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1 Introduction 

Let k > 0 be the wave number, and let記：＝股 x(0, oo) be the upper half plane, and let W := 

Rx (0, h) be the waveguide in記． Wedenote by r a:＝股 x{a} for a> 0. Let n E L00(Ri) be real 

value, 21r-periodic with respect to x1 (that is, n(x1 + 21r，四） ＝n(xぃ叫 forall x = (x1,x2) E記），
and equal to one for四＞ h.We assume that there exists a constant no > 0 such that n ~ no in認
Let q E L00(記)bereal valued with the compact support supp q in W. We denote by Q := supp q. 
In this paper, we consider the following scattering problem: For fixed y E記＼W,determine the 

scattered field u8 E Hに（記） suchthat 

△か＋炉(1+ q)nか＝一炉qnui(・,y) in記，

か＝ 0on r。,
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Here, the incident field u'is given by u'(x, y) = Gn(x, y), where Gn is the Dirichlet Green's function 

in the upper half plane記 for△+k2n, that is, 

Gn(x,y) := G(x,y)十か(x,y), (1.3) 

where G(x,y)：＝如(x,y) -<I>k(x, y*) is the Dirichlet Green's function in記 for△+k2, and 

y* = (Y1, -y2) is the reflected point of y at股 x{O}. Here,<I> k (x, y) is the fundamental solution to 
Helmholtz equation in訊 thatis, 

i rr(l) 
如 (x,y)：＝ -H。(klx-YI), x =J y, 

4 
(1.4) 

(1) 
where H,。isthe Hankel function of the first kind of order one. が isthe scattered field of the 

unperturbed problem by the incident field G(x, y), that is, u8 vanishes for x2 = 0 and solves 

△が＋ K％が＝炉(1-n)G(-, y) in記・ (1.5) 

If we impose a suitable radiation condition introduced in [8], the unperturbed solution u8 is uniquely 
determined. Later, we will explain the exact definition of this radiation condition (see Definition 
2.4). 

In order to show the well-posedness of the perturbed scattering problem (1.1)-(1.2), we make 
the following邸 sumption.
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Assumption 1.1. We assume that k2 is not the point spectrum of 
(1+q)n 1 △ in HJ（記）， thatis, 

every v Eが（記） whichsatisfies 

△v十炉(1+ q)nv = 0 in記，

v = 0 on r。,
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has to vanish for四＞ 0.

If we assume that q and n satisfy in addition that州(1+q)n)~ 0 in W, then v which satisfies 

(1.6)-(1.7) vanishes, that is, under this assumption all of炉 isnot the point spectrum of d △ (1+q)n 

(see Section 6). Our aim in this paper is to show the following theorem. 

Theorem 1.2. Let Assumptions 1.1 and 2.1 hold and let k > 0 be regular in the sense of Definition 

2.3 and let f E £2（記） suchthat suppf = Q. Then, there exists a unique solution u E Hに（記）
such that 

△u＋炉（1+ q)nu =fin記，

u = 0 on r。,

and u satisfies the radiation condition in the sense of Definition 2.4. 

(1.8) 

(1.9) 

Roughly speaking, the radiation condition of Definition 2.4 requires that we have a decomposition 

of the solution u into u(ll which decays in the direction of x1, and a finite combination u(2) of 

propagative modes which does not decay, but it exponentially decays in the direction of x2. 

This paper is organized as follows. In Section 2, we briefly recall a radiation condition introduced 

in [8]. Under the radiation condition in the sense of Definition 2.4, we show the uniqueness of u(2) 

and u(l) in Section 3 and 4, respectively. In Section 5, we show the existence of u. In Section 6, we 

give an example of n and q with respect to Assumption 1.1. 

2 A radiation condition 

In Section 2, we briefly recall a radiation condition introduced in [8]. Let f Eび（記） havethe 

compact support in W. First, we consider the following problem: Find u EHに（記） suchthat 

△u+ k2nu =fin記，

u = 0 on r。•

(2.1) is understood in the variational sense, that is, 

J訊団·匹— K三］dx=-fw伊 dx,
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(2.3) 

for all'-P Eが（認）， withcompact support. In such a problem, it is natural to impose the upward 

propagating radiation condition, that is, u(•, h) E £00(股)and

叫）＝2J u(y)年~ds(y) =0,四＞ h.
rh 0y2 

(2.4) 
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However, even with this condition we can not expect the uniqueness of this problem. (see Example 

2.3 of [8].) In order to introduce a suitable radiation condition, [8] discussed limiting absorption 

solution of this problem, that is, the limit of the solution Ue of△Ue+(k+iE)2匹＝ f as € →0. 
For the details of an introduction of this radiation condition, we refer to [5, 6, 7, 8]. 

Let us prepare for the exact definition of the radiation condition. First we recall that the Floquet 

Bloch transform Tper :び（股） →び((0,21r) x (-1/2, 1/2)) is defined by 

Tperf (t, a) = fa(t)：＝ L f(t + 21rm)e―ia(t+21rm), 

mEZ 

for (t,a) E (0,21r) X (-1/2, 1/2). The inverse transform is given by 

TP--;_~g(t) = [~1122 g(t, a)eiatda, t E恥
-1/2 

(2.5) 

(2.6) 

By taking the Floquet Bloch transform with respect to x1 in (2.1)-(2.2), we have for a E (-1/2, 1/2] 

師 a ~ 
△如＋ 2ia~ + (k2n -aり如＝ fain (0,27r) X (O,oo). 

枷 1

Ua = 0 on (0, 27r) x {O}. 
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 By taking the Floquet Bloch transform with respect to x1 in (2.4)，如 satisfiesthe Rayleigh expansion 

of the form 
如(x) ＝と叫a)e匹1+i沢丁詞厄—h), 四＞ h, (2.9) 

nEZ 

where Un(a) := (21r）ー1J。加叫(x1,h)e→nエ1dx1 are the Fourier coefficients of Ua (・, h), and 

✓炉— (n ＋砂＝ i✓（n+a)2 ＿炉 ifn +a> k. 

We denote by CR:= (0, 21r) X (0, R) for RE (0, oo], and HJer(CR) the subspace of the 21r-periodic 

function in H1(CR), We also denote by HJ,per(CR) := {u E HJer(CR): u = 0 on (0,21r) x {O}} that 
is equipped withが (C叫 norm.The space HJ,per(CR) has the inner product of the form 

〈U叫＝j ▽U・ ▽叫＋ 2心凶戸+lun席，
Ch ~ 

(2.10) 

where Un = (21r）ー1J。~1r u(x1, R)e―i匹 1dx1.The problem (2.7)-(2.9) is equivalent to the following 

operator equation (see section 3 in [8]), 

% -Kふ＝ fa in H炉（C砂，

where the operator Ka: HJ,per(C刈→ HJ,per(Ch)is defined by 

(2.11) 

〈K孔， V〉* -!ch[。小嘉—鸞塁） ＋（°'2 -k％）祠]dx

+ 2吋こ Un席 (Vk2-（n+a)2-iご）
ln+al<:'.k 

+ 21r I:叫写（丘ニエ V(n+a)2＿炉）． （2.12) 

ln+al>k 
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For several a E (-1/2, 1/2], the uniqueness of this problem fails. We call these a exceptional values 

if the operator I -Ka fails to be injective. For the difficulty of treatment of a such that la+ll = k for 

some l E Zin an periodic scattering problem, we set Ak := { a E (-1/2, 1/2]：ヨlE Z s.t. la+ll = k}, 
and make the following assumption: 

A ssumption 2.1. For every a E Ak, I -Ka has to be injective. 

The following properties of exceptional values was shown in Lemmas 4.2 and 5.6 of [8]. 

Lemma 2.2. Let Assumption 2.1 hold. Then, there exists only finitely many exceptional values 

aE(-1/2,1/2]．和rthermore,if a is an exceptional value, then so is -a. Therefore, the set of 

exceptional values can be described by｛匂： jE J} where some J C Z is finite and °'-j = -aj for 
j E J. For each exceptional valueの wedefine 

ふ＝ ｛の E Hに（認） の竺［。！戸。:(：：)p¢er]。。dllenfo股ri;1,

¢ satisfies the Rayleigh expansion (2.9) } 

Then, Xj are finite dimensional. We set mj = dimXj. Furthermore, r/> E Xj is evanescent, that is, 
there exists c > 0 and 8 > 0 such that lr/>(x)I, I向 (x)I：：：：： ce―6lx2Ifor all x E認

Next, we consider the following eigenvalue problem in Xj: Determine d E股 andr/> E Xj such 
that 

JC00［畳＋叫］厄dx= dk fc00 n贔dx,
Goo 

(2.13) 

for all心EXj, We denote by the eigenvalues dz,j and the eigenfunction ¢1,j of this problem, that is, 

J [-i狐，J

c= 
珈十→］厄dx= dz,jk 1頑，J五dx,

c= 
(2.14) 

for every l = 1,…，mj and j E J. We normalize the eigenfunction｛幻： l= 1,…四｝ suchthat 

kJ 叫，J仰，Jdx＝ふ，l', (2.15) 
Goo 

for all l, l'. We will assume that the wave number k > 0 is regular in the following sense. 

Definition 2.3. k > 0 is regular if dぃヂ 0for all l = 1,…mj and j E J. 

Now we are ready to define the radiation condition. 

Definition 2.4. Let Assumptions 2.1 hold, and let k > 0 be regular in the sense of Definition 2.3. 

We set 

臼(x1):= ~ [1士：［,/2 ~dt], x1 E賊 (2.16) 

Then, u EHに（記） satisfiesthe radiation condition if u satisfies the upward propagating radiation 
condition (2.4), and has a decomposition in the form u = u(I) + u(2) where u叫 Eが (JRX 

IRx(O,R) 

(0, R)) for all R > 0, and u(2l EL呵記） hasthe following form 

u(2l(x)＝ゅ＋（叫こど叩如(x)＋ゆ―(x1)とこ al,J如(x) (2.17) 
JEJ d1,J>O JEJ d1,;<0 

where some az,j EC, and {dz,j,如： l= 1,…，四｝ arenormalized eigenvalues and eigenfunctions of 

the problem (2.8). 
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Remark 2.5. We can replace厨 byany smooth functions炉 suchthat 炉 (x1) —記（叫→ 0,

and I¾,炉 (x1) —晶主(x1) → 0 as Ix叶→ oobecause (2.12) is of the form 

u(2l(x)＝記（叫区区 al,j如 (x)＋店(x1)区区 al,j如 (x)
JEJ dぃ＞O JEJ dぃ<O

＋（釘（叫—炒打叫）ここり，心(x) +（責(x1)一ぶ（叫）LLaz,j如 (x), (2.18) 
jEJ如＞0 jEJ如く0

where the second term in the right-hand side of (2.13) is a H1-function, which is the role of u(l). 

The following was shown in Theorems 2.2, 6.6, and 6.8 of [8]. 

Theorem 2.6. Let Assumptions 2.1 hold and let k > 0 be regular in the sense of Definition 2.3. For 
every f Eび（記） withthe compact support in W, there exists a unique solution uk+i, Eが（詔） of

the problem {2.1)-(2.2) replacing k by k+iE. Furthermore, uk+i< converge as E→ +0 inH1し（略） to
some u E Hl~c（記） which satisfy {2.1)-(2.2) and the radiation condition in the sense of Definition 
2.4. Furthermore, the solution u of this problem is uniquely determined. 

Finally in this section, we will show the following integral representation. 

Lemma 2.7. Let f Eび（略） havea compact support in W, and let u be a solution of {2.1)-(2.2) 
which satisfying the radiation condition in the sense of Definition 2.4. Then, u has an integral 

representation of the form 

u(x) = k2 f)n(y) -l)u(y)G(x, y)dy -fw f(y)G(x, y)dy, x E記 (2.19)

Proof of Lemma 2. 7. Let E > 0 be small enough and let四 EH1(記） bea solution of the problem 
(2.1)-(2.2) replacing k by k + iE, that is, u, satisfies 

△叫＋ （k + iE)2加＝ fin記，

叫＝ 0on r。•

(2.20) 

(2.21) 

Let G,(x,y) be the Dirichlet Green's function in the upper half plane記 for△+  （K + i€)乞 Let
X E記 bealways fixed such that x2 > R. Let r > 0 be large enough such that x E Br(O) where 
Br(O) C配 bea open ball with center O and radius r > 0. By Green's representation theorem in 

Br(O) n詔 wehave 

叫 (x) J ［竺（y)G,(x,y) -u,(y)~(x, y)]ds(y) 
砥 (O)n記枷 枷

-J 王 (y)＋ (K+i€)2u,(y)] G,(x, y)dy 
Br(O)n記

iR_/O)n!R.~ [~(y)G,(x,y) -u,(y)~ ［一(y)G,(x,y) -u,(y)~(x, y)] ds(y) 
8Br(O)nR3 枷＋ 枷

+ （K + i€)2 J (n(y)-1)四 (y)G,(x,y)dy 
Br(O)n記

-／ f(y)Ge(x,y)dy. 
Br(O)n記

(2.22) 



59

Since叫 E圧（記）， thefirst term of the right hand side converges to zero as r→oo. Therefore, as 

r →oo we have for x E記

叫x)= (k + ic)2 fw (n(y) -l)匹（y)Gc(x,y)dy -fw f(y)Gc(x, y)dy. (2.23) 
w 

We will show that (2.23) converges as E→0 to 

叩）＝ k2fw伍(y)-l)u(y)G(x, y)dy -fw f(y)G(x, y)dy. (2.24) 
w 

Indeed, by the argument in (3.8) and (3.9) of [2], Gc(x, y) is of the estimation 

IG心，y)I::::;C 
X2Y2 

1 + Ix -Yi3/2' 
Ix -YI > 1, (2.25) 

where above C is independent of E > 0. Then, by Lebesgue dominated convergence theorem we 

have the second integral in (2.23) converges as E ➔ 0 to one in (2.24). So, we will consider the 
convergence of the first integral in (2.23). 

(1),.. (2) By the beginning of the proof of Theorem 6.6 in [8]，匹 canbe of the form糾＝叫＋叫 where
(1) （2) 

四 convergesto u(l) in H1(W), and u~~J is of the form for x E W 

叫叫）＝豆シJ1/2 e匹 1

jEJl=l -1/2 ic -dz,ja 
da向，j(x), (2.26) 

which converges pointwise to uC2心）． Here,Yl,j E C is some constant. From the convergence of u~ (1) 

inが (W)we obtain that晶(n(y)-l)uい1¥y)Ge(x,y)dy converges fw(n(y) -l)u(l) (y)G(x, y)dy as 

€ →0. 
By the argument of (b) in Lemma 6.1 of [8] we have 

如，€（m）：＝ J1/2 戸 l da 
_1;2 iE -dz,ja 

= - t f|d叫／（2€） cos(t@11|d叫）dt-2叫 ”1/2 tsint 

|dl,J| ＿|d叫／（2e) 1 + t2,J  l亨＋Qdt,
(2.27) 

which implies that for all x1 E政

|心Z,j,,(x1)I：：：：：： C(J-0000 1:tt2 +[m|／2字dt)

：：：：：： C（J-0000 1:tt2dt+［亨 dt+[m|＋1臼）
：：：：：： C(l + log(lx1I + 1)), (2.28) 

where above C is independent of E > 0. Then, we have that for y E W 

l(n(v) -1)炉(y)G,(x,v)I：：：：：：

C(l + log(IY叶＋ 1))

1 + Ix -Yl312' 
(2.29) 

where above C is independent of y and E. Then, right hand side of (2.29) is an integrable func-

tion in W with respect to y. Then, by Lebesgue dominated convergence theorem属(n(y)-

l)u~2\y)G,(x,y)dy converges to fw(n(y) -l)u(2l(y)G(x,y)dy as E→0. Therefore, (2.24) has 

been shown. ロ
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3 Uniqueness of u( 2) 

In Section 3, we will show the uniqueness of u(2) in Theorem 1.2. 

Lemma 3.1. Let Assumptions 2.1 hold and let k > 0 be regular in the sense of Definition 2.3. If 

uEHに（記） suchthat 
△u十炉(1+ q)nu = 0, in記， (3.1) 

u = 0 on r。, (3.2) 

and u satisfies the radiation condition in the sense of Definition 2.4, then uC2l = 0 in認

Proof of Lemma 3.1. By the definition of the radiation condition, u is of the form u =副＋u(2)

where u叫 Eが（賊 x(0, R)) for all R > 0, and uC2) E £00（訊） hasthe form 
艮x(O,R)

u(2l(x)＝炉(x1)区区 al,j如 (x)＋直(x1)と区 al,j如 (x), (3.3) 

JEJ di,;>0 JEJ di,;<0 

where some al,j E IC, and { dl,j，仰，j: l = 1,…,mj} are normalized eigenvalues and eigenfunctions 

of the problem (2.13). Here, by Remark 2.5 the function炉 ischosen as a smooth function such 

that心打叫＝ 1for x1 2: 1J and炉（叫＝ 0for X1さー1/,and訳：＝ 1-ゅ＋ where1J > 0 is some 
positive number. 

Stepl (Green's theorem in応）： Weset ON:= (-N,N) x (O,cp(N)) whereゆ(N):= N8. Later 
we will choose a appropriate s E (0, 1). Let R > h be large and always fixed, and let N be large 

enough such that cp(N) > R. We denote by I似：＝ ｛士N}x (O,R), I喜炉：＝ ｛土N}x (R, cp(N)), 

and r ¢(N),N := (-N, N) X｛叩（N)}.(see the figure below.) We set I土N:=I似 Ul覧．

By Green's first theorem in nN and u = 0 on (-N, N) x {O}, we have 

J {—炉（1 + q)n|叩＋ 1▽研｝dx= ｛叫＋ IV叶｝dx応`ds-［疇ds+；9□N(N)`ds

J詞狐2)ds-j 詞狐2)ds
IN - 8x1 --- h_N - 8x1 

+ 1N詞~ds+［三~ds十い→::)ds
-J 詞狐1)ds — 詞幻） ds — 詞狐1)ds

I-N0xl l-N0xl l-N 0x1 

+ J 豆竺ds.
ref,(N),N 8x2 

(3.4) 
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By the same argument in Theorem 4.6 of [7] and Lemma 6.3 of [8], we can show that 

い勺：）ds-1-N詞~ds
+ j 詞狐1)ds+j詞 8u(2)ds+J戸馴）ds

I§ 8xl I§ 0xl I§ 0x1 

- j 詞狐1)ds-J 詞幻） ds — 詞狐1)ds
IEN 8xl IEN 0xl l %  8x1 

ぃ：こ戸 ―麟,J,JJ 切，J8x;Jdx 
Cq,(N) jEJ d1,J,dl',j>O 

1 -8仰―云区区亨l’,JJ @，J,Jdx+0(1)， 
jEJ dl,J9知 <0 JCq,(N) 8x1 

(3.5) 

and the first and second term in the right hand side converge as N→ CX) to 拾 ~jEJ~如＞o la1,j l2d1,1 

and羞 区jEJ区如<O|al，鵡，jrespectively. Therefore, taking an imaginary part in (3.4) yields 

that 

We set 

O=Im［ぢビ主＞O亨 l',jL¢(N)元？；’口］

- Im［釘已l,Jfj<O亨 l',jL¢(N)元り；戸］
+ Im ft(N) 詞 ~゚ds+ImlvN) 詞 ~゚ds+Im ft(N) 詞~ds
- Im J 詞狐1)ds-Imj 詞狐2)ds-Imj 詞狐1)ds

心） 枷 l I竺笠） 枷 l I閃 如

枷
+ Im! 正 -ds+ o(l). 

r¢(N),N 8x2 

J土(N)：＝士Imj 詞狐1)ds士Imj 詞~ds 士 Im 詞狐1)ds,虐 ~ds±lmJ霜） 'ti-ds±Im J悶 0x1

and we will show that limsupN→coJ士(N)2: 0. 

(3.6) 

(3.7) 
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Step2 (limsupN→凸(N)~ 0): By the Cauchy Schwarz inequality we have 

IJ+(N)Iさ (J:(N)lu(ll(N互）1玉）1/2(J:(N)l~(N，四） 2dx2) 1;2 

+ (J:(N) lu(ll(N，四）国）1/2(l¢(N)l~(N，四） 2dx2) 1;2 

+ (J:(N) luC2l(N，砂）国）1;2(l¢(N) I ~(N, x2f dx2) 1;2 

(Jの(N) R 

1 )  
1/2 / r¢(N) I :-:i.,(1) I 2 ¥ 1/2 

::; (J:(N) lu(1l(N,x叩dx2)1/~ (l¢(N)l~(N，叩） dx2)
¢(N) 

+ C(cp(N) -R)l/2 (l い(N,x2)12dx2
R 

) 1/2 

+ C(¢(N)-R)l/2(l¢(N)l~(N，四） 2dx2) 112. (3.8) 

In order to estimate u(l), we will show the following lemma. 

Lemma 3.2. u(l) has an integral representation of the form 

u(1)（x) ＝ J び(y)G(x,y)dy + k2 !w (n(y)(l + q(y)) -l)uC1l(y)G(x, y)dy 
y2>0 JW  

+ k2 l n(y)q(y)uC2l(y)G(x,y)dy, 四＞ 0, (3.9) 

whereび：＝△u(2)+ K2nu(2)． 

Proof of Lemma 3.2. First, we will consider an integral representation of uC2). Let N > 0 be large 
enough. By Green's representation theorem in (-N, N) x (0, N叫 wehave 

u(2)（x) ＝/ [u(2)（y)竺 (x,y)-G(x,y)~(y)]ds(y) 
(-N,N)X{N1/4}0y2 0y2 

+ (1mxro.N1/<) -1-mx(O.N'l•J [uC2l(y)~(x,y)- G(x,y)~ {N}x(O,N114) J{-N}x(O,Nい）
-1 )  [u(2)(y)一 (x,y)-G(x,y)~(y)]ds(y) 

如如

- J [r,(y)＋炉(1-n(y))u(2l(y)]G(x,y)dy. (3.10) 
(-N,N)x(O,N114) 

By Lemma 3.1 of [2], the Dirichlet Green's function G(x, y) is of the estimation 

IG(x,y)|，▽yG(x,y)I::; C 
X2Y2 

1 + Ix -Yl3/2' 
Ix -YI > 1. (3.11) 

By Lemma 2.2 we have that lu(2l(x)I, I 
枷 (2)（x)

如 I::; ce―Jlx2 I for all x E記， andsome c, 5 > 0. Then, 

we obtain 

J [u(2)(y)竺 (x,y)-G(x,y)~(y)]ds(y) 
(-N,N)X{N1/4}0y2 0y2 

こ ejN 巧 e-6N1/4 dy2三C”2Ne―6N1/4
-N INl/4 -叩|3/2 |N1/4_四 |3/2.

(3.12) 
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Furthermore, 

J [u(2)（y)竺(x,y) -G(x, y)~記）（y)]ds(y)
｛土N}x(0,N1/4)8Y1 8Y1 

Nl/4 

s cj 喧 2 dy2さC”2N1/2
o I士N-X1|3/2 I士N-x113/2. 

Therefore, as N→oo in (3.10) we get 

u(2l(x) =ーし。u(y)G(x,y)dy + k2 fw (n(y) -l)u(2l(y)G(x, y)dy. 

By Lemma 2.7, we have (substitute -k2qnu for fin (2.19)) 

u(x) = k2 fw (n(y) -l)u(y)G(x, y)dy + k2 l q(y)n(y)u(y)G(x, y)dy. 

Combining (3.14) with (3.15) we have 

砂 (x) = -u(2l(x) + k2 fw (n(y) -l)u(y)G(x, y)dy + k2 l q(y)叫）u(y)G(x,y)dy 

L-o.n u(y)G(x, y)dy -k2 !w (n(y) -l)u(2l(y)G(x, y)dy 

+ K`(y）ー 1）u(y)G(x,［：dy+K2JQq(y)n(y)u(y)G(x,y)dy 

12 u(y)G(x,y)dy + k2 !w (n(y)(I + q(y)) -l)u叫y)G(x,y)dy
記 W

(3.13) 

(3.14) 

(3.15) 

+ k2 L n(y)q(y)u(2l(y)G(x,y)dy. (3.16) 
Q 

Therefore. Lemma 3.2 has been shown. 

We set正(x):= I:jEJ I:如 '§'.;O叩如(x).Then, by a simple calculation we can show 

d27j;+(y1) 
両）＝釘(y)+ 2 

d心甘Y1)8u打y) . d2心―(Y1) ＿ dゆ―(y1)au―(y) 
＋ u-(y) + 2 

崎 dy1 如 dyf dy1 8y1' 

which implies that supp a C (-rJ, rJ) x (0, oo). By Lemma 3.2 we have for Rく四 <¢(N)

狐 1)

lu叫N,x2)I,l~(N，四） :S C 
¢(N)y2 枷~(N,x2)I :SC lc-ri,ri)x(O,oo) la(y)l~dy 

+ C fwlu(1l(y)l~dy+C L ~dy 
w (1 + |N-Y1|）3/2Q  |N-Y1|3/2 

¢(N) 
こ CN3/2+c¢(N)J 

|u(1)（y)| 

w (1 + IN -Y1l)3/2 
dy. 

口

(3.17) 

(3.18) 

We have to estimate the second term in right hand side. The following lemma was shown in Lemma 

4.12 of [l]. 
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Lemma 3.3. Assume that'P E Lね(JR.)such that 

A 

supA>o{ (1 + A予 J 炉(t)l2dt}< oo, 
-A 

｝ (3.19) 

for some E > 0. Then, for every a E [O, ½ -E) there exists a constant C > 0 and a sequence 
{Am}mEN such that Am→oo as m→oo and 

J 炉(t)l2dt:::;CA五尺 mEN, (3.20) 
KAm 

where KA:= K,t U K,4, K,t := (-A+,A+) ¥ (-A,A), KA := (-A,A) ¥ (-A-,A-), and A土：＝

A土 A112forAE [1,oo). 

Aoolvi 2.L ¥ 1/2 pplying Lemma 3.3 to'P ＝ （J。h|u叫•,Y2)12dy2)112 EL罪）， thereexists a sequence { Nm}mEN 
such that Nm→oo as m→oo and 

L" 1h lu(1l(y1,Y2)12dy1dy2:::; CN；；；い， mEN.

KNm゜
(3.21) 

Then, by the Cauchy Schwarz inequality we have 

Jw(1十二叫；］1)3／2dy= （J-NN□ +JKNm +!恥¥［-N；；；立］）［ （1 ＋ |1;:?>l| )3/2dy

：：：： C（J-Nこ(1+Ndmy[ |Y1|）3)1/2 +C(Jk知［い(Y1,Y2)12dy1dy2)112 

+ c(Jい[-N；；；泣］ （1 ＋ |y:［＼)1/2 

立 1/2
：：：： c(foN;;; ~) 1;2 + CN盃1/8+C(Jこ(1+y:Y：心）3)1/2 

：：：： CN-1/8 
m 

With (3.18) we have form EN, 

珈 (1)

lu(ll(Nm心2)1, l~(Nm,x2)I SC  
¢(N』

釦 1 N炉・

Therefore, by (3.8) we have 

¢(Nm)2 
IJ+(Nm)I S C(<j;(N』 -R) ＋C(¢(N』 -R)

Nm 
1/4 

S C(<j;(Nm) -R)~ SC  
</>(Nm)2 ~,,<f;(Nm)3 

1/8 1/8. 
Nm 心

</>(Nm) 

Nm 
1/8 

(3.22) 

(3.23) 

(3.24) 

Since efJ(N) = N8, if we choose s E (0, 1) such that 3s < ½, that is, 0 < s <羞 theright hand side 
in (3.24) converges to zero as m→oo. Therefore, limsupN→00J+(N) 2 0. By the same argument 
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of J+, we can show that limsupN→00J_(N) ~ 0, which yields Step 2. 

Next, we discuss the last term in (3.6). By the same argument in Lemma 3.2 that we apply Green's 

representation theorem in x2 > hand use the Dirichlet Green's function Gh of鯰叫：＝応<(h,oo))

instead of G, u(ll can also be of another integral representation for四＞ h 

砂 (x) = 1び(y)Gh(x,y)dy + 2 !.副 (y)年~ds(y)
Y2>h rh 0y2 

＝：計(x)＋茫(x), (3.25) 

where Gh is defined by G爪x,y)：＝叫(x,y)ー叫（x,y；；)whereyi, = (Y1, 2h一ぬ）． Wedefine 
(1) approximation u¼! of u(l) by 

点(x) ＝［2>OX¢(N)-1(Y2)び(y~G:x, y)dy +2th XN(Y1)砂(y)~し”~ds(y)
=: viv(x) + vR,(x)， 四 ＞ h, (3.26) 

where Xa is defined by for a > 0, 

叫：＝｛i for ltlさa
for ltl > a. 

(3.27) 

By Lemma 3.4 of [4] and Lemma 2.1 of [3] we can show that v}v and v和satisfythe upward 
(1) 

propagating radiation condition, which implies that so does u';/. Furthermore, by the definition of 

紺 wecan show that u炉A(N)-1)EL嘔） nL00（股）． Then,by Lemma 6.1 of [4] we have that 

Im J r¢(N) 

Combining (3,6) with (3,28) we have 

0 ;c:: -Im l 詞疇
叫v ds 

如rq,(N) 

詞 OuN
UN  ds 2 0. 

8x2 

Im［叫3:戸°亨l’,JJC中(N)元゚。¢お口］

- Im［心l］予~<0ai"Jal',j fcq,(N) 元~dx] ＋ふ(N) + J_(N) 

+ Im £¢,(N),N憂— ImJ応(N) 芯？〗） ds + o(l) 

We observe the 1邸 tterm 

枷 戸点
ImJ応（N),N豆広―ImJ応（N)~~ds =: L(N) + M(N), 

(3.28) 

(3.29) 

(3.30) 
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where 

L(N) := Im l 詞~ds-Iml詞 Ou尉
釦 2

UN 
r¢(N)，N 塁(N) 8x2 

ds, (3.31) 

M(N) :=Im 1 詞 {)u(2)ds+Imj 詞狐1)ds+ImJ 戸~ds. (3.32) 
r中(N),N 如 r中(N),N 如 ref,(N),N 如

狐 1)
By Lemma 3.2 we can show lu(ll(xいの(N))I,l~(x1,¢(N))I S C<jJ(N) for x1 E恥 andby Lemma 'I 8x2 

2.2 we have luC2l(x1,¢(N))I, l~(x1,¢(N))I S Ce―姉(N)for X1 E阻． Then,we have 
'I 8x2 

IM(N)I S I: lu叫い(N))ll~(x1,¢(N))ldx1 
-N 如
N Ou(1) 

+ [~ luC2¥x1, ¢(N))ll~(x1, ¢(N))ldx1 
-N 如

+ JN |u(2) （m ，の（N))ll~(x1,¢(N))ldx1 -N,-,--,,T,-11,1 8x2 

S C(N¢(N)e―砂(Nl+Ne―2砂(N))

S CN¢(N)e―砂(N), (3.33) 

which implies that M(N) = o(l) as N→oo. Hence, we will show that limsupN→ooL(N)2': 0. 

Step3 (limsupN→00L(N) 2': 0): First, we observe that 

IL(N)I 
J →u(1) -8u(1) 

さ Imr¢(N) N u(1) 0x2 ds-ImJr¢(N) N u(1)、ds

+ IIm [¢,(NJ,N詞り~ds-Im [¢,(NJ,N言〗ds
— (1) 

+ IIm l 心直UNds 
ref,(N)＼心(N),N 8x2 

N 狐1)0点
:S: L: lu(1l(x1, ¢(N))II~ い（N)) ―如い(N))lds

N,_.(l)t.. -1./u¥¥ __ (1)1.. _J_/~T\\11 a点
+ J い（エ1,</J(N)）—点(x心(N))II~(xi, ¢(N))lds 

-N 如

+ J 咄(x心（N))ll~(x1 ， ¢(N))lds.JR¥(-N,N),-iv,-., T,--'''I 8x2 

By Lemma 2.2(J'has a exponential decay in Y2・ Then, we have for x1 E此

枷 1 1 OvK 
厨(x1,¢(N)）|， 一 (x1,¢(N))I,lv}v(x1びり（N))I, l~(x1,</>(N)) 
如如

(3.34) 

さ CJ e—~dy :SC~, (3.35) 
(-r,,r,)x(O,oo) (1 + lx1 —訓）3/2

dy :SC 
(1 + lx11)312' 
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and 

枷 1/_.Ll~T\\ av}v 厨(x心 (N))-v}v(x1, <f;(N)）|，一(x砂 (N))-~(x砂(N))
如如

＜ 
e-0Y2<f;(N)y2 _ cl玉 ）x(</>(N)-1,(XJ）（1 + |xl -Y1|）3/2dy 

:S C (i:/-6Y2 y2dy2) TI1し:i)3/2dy 三〗 (3.36) 

Since the fundamental solution to Helmholtz equation<I>(x, y) is of the following estimation (see 

e.g., [2]) for Ix -YI 2 1 

⑲ |x2 -Y2| 82① |x2 -Y2|2 
~(x,y) さc~, l~(x,y) さ C
0y2 l +|x -y|3/2'0x20y2 1 + |x -y|3/2' 

(3.37) 

we can show that for x1 E艮

lv2(x1, rp(N))I:::; Crp(N)Woo(x1), Iv和(x1,rp(N))I:::; Crp(N)WN(x1), (3.38) 

and 
枷 2 Ov和
~(x1, rp(N)） :::; Crp(N)2Woo(x1), l~(x1バり(N) ） :::; Crp(N戸WN(x1), (3.39) 
8x2 8x2 

and 

I茫(x1,cp(N)) -v和(x1，少（N))I:S: Ccp(N)(W00(x1) -WN(x1)), (3.40) 

and 
枷 2 Ov2 

N 

8 
-（x1，cp(N)) -~(x1,cp(N))I :S: Ccp(N)2(W00(x1) -WN(x1)), (3.41) 
X2 0x2 

where WN is defined by for N E  (0, oo] 

W心）：＝JN lu(1l(y1, h)I 
-N~dy1, X1 E股． (3.42) 

Using (3.35)-(3.41), we continue to estimate (3.34). By the Cauchy Schwarz inequality we have 

N 
IL(N)|こej{ ¢(N) 

-N l (1 + lx11)312 
+ </J(N)Woo（叫｝

｛の(N)e―匹(N)

(1 + lx11)312 
x{~ + ¢(N)2(W00(x1)-WN(x1)) }dx1 

JN｛の（N）e―匹(N)
+ (J~+</J(N)(W00(x1)-W心））｝

- N  l (1 + Ix叶）3/2

{ ¢(N) 
x { ~ + </J(N)2叫（叫｝凸

(1 +回）3/2

+ L\(-N,N){~闘）3/2 げ（N）応（叫｝｛（1 ＋竺〗）3／2 +¢(N)叫（叩｝凸
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N 

：：：：： C<f;(N)3 [:  W00(x1)(Woo(x1) -W凸））dx1
-N  

N 1 
+ C<f;(N)3 [:  ~(W00(x1) -WN(x1))dx1 

-N  (1 + Ix叶）3/2

+ c¢(N)2J 1 凸＋C<f;(N)21
1 

応 (x1)dx1
詞 N,N)(1 + Ix叶） JR¥(-N,N)(1 + lx1l)3/2 

+ c¢(N)3J |W心）羞＋o(l)
JR¥(-N,N) 

：：：：： C¢(N)3{（JNN(WOO(X1)-W心））芦）1／2+（J艮＼（ NN)W:;:)1)羞）1／2} (343) 

Finally, we will estimate (W00(x1)-WN(x1)) and WN(x1). Since uC1l(・, h) EL嘔）， byLemma 3.3 
there exists a sequence {Nm}mEN such that Nm→oo as m→oo and 

J □(Y1, h)l2dy1 さ CN孟¼, mEN, 
KNm  

(3.44) 

where KA:= K,:t U KA, K,:t := (-A+,A+) ¥ (-A,A), KA:= (-A,A) ¥ (-A-,A-), and A± := 
A士A1i2for A E [1,oo). 

By the Cauchy Schwarz inequality we have for lx1 I > N加

and 

JN；；；い（Y1,h)|

-N；；； （1 + lx1 -YI 1)312 
dy1 

JK い(Y1,h)|3/2dy1

N；；； (1 + lx1 -y1I) 

こ (J心 1/2(J_:；；； 
-N；；； 

|u(1)（Y1,h)|2dy1) （J dy1 
-N;;; （1 + |m|-Y1)3) 

C 
< l-lx1I -N;;;,' 

さ (J い(Y1,h)l2dy1)112 ([;:, ~ ~Nm lu(ll(y1,h)l2dy1) Lf~ (1心 (1+ |X1| -Y1)3) 

1/2 

(3.45) 

1/2 

<： 
C 

(3.46) 
N;/,8(1 + lx1I -Nm). 

Therefore. we obtain ， 

J w心 ） 羞
艮＼（ーNm,Nm)

三 Clco dxl cco  dx1 
心 (l-|xl| -N；；；戸十 Nよ14J心 (1-|xl|-Nm)2 

＜ 
C C C 

- 1/2 ＋ ＜ 
1+Nm N 

1/4 ----'7¥Tl/4' 
m Nm 

(3.4 7) 
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By the Cauchy Schwarz ineq叫 itywe have for lx1I < N加

J い(Y1,h)| 

IR¥(-N品心 (1+ lx1 -Y1l)3/2 
dy1 

さ (J
1/2 dy1 

艮＼（ーN孟，Nよ） 1凶 (Y1,h)l2dy1) Lf~ (l¥(-Nよ，Nよ） （1 ＋Y1 -|m|）3) 

さ
C 

l+N盆― |xii'

and 

1/2 

(3.48) 

J い(Y1,h)|

k哄 (1+ lx1 -v1l)3/2 
dy1 :s; ([Nm lu(ll(y1, h) l2dy1) 1/2 (L応m(1 + y［り□）3)1/2 

さ
C 

N炉(1+ Nm -lx1I). 

Therefore, we obtain 

J心 (Woo(x1)-W凸））2dx1
叫

こ CJNm dm C  Nm dx1 

心（1+N；；； ＿ m|）2十 Nよ14J-Nm (1+Nm-|x叶）2

C C C 
＜ 
― 1+N炉十 N↓/4

＜ 

Nm 
1/4. 

(3.49) 

(3.50) 

Therefore, Collecting (3.43), (3.47), and (3.50) we conclude that IL(Nm) I ::::; C翌雇•Since cp(N) = 
ef>(N=)3 N8, if we chooses E (0, 1) such that 3s <½,that is, 0 < s <羞， theterm'Pif!f!f converges to zero N;,/B 

asm→oo. Therefore, limsupN→00L(N) :2: 0, which yields Step 3. 

By taking limsupN→00 in (3.29) we have that 

0 ：：：：：土〗区。 |al，忍，J ― d苔。 |al，忍，］］
+ limsupN→00 (J+(N) + J_ (N) + L(N)). (3.51) 

By Steps 2 and 3 and choosing O < s＜命 theright hand side is non-negative. Therefore, al,j = 0 

for all l,j, which yields u(2) = 0. Lemma 3.1 has been shown, and in next section we will show the 
uniqueness of u(l). 口

4 Uniqueness of u( 1) 

In Section 4, we will show the following lemma. 
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Lemma 4.1. If u E Hに（詔） satisfies

(i) u EH嘔 x(0, R)) f,吋 allR > 0, 

(ii)△u＋炉（1+ q)nu = 0 in記，

(iii) u vanishes Jo'('X2 = 0, 

(iv) There exists¢ E L00(I'h) n H112(rh) with u(x) = 2 frh cp(y)竺巖亨s(y)Jo'('吟＞ h,

then, u E HJ（望）．

If we can use Lemma 4.1, we have the uniqueness of the solution in Theorem 1.2. 

Theorem 4.2. Let Assumptions 1.1 and 2.1 hold and let k > 0 be regular in the sense of Definition 

2.3. If u EHに（詔） satisfies{3.1), {3.2), and the radiation condition in the sense of Definition 

2.4, then u vanishes for四＞ 0.

Proof of Theorem 4.2. Let u E II,に国） satisfy(3.1), (3.2), and the radiation condition in the 

sense of Definition 2.4. By Lemma 3.1, u(2) = 0 for x2 > 0. Then, u(l) satisfies the assumptions 

(i)-(iv) of Lemma 4.1, which implies that u(l) E H,訊記）． ByAssumption 1.1, u(l) vanishes for 

吟＞ 0,which yields the uniqueness. ロ

Finally in this section we will show Theorem 4.2. 

Proof of Lemma 4.1. Let R > h be fixed. We set応，R:= (-N,N) x (O,R) where N > 0 is large 
enough. We denote by I似：＝ ｛土N}x (0, R), I'R,N := (-N,N) x {R}, and I'R := (-oo, oo) x {R}. 

By Green's first theorem in応，Rand assumptions (ii), (iii) we have 

l., D {-k2(1 + q)nlul2 + I▽研｝dx=｛正＋ 1▽研｝dx

Q=N,R[§噂dsーし疇ds+Jrf口憂ds. （4.1) 

By the assumption (i), the first and second term in the right hands side of (4.1) go to zero as 

N →oo. Then, by taking an imaginary part and as N→oo in (4.1) we have 

ImJ 豆竺ds= 0. 
rR 0x2 

(4.2) 

By considering the Floquet Bloch transform with respect to x1 (see the notation of (2.5)), we can 

show that 

J丘汀：xu2ds=J_11/／22［元（x1,R)~dx1da (4.3) 

Since the upward propagating radiation condition is equivalent to the Rayleigh expansion by the 

Floquet Bloch transform (see the proof of Theorem 6.8 in [8]), we can show that 

叫 x)＝区％（a)e匹 1＋噸戸二(x2-h),四＞ h, (4.4) 

nEZ 
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where un(a) := (2吋―1J。五％（x1,h)e―inx1dx1. From (4.2)-(4.4) we obtain that 

゜
1/2 r2rr 

Imf f 瓦(x1,R)底~dx1da
-1/2 0 0x2 

ImとJ1/2 
2叫％（a)l2iJ炉— (n+ a)生

nEZ -1/2 
(4.5) 

Here, we denote by k = no + r where no E N。andr E [-1/2, 1/2). Then by (4.5) we have 

un(a) = 0 for lnl < no, a.e. a E (-1/2, 1/2), 

Un0(a) = 0 for a E (-1/2,r), 

U-n0(a) = 0 for a E (-r, 1/2). 

By (4.6) we have 

J1/2「J00凡(x)l2凸 dx1da
-1/2JO JR 

27rf1/2 ど叫（a）|2/00e―占二主の2-h)凸 da
-1/2 lnl>no R 

+ 27rf1/2 |uno(a)|2 /00パニ戸(x2-h)凸 da

+ 2TJ-r |u_no(a) 2 R /00 e―□ 二（四ーh)凸 da
-1/2 JR 

:::; 27r L 1/2叫(a)|％-占コ戸(R-h)

|n|＞no f-1/2 而言百亡rda

+ 27rf 
1/2 巳(a)l2e-~＿炉（R-h)

da 
r ✓(no + a)2 -K2 

+ 27rf 
-r lu-n0(a)l2e―V(-no+a)2＿炉（R-h)

da 
-1/2 凶—no + a)2 -K2 

1/2 

三主。J-1/2叫（a)l2da

+ cl1/21二誓2da+cjー：27誓乳2da,

(4.6) 

(4.7) 
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and 

J1/2「looIBx1 iia(x) l2dx2dx1da 
-1/2 JO JR 

27r区
1/2 lun(a)l2研e―凶戸可写う(R-h)

|n|＞no f-1/2 ごご~da
+ 27rf1/2 |uno(a)1喝e―忍二戸(R-h)da

r ✓(no +a)2 -K2 

+ 27rf→ |u_no(a)1噂e―こ二(R-h)da

-1/2 凶—no +a)2 -K2 

1/2 
::; CL  I J叫 (a)l2da

+ c 〗二゜□2da+cjー：IT2 |u二 2da

By the same argument in (4.8) we have 

J1/2「JOO向 ふ(x)l2dx2dx1daさC と J
1/2 

lun(a)l2da 
-1/2 Jo JR lnl>no -1/2 

+Cl1/2|uご旱a+cjーロご雪da

It is well known that the Floquet Bloch Transform is an isomorphism between H囀t)and 

(4.8) 

(4.9) 

L2((-1/2, 1/2)。；が((0,21r) X股）x)(e.g., see Theorem 4 in [9]). Therefore, we obtain from (4.7)-
(4.9) 

1/2 2T OO 
llull~,(lli.x(R,oo)）こ Cf f f 血(x)|2+ |8心 (x)|2+|8心 (x)|2d疇 1da

-1/2 Jo JR 

If we can show that 

::; C 区 J1/2叫(a)l2da

lnl>no -1/2 

+ C J112 ~da+C 
r ~ 

+ J→ |u_no(a)|2da. 

-1/2 ✓二
1/2 27r 

こ Cf f 凡(x1,h)l2dx1da 
-1/2 JO 

+ cl1/2 1喜誓2da+cjー：Ir2|u三己〗;da. (4.10) 

38 > 0 and ::JC > 0 s.t. lu士no(a)IさC for all a E (-8士T,6士r), (4.11) 
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then the right hands side of (4.10) is finite, which yields Lemma 4.1. 

Finally, we will show (4.11). By the same argument in section 3 of [8] we have 

(I-Ka)如 ＝ fain H6,per(C砂 (4.12) 

where the operator Ka is defined by (2.12) and fa := -(Tperk2nqu)(・, a). Since the function k2nqu 

has a compact support, Illa||り如） isbounded with respect to a. By Assumption 2.1 and the 
operator Ka is compact, (I-Ka) is invertible if a E Ak. Since士rE Ak, (I-K±)is invertible. Since 

the exceptional values are finitely many (see Lemma 2.2), (I-Ka) is also invertible if a is close to士r.

Therefore, there exists fJ > 0 such that (I-Ka) is invertible for all a E (-fi+r,fi+r)U(-fi-r,fi-r). 
The operator (I -Ka) is of the form 

(I -Ka) = (I -K土r)(I-(I-K土r)―1[I-K丑一 (I-Ka)]) = (I -K土r)(J-Ma), (4.13) 

where Ma := (I -K士r)―1(Ka-K士r).Next, we will estimate (Ka -K士r).By the definition of Ka 

we have for all v,w E HJ,per(C砂

Since 

〈(Ka-K士r)v,w〉* -fch [i(ct 戸）（三—万塁） ＋（a2 -r2)v而］ dx

+ 2面 L VnWn（沢— (n+a)2 _ ✓炉ー (n 士 r戸）
lnlc/no 

+ 2が区 vn岡 (Vk2-（n+a)2 _ V炉ー (n士r戸）．
lnl=no 

l~-~l=I 士2nr+戸-2na-a:2 

V炉— (n+a戸＋ V炉— (n 士 r)2

lnlla土rl+lr2_ふ|

さ｛二三I
V|r+a||r-a| 

for lnl i= no 

for lnl = no, 

we have for all a E (-8 + r, 8 + r) U (-8 -r, 8 -r) 

|〈（Ka-K土r)v,w〉•|さ:Gia 干 rl llvllH'(Ch) llwllH'(C砂

+ C 区 lvnllwnl
lnlla干rl

V|K2 -（n士r)打lnl#no 

+ CL  lvnllw血o凶：戸］
lnl=no 

(4.14) 

(4.15) 

~ C凶こ戸］llvllか (Ch)llwllH囮）． （4.16) 

(we retake very small 8 > 0 if needed.) This implies that there is a constant number C > 0 which 

is independent of a such that IIKa -K士rll~ cy"ja戸lTherefore, by the property of Neumann 

series, there is a small 8 > 0 such that for all a E (-8 + r, 8 + r) U (-8 -r, 8 -r) 

00 

(I-Ma)―1＝どM：： and IIMall S 1/2. (4.17) 
n=O 



74

By the Cauchy Schwarz ineq叫 ity,the boundedness of trace operator, and (4.17) we have 

lu土n0(a)I S 1加凡(x1,h)ldx1SC||％||が(Ch)

C゚ll(I-Ma)―1(I -K士r)―1fallH1(Ch) 

S C ll(J-Ma)-111 ll(J-K士r)-lfall 
00 00 

:::; CLIIMa|『＜ CL(l/2)1< oo, 
n=O n=O 

(4.18) 

where constant number C > 0 is independent of a. Therefore, we have shown (4.11)．ロ

5 Existence 

In previous sections we discussed the uniqueness of Theorem 1.2. In Section 5, we will show the 
existence. Let Assumptions 1.1 and 2.1 hold and let k > 0 be regular in the sense of Definition 

2.3. Let f Eび（訊） suchthat supp/= Q. We define the solution operator S: L2(Q)→び(Q)by 
Sg := vl0 where v satisfies the radiation condition and 

Q 

△v + k2nv = g, in耐，

v = 0 on r。•

ヽ
~
）1

2

 

5
i
5
 

,1,‘、.＇`
‘

Remark that by Theorem 2.6 we can define such a operator S, and S is a compact operator 

since the restriction to Q of the solution v is inが (Q). We define the multiplication operator 

M:び（Q）→び(Q)by Mh := k2nqh. We will show the following lemma. 

Lemma 5.1. h2(Q) + SM  is invertible. 

Proof of Lemma 5.1. By the definition of operators Sand M we have SMg = vl0 where vis a 
Q 

radiating solution of (5.1)-(5.2) replacing g by k2nqg. If we assume that (I正(Q)+ SM)g = 0, then 

g = -vlQ'which implies that v satisfies△v + k2n(I + q)v = 0 in記． Bythe uniqueness we have 

V = 0 in認 whichimplies that I正(Q)+ SM  is injective. Since the operator SM  is compact, by 

Fredholm theory we conclude that h2(Q) + SM  is invertible. ロ

We define u as the solution of 

△u + k2nu = f -M(Iだ (Q)+ SM)-1S f, in記

satisfying the radiation condition and u = 0 on r。.Since
(5.3) 

叫＝ S(f-M(h2(Q) + SM)―1Sf) 

(Iだ (Q)+ SM)(I庄 Q)+SM)―1Sf-SM(I戸 (Q)+SM)―lSJ

UL2(Q) + SM)-1S f, (5.4) 

we have that 

△u + k2nu = f -k2nqu, in認，（5.5)

and u is a radiating solution of (1.8)-(1.9). Therefore, Theorem 1.2 has been shown. 
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