and p € {1,..., 5]},
there exists a periodic solution

Tnp(t) = (x1(t), ..., 22,(t))
with period T" > 0 of the planar 2n-body problem such that
zi(t + (4T) = 2o, i) (t) for i=1,...,2n,

where 0, = (1,3,...,2n — 1)?(2,4,...,2n) P € Gy, is a permutation of 2n elements.
Thus, the braid y,,, = b(x,,(t), [0, (n) ]) and the braid type Y,,, := (yn,) are obtained
from the solution @, ,(t), and the (2)th power (y,,)4 represents the braid type X, ,. See
Figure 5.1 for periodic solutions @, ,(t) for 0 <t < (4)T. Theorem 5.1.4 follows from the
following (see Remark 5.3.4).

Theorem 5.1.5. Forn > 2 and p € {1,..., 5]}, the braid type Y, , is pseudo-Anosov
with the stretch factor (s9,)%. In particular, the braid type X, , of the solution x, ,(t) is
pseudo-Anosov with the stretch factor (sap) ¢

Since s < s if £ < &/, we immediately have the following result.

Corollary 5.1.6. Let X, , be the braid type as in Theorem 5.1.5. For n > 2 and p,p’ €
{1,...,[5]} with p <p', we have the following.

(1) N Xyp) < M Xnyp) if ged(n,p) = ged(n, p'). In particular X, , # X .
(2) N Xyp) < M Xnyp) if nois prime. In particular X, , # X, .

The 2n bodies for the solution @, ,(t) form a regular 2n-gon at the initial time ¢ = 0,
and the next first time is ¢ = (:£)T when the 2n bodies form a regular 2n-gon again. See
Figure 5.1 for @, ,(t) at t = (£)T. From the viewpoint of the configuration of the “next”
regular 2n-gon, it is proved in [52] that x,, ,(t) and x,, ,»(t) are distinct solutions for distinct
p,p €{1,..., 5]} (Remark 5.2.1). On the other hand, from the viewpoint of braid types,
Corollary 5.1.6 tells us that X,,, is different from X, s if ged(n,p) = ged(n,p').

Table 5.1 shows the stretch factor A, , = A(X,,,) and the entropy log(A,,) for several
pairs (n,p). One can see from this table that A(X,,,) # AN(X, ) if p# p’ up to n = 11.
Therefore the braid types X, and X, ;s of the solutions for p # p’ € {1,...,|5]} are
distinct up to n = 11.

Because of an intriguing formula of metallic ratios, s7 = 5333 for example, stretch
factors A\(X,,,) happen to coincide with the ones for different pairs (n, p’) occasionally (see
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Figure 5.1: @, ,(t) for
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Table 5.1: Some examples obtained from Theorem 5.1.4.

’ (n,p) ‘ d ‘ KXnp = <(6n,p)%> ‘ Anp = (5227) IOg(/\ ) = (=) log( 5210 ‘

| (2,1) | 1] (B2,1)° \ (s2)* \ 3525494348078172 |

| (3,1) [ 1] (83.)° \ (52)° | 5.288241522117257 |
(4,1 |1 (B1,0)* (52)° 7.050988696156343
(4,2) |2 (B12)? (54)° 5.774541900715241
(5,1 |1 (B5,1)° (52)"° 8.813735870195430
(5,2) |1 (B52)° (54)1° 14.436354751788103
(6,1) |1 (86,1)° (52)" 10.576483044234514
(6,2) |2 (Bs.2)° (54)° 8.661812851072861
(6,3) |3 (Bs3)* (56)° 7.273785836928267
(7,1 |1 (Br.1)" (52)" 12.339230218273601
(7,.2) |1 (Br2)" ()" 20.210896652503344
(7.3) | 1 (Br3) (56)" 25.458250429248935
(8,1 |1 (Bs,1)® (52)'° 14.101977392312687
(8,2) |2 (Bs2)? (54)° 11.549083801430482
(8,3) |1 (Bs3)" (56)"° 29.095143347713069
(8,4) |4 (Bsa)? (s8)° 8.378850189044405
9,1) |1 (B9,1)° (52)'® 15.864724566351773
(9,2) |1 (Bo2)° (54)"® 25.985438553218586
(9.3) [3 (By3)° 56)° 10.910678755392400
(9,4) |1 (53;39 ((586)>18 37.704825850699820
(10,1) | 1 (B10,)" (52)% 17.627471740390860
(10,2) | 2 (B10,2)° (54)"° 14.436354751788103
(10,3) | 1 (B103)" (56)%° 36.368929184641338
(10,4) | 2 (B10,4)° (58)™° 20.947125472611013
(10,5) | 5 (B10,5)° (510)" 9.249753365091010
(11,1) | 1 (B11,)" (52)% 19.390218914429944
(11,2) | 1 (Bi11.2)" (54)% 31.759980453933828
(11,3) | 1 (B11,3)" (56)* 40.005822103105473
(11,4) | 1 (B11.)" (55)* 46.083676039744226
(11,5) | 1 (Buis) " (510)* 50.873643508000555
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Example 5.4.1). Nevertheless, we conjecture that X,,, # X,y for all p,p" € {1,...,[5]}
with p # p'.

The organization of Chapter 5 is as follows. In Section 5.2 we introduce a family of
periodic solutions @, ,(t) in [52] of the planar 2n-body problem. In Section 5.3 we briefly
review the necessarily background on braid groups. We prove Theorem 5.1.5 in Section
5.4. In Section 5.5, we give new numerical periodic solutions x,, ,() of the planar 2n-body
problem when p > [7].

5.2 Periodic solutions of the planar 2n-body problem

This section is devoted to explain the periodic solutions @, ,(t). The existence was proven
with the variational method. They have high symmetries because they can be represented
as elements of a functional space limited by several group actions. The minimizers of the
action functional under the symmetry correspond to those solutions. They are also re-
garded as orbits on the shape sphere. They are constructed through minimizing methods,
and we omit analytic techniques for the proof and describe geometric properties of @, ,(¢)
including the group actions and shape sphere.

5.2.1 Symmetry

Let G be a finite group. We consider a 2-dimensional orthogonal representation p : G —
O(2), a homomorphism o : G — Sy, to the symmetric group on 2n elements, and another
2-dimensional orthogonal representation 7 : G — O(2). We will denote by A, the set of
T-periodic orbits. The action of G to A is defined by

9+ (@1, 220)(8) = (P(9)To(g-1)1)s - - -+ £(9)Ta(g1)2m) (T(g 1) (1))

for g € G and x(t) = (x1,...,22,)(t) € A, where the above p, o, T represent respectively
actions of G on R? by orthogonal transformations, on indices {1,2,...,2n} by permu-
tations, and on the circle R/TZ. Specifically, we take G as the group G, := (gn, Fnyp)
generated by the two elements g, and h,,,, where

~( cos(%) —sin(T)
P(gn) = < sin(Z)  cos(X) )’
o(gn) = (1,2,...,2n),
1 0
7(gn) = < 0 -1 > and
p(hn,p) =1,
0(hnyp) =(1,3,...,2n—1)7P(2,4,...,2n)",
B COS(Q%i) — sin(%29) — oed(n
T(hn,p) = < Sin(%l) COS(#) > (d := ged(n,p)).

Let us denote by Agp, the invariant set under the action of G, in A, i.e.,

A, ={z(t) € A (1) = p(9)To(g-1)(T(g7)(1))
(1=1,2,...,2n, g € Gy, t€R)}.
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We now check the properties of Afip. First, from the invariance under g,, we have

s} s} uss

Gn - ((T1, 29, ..., L2, (t)) = (€m Top,€m 1, ... €7 Toy_1)(—1).

Here we identify R? with C. In particular, xy(t), zo(—t),. .., T2,_1(t), T2, (—t) forms a
regular 2n-gon, and n bodies with odd indices and n bodies with even indices rotate in
mutually opposite directions.

Second, since

2y COS(%T) —sm(%)
Pl9) = ( sin(%’r) Cos(%”) ’
o(g?)=(1,3,...,2n — 1)(2,4,...,2n) and
T(g) = 1,
the configuration always consists of two regular n-gons, which are formed by n bodies
x1(t), z3(t), ..., z2,_1(t) of odd indices and n bodies x5(t), x4(t), . .., x2,(t) of even indices.
Thus, to determine the positions of 2n bodies z1, ..., xs,, it is sufficient to know the

positions of two bodies z1 and z5. In fact for each k € {1,...,n} and ¢t € R,

Top—1(t) = w(k_l)a:l(t), Tox(t) = w(k_l).rg(t),

where w = ¢?™/" This enables us to use the shape sphere (introduced in Section 5.2.2)

which represents configurations of 2n bodies in the periodic solutions.
Lastly, the invariance under h,,, tells us that

P - (1, 2, @20)(1)) = (xa(h;;)u)yIa(h;}p)(zy e 7%(;1;},,)(271))(75 - %)7

and hence
i (t+4F) = Tonatyo(t) (E=1,2,...,2n),
where
o(h;l)y=(1,3,...,2n — 1)P(2,4,...,2n) 7 € Gy,. (5.2.1)

n7p

This implies that @, ,(t) consists of 2d closed curves and % bodies chase one another
along each closed curve. See Figure 5.1.

5.2.2 The shape sphere

We consider the group action on the circle S to C? by
2 (21,20) = (221, 279), 2 € ST, (21, 29) € C*.

The quotient space (C? — {0})/S! under the above action is realized by the following
projection:

m: C? — {0} — R® — {0} (= (C* - {0})/S")
(1, m9) — u(t) = (ug, ug, us)
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where

(Ul, U2, U3> = (‘l’1|2 - |.172|2, QRG(ZElfQ), ZIIH(.TlfQ))

= (r? — 13, 2r11ry cos(fy — 02), 2r1ro sin(6; — 65)).
Here 21 = r1e"' and xo = 75€"2. Set the rays
Ay ={(£s,0,0) | s € Rug},

2k
Byr = {(O,scos(%),ssin( p )| s € ]R>0)} (k € Z) and

= { (0o 207 @0 2 W) e,

2k

n

In the quotient space (C* — {0})/S?, the sets Ay and By, correspond to collisions of the
original 2n bodies. If u(t) € A, (resp. A_), then all bodies with odd (resp. even) indeces
collide at ¢t € R and if u(t) € By, then two regular n-gons fit. See Figure 5.4 for the
configurations of 8 bodies corresponding to By, By, B4 and Bg.

Let u(t)(= wn,,(t)) be a curve corresponding to the solution @, ,(t). As a result, u(¢)
passes through neither Ay nor By, because @, ,(t) has no collision ( [52, Proposition 3]).
On the other hand, each Bg;_; represents a configuration where 2n bodies form a regular
2n-gon. See Figure 5.4 for the configurations of 8 bodies corresponding to B_1, By, B3

and Bs.
Set
-1 0 0
M(k) = 0 cos(2E)  sin(2ZE)
0 sin(#*) —cos(2E)

It is easy to see that M (k) is an orthogonal matrix with eigenvalues A\ = 1,—1. The
eigenvector for A = 1 is By, and hence M (k) represents m-rotation with respect to By.
The invariance under g, is associated with

Ul(—t) (51 (t)
us(—t) | = M(=1) | ua(t)
U3<—t) us (t)

and it implies that w(t) and w(—t) are symmetric with respect to B_;. In other words,
rotating this curve 7 with respect to B_1, u(t) coincides with w(—t). In particular u(0) €
B_;. Similarly, the invariance under h,,, is associated with

u(t+27) | =1 0 cos(¥2)  —sin(*2) us(t) |,
ug(t +27") 0 sin(*Z)  cos(2) us(t)

where T = %. Substituting —(¢ + T') into ¢ and applying the invariance under g,, we

obtain

upy(—t+T) | =M2p—1) [ uw(t+T
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Taking ¢ = 0 gives

Ul(@ Ul(@
up(T) | =M@2p—1)| wA(T) |,
us(7T) us(T)

and hence u(t+7T) and w(—t+T) are symmetric with respect to By,_; and u(T) € By,_1.
It means that the original configuration of 2n bodies forms a regular 2n-gon again at ¢t = T.
Other symmetries with respect to Byj;,—1 for j = 2,3,... can be seen in the same manner.

Remark 5.2.1. It is proved in [52, Proposition 5] that w(t) & Bay,_y for allt € (0,T) and
k € Z . It implies that &, ,(t) and x, (1) are distinct smooth solution for p # p’ in the
sense that w(T) belongs to Boy,_ 1, that is in the sense that the configuration of the first
reqular 2n-gon lives in the distinct By, for each p.

Consider the projection from R3*—{0} to the 2-sphere S?. The projective space is called
the shape sphere. The image of u(t) € R* — {0} under the projection is also denoted by
the same notation u(t), and we call a family {w(?)}; (on the shape sphare) the shape
curve. Determining the shape curve wu(t) for ¢t € (0,T), we obtain the shape curve wu(t)
for all ¢ € R from the above symmetries. For example, we show the shape curves u(t) for
t € R when (n,p) = (3,1) and (n,p) = (4,2) in Figure 5.2. Each point B; in Figure 5.2
indicates the projection of the ray B; onto the shape sphere. The solid arrows (resp. the
dotted arrows) illustrate the shape curve u(t) in the front side on the shape sphere, i.e.,
up () (= |z1(t)|? — |z2(£)]?) > 0, (resp. the back side, i.e., ui(t) < 0). The dotted arrow
of label 2 follows from symmetry of the solid arrow of label 1 with respect to B;. The
remaining cases are treated in the same fashion.

(a) (n,p) = (3,1) (b) (n,p) = (4,2)

Figure 5.2: The shape curve u(t) for ¢ € R when (1) (n,p) = (3,1) and (2) (n,p) = (4,2).

The point B; in the figure is the projection of the ray B; onto the shape sphere.

Remark 5.2.2. Though the set AG does not determine how the shape curve u(t) moves
on the shape sphere fort € (0,T), we can prove through variational arguments that it does
not happen like Figure 5.3(1) or (2). See [52, Propositions 5 and 6] for the proof.

Figure 5.4 illustrates the projection of the shape curve u(t) onto the usug-plane to-
gether with the configuration of 8 bodies corresponding to each B; when (n,p) = (4,1)
and (4,2).
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B, B,

L J
BG BS

(a) Error type 1: Across the usus-plane (b) Error type 2: Non-monotonicity

Figure 5.3: Error types of the shape curve u(t) (0 < ¢t < T) when (n,p) = (4,2). (1)
Error type 1: u(t) (0 <t < T) is across the upus-plane. (2) Error type 2: wu(t) is not
monotone. For the shape curve w(t) (0 < t < T), see the solid arrow with label 1 in
Figure 5.2(2).

5.3 Braid groups and mapping class groups

5.3.1 Geometric braids

In this section, we recall definitions of (geometric) braids and the braid types. For
the basics on braid groups, see Birman [8]. Let D be a closed disk in the plane R? and
Qm ={q,---,qn} be a set of m points in the interior of D. Let 71, ...,7, be mutually
disjoint m arcs in D X [0, 1] with the following properties.

d a(vlu"'urym):{(th)""?(Qm?t) |t€ {Ovl}}CDX {071}7

e v (i=1,...,m) starts at (¢;,0) = ;N (D x {0}) and it goes up monotonically with
respect to the [0, 1]-factor. In particular v; N (D x {t}) consists of a single point for
0<t< 1.

Wecall b=~ U---U~, C D x|[0,1] a (geometric) braid with base points @Q,, and call
each 7; a strand of the braid b. We say that braids b and o' with base points @Q,, are
equivalent if there is a 1-parameter family of braids with base points (), deforming b to
b'. By abuse of notations, the equivalence class [b] is also denote by b.

For braids b and b’ with base points @,,, the product bb’ is defined as follows. We first
stuck b on O’ and concatenate them to get disjoint arcs properly embedded in D x [0, 2].
By normalizing its height, we obtain a braid (in D x [0,1]) with the same base points
()., and this is the braid bb’. The set of all braids with base points @Q,, with this product
gives a group structure. The group is called the (geometric) braid group with base points
Q) and it is denoted by B(Q,,). Note that the identity element 1g, € B(Q.) is given
by a braid consisting of straight arcs.

Let A,, = {a1,...,a,} beaset of m points in the interior of D such that a4, ..., a,, lie
on a segment in this order. We write B,, = B(A,,) and call B,, the m-braid group. The
isomorphism class of the above braid group B(Q,,) with base points @,, does not depend
on the location of base points, and B(Q,,) is isomorphic to B,,. To define braid types
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14
3 7
1 1
6 2
6 4 4 5
3 3 7
8 6 : 8
B,
1 6 1 2
3
— B,
8
52 576
B.
o
8 2 8
3 3 7
2 4 4 6
5 3 Y 5
6
574
(a) (n,p) = (4,1)
1 4
3 7
1 1
6 2
6 4 4 )
3 7 > 8 3 7
B,
8 2 ’ 6 : 8
5
B, < B
1 6 2 1 2
3 7 7
B —B,
8 4 f 0 8
52 2 f 576
L B, B, L
8 6 2 8
Bs
3 7 3 7
1.8
2 4 4 6
5 7 5
2 6
574

(b) (n,p) = (4,2)

Figure 5.4: The projection of the shape curve u(t) for t € R onto the usus-plane when
(1) (n,p) = (4,1) and (2) (n,p) = (4,2). The configuration of 8 bodies corresponding to
B; is illustrated.



CHAPTER 5. 73

| (@rﬁQ\ll

(M 2 3) (4) ) (6)

Figure 5.5: (1) 0; € By (2) 0105" € Bs. (3) (0105')3 € Py < Bs. (4) 0?0, € Py < Bs.
(5) A full twist A? € P3 < Bs. (6) A half twist A € B,.

of geometric braids with arbitrary base points @),,, we now take an isomorphism between
B(Q.,) and B,,. We first choose an orientation preserving homeomorphism f : D — D
such that f(A,,) = Q. Then take an isotopy {fi}o<i<1 on D between the identity map
idp and f, i.e., fo =idp and f; = f. We consider two kinds of mutually disjoint m arcs
~vt and 4~ properly embedded in D x [0, 1] as follows.

7"‘ = U {(ft(al),t),...,(ft(am)7t)}’

te(0,1]

Y= U {(fl—t(al)at)’"'7(f1—t(am)’t)}'

t€[0,1]

Note that Q,, = f1(An) = {f(a1),..., f(an)} and A,, = fo(An) ={ai,...,ay,}. Because
of this, it makes sense to stack a braid b € B(Q,,) on v, and we obtain the resulting
disjoint m arcs b-y" C D x [0, 2]. Then we stack v~ on b-y*. As a result we have disjoint
m arcs
v -b-yt C D x|0,3].

By normalizing the height of the arcs, we obtain a braid (in D x [0, 1]) with base points A,,,
and we still denote it by the same notation v~ -b-~". In particular if b = 1¢, € B(Qn),
then 7~ 1g,, vt = 14,, € By,. The correspondence b — v~ b~ gives us an isomorphism
between B(Q,,) and B,.

For an element b € B,,, we put indices 1,...,m at the bottoms of strands so that the
index 7 indicates (a;,0) € D x {0}. Let o; be an element of B,, as in Figure 5.5(1). The
braid group B,, is generated by 01,09, ...,0,_1, and it has the following braid relations.

(Bl) UiO'j = UjUi (|Z —j‘ Z 2)
(B2) 0i0i110i = 0441050541 (1 <3 <m —2).

See Figure 5.5(2)—(6) for some braids. There is a surjective homomorphism
6:B,—6,

from B,, to the symmetry group &,, of m elements sending each o; to the transposition
(7,74 1). The kernel of ¢ is called the pure braid group (or colored braid group) P, < By,.
An element of P, is called a pure braid. See Figure 5.5(3)(4)(5) for some pure braids.

Let Z(B,,) be the center of B, which is an infinite cyclic group generated by a full
twist A%, where a half twist A = A,, € B,, is given by

Am = (0'10'2 Ce O'm_l)(O'lUg Ce O'm_2> Ce (0'10'2)0'1.
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See Figure 5.5(6) for a half twist A € By. ~
Given a braid b € B,,, consider the projection b in the quotient group

BZn = BQn/Z(BQn)

The braid type (b) of b is a conjugacy class of b in By,.

In the case of the braid group B(Q,,) with base points @,,, the braid type (b) of
b € B(Q,,) is defined by the braid type <7* b - 7+> of the braid v~ -b-~" € B,, (with
base points A,,), where v and v~ are arcs as above. The braid type (b) is well-defined,
i.e., it does not depend on the above orientation preserving homeomorphism f : D — D
and the isotopy { fi}o<i<1-

Example 5.3.1.
(1) For the 3-braid o105 ", it follows that

6(oroy ") = 6(01)a(0y ) = (12)(23) = (123) € Gs,

see Figure 5.5(2). Hence 6((0105"')%) = 1 € &3 which means that (o105 ")° € Ps.
(2) For the 3-braid 0?05, it follows that

o(0i0y%) =6(07)6(0,%) =1-1=1¢€ &3,
see Figure 5.5(4). Hence o?0,” € Ps.

Example 5.3.2. For the Euler’s periodic solution of the planar 3-body problem, three
bodies are collinear at every instant. A full twist A*> = (010901)* = (0102)® € Bs (Figure
5.5(5)) represents the braid type of the solution. Since Z(Bs) is generated by A?, the braid
type of the Euler’s periodic solution is trivial. Similarly, it is the trivial braid type for the
Lagrange’s periodic solution of the planar 3-body problem, since the triangle formed by the
three bodies is equilateral for all time.

5.3.2 Mapping class groups

Let Xi,..., X, be possibly empty subspaces of an orientable manifold M. For instance
M is a connected orientable surface ¥,,, of genus g > 0 with m punctures (possibly
m =0) and X; (i =1,...,n) is a finite set in ¥,,,. Let Homeo, (M, X3, ..., X,,) be the
group of orientation-preserving self-homeomorphisms of M that map X; onto X; for each
i =1,...,n. We do not require that homeomorphisms fix the boundary M pointwise.
The mapping class group MCG(M, X3, ..., X,,) is defined by

MCG(M, Xy,...,X,) = mo(Homeo, (M, X1, ..., X)),

that is the group of isotopy classes of elements of Homeo (M, X,...,X,,). When X is
an empty subspace of M, then we write MCG(M) = MCG(M, X). We apply elements of
mapping class groups from right to left, i.e., we apply ¢ first for the product fg.
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0oo0oo0o0O0 o ---0 V/Sz\ o
m 1 i\/Ai+1 n
(2 3)

Figure 5.6: (1) A pair (Xo,m,{c0}). (2) An m-punctured plane. (3) A half twist h;.

Let D,, = D\ A,, be an m-punctured disk, where A,, = {a1,...,a,} is the set of
m points in the interior of D as in Section 5.3.1. By definition, MCG(D,,) is the group
of isotopy classes of elements of Homeo, (D,,) which fix 0D setwise. In this chapter, we
mainly consider an m-punctured disk D,,, or an m-punctured sphere Yy ,,, as an orientable
manifold M for the mapping class groups. We take a point in ¥, and call it oo.
An element f € Homeo, (2o, {oo}) means that f fixes the point co. Puncturing the
point oo, we think of MCG(Zy,,, {oo}) as a subgroup of MCG(Xg,n4+1). Also we may
regard MCG(Xg,,, {oc0}) as the mapping class group of an m-punctured plane. See Figure
5.6(1)(2).

The mapping class group MCG(D,,) is generated by hq,...,h,_1, where h; is the
right-handed half twist about a segment s; connecting the ¢th and (i + 1)th punctures,
see Figure 5.6(3). More precisely, let I; C int(D) be a closed disk such that D; contains
the two points a; and a;;; together with a segment s; between the punctures a; and
a;+1. Moreover I); contains no other points of A,,. Then the right-handed half-twist
h; € MCG(D,,) is a mapping class that fixes the exterior of I; and rotates s; in I; by
7 in the counter-clockwise direction. Hence h; interchanges the ith puncture with the
(7 + 1)th puncture.

We now recall a relation between B,, and MCG(D,,,). There is a surjective homomor-
phism

I': B, - MCG(D,,)
which sends o; to h; for i = 1,...,m — 1. The kernel of I' is the center Z(B,,), and

hence B,, = By,,/Z(B,,) is isomorphic to MCG(D,,,). Collapsing 0D to the point oo in
the sphere, we have a homomorphism

¢ : MCG(D,,) = MCG(X3¢ 1, {o0}).

By abuse of notations, we simply denote by b, the mapping class ¢(I'(b)) € MCG(2 ., {o0}).
Also we denote by (b), the conjugacy class (¢(I'(b))) of ¢(I'(b)) € MCG(Zo,m, {c0}). Note
that this notation (b) is the same as the braid type of b € B,,.

5.3.3 Nielsen-Thurston classification

According to the Nielsen-Thurston classification [59], mapping classes fall into three types:
periodic, reducible and pseudo-Anosov. Assume that 3¢ — 3+ m > 1. A mapping class
¢ € MCG(X,,,) is periodic if ¢ is of finite order. A mapping class ¢ € MCG(X,,,) is
reducible if there is a collection of mutually disjoint and non-homotopic essential simple
closed curves C1,...,Cj in X, ,,, for j > 1 such that C, U---UCj is preserved by ¢. Here a
simple closed curve C' in 3, is essential if each component of ¥, ,,, \ C has negative Euler
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characteristic. (There is a mapping class that is periodic and reducible.) A mapping class
¢ € MCG(X,,,) is pseudo-Anosov if ¢ is neither periodic nor reducible. Note that the
Nielsen-Thurston type is a conjugacy invariant, i.e., two mapping classes are conjugate to
each other in MCG(X, ,,), then their Nielsen-Thurston types are the same.

Pseudo-Anosov mapping classes have many important properties for the study of dy-
namical systems. For more details which we describe below, see [19,20]. A homeomor-
phism & : X, ,, — X,,, is pseudo-Anosov if there exist a constant A = A(®) > 1 and a
pair of transverse measured foliations (F*, u*) and (F~, u~) such that

O((FF,pu")) = (F" ") and O((F~,p7)) = (F, 317)-

This means that ® preserves both foliations F+ and F~, and it contracts the leaves of
F~ by 5 and it expands the leaves of 7 by X. The invariant foliations F* and F~ are
called the unstable and stable foliations for ®, and A > 1 is called the stretch factor for ®.

Remark 5.3.3. The invariant foliations F+ and F~ for the pseudo-Anosov homeomor-
phism ® are singular foliations which mean that they have common singularities in the
interior of ¥4, or at punctures of ¥, .,,. The number of singularities is finite. A 1-pronged
singularity may occur at a puncture of ¥,,,, yet there are no 1-pronged singularities in
the interior of Xy ,.

Each pseudo-Anosov mapping class ¢ € MCG(X,,,) contains a pseudo-Anosov home-
omorphism ¢ as a representative of ¢. We set A(¢) = A(®) and call it the stretch factor
of the mapping class ¢ = [®]. The stretch factor A(¢) is a conjugacy invariant of pseudo-
Anosov mapping classes. Moreover \(¢) is the largest eigenvalue of a Perron-Frobenius
integral matrix. Thus A(¢) is an algebraic integer which is a real number grater than 1
and |N'| < A(¢) holds for each conjugate element X' # A(¢). The logarithm log(A(¢)) of
the stretch factor A(¢) is called the entropy of ¢.

Remark 5.3.4. If € MCG(X,,,) is pseudo-Anosov, then ¢* is pseudo-Anosov for all
k > 1 and the equality \(¢*) = (X\(¢))* holds.

Recall the two homomorphisms

I': B,, > MCG(D,,),and
¢: MCG(D,,) = MCG(2g 1, {o0}) < MCG(X0 1m+1)-

We say that a braid b € B,, is periodic (resp. reducible, pseudo-Anosov) if the mapping
class ¢(I'(b)) is of the corresponding type. When b is a pseudo-Anosov braid, the stretch
factor A(b) of b is defined by the stretch factor A(¢(I'(b))) of the mapping class ¢(I'(d)).
In this case, it makes sense to say that the braid type (b) is pseudo-Anosov, and we can
define the stretch factor A({b)) of the braid type (b) by

A((0)) = A(b) = A(e(T' (D)), (5.3.1)

since both Nielsen-Thurston type and the stretch factor are conjugacy invariants.
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5.3.4 Pseudo-Anosov 3-braids

It is well-known that for positive integers k;’s, ¢;’s and r, the 3-braid

ki _—01 kyr _—4,
0-1 0-2 DY 0-1 0-2

is pseudo-Anosov. Moreover any pseudo-Anosov 3-braid « is conjugate to a braid

ki __—£

— kr _—4r

in Bs which is unique up to a cyclic permutation. See Murasugi [46] for example. Then
the stretch factor A(«) is the eigenvalue greater than 1 of

k1 4y kr L,
1 1\" (1 0 1 1\" (1 0
M(kl,el,.“,kmmz(o 1) (1 1) ...(0 1) (1 1) . (5.3.2)

See Handel [28] for example.

Example 5.3.5 (Metallic 3-braids (Appendix A in [22])). Forp > 1, the 3-braid o° o, "
is pseudo-Anosov, and the stretch factor NoPoy ) is the eigenvalue greater than 1 of
M (1+4p* 2p ™

(2p,2p) = 2p 1) s

Mo¥o3™) = (p+ VPP T 1) = (520 + VAP TD)) = (s3,)"
(XD 13

(1) )

Figure 5.7: (1) The figure-8 solution x(t) with period T. (2) A representative braid
oy oy € (b(x(t), [0, £])).

Example 5.3.6. Let us consider the figure-8 solution x(t) = (x1(t), x2(t), x3(t)) by Moore
[45] and Chenciner-Montgomery [18], see Figure 5.7. The periodic solution x(t) has a
property such that

l‘l(t + %) = l‘g(t), J?g(t + %) = $3(t), l‘g(t + %) = l’l(t),

where T > 0 is the period of x(t). This property tells us that x(t) determines a braid
b(x(t),[0,%]). One sees that o7'oy € Bj is a representative of (b(x(t),[0,%])) and
(07'02)® represents the braid type (b(x(t),[0,T])) of the solution x(t). It is easy to see
that oy *oy is conjugate with o105 in Bs. By (5.3.2), 0105 " is a pseudo-Anosov braid
with the stretch factor (s1)%. Thus the braid type of the figure-8 solution is pseudo-Anosov
with the stretch factor (s1)% (Remark 5.5.4), and hence it is a mnon-trivial braid type in

contrast with the Euler’s solution and Lagrange’s solution (Example 5.3.2).
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5.4 Proof of Theorem 5.1.5

For n > 2 and p > 1, we define braids w,, vy, B, € B2, as follows.

Uy — ((710'2...O'Qn_1>(0'10'3...0'2n_1)_1,
Up = <0'10'2...02,171)71(010'3...0'2”,1) and
Bnp = ubvb.

See also Figure 5.8 together with the braid relation (B1) in Section 5.3.1. It is easy to
check that ¢(u,) = (1,3,...,2n — 1) and 6(v,) = (2,4,...,2n)"!. Hence by (5.2.1), we
have

6(Bup) = 0(uPr?) = (1,3,...,2n — 1)P(2,4,....2n) " = o(h,}). (5.4.1)

n?p

A\|/[JJ A A A A A A A 4 L\\\\\
I | " E,,/,L
2
>} Ui

"~ | — — ||
(M un
|- I Iy
—1-1"" C/\\\_\\
L ) C \\\\\ }Vn2 1 j
( W W Vn /—_——_
7 7 W B i e b
]2345 7 8 12 3 456738 12 3 4567 8
@ vn 3)Bn,1 @ Bp,2

Figure 5.8: Case n =4. (1) up. (2) vp. (3) Br1 = Un¥p. (4) Bro = uiv?

n

Proof of Theorem 5.1.5. The proof consists of the following two steps. In Step 1, we
prove that for n > 2 and any p > 1, the braid 3, is pseudo-Anosov with A\(3,,) = (s2,)?.
(We have no restriction on p in Step 1.) In Step 2, we prove that for any n > 2 and
p€{l,...,|%]}, the braid types of 3,, and y,, = b(xn,(t), [0, £]) are the same. In other
words, Bnp € (Ynp). Since X, = ((ynp) ), it follows that X, = ((8,,)4). Hence by

Step 1 together with Remark 5.3.4, X, ,, is a pseudo-Anosov braid type with the stretch

factor
2n

/\(me) - )‘((Bn,p) ) ( (ﬁnp))d = (521))

Step 1. For n > 2 and p > 1, the braid 3, is pseudo-Anosov with A(3,,) = (82,)?. In
particular A(3,,,) < A(Bny) if p <.
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2 )

Figure 5.9: Case n = 4. (1) An n-fold branched cover p : g2, — o2 with branched
points 0 and oo, where punctures lie on the equators. (2) The upper hemisphere for 3 oy,.
(3) The upper hemisphere for X .

Figure 5.10: Case n = 4. (1) A lift a = a,, € MCG(Zg2n, {0}, {oc}) of (2) a = ¢} €
MCG(Zg9, {0}, {x}). (3) A lift b = b, € MCG(Zg2n, {0}, {c0}) of (4) b = 0,% €
MCG(Zo2, {0},{oc0}). For (2) and (4), a and b (as elements of Bj) have base points z;,
Qa and Lo.
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X X2 X3 X4 X5 X6 X7X8 12345678

(M @ 3)

Figure 5.11: Case n =4. (1) An arc in the equator. (2) A segment in the plane. (3) The
braid w,, corresponding to a® € MCG(Xg 2., {o0}). (The arc in (1) is identified with the
segment in (2).) For (1) and (2), arrows indicate the image of the punctures under a.

Proof of Step 1. We consider a 2-punctured sphere ¥ 2 and denote the two punctures of
Y2 by z; and z,. We pick two points in 3y and call them 0 (the north pole) and oo
(the south pole). Given n > 2, we take an n-fold branched cover

P Yoo — 2o

with branched points 0 and co. (We cut a longitude of 32 between 0 and oo, take n
copies of the resulting surface, and past them to make an 2n-punctured sphere.) We
denote lifts of 0,00 € ¥p2 by 0,00 € X9, respectively. Let z1, 9, ..., 22, be punctures
of X2, such that p sends xoy, (resp. xor—1) to z, (resp. ). In the view from 0 € X5, in
the upper hemisphere, we may assume that x1, ..., zs, lie on the equator counterclockwise
and these 2n punctures form the regular 2n-gon. See Figure 5.9.

Let a = 0%, b = 0,2 € Bs. Since a and b are pure 3-braids, we can regard a and b
as elements of MCG(Xg9, {0}, {o0}), see Figure 5.10(2)(4). We lift a and b to X, and
call them _

?i, be MCG(EO’Q»,“ {0}7 {OO}) < MCG(EO’Qn_f_l, {OO})

(Clearly both @ and b fix the two points 0 and co.) We have

a(ror—1) = mopy1 and a(wog) = xop for k=1,...,n,

b(.l?gk_l) = T2k—1 and ’g(lﬂgk) = T2k—2 for k = 1, Lo,y

where we interpret indices modulo 2n. Notice that a rotates the regular n-gon z125 . .. 19,1
by % counterclockwise about the north pole 0; b rotates the regular n-gon xaxy . .. 22, by
T clockwise about the same point 0, see Figure 5.10(1)(3). In other words, under the
action of @, each puncture x9; 1 (i = 1,...,2n) with odd index is passing through in front
of the puncture x5, with even index from the view of the north pole 0 € X 5,. Similarly,
under the action of g, each puncture xy; (i = 1,...,2n) with even index is passing through
in front of the puncture x,;_; with odd index. B B
Forgetting the point 0 € ¥g4,, we think of @ and b as elements, say a* and b* of
MCG (So.2n, {00}) respectively. To find the planar 2n-braids for @ and b*, we cut the
equator of X9, at a point between the consecutive punctures xs, and z; (in the cyclic
order) into an arc, and we regard the arc as a segment in the plane containing the punc-
tures a1, . .., Ta, in this order, see Figure 5.11(1)(2). Then from the actions of a® and b®
on 2n punctures in the plane, one sees that 2n-braids corresponding to a°®, b* are given by
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Uy, Uy € B, respectively. See Figure 5.11(3). (Although we do not need braid represen-
tatives corresponding to @ and b in the proof of Step 1, Figure 5.10(1) and (3) illustrate

these representatives for a and b respectively in case n = 4.)
We define

dp = (@)7(b)” € MCG(Zg.20, {0}, {00}) < MCG(Z02n41, {0}).

It follows that ¢, is a lift of a?b? = 0370, " € MCG(Xo2, {0}, {o0}). Recall that a?b? is
a pseudo-Anosov mapping class with the stretch factor (ss,)%, see Example 5.3.5. Since
¢p is a lift of aPbP, ¢, is also pseudo-Anosov with the same stretch factor as a?b?. Hence
A¢p) = (517)2' _
Forgetting the point 0 € ¥ 2,, we obtain ¢ € MCG(Xg 25, {oo}) from ¢, = (a)?(b)*.
Note that ¢5 = (a*)P(b*)? is a mapping class corresponding to the braid 3,, = ubvh.

Claim. The stable/unstable foliation F*+/~ of ¢, is not 1-pronged at 0 € 9,

For the proof of Step 1, it is enough to prove Claim. The reason is that if 7/~ is not
1-pronged at the point 0 € X2, then the same singular foliations F* and F~ are still
invariant foliations for ¢, see Remark 5.3.3. This implies that ¢5 (and hence the braid
By.p) is pseudo-Anosov with the same stretch factor (s,)? as ¢,, i.e.,

ABup) (= A(@5)) = M8,) = (52)"

Proof of Claim. Let us consider the stable/unstable foliation £+ and F~ for the pseudo-
Anosov element a?b?. Then F*/~ has 1-pronged singularities at each of the two punctures
of ¥ 2 and at each of the two points 0 and co. Let F* and F~ denote lifts of Ftand F~
respectively. It follows that F*/~ is the stable/unstable foliation for ¢p, and F +/~ has a
1-pronged singularity at each of the 2n punctures and F*/~ has n-pronged singularities
(n > 2) at the points 0 and oo in g 3,. In particular F+/~ is not 1-pronged at 0 € Yo.2n-
This completes the proof of Claim.

By Claim, we finished the proof of Step 1.
Recall that y,, = b(x,,(t),[0,27)) and T = 4£
Step 2. Bnp € (Ynyp). In particular (3,,)d € an = < Ynp)d ).

Proof of Step 2. Let us consider the shape curve u(t) (¢t € [0,2 ]) for the solution @, ,(t).
By the arguments in Section 5.2.2, the shape curve u(t) (¢ € [0,277]) satisfies the following
properties.

(s1) u(0) € B_1, w(T) € Byp_1 and u(2T) € By,_1.
(s2) ui(t) >0for 0 <t <T.
(s3) ui(t) <0 for T <t < 2T.
(s4) 2;(2T) =z cthiby@(0) for i =1,....2n.
Recall that n bodies with odd indices and n bodies with even indices rotate in mutually
opposite directions. The above (s1) (u(0) € B_;, u(T") € By,—1) and (s2) tell us that each

of bodies wy;(t)’s (i = 1,...,n) with even indices is passing through in front of bodies with
odd indices (in the time interval (0, 7)) from the view of the origin 0 € R2. Similarly (s1)
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(w(T) € Byy_1, u(2T) € Byy_1) and (s3) imply that each of bodies wg;_1(t)’s (i = 1,...,n)
with odd indices is passing through in front of the bodies with even indices (in the time
interval (T,2T)). These properties connect up (b € MCG(Zo.2n, {0}, {c0}) with w(t)
for t € [0,7] (resp. (a)? € MCG(Zo2n, {0}, {oo}) with wu(t) for ¢t € [T,2T]), see Figure
5.10(3)(4). Recall that the permutation 6(3,,) of the braid f,, = ulv? coincides with
o(h,;), see (5.4.1). Putting these properties together with (s4), we conclude that the 2n-
braid u2v? (= B,,) is a representative of the braid type (Y, ) of yn, = b(@, (1), [0,277).

This completes the proof of Step 2.
By Steps 1 and 2, we have finished the proof of Theorem 5.1.5. m

We end this section with an example.

Example 5.4.1. Corollary 5.1.6 and Table 5.1 may suggest that \(X,,,,) does not coincide

with N(X,,) for different pairs (n,p) # (n,p’). However, the stretch factors happen to

coincide for different pairs occasionally: The kth metallic ratio s, has a formula (s3)* =

Spay3, for each k € N. In particular (8¢)° = S934 when k = 6. We now claim that

MNXn3) = MXo117) for all n = 3228 with k > 5. Then 117 < |5]. By Theorem 5.1.4, we
2n

have MXn3) = (56)7 = (56)*2"" and A(Xp117) = (8234) 5 = (5234)> . By the equality
(56)% = 8234, we have

2k’+1 2k+1

AMXns) = ((86)°)* = (s234)" = AM(Xn17).

5.5 New numerical periodic solutions of the 2n-body
problem

We numerically found the periodic solutions @, ,(t) for p = 1,...,|%] in Figure 5.1. In

order to obtain those, we consider the Fourier series of the solutions and compute the

Fourier coefficient by using the steepest descent method. Though the existence of the

periodic orbits theoretically guarantees for p = 1,...,[% ], new numerical solutions are

obtained for several pairs with (n,p) with 5] < p <n. See Figure 5.12.
Then it is natural to ask the following question.

Question 5.5.1. Forn > 2 and |5] < p <n, does there exist a periodic solution x, ,(t)
of the planar 2n-body problem whose braid type X, , is given by the braid (ﬂn’p)% with
d = ged(n, p)?

If the answer of Question 5.5.1 is positive, then Theorem 5.1.4 is extended to some
pairs (n,p) with |5 | < p <n, i.e. if the answer of Question 5.5.1 is positive, then the braid
type X,,, of the periodic solution , , () of the planar 2n-body problem is pseudo-Anosov
with the stretch factor (52p)27n. See also Step 1 of the proof of Theorem 5.1.5.
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Figure 5.12: (].) w3,2(t). (2) .’.1'}4’3(t). (3) :13573(15). (4) w5,4(t).
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Conclusions

In this thesis, using minimizing methods, we proved infinitely many transition orbits in
twist maps as well as multiple periodic solutions of the restricted three-body problem
and related problems. Moreover, as a related issue to periodic solutions of the n-body
problem, we examined braid types determined from a family of periodic solutions in the
planar 2n-body problem. We summarize our key results as follows.

(i) In Chapter 2, we established the variational structure for infinite transition orbits
between two periodic orbits. We first introduced several results for finite transi-
tion orbits and the corresponding variational structures [49,66]. The functionals or
functions such as (1.1.7) and (1.2.4) always take infinite values for infinite transi-
tion orbits. We therefore solved this problem by considering a renormalized function
defined on a set Xj ,, which is determined by two bi-infinite sequences, k and p.
Moreover, we showed that, for some k and p, the renormalized function has a mini-
mizer on X}, , and the minimizer implies infinite transition orbits.

(7) In Chapters 3 and 4, we examined the restricted three-body problem and two related
problems. Chapter 3 provided the proof for multiple periodic solutions that rotate
clockwise around one or two primaries. Chapter 4 dealt with the Hill problem and
the two-center problem. In the first half, we considered a holonomic constraint and
showed the existence of periodic orbits, such as orbits restricted to a specific plane,
in a similar way to the local estimate used in Chapter 3. In the latter half, using
the global estimate, we demonstrated the existence of brake orbits in the planar
two-center problem, which can be regarded as a simpler model of the restricted
three-body problem.

(ii1) In Chapter 5, we studied braid types of planar periodic solutions. More precisely,
we studied braid types determined from periodic solutions with high symmetries of
the planar 2n-body problem in [52]. We first showed that each 2n-braid type can be
regarded as a 3-braid by using a covering space and that all of their braid types are
pseudo-Anosov. In addition, we found that their stretch factors are always powers
of metallic ratios.

We conclude this thesis by stating potential future works.

(1) In Chapter 2, we assumed that two periodic configurations, u® and u!, have the same
rotation number. Future work could consider the case where the rotation numbers
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are different. As a related paper to this problem, we refer to [63], which discusses
minimal configurations in such a case.

In Chapter 3, all of the obtained orbits rotate clockwise around one or two primaries.
Therefore, the following question arises: how do we show the existence of periodic or-
bits that rotate counterclockwise or that involve both clockwise and counterclockwise
rotations (as in Figure 6.1)7

IRTTTLIER,
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Figure 6.1: One of the remaining cases we have not proved

Chapter 5 established the braid types determined from a family of periodic solutions
of the 2n-body problem. However, Montgomery’s question (Question 5.1.1), which
motivated our study, focused on showing the existence of periodic solutions deter-
mined from braids, so our result does not answer his question. Given an n-braid or
n-braid type, there remains the question of how to show the existence of a periodic
solution that realizes the n-braid or n-braid type in the case of n > 4.
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