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Chapter 1

Introduction

1.1 Background

In the last few decades, the growth of the power of computer processing has given
us a new point of view on big data. Topological data analysis is a research field
based on topological properties of data. In this thesis, we deal with cubical sets,
inspired by imaging science and composed of various dimensional cubes such as
lattice points, line segments, squares, and cubes in a Euclidean space. In digital
image analysis, a cubical set is utilized for the representation of a digital image
data for obtaining information about shapes. Especially, the cubical homology
tells us the information about holes such as loops and cavities, and acts as a useful
descriptor of topological features in digital images. (The definition of cubical set
and cubical homology are written in Section 2.1.) From the practical view point,
however, digital images usually contain measurement or quantization noise, and
hence it is important to estimate the effects of randomness on cubical homology.
Therefore there has been a growing interest in the study of random cubical sets,
cubical sets with randomness. Following these interests, Hiraoka—Tsunoda [ 9]
proved the strong law of large numbers for the Betti numbers of a class of random
cubical sets. See also [9, 17, 23, 33] for other types of studies in this fields.

On the other hand, persistent homology [10, 35] is drawn much attention in
the rapidly emerging field of topological data analysis. Comparing to (cubical)
homology, the theory of persistent homology tells us not only the number of holes
in a given data but also the robustness of those holes. Let us take a grayscale
image for example. Since a grayscale image data can be regarded as a function
representing the intensity of light on each elementary cube, we can construct a
cubical filtration, an increasing family of cubical sets by considering the sublevel
sets of the function at varying thresholds. Then, the persistent homology can
extract the information about the appearing and vanishing times of holes of the



cubical filtration. The above appearance time and vanishing time are called the
birth time and the death time, respectively. The descriptor plotting all birth-
death pairs, tuples of the birth time and the death time, into a 2-dimensional
parameter space is called a persistence diagram. It shows the topological features
at different scales in the grayscale image data. For instance, a birth-death pair
whose position is far away from the diagonal line of persistence diagram is robust
to a perturbation of data [3], and usually considered as a characterization of data.
As an example, by using this property, the paper [2 1] was successful in the field of
material science by fixing the coordinating number of a material in consideration
of cubical complexes and recovering the nerve theorem which is not strictly valid
when cubical complexes are considered. Further, there also exists the profitable
result [26] in medical science. As mentioned above, however, grayscale image
data usually contain some random noise, therefore it is important to examine the
effect of randomness on persistence diagrams.

In this thesis, we focus on limit thoerems for random cubical filtration as
evaluations of influence of randomness, those are the law of large numbers, the
central limit theorem, and the large deviation principle. The law of large numbers
and the central limit theorem tell us what is the typical value (or shape) of objects
and how differences from typical one are distributed, respectively. While those
two theorems concerning to the typical cases, the large deviation principle focuses
on the rare value (or shape) of the objects. The details will be presented later,
however for now large deviation principle shows us that the probability of rare
event can be estimated by the exponential of a special function. The entire research
field studying the asymptotic behaviors of the topological properties for random
geometrical objects, including our random model, is called random topology, and
those three are also major theorems in this field. For instance, Yogeshwaran,
Subag, and Adler [34] study the law of large numbers and the central limit theorem
for Betti numbers of random geometric complexes and show the concentration
inequality of Betti numbers insted of the large deviation principle.

In addition, in the study of a law of large numbers, there are various approaches
for proving it. For instance, Goel, Trinh, and Tsunoda [!4] established a proof
by taking a suitable partition of manifold, incorporating with the spatial indepen-
dence property of Poisson point process and the finite additivity of Betti numbers,
and converting the manifold setting to the Euclidean setting for random Céch
complexes. Another approach is using the local weak convergence of simplicial
complexes to show the law of large numbers of Betti numbers for random simpli-
cal complexes or the empirical spectral distributions of their Laplacians proved by
Kanazawa [25]. Similarly, in the study of a central limit thorem, there are also
many methods such as using the extension of the central limit thoerm for Gibbsian
random fields by Reedy, Vadlamani, and Yogeshwaran [29] or applying the central
limit thoerem of some class of functionals on Poisson point process [|8]. Thus
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a lot of studies have been conducted on the law of large numbers and the central
limit theorem in random topology. In particular, the seminal work of Hiraoka,
Shirai, and Trinh [ 8] is highly relevant to our study. We will apply their method
of lifting the strong law of large number of persistent Betti numbers to persistence
diagrams for random geometric complexes in our models.

We also remark on a few study of large deviation principles in random topology.
As a relatively classic result, Chatterjee and Varadhan [!] obtained the large
deviation principle for Erdos—Rényi random graph. Recently, Samorodnitsky and
Owada [31] studied an upper tail large deviation estimates of Betti numbers for a
random simplicial complex in the critical dimension. Moreover, Hirsch and Owada
[20] proved the large deviation principle of the first persistent Betti numbers of a
filtration of random geometric complex or alpha complex those are built over a
homogeneous point process in 2-dimensional Euclidean space as an application of
the large deviation principle for the counting measure with the configuration of a
homogeneous Poisson point process in Euclidean space.

1.2 Contributions

In this section, we summarize our main results in this thesis. The precise definitions
of some terminologies and symbols will be given in the later chapters. Let d € N
be the dimension of the state space R? and fixed. For each n € N, we set a
rectangular region

A" = [-n,n]? c R
Given n € N and a random cubical filtration X = {X(#)},50 in R?, we define a
restricted random cubical filtration X" = {X" (1) };,>0 by

X"(t) = X(t) N A"

for every ¢t > 0. Note that X" = {X"(#) };>0 is a random bounded cubical filtration
(See Subsection 2.1.2 for details). In what follows, |A| denotes the d-dimensional
Lebesgue measure of a Borel subset A ¢ R?. In particular, |A"| = (2n)?. Let K¢
denote the set of all elementary cubes in R?. For a cubical filtration X in R¢ and
an elementary cube Q € K 4 define the birth time of Q in X by

ty=inf{r>0]Q € X(1)}.
Now, let C¢ be the set of all cubical filtrations in R? and ¢ be the smallest o-
field such that the map C? 3 X t}Qg € [0, o] is measurable for any Q € K.

We call a random variable taking values in (C?, #¢) a random cubical filtration
in R?. Let || - [lmax be the max norm in R?. For any subsets A, B € R¢, define
dmax (A, B) = inf{||x — y||max | X € A,y € B}. We consider a random cubical
filtration X = {X(¢)},0 in R¥ satisfying the following two assumptions.
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Assumption 2.1.6. For every z € Z¢, the [0, m]wd—valued random variables
{%}Qe(}(d and {tiQ}Qeq(d have the same probability distribution. Here, z + Q =

{z+x|xeQ}eKforany z € Z¢ and Q € K.

Assumption 2.1.7. There exists an integer R > 0 such that for any subset A, B ¢ R?
with diax (A, B) > R, the families {%: Q0 eXk¢Qc A}and {RQi: QekéQc
B} are independent.

The first result is the strong law of large numbers of the gth persistent Betti
numbers ﬁggn (s,t) for a random cubical filtration X" satisfying Assumptions 2.1.6
and 2.1.7.

Theorem 1.2.1. Let X = {X ()} ;>0 be a random cubical filtration in R? satisfying
Assumptions 2.1.6 and 2.1.7. Fix an integer 0 < g < d and 0 < s <t < co. Then,
there exists a constant B,(s,t) € [0, o), depending on q, s, and t, such that

E[By" (s.1)]

—>A s, 1 asn — oo

and -
BE (5,1)

A - Eq(s, t) almost surely as n — oo.

Remark 1.2.2. Since Bég" (t,1) coincides with the gth Betti number 8, (X"()) of
a cubical set X" (¢) for every t > 0, Theorem 1.2.1 implies the strong law of large
numbers of Betti numbers. This was first obtained by Hiraoka and Tsunoda [ 19,
Theorem 2.8] with a slightly general setting, where the probability distribution of
{ug}pexca taken in Example 2.1.8 is ergodic with the canonical translation on z4,
See [19, Section 2] for more details.

Moreover, we also show the central limit theorem of persistent Betti numbers
using the Penrose theorem (see [27]);

Theorem 1.2.3. Let 0 < s < t < oo, and assume that the probability distribution
is given as a product measure. Then there exists a constant o> such that

1 n n
A |E[(ﬁ§f (s.0) —E[BE (s,0])*] > 0? asn — o, (1.2.1)
n
and
1 n n law
A |1/2 (ﬁq (s,1) —E[B; (s, t)]) = N(0,0%) asn — oo, (1.2.2)
l
where == means convergence in law and N (0, o%) denotes the Gaussian distri-

bution with the mean 0 and variance o>
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Remark 1.2.4. The proof is shown in Appendix D since this is mainly the result of
the Master’s degree.

The next result is the strong law of large numbers of the persistence diagrams
for a random cubical filtration satisfying Assumptions 2.1.6 and 2.1.7. For every
n € N and g € Z, the mean measure E[gff"] of the gth persistence diagram 53@
of X" is defined by E[& "1(A) = E[&; "(A)] for any Borel set A C A. Here, A is
the upper half plane in which persistence diagrams are defined. Since the number
of the gth birth-death pairs of X" is bounded above by the number of elementary
g-cubes in A", we have

EX (M) < #K(AM), (1.2.3)

where #%K g (A") denotes the number of elementary g-cubes in A”. In particular,
E[fﬁgn] is a Radon measure on A.

Theorem 1.2.5. Let X = {X (1) },>0 be a random cubical filtration in R? satisfying
Assumptions 2.1.6 and 2.1.7. Fix aninteger O < q < d. Then, there exists a Radon
measure &, on A such that

E[X] ,

— asn — oo,
IO

v
Here, — denotes the vague convergence of Radon measures on A. Furthermore,

n
§4 v =

- almost surely as n — oo.

The principal aim in this thesis is to investigate the large deviation principle
of the persistence diagrams for a random cubical filtration satisfying Assump-
tions 2.1.6 and 2.1.7. We start with the definition of the large deviation principle
in a general setting.

Definition 1.2.6. Let {a, },civ be a sequence of positive numbers tending to infinity
as n — oo. Let X be a Hausdorft topological space equipped with the Borel o-
algebra Bx. An X-valued process {S"},en, i.e., a sequence of X-valued random
variables, satisfies the (Donsker—Varadhan type) large deviation principle (LDP)
with a speed a,, if there exists a lower semicontinuous function 7: X — [0, oo]
such that

* for any closed set F' C X,

limsupa,'logP(S" € F) < — inf /(x), (1.2.4)
xXe

n—oo



* for any open set G C X,

liminf a,'logP(S" € G) > — inf I(x).
n—oo xeG

The function [ is called a rate function. If, furthermore, the sublevel set ¥; () =
{x € X | I(x) < a} is compact for every @ € [0, o), then [ is called a good rate
function.

Remark 1.2.7. By taking F = X in (1.2.4), we have inf,cx I(x) = 0. When [ is
a good rate function, this implies that / has at least one (not necessarily unique)
zero point.

The next result is the LDP for the tuples of the persistent Betti numbers for a
random cubical filtration satisfying Assumptions 2.1.6 and 2.1.7. Before stating
the result, we provide the basics of the Fenchel-Legendre transform. In what
follows, (-, -)gn denotes the canonical inner product in R”, and || - ||z« is its induced
norm. Given a function ¢: RF — [—co, 0], its Fenchel-Legendre transform
¢*: R" = [—00, 00] is defined by

@ (x) = Sulé){</l’x>Rh -} (1.2.5)
A€R

for any x € R". Every Fenchel-Legendre transform is convex and lower semi-
continuous since it is the supremum of affine functions. If ¢(0) = 0, then we can
check that ¢*(x) € [0, o] for every x € R” by taking A = 0 in (1.2.5). In the large
deviation theory, the Fenchel-Legendre transform appears as a natural candidate
for rate functions of LDPs in a general setting (see, e.g., Theorem 4.5.3 (b) in [&]).
We now state our first LDP result.

Theorem 1.2.8. Let X = {X (1) }1>0 be a random cubical filtration in R? satisfying
Assumptions 2.1.6 and 2.1.7. Fix an integer 0 < g < d and a finite family
P = {(si,ti)}f’:1 with O < s; < t; < co. Then, for every A = (Ad1,...,4,) € R" the
limit
h
¢qp(d) = lim N logE[exp(Z B (si, li))]
i=1

exists in R, and the R"-valued process

{(ﬁ?n(ﬁ,tl) By (s2.12) ﬁffn(sh,th))}
AP A T A neN

satisfies the LDP with a speed |\"| and a good convei rate function f;P 'R -
[0, o). Furthermore, goZ’P(x) = 0ifand only if x = (By(s1,11), .. ., Bg(Shsth))-
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Next, we state the LDP of the persistence diagrams for a random cubical
filtration satisfying Assumptions 2.1.6 and 2.1.7. Let C.(A) be the set of all real-
valued continuous functions on A with compact support and M(A) denote the set
of all Radon measures on A.

Theorem 1.2.9. Let X = {X (1) }1>0 be a random cubical filtration in R? satisfying
Assumptions 2.1.6 and 2.1.7. FixanintegerQ < q < d. Then, forevery f € C.(A),

the limit
exp( /A f dfffn)

exists in R, and the M(A)-valued process {fffﬂ [IA"|}nen satisfies the LDP with a
speed |N"| and a good convex rate function I,: M(A) — [0, o] defined by

@ (f) = lim |[A"|"'logE
n—oo

14(§) = sup {/Afdf— SDq(f)} (1.2.6)

feCe(h)
forany & € M(A). Furthermore, 1,(¢) =0 if and only if ¢ = Eq.

For the proof, we establish a general method of lifting a large deviation prin-
ciple for the tuples of persistent Betti numbers to that of persistence diagrams
(Theorem 5.1.2). Our method relies on the technique of the exponentially good
approximation in the large deviation theory (Theorem B.0.4 in Appendix B).

Organizations

This thesis is organized as follows:

In Chapter 2 we explain our model precisely (Section 2.1 ) and introduce some
variations of large deviation principles (Section 2.2 ).

In Chapter 3 we review the exponentially regular nearly additive process, show
the statement of the result (Section 3.1), and show the proof of it (Section 3.2).
Moreover, we give proofs of some technical lemmas (Section 3.3).

In Chapter 4 we summarize properties of persistent Betti numbers (Section 4.1)
and show limit theorems of persistent Betti numbers for random cubical filtrations.
Additionally, we also show the tuple of persistent Betti numbers satisfites the large
deviation principle (Section 4.2).

In Chapter 5 we review the limit theorems of persistence diagrams for random
cubical filtrations (Section 5.1). We give a proof of the law of large numbers of
persistence diagrams (Section 5.2) and a proof of the large deviation principle of
persistence diagrams (Section 5.3).

The contents of Chapter 3, 4, and 5 and that of Appendix A, B, and C are
based on the submitted paper[!6], which is a joint work with Yasuaki HiraokaA,
Shu Kanazawa, and Kenkichi TSUNODA.



Chapter 2

Preliminary

Throughout this thesis, we fix d € N as the dimension of the state space R¢ where
cubical sets and cubical filtrations are considered. In this chapter, we introduce
the random cubical filtration model and the weak large deviation principle, those
are fundamental concepts of this thesis. In Section 2.1, we introduce our model
precisely. In Subsection 2.1.1, we review the definitions of cubical sets and cubical
homology concisely. We refer to Chapter 2 of [22] for more detailed descriptions.
In Subsection 2.1.2, we introduce our random cubical filtration model. In Sec-
tion 2.2, we state variations of large deviation principle. In Subsection 2.2.1, we
review the weaker version of large deviation principle and explore the connection
between the weaker and standard forms of large devitation principle. In Subsec-
tion 2.2.2, we note some variations of large deviation principle, which will be
utilized implicitly or explicitly later in this thesis.

2.1 Random Cubical Filtration Model

2.1.1 Cubical Homology

An elementary interval is a closed interval / C R of the form I = [[,/ + 1] or
I = {l} for some [ € Z. Such elementary intervals I = [[,/ + 1] and I = {[} are
said to be nondegenerate and degenerate, respectively. An elementary cube in R?
is a product set I} X I X --- X I; C RY of d elementary intervals Iy, I, ..., 1.
Let % denote the set of all elementary cubes in RY. Given an elementary cube
Q=1 xLx--x1I;in R¢, we define its dimension dim Q as the number of
nondegenerate elementary intervals in Iy, I, ..., ;. An elementary cube Q with
dim Q = g is called an elementary g-cube in R?. For each g € Z, let ‘Kg denote the
set of all elementary g-cubes in R?. A cubical set in R? is a union of elementary
cubes in R?. Note here that the above union of elementary cubes is not necessarily



a finite union unlike the definition in [22]. Instead, we call a finite union of
elementary cubes in R¢ a bounded cubical set in R¢.

Let X denote a cubical set in R?. In what follows, we refer to an elementary
cube Q such that Q € X as an elementary cube in X. For q € Z, let 7(;’ (X)
be the set of all elementary g-cubes in X. The gth cubical chain group C4(X) is
defined as the R-vector space consisting of all formal linear combinations of finitely
many elementary g-cubes in X with coefficients in R. Each element is called a
cubical g-chain and of the form a; Q1 + a,Q> + - - - + a,,Q,, for some a; € R and
0; € ‘Kg (i=1,2,...,m). Some authors use the notationalél +agéz+' . ~+amém
insteadof a1 Q1+a,Q2+- - -+a,, O, to stress that the elementary cubes are regarded
as algebraic objects. Obviously, C,(X) = 0 for g < 0 or g > d since 7(5 (X)=0
in such cases. Furthermore, K g (X) forms the canonical basis of C,(X) whenever
(qu(X) # (0. For g € Z, the qth cubical boundary map aqX: Cy(X) = Cy1(X) is
defined as the linear extension of

q
00 = ) (=1))71(Q; - 0)) € Cui(X)
=1

J

forany Q = I1 xI,x---x1; € C;4(X). Here, Q}T € Cy-1(X) and Qj_. € Cy-1(X) are
defined by degenerating the jth nondegenerate elementary intervalin I, I», ..., I4
upward and downward, respectively. More precisely, letting

Ii] = [ll,ll + 1]9Ii2 = [12> 12 + 1], e aqu = [lq, lq + 1]
be the nondegenerate elementary intervals in Iy, I, . . ., I;, we define

Q-; Z:]1X-..X1ij_1X{lj+1}><]l.j+lx___xld

and
QJ‘. = le---xl,-j_lx{lj}xl,-j+1><---><1d.

Example 2.1.1. Set d = 2, and consider a cubical set X = [0, 1]? in R%.
(1) Let Q = {0} x {0} = {(0,0)} € K¢(X). Then,
950 =0€ C_i(X).
(2) Let Q = [0,1] x {0} € K¢(X). Then,
010 = {1} x {0} = {0} x {0} = (1,0) — (0,0) € Co(X).
(3) Let Q = [0,1] X [0,1] € KZ(X). Then,

90 = ({1} x [0, 11 = {0} x [0, 1]) = ([0, 1] x {1} = [0, 1] x {0})
=[0,1] x {0} + {1} x [0, 1] = [0, 1] x {1} — {0} x [0, 1] € C\(X).
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For g € Z, define subspaces Z,(X) := ker 4 and B;(X) := Im 6{;11 of Cy(X),
which are called the gth cubical cycle group and the gth cubical boundary group,
respectively. A simple calculation shows that (9;( o c');il = ( for all ¢ € Z, that
is, Z4(X) D B4(X). The gth cubical homology group H,(X) = H,(X;R) with
coefficients in R is defined as the quotient R-vector space Z,(X)/B,(X). When
X is a bounded cubical set in R?, the dimension of H,(X) is called the gth Betti
number of X, denoted by S, (X).

2.1.2 Persistent Homology for Cubical Filtrations

In this subsection, we review the definition of persistence diagram of an increasing
family of cubical sets in R?. A right-continuous cubical filtration in R? is an
increasing family X = {X(¢)};s0 of cubical sets X(¢) in R such that X(¢) =
My>: X(¢') forevery ¢t > 0. In what follows, we omit the word “right-continuous”,
and simply call X a cubical filtration. We say that a cubical filtration X = {X (¢) };>0
in RY is bounded if | J,»( X (1) is bounded. Note that if X = {X(¢)};»0 is a bounded
cubical filtration in R?, then X (¢) differs from | J,,., X (¢') only finitely many #’s.

Let R[{z": t > 0}] denote an R-vector space of formal linear combinations of
finitely many monomials z’ (+ > 0), where z is an indeterminate. The product of
two elements in R[{z’: > 0}] is defined by the linear extension of az’ - bz =
abz'* (a,b € R, t,¢’ > 0). This operation equips R[{z’: t > 0}] with a graded
ring structure.

Let X = {X(¢)}:>0 be a bounded cubical filtration in R?. For each ¢ € Z, the
gth persistent homology group H,(X) of X is defined by

H,(X) = @ H,(X(1)).
t>0

We define the action of monomial z“ (u > 0) on H,(X) by

Ct—y ift > u,

2" (e + By(X(1)))i=0 = (c;+ B,(X(1)))i=0, where cp = {0 i

By the linear extension of the above action of monomials, H,(X) has a graded
module structure over the graded ring R[{z": ¢t > 0}]. The following theorem,
which is often called the structure theorem of persistent homology group, is crucial
for defining the persistence diagram for X = {X(1)};50.

Theorem 2.1.2 ([35, Theorem 2.1]). Let g € Z be fixed. There exists a finite
Sfamily {(b;, di)}f’:1 with 0 < b; < d; < oo such that the following graded module
isomorphism holds:

p
Hy(X) = (") /(z%)).
i=1
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Here, (7') expresses an ideal in R[{z": t > 0}] generated by the monomial 7',
and (z%°) is regarded as the zero ideal. Furthermore, {(b;, di)}le is uniquely
determined as a multiset.

In the above theorem, {b,-}f’:1 and {all-}f):1 are called the gth birth times and
death times, respectively, and each pair (b;, d;) is called the gth birth-death pair
of the cubical filtration X = {X () };,>0. Intuitively speaking, each birth-death pair
(b;, d;) corresponds to a g-dimensional hole that appears at time b;, persists over
the time-interval [b;, d;), and disappears at time d;. We note that the number of the
gth birth-death pairs of the cubical filtration X = {X(¢) };>0 is trivially bounded
above by the number of elementary g-cubes in ;> X (¢).

Now, let us write

A={(s,t) €[0,0]*>|0< s <1< 0o},

which is naturally homeomorphic to {(x,y) | 0 < x < y < 1} equipped with the
usual topology. For g € Z, we define the gth persistence diagram .fig of the cubical
filtration X = {X(7) };>0 as a counting measure

p
& = Z O (br.dy)
i=1

on A, where 6y, 4,) is the Dirac measure at (b;, d;), i.e., for any Borel set A C A,

{ 1 if (b1, d) € A,

O (bidy) (A) = .

0 if (bl‘, dl) ¢ A.

In order to deal with the convergence of persistence diagrams, we will regard each
persistence diagram as an element of the space M(A) of Radon measures on A
defined below. A Borel measure & on A is called a Radon measure if £(K) < oo
for any compact set K c A. Let M(A) be the set of all Radon measures on A.
We equip M(A) with the vague topology, i.e., the weakest topology such that for
any f € C.(A), the map M(A) 3 & — fAfdf € R is continuous. Here, C.(A)
denotes the set of all real-valued continuous functions on A with compact support.
Note that for a sequence {£"} e in M(A) and € € M(A), the Radon measure £"
converges vaguely to & as n — oo if and only if lim,,_, o fA fdé" = /A f dé for any
f € Ce(B).

Next, we review the notion of persistent Betti number. Let 0 < s < ¢ < 0.
We denote by ¢} the inclusion map from X (s) to X(¢), and by (¢}).: Hy(X(s)) —
H,(X()) the induced linear map of «§. We call the rank of the map (). the gth
persistent Betti number of X at (s,t), and denote it by ﬁég(s, t). The notion of
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persistent Betti number is a generalization of Betti number. Indeed, ,Bff(t, ) =
B4(X(1)) holds for every ¢ > 0. Since

. Hy(X(s))
Im(e,). = ker(dl).
_ Zy(X(5)/By(X(s)) N Zy(X(s))
(Z4(X(5)) N By(X(1)))/By(X(s))  Zy(X(s)) N By(X(2)
we have

Z4(X(s5))
Zy(X(s5)) N By(X (1))

Bi(s.1) = dim 2.1.1)

Intuitively speaking, ﬁff(s, t) expresses the number of g-dimensional holds that
appear before time s and persist to time ¢ in the filtration X = {X(¢)};>0. The
following relationship between the persistence diagram and the persistent Betti
number is particularly important, which is called the k-triangle lemma in [3, 10].

Theorem 2.1.3 ([3, 10]). Let g € Zand 0 < s <t < oo be fixed. Then, it holds
that

EX([0, 5] % (1, 00]) = B (s,1). (2.1.2)

Remark 2.1.4. The persistence diagram fff is in fact characterized as the unique
counting measure on A satisfying (2.1.2) forany 0 < s <t < oo.

The following is an immediate corollary of Theorem 2.1.3 together with the
inclusion-exclusion principle.

Corollary 2.1.5. Let g € Zand 0 < 51 < 55 < t] < tp < 00 be fixed. Then,

£5([0,52] X (11, 12]) = By (52, 11) = By (52, 12)

and
£ ((s1,52] X (11, 12]) = By (52, 11) = By (52, 12) + B (s1,12) = By (51, 11).

2.1.3 Random Cubical Filtration Model

For a cubical filtration X = {X(#)};>0 in R? and an elementary cube Q € K*, the
birth time of Q in X is defined by

Pg =1inf{r >0| Q € X(1)}.

By convention, we regard t§Q§ = o0 if Q ¢ ;50 X (). Obviously, Q' c Q € K¢
implies 75, < 775 Conversely, given a family {ro}gexa in [0, o] satisfying that

Q' cOeK! =1ty <t (2.1.3)

12



we can define a cubical filtration X = {X(¢)};>0 in R¥ so that tg = to for any

Q € K“. Indeed, we may simply set
X(1) = U{Q e K| 1o <1}

for every t > 0. We call such X = {X(¢)};s0 the cubical filtration in R? corre-
sponding to {tg}pexca-
Now, let C? denote the set of all cubical filtrations in R?, and let #¢ denote

the smallest o-field such that the map C? 3 X t§Q§ € [0, o] is measurable

for any Q € K“. In other words, F¢ is the o-field generated by the maps
{C!3X - t§Q§ € [0, ]: Q € K?}. We call a random variable taking values in
the measurable space (C¢, ¥¢) a random cubical filtration in R?.

Next, we introduce our random cubical filtration model. For any subsets
A, B c RY, define dmax (A, B) := inf{||x — y|lmax | X € A,y € B}, where || - ||max
denotes the max norm in R<. In this thesis, we consider a random cubical filtration
X = {X(#)}1>0 in R? satisfying the following two assumptions.

Assumption 2.1.6 (Stationarity). For every z € Z¢, the [0, oo]‘Kd—valued random
variables {Z§Q§}Q€’Kd and {tiiQ}Qeq(d have the same probability distribution. Here,
7+0:={z+x|xeQ} e K forany z € Z¢ and Q € K. In such case, we say
that X is stationary.

Assumption 2.1.7 (Local dependence). There exists an integer R > 0 such that for
any subsets A, B ¢ R? with dpax (A, B) > R, the families {tg: Qe K4 Q c A}
and {tgz Q € K¢, Q c B} are independent. In such case, we say that X is
R-dependent.

As typical random cubical filtration models that satisfy Assumptions 2.1.6
and 2.1.7, we introduce the upper and lower random cubical filtrations.

Example 2.1.8. Let {Fq}g:0 be a family of probability distribution functions on
[0, 0], i.e., Fy is a right-continuous function on [0, co] with F,(c0) = 1 (while
not necessarily F,(0) = 0 or limy_. Fy(x) = 1) for each 0 < g < d. To each
elementary cube Q € K9, we assign a [0, co]-valued random variable up with
probability distribution function Fgin ¢ independently. For each Q € K 4 we set

g =min{up | Q'€ K, Q' >0} and 1, =max{up | Q" €K', Q" c 0}.

Noting that both the families {79 } gcgca and {z 0 }oexa satisty (2.1.3), we define X=

{X(1)}ss0 and X = {X (1) };»0 as the random cubical filtrations in R corresponding
to {fg}gega and {EQ}Qer, respectively. Obviously, X and X are stationary, also

1- and 0-dependent, respectively. We call X and X the upper and lower random
cubical filtrations, respectively, with probability distribution functions {Fq}gzo.
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Remark 2.1.9. The word “upper” and “lower” in Examples 2.1.8 derives from the
upper and lower random simplicial complex model, extensively studied in [4, 6,

, 5,12, 13, 15]. In fact, for every ¢ > 0, the random cubical sets X(¢) and X(¢)
can be regarded as the cubical versions of the upper and lower random simplicial
complex with parameters {Fq(t)}‘qlzo, respectively.

We additionally introduce other random cubical filtration models that satisfy
Assumptions 2.1.6 and 2.1.7, where the birth times of elementary cubes are given
in more geometric ways. For lattice points z,7 € Z9, we say that z and 7’ are
adjacent if ||z — Z’||;1 = 1. Here, || - || 1 is the L'-norm in R¢.

Example 2.1.10. Let u be a probability measure on R?. Let {&,},.z« be indepen-
dent and identically distributed (i.i.d.) random variables drawn from u, and define
X, = z+ &, forevery z € Z¢. For each Q € K¢, we set

to = inf{t > 0| |[x; — x||ga < ¢ for any adjacent lattice points z and z’ in Q}.

Noting that the family {79} pexa satisfies (2.1.3), we define X = {X(#)},50 as
the random cubical filtration in R corresponding to {to}pexa. Obviously, X is
stationary and 0-dependent.

Example 2.1.11. Let x be a probability measure on R¢ with compact support. Let
{&:} ;74 and {x_},c74 be the same as in Example 2.1.10. For each Q € K<, we set

tQ:inf{l >0|Q0cC U B(xz,t)}.

z€74

Here, B(x,,t) is the closed ball of radius ¢ centered at x,. Noting again that
the family {fg}pexa satisfies (2.1.3), we define X = {X(#)},>0 as the random
cubical filtration in R¢ corresponding to {to}pexa. Obviously, X is stationary.
Furthermore, X is locally dependent since u has a compact support.

2.2 Large Deviation Principle

In this section, we review the LDP and their variations. The definition of LDP
have been given in Definition 1.2.6 previously, yet here are equivalent definitions.
Let X be a Hausdorff topological space equipped with the Borel o-algebra Bx.
For any set I' € X, I'“ denotes the complement of I'. Moreover the closure and
the interior of I are denoted by I" and I"°, respectively. For a rate function I, the
set of points in X of finite rate is denoted by D; = {x € X, I(x) < oo}. Other
notations are the same as Definition 1.2.6.

The first one is the standard notation in the book [&] and the second one is
introduced as a more useful formulation to prove a LDP in the same book.
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Definition 2.2.1 ([8]). An X-valued process {S”},cn is said to satisfy the large
deviation principle with a speed a, and a rate function /, if for all measurable sets
I' e By,

— inf I(x) < liminfa,'logP(S" € ') < limsupa,' logP(S" € T') < —inf I(x).
n—oo

xel™® n— oo xell
Let notations be the same as Definition 1.2.6 and 2.2.1.

Definition 2.2.2 ([8]). An X-valued process {S"},civ satisfies the large deviation
principle with a speed a, and a rate function /, if the following bounds hold:

(Upper bound) For every @ < oo and every measurable set I with ' ¢ ¥;(a)°¢,

limsupa,'logP(S" € T) < —a. (2.2.1)

n—oo

(Lower bound) For any x € D; and any measurable set I with x € T"°,

—I(x) < liminfa,' logP(S" € I).

2.2.1 Weak Large Deviation Principles

LDPs are also useful for understanding the probability of events in which the
process does not have the mean value, but sometimes checking the upper bound is
difficult. There is a weaker version of LDP to deal with such a problem.

Definition 2.2.3 (Weak large deviation principles). An X-valued process {S" },en
is said to satisfy the weak large deviation principle with a speed a, and a rate
function [ if the upper bound

1
limsup — logP (8" € K) < —a, (2.2.2)

n—oo a}’l

holds for every @ < oo and all compact subsets K of ¥; ()¢, and the lower bound
|
—I(x) < liminf —logP (S" €T).
n—>oo an

holds for any x € ©O; and any measurable set I" with x € I"°.

We call the usual LDP as the full LDP in contrast with the weak LDP. The
difference between the weak LDP and the full LDP is upper bound (compare (2.2.1)
and (2.2.2)), and if we obtain the following tightness, the weak LDP becomes the
full LDP.
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Definition 2.2.4. An X-valued process {S"},cn is said to be exponentially tight
(with a speed a,) if for any a > 0, there exists a compact set K C X such that

limsupa, ' logP(S" ¢ K) < —a.
n—>0oo
Lemma 2.2.5 ([8, Lemma 1.2.18]). Let an X-valued process {S" },en satisfy the
weak large deviation principle with a speed a,, and a rate function 1. If {S" },en is
exponentially tight, then {S" },en satisfies the full large deviation principle with a
speed a, and a rate function 1. Moreover, I is a good rate function.

2.2.2 Variations of Large Deviation Principle

In this subsection, we introduce the basic methods of LDPs. The following theorem
of the LDP for i.i.d. random vectors in R” is fundamental and called Cramér’s
theorem.

Theorem 2.2.6 ([8, Theorem 2.2.30, Corollary 6.1.6]). Let n € N be fiexed and
X" be an R"-valued random varibale indexed by n. Let {Y;},cyy be a sequence
of independent and identically distributed R"-valued random variables with the
same distibution as X". For each integer m, S,, denotes the emprical mean
Sm = 22, Yi. Then {S,,/m}, o satisfies the weak large deviation principle with
a speed m and a rate function

Jn(x) = ASU@ {{4,x) —logE[exp ({4, X"))]} .

Moreover, if log E[exp({4, X"*))] < oo in the neighborhood of zero point, then the
LDP holds and J,, is a good rate function.

The above theorem is limited to i.i.d. case, however there is a similar theorem
of non- 1.i.d. case with some additional assumption. That theorem is called the
Gdrtner-Ellis theorem, but it is not used for main results of this thesis. Therefore we
mention the statement of that theorem in R” here in order to simplify the explanation
of future work in Conclusion. Consider a sequence of R”-valued random vectors
{Z,}nen and moment generating function A,(A) = log E[exp (41, Z,,)].

Assumption 2.2.7 ([8, Assumption 2.3.2]). The limit of a,'A,(a,1) exists as an
extended real number for all 1 € R”, that is,

A(A) = lim aglAn(an/l) € [—oo, o0].
n—>oo

Furthermore, the origin belongs to the interior of D = {1 € R" | A(1) < o}.
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To state the theorem, we need two more definitions. Let A* be a Fenchel-
Legendre transformation of A(-), with Dy- = {x e R” | AN (x) < oo}.

Definition 2.2.8 ([8, Definition 2.3.3]). A vector y € R” is called an exposed point
of A* if for some A € R" and all x # y,

(4, y) = A (y) > (A4, x) = A*(x). (2.2.3)
Here, A in (2.2.3) is called an exposing hyperplane.

Definition 2.2.9 ([2, Definition 2.3.5]). A convex function A: R" — (—00, 0] is
essentially smooth if:

(1) DA° is non-empty.
(2) A(-) is differentiable in Dx°.

(3) A(-) is steep, namely, lim, o, |[VA(A,)| = co whenever {1, } is a sequence
in D° converging to a boundary point of D,°, where VA denotes the
gradient of A.

Theorem 2.2.10 ([8, Theorem 2.3.6]). Let Assumption 2.2.7 hold. Then {Z,},en
satisfies the large deviation principle as follows.

(1) For any closed set F,
limsupa,'logP(Z, € F) < — in£ A (x).
X€E

n—0oo
(2) For any open set G,

— inf A*(x) < liminfa.'logP(Z, € G),
Jnf (x) < liminfa, " logP(Z, € G)

where F is the set of exposed points of A* whose exposing hyperplane
belongs to D,°.

(3) If A is an essentially smooth, lower semicontinuous function, then the LDP
holds with the good rate function A*.

We also refer to transformations of LDPs in Appendix B. They are basic
methods for transferring LDP of a topological space to that of the another space.
The contraction principle (Theorem B.0.1) shows us that an LDP is preserved under
continuous maps, and the Theorem B.0.4 is the deduction theorem of the LDP from
LDPs for the approximation sequence called exponential good approximation.

We also treat some methods of the large deviation principles in Appendix C.
The Dawson—Gdrtner theorem (Theorem C.0.4) has a crucial role in this chapter.
It is a useful tool for making a LDP in a large space, called projective limit, from
the aggregation of LDPs in small spaces. We also use the Lemma C.0.6, a basic
lemma in the large deviation theory, whichreduces the LDP to the LDP in the
subspace of our interests.
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Chapter 3

Large deviation principle for
exponentially regular nearly additive
processes

In this chapter, we develop a general LDP result for exponentially regular nearly
additive vector-valued processes, which is crucial for the proof of Theorem 1.2.8
in Chapter 4. In Section 3.1, we define the notions of exponentially near additivity
and exponential regularity, and state the general LDP result (Theorem 3.1.4).
Section 3.2 presents the proof of Theorem 3.1.4. The proofs of technical lemmas
needed in the proof of Theorem 3.1.4 is deferred to Section 3.3.

3.1 Statement of result

Throughout this section, we fix & € N, and consider an R"-valued process {S" } 1en,
i.e., a sequence of R"-valued random variables. In the applications dealt with in
Section 4, S" is taken to be a random vector associated to the rectangular region
A" = [-n,n]?, and |A"| indicates its d-dimensional Lebesgue measure. However,
we here regard S" and |A”| := (2n)? as just a random vector indexed by n and a
scaling factor, respectively.

The following notions are crucial for stating the main theorem in this section
(Theorem 3.1.4).

Definition 3.1.1. Let » > 0 be an integer. We say that an R"-valued process
{8} e is exponentially r-nearly additive if there exist R”-valued random vari-
ables {S™*}, ey ;ez¢ such that the following conditions are satisfied:

* {8™%},cza are independent copies of " for every n € N;
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» for any € > 0 and C > 0, there exists an integer K > r such that

P(' S(2m+l)k _ Z Sk—r,z

z2€Z4n[-m,m]4
forall kK > K and m € N.

> 8|A(2m+l)k|) < exp(_ClA(2m+l)k|)
RA

We also say that an R"-valued process {S"},cn is exponentially nearly additive if
there exists an integer > 0 such that {S" },cx is exponentially r-nearly additive.

Remark 3.1.2. The exponentially near additivity in Definition 3.1.1 with A = 1
and r = 0 corresponds to the definition of the near additivity in Assumption 2.1
of [32].

Definition 3.1.3. We say that an R”-valued process {S"}nen is exponentially
regular if the following property holds for each fixed k € N: if m,, is taken as the
unique integer satisfying that (2m, + 1)k < n < (2m, + 3)k for each n € N, then
for any € > 0 and C > 0, there exists N € N such that

P(||S" — S@m* K| > g A"]) < exp(=C|A"])
foralln > N.

Let {S"},en be an exponentially regular nearly additive R”-valued process
consisting of integrable random variables. If sup, .y [|E[S"]||gn/|A"| < oo, then
{8"},en satisfies a strong law of large numbers, i.e., the limit

o . E[s"]
5= M A

(3.1.1)

exists in R”, and
n

|A”]
See Appendix A for the proof under a weaker assumption.

The following is a large deviation principle for exponentially regular nearly
additive processes.

— § almost surely as n — oo.

Theorem 3.1.4. Let {S"} ,en be an exponentially regular nearly additive R" -valued
process satisfying that

sup |A"| " log E[exp((1, §")gr)] < oo (3.1.2)
neN

for any A € R". Then, for every A € R", the limit

¢(1) = lim |A"]"" log E[exp({1, S")gn)]
n—oo
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exists in R, and the R"-valued process {S" ||\"|}nen satisfies the LDP with a speed
|A"| and good convex rate function ¢*: R" — [0, ). Furthermore, ¢*(x) = 0 if
and only if x = S, defined by (3.1.1).

Remark 3.1.5. In the above theorem, we note that if (3.1.2) holds for any A €
R”, then each S" is integrable and sup, . [|E[S"]||g:/|A"| < oo holds from an
elementary calculation. Hence, the limit S defined in (3.1.1) exists.

Remark 3.1.6. The above theorem can be regarded as a generalization of Theo-
rem 2.1 1in [37], where exponentially regular O-nearly additive real-valued processes
are considered.

Combining Theorem 3.1.4 and the preceding discussion on the strong law of
large numbers, we immediately obtain the following useful corollary.

Corollary 3.1.7. Let {S"},cn be an exponentially regular nearly additive R"-
valued process satisfying that

sup |A”|_1 log E[exp({1, S")gn)] < o0
neN

for any A € R". Then, the following statements hold.

(1) The limit

<. .. EB[S"]
S = lim
n—o0 |A”|

exists in R", and
S}’l
|A"]

— S almost surely as n — oo.

(2) For every A € R" the limit
¢() = lim |A"|" log E[exp({1, $")zn)]
exists in R, and the R"-valued process {S" ||\"|} ne satisfies the LDP with a

speed |N"| and good convex rate function ¢*: R" — [0, oo]. Furthermore,
¢*(x) =0 ifand only if x = S.

3.2 Proof of Theorem 3.1.4

The proof of Theorem 3.1.4 relies mainly on two theorems in the large deviation
theory. The first one shows the existence of an LDP for the R"-valued process
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{S"/|A"|}nen With a (not necessarily convex) rate function 7: R — [0, co] (The-
orem 3.2.1). The second one guarantees that if the rate function / is convex, then
I is given as the Fenchel-Legendre transform of the limiting logarithmic moment
generating function (Theorem 3.2.2).

For these theorems, we first review basic notions. An R’-valued process
{8"}en is said to be exponentially tight (with a speed |A"|) if for any @ > 0, there
exists a compact set K ¢ R” such that

limsup |A"| ' log P(S" ¢ K) < —a.

n—oo

A function I: R" — [0, o] is said to be convex if for any xy, x; € R andr e (0,1),
it holds that
t(x)) + (1 —t)I(x2) > I(tx; + (1 —1)x2). (3.2.1)

In what follows in this section, we use the following notation: for any Borel
function f: R" - Randn € N,

Sn
L(f) = logE[exp(|A”|f(|An|))] € (=00, 00].
Furthermore, let % (R") be the class of Lipschitz continuous and concave real-
valued functions on R”. Here, a real-valued function f on R” is said to be concave
if —f satisfies (3.2.1) for any x;,x, € R” and r € (0,1). The class F(R") is
well-separating in the sense that

« ZF (R") contains the constant functions,

« Z(R") is closed under finite pointwise minima, i.e., fi, f> € % (R") implies
fih e FRY,

o F(R") separates points in R”, i.e., for any two points x # y in R” and
a,b € R, there exists a function f € % (R") such that both f(x) = a and
f(y) = b hold.

The following theorem is a special case of Theorem 4.4.10 in [8] with the state
space R" and the well-separating class & (R").

Theorem 3.2.1 ([8, Theorem 4.4.10]). Let {S"}nen be an R'*-valued process.
Suppose that the R"-valued process {S" || A"} nen is exponentially tight, and that
the limit lim,_,co |A"|7'T,(f) exists in [—co, o) for any f € F(R"). Then, for
every f € Cp(R"), the limit

L(f) = lim [A"[7'Tu(f)
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also exists in R, and the R"-valued process {S" ||AN"|}nen satisfies the LDP with a
speed |N"| and a good rate function I: R" — [0, co] defined by

I(x) = sup {f(x)-T(f)}. (3.2.2)
JeCh(RM)

The rate function defined by (3.2.2) is not necessarily convex unlike the
Fenchel-Legendre transform. The following theorem in the large deviation the-
ory identifies the good convex rate function for an LDP as the Fenchel-Legendre
transform of the limiting logarithmic moment generating function (see also Theo-
rem C.0.9 in Appendix C for a more general statement in the setting of a topological
vector space instead of R").

Theorem 3.2.2 ([8, Theorem 4.5.10]). Let {S"}nen be an R*-valued process.
Suppose that the R"-valued process {S"||N"|} ne satisfies the LDP with a speed
|A"| and a good convex rate function I: R* — [0, o], and also that

sup |A"| ™" log E[exp({2, $")gn)] < o0
neN

for any A € R". Then, for every A € R", the limit
@(2) = Tim A" log E[exp((4, $")g)]

exists in R, and I = ¢* holds.

In order to prove Theorem 3.1.4, what remains to be shown are the following:
to check that the assumption of Theorem 3.2.1 is satisfied, to verify the convexity
of the good rate function obtained via Theorem 3.2.1, and to characterize the zero
point of the good rate function. Those are accomplished by the following three
lemmas in this order. These proofs are deferred to Section 3.3.

Lemma 3.2.3. Suppose that {S" },en is an exponentially regular nearly additive
R"-valued process satisfying that

sup |A"| " log E[exp((1, $")gn)] < oo
neN

forany A € R". Then, {S"/|A"|}nen is exponentially tight, and the limitlim,,_,o |A"|™!
T, (f) exists in [—co, o) for any f € F (R").

For the next lemma, we introduce a rate function associated with the empirical
means of i.i.d. random variables by Cramér’s large deviation theorem (Theo-
rem 2.2.6). For each k € N, let /4 : R* — (—c0, o] be the logarithmic moment
generating function of S¥/|AX|, i.e.,

Wi (2) = log E[exp({a, S*/|A*|)gn)]
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for any A € R", and let J; denote the Fenchel-Legendre transform of ¢. Then, it
is well known that, if we set {W;}, as independent copies of S k/|A¥], then

1 m
lim sup m ™! logP(— Z W; e F) < —inf Jr(x)
m Py xeF

m—oo

for any closed set F' C R”, and

1 m
liminfm™'1 — i > — inf
iminf m ogP(m ZW € G) > ;IelGJk(x)

m-—-0o0 -
i=1

for any open set G C R” (see, e.g., [8, Theorem 2.2.30]).

Lemma 3.2.4. Let {S"} ,en be an exponentially nearly additive R"-valued process.
Suppose that the R"-valued process {S"||N"|} nen satisfies the LDP with a speed
|A"| and a rate function I: R" — [0, o). Then, the following hold.

(1) Forevery x € R,
Ji (x)

A (3.2.3)

I(x) < lilgn inf

(2) I is convex.

Lemma 3.2.5. Let {S"},en be an exponentially nearly additive R"-valued process.
Suppose that the R"-valued process {S" ||A\"|}nen satisfies the LDP with a speed
|A"| and a rate function I: R" — [0, oo]. Suppose also that the limit

. o E[S"]
5= 0 A

(3.24)

exists in R", and that "/ |A"| converges to S in probability as n — oo. Then,
I(x) =0 ifand only if x = S.

Combining these lemmas with the above two theorems and the strong law of
large numbers for {§"},cn, we can immediately prove Theorem 3.1.4.

Proof of Theorem 3.1.4. From the assumption, Lemma 3.2.3 implies that the se-
quences {S"/|A"|},en is exponentially tight, and the limit lim,_,c |[A”"|7'T,(f)
exists in [—oo, o) for any f € F (R"). By Theorem 3.2.1, for every f € C,(R"),
the limit

T(/f) = lim A" ()
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also exists in R, and the R”-valued process {S"/|A"|} e satisfies the LDP with a
speed |A"| and a good rate function 7: R* — [0, co] defined by

I(x) = sup {f(x)-T(f)}.

feCp(RM)

Furthermore, I is convex by Lemma 3.2.4. Therefore, it follows from Theo-
rem 3.2.2 that for every 1 € R”, the limit

¢(A) = lim [A"]" log E[exp({1, $")pn)]

exists in R, and I = ¢* holds. Lastly, combining Lemma 3.2.5 with the strong law
of large numbers for {S"},ey discussed before Theorem 3.1.4, we conclude that
¢*(x) = 0if and only if x = §, which completes the proof. O

3.3 Proofs of Lemmas 3.2.3, 3.2.4, and 3.2.5

In this section, we prove Lemmas 3.2.3, 3.2.4, and 3.2.5 in this order.

Proof of Lemma 3.2.3. We set A(1) = sup, |A"|7  log E[exp({A, S")gn)] < o0
for any A € R", and write S" = (S”,Sg, .. .,SZ). For any @ > 0, the Markov
inequality after exponentiating yields

N h
R S e
=1

i=1 i

Furthermore,

h h
E[exp(Z|S?|)] = Z E[exp(Z|S?|);S’} >0forjeJ, 8} <0forj¢ J]

i=1 Jclhl i=1

< Z Elexp({1s,5"))]

Jc[h]

< Z exp(A(1))|A"]), (3.3.1)

Jc[h]

where [h] = {1,2,...,h}and Ay € R” is a vector whose jthelementis 1if j € J,
otherwise —1. Combining the above estimates, we obtain

h
li A M ogP S > a|A"|] < A - a,
im sup |A"| ! Tog (Z}H ol"l) < s A1)

n—oo

24



which immediately implies the exponential tightness of {S”/|A"|},en.
Let f € F (R") be fixed, and set

L(f) = limsup |A"|7'T, (f)

Si’l
= limsup |A"|™! logE[exp(lAnlf( AT ))] € [~o0, 00].
n—oo
If I'(f) = —oo, then there is nothing to prove. Hence, we assume I'(f) > —oo.

Writing the Lipschitz constant of f by || f{|Lip, we have

n

exp[ BIA" {2 )| < exp(BIA"L£(0) + BIlAllLiplS”0)
AT

h
< exp(BIA"|£(0)) eXP(ﬁ“f”Lip Z|S?|)
P

for any 8 > 0. Therefore, it follows from a similar calculation to (3.3.1) that for
any 8 > 0, there exists a constant Ag > 0 such that

3o 5

for all n € N. In particular, I'(f) < A < oo by taking 8 = 1.
Now, we let £ > 0 and show that

< exp(Ag|A"]) (3.3.2)

1i£g}f|/\"|—1r,,(f) >T(f) -e. (3.3.3)

Set g9 = &/(2]| fllLip + 1) and take a sufficiently large Cp > O satisfying that
(Ay — Cp)/2 < T(f) — &. By the exponentially near additivity of {S"},cx, we can
take an integer » > 0, random variables {S"*}, <\ ;cz«, and an integer K > r such
that {$"*} .7« are independent copies of S” for every n € N and

P(Hs(zm+1)k _ Z Sk—r,z

€24 [-m,m]4

> 80|A(2m+1)k|) < eXp(_ColA(2m+l)k|)
RA

(3.34)
holds for all k > K and m € N. We may choose the integer K large enough so that
A2 -G _ 1-idf(f)—g (3.3.5)

5 X . 3.

Now, we fix k > K such that

AN T () 2 T(f) = 0. (3.3.6)
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Let m,, be the unique integer satisfying that (2m, + 1)k < n < (2m, +3)k for each
n € N. Then, from the exponential regularity of {S"},cn, we can take N € N such
that

P(|S" ~ S D]lgn > g0l A”[) < exp(~ColA”]) (3.3.7)

for all n > N. By the Lipschitzness of f, we have

s ! ere)  IflILip .
5 ) 5 e
i A |Z€Zdﬂ[_m"’m"]d A 2€ZAN[—my,my, ]9 R

1 irz) IS llLip

>flom DL ST - SR (R + Ra(n)),
|A | d d |A |
Z€Z4N[—my,my]
where

R](I’l) = ||Sﬂ_S(2mn+l)k||Rh and Rz(n) — Hs(ZmnH)k_ Z Sk_r’Z '
Rh

z€Z4N[-my,my ]9

Furthermore, the concavity of f yields

1 —r,z
f(lN,| DI )

z€Z4n [-mp.m,]

(2my, + 14| A% 1 Sk-rz
= f( A" 2 1 d Z Ak—r
|A"| (2my + 1) . ]dl |

Zezdﬂ[_mn’ n

d| A k—r k—r,z
. Qmy+ 1)IA |f( 1 ¥ Sk )
A (2 + 1) o 1T

ZeZdﬂ[—mn, n

. (1 _ it AN

o)

|AKT| Sk-r.z (2m, + D4|A*T]

> E +11- 0).

A" / |AK=T| |A"| 0
ZEZdﬂ[—mn,mn]d

For the first inequality, we note that (2m, + D)¢|A*7| < |A@m+Dk| < |A"|,
Combining the above estimates, we have

Sl’l
|A”]

IA”If( ) —{IA" = @m, + DA} £(0)

k-r,z
SIS f(S )—||f||Lip(R1(n)+R2(n))-

Tl
Z2€Z4N[~my,my] |A |
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By exponentiating and taking expectation,

exp(IN1F{ )| | - exp(— (1471 = @ + 1)9185 1} £ (0))
AT

n

E

>E

Sk—r,z
exp(|A’<-’| > f(m))-exp(—nfnup(Rl(n)+Rz(n))>]
z2€Z4N[-my,m, ]9
k—r,z

eXp('Ak_r' 2 I (W))] exp(= L fllLipgo(IA"] + A D))
]d

z2€Z4N[~my,my,

k—r.z
—E[exp(mk_rl I Lol | IO cul’

z2€Z4N[~my,my]

S Y - JJiret > enlaeme

k—r
z€Z4N[-my,my,| |A |
= I] - 12 - 13. (338)
For the following calculations, we note that {S"*} .7« are independent copies
of " for every n € N. Note also that (2m, + 1)4|AF7| < |A@m+Dk| < |A"|,
By (3.3.6),

>E

Sk—r (Zmn"'l)d
I =E|exp |AK| £ — -exp(—|| fllLipgo (IA"] + |A@mntDk)y)
| AT
> exp((2m, + DIASTIE(S) = 20)) - exp(-Ilfipeo (A" + [AC™*D4)))

> exp((2m, + DATIT(S) = 2l fllLip + DeolA”)

2my, + 1)IAFT]
= exp (( " i | |F(f)—8)|An|)
|A”]
By the Cauchy—Schwarz inequality, (3.3.7), and (3.3.2) with 8 = 2,

0 §k-r.2 1/2 .
b < E exp(2|Ak_r| Z f(m))] . P(Rl(l’l) > 8()|An|) /
L ]d

Z2€Z49N[-mp,m,,

) gk (2mu+1)4/2
N x|

Ay — C
Sexp( 22 0|A”|)

for all n > N. Similarly, by the Cauchy—Schwarz inequality, (3.3.4), and (3.3.2)
with 5 =2,

. o 1 |A(2mn+1)k| .
I3 < exp(AzlA"1/2 = CoAC™*D4)/2) = exp| 5| A2 = o |IA”]
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for all n > N. Since

2m,, ldAk—r d
lirn(m+)| l:(l—i) and

n—o0 |A”|

|A(2m”+l)k|
lim =1,
n—oo |A”|

it follows from (3.3.5) that

Ay = C 1
2 0<—(A2—C0

L(f)-e

2 2

|A(2mn+1)k| . (Zmn + 1)d|Ak—r|
|A"| |A"|

for sufficiently large n. Therefore, an elementary calculation yields

d
liminf A" log(l) = I — I3) > (1 — %) I'(f)-e.
n—oo

Thus, combining this estimate with (3.3.8), we obtain

d d
lim inf [A”|"' T, (f) - (1 - (1 - %) )f(O) > (1 - %) T(f) —e.
Taking k — oo in the above inequality along a suitable subsequence so that (3.3.6)
is satisfied yields (3.3.3), which completes the proof since £ > 0 is arbitrary. O

Next, we turn to prove Lemma 3.2.4.

Proof of Lemma 3.2.4. (1) If liminfy_ e Ji(x)/|A¥| = oo, then there is nothing
to prove. Hence, we assume that liminfj_,., Jx (x)/|]A¥| < co. Let ¢ < I(x) be
fixed. By the lower semicontinuity of the rate function /, we take € > 0 such that
y € B(x, &) implies I(y) > c. We set C := liminfy_c0 Ji(x)/|A¥| +1 < co. From
the exponentially near additivity of {S” },,cn, we can take an integer r > 0, random
variables {$™*}, cy ;cz4, and an integer K > r such that {S"*} .74 are independent
copies of S” for every n € N and

P(' S(2m+1)k _ Z Sk—r,z

z€24N[-m,m]4

> ;lA(2m+1)k|) < exp(_C|A(2m+l)k|)
RA

(3.3.9)
holds for all £ > K and m € N. We may choose the integer K large enough so that
A e Bre/2) (3.3.10)
—X x,e/2). 3.
|AK]

Now, we fix k > K satisfying that

Jk_,(x) +1

C. 3.3.11
|Ak—r| < ( )
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By the large deviation principles for {S”/|A”"|},en controlled by 7, we have

e~ inf I(y)
yeB(x,&)

1 (2m+1)k _
> llrl’nn_)Solip W logP(W € B(x, 8))
> lim sup

1 1 k-r,z
meo |[A@mDE| log{P(|A(2m+l)k| Z S € B(x, 8/2))

z€Z4N[-m,m]4
_ P(HS(ZmH)k _ Z gk-r.z S §|A(2m+l)k|)}
z€Z4n[-m,m]4

RA

) 1 1 Sk—r,z |Ak|
> hmsupmlog{P(m Z |Ak—r| S |Ak—r|B(x’ 8/2))
m—ee z€29N[-m,m]4
- exp(—C|A(2m+1)k|)}. (3.3.12)

The fourth inequality was obtained by (3.3.9). In order to estimate the right-hand
side of (3.3.12), we will use the lower bound of Cramér’s large deviation theorem
(Theorem 2.2.6) for

1 Skor
{(2m+ 1)4 Z |Ak—r|}
meN

z€Z4n[-m,m]4

controlled by Ji_,:

1
lim inf log P
s (2m+ Dd 8 ((2m+1)d

Sk—r,z Ak
Z e lB(x,s/Z)

z€29N[-m,m]4 |Ak_r| |Ak_r|

B(x, 8/2)} X

A%
|AET

> —inf {Jk—r(y) 'y €

Since the right-hand side of the above inequality is bounded below by —Ji_,(x)
from (3.3.10), we obtain

1 Skra AR
P(— Z e lB(x,g/Z)

d k- k—
(2m+1) z€Z4N[-m,m]4 |A "l |A "|

> exp(—{Ji—r(x) + 1}(2m + 1)%) (3.3.13)
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for sufficiently large m. Combining (3.3.12) and (3.3.13),

-c
. 1 d (2m+1)k

> llnrfljip W log{exp(—{Jk_r(x) +1}(2m + 1)) —exp(—CJ|A )

. 1 Jk=r(X) + 1 sk 2m+1)k

= lllgljgp W lOg{eXp(—TlA | — eXp(—C|A |)

_ _-]k—r(x) +1

| A4]

For the last line, we note (3.3.11). Letting k — oo in the above inequality
along a suitable subsequence so that (3.3.11) is satisfied, we conclude that ¢ <
lim infy . Jx (x) /|AK|, which completes the proof since ¢ < I(x) is arbitrary.
(2)Letx; #x, € R"and 1 € (0, 1) be fixed, and set x := tx; + (1 — 1)x2. We
will show
t(x1)+ (1 —1)1(x2) > I(x). (3.3.14)

We may assume that /(x;) < co and /(xp) < co. We first take an integer r > 0
and random variables {S™*},cy .cz« in the definition of the exponentially near
additivity of {§"},en. Let! € N be fixed. We set 6 > Osuch thatzy; + (1 —1)y, €
B(x,17") for any y; € B(x,6) and y, € B(x»,8). From the exponentially near
additivity of {S" },,en, letting C > max{/(x;), I(x3)}, we can take an integer K; > r
such that

P(Hs(2m+l)k _ Z Sk—r,z

z€29N[-m,m]4

> é|A(2m+1)k|) < eXp(_ClA(2m+l)k|)
gh 3
(3.3.15)
holds for all k > K; and m € N. We may choose the integer K; large enough so
that fori =1, 2,
|AK| _

WB(XI,Z(S/:S) C B(Xi,é). (3.3.16)
Then, by the large deviation principle for {S"/|A"|},en controlled by / and
Cramér’s large deviation theorem (Theorem 2.2.6) for

1 Z Sk—r,z
(2m + 1)d G
meN

z€Z4N[-m,m]4
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controlled by J_,, forany k > K; andi =1, 2,

—1(x;)
<— inf I
yeBgCliﬁ/-”) )
o 1 (2m+1)k

<li L, [P( > st I B(x;,26/3)
= 1msup2—1k og A d f—r k—r Xis
m-—oo |A( m+1) | (2m + 1) eZdA[omm]d |A | |A |
0
+P S(2m+l)k _ Sk—r,z > = A(2m+1)k
[ R

z€249N[-m,m]4
1 Sk

. 1 _
< hmsupmlog[P(m Z W € B(xl', 5))

mmee z€249N[-m,m]4
- exp(—C|A<2m+1>k|)]

. 1 .
< lim sup W log[exp(—{ inf  Ji_,(y) — 1}(2m + l)d)

m—oo yeB(x;,
+ exp(_clA(2m+l)k|)]

infyeg(xi’(g) Jk—r(y) -1
|A4] ’

= —min{

The fourth inequality follows from (3.3.15) and (3.3.16). Since C > max{I(x;), I(x2)},

we obtain _
lnfyeé(xi’5) Jk—r(y) - 1

| AK]
for any k > K; and i = 1, 2. Therefore, it follows from the convexity of Ji_, and
the setting of ¢ that

I(x;) > (3.3.17)

tinfyeg(xl,é) Jk—r()’) + (1 - t) infyGB(XQ,(S) Jk—r(y) -1

tH(x))+ (1 —1)1(x) > |AK]|

S infyeg(x,s) Ji-r (y) -1
- |AK|

for any k > K;. From the lower semicontinuity of J;_,, there exists y; € B(x,[™!)
such that

Ji—r(y1) = inf Jrr(y).
yEB(x,8)
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From the above discussion, there exists a sequence {K; };en of integers K; > r and
{yihien C R’ such that lim; . y; = x and

Jk—r(yl) -1

t(x1) + (1 =1)I(x3) > AR

for any / € N and k > K;. By taking k — oo in the above inequality and
using (3.2.3), we have

Ji(y1)
|AK]

tI(x))+ (1 =0)I(x) = lilgn inf > 1(y;)

for any / € N. Letting [ — oo in the above inequality, we obtain (3.3.14) from the
lower semicontinuity of 7, which completes the proof. O

Lastly, we prove Lemma 3.2.5.

Proof of Lemma 3.2.5. We fist show [ (§) = 0. Let & > 0 be fixed. From the
lower serr;\icontinuity of I, there exists ¢ > 0 such that x € B(S,6) implies
I(x) > I(S) — . Then, by the assumption,

S _ ~
0 = limsup logP( € B(S, 6)) <— inf I(x) <-I(S)+e.
n—oo |An| x€B(S,5)

Since £ > 0 is arbitrary, we obtain / (§) =0.
Next, suppose that /(x) = 0. Letd > Obe fixed. By almost the same calculation
to obtain (3.3.17), we can conclude that there exists K € N such that

infyeé(x,(S) Jk—r(y) -p

0=1(x) >
(x) AR

forany kK > K and p > 0. Since p > 0 is arbitrary, for any k > K,

inf  Ji(y) =0,
yeB(x,6)

which implies that E[S*~"]/|A*™"| € B(x,6) since E[S*™"]/|A¥] is a unique
zero point of the rate function Ji_,. Using (3.2.4), we obtain S € B(x,6). Since
0 > 0 is arbitrary, it must be x = S. m]
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Chapter 4

Limit theorems of persistent Betti
numbers

In this chapter, we prove Theorems 1.2.1 and 1.2.8. In Section 4.1, we estimate
the difference of the persistent Betti numbers of two cubical filtrations in R?. In
Section 4.2, we check the exponential regularity and exponentially near additivity
of persistent Betti numbers using the estimate, and prove Theorems 1.2.1 and 1.2.8
by applying Corollary 3.1.7. As previously mentioned, the proof of Theorem 1.2.3
is carried out in Appendix D.

4.1 Properties of persistent Betti number

We start with the simple bound of the persistent Betti number of a cubical filtration
in R

Proposition 4.1.1. Let X = {X(t) };s0 be a bounded cubical filtration in R?. Fix
an integer 0 < g < dand 0 < s <t < oo. Then,

B (s,1) < Bg(X(s)) < #KI(X(5)). (4.1.1)

Proof. Since Z,(X(s5))NB,(X(t)) D Z4(X(5))NB,(X(s)) = B,(X(s)), it follows
from (2.1.1) that

Z/X(s) L Z(X(s)

Z,(X(5) N By(X(0) " By(X(s))

B (s,1) = dim = B,(X(s)).

Furthermore,

Z,(X(5)) _

By (X(5) dim Z, (X (s)) < dim Cy(X(s5)) = #K(X(s)). O

By(X(s)) = dim
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Next, we estimate the difference of the persistent Betti numbers of two cubical
filtrations in R?. We will use the following basic fact in linear algebra.

Lemma 4.1.2. Let

o[ £]

be a block matrix, and let | be the number of columns in B and C. Then,
rank A <rankD <rankA+! and dimkerA < dimkerD < dimkerA + /.

Proof. Since the rank coincides with the number of linearly independent columns,
the first conclusion is trivial. The second conclusion follows immediately from the
first conclusion with the rank-nullity theorem: letting k be the number of columns
inA,

rank D +dimker D =k +/ and rank A +dimker A = k. O

The following is a generalization of Lemma 3.1 of [19] to persistent Betti
numbers as well as an analogous result of Lemma 2.11 in [ 1 8], where they consider
filtrations of simplicial complexes.

Proposition 4.1.3. Let X = {X(t)};50 and Y = {Y(¢) }s>0 be bounded cubical
filtrations in RY with X (1) c Y (t) for every t > 0. Fix an integer 0 < q < d and
0<s<t<oo. Then,

IBE (5.1) = BE (5. D) < #KL(Y (5)) \ KL (X (5))) + #(KZ, (Y (1) \ KL, (X (1))
4.1.2)

Proof. From (2.1.1),

By (s,1) = By (s,1) = {dim(Z, (Y (5))) = dim(Z, (Y (5)) N By (Y (1)))}
— {dim(Z, (X (s))) — dim(Z,(X(s)) N B4(X(1)))}
_ dim( Z4(Y(5)) ) ~ dim( Zq(Y(s)) N By(Y (1)) )
Zy(X(s)) Zq(X(s5)) N By(X(1))

Since

. ([ Z4(Y(5)) N By(Y(2)) . [ Z4(Y(5)) . [ Bg(Y(2))
d““(zqms» A Bq<X<r>>) . dlm(zqms») ' dlm(wxo»)

from an elementary calculation, we obtain

Zq(Y(S))) . dim(Bq(Y(t)) )

¥ X : L
1By (s,1) = By (s,0)] < dlm(zq(x(s)) B,(X(1))
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Using Lemma 4.1.2, we have

Z,(Y
dim(%) = dimker 9, — dimker 9, < #(KZ(Y(5)) \ KI(X(s)))
q
and
. (B4 (Y(1))
dim (B X0 rank 97 — rank 951 < #(9C2,, (Y (1) \ K2, (X(1))).
Combining the above estimates, the conclusion follows. m]

The following is useful when we estimate the right-hand sides of (4.1.1)
and (4.1.2). This is an easy consequence of the fact that each elementary d-
cube contains exactly ( )2d 9 number of elementary g-cubes for each integer
0<g<d.

Lemma 4.14 ([19, Lemma 3.2]). Let X and Y be bounded cubical sets with
X C Y. Fix an integer 0 < g < d. Suppose that the subset Y \ X c R? is covered
by v number of elementary d-cubes. Then, #(Wg(Y) \Wj(X)) < (g)zd—qv, In
particular, #((Kg(Y) \Wg(X)) < #(K4LY) \ K4(X)) < 3%.

4.2 Proofs of Theorems 1.2.1 and 1.2.8

In this section, let X = {X(¢)}:>0 be a random cubical filtration in R? satisfying
Assumptions 2.1.6 and 2.1.7. We fix an integer 0 < g < d and a finite family
{(ss, t,-)}f‘:1 with0 < 5; < ; < oo, and write " = (,8?” (s1,11), ... ,ﬁ}q@(sh, tp)) for
eachn € N. We herein prove Theorems 1.2.1 and 1.2.8 by applying Corollary 3.1.7.

Proofs of Theorems 1.2.1 and 1.2.8. By the Cauchy—Schwarz inequality, we have

h 1/2
A"[7 log E[exp({4, §")zn)] < [A"|™! logE[eXp(llﬂlth(Zﬁff"(si,ti)z) )]

i=1
#KI (A")
< V| Alpn— A

< 3Vh||A||gn

for any A = (1y,...,4;) € R". Here, the second inequality follows from Propo-
sition 4.1.1. For the third inequality, we used Lemma 4.1.4. In order to apply
Corollary 3.1.7 to {S" },,en, we additionally require the exponential regularity and
exponentially near additivity of {S"},cn.
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We first show the exponential regularity of {S"},cn. Let k& € N be fixed, and
let m, be the unique integer satisfying (2m, + 1)k < n < (2m, + 3)k for each
n € N. From Proposition 4.1.3 and Lemma 4.1.4, it holds that

n 2mu+1)k X (2mn+l)k 2 v
7 — sCmD¥|, = Z{ﬁq (siot) = BE (51,10))

h
< (Z{#(Wg (X"(51)) \ KL (X Dk (5)))

i=1
1/2
FHOK, (XM (1)) \ K (XK (1))} )

< \/E{(d)zd—q_'_( d )2d (q+1)}(|An A(21nn+1)k|)
q qg+1
< 3d\/z(|An| _ |A(2mn+1)k|).
Therefore, we obtain
IA"[Y||s = @R, < 39VR{L = ((2my, + Dk /n)?}.

The right-hand side of the above inequality converges to zero as n — oo, which
immediately implies the exponential regularity of {S"},en.

We turn to prove the exponentially near additivity of {S"},cn. We take the
integer R > 0 as in Assumption 2.1.7, and choose an integer r such that 2r > R.
For each n € N and 7z € Z¢, define

AN =2(n+r)z+ AN, X5 = {X(t) N A" }>0,
and

= (BF " (s1.10)s - By (o))

Note that dmaX(A”’Z,A”’Z/) > 2r > R for any distinct z,7" € 74. Therefore,
{8™%} cza are independent copies of S” for every n € N from Assumptions 2.1.6
and 2.1.7. For each k,m € N, we also define

ACm+Dk . |_| AT and X@m+Dk . (X() N K(2m+1)k}120’

z€Z24N[-m,m]4

Since A@m+Dk g 4 disjoint union of A¥72g we have

T (2m+1)k k-r,z
S s = D BE )

z€29N[-m,m]4
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foreveryi = 1,2, ..., h. Therefore, again from Proposition4.1.3 and Lemma4.1.4,
it follows that

' S(2m+1)k _ Z Sk—r’z

z€Z4N[-m,m]4 R*
s @m+D)k K @m+D)k
= H(ﬁq (s1,11)5- > By (Sn>1n))
X (2m+1)k K 2m+1)k

- (B, (s1,11), .-, By (Sn>h))
_ h X(2m+1)k X(Zmﬂ)k 2 1/2
= Z{ﬂq (si, 1) — By (sinti)}
i=1

< \/Z d 2d—q + d 2d—(q+l) (lA(2m+1)k| _ |K(2m+1)k|)
- q q+1

< 3d\/E(|A(2m+1)k| _ |X(2m+1)k|).

RA

Therefore, we obtain

|A(2m+1)k |—1

S(2m+])k _ Sk_r,z |A(2m+1)k|)

N |Am+DE|

(-1 )

< 3dx/ﬁ(1

z€Z4N[-m,m]4

Since the right-hand side of the above inequality converges to zero as k — oo, the
exponentially near additivity of {S”},cn follows.

Consequently, applying Corollary 3.1.7 with §" = (ﬁfﬂ (S1521)5 -+ ﬁggn (Snsth)),
we complete the proofs of both Theorems 1.2.1 and 1.2.8. O
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Chapter 5

Limit theorems of persistence
diagrams

In this chapter, we prove Theorems 1.2.5 and 1.2.9. In Section 5.1, we briefly
describe a method of lifting the strong law of large numbers for persistent Betti
numbers to persistence diagrams, developed in [18]. Moreover, we develop a
general method of lifting an LDP for the tuples of persistent Betti numbers to
persistence diagrams (Theorem 5.1.2). Applying those methods, we prove The-
orems 1.2.5 and 1.2.9 in Section 5.2. The proof of Theorem 5.1.2 is deferred to
Section 5.3.

5.1 Statement of result

Before proceeding to our LDP result, we introduce a method of lifting the strong law
of large numbers for persistent Betti numbers to persistence diagrams, developed
in[18, Section 3 and Appendix A]. The following theorem is immediately obtained
by combining [!8, Proposition 3.4] and [18, Corollary A.3] together with the
inclusion-exclusion principle.

Theorem 5.1.1. Let {£"},en be an M(A)-valued process. Assume that E[£"] €
M(A) for all n € N and that for any 0 < s <t < oo, the limit

o = lim BIE"([0,5] X (1, o0])]

exists in [0, 00). Then, there exists a Radon measure E € M(A) such that E[£"]
converges vaguely to & as n — oo. Assume further that for any 0 < s <t < oo,

&'([0,s] X (¢t,0]) = ¢5; almost surely as n — oo.

Then, &" converges vaguely to g almost surely as n — oo.
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Next, we state our LDP result, which is useful to lift an LDP for the tuples of
persistent Betti numbers to persistence diagrams. In what follows in this section,
let {a,},en be a sequence of positive numbers tending to infinity as n — oco. The
following is the main result in this section.

Theorem 5.1.2. Let {£"},en be an M(A)-valued process. Assume that

sup a, ! log E[exp(a,1£"(A))] < oo (5.1.1)
neN

for any A > 0. Assume further that for any finite family P = {(si,z‘,-)}f’=1 with
0<s; <t < oo, the R"-valued process

{(£"([0, s1] x (21, 00]),£"([0, 52] X (12, 00]), ..., &" ([0, 5] X (21, 20])) }new

satisfies the LDP with a speed a, and a good rate function Ip: R" — [0, co].
Then, the M(A)-valued process {£"} en satisfies the LDP with a speed a, and
a good rate function I: M(A) — [0, ]. Furthermore, the following statements
hold.

(1) Suppose that there exists a constant K > 0 such that £"(A) < K for all
n € N. If Ip has a unique zero point for each finite family P = {(s;, t,-)}f’:1

with 0 < 5; < t; < o0, then so does I.

(2) If Ip is convex for each finite family P = {(s;, ti)}flzl with 0 < s; < t; < o,
then for every f € C.(A), the limit

e(f) = lim aj' logE[exp(an /A fdf”)]

exists in R, and it holds that

€)= sup { /A fdf—so(f)}

feCe(A)

for any & € M(A).

5.2 Proofs of Theorems 1.2.5 and 1.2.9

In this section, we apply Theorems 5.1.1 and 5.1.2 to prove Theorems 1.2.5
and 1.2.9, respectively.
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Proof of Theorem 1.2.5. Note first that £ ([0, s] X (t,00]) = B (s, 1) for every
0 < s <t < oo from Theorem 2.1.3. Therefore, Theorem 1.2.1 implies that for
any 0 < s <t < oo,

E[£, ([0, 5] x (1, 0])]

lim = By(s.1)
n—o0 |An| q
and -
&g ([0, s] x (2,00])
1 AT — fB4(s,t) almost surely as n — oo.
Note also that E[ ff”]/ A" € M(A). Therefore, applying Theorem 5.1.1 with
=g, "/]|A"| and a,, = |A"|, we obtain the conclusion. O

Proof of Theorem 1.2.9. We fix a finite family = {(s;, ti)}f’zl with0 <s; <¢; <
co. Since §§"([0, s] x (t,00]) = ,82@ (s,1) from Theorem 2.1.3, it follows from
Theorem 1.2.8 that the R”-valued process

{(fﬁf"([o,sl] X (t1,00]) EX"([0,52] X (2, 00]) ([0, 53] X (rh,ooh)}
neN

| A" ’ |A"| |A"|

satisfies the LDP with a speed |A”| and a good convex rate function that has a
unique zero point. Furthermore, combining (1.2.3) and Lemma 4.1.4, we have
EX(A) < #KI(A") < 39|A"|. Therefore, (5.1.1) with &” = £X" /|A"| and a,, =
|A"| is satisfied for any 4 > 0. Consequently, Theorem 5.1.2 implies that the
M(A)-valued process {§3§n [|A™| }nen satisfies the LDP with a speed |A"| and a
good convex rate function I, defined in (1.2.6), that has a unique zero point.

Furthermore, the unique zero point of /, must be Eq in Theorem 1.2.5. O

5.3 Proof of Theorem 5.1.2

In this section, we will prove Theorem 5.1.2. We first introduce the notion
of histogram of a given measure & € M(A), which is useful for the proof of
Theorem 5.1.2. For [ € N, let J; be the set of all disjoint rectangular regions I of
the form either

_ 1 j_l ] . . . I+1
I= [0, 2”1] X ( S ’21+1] forje Nwith3<j<[-2 (5.3.1)
or
i-1 j-1
= (21+1 ’21+1] X ( o1 ’21+1]
for (i, j) e N> with2 <i<j<l-2"land j —i > 2. (5.3.2)

40



Given I € |J;2, 7;, we denote by LR(/), UR(J), UL(/), and LL(/) the lower-right,
upper-right, upper-left, and lower-left corners of /, respectively. Note that every
I € U2, 1 is a relatively compact set in A since LR(/) € A. Therefore, for any
& € M(A) and I € 1;, it holds that £(1) < co. Note also that

O U I=A. (5.3.3)

=1 Ie];

Given ¢ € M(A) and [ € N, we define the histogram of ¢ with fineness degree [ by

HIST; (¢) = (£(I)rer; € R
Lemma 5.3.1. Let {£"},en be an M(A)-valued process, and let | € N be fixed.
Assume that for any finite family P = {(s,-,tl-)}f’:1 with 0 < 5; < t; < oo, the
R"-valued process

{(£"([0, s1] x (21, 00]),£"([0, 52] X (12, 00]), ..., &" ([0, 51] X (11, 20])) }new

satisfies the LDP with a speed a, and a good rate function Ip: R" — [0, co].
Then, the R%-valued process {HIST;(™)},en satisfies the LDP with a speed a,
and a good rate function I;: R — [0, oo]. Furthermore, the following statements
hold.

(1) If Ip has a unique zero point for each finite family {(s;, tl-)}f’=1 with(Q < s; <
t; < oo, then so does 1.

(2) Suppose that lp is convex for each finite family {(s;, z‘,-)}f’:l with 0 < s; <
t; < oo, and also that

< 00

supa, ! log E[exp (a,, Z /115”(1))

neN Ieq;

for any A = (A))jez, € RE. Then, for every A = (A))1er; € RY, the limit

exp(an > ﬂz-f"(l))]

Iel;

¢i(1) = lim a;'logE
n—oo

exists in R, and I = ¢| holds.

Proof. Set P; = U {LR(I), UR(1), UL(1), LL(I)}. We define a linear map
F;: R — R by

(Fi(B)U)
_ | B(LR(1)) — B(UR(])) if I is of the form (5.3.1),
=\ B(LR(I)) = B(UR(D)) + B(UL(D)) = B(LL(I)) if I is of the form (5.3.2)
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for any 8 = (B(p))pep, € R* and I € I;. Note that F; is continuous. Now, for
p=(s,1) e RZwith0 < s <t < oo, we write 87(p) = £*([0, s] x (¢, ]) for
convenience. Then, by the inclusion-exclusion principle, we have

HIST,;(¢") = Fi((B" (p))PEPl)'

Since the R’-valued process {(8"(p)) pe, fnen satisfies the LDP with a speed a,,
and a good rate function Ip, from the assumption, it follows from Theorem B.0.1
that the R% -valued process {HIST; (£") },en also satisfies the LDP with a speed a,,
and a good rate function /;: R% — [0, co] defined by

I(H) = inf  Ip(p)
BeF ({H})

for any H € R%. Statement (1) follows immediately from Remark B.0.2 (1).
Furthermore, combining Remark B.0.2 (2) with Theorem 3.2.2 (with a speed a,
instead of |A"]) yields Statement (2). O

Next, we prove the following lemma using the technique of exponentially good
approximation (see Appendix B). In what follows, for & € M(A) and f € C.(A),
we write £ f = /A f dé € R for simplicity.

Lemma 5.3.2. Let {£"},en be an M(A)-valued process, and let m € N and
f1s for oo o5 fin € Ce(A) be fixed. Assume that (5.1.1) holds for any A > 0. Assume
further that for each fixed | € N, the R¥-valued process {HIST;(£") }nen satisfies
the LDP with a speed a, and a good rate function I;: R% — [0, ). Then, the
R™-valued process {(£" f1,&" fa, . . ., " fin) tnen satisfies the LDP with a speed ay,
and a good rate function Iy, ¢, . ¢ : R™ — [0,00]. Furthermore, the following
statements hold.

(1) Suppose that there exists K > 0 such that £"(A) < K for alln € N. If I; has
a unique zero point for each | € N, then so does 1y, ¢, ... f,.-

(2) If I; is convex for each | € N, then for every A = (/lj);?’: € R™, the limit

1

m
s = Jim i ogE e, Y 4,61
=1

exists inR, and I = goj}l o] holds.

Proof. We first note that (5.1.1) implies that {£"(A)},en is exponentially tight
with a speed a,. Indeed, for any K > 0, the Markov inequality after multiplying
a, and exponentiating yields

Elexp(ang"(A))]

op(a ) = O logElexp(ant” (A)]-K.

a,'logP(¢"(A) > K) < a,' log
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which immediately implies the exponential tightness of {£"(A)},en With a speed
a.

Now, fori € {1,2,...,m} and [ € N, define a piecewise constant function
fl.(l) : A — Rby

I
£7= )" FURM),.
Ied;

Foreachn € Nand ! € N, we set

72" = (" fi,E" .., €' f) and ZM = (&0 e f DDy,

In order to apply Theorem B.0.4, we first show that {Z"/},, ;cx is an exponentially
good approximation of {Z"},en with a speed a,. Let 6 > 0 and @ > 0. By the
exponential tightness of {£"(A) },en with a speed a,,, there exists a constant K > 0
such that

limsup a, ! logP(£"(A) > K) < —a. (5.3.4)
n—>oo
Since fi, f2,..., fm € C.(A) are uniformly continuous, we can take p > 0 such
that
) = )] < —2
l 14 y — \/_K

forany i € {1,2,...,m} and x,y € A with da(x,y) < p. Here, dj is a metric
that induces the topology on A. Noting that (5.3.3) and the compactness of
UL, supp(fi), choose L € N so that

m

U supp(fi) C U I and rlléejt_x diamp (1) < p.
i=1 Iely 1IN, supp(£)%0

Then, for/ > L andi € {1,2,...,m},
sup [£i(x) = £ 0= sup  [fi(x) = £ )

xeA erlEIL 1

Q)
= max max Su
max maxsup|fi(x) £, )
InU!, supp(fi)#0 Jci

= max max sup | fi(x) — f;(UR(J))]

lely JG.[I xeJ
INU!, supp(fi)#0 Jci
0
< .
VmK

Therefore, for/ > L,

INgE

N2
(/Iﬁ 0] dgr )) LB
R K
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which implies that

limsup a, ' logP(||Z" — Z"!||gn > 6) < limsupa,' logP(£"(A) > K) < —a.

n—oo n—oo

Thus, we obtain

lim sup lim sup a,‘t1 logP(||Z" — Z™||gm > 6) < —a.

[— 00 n—oo

Since a > 0 is arbitrary,

lim sup lim sup a,;l logP(||Z" — Z" ||gm > 8) = —c0, (5.3.5)

[— o0 n—oo

which means that {Z"!}, e is an exponentially good approximation of {Z"},cx
with a speed a,,.

Next, we fix [ € N, and prove that the R"-valued process {Z"’l}neN satisfies
the LDP with a speed a,, and a rate function. For eachi € {1,2,...,m}, we define
a linear map Gfl) : R = Rby

G (H) = > A(UR(I)H(I)

1e1;

for any H = (H(I));ez, € R%, and also define a linear map G : R% — R™ by
G =", GY,....cM)).

Since
G (HIST,(¢") = ) f(UR(I)&" (1) = &"£"
1e;
for all i € {1,2,...,m}, we have G)(HIST;(¢")) = Z™!. Therefore, it follows
from the assumption and Theorem B.0.1 that {Z"!},cn satisfies the LDP with a
speed a, and a good rate function.

Furthermore, since |£" fi| < (sup,ea | fi(x)])€"(A), the exponential tightness
of {Z"},en with a speed a,, follows immediately from that of {£"(A)},en. Thus,
by Theorem B.0.4, the R™-valued process {Z" },cn satisfies the LDP with a speed
a, and a good rate function.

For Statement (1), suppose that there exists K > 0 such that £*(A) < K for
all n € N. Then, we can replace « in (5.3.4) to co. Hence, instead of (5.3.5), we
obtain

limsupa,' logP(]|Z" — Z" ||gm > 8) = —c0
n—co

for any [ > L. Therefore, the conclusion follows from Remark B.0.5 (1).
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Lastly, we prove Statement (2). By the Cauchy—Schwarz inequality,

supa; llogE[exp(anZ/l & f,))]

neN =

1/2
<supa, 1logE[exp(anll/lllRm(Z}(f i) ) )]

neN 7=

m 1/2
< supa, 1logE[exp(anllxlllRm(Z supfj(x)z) f"(A))}

neN j=1 X€A

for 4 = (4 j);"zl € R™. The right-hand side of the above inequality is finite
by (5.1.1). Thus, combining Remark B.0.5 (2) with Theorem 3.2.2 (with a speed
a, instead of |A"|) yields Statement (2). O

Finally, we prove Theorem 5.1.2 using Theorem C.0.3, which is a general
statement to ensure an LDP for random measures (see Appendix C).

Proof of Theorem 5.1.2. Combining Lemmas 5.3.1 and 5.3.2, we conclude that
the R™-valued process {(&" f1,£" f2, . . ., " fin) }nen satisfies the LDP with a speed
a, and a good rate function for any m € N and fi, fa,..., fin € C.(A). Therefore,
Theorem C.0.3 implies that the M (A)-valued process {£"},en satisfies the LDP
with a speed a, and a good rate function.

For Statement (1), suppose that there exists K > 0 such that £”(A) < K for
all n € N. Then, the conclusion is an immediate consequence of combining
Statements (1) of Lemmas 5.3.1 and 5.3.2 and Theorem C.0.3.

Lastly, we prove Statement (2). We first note that from (5.1.1),

sup a, 1logE
neN

exp(anz/bf (I))] < supa 1logIE,[exp(anmax [A] - &" (A))]

Iel;

< 0

forany A = (A)jez; € R%, and

sup a;' log E[exp(a,é" f)] < supa; 1logE[exp(an sup | (x)| - &" ()] < e
neN neN

for any f € C.(A). Therefore, Statement (2) follows immediately by combining
Statements (2) of Lemmas 5.3.1 and 5.3.2 and Theorem C.0.3. O
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Chapter 6

Conclusion

In order to obtain limit theorems of persistence diagrams for random cubical
filtrations, firstly we extended the large deviation principles for regular nearly
additive process to vector valued one and applied it to persistent histograms.
Secondly, we have shown the law of large numbers and large deviation principle of
persistent Betti numbers in the framework of exponentially regular nearly additive
process. Thirdly, we have proved the law of large numbers and the large deviation
principle of persistence diagrams. For the law of large numbers we used the vague
convergence theory developed by Duy et al [ 8]. For the large deviation principle,
we considered the projective system of linear functionals that corresponds to the
persistence diagram as a measure and has a good approximation sequence of the
persistent histograms, using inheritance theorems such as the contraction principle
and Dowson-Girtner theorem. In the conclusion of this thesis, we will mention
the central limit theorem of persistence diagrams and discuss future prospects of
random cubical models.

The central limit theorem of persistence diagrams is important but, still un-
proven. Recently, Fernés et al showed the central limit theorem for random walks
on CAT(0) cubical complex, that is simply connected and its vertex links are flag
[I1]. Moreover, Chen and Epstein also revealed the relation between random
walks and the limit distribution of central limit theorem for the random variables
whose joint distribution is described by a set of measure [2]. From these papers,
we may need to reinterpret our results in terms of links and random walks.

As a future work, we are also interested in the large deviation principles for the
Gibbs measure. The book [28] is a good introduction to Gibbs measure. Briefly
speaking, a Gibbs measure is a canonical ensemble in statistical mechanics, and
one of the simplest examples is a product measure. While we can re-parameterize
configurations using d-dimensional lattice points x € Z¢ and the set of all el-
ementary cubes whose left endpoint is equal to the origin, denoted by N (See
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Appendix D) as follow;

(wQ)Qe‘K" = {(WN+x)NeN treza - (6.0.1)

The right hand side of (6.0.1) looks like vector valued configurations on the lattice
points in Z¢. Therefore, considering the proper function which corresponding to
the potential, our result may extend to Gibbs measures since our model looks like
a special case of them.

There is also another extension of our model using a mixing condition. Let K
be a convex compact set in R, and {X;};erv be a stationary process taking values
in K. For each integers 0 < m < n, let

. 1 &
S" o= X,
v ) X

i=m+1

with S’n = §2 and pu, which denotes the law of S,,. The following assumption can
be defined:

Assumption 6.0.1 ([8, Assumption 6.4.1]). Let £ be an integer. For any continuous
function f: K — [0, 1], there exist real numbers a(£) > 1, S(£) > 0 depending
on ¢ and y > 0 such that

flim B(€) =0, limsup (a(f) —1) ¢ 1ogt)' < o,

{—o0

and when ¢ and n + m are large enough,

E (S0 S )™ 2 E[f )" E[£(Sn)"]
- BO {E[fS)"E[F Sy}

Replacing Theorem 2.2.10’s smoothness to this mixing assumption, we obtain
the LDP for {u, } with a good rate function as the Fenchel-Legendre transforma-
tion of A(A) = lim,—e n~ " log E[exp(n(4, $,))]([8, Theorem 6.4.4]). Assump-
tion 6.0.1 holds when the {X;};cn is a bounded and W-mixing process, which is
a more general model than ours. Moreover, there is also the LDP for quite a
general class of processes ([, Theorem 6.4.14]). Unfortunately, our subjects fail
the conditions of these theorems.
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Appendix A

Strong law of large numbers for
strongly regular nearly additive
processes

In this chapter, we prove the strong law of large numbers under a weaker assumption
than that in Chapter 3. In what follows, let 7 € N be fixed.

Definition A.0.1. Let » > 0 be an integer. We say that an R”-valued process

{8} pen s strongly r-nearly additive if there exist R"-valued random variables
{8} jen zeze such that the following conditions are satisfied:

» {8™%} czq are independent copies of " for every n € N;

e it holds that

250, (A0.D)

sup |A(2m+1)k|—l
R k—o0

meN

S(2m+1)k _ Z Sk—r,z

z€Z4n[-m,m]4

We also say that an R"-valued process {S"} e is strongly nearly additive if there
exists an integer » > 0 such that {§"}, ¢ is strongly r-nearly additive.

Definition A.0.2. We say that an R"-valued process {S"},cy is strongly regular
if the following property holds for each fixed k € N: if m,, is taken as the unique
integer satisfying that (2m, + 1)k < n < (2m, + 3)k for each n € N, then

a.s

|A" 7|8 — §Cmat DR =2 0. (A.0.2)
n—oo
Remark A.0.3. By a standard Borel-Cantelli argument, we can easily verify that

the exponential regularity and exponentially near additivity implies the strong
regularity and strongly near additivity, respectively.

48



Theorem A.0.4. Let {S"},ci be a strongly regular nearly additive R"-valued pro-
cess consisting of integrable random variables. Suppose that sup,, . ||E[S"]||gn /| A"
< oo. Then, the limit

<. ... B[S
§ = lim A (A.0.3)

exists in R", and o

|A7]
Proof. Since Supe | IE[S™]||gr/|A"| < oo from the assumption, there exists an
accumulation point S € R" of the sequence {E[S"]/|A"|}nen. From the strongly
near additivity of {S"},cn, wWe can take an integer r > 0 and R”-valued random
variables {S™*}, oy ;cza such that {§"*} .74 are independent copies of S” for every

n € N and
S(2m+1)k _ Z Sk—r,z

z€Z4N[-m,m]4

— S almost surely as n — oo.

1

ieg, [ACmDE]

2 0. (A.0.4)

RA k—o0

Now, let £ € N be fixed, and let m,, be the unique integer satisfying that (2m,, +
1)k < n < (2my, + 3)k for each n € N. Then, by the triangle inequality,

st
IA”I

”Sn S(2mn+1)k ”Rh

RA

IA”I
. |A(2mn+1)k| ’ 1 S(zmn+1)k _ Z Sk—r,Z
|A | |A * | ZEZdﬂ[—mn,mn]d R
(zmn + 1)d|Ak—r| 1 Z Sk—l’,Z E[Sk—r]
n d k_ - k_
|A"] (2my, + 1) ezt e [AR=T| AR
(2my + DN B[S | @ma+ DIATT] 1511z
[AT] AR g A R
|An| L e
1
(2m+1)k k=r.z
+sup —————|IS - s
meN |A(2 +1)k| zeZdﬂ[Z—:m,m]d R
) ‘— Z Sk—r,z ~ E[Sk_r]
@+ DY i AT 1A
E[SE] (2mn+ D4|ART|
N Sllon A.0.5
” L TRII ( o 1Sz (A.0.5)
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for any n € N. For the second inequality, we also used (2m, + 1)?|A*7| <
|AZmn+DK| < |A"|. The first and third terms in the right-hand side of (A.0.5)
converges to zero almost surely as n — oo because of the strongly regularity of
{S"}1en and the strong law of large numbers, respectively. Noting also that

lim =(1--

Qm, + DANT] (|
n—0oo | A" k|’

we take n — oo of both sides of (A.0.5) to obtain

st
|A"|

Cm+1)k _ Sk—l‘,z

lim sup

n—00

< sup

h
R meN z€24N[-m,m]9

E[SkT] r\4\
+ - +1-(1-—+ Sllgn-
‘ AR WRh ( ( k) 15l
By letting k — oo in the above inequality (choose a suitable subsequence in k if
necessary), we conclude from (A.0.4) that §"/|A"| converges to S almost surely
as n — oo. In particular, S is a unique accumulation point of the sequence

{E[S"]/IA"|}pen. Finally, the uniqueness of the accumulation point S together
with sup, o [E[S"]|lgr /|A"| < oo implies (A.0.3). O

|A(2m+l)k| R*

Remark A.0.5. The weakly near additivity and weak regularity of an R"-valued
process {S" },en are defined by replacing the almost sure convergence in (A.0.1)
and (A.0.2) to the convergence in probability. For a weakly regular nearly ad-
ditive R"-valued process {S"},en consisting of integrable random variables with
sup,epr IE[S"] |l /|A"| < oo, the weak law of large numbers holds: the limit

= E[S"
S = lim 5]

n—oo |A”|

exists in R”, and
n

|A”]

Since the proof is almost the same, we omit the proof.

— S in probability as n — oo.
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Appendix B

Transformations of large deviation
principles

We here review basic methods to move around LDPs between different spaces. In
the following, let {a, },eir be a sequence of positive numbers tending to infinity as
n — oo.

We first state the contraction principle, which states that an LDP is preserved
under continuous maps.

Theorem B.0.1 ([8, Theorem 4.2.1]). Let X and Y be Hausdorff topological
spaces, and let F: X — Y be a continuous function. Assume that an X-valued
process {Z"}nen satisfies the LDP with a speed a, and a good rate function
I: X — [0, 00]. Then, the Y -valued process {F (Z") },en satisfies the LDP with a
speed a,, and a good rate function I’ : Y — [0, o] defined by

I'(y)= inf I(x) (B.0.1)
xeF-1({y})

foranyy € M. Here, the infimum over the empty set is regarded as co by convention.

Remark B.0.2. We remark on the uniqueness of the zero point and the convexity
of the rate function /” in Theorem B.0.1.

(1) (Uniqueness of the zero point) If the good rate function / has a unique zero
point, then so does I’. Indeed, let x € X be the unique zero point of /. Then,
I'(F (X)) = 0 from the definition of I’. Furthermore, if I’(y) = 0, then there
exists x € F~1({y}) such that I(x) = 0 by the goodness of the rate function
I together with the continuity of F. Thus, x = X from the uniqueness of the
zero point of I, hence necessarily y = F(X).

(2) (Convexity) Suppose that X = R" and Y = R" for some h, h’ € N and that
f 1s a linear map. We can easily verify from (B.0.1) that if the rate function
I is convex, then so is I’.
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Next, we review the notion of exponentially good approximation, and state a
technical result, which deduces the LDP from LDPs for approximation sequences.

Definition B.0.3. Let (Y, dy) be a metric space, and let {Z"},cn and {Z”’l}”,leN
be Y-valued random variables. {Z™'}, ;e is called an exponentially good ap-
proximation of {Z"},en with a speed a,, if for any § > 0,

lim limsup a, ! log P(dy (Z", Z™!) > §) = —co.

[>00 5500

Combining [8, Lemma 1.2.18] and [8, Theorem 4.2.16], we immediately have
the following.

Theorem B.0.4. Let (Y, dy) be a metric space, and let {Z"}hen and {Z"'} . 1en
be Y -valued random variables. Assume that the following three conditions are
satisfied.

o {Z™} 1w is an exponentially good approximation of {Z" }nen with a speed
a.

o For each fixed | € N, the Y -valued process {Z"'},cn satisfies the LDP with
a speed a, and a rate function I;: Y — [0, oo].

» {Z"},en is exponentially tight with a speed a,,: for any a > 0, there exists
a compact set K C Y such that

limsupa,'logP(Z" ¢ K) < —a.

n—oo

Then, the M -valued process {Z" },en satisfies the LDP with a speed a,, and a good
rate function I: Y — [0, o] defined by

I(y) == suplimsup inf I;(y") (B.0.2)
6>0 [—co YEB(y,0)

foranyy e Y.

Remark B.0.5. We remark on the uniqueness of the zero point and the convexity
of the rate function / in Theorem B.0.4.

(1) (Uniqueness of the zero point) Suppose that {Z”’l }n.ien satisfies the following
slightly stronger condition than the usual exponentially good approximation
condition: for any ¢ > 0, there exists Ls € N such that

limsup a, ' logP(]| 2" = Z"!||gm > 6) = —c0

n—oo
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for any [ > Ls. In this case, by a simple modification of the proof of
Theorem B.0.4, the rate function / is given by

I(y) =sup sup inf I;(y'). (B.0.3)
6>0 [>L;s y'€B(y.0)
From (B.0.3), it is not hard to verify that if /; has a unique zero point for

each [/ € N, then so does /. In fact, the unique zero point of / is given as the
limit of the unique zero point of /; with respect to /.

(2) (Convexity) Suppose that X = R” and Y = R" for some h,h' € N.
Then, (B.0.2) implies that if the rate function /; is convex for each [ € N,
then so is /.
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Appendix C

Large deviation principle for
random measures

In this chapter, we provide a sufficient condition for an LDP for random measures.
Theorem C.0.3 is the main statement in this chapter, which will be used for proving
the LDP for persistence diagrams in Chapter 5.

Let A be a (general) locally compact Hausdorff space with countable base,
hence necessarily A is a complete and separable metric space, the so-called Polish
space. Let C.(A) be the set of all real-valued continuous functions on A with
compact support. A Borel measure £ on A is called a Radon measure if £(K) < oo
for every compact set K ¢ A. Let M(A) denote the set of all Radon measures on
A. We equip M(A) with the vague topology, i.e., the weakest topology such that
for every f € C.(A), the map M(A) > & — &f = /Afd§ € R is continuous.
In fact, M(A) with the vague topology is a Polish space (see, e.g., Lemma 4.6
in [24]).

Given a Radon measure £ € M(A), we define a linear functional Ls on C.(A)
by Ls(f) = &f for any f € C.(A). Note that L¢ is positive in the sense that
Ls(f) > O0forany f € C.(A) with f > 0. It is well known that there exists a one-
to-one correspondence between M (A) and the set of all positive linear functionals
on C¢(A), and the correspondence is given by & +— L.

Theorem C.0.1 (Riesz—Markov—Kakutani representation theorem). Let A be a
locally compact Hausdorff space with countable base. Then, for any positive
linear functional L on C.(A), there exists a unique Radon measure & on A such

that L(f) = £f = [, f dé for any f € Cc(A).

Remark C.0.2. Let C.(A)’ be the set of all linear functionals on C.(A), and let
C.(A), denote the subset of C.(A)’ consisting of all positive linear functionals. It
follows from Theorem C.0.1 and the preceding discussion that the map ®: M(A) >
& — Lg € C.(A), is bijective. We equip C.(A)" with the weak-* topology,
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i.e., the weakest topology such that for every f € C.(A), the evaluation map
ng: Cc(A) 3 L~ L(f) € Ris continuous. In other words, the weak-* topology
on C.(A)" is generated by all the sets of the form n;l(A) for some f € C.(A)
and open set A ¢ R. Hence, we can easily verify that C.(A) is a closed set of
C.(A)" and that the map ®: M(A) — C.(A)} is homeomorphism with respect to
the vague topology on M(A) and the relative topology on C.(A), induced from
the weak-* topology on C.(A)’.

Our aim in this chapter is to prove the following theorem. In what follows, let
{a, }nen be a sequence of positive numbers tending to infinity as n — co.

Theorem C.0.3. Let A be a locally compact Hausdorff space with countable
base. Let {£"},en be an M(A)-valued process. Assume that for any m € N

and fi, f2, ..., fm € Cc(A), the R™-valued process {(£" f1,€" fo, ..., " fim) bnen
satisfies the LDP with a speed a, and a good rate function Iy, r, . r : R™ —

[0, c0]. Then, the M(A)-valued process {£"},en satisfies the LDP with a speed
a, and a good rate function I: M(A) — [0, oo] defined by

I(§) = sup sup I o ((ES1.E 2o ESm)) (C.0.1)

meNfl’f2 """" meC(»(A)
for any & € M(A). Furthermore, the following statements hold.
(1) If Iy has a unique zero point for every f € C.(A), then so does I.

(2) Suppose that I, ,
and also that

. is convex for anym € Nand fi, f>, ..., fm € Cc(A),

.....

supa, ' log E[exp(ané" f)] < oo
neN

forany f € C.(A). Then, for every f € C.(A), the limit
¢(f) = lim a,' logE[exp(¢" ()]
exists in R, and it holds that

1(&) = sup {£f —o(f)} (C.0.2)

FeCe(D)
forany & € M(A).

A key for the proof is the Dawson—Girtner theorem, which is a useful tool to
lift a collection of LDPs in relatively small spaces into an LDP in a larger space
identified as their projective limit. We begin by reviewing the notion of projective
system and projective limit. Let (J, <) be a partially ordered set. Assume that
for any i, j € J, there exists k € J such that both i < k and j < k hold. Let
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{Y,} jes be a family of Hausdorft spaces, and let {p;;: Y; — Y;}i<jes be a family
of continuous maps satisfying that p;; o pjx = py forany i < j < k and that p;;
is the identity map on Y, for any j € J. A pair (Y}, pij)i<;jes is called a projective
system. The projective limit of a projective system (Y}, p;;)i<jes is defined as

Y= im Y = {x =pjere | |

jeJ jeJ

yi = pij(yj) foranyi < j € J},

equipped with the relative topology induced from the product topology of [ ] j; Y;.
For each j € J, let p;: Y — Y; denote the canonical projection that maps
(yj)jes€Ytoy; €Y.

Theorem C.0.4 (Dawson—Gdértner theorem). Let V] be the projective limit of a
projective system (Y;, pij)i<jes, and let {S" },en be a Y -valued process. Suppose
that for every j € J, the Y;-valued process {p;j(S")}nen satisfies the LDP with a
speed a, and a good rate function I;: Y; — [0, co]. Then, the Y-valued process

{8"} e satisfies the LDP with a speed a,, and a good rate function I Y - [0, o]
defined by

I(x) := sup;(p;(x))
jeJ

forany x € Y.

An important application of Theorem C.0.4 is the case where the projective
limit is identified as an algebraic dual, equipped with the weak-* topology, of
an infinite dimensional real vector space as follows. Given a real vector space
W, let W’ denote its algebraic dual, i.e., the set of all linear functionals on
W. We define a topological space X as the algebraic dual W’ with the weak-*
topology, i.e., the weakest topology such that for every w € W, the evaluation map
myw: X > x — x(w) € R is continuous. Then, X can be regarded as a projective
limit in the following way. First, let V be the set of all finite dimensional linear
subspaces of W, equipped with a partial order < simply given by the inclusion.
Next, for each V € V, we define Yy as the algebraic dual of V equipped with the
weak-* topology. This makes Yy a Hausdorff space. Also, forany V < U € V,
we define a continuous map pyy: Yy — My by the restriction: pyy(L) = L|y
for any L € Yy. Then, obviously, (Yy, pvu)v<uey is a projective system. Let
Y denote the projective limit of (Yy, pyy)v<vey. Finally, we define a map
¥Y: X — Y by¥Y(L):=(L|ly)vey forany L € X. One can show that the map ¥
is in fact homeomorphism using the consistency condition: every (yy)yey € Y
satisfies that yy = pyy(yy) for any V. < U € V (see Theorem 4.6.9 in [£]
for details). Consequently, the problem of finding an LDP in the topological
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space X is transferred to that in the projective limit Y, which reduces to LDPs in
finite dimensional linear subspaces of W by Theorem C.0.4. Such application of
Theorem C.0.4 is summarized into the following useful theorem.

Theorem C.0.5 ([8, Theorem 4.6.9]). Let W be a real vector space, and let X
be its algebraic dual W’ equipped with the weak-* topology. Let {x"},en be an
X-valued process. Assume that for any m € N and wy,w»,...,w,, € W, the
R™-valued process {(x"(w1),x"(w3),...,x"(Wy)) }nen satisfies the LDP with a
speed a, and a good rate function J,,, \,... w, : R™ — [0, c0]. Then, the X-valued
process {x"},en satisfies the LDP with a speed a, and the good rate function
J: X — [0, 0] defined by

Jx)=sup  sup Sy, (XKW1, x(W2), .. x (W)

meNw,wa,...wyueW
forany x € X.

In the proof of Theorem C.0.3, we also use the following basic lemma in the
large deviation theory.

Lemma C.0.6 ([8, Lemma4.1.5 (b)]). Let & be a closed set of a topological space
X, and let {§"},en be an X-valued process such that S" € & for every n € N. If
the X-valued process {S" } e satisfies the LDP with a speed a, and a good rate
function I': X — [0, o], then {S"},ex as an E-valued process satisfies the LDP
with a speed a,, and a good rate function I'|g: & — [0, o].

Combining Theorem C.0.5 with Remark C.0.2 and Lemma C.0.6, we can prove
Theorem C.0.3 except for Statement (2).

Proof of Theorem C.0.3 except for Statement (2). Note first that (D(&"))(f) = Len
(f) =&"f forevery f € C.(A) from the definition of @ in Remark C.0.2. There-
fore, it follows from the assumption and Theorem C.0.5 with W = C.(A) that the
C.(A) -valued process {®(&") },en satisfies the LDP with a speed a,, and the good
rate function I’: C.(A)" — [0, co] defined by

I'(L) = sup sup I for i ((L(A1), L(f2), - -, L(fm)))
meNflva ~~~~~ fmeCC(A)

for any L € C.(A)’. Since C.(A), ¢ C.(A)" is a closed set as mentioned in
Remark C.0.2, Lemma C.0.6 implies that the C.(A)}-valued process {®(£") },en
also satisfies the LDP with a speed a,, and a good rate function I'|c_(a), : Cc(A)) —
[0, oo]. Recalling that the map ®: M(A) — C.(A)) is homeomorphism, we can
conclude that the M(A)-valued process {£"},en satisfies the LDP with a speed a,
and the good rate function defined by (C.0.1).
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Next, we prove Statement (1). The existence of a zero point of I follows
immediately from the goodness of /. For the uniqueness of the zero point of /,
suppose that 1(¢) = I(¢') = 0. Then, I7({f) = I;(£'f) = 0 forany f € W
by (C.0.1). The uniqueness of the zero point of /; implies that £ f = &’ f, hence
necessarily & = &', O

In order to prove Theorem C.0.3 (2), we use a generalization of Theorem 3.2.2 to
the setting of topological vector spaces. We first review some notion of topological
vector space. All vector spaces below are over the field of real numbers. A
topological vector space X is a vector space equipped with a topology such that
the vector space operations are continuous, i.e.,

* the addition X X X > (x,x”) — x + x” € X is continuous,

* the scalar multiplication R X X 3 (@, x) — ax € X is continuous.

A topological vector space X is said to be locally convex if there exists a local base
at 0 consisting of convex sets. Given a topological vector space X, let X* ¢ X’
be the subspace consisting of all continuous linear functionals on X. We refer to
X™ as the ropological dual of X. For x € X and A € X’, define (1,x) = A(x)
by convention. The following theorem is useful to obtain a topology on a vector
space that makes it a locally convex topological vector space.

Theorem C.0.7 ([30, Theorem 3.10]). Let X be a vector space, and let H be
a separating subspace of X', i.e., H C X’ is a subspace satisfying that for any
0 # x € X, there exists A € H such that {A,x) # 0. Then, the H-topology makes
X into a locally convex Hausdorff topological vector space with X* = H. Here,
H-topology is the weakest topology on X such that every A € H is continuous.

Corollary C.0.8. Let W be a vector space, and let X be its algebraic dual W’
equipped with the weak-* topology. Then, X is a locally convex Hausdorff topo-
logical vector space. Moreover, X* and W are isomorphic as vector spaces.

Proof. We define an injective linear map ¢: W — X’ by «(w) = x, for any
w € W. Recall here that m,, is the evaluation map. Set H := Im(c). Then, the
H-topology on W’ is nothing but the weak-* topology. Additionally, we can easily
verify that H is a separating subspace of X’. Therefore, X is a locally convex
Hausdorft topological vector space by Theorem C.0.7. Furthermore, X* = H,
which together with the injectivity of ¢ implies that X* and W are isomorphic as
vector spaces. O

The following theorem states that the good convex rate function for an LDP in
a locally convex Hausdorff topological vector space is identified as the Fenchel—-
Legendre transform of the limiting logarithmic moment generating function (cf.
Theorem 3.2.2).
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Theorem C.0.9 ([8, Theorem 4.5.10]). Let X be a locally convex Hausdorff
topological vector space, and let {S" },en be an X-valued process. Suppose that
the X-valued process {S" }en satisfies the LDP with a speed a, and a good convex
rate function I: X — [0, oo], and also that

sup a, ' log E[exp(a,(4,8"))] < oo
neN

for any A € X*. Then, for every 1 € X*, the limit
@(A) = lim a,' log E[exp(a, {1, S"))]

exists in R, and I = ¢* holds. Here, ¢*: X — [0, 0] is the Fenchel-Legendre
transform of ¢: X* — [0, o0]:

@ (x) = sup {{1,x) — (1)}
AeX*

for any x € X.
Now, we are ready to prove Theorem C.0.3 (2).

Proof of Theorem C.0.3 (2). Let X denote the algebraic dual C.(A)” with the weak-
* topology. From Corollary C.0.8 with W = C.(A), X is alocally convex Hausdorff
topological vector space and X* = Im(¢). Here, ¢ is the injective linear map defined
in the proof of Corollary C.0.8. As mentioned in Proof of Theorem C.0.3 except
for (2), the C.(A)’-valued process {®(&") }yen satisfies the LDP with a speed a,,
and a good rate function I”: C.(A)" — [0, o] defined by

I'(L) = sup sup I for i ((L(A1), L(f2), - -, L(fm)))
meNflva ~~~~~ fmeCC(A)

for any L € C.(A)".

We next claim that /” is a convex function from the assumption of Statement (2).
Indeed, suppose that L, L, € C.(A) andt € (0, 1),and write L” := tL+(1—¢)L,.
Then, for any m € N and fi, f>, ..., fin € Cc(A),

If fonf (L (1), L (f2)s - o, L (fin))

=1 fof (L1 (f1), L1 (f2)5 - s L1(f))
+ (1 =1)(L2(f1), L2(f2)s - - - L2(fim)))

S tly g g ((L1(f1)s L1 (f2)s - o5 L1 (f))

+ (1 =g p...,, (L2(f1), L2(f2), - . s L2(fin)))
<tI'(Ly) + (1 =1)I'(Ly),
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which implies that I’(L") < tI’(Ly) + (1 —t)I’(L;). Consequently, I’ is convex.
Furthermore, for any A = «(f) € Im(¢) = X7,

supa, ' log E[exp(a,(1, @(£"))] = supa,' log E[exp(ané" f)] < co
neN neN
from the assumption. Therefore, Theorem C.0.9 implies that for every 4 € X*, the
limit

#(A) = lima, ' log Elexp(an(d, ®(¢")))]

exists in R, and it holds that

I'(L) = sup{{4, L) —¢(D)} = sup {L(f) - (D)}
AeX feCo(A)

for any L € X. Consequently, using Lemma C.0.6 with the closed set C.(A), C
C.(A)’ and the fact that the map ®: M(A) — C.(A)’, is homeomorphism, we can
conclude that the M(A)-valued process {£" },,cw satisfies the LDP with a speed a,,
and the good rate function defined by (C.0.2). O
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Appendix D

Central limit theorem of persistent
Betti numbers

In this chapter we review the proof of Theorem 1.2.3, the CLT for persistent Betti
numbers, using the Penrose theorem. Before applying the Penrose theorem, we
re-parameterize configurations by d-dimensional lattice points x € Z¢.

Definition D.0.1. The set of all elementary cubes whose left endpoint is equal to
the origin

N4 = {Ne?(d: min q; =0foralli = 1,2,...,d}.
aiEIi(N)

Then all elementary cubes Q € K¢ are uniquely expressed by Q = x + N using
xe€Z¥and N € N4, Using this fact, we regard the [0, w]wd—valued random
variables {wg : Q € K} as

{wx:(wx,N:NeNd):erd},

where wy y ‘= wyin = wg. Moreover, replacing wg to this wy y, a random cubical
set is expressed by

X(1) = U{x+N twen < tx € 29N € N9}

Let (wsx : N e N%) be independent copies of wg = (a)o,N N e Nd), and for
w, we define

. (wz‘)x:NeNd) x=0,
Wi = .
* (wox : N € N%) otherwise.
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Then, as X(¢) for w* = (w}:x € Z?), the cubical set X*() can be defined.
Here we put 8 = {B cZi:B=x+A")YNZxeZne N} and < means the
lexicographic ordering on Z¢ and 7, = o ({w,;x < 0}). Let H be the random
variable depends on w, (x € B), and for {H (w; B) } g We define (DoH) (B) :=
H(w; B) — H(w"; B). The following result is obtained by Penrose [27].

Theorem D.0.2. Let the family of real valued random variables {H(w; B), B € B}
satisfy the following three conditions;

(1) translation invariant
H(t,w;x +B) = H(w;B) forallx € Z¢,B € B.

(2) weak stabilization
There exists a random variable Dy (o), and if {A,;n € N} C B satisfies
liminf A, = Z%, then (DoH)(A,) — Dg(0) in probability as n goes to co.

(3) bounded moment condition
There exists some constant y > 2 and supgcg E|[(DoH)(B)|” < co.

If {A, : n € N} C B satisfies liminf A,, = Z% then

1

A EL(H (@: An) - EH(w; Ay))*] = 0% (n — ),

LA (@i An) ~ EH(w; A,)] N (0,0) (1 — o)

where 02 = E[(E[Dy(c0)|Fo])?] and N(0,02) means the Gauss distribution
with the mean 0 and variance 0.

Now we check that persistent Betti numbers satisfy the above three conditions to
apply this theorem. In particular, since it is non-trivial whether weak stabilization
is satisfied, we show the following proposition. Here for a filtration X and A ¢ Z¢,
X (A) means X with restriction by Jyeq (x + N : N € N9).

Proposition D.0.3. For two random filtrations X and Y, let their symmetric dif-
ference X (t)AY (t) be bounded for any time t € [0, 0]. If {A, : n € N} satisfies
liminf A,, = Z%, then there exists a constant O« and ne such that

X (A, Y (A,
T (5, 1) = BEA (5,1) = O
Jorn > ne.

Proof. (1) Firstly, we consider the case restricted by A”. Let the intersection
of two filtrations X and Y with restricting window A" be denoted by U" :=
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{X(t) nY(t) N A"}<,<;- From the definition of a persistence Betti number,
we obtain the following equation:

BE (s.t) = BL (s,1)
= {8 (s.0) =B (5.0} = {BY (s.0) = B (s.1)}
= dim Z, (X"(s)) — dim Z, (U"(s)) (D.0.1)
—{dimZ, (Y"(s)) —dim Z, (U"(s))}
+{dim(Z, (X" (s)) N B4 (X"(1)))
—dim(Z, (U"(s)) N B, (U"(1)))}
—{dim(Z, (Y"(s)) N By (Y"(1)))
—dim(Z, (U"(s)) N B, (U"(1)))} .

(D.0.2)

For the sake of the similarity in the form of the formula, to show the conver-

gence of this formula, we need only prove the boundedness and convergences
of two terms (D.0.1) and (D.0.2).

. (D.0.1)

boundedness

From Lemma 4.1.1 and the boundedness of the symmetric differ-
ence we obtain

dim Z, (X" (s)) —dim Z, (U" (s)) < #K* (X" (s)) — #K* (U"(s))
< 391 x"(s) - U"(s)|
< 39X(s) \ U(s)| < co.

It implies the boundedness of (D.0.1).

convergence
Take integer n, m with n < m and consider following map f,
fnm . Zq(Xn(s)) Zq(Xm(s))

Zy (U ()) - Z, U (5))
w w

c+Z,(U"(s) +— c+Z,(U"(s)).

If fum ([c]) = O where [+] means equivalence class, then ¢ €
Z, (X" (s))NZ, (U™(s)). Here c is the element of U"(s) because
X"(s)NnY™(s)\Y"(s) = 0. It implies ¢ € Z, (U"(s)) and f, , is
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injection. Then

Zg(X"$) . Zg (X"(5))

dlmm < 1mm,

and it means the non-decreasing of dim ng’g;; for window size
n.
e (D.0.2)

(a) s =tcase
boundedness

In this case (D.0.2) is % and U"(¢) c X"(t). It implies
Bg (X" (1)

convergence
Here from assumption X (r) \ U(r) each time r is bounded. If
N € N is large enough, then we can take X (¢) \ U(¢) c AV.

For N < n < m considering map g, as follow:

) B, (X" (1)) By (X™(1))
8nm - BZ(U"(t)) - BZ(U’"(t))
w w

c+B,(U"(t)) +— c+B,(U"(1)).

Then for the element ¢ € B, (X" (¢)), there exists an element
d € Cy41(X™(t)) such that d,d = c. Since we take n, m large
enough, this d can be expressed by d = d| + d> using d| €
Cpt(X"(1)) and d € Cpra (U™(1). By 8,dy € By(X"(1))
and 0,d> € B,(U™(t)) considering ¢ = J,d1 + 04d> =: c1 +
¢z, we obtain g, ([c1]) = [c1] = [c]. It implies g, is
surjective. Therefore, dim B, (X" (¢))—dim B, (U™ (t)) is non-
increasing and bounded below for 7.
(b) s < tcase

In this case, by a fundamental homeomorphism theorem (D.0.2)
is expressed by

Z,(X"(5)) N By(X"(1)) _ - Zy(X"(s)) N By(X"(1))
Z4(U"(s)) N By (U (1)) Z4(U"(s)) N By (X" (1))
Z4(U"(s)) N By (X" (1))
Zq(Un(S)) N Bq(Un(t)) -

dim

+ dim
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boundedness Here, the first term is bounded since

Zy(X"(5)) N By (X"(2)) < i Zy(X"(s))
< dim —————,

Zy(U"(s)) N By (X" (1)) Z,(U"(s))

and by the convergence of D.0.1 letting k be a non-negative
integer which is the destination of convergence, then

Zy(X"(5))
Zy(U"(s)) n—eo
As the first term letting / be non-negative integer that is the
destination of B, (X"(t))/B,(U"(t)), we obtain
Z,(U"(s)) N By(X"(1)) . By(X"(1))
< dim
Zq(U”(S)) an(Un(t)) Bq(Un(t)) n—0eo
Therefore (D.0.2) is bounded.

convergence
Recall that by fundamental homeomorphism theorem we dis-
cuss the convergence of each term of

Zy(X"(5)) N By(X"(1)) . Zy(U"(s)) N By (X"(2))
+ dim .
Z,(U"(s)) N By (X" (1)) Z,(U"(s)) N B4(U"(1))
in this case.
L Zg(X"(s)) N Bg(X"(1))/Z4(U"(s)) N By (X" (1))
Putting B, := Z,(X"(s))/Z4(U"(s)), then f,, ,n: By — By,
is injective for large enough n. Therefore by the cokernel
coK fu.m = Bp/Imf, ,,, there exists an exact sequence

0 — B, 2 B, — cok fum — 0
and dim B,, = dim B,, + dim cok f, ,,. Since Z,(X"(s))/Z,
(U"(s)) converges, cok fy, ,, = 0 for large enough n < m. It
implies dim B,, = dim B,,. Hence f, ,, is an isomorphism.
Now we consider

dim

dim

dim

dim

Fom:  ZaXKIONBXN) - Z(X7)NBy (X™(0)
mm: Zg (U (s)NBg (X7 (D) Zy (U™ (5)NB, (X7 (1)
w w
[c]n > [e]m

where [c]. means c+Z,(U.(s)) N By(X.(1)). If fum([c]n) =
Othenc € Z,(X"(s)) N By (X" ())NZ, (U™ (s5)) N B, (X™(1)).
Since by the taking way of n,m the morphism f,,, is
an isomorphism, we obtain ¢ € Z,(U™(s)). Therefore

¢ € Z,(U™(s)) N B,(X™(t)) and f,,, is an injection.
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ii. Zy(U"(s)) N By(X"(2))/Z4(U"(s5)) N By (U" (1))
As a first term putting D, = B,(X"(t))/B,(U"(t)), then
8nm: Dy — Dy, 1s surjective for large enough n. Hence
there exists an exact sequence

0 — Kerg,m — D, Brm, D, —0

anddim D, = dim D, +Kerg, ,. Here dim Kerg,, ,, = 0 be-
cause B, (X"(t))/B4(U"(t)) converges: dim D, = dim D,,.
Since Kerg, , is a vector space, Kerg,,, = 0. Therefore
8n.m 1s an isomorphism. Now let us consider

5 . ZgWUr)NBy(XM(1) _ Zg(UM(5)NBy (X™ (1))
Snm - Z T (s)NB, (U™ (1)) Zq(U™(5))NBg (U™ (1))
w w
[C]n = [C]m’

where [c]. means c+Z,(U.(s)) N By(U.(1)). If gpm([c]n)
= 0,thenc € Z,(U"(s)) N By (X" (t))NZ,(U™(s)) N B, (U™
(t)). Since gy, isanisomorphism, ¢ € B,(X"(t)) N B, (U™
(t)) implies ¢ € B,(U"(t)). Hencec € Z,(U"(s)) N B, (U"
(7)) and g, is an injection.

Now, let n/, € N be a number that satisfies B (s,1) — B, (s,1) = 6 for
n>n.,.

(2) If liminf A, = Z¢, then for any point in Z? belongs to all A, except finite
A,. Hence we take no, which is bigger than n’, such that A"~ c A, for any
n larger than n.. Here we will show dim Z, (X" (s)) — dim Z, (U"(s)) =
dim Z, (X"~(s)) — dim Z, (U"=(s)). Take [ € N which depends on n such
that A, € A"=* then we obtain the following injective sequence;

Z, (X") - Z, (X(1) N Ay) - Z, (X"t
Z, W) Z, U N A Z, (U)

From the first part of the proof, the rank of Z, (X"~)/Z, (U"~) is coincident
with Z, (X"=*!)/Z, (U"~*!). Repeating this operation for each term, we get

§(A")(s, 1) —,BEI(M”)(S, 1) =0 forn > ne.
O

Theorem 1.2.3. From the definition of persistent Betti number, translation invari-
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ance is satisfied. For X" := {X(r) N X*(¢r) N A"} and Lemma 4.1.3

IDoBE (5,1)]
< |BE" (5,0) = B (5,0 + 1BE (5,1) = B (5,0)]
<4. #Nd — 2d+2’

the moment condition also satisfied. Proposition D.0.3 implies weak stabilization.
Therefore persistence Betti number satisfies the central limits theorem. O
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