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Phase space Feynman path integrals of parabolic type 

Naoto Kumano-go*t + § 

Kogakuin University 

Abstract 

This paper is a rough survey based on the talk at RIMS about the joint works with Prof. A. S. 
Vasudeva Murthy and Prof. Keiya Uchida. This survey introduces our results for the phase space path 
integrals of higher-order parabolic type on股d([10][13][14]) and on the torus'Ird with 可~ ＝股／（2,rZ)([15]). 

1 Introduction to phase space path integral on配 ([10])

We begin with an introduction to the phase space path integral on配

Let T > 0, m > 0, and x E配 LetU(T, 0) be the fundamental solution for them-th-order parabolic 

equation on配， i.e.,

（街十H(T,x,-i心）U(T,O)v(x) = 0, U(O, O)v(x) = v(x). (1.1) 

By the Fourier transform with respect to x0 E配 andfo E記 wecan write 

1 
d 

v(x) =に） L2dei(x-xo)・fov(xo)d疇 0'
JR2d 

and the pseudo-differential operator H(T, x, —巫） on 配 is defined by 

1 
d 

H(T,x, —迄）v(x) = (~) u L2d ei(x-xoHo H(T,x,fo)v(xo)dx。必o (1.2) 
27r 民2d

with a function H(T, x, fo) (cf. [9]). We consider a function U(T, 0, x, ~0) such that 

U(T, O)v(x) =（土）df艮2dei(x-xo)・sou(T,0, x, ~o)v(xo)d疇o. (1.3) 

As an approximation of U(T, O)v(x), we use the operator I(T, 0) given by 

I(T,O)v(x) =（五『L2dei(x-xoHoe-f.。;H(t,x,fo)dtv(xo)dxad~o. (1.4) 

Let△T,O : T = TJ+l > TJ > ・ ・ ・ > T1 > 1;。=0be an arbitrary division of the interval [O, T] into 

subintervals. Connecting the solution U(T,O)v(x), we have 

U(T, O)v(x) = U(T, TJ)U(TJ, TJ_1) ・ ・ ・ U(T2, T1)U(T1, O)v(x). 
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Letも＝ TJ―Tj-l for j = 1, 2,..., J, J + 1 and△T,ol =. /m~.. ti. Set XJ+1 = x. Let巧 E配 and
1こJ<J+1

もE配 forj = 1, 2,..., J. Whenふ，ol→0,as an approximation of U(Tj,Tj_1)v（巧）， weuse 

I(Ti, Ti_1)vい）＝ビ）dL,d ei（巧ー巧― 1)•も— 1- Ti H(t，巧ふ—1)dt~) L,d ei(x;-X;-1)・s;-1-fち— l H(t,Xj,Sj-l)dt V（巧ー1)d巧ー1d(j-l・

艮2d

In [10], under a suitable condition, we get 

U(T,O)v(x) =. _ lim I(T,TJ)I('I'.汀 J-1)・ ・ ・ I(T2, T1)I(T1, O)v(x) 
心，o|→O

= lim 巳）d（J+1)J e鸞五—王）＜3-1-I：：：：-l H(t,Xj，い）dt) J 

|△T,ol→0 ¥21r 
v(Xo) rr凸 dら・

賊2d(J+l)
j=O 

By (1.3) and (1.6), we obtain 

ei(x-xo)・fo U(T, 0, x, fo) 

= lim い）dJL2dJ e窟:(i(x;-x;-1)ら—r犀 H(t,x,,ら -1)dt)I 
|△r,ol→o ¥21r 炉 J

II凸 dら
j=l 

(1.6) 

(1.7) 

(even when x = xo). According Feynman's idea in [5], we introduce a position path q : [O, T]→配 with

q(Tり＝ XJand a momentum path p : [O, T)→配 withp(TJ) = fr Then we can formally write (1.7) as 

et(x-xo)•SoU(T,0,x, Co) ＝ J eゆ(q,p)D(q,p)'
q(T)=x,p(O)=fo,q(O)=xo 

(1.8) 

where 

cp(q,p) = l□,T) p(t). dq(t) + i l□,T) H(t,q(t),p(t))dt (1.9) 

is the action for the paths (q,p) and the path integral J ~'D(q,p) is a sum over all the paths (q,p) with 

q(T) = x, q(O) = xo and p(O) = fo. The expression (1.7) is called the time slicing approximation of the 

phase space path integral (1.8) on記

2 Introduction to phase space path integral on'TI'd ([15]) 

We would like to give an introduction to the phase space path integral in the torus'fd because it is 

similar to the introduction of the phase space path integral on記

Let T > 0, m > 0, and x E戸 with'f=恥／（2迄）． LetU(T, 0) be the fundamental solution for the 

m-th-order paraboolic equation on the torus'f叫i.e.,

（街十H(T,x,悲））U(T,O)v(x) = 0, U(O, O)v(x) = v(x). 

By the Fourier series expansion with respect to xo E'll'd and ~o E訊 wecan write 

1 
d 

v(x) =に） c。翌ldei(x-xoH□v(xo)dxo' 

and the pseudo-differential operator on'll'd is defined by 

H(T,x,団）v(x)=（五）d五ldei(x-xoHo H(T, x, fo)v(xo)dx。

(2.1) 
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with a function H(T,x,fo) (cf. [17]). We consider a function U(T,O,x,~0) such that 

1 
d 

U(T, O)v(x) =に）五idei(x-xoHou(T, 0, x, ~o)v(xo)dxo. (2.2) 

As an approximation of the solution U(T, O)v(x), we use the operator I(T, 0) given by 

1 
d 

I(T,O)v(x) =(-)~-id ei(x-xo)・l;oe―J訊H(t,x,l;o)dt
27r 

v（エo)dx。.
Soezd 'I'd 

Let△T,O : T = TJ+l > TJ > ・ ・ ・ > T1 >'fi。=0be an arbitrary division of the interval [O, T] into 

subintervals. Connecting the solution U(T, O)v(x), we have 

U(T, O)v(x) = U(T, TJ)U(TJ, TJ-1) ・ ・ ・ U(T2, T1)U(T1, O)v(x). 

Letち＝ Ti-Tj-1 for j = l, 2,..., J, J + l and|△T,ol =. _m~.. ti. Set XJ+1 = x. Let Xj E 1'd and 
1SjsJ+1 

らEか forj = l, 2,..., J. When|ふ，o|→0,邸 anapproximation of U(Tj,Tj-1)v(xj), we use 

I(T],TJ — 1)v（巧）＝い） d こJ e'匂ーい）も—l-J：：：ー 1 H(t,x;,い）dt
27r 

v(xj-1)dxj-l・ 
g3-1ezd 'I'd 

In [1], under a suitable condition, we get 

U(T, O)v(x) =.. lim I(T, TJ)I(TJ, TJ-1) ・ ・ ・ I(T2, T1)I(T1, O)v(x) 
因，o|→O

=lim 1--=--
(1 d(J+1) 怒1(9（巧ー巧ー 1)•も—1-I：：：：ー 1 H(t,x;，い）dt)v(xo) [ 

1今，o|→o27r）こにごJ v(a・o)II dxJ・
（も，・・.,1;o)EZ(d+1)J • •·· . -,- j=O 

By (2.2) and (2.3), we obtain 

e'(x-xoH□u(T, 0, x, fo) 

J+l dJ 
1 闊凰。に） とJe3=1 

区（＇匂ー巧ー 1)•も— 1-I：：：ー 1H(t，巧ふ— 1)dt)

（い，・・・ ，も）EZdJJrdJ 

J 

IIdxJ 
j=l 

(2.3) 

(2.4) 

(even when x = xa). According Feynman's idea in [5], we introduce a position path q: [O, T]→1'd with 

q(Tj) = Xj and a momentum path p : [O, T)→zd with p(Ti) = ~i- Then we can formally write (2.4) as 

e'<x-xoHou(T,O,x,fo) = J eゆ(q,p)が (q,p)' (2.5) 

where 

の(q,p)= lo,r/(t) • dq(t) + i /4。,T)H(t,q(t),p(t))dt 

is the action for the paths (q,p), and the path integral j ~が（q,p)is a'sum'over all the paths (q,p) 

with q(T) = x, q(O) = xo and p(O) = ~o-

3 Our results [13], [14] for phase space path integrals on配

We go back to the phase space path integral on JE.d_ In [13], [14], using the time slicing approximation, 

we proved the existence of the phase space path integrals 

J eゆ(q,p)F(q,p)D(q,p) 
q(T)=x,p(O)=fo,q(O)=xo 

(3.1) 
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of parabolic type with general functional F(q,p) as integrand. We can regard (1.8) as the case of (3.1) 

with F(q,p) = 1. More precisely, we give two general sets石， Fpof functionals such that for any 

F(q,p) E石 UFp, the time slicing approximation of (3.1) converges uniformly on compact subsets with 

respect to the final point x of position paths and to the initial point ~o of momentum paths. Furthermore, 

we prove some properties of the ph邸 espace path integrals similar to some properties of the standard 

integrals. 

Remark 3.1 In this survey, we treat the phase space path integral of parabolic type. For the phase space 

path intgral of Schrodinger type, there exist various approaches (cf. /18, §31}). For example, infinite-

dimensional oscillatory integrals (cf. /1, §10.5.3}, /2}, /16, §3.3)), Chernoff formula (cf. /20}), white noise 

(cf. /3)), coherent states (cf. /4)), and Fourier integral operators (cf. /8), /7)). The approach of /11}, /12} 

for the Schrodinger type is similar to that of /13}, /14} for the parabolic type. 

4 Existence of phase space path integrals 

Assumption 4.1 Let〈5〉=（1 + 1~12)112, 0 < T <::: Tく oo,0 <::: 8 < p <::: 1 and m > 0. Let H(t,x,~) be 

a complex-valued C竺 functionof (x,~) E配 x配 satisfyingthe following: 

(l) There exist positive constants c, C, R such that 

0 < c :S: Re H(t, x, e) :S: C〈く〉m forlel2::R. 

Here Re H(t,x,e) is the real part of H(t,x,e). 

(2) For any multi-indices a and/3，〇：成H(t,x, e) is piecewise continuous with respect to t E [O, T] and 

there exists a positive constant Ca,/3such that 

咬硝H(t,x,e)I/Re H(t,x,e):S: Ca，成〉ala|一Pl/3|forlei 2:: R. 

Let△T,O : T = TJ+l > TJ > ・ ・ ・ > T1 >'I;。=0.Letち＝ Ti-Tj-l and|△r,ol = max区区J+1tJ.Set 

XJ+i = x. Let Xj E配 andらE記 Wedefine the position path q△T,。＝ qLl.T,O(t, XJ+l, XJ,..., X1, xo) 

by q今，0(0)= Xo, q今，0(t)= Xj, Tj-l < t :S: Tj and the momentum path p今，o=P△T,O(t，如，．，．，＆，＜o)

byp今，o(t)=ら-1,Ti-l :S: t < Ti・

Definition 4.2 (Two spaces Q, P of piecewise constant paths) 

(1) We write q E Q if q is piecewise constant and left-continuous, i.e., q = q△T,O. 

(2) We write p E P if p is piecewise constant and right-continuous, i.e., p = p△T,O. 

rp(q今，o,P今，0)and F(qふ，o,P今，0)are the functions ¢今，。 andF今，。 givenby 

叫。，p今。）＝団J臼叫（t)+i豆JH(t,q△T,o,P今。）dt
J=1 [T3-1，ち） J＝1 [T3-1,T3) 

J+1 J+1 Tj 

= t(xj ―い）・ら—1+iLJ H(t,x3，い）dt,
j=1 j=1 Tj-1 

= ¢知，o(XJ+l，む，XJ,...,6,x心o,xo), 

F(q知，o,Pふ，0)二 F△T,o(XJ+l，む，XJ,・..，ふ，X1,知，Xo)．
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Definition 4.3 (Two sets FQ, Fp of functionals F(q,p)) Let F(q,p) be a functional of q E Q and 

p E P, For any△T,o, we assume 

F(q今，o,P今，0）= F今，o(XJ+l，如，XJ,.,,,fo, xo) E Coo(JR,d(2J+3)), 

(1) We write F(q,p) E咋 ifF(q,p) satisfies Assumption 4.4 (1) below. 

(2) We write F(q,p) E和 ifF(q,p) satisfies Assumption 4.4 (2) below. 

Assumption 4.4 Let L ::,. 0 and u; ::,. 0 with J+l 
- 3 -こj=1巧＝ U< ao depending△T,O・ 

(1) For any non-negative integers几位 thereexist positive constant Aんt2,Bりゎ suchthat for any△T,O 

and any multi-indices laj I ::;化 andl/3j-1I ::;互

（且四吃：） F(q今，o,P今，o)

L 

こAt1ゎ(B化ゎ）J＋1位口＋豆い〉十〈Xo〉)廿ち）min(I/3j-11,1)廿低1〉8|a3|-p|も 11,

j=l j=l / j=l j=l 

and for any integer k with la叶＞ 0and 1 ~ k ~ J + 1, 

（り叩恐＿ー：） F(応，o,P今，o)

三Ahゎ(Bも，ゎ）J＋1Uk（立〈X介＋t低1〉+〈Xo〉)Li （り）mm(1/3i-1|1) n低1〉/j|0,1-,1/3j-1|
j=l j=l / j=l,j-/-k j=l 

(2) For any non-negative integers Cぃ£2,there exist positive constant Aなゎ， B互e,such that for any△T,O 

and any multi-indices laJ I :<::化 andI/3]-1 I :<::ん,

位叩恐＿—：)F(q△r,o,P△T,O)
L 

:S Ae1,e2(B釘ら）J+l(立曰＋と低1〉+〈Xo〉)廿化）min(|<>;1,1)廿低1〉8|a3|-p|/3j-11,
j=l j=l / j=l j=l 

and for any integer k with l/3k-1 I > 0 and 1 :S k :S J + 1, 

（り咬恐＿―：)F(qふ，o,P今，。）

< At1 [2(Bなら）J＋1Uk（笠切〉＋岱も 1〉+〈Xo〉)L 廿化）mm(|幻 |1)廿〈ら 1〉8|a3|-p|約 1|

j=l j=l / j=l,#k j=l 
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Theorem 1 (Existence of path integrals) For any F(q,p) E FQ U Fp, 

J e'¢(q,p)F(q,p)D(q,p) 
q(T)=x,p(O)=fo,q(O)=xo 

J 

三 lim い）“J eゆ(q△T,o,P△T,o)F(qふ，o,Pふ，0）II疇 J
I△T,oI→o ¥21r 炉 J j=l 

(4.1) 

converges uniformly on compact sets of (x, ~0, x0) E配 x配 x配， i.e.,the phase space path integral (??) 

is well-defined. Here we treat the multiple integral of(??) as an oscillatory integral. 

Remark 4.5 We explain some hurdles in case we try to treat (4.1) mathematically. Even when F(q,p)三

l, each integral of the right hand side 

lim い）dJ 宮（9（巧ー巧ー1)知 1-f：：：：-1H(t，巧ふ— 1)dt) [ 
I今，o|→0 2TJ  e3=1 

） II凸 dも
1R2dJ j=l 

does not converge absolutely.凡trthermore,the number J of integrals tends to oo. 

We explain the details of the convergence in Theorem 1. 

Theorem 2 Let O < T <:'. Tく oo.For any F(q,p) E FQ Uゃ， set

e'(x,+1-xo)·fob今。 (xJ+1,~o,xo)=い）“J eゆ(q△T,o,P丹，0）
27r 炉 J

F(q今，o,Pふ，0）II凸 dも・
j=l 

Then, for any non-negative integers £1,伍， thereexist non-negative integers £~，灼 and positive constants 

C化，t2,Cfi.t2 such that 

a:;翌。b今，0（以o,xo) さ： A£i,£;Ch，ゎ（〈x〉＋〈＜o〉+〈Xo〉)只＆o〉olal-Pl/31,

冒（知，0(x, fo, xo) -b(T, 0, x, fo, xo)) 

さ;A飲，£；C;1,£]△T,ol(T+ U)（〈x〉+〈＆o〉+〈Xo〉)L〈&o〉2m+slal-Pl/31

for any lal ::; £1, l/31 ::; £2 with b(T, 0, x, fo, xo)三 lim b△T,o (x, fo, xo) ・ 
I△T,ol→O 

5 W e can produce many functionals F(q,p) E石， F(q,p)E石

Theorem 3 (Examaples of F(q,p) E石Qし咋） LetL 2: 0, 0 S i5 < p S 1, 0 St ST  and O S T'S 

T"ST. 

(1) If心B(t,x)IS Ca〈m〉L,then F(q)二 B(t,q(t))E FQ. 

(2) If 改B(t,~)I ご:cf! 〈C〉 L-pl/3|,then F(p) = B(t,p(t)) E Fp. 

In particular, F(q,p) = 1 E FQ n和．

(3) If 1a讚B(t,x,~)I S Ca,/3(〈x〉+〈く〉）啜〉81al-PlfJI,then F(q,p) = jT',T") B(t,q(t),p(t))dt E FQ n和．

(4) Iflo賓B(t,x,~)IS Ca,/3〈く〉8lal-PI/3|,thenF(q,p) = elir',r") B(t,q(t),p(t))dt E凡 n和．
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Remark 5.1 To avoid the uncertain principle, we do not treat q(t) and p(t) at the same time t. We 

have q(t) E石， p(t)'I応 andq(t) (j和， p(t)E Fp. If t =J s, we can treat q(t) ・ p(s) as the product of 

the two operators. 

Definition 5.2 (Functional derivatives) For any q, q'E Q and any p, p'E P, we define the func-

tional derivatives along (q', p') by 

如，p')F(q,p)= li~ F(q+ 0q'，p+ 0p'） -F(q,p) ・ 

0→0 0 

Remark 5.3 Let△r,o contain all times when q, q', p or p'breaks. Set q(Tj) = Xj, q'(Tj) = xJ, 

p(Tj-1) =ら-1and p'(Tj-1) = ~.J-l· By (q+0q')(t) =巧＋0xJon (Tj-1,Tj], (p+0p')(t) =ら-1+og_1

on [Tj-l,Tj), we have 

F(q + 0q',p + 0p') = Jc今．0(xJ+l + 0xJ+l，如十 0約，．．．，＜o＋ 0くもxo+ 0xb). 

Therefore, we can treat D(q',p')F(q,p) as a function as follows. 

J+l 

D(q',p')F(q,p) = L（佐F△T,o)(XJ+1,~J心J,...,fo,xo) ・ xJ 
J=O 

J 

＋区（先F知，o)(XJ+l,~J, XJ,..., ~O, xo). ~j. 
J=O 

Thus, we have the linearity of functional derivatives 

Dc'(q',p')+c"(q",p")F(q,p) = c'D(q',p')F(q,p) + c" D(q",p")F(q,p) 

for q', q" E Q, p', p" E P and c', c" E JR. By F.今，。 EC呵配(2J+3)),we can treat the functional 

derivatives of higher order. 

Theorem 4 (Algebra on邸 和 ）

(1) For any F(q,p), G(q,p) Eゃ， anyq'E Q, any p'E P, any d x d real matrix V and any d x d 

real-regular matrix W, we have 

F(q,p) + G(q,p) E石， F(q,p)G(q,p)E FQ, 

F(q+q',p+p') E咋， F(Vq,Wp) E石Q,D(p',q')F(q,p) E咋・

(2) For any F(q,p), G(q,p) E和， anyq'E Q, any p'E P, any d x d real matrix V and any d x d 

real-regular matrix W, we have 

F(q,p) + G(q,p) E巧p,F(q,p)G(q,p) E巧，

F(q + q',p + p') E和， F(Vq,Wp) E石， D(p',q')F(q,p)E和・

Remark 5.4 The two sets FQ, :Fp are closed under addition, multiplication, translation, real linear 

transformation and functional differentiation. Applying Theo佗 m4 to Theo冗 m3, we can produce more 

functionals F(q,p) E和 U和． However,the part J1。,T)p(t) ・ dq(t) of eゆ(q,p)does not always have good 

properties under these operations. Therefore, we must pay attention to which properties are valid in the 

phase space path integrals. 
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6 Properties of phase space path integrals 

We can interchange the order of the path integration and some integrations as follows. 

Theorem 5 (Interchange of the order of path integrals and integrals) 

Let L ::>: 0. Let Os o < p s 1 and Os T's T" s T. 

(1) Assume that for any multi-index a,心B(t,x)is continuous on [O,T] x阻:dand I⑰B(t,x)I S Ca〈x〉L.

Then, for any F(q,p) E咋 includingF(q,p) = 1, we have 

J eゆ(q,p)lr, T"¥ B(t,q(t))F(q,p)dtD(q,p) 
q(T)=x,p(O)=fo,q(O)=xo J [T',T") 

= f f eゆ(q,p)B(t, q(t))F(q,p)D(q,p)dt. (6.1) 
[T',T") Jq(T)=x,p(O)=Eo,q(O)=xo 

(2) Assume that for any multi-index(3，of B(t, ~) is continuous on [O, T] x艮dand 18クB(t,~)I <::: C/3〈C〉L-pl/3|.

Then, for any F(q,p) E Fp including F(q,p) = l, we have 

J e'¢(q,p) J B(t,p(t)）F(q,p)dtD(q,p) 
q(T)=x,p(O)=fo,q(O)=xo J [T',T") 

= f f 四(q,v)B(t,p(t))F(q,p)D(q,p)dt. (6.2) 
[T',T") Jq(T)=x,p(O)=fo,q(O)＝おo

Remark 6.1 On the left-hand sides of (6.1) and (6.2), we perform the path integration after the inte-

gration with respect to time t. On the right-hand side of (6.1) and (6.2), we perform the path integration 

before the integration with respect to time t. 

Remark 6.2 To avoid the unce廿ainprinciple, we do not treat q(t) and p(t) at the same time t. 

We can interchange the order of the path integration and some limit operations, and have the perturbative 

expansion as follows. 

Theorem 6 (Perturbative expansion) Assume that for any multi-index a, a;;:B(t,x) is continuous 

on[O,T]x配 and1a;;: B(t, x)~ C0. Then we have 

J eゆ~::+f1T',T") B(t,q(t))dtD(q,p) 
q(T)=x, p(O)=so,q(O)=xo 

＝文J dTn f dT2J ゎ
~J[T',T") J[T’，乃） ［T富）

X J e'¢(q,p)B(Tn,q（口）・・ -B(T2,q（乃））B(T1,q（町））D(q,p).
q(T)=x, p(O)=so,q(O)=xo 

Theorem 7 (Orthogonal transformation w.r.t. paths) For any F(q,p) E咋 U巧pand any d x d 

orthogonal matrix Q, we have 

J 戸(Qq,Qp)F(Qq, Qp)D(q,p) 
q(T)=x,p(O)=fo,q(O)=xo 

= J eゆ(q,p)F(q,p)D(q,p). 
q(T)=Qx,p(O)=Qso,q(O)=Qxo 

(6.3) 
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Remark 6.3 On the left-hand side of (6.3), we perform the orthogonal transformation of all paths. On 

the right-hand side of (6.3), we perform the orthogonal transformation of the endpoints. 

Theorem 8 (Translation w.r.t. momentum paths) For any p'E P, we have 

G(q)三 e'I1o,rJp'(t)dq(t) E石．

Furthermore, for any F(q,p) E FQ, we have 

J e'¢(q,p+p'）F(q,p+p')D(q,p) ＝ J e位(q,p)F(q,p)の(q,p). (6.4) 
q(T)＝の，p(O)=l;o,q(O)=xo J q(T)=x,p(O)=l;o+p'(O),q(O)=xo 

Remark 6.4 On the left-hand side of (6.4), we perform the translation of all paths with respect to the 

momentum path. On the right-hand side of (6.4), we perform the translation of the endpoint with respect 

to the momentum path. 

Remark 6.5 The author has not proved that G(p)三 e'I1。.T)p(t)dq'(t) E和 forany q'E Q. Therefore, 

the author has not proved that for any F(q,p) E乃，

J e'¢(q+q'，p)F(q+ q'，p)D(q,p) ＝ J eゆ(q,p)F(q,p)D(q,p)，

q(T)=x,p(O)=l;o,q(O)=xo Jq(T)=x+q'(T),p(O)=l;o,q(O)=xo+q'(O) 

but which was given in the Schrodinger case /11, Theorem 6 (2)/. 

Theorem 9 {Integration by parts formula w.r.t. momentum paths) Let O(t) = 0. Then, for 

any p'E P, we have Dco,p')c/J(q,p) E FQ・几rthermore,for any F(q,p) E石 andany p'E P with 

p'(O) = 0, we have 

J e'¢(q,p)（D(O,p'）F)（q,p)D(q,p) 
q(T)=x,p(O)=l;o,q(O)=xo 

= -ij e'¢(q,p)（D(O,p'）¢)（q,p)F(q,p)D(q,p)．（6.5) 
q(T)=x,p(O)=l;o,q(O)=xo 

Remark 6.6 On the left-hand side of (6.5), we differentiate F(q,p) with respect to momentum paths. 

On the right hand side of (6.5), we differentiate eゆ(q,p)with respect to momentum paths. 

7 Outline for Proof of Theorem 1 

We explain the outline for the proof of Theorem 1. 

To prove the convergence of the multiple (oscillatory) integral 

dJ J 
1 

1は翌。に） J即 dJe'q,(q△T,o,P△T,o)F(q今，o,P今。）Dd~jdXj 
j=1 

(7.1) 

we have only to add many assumptions to F(qふ，o,Pふ，o)= F,幻，0(XJ+1,~J,XJ,...,fo,xo) so that (7.1) 

converges, and to define two sets FQ, :Fp by these assumptions. Do not consider other things. Then FQ, 

和 willbe larger as sets and contain at least one example F(q,p)三 1.Add assumptions closed under 

addtion and multiplication. Then FQ,和 willbe closed under addition and multiplication. Our proof 

consists of the following 3 steps: 

1. Control (7.1) by CJ as J→oo. Here we use H. Kumano-go-Taniguchi-Tsutsumi's idea ([19], [9]). 
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2. Control (7.1) by C independent of J→00 (△T,O→0). Here we use Fujiwara's idea ([6]). 

3. Add assumptions so that (7.1) converges as|△T,ol→0. 

For the properties of the path integrals, we have only to prove the properties that we can prove. 

7.1 Do the same thing over and over again 

The oscillatory integral is defined by the integration by parts. For the multiple oscillatory integrals 

in [19], [9], H. Kumano-go-Taniguchi-Tsutsumi did the integration by parts over and over again and 

obtained a sharper result. We use this idea. 

Let J+i 

ゅ＝こ（巧ー巧ー1).~j-1, a=e 
ーこ芦 J[Tj-1 巧） H(t，巧ふ— 1)dt

F今，0.

J=l 

1-i心• 8c 
Using the differential operators M; = ~'N; = 

1-i心・佐
J - 1 +|心|2'J 1 + |心|2

withM戸＝四， N戸＝ e叫 we

repeat the integration by parts. 

信）dJL2dJ内 a]]dx度＝（土）dJL2dJ 四a•]] dxjd~j, 

where a• = (Nj)l • • • (N:i)l(Ni)l(Mj(• • • (M2)f'(Mi(a with the adjoint operators Ml, N:; of Mゎ

Nj. Generally speaking, we can not control the multiple oscillatory integral of (7.1) by CJ as J→00. 

However, if we assume the following, we can control the multiple integral of (7.1) by CJ as J→00. 

Assumption 7.1 For any non-negative integers J!ぃ£2,there exist positive constants Aなら， B互t2such 

that for any multi-indices laj I ~ £1 and lfJj-1 I ~伍，
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(7.2) 

Example 7.2 Let F(q,p) = ef[o,T) B(t,q(t),p(t))dt with 1a汎B(t,x,~)I <:'. Ca,/3〈C〉6lal-Pl/31. Then F,ふ，0 = 

eI:芦 f1r;-1,T;)B(t，巧立1)dt= TI髯 eflT; ー 1 巧） B(t，巧ふ— ,)dt satisfies the inequalities of (7.2), (7.3), (7.4) 

with L = 0 and Uj = ti. 

7.2 Do simple things 

For the multiple integrals in [6], Fujiwara did only simple integrals that appear as main terms in the 

calculations of the multiple integral. He skipped many complicated integrals that appear as remainder 

terms. Carrying out this rule until the end, he forced all the many complicated integrals of remainder 

terms on H. Kumano-go-Taniguchi-Tsutsumi's estimate. We use this idea. 
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Let 2m-(p-8)N:::; 0. The邸 ymptoticexpansion of pseud叶 ifferentialoperator with double symbol 

a(x砥1,x1,,o)is written by 

こ
(-i)l"1I 

叫
(8E18訂a)(x2,,a,x2, fo) + rN（四，,a), lrN(x2,fo)Iさ:Ct2.

l<>1l<N 

The main term a(x2, ~0, x2, fo) are obtained by setting ~1 = ~。 and x1 =四 ina(x2, ~1, x心o),We also 

note the key lemma below. 

Lemma 7.3 If 6 = ~。 and x1 = x2, we have 

q乃，T1,o（四，x2,xo)= q乃，o（四，xo), p乃，T,,o(fo,fo) = PT2,o(fo), 

圧，T,,o(x2,知，x以 o,⑰） ＝ F（年，T,,o,PT2,T,,o)= F（年，o,PT2,o)=圧，o(x公 <o，おo).

If we assume the following for any△r,o as the inequality of Assumption 4.4 (1) for F(q,p) E FQ and use 
こJ+1t
e た ;t;= eT < oo, then we can control the multiple integral of (7.1) by C indepent of J→CX). 

Assumption 7.4 For any non-negative integers.e1,伍， thereexist positive constants Aなゎ， Bt,,£2such 

that for any multi-indices lai I :S.e1 and lf3j-1 I :S.e公

位叩吃：）叫(xJ+l,~J,...,x1,~o心o)
j=l 

L 
J+l J+l ¥ J+l J+l 

:c;AりR2(B［心）J+1(ど〈叫＋と誓〉＋〈Xo〉)D(tjrin(l/3j-ll,1) D〈い〉ola』-Pl/3バ．（7.3)
j=l j=l / j=l j=l 

Remark 7.5 

1. If J = 0, FT,o(x1,fo,xo) is controlled by (B丘ゎ）1.

2. If J = I, FT,T,,o(x2,6,x1,~o,xo) is controlled by (BR,，ゎ）2.

3. If J = 2, FT,T2,T,,o(xふ＆，四，＆，x1,fo, xo) is controlled by (Bい］釘

7.3 Consider multiple integrals by paths. 

To prove the convergence, we have only to make a Cauchy sequence. To make a Cauchy sequence, we 

compare two multiple integrals: 

J-・・J-・・J-・・J 
J 

IT d~jdXj ・
j=l 

and 

!-・・! 1-・・J ij叱dxJnn叱dxJ
j=N+l j=l 

Two integrands of two multiple integrals are different in the numbers of variables. However we can 

compare the two integrand using the lemma below. 
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Lemma 7.6 Set x~ = XN 
J 

+1, 芍＝ ~n-1, j = n, ・ ・ ・, N. Then we have 

F今，o(XJ+l,~J,...'XN+l, 鈴，唸，．．．，盆， x~, らn-1, ・ ・ ・, X1, fo,咋）

=F(q△T,o,Pふ，o)= F(q因，TN+1'△Tn_,,o),P（今，TN+1'△Tn_1,o))

= F心，TN+l'△豆1,o)（XJ+1，如，．．．，XN+l,~n-1, ・ ・ ・, X1, fo, Xo) ・ 

Add the parameter Uj 2: 0 with区］」；巧＝ U< oo depending△T,O and for any|akl > 0 (1 ~ k ~ J) 
and assume the following as the second inequality of Assumption 4.4 (1) for F(q,p) E F. Then the 

multiple integral of (7.1) converges as|ふ，o|→0. 

J+l Assumption 7.7 Let Lミ0.Let Uj 2: 0 with I:;:::{巧＝ U< oo depending△T,o. For any non-negative 

integersり伍， thereexist positive constant Aんゎ， Bれ，ゎ suchthat for any△T,o and any multi-indices 

ajl~£1,I(3j-1 I ~ £2, and la叶＞ 0(1 ~ k ~ J), 

信 四 吃 ： ） 知 ，o(XJ+l,如，．．．，叫o,xo) 

：：：：： A£1 J+1 B£1ゎ）J＋1Uk（喜切〉十芦低1〉+〈Xo〉)
L 

X IT（ち）min(I/3j-,1,1)IT〈<J-1〉6|巧 |-Pl/3j-11. (7.4) 
J=l,jf-k j=l 

Remark 7.8 Measure theory considers the base. However, integration theo内 considersthe area, i.e., the 

product of the base and the height. This assumption implies that, if the difference of two paths is small, 

the difference恥 F△T,。ofthe two heights is controlled by Uk with区］昇Uj= U < 00. 
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