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Abstract

Quasisymmetric maps are well-studied homeomorphisms between met-
ric spaces preserving annuli, and the Ahlfors regular conformal dimension
dimarc (X, d) of a metric space (X, d) is the infimum over the Hausdorff
dimensions of the Ahlfors regular images of the space by quasisymmetric
transformations. For a given regular Dirichlet form with the heat kernel,
the spectral dimension ds is an exponent which indicates the short-time
asymptotic behavior of the on-diagonal part of the heat kernel. In this pa-
per, we consider the Dirichlet form induced by a resistance form on a set X
and the associated resistance metric R. We prove dimarc(X, R) < ds < 2
for ds, a variation of ds defined through the on-diagonal asymptotics of the
heat kernel. We also give an example of a resistance form whose spectral
dimension d, satisfies the opposite inequality ds < dimarc(X, R) < 2.
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1 Introduction and main results

The subject of this paper is an evaluation of a dimension of metric spaces, de-
fined through the quasisymmetric transformations. We first recall the definition
of quasisymmetry.

Definition 1.1 (Quasisymmetry). Let X be a set and d, p be metrics on X. We
say d is quasisymmetric to p, and write d ~qg p, if there exists a homeomorphism
6 :[0,00) — [0, 00) such that for any z,y,z € X with = # z,

p(z,y)/p(x, 2) < 0(d(x,y)/d(z,z)).
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Roughly speaking, this definition means that an annulus in (X, d) is compa-
rable to one in (X, p). A typical example of a metric quasisymmetric to a given
metric d is d for each o € (0, 1). It is known that ~qg is an equivalence relation
among metrics on X, and that if d ~qg p then p induces the same topology as
d.

Quasisymmetry between general metric spaces was defined by Tukia and
Viiséla in [B1] as the analogy with the case of R. Note that quasisymmetry on
R was discovered as a characterization of the boundary values of quasiconformal
mappings from the upper half-plane to itself, by Beurling and Ahlfors in [6], and
named by Kelingos in [I7]. Properties of quasisymmetry were well-studied in
analysis on metric spaces (see [[2, 29], for example). Quasisymmetry has been
also used in various fields, such as heat kernel estimates (see 2, @, [, 20, 4],
for example) and hyperbolic group theory (see [B, [d, 23, P5], for example).

The Ahlfors regular conformal dimension of a metric space (X, d) is defined
as follows. We set By(z,r) :={y € X | d(z,y) < r} for z € X and r > 0, and
diam(X, d) := sup,, e x d(z,y).

Definition 1.2 (Ahlfors regular conformal dimension). For a € (0,00), the
metric d is called a-Ahlfors reqular if the a-dimensional Hausdorff measure H,,
satisfies C~1r® < Ho(Bg(x,7)) < Cr® for any 0 < r < diam(X,d) and z € X,
for some C' > 1. (Note that if (X,d) is a-Ahlfors regular then dimgy(X,d) =
a, where dimgy is the Hausdorff dimension.) The Ahlfors regular conformal
dimension dimarc(X,d) of (X, d) is defined by

dimagrc(X,d) = inf{a € (0,00)

there exists an a-Ahlfors regular metric p
on X with d ~Qs P ’

This exponent implicitly appeared in Bourdon and Pajot’s paper [[@] and was
named by Bonk and Kleiner in [6]. In the latter paper, it was related to Cannon’s
conjecture, which claims that every Gromov hyperbolic group whose boundary
is homeomorphic to the 2-sphere has a discrete, cocompact and isometric action
on the hyperbolic 3-space H3. dimarc (X, d) was also characterized as a critical
value related to the combinatorial p-modulus of a family of curves I' in a graph
(V,G) (approximating (X,d)), defined by

Mod,,(T') = inf{z fv)? ‘ f:V- [O,oo),Zf(v) > 1 for any v € F}

veV vEY

(see [B, 211]). This characterization of dimagrc(X, d) has been also used in recent
studies on the construction of p-energies on fractals (|22, B0]).

In [20], Kigami introduced the notion of a partition satisfying the basic
framework and used it to evaluate the Ahlfors regular conformal dimension
of compact metric spaces. Roughly speaking, a partition satisfying the basic
framework is a successive division of a given compact metric space with some
good conditions. We explain this idea in the case of the Sierpinski carpet.
Let @ = {z | max{|Re(2)], [Im(2)|} < 1/2} C C and p,; be the points on the
boundary of @ with arg(z) = jn/4 for 1 < j < 8 (see Figure M). We also
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Figure 1: Q and {p;}3_,. Figure 2: (Standard) Sierpinski carpet.

let ¢;(2) = p;j + (2 — p;)/3. The standard Sierpinski carpet SC is the unique
nonempty compact subset of C satisfying SC = US_,¢;(SC) (see Figure 2). An
example of a partition K of (SC,| - |) satisfying the basic framework is a map
from {¢} U,,>1{1,...,8}" to the power set P(SC), defined by

K(¢) =SC and K({w;}j_1) = Pw, 0w, (SC).

In [P1], Kigami considered the graph structure on {1,...,8}" for each n such
that there is an edge between w,v € {1,...,8}" if K(w) N K(v) # 0 and w # v,
and defined some potential theoretic exponents EZ(K ), d(K) of this family of
graphs, which he called the upper and lower p-spectral dimensions, for p > 0.
See Definitions B4 and B72 for the precise definitions of a partition satisfying the
basic framework and the p-spectral dimensions. For these exponents, Kigami
showed the following result.

Theorem 1.3 (|20, Theorem 4.7.9] and [26, Theorem 3.9]). Let (X,d) be a
metric space with a partition K satisfying the basic framework. Then for p > 0,

(1) if p > dimarc(X, d) then p > d,(K) > d3(K) > dimarc(X, d).
(2) If p < dimprc(X,d) then p < d5(K) < d,(K) < dimarc(X, d).

Note that the assumption in Theorem I=3 is slightly different from that in
[0, Theorem 4.7.9], but it is justified by [0, Theorem 4.7.6]. We also note
that the contribution of [Pf] was an extension of the framework and the result
to non-compact spaces. We emphasize that the p-spectral dimensions depend
only on the given metric space and the partition, and do not have any stochas-
tic characterization. However, it was pointed out in [21] that if (X,d) is the
Sierpinski gasket or a generalized Sierpinski carpet with the Euclidean metric
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and K is the canonical partition as described above, then dy(K) and d5(K) co-
incide with the spectral dimension, defined as follows, of the standard Dirichlet
form.

Definition 1.4 (Spectral dimension). Let (X, d) be a locally compact separa-
ble metric space, p be a Radon measure on X with full support, and (€, F)
be a regular Dirichlet form on L?(X, u). We assume that (€, F) has the associ-
ated heat kernel (or transition density), namely, a (jointly) continuous function
p(t,z,y) : (0,00) x X x X — [0,00) such that

Tyu(z) = /Xp(t,x,y)u(y)d,u(y) for p-ae. x € X

for any ¢ € (0,00) and any u € L?(X, j1), where {T} };(0,00) denotes the Marko-
vian semigroup on L?(X, i) associated with (€, F). The limit

_ oy logp(t,z,x)
ds(p, E, F) = ds(X, 1, E, F) := 21&1}1 Tog 1

is called the spectral dimension of the regular Dirichlet space (X, u, &, F), if it
exists and is independent of a choice of z € X.

In this paper, we prove an inequality similar to the case of p = 2 of Theorem
3 (1), between the Ahlfors regular conformal dimension and a variation of
the spectral dimension defined through the on-diagonal asymptotics of the heat
kernel, for the case where the Dirichlet form is induced by a resistance form,
defined as follows.

Definition 1.5 (Resistance form). Let X be a set, F be a linear subspace of
the space £(X) of R-valued functions on X, and £ be a nonnegative quadratic
form on F. The pair (€, F) is called a resistance form on X if it satisfies the
following conditions.

e lx € F, and £(u,u) = 0 if and only if u is constant. (1.1)

e Define an equivalence relation ~ as u ~ v if and only if u — v is

constant, then (F/~,&) is a Hilbert space. (1.2)
o If x # y then there exists u € F with u(x) # u(y). (1.3)
o R(z,y):= (inf{E(u,u) |u e F, u(xz) =1, uy) = 0})_1 <ooifr#y. (1.4)
o If uw € F then 4 := max{0, min{1,u}} € F and E(4,4) < E(u, u). (1.5)

We define R(z,z) =0 for x € X.

One of the most basic properties of a resistance form is that the infimum in
(I3A) is attained and defines a metric R on X, called the resistance metric asso-
ciated with the resistance form. The notion of resistance form was introduced
in [I8]. Typical examples of the Dirichlet forms induced by resistance forms
are the standard Dirichlet forms on “low-dimensional” fractals, such as p.c.f.
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Figure 3: Inhomogeneous fractal, having a canonical resistance form.

self-similar fractals. This framework includes Dirichlet forms whose associated
Hunt processes have jumps (see [20, Chapter 16], for example). Moreover, there
are also examples of resistance forms on some spatially inhomogeneous fractals
(see Figure B and [I], for example) and more general sets (see [d], for example).

In the remainder of this section except for Subsection T, we make the
following assumption, which is needed for our main theorem.

Assumption 1.6. (£,F) is a resistance form on a set X, and the resistance
metric R associated with (€, F) is complete and satisfies dimagrc(X, R) < oo.

We note that the condition dimarc(Y,p) < oo for a metric space (Y, p)
has simple geometric characterizations which may be easily checked (see The-
orem BE). In particular, under Assumption A, there exists a partition K of
(X, R) satisfying the basic framework. Let us recall the definition of the volume
doubling property.

Definition 1.7 (Volume doubling property). A Borel measure p on a metric
space (Y, p) has the volume doubling property with respect to p if

0 < u(By(.20)) < Cu(By(a.1) < o0

for any x € Y and r > 0, for some C' > 1. Then we say p is (VD), for short.
We write My, for the set of all Borel measures on (Y, p) that are (VD),,.

For any p € M(x gy, we can check that the assumptions of [20, Theorems
9.4 and 10.4] are satisfied (see Proposition E8) and obtain the following lemma.

Lemma 1.8. Let yp € M(x gy. Foru,v € FN L*(X, p), we define £,.1(u,v) by

&.1(0,0) = E(ur0) + [ wvdp,

b's

then (FNL?(X,pn),E,1) is a Hilbert space. Let D,, be the closure of FNCo(X)
with respect to £,,1, and €, = E|p,xp,, where Co(X) is the set of all continu-
ous functions on (X, R) whose supports are compact. Then (€,,D,,) is a reqular
Dirichlet form on L*(X, u). Moreover, the associated heat kernel p,(t,z,y) ez-
151s.
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The main theorem of this paper is the following.

Theorem 1.9. Let p € Mx gy. Then the limit

_ 1 t
ds(p,€,,Dy) = lim sup 2 og(p#(s/ 7:137x)/pu(s,33733))

(1.6)
{20 pe X,s€(0,diam (X, R)) logt

exists and satisfies dimarc(X, R) < ds(p, €., Dyy) < 2.

Note that if diam(X,R) < oo then diam(X, R) in the right-hand side of
(@) can be replaced by 1 because of Lemma (5) and (6).

The following theorem is needed to prove Theorem Y, and it characterizes
dy if (£, F) is local. Recall from [20, Definition 7.5] that (£, F) is said to be
local if £(u,v) = 0 whenever u,v € F and inf, yex u(z)v(y)20 R(2,y) > 0 (see
also Definition EZIH). We also recall that (X, R) has a partition satisfying the
basic framework by Theorem B33.

Theor;egm 1.10. Let K be a partition of (X, R) satisfying the basic framework.
Then dy(K) < ds(p,E,,Dy) for any p € Mx gy. Moreover, if (€,F) is local
then inf e p, ) @s (1 € D) = dy(K).

If (£,F) and p are the standard resistance form and the standard measure
on the Sierpinski gasket or a generalized Sierpiriski carpet with dimarc (X, d) <
2 where d is the Euclidean metric on X, then @(M,EM,DN) coincides with
ds(p, €4, D,,). Therefore in these cases Theorem A yields dimarc(X,d) <
ds(p, €., D,,) < 2 because d ~qs R, which recovers the result obtained in [21]
as an application of Theorem I3 (1).

In general, ds(u,&,,D,) does not coincide with ds(u, &, D,) even if the
latter exists. Moreover, the analog of the inequality in Theorem I is false in
general for the latter, as the following theorem states.

Theorem 1.11. There exist X, (€, F) (satisfying Assumption I@) and p €
Mx Ry, such that ds(p,E,,D,) exists and

ds(/%g;u,Du) < dimARc(X, R) < 2.

We briefly describe the set X on which we will construct the example of
Theorem II. Following a particular rule, we use either the cell subdivision
rule of SC or that of the Vicsek set (that is, the unique nonempty compact
subset VS of C with VS = U;j—1 35 7¢;(VS)J 3 VS) for each scale, and obtain
X as the resulting set (see Section B for details). X has the full symmetry of the
unit square, but is not exactly self-similar (see Figure @). In this example, we
also show that the resistance metric R associated with (€, F) is quasisymmetric
to the Euclidean metric on X (see Theorem BT).

The structure of this paper is as follows. Section B is devoted to proving
inequalities of resistances used in the later sections. In Section B we introduce
the precise definition of a partition satisfying the basic framework and show
related inequalities. We prove Theorems 9 and 10 in Section B, and Theorem
I in Section B. Appendix A is devoted to proving the equivalence between
different formulations of the local property of a resistance form.
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1.1

Figure 4: Example of Theorem [T

Notation

Throughout this paper, we use the following notation.

The letter # denotes the cardinality of sets, and 8 denotes the power set
of sets.

For a set X, we denote by £(X) the set of all R-valued functions on X.
aVb = max{a, b} and aAb = min{a, b} for a,b € R (or R-valued functions).

By abuse of notation, we write x instead of {z} if no confusion can arise.
For example, we write f~!(z) instead of f~1({z}).

For a set X and A C X, we write A° instead of X \ A if the whole set X
is obvious.

Let (X,d) be a metric space. For A C X, we will denote by int(A) the
interior of A and by A the closure of A. Moreover, for any Borel measure
won X, we write Vg, (z,7) = p(Bg(x,r)) (where By(z,r) = {y € X |
d(z,y) < r}). We will omit subscripts of Vg ,(x,r) and Bg(z,r) if the
metric and/or measure is obvious.

k

—_——N—
Let X be aset and f : X — X be a map, then we set f¥ := fo-..o f for
k>0 and f° :=idx. Moreover, f~* denotes (f*)~! for k > 0.

Let f,g be functions on a set X and A C X. We say f(z) < g(x) (resp.
f(x) Z g(x)) for any x € A if there exists C' > 0 such that f(z) < Cg(z)
(resp. f(x) > Cg(z)) for any x € A. We also write f(x) =< g(x) (for any
z) if f(x) < g(z) and f(z) 2 g(x). Note that we will not use this notation
when we want to stress the constant C.
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e Let f be a function or variable defined by some type of maximum or
minimum over a set of functions. Then we say ¢ is the optimal function
for f if g attains the maximum or minimum. For example, let R be the
resistance metric associated with (€, F), then the optimal function u for
R(z,y) is such that v € F, u(z) = 1, u(y) = 0 and &(u,u) = R(x,y)~ .

2 Resistance forms

In this section, we prove some properties of resistance forms and associated heat
kernels, which we will use in the proof of Theorem ™9 and related statements.
We first note the difference between two types of resistances between subsets.
Throughout the rest of this paper, (£, F) denotes a resistance form on a set X
and R denotes the associated resistance metric.

Lemma 2.1. Let A, B C X be nonempty. If
Fap:={ueFlula=1, ulp=0}#0,
then minyep, , £(u,u) exists and u € Fa p attaining the minimum is unique.

Proof. Fix any x € B, then we have
lu(y) = v(y)| = |(u = v)(z) = (u—0)(y)| < E(u—v,u—v)*R(z,y)"/?

for any y € X and w,v € F with u(x) = v(z) = 0. This shows that F4 5 is a
closed convex subset of the Hilbert space ({u € F | u(z) = 0}, &) and the claim
follows. O

Definition 2.2 (Resistance between sets). Let R(A, B) denote the reciprocal of
mingep, 5 £(u,u) if Fap # 0 and 0 if F4 p = 0. We also define R(A, B) = oo
if A=0 or B =0 for ease of notation. We call R(A, B) the resistance between
sets A and B, associated with (&€, F).

On the other hand, we use the notation R(A, B) for the resistance met-
ric between sets, that is, R(A, B) = infyca yep R(z,y). Note that R(z,y) =
R({{z},{y}) for any z,y € X and R(A, B) < R(A,B) for any A,B C X but
R(A, B) # R(A, B) in general. Throughout this paper R denotes the resistance
between sets associated with (£, F), and more generally, the letter R is used
for resistance metrics (“R,,” for example) and R is used for resistances between
sets (“R,,” for example).

Our next aim is to prove Lemma 3. For this purpose, we first introduce
some notions of a metric space and a resistance form.

Definition 2.3 (Doubling, uniformly perfect). Let (Y, p) be a metric space.

(1) (Y, p) is called doubling if there exists N € N such that for any z € ¥ and
r > 0, there exist {z;}; C Y with B(x,2r) C Ufio B(zi,r).



INEQS. BETWEEN ARC DIMENSION AND SPECTRAL DIMENSIONS

(2) (Y, p) is called uniformly perfect if there exists v > 1 such that B(x,~yr)\
B(z,r) # () whenever B(z,r) #Y.

Remark. Tt is easy to see that a doubling metric space is separable.

Definition 2.4 (regular). (£,F) is called regular if F N Cy(X, R) is dense in
Co(X, R) with respect to the supremum norm.

Definition 2.5 (Annulus comparable condition). We say that (€, F) satisfies
the annulus comparable condition, (ACC) for short, if there exists a > 1 such
that R(z, B(x,r)¢) 2 R(x, B(x,r) N B(x,ar)) for any € X and r > 0.

Note that the inverse direction of the above inequality immediately follows
from the inclusion of sets. It is easy to see that if (ACC) holds then (X, R) is
uniformly perfect.

Hereafter, we make Assumption [ to the end of Section H. Note that by
Theorem B3, both R and d are doubling and uniformly perfect.

Proposition 2.6. (£,F) is regular and satisfies (ACC).
For the proof of this proposition, we introduce some results.

Proposition 2.7 (|20, Theorem 8.4]). Let Y be a nonempty subset of X. Define
Fly ={uly |u e F} and

Ely (Ua,us) = Inf{E(u,u) |u € F, us = uly} (2.1)

for any u, € Fly, then the infimum of (E) is attained. Moreover, there exists
a unique extension of E|ly to Fly X Fly such that (Ely,Fly) is a resistance
form. In particular, if #(Y) < oo then Fly = L(Y).

Definition 2.8. (£|y, Fly) is called the trace of (£,F) on'Y.

Remark. In [P0, Theorem 8.4], R is assumed to be separable and complete, and
it is so in our case. However, by the standard argument in Hilbert space theory,
it is easy to show that Proposition P77 is also true for resistance forms whose
associated resistance metric is not necessarily separable and complete (see [I4,
Theorem 2.29], for example).

Definition 2.9. We define the following terminologies for abbreviation.

(1) We say {Vi}n>0 is a spread sequence of a metric space (Y, p) if it is an
increasing sequence of nonempty finite subsets satisfying U,,>oV,, =Y.

(2) Assume that V is a finite set and (€,4(V)) is a resistance form on V.
We call pp = {pizy toyev C RV*Y the resistance weights associated with
(EAV)) i pow = =32, 2y Ha,z a0d figy = iy, for any z,y € V, and

E(u,v) = % Z (u(z) —uw(y))(v(z) — v(y)) g,y for any u,v € £(V).

z,yeVv
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Moreover, we write Ry (4, B) (resp. Ry (A, B)) instead of Ry (ANY,BNY)
(resp. Ry (ANY, BNY)) for abbreviation, where Ry (resp. Ry) is the resistance
between sets (resp. resistance metric) associated with the trace of (£, F) on Y.

Remark. By [[9, Proposition 2.1.3], for any (£,4(V)), the unique resistance
weights associated with that exist. Moreover, ji,, > 0 for any z,y € V with
x #y and g, <0 for any € V by the same proposition and (ICT).

Proposition 2.10 ([d, Section 2.3]). Assume that {V,,}n>0 is a spread se-
quence, then

F={u|ueC(X,R), ILm Elv, (ulv, ,uly,) < oo}

Moreover, €(u,v) = lim,—, E|v, (ulv, ,v|v,) for any u,v € F.

Remark. {€|v, (ulv,,ulv,)}n>0 is an increasing sequence for any u € F by
definition.

Lemma 2.11. Let {fp}n>0 C F with ano E(fn, [n) < .
(1) If sup,>q fn(®s) < 00 for some x, € X, then f = Sup,,>o fn € F and

(2) If inf>0 fu(2zs) > —00 for some x, € X, then f := inf,>o f, € F and
g(i’ i) S anog(fnmfn)

Remark. Lemma PTTT is essentially a special case of [I4, Theorem 2.38 (1)],
which is written in Japanese. We give a proof of Lemma PTT for the reader’s
convenience.

Proof. Replacing f,, by —f,, we only need to show (1). We first note that
[f(z) = fy)] < sup |fn(2) = fu(y)| < sup(R(z, y)€(fn, fa))'/?
< R(z, y)l/Q(ano E(fns fn))l/Q

for any ,y € X, so f(z) < oo and f € C(X,R). Let {V;,}m>1 be a spread
sequence of (X, R) and ., be associated resistance weights with (£]v, ,£(Vin)).
Then

E(f.f) = lim_Elv,,(flv,. fIvi,)

= lim % S (F@) = F@) (e

m—o0
2,y EVin 1 z#£yY

hS mlgnoo 1 Z Z (fn(x) - fn(y))2(l‘m)x,y

n>0 2,y € Vi 1y

Tim > El, (Falvins falvi,) = D E(fus fu)-

n>0 n>0

N

(Note that any term of the sums in the above inequalities is nonnegative.) This
with Proposition 2210 proves the lemma. O

10
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Proof of Proposition Z@. By [20, Lemma 7.10], there exist n > 0 and C > 0
with
C~12% < R(x, B(z,2%)¢ N B(x, 2k N)) < C2F

for any € X and k € Z unless B(r,2¥) = X. Fix any z € X and set
Ay = B(z,2%)¢ N B(z,2*+N). Let fi be the optimal functions for R(z, Ay)
if B(z,2%) # X, and otherwise f; = 1. Then for any a € Z, Y.<, E(fr, fx) <
C27 and so g, = infg>q fr € F by Lemma EZI0 (2). Since g,(z) = 1 and
Ja|B(z,24)c = 0, it follows that

R(x, B(z,2%)¢) > C~'2°7! for any a € Z with B(z,2%) # X, (2.2)
which shows (ACC). Moreover, (2Z2) also shows that for any nonempty ¥ C X

with z € Y, there exists f € F satisfying f(z) = 1 and f|y = 0. Applying [20,
Theorem 6.3], we conclude that (€, F) is regular. O

Now Lemma 8 immediately follows from [20, Theorems 9.4 and 10.4] with
Proposition Z8. (Note that the condition (ACC) is used later.)

We next give some properties of resistance forms, which will be needed in
Section B.

Lemma 2.12. Let Ay, Ay be nonempty subsets of X and {V,}n>0 be a spread
sequence. Suppose that A; C Up>0(A;NV,) for i = 1,2, Then R(Aq,As) =
limy, 00 R (A1, As), where R, is the resistance between sets associated with
(Elvns Flvi,)-

Proof. By definition of £ly, , it suffices to show that
R(Al, AQ) 2 hmn_,oo Rn (Al, AQ)

We may assume lim, o Ry (A1, A2) >0 and A; NVy # 0 for i = 1,2 without
loss of generality. Let {f,}n>0 C F be functions satisfying

Rn(A1, A2)~"
:mm{mln{g(ﬂ f) | f € ]:af|Vn = f*} f* € é(‘/?L)7f*|AlﬂVn = 17f*|A2ﬁVn = O}
:g(fn7fn)a
fulanv, = 1 and fn|a,nv, = 0. Then by the convexity argument, we obtain

0 <E(frn—Fm,[n—Tm) =E(fns fn) = E(fm, fm) for any n,m € N with n > m.
Fix any © € A; N V. Since limy, o0 E(fn, fn) = limy, 00 Ry (A1, A2)™1 < o0,
there exists f € F such that f(z) = 1 and lim, 00 E(f — fn, f — fn) = 0 by
(). Then for any y € U,>0(41 NV,,),

Hence f|4, = 1 because the right hand side of the last inequality tends to 0 and
f € C(X,R). In the same way, we obtain f|4, =0 and so

R(A1, A2) ™" S E(f, f) = Tim (fu fa) = lim Ry (A1, 4z)7",

which completes the proof. O

11
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Lemma 2.13. Letn € (0,1), then R(B(z,nr), B(x,r)°) <r foranyz € X,r >
0 with B(xz,r) # X.

Proof. By Proposition B8 and [20, Theorem 7.12], there exists C' > 0 such that
C~lr < R(z,B(x,7)°) < Cr for any x € X,r > 0 with B(z,r) # X. Hence we
only need to show R(B(z,nr), B(z,r)¢) 2 .

We first prove for the case n < 1/2C. Let f;, be the optimal function of
R(x,B(z,7)°), then by [20, Theorems 4.1 and 4.3 and Lemma 4.5],

R(x7 B(.’ﬁ, r)c) + R(y> B(Ia r)c) — R(xa y)
four(y) 2 Rz, Blz.r)")
>(Cr —qr)C™2r > 072 /4

for any y € B(z,nr). Hence let g, := ((4C?fo, A1)V 0), then go | =
L, GerlB@r)e =0 and E(ge,r, gar) < 16C*E(fury fo,r) < 16C3/r. This proves
the statement for this case.

We now turn to the case 1/2C < n < 1. Since (X, R) is doubling, there
exists N = N, € N such that for any € X, there exists {z;}X, C X
satisfying B(z,nr) C U, B(z;, (1 — n)r/2C). Let g = maxi<i<n(gu,,(1—n)r):
where g, (1—p), is same as above, then g € F by Lemma 1 (1). Moreover,
g|B(Jc,nr) =1land g|B(;c,7")C = 0 because R(xiay) > R(IL’,y) - R(xaxz) > (]- - 77)T
for any y € B(z,7)¢ and 1 < i < N. Therefore

N
R(B(%m’)v B(‘T7T)c)_1 Sg(gag) < Zg(gmi,(lfn)ragzi,(lfn)r)
i=1
<16N,C/(1 - ),

which proves the lemma. O

Corollary 2.14. Let Ay, Ay C X be nonempty subsets. If Ay is bounded and
R(Al,AQ) > 0, then R(Al,AQ) > 0.

Proof. Since (X, R) is doubling, there exist N € N and {z;}Y, C A; with
Ay C UN,B(x;, R(A1, A2)/2). Thus the proof is straightforward by Lemmas
210 (1) and PI3. O

Definition 2.15 (Local). (&£, F) is called local if it satisfies £(u,v) = 0 whenever
u,v € F and R({z | u(z) # 0}, {z | v(z) #0}) > 0.

Under Assumption I8, for each u € M x q), (€, F) is a local resistance form
if and only if (£,,D,) is a local Dirichlet form. See Appendix A for details.

Proposition 2.16. Let A; (i = 1,2) be nonempty subsets of (X, R) with
R(A1, A2) > 0 and diam(A;1) < 0o, {Vy,}n>0 be a spread sequence and i, be the
resistance weights associated with (E|v,,£(Vy,)). Assume (€, F) to be local, then

nlggo( %D (n)z,y =0, where Dy, = (A1 x AU Ag X A1) NV, x V,.
z,y)EDy

12
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Proof. Let

A} ={z| R(z, A1) > R(A1,A2)/3} and A5 = {z | R(x, A1) < 2R(A1, A2)/3}.

By Corollary PCI4, we can take the optimal functions f; € F for R(A;, AY) and
i =1,2. Then,

Elv, (filv,, filv,) + Elv, (falv,,, falvi,) = Elv, (f1 + falvi,, f1 + falv,,)

= Z (:U’n)wﬂl

(JJA,y)GDn

2T (@ - AW+ () - W)

(2,9)EVa x Vi \Dy,
@Ay

— ((fr + f2)(2) = (fr + £2)))?) (1)

Since 0 < fy, fo <1 and supp(f1) N supp(f2) = 0, we have

|(fr + fo) (@) — (f1 + f2) )] =[(f1 V f2)(@) = (f1 V f2)(y)]
<|fi(x) = L@V | f2(z) = f2(y)]

for any z,y € X. Therefore

0=E(f1, [1) +E(fa, f2) = E(f1 + fa, f1 + f2)
anirrgoglvn(f1|vn,f1|vn) + v, (f2lvis falvi,) = Elv, (f1 + falvis J1 + felvy,)

> Hm > (pn)ay =0

~ n—oo
(Ivy)EDn

because (£, F) is local, which completes the proof. O

Proposition 2.17. There exists a > 1 with Ry, p(z.aR(z,y)) (T, y) < 2R(x,y) for
any nonempty finite subset V.C X and x,y € V, where p,, are the resistance
weights associated with (E]y,4(V)) and

Ry.ale,y) ™ =min{y 37 (F) ~ F0) ey | F@) =1, f(y) = 0).

z,y€A

Remark. The idea and the proof of Proposition PZT7 essentially come from [B,
Lemma 2.5].

Proof. We first note that since Lemma EZT3 holds,
Ry (z, B(z,r)¢) > Ry (B(z,7/2), B(z,7)¢) > R(B(x,r/2), B(x,r))* 2 r

for any x € X and r > 0, where Ry is the resistance between sets associated
with (€|y,4(V)). Thus we can find o > 1 such that

Ry (z, B(z, (a/2)r)°) V Ry (B(z, (a/2)r), B(z, ar)¢) > 4r

13
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for any  and r. To shorten notation, we write Bg instead of B(z,B(z, BR(z,y))).
Let f1 (resp. fa, f3) be the optimal function for Ry g_(x,y) (resp. Ry (z, Bg/z),

Rv (B2, BS)). We define f € (V) by

Fa) = fi@) A (@) A fs(z) (2 €Ba)
f2(2) A f3(z) (otherwise)
Then, f(z) =1, f(y) =0, f|;, =0and

S file) = fily)| (it 2,y € By)

) — 0 (1fx7y€BOé/)
e TR S IS
| 3(.’E) 3(y)|_ OryeBa/2 andnga)-

Therefore

(R(z, )~ <&(f, 1)

<
< (Rv,p,(%,9)) " + (Rv (2, Bg 2)) "' + (Rv(Bay2, B)) ™

< Ry, (,9))" + 5(R(z.y) ™

and Ry, p, (z,y) < 2R(z,y) as claimed. O

The remainder of this section is devoted to the proof of Proposition 219
below, which gives one of the key inequalities to prove Theorem IIT. For the
rest of this section, we assume d to be a metric on X with d ~qg R. Then by
Assumption [, it is easily shown that M x 4y = Mx gr) (see [20, Corollary
12.4], for example).

Definition 2.18. Set

Rg(z,r):= sup R(z,y) and hg,(z,r):= Vd,u(x,r)ﬁd(x,r).
yEBa(x,r)

We write hq(x,r) instead of hq ,(z,r) when no confusion can arise.

Proposition 2.19. The limit d,(u1,&,,D,) exists for any p € Mx q). More-
over,

o log(V, |7 ,
ds(p, €y, Dyy) = 2limsup sup og( @ 1)/Va,u(z r/s))

. (2.3
s—oo  geX,re(0,diam(X,d)) IOg(hd,u( )/hd7u(x7 ’I“/S)) ( )

Remark. We only use the case d = R for the proof of Theorem IO (recall that
R ~qs R). However, we prove general case for future works.

We introduce some basic facts for the proof of Proposition ZZT9.

Lemma 2.20. Assume pu € Mx qy, then the following statements are true.

14
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(1) There exists y1 > 1 such that Vy(z,r/v1) < Vy(z,r)/2 for any x € X and
r € (0,diam(X, d)).

(2) hg(x,2r) < hg(x,r) for any x € X and r > 0.

(3) There exists y2 > 1 such that hq(z,r/v2) < hq(z,7)/2 for any x € X and
r € (0,diam(X, d)).

(4) For any C > 0, there exists v > 1 such that for any t € (0,C) and x € X,
there exists r € (0,diam(X, d)) with t/yc < ha(x,r) <t

(5) For any x € X, p,(-,x,x) 1t — pu(t,z,x) is a decreasing function of t.

(6) Fiz any C' > 0. Then p,(t/2,z,2) < pu(t,x,x) for any v € X and
te (0,C").

Proof. (1) It is well-known and easily follows from the volume doubling and
uniformly perfect conditions (see [I2, Excersise 13.1] for example).

(2), (3) Since d ~qs R and both d and R are uniformly perfect, it is easy to
check that there exists 4/ > 1 such that Ry(z,2r) < Ra(z,7) and Ry(z, /") <
Ry(x,7)/2 for any x € X and r € (0,diam(X,d)). This with (1) and the volume
doubling condition shows (2) and (3).

(4) Since C/ SUp,.¢ (0 diam(x,q)) Pa(x,7) < 2C/diam(X, d)u(X) for any z € X,
it follows from (2) and (3).

(5) By the proof of [20, Theorem 10.4 and Lemma 10.7], lim,, o0 pp (¢, 2, y) =
pu(t, z,y) where p,(t,z,y) : (0,00) x X x X — R is of the form

ot y) = > exp(—An k)@ k()¢n 1 (Y)
k>1

for some A, ;, > 0 and ¢, : X — R. Hence (5) is clear.

(6) Recall that by Proposition 2@, (X, R) satisfies (ACC). Thus this follows
from (3)-(5), [20, Theorem 15.6] and the fact that p,(t,z,2) > u(X)~! for any
t > 0, which follows from the Chapman-Kolmogorov equation. O

Remark. The condition of Lemma (1) is called reverse volume doubling
condition (e.g. [I0, T3H]).

For the existence of dg(u, Eu, D), we use the classical result for subadditive
functions. For a proof, see [I3, Proof of Theorem 7.6.1] for instance.

Lemma 2.21. Let f : (0,00) — R be subadditive, that is, f(t+s) < f(t)+ f(s)
for any t,s € (0,00). Assume that sup,c; f(t) < oo for any bounded interval I,
then limy_, o f(t)/t = infyso f(t)/t < c0.

Proof of Proposition ZI3. Let

f(T) :10g( Sup p,t(s/ef,x,m)/pﬂ(s,x,x))
z€X,s€(0,diam(X,d))

15
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for 7 > 0, then f is subadditive by definition. By Lemma (5) and (6),
sup,¢; f(7) < oo for any bounded interval I and inf;~o f(7)/7 > 0. Hence
lim, o f(7)/7 and the limit d(u, €., D,,) exist because 7 — oo ast = &7 — 0.
Our next goal is to prove (E33). To this end, let
u(s) _ sup log(pu(hd(x,r/oz),x,x)/pu(hd(x,r),m,x)) and

z€X,0€[s,00), log(hd(x,r)/hd(x,r/a))
re(0,diam(X,d))

)= sup log (p,(t/c, z, ) /pu(t, =, x))

z€X,0€[s,00), loga
re(0,diam(X,d))

By [20, Theorem 15.6], Proposition B8 and Lemma P20(3), the right hand
side of (Z33) equals lim,_, o, u(s), hence it is sufficient to show lim, o u(s) =
limg_, o v(s). We proceed to show the following claim.

Claim. For any e¢ > 0, there exists so(€) such that for any s > so(e), there
exists s« (s, €) satisfying (1 + €)(e +u(s)) > v(s«(s,€))

This claim implies limg_, o u(s) > limg o v(s) because both u and v are
decreasing.
Proof. For any ¢ > 0 and s > 1, we can take Cq,...,Cy > 1 satisfying the
following conditions by Lemma (2), (4)-(6).
o If v € X, r € (0,diam(X,d)) and 8 > 0 satisfy hq(x,r)/ha(z,r/8) > Ch,
then 5 > s.

e For any z € X and ¢ € (0,diam(X,d)), there exists r € (0,diam(X, d))
with t/Cy < hg(z,7) < t.

e Any x € X and t1,ts € (0,diam(X,d)) with t; < Cats satisty C3 >
log(pu(tg,x,x)/pu(thm,:v)).

e Oy > C5, C3/logCy < € and log Cy/(log Cy —log Ca) < 1+e.

Let z € X, t € (0,dilam(X,d)) and o > Co(Cy VvV Cy) =: s, We take 7,719 €
(0,diam(X,d)) such that t/Cy < hg(z,r1) < tand t/Coa < hg(z,72) < t/a
Then Caa > hg(xz,71)/ha(z,72) > C1 V Cy and so for

ll = 1og(pu(hd(x,7"2),x,x)> and 12 = log(pﬂ(hd(m5r2)3xyw)>,
pu(ha(z, 1), 2, ) pu(halz,m), 2z, x)

it follows that

log(pu(t/oz, z,x)/pu(t,x, a:))/ log
<l +log(pu(ha(z,r1), @, @) /pu(t, z, x))) [ (I2 — log Cs)
<((l1/12) + (C3/12))l2 / (I — log Cs)
§((ll/lg) + (C5/1og Cy)) log C’4/(log Cy — log Cg).
Therefore v(s.) < (1 + €)(e + u(s)) by r1/r2 > s, and the claim follows. O
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For lim,_, o u(s) < lims_,o (), we consider the case diam(X,d) < oo and
fix any € > 0. Then by Lemma (5) and (6), there exists s > 1 with

pu(diam(X, d), z, z)
su lo
v g( puha(z, ).z, 2)

) < elogs
zeX,
re(0,diam(X,d))

because

sup (ha(z,r)/diam(X,d)) < p(X) < oc. (2.4)
zeX,re(0,diam(X,d))

By (E4) and Lemma (3), we can take s’ > 1 such that if & > s’ then
(ha(z,7) A diam(X, d)) /hq(z,7/a) > s for any z € X and r € (0,diam(X, d)).
Thus we obtain

pulha(z,r/a), x, ) o ha(x, )
l°g( Pulhala, ), 2,2) ) / 1 g(hdu,r/a))
pulha(z,r/a), x, x) ha(z,r) A diam(X, d)
= (bg(pmd(x,r) A diam (X, d>,x,x>> / log( halw,r/a) >> e
and u(s’) < v(s) + e. This shows lims_, oo u(s) < lims_, oo v(s) in the same way

as the inverse direction. The proof for the case diam (X, d) = oo is similar, and
the proposition follows. O

3 Partition satisfying basic framework

In the former part of this section, we introduce the notion and related results
of the partition satisfying the basic framework, which is defined in [21] for the
bounded case and extended to unbounded cases in [26]. In the latter part of
this section, we show some related resistance estimates. Note that we continue
to make Assumptions 8.

Definition 3.1 (Tree with a reference point). Let 7' be a countable set and
m:T — T be a map such that the following conditions hold.

o Let Fi = {w | 7" (w) = w for some n > 1}, then #F, < 1.

e For any w,v € T, there exist n,m > 0 such that 7" (w) = 7™ (v).

Let ¢ € F, if F; # (), otherwise we fix any ¢ € T. We call the triplet (T, 7, ®) a
tree with a reference point.

The above definition is justified as follows.
Lemma 3.2 ([28, Lemma 3.2)).
(1) Let b(w,v) = min{n > 0|7 (w) = 7™ (v) for some m > 0} for w,v € T,

then wb(W:) (w) = 70w (y),

17
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(2) Let A= {(w,v) | m(w)=v or 7(v) =w}\{(¢,0)}, then (T, A) is a tree.

From now on we assume (T, 7, ¢) to be a tree with a reference point. We
define [w] = b(w,d) — b(p,w), T, = {w € T | [w] = n} for any w € T and
n € Z. By abuse of notation, we write 7~ *(w) instead of #~*(w) N T},]+x. Note
that 7% (w) # 7= *(w) if and only if F; # 0, w = ¢ and k > 1. We also define
TV = Ukzo’fr—k(’w).

Definition 3.3 (Partition). Let (Y, p) be a (0-compact) metric space without
isolated points. We say K : T — B(Y) is a partition of (Y, p) parametrized by
(T, m,¢) if the following conditions hold.

e For any w € T, K(w) is a compact set, neither a single point nor empty.

. U K(w) =Y and for any w € T, U K(v) = K(w).
we(T)o ver—1(w)
o If (wg)rez C T satisfies m(wgy1) = wg for any k € Z, then Ngez K (wy)

is a single point.
Hereafter, we write K, instead of K (w) for simplicity.

Remark. The condition that K, has no isolated points, assumed in |21, Defini-
tion 2.2.1], follows from Definition B3 (see [28, Lemma 3.6]).

Definition 3.4 (Basic framework). Let (7', 7, ¢) be a tree with a reference point
satisfying sup,, e #(7 71 (w)) < oo, and K be a partition of a metric space (Y, p)
parametrized by (T, m, ¢). Let

E,={(w,v)eT, xT,| K,NK, #0, w# v}

and let I, denote the graph distance of (T, E,,) allowing I, (w, v) = oco. We say
K satisfies the basic framework if the following conditions hold.

e int(K,,) Nint(K,) = 0 for any w,v € T with [w] = [v] and w # v. (3.1)
e There exists ¢ € (0,1) such that diam,(K,) < ¢l for any w e T. (3.2)
e There exists £ > 0 such that for each w € T Bp(o:w,fg[w]) C Ky
for some x,, € K. (3.3)
o Let Ay, (z,y)=sup{n|z € K.,y € K, and l,,(w,v) < m for some w,v € T}
then p(z,y) = ¢4 @Y for any z,y € X, for some M, € N. (3.4)
o L, :=sup,er #({v | (w,v) € Epy}) < o0 (3.5)

Remark. (1) The formulation in Definition B2 differs from the original one
in [P, Section 4.3], for the reader’s convenience. However it follows from
(82) and [21, Proposition 3.2.1] that the above definition is equivalent to
the original one.

(2) By (B3), diam(X,d) < oo if 7(¢) = ¢ and otherwise diam(X, d) = cc.
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For the existence of a partition of the given metric space satisfying the basic
framework, there is the following result.

Theorem 3.5 ([28, Theorem 3.12]). Let (Y, p) be a complete metric space. Then
the following conditions are equivalent.

(1) dimarc(Y, p) < co.
(2) (Y,p) is doubling and uniformly perfect.

(8) There exist a tree with a reference point (T, 7,¢$) and a partition K of
(Y, p) such that K satisfies the basic framework with respect to p.

Remark. (1) In [26, 27, 28], the definition of the Ahlfors regular conformal
dimension was slight different in order to consider that of a discrete metric
space. This difference required the additional assumption that ((Y;p) is)
“without isolated points” in the original statement of [ZR, Theorem 3.12].

(2) The equivalence between (1) and (2) was well-known (see [I2, Theorem
13.3 and Corollary 14.15], for example).

We also note that we can choose {z, }wer, as an increasing sequence of sets.

Lemma 3.6. Let K be a partition of (Y, p), parametrized by (T, m, @) satisfying
the basic framework. Then there exist {xy }wer satisfying (B3) and for any
n < m, UyeT, {xw} C Uyer,, {xw}

Remark. Tt is obvious that {z,, | w € T, N T”"(‘b)}nzo is a spread sequence.
Proof. Let {2 }wer be points satisfying (B33). By (BH), there exists k > 1 such
that g,(K,) < €¢"/2 for any w € Ty4. We can define f : UpThy — UnThn

such that f(w) € Tjy)4r and zy € Ky (). For w € Uy Tip, let y, be the unique
point with y,, € Np>0K pn (). Then Uyer,, {%w} C Uwer,, {%w} for n < m and

Bylyur 5C) C By (&%) € Koy

for w € U,Tkp. For w € UpTn—m (K > m > 0), we define y,, by induction

on m. Let y, = v, for some v € #71(w) such that v = 7™ o f o 7F ™ (w)
whenever w = 7™ o f o ™*~™(w). Then we obtain
UweTkn_(m_l){yw} o UwETkn—'m,{yw} o UwETk(n_l){yw}
and
£¢r §
Bp(ywv 7([11;]) C Bp(yva idv]) CK,CKy
for some v € 77" (w). This shows {yy }wer is the desired set of points. O

We are now able to introduce the precise definitions of E; and d;. For the rest
of this section, we assume that K denotes a partition of a metric space (Y, p)
parametrized by (T, 7, ¢) satisfying the basic framework, with points {x, fwer
satisfying (B33) such that for any n < m, Uyer, {Zw} C Uner, {Zw}-
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Definition 3.7 (p-spectral dimensions). Let

N, = lim sup(sup #(ﬁ_k(w))> 1/k7

k—oo MweT

gN=5 X 1@ 1w,

(z,y)€EEN
Cuke = {v € Ttk | L) (w,wk(v)) > M, } and
Epeyw = MI{EL(f) | [ € UTwy4x), fla—r@w) =1, fle,. =0}
for any n, f € ¢(T,), w € T and p > 0. (In particular for p = 2, &5 =

(Q[wHk(fr_k(w), Cw.k))~* where €, is the standard graph resistance of (T,,, Ey,).)
We define the upper p-spectral dimensions of the partition K for p > 0 by

S i 1 log Ep o) \ "
(1 _ limsupy k(SUPweT 08 Cp,k, )) (3.6)

dp(K) =D log N,

and the lower p-spectral dimensions d,(K) for p > 0 by (BM) but replacing
lim sup by liminf .

Remark. In the same way as in the proof of Proposition T4, we have
IRT Lk . .k
N. = lim (sup #(#~"(w))) = inf (sup #(#*(w))) (3.7)

because (sup,, e #(F 79 (w))) (sup,ep #(FF(w))) > (Supyer #(ﬁ'_(j“'k)(w)))
for any j,k > 0.

The following is the main result of [21], which leads to Theorem IZ3.
Theorem 3.8 (|21, Theorems 4.6.9] and [26, Theorem 3.9]).

dimarc(Y, p) = inf{p | lim inf(sup Epkw) = 0}

= inf{p | hmsup(sup Epkew) =0}

k—oo weT

In the reminder of this section, we assume (Y, p) = (X, R) and prove some
inequalities of indices of the partition, which are necessary for the proof of
Theorem IIM.

Let V,, ={zy |w e T} and A, = U{K, | v € Cy,0}. We will denote by R,
(resp. Rn, la.y.n) the resistance between sets (resp. metric, weights) associated
with (€]v,,, £(Vy)

).
Lemma 3.9. R(Ky, Ay) = ¢ for any w € T with A, # 0.

Proof. Since (B2) and (83) hold, R(K,, Ay) < ¢! follows from Lemma ZT3.
On the other hand, there exists ¢ € (0,1) satisfying R(K.,, Ay) > (% for any
w € T because (BA) holds. Since (X, R) is doubling each K,, is covered by N
balls of radius +¢[*! /2, for some N > 0. Therefore R(K,, Ay) > ¢[*) by Lemmas
210 (1) and E13, similarly to the latter part of the proof of Lemma ZT3. [
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Proposition 3.10. (1) &y S CF for any w € T.
(2) If (E,F) is local then E 1

For proving Proposition B0 (1), we use the argument of flow.

> (F for any w € T.

~

Definition 3.11 (Unit flow). Let (£, F) be a resistance form on a finite set V.
For ABCV with ANB =0, f:V xV — R is called a unit flow from A to
B if it satisfies

e f(z,y) =—f(y,x) for any x,y € V.
> v flz,y)=0forany z ¢ AUB,
o erA Zyev f(xz,y) =1 and Z:ceB Zyev flx,y) = —1.

Let {2,y }, R be the associated resistance weight and resistance between subsets,
then it is known that

R(A,B) = min{% Z
z,ycV

We say f is the optimal flow for R(A, B), or optimal flow from A to B if f
is the optimal function for the right hand side of (B3R).

Proof of Proposition 3I0. (1) Fix any w € T and k > 0. Let 7 be the optimal
flow for Q[w}+k(7'r’k(w),cw7k), «a > 1 be the constant appeared in Proposition
17 and f,,, be the optimal flow for RV[wHk’B(x’aR(xmxv))(xu,mv) for u,v €
T[w]+k- We define f : V[w]+k X V[w]_._k — R by

1
f(pa q) = 5 Z T(U,’U)fuyv(p,q),
(uvv)eE['wH»k

then f is a unit flow from Ky N Viyj4s to Aw N Vi on (Elv,,€(Vz)). Note
that fu,v(pa Q) =0if

R(w4,p) V R(3y,9) > aR(xy,3,) > ag(I*F,

flz,y)?
Ha .y

| fis a unit flow from A to B}. (3.8)

Since R is doubling, there exists N > 0 such that

sup {#(Y)|Y C B(z,ar),R(y,z) > rforany y,z € Y withy # 2} <N
zeX, r>0

Therefore
1 fp,9)?
R[w]Jrk(vaAw) S§ Z
P:9€Viw)+k Hp.a
N oD, q)?
<5 Y e Y Jun(P9)”
(u,0) EE )4k P, 9€EViw)+k Hp.a

<];[(( sup 2R(xu,xv)) Z 7(u,v)?

u,0)EE )4k (1,0)€ Bla) sk

<ONECMIHF(Ey 1) 7L
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Since ¢! < R(K,, Ay) < Rk 4w (Kw, Ay) for any w € T, the claim holds.

(2) We first note that there exists 8 > 0 such that Az, (z,y) > n whenever
R(z,y) < B¢ by (83). Fix any w € T and k > 0. Since Tjy 45 \ Cw,k is a finite
set, there exists n > [w] + k such that

1
Z Z Mw,y,n < gR(KunAw)_l

VET w4k \Cuw, k TEK,,
ygB(z, B¢

and R, (Ky, Ay) < 2R(K,, Ay), by Lemma 2T and Proposition 2I8.
Let f be the optimal function for Q4 (f*(w),Cy ) and 7, be the optimal
functions for R, (K., A,) and v € Tjy45. We also let

F(v) = 2max{ | £(v) — F@)] | fu (s v) < 2L}

Our next goal is to construct a suitable function 7 on V,, with 7|k, nv, = 1 and
T|a,nv, = 0 with the above functions. Set

P(z) = {{z:} C Vo | m € {0} UN, ag € Ay, @ =1,
Rz, 2i-1) < B¢ for any i}
for x € V,,. We define 7:V,, — R as

w0 =1hm{ 30 s Folne) el o)z € o)}
i=1 V€L w]+k

where Z?:1 00 := 0. Then it clearly holds 0 <7 <1 and 7|4,nv, = 0.

Claim. 7

K,nv, = 1.
Proof. Fix any = € K,, NV, and {z;}*, € P(z). We inductively choose iy = 0,
v € Tiw 4k such that z;; € K., and i;41 = min{i | z; € A, }. Note that since

Ay, (xij,a:(,»j)_l) > [w] + k, l[w]+k(vjavj—1) < 2M,. Let « > 0 and v, € T[w]+k
be such that x & A,,, v« € Tiy)pr and )1k (ve, v,) < My, then

i—1 V€T wl+x

Jj=0 Jj=0

This shows the claim. O
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Next we evaluate &y, (7,7) :

S (R(Ku, 4u) ™ <Ely, (7)

1
S DR
z,YyEVy
(z,y)EAwX Ay
1 _ 1
SSREw, A5 > (@) = 7)) e

z,yeEVy
‘R(z,y)<pCleltk

If R(x,y) < BCIHF then |7(x) — 7(y)| < SUDy ety 4y f()|m(z) — 7o (y)|. More-
over, since 7|4, = 0, R(2y, z,) > ECMIHF for u,v € Tw)+x with u # v and R is
doubling, there exists J > 0 such that

T #{v € Tuper | 7o(@) V7 (y) 2 0} < J < 0.
weT, k>0,
z,y€Vy:R(z,y)<B¢WItE

Therefore
1 _ J _
CREL AT <5 S TP Y (@)~ ) b
VET )4k z,yeVn
<ECMT ST F?
VET w] &

Since f(v) < Zle\/g
(Vi vi-1) € Btk

> P <4t N (fu) = f(0)? = 8L T ek
V€T w]+k

W, VEE ) 4k

f(vi) — f(vi_1)] for some {v;}22 satisfying vy = v and

Thus we have

£

wl+k —
WC[ I+ (R(KwaAw)) L

52,k,w >

This with Lemma B™ shows the proposition. O
Proposition 3.12.

Vi(x,r) &
1 sup L2 > NF for any p € M and k > 0.
) weX,re(0,diam(X,R)) Viu(x, CFr) (R

(2)  For any € > 0, there ewists p € Mx gy with
Vﬂ(xa T)

sup D < (N, +€)* for any k > 0.
zeX,re(0,diam(X,R)) VH (.’L‘, Ckr)
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Proof. (1) We have

p(Kw) > > Vul(@,&6%) > min Vil &G,

veR—k(w
ver—k(w) (

which leads to

Viu(@y, 2diam(Ky,)) s k(s &
su > sup #(7 (w) > N,
weg, V#(l’v, gg[v]) wel; ( )

ver™F (w)

for any k > 0. Since y is (VD) g, diam(K,,) < ¢! for any w € T and (877), the
claim follows.

(2) Fix any € > 0. By (B22) and [21, Proposition 4.3.5], we can choose k > 1
such that sup,cr #(F F(w)) < (N. + ¢)¥ and for any w € T, there exists
v(w) € 7% (w) with K, () C int(Ky).

Let T = UpezTin, then it is easily seen that K|z is a partition of (X, R)
parametrized by (T, 7*, @), satisfying the basic framework. We define ¢, :
T — R as

1— #(@ " (7" (w))) -1 (if w = v(ﬂk(w)))
o (N.+e)k

ToF (otherwise)

and (w) = (TT97 o(x™ (w)))/ (15" @(xi*(8))), where

b(w,u) = bk (w,u) := min{i > 0 | 7% (w) for some j > 0}

for w,u € T. Note that

L 1
vER—F(w)

We next claim that
(N + €)F = D)yp(w) > max{e(u) | (w,u) € Ep,} for any w € T. (3.9

Recall that b(w,u) = b(u,w) by [w] = [u]. If i < b(w,u) — 1 then we have
7% (w) # v(rHDE(w)) because

o # Kﬂ-ik(w) N Kﬂ-ik(u) C Kﬂ(i+1)k(w) N Kﬁ(i+l)k(u) 04 int(Kﬂ.(z‘Jrl)k(w)).
This shows

P(u) _ H;(:w’u) QD(ﬂ'ik(w)) _ ﬂ-(l;(w,u)fl)k(w)
P(w) HE(@?,w) o(mik(w)) o 7T(E(u,w),l)k(u) < ((Ny, + )k —1).

=0

We now prove the proposition for the case of diam(X, R) < oc.
Let un = >, cr,, ¥(w)dy,, where &, is the Dirac measure on z,,. Then by
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Prokhorov’s theorem, there exists a Borel probability measure p, such that
Un,, —> px weakly as m — oo, for some subsequence {ty,, }m>0. We have

/LL*(KU)) > hmsup:ufnm (Kw) = 1/)(11))

m—r o0

for any w € T. Moreover, since K,, C Uy, := int(Uu:(wyu)eE[w] K,),

() < pra(Uy) < Timninf o, (U) < (La((Ne + € — 1) + 1)ep(w).

m—r o0

By (B3) and (B4), there exists m > 0 such that for any z € X, r € (0, diam(X, R))
and n > 0, we can choose some w € T with

K, C B(z,(™7r) and B(z,r) C X\ A mtmk () -
Since

UET w]— (m+4n)k
s (X \ Aﬂ.<m+n)k(w)) < Z;l[“’] (w,m(m+n)k)< M, "/’(u)

p (K ~ P(w)
w(ﬂ.(ern)k(w)) € (m+n)k
5—¢(w) < (Na+¢)

for any n >0 and w € T by (89), the claim holds for the bounded case.

We now turn to the case of diam(X, R) = oo. We can choose y,, for each
u € Ty such that p, (X \ Ky) = 0 and ¢(w) < pu(Ky) < Lo(Ns + €)Fh(w)
for any w € T*, by the former case. Let p, = ZueTO by, then it is clear that
P(w) < p(Kyp) and

e (K) < {Z“:(“vw)EEm > gerunt, Mq(Ku)  (f [w] <0)

Zu:(u,w)eE[w] /’Lﬂ'[’“](u)(Ku) (otherwise )
< Y LN+ eF(u) < LN, + €% p(w)
u:(u,w)GE[w]

for any w € T. Therefore the same proof as the bounded case works for the
present case. O

Remark. (1) The idea of this proof comes from [0, Theorems 4.2.2 and 4.5.1].

(2) We can show that —log N, /log( coincides with the Assouad dimension
dim4 (X, R), where

dima (X, R) = inf{t > 0 | B(z,r) is covered by|C(r/s)"| bolls
of radius s for any 0 < s < r and z € X, for some C' > 0}.

Thus we can also deduce Proposition 3.12 (2) from [2, Theorem 13.5].
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4 Proof of main results
In this section we prove Theorems [C9 and 0.
Proof of Theorem II0. By Proposition 2719,

dy(11,€4,Dy)
2

=lim sup sup (1 + log 5 ) -
s—00  zeX,re(0,diam(X,R)) log(Vy(z,7)/Vyu(x,7/5))

log (7F >1
log(Vu(:U7 )/ Viu(z, Ckr))
:<1 N log ¢!

-1
lim supy,_, o, SUPge X,re(0,diam(X,R)) % log(V#(ac, )/ Vu(z, Ckr)) )
(4.1)

=lim sup sup (1 +
k—oo zeX,re(0,diam(X,R))

because R is uniformly perfect and p is (VD).
Since lim supy,_, . (Sup,, E2.4.0) "% < ¢ < 1 by Proposition B0 (1),

dy(K) log¢—1\ 7
< .
2 = (1 T e, ) (4.2)

50 dy(K) < dg(,E,, D) holds by Proposition BT2 (1). Moreover, if (£, F) is
local, the equality in (E2) holds by Proposition EZT9. Since Proposition BT2 (2)
holds, for any € > 0 there exists u € M(x gr) such that

do(p: & D) () loa”t T
2 - log(N. +¢€))

which shows inf,c a ) ds (1, €, Dy) < dy(K) for the local case. O

Proof of Theorem 3. We have a partition of (X, R) satisfying the basic frame-
work by Theorem B3, and obtain dy(K) < dg(it,E,,D,) < 2 by (ED) and
Theorem 0. This and Theorem I3 (1) with p = 2 prove the theorem. O

5 Example with d,(¢,&,,D,) < dimaprc(X, R) < 2

In this section we prove Theorem [CI. In other words, we give an example with
the inequality dq (i, €, D)) < dimarc(X, R) < 2. The results in this section are
the continuous version of [27, Section 3], and many of the resistance estimates
used in this section come from that preprint. We also note that the techniques
used for showing these resistance inequalities was originated in [0]. The main
difficulty in the continuous case is to construct the desired resistance form. We
overcome this difficulty by using the results of [I6, [9] in the proof of Corollary

b4
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Recall that @ = {z | |Re(z)| V [Im(2)| < 1/2}. Let

0 (i=0)
pi = %(%@i)l (i=1,357, @i2)=-(z—p)+2
%(ﬁ)’ (i=2,4,6,8)
1 (ifk*(k—1) <n < k3 for some k € N)
Fln) = {O (otherwme) ’
Uiz1 9i(S) (it F(n) =1)
n(S) =39 "" or S
2n(5) {Ui—0,1,3,5,7 @i(S) (if F(n)=0) ! <)

and X =(),,s; P1oPyo---0®,(I). It is easy to see that (X,d) is a complete,
doubling, uniformly perfect metric space, where d is the Euclidean metric on X
given by d(z,w) = |z — w|. We also let

{6} (n=0)
Tn = {(wi)izy | w; €{0,1,3,5,7} if F(i) = 1, (otherwise)
w; € {1,...,8} if F(i) = 0}

and T'= | |, T For any w € T, we define

Ouw, O+ 0@y, (otherwise)

@w:{idc (lfw:¢) > Kw:(pw(Q)mX

10} (lf w € Ty Tl)
and 7(w) = el

(wi)iZy  (if w = (w;)}—, for some n > 1).
Then it is easily seen that K is a partition of (X, d) parametrized by (T, 7, ¢),
satisfying the basic framework. Moreover, in the same way as [24, Proposi-
tion 3.11], we have dimarc(X,d) = dimarc(SC, d), where SC is the standard
Sierpinski carpet (recall Figure B). It is also routine work to show that there
exists a Borel measure p such that

w(Ky) = 3*”(5/3)*#{’“3"‘“’“):1} for every n € N and w € T},

and so p is (VD),,.

By the fact 2log 5/(log 3+log 5) < 1.5 < 14+(log2/log3) < dimarc(SC,d) <
2 (see [B2, B3] for the proof of the last two inequalities) and the above argument,
for the proof of Theorem I it suffices to prove the following theorem.

Theorem 5.1. There exists a resistance form (€,F) on X such that the associ-
ated resistance metric R is quasisymmetric to the Euclidean metric d, the limit
ds(p, €, Dy,) exists and is independent of x, and ds(p, £, D,) = 21og5/(log 3+
log 5).

Remark. (1) dimarc(X,d) = dimarc(X, R) because R ~qg d.
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(2) 2log5/(log3+1log5) equals the spectral dimension of the standard Dirich-
let form on the Vicsek set (recall that it is the unique nonempty compact
subset VS of C with VS = U,—¢.1,3,5,7¢;(VS)).

Let

Vo ={p1,p3.p5,p7}, Go={(z,y) e Vox Vo | |z —y| =1},
S {¢m+1o-~-o<1>n<vo> (if m < n)
o Vo (ift m =n)
Gnm ={(@,y) € Vo X Vi | for some w € T,, there exists (2, y") € Gy
such that 0y (2') = @rn-m(w) (@), Puw(y’) = @rn-m(w) ()}

for any n > 0 and 0 < m < n. We also define &, 1, : €(Vim) X £(Vim) — R by

Eom(w) =5 Y (@) —u(y)) (o) ~ v(y)),

(z,y)€Gn,m

then it is clear that (&, m, ¢(Vi,m)) are resistance forms. Here R, ,, denotes the
associated resistance metric and R, ,,, denotes the resistance between sets. For
simplicity of notation, we write
1 -1
(TB)om = Rn({2 € Vi | T0(z) = 3}, {2 € Vi | Im(=) = 51)
and (Pt)n,m = Rn,m(plap5)~

Moreover, we write n instead of n,0 if no confusion may occur. For example,
we write V,, instead of V,, ¢. In the same way as [, Section 4] and [27, Theorem
3.2], we have the following inequalities.

Lemma 5.2. There exists C > 0, satisfying the following conditions for any
n>m>0, z,y eV, andw € T,.

(Z) Rn(x7y) < CRm(xvy)(Pt)n,m and CRn(xvy) > Rm(xvy)(TB)n,m-
(2) C(TB)pm = (Pt)nm > (TB)ym.

3/2}, then

(8) Let A= {z € C||Re(2)|V Im(z)| >
Z Rm((pw(Q) N Vﬂ% pr(A> N Vm)(TB)TL’m

CRTL(SOw(Q) NV, Spw<A) N Vn)

In particular,
(Pt) < CPO (PO < C2(POM(TB) < C3PL),  (5.1)
for any n > m > 0, which follows from (1) and (2).

Remark. C only depends on the structure of the standard 3-adic squares and
resistance estimates for the (graphical) standard Sierpiniski carpet, so does not
depend on m and n.
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For the construction of the desired resistance form, we use the following
proposition which implicitly appeared and is proved in [06, Proof of Theorem
5.1].

Proposition 5.3. Let V' be a finite set and (€,,£(V)) be a resistance form
on V with the associated resistance metric R, for every n > 0. If R(x,y) :=
lim, oo Ry (z,y) > 0 exists for any x,y € V with © # y, then there exists a
resistance form (E,0(V)) such that the associated resistance metric coincides
with R.

Corollary 5.4. Let {V,,} be a sequence of increasing nonempty finite sets and
(En, L(Vy)) be a resistance form on V,, with the associated resistance metric R,
for everyn > 0. If R(z,y) := limy, o0 Ry (z,y) > 0 exists for any z,y € Up>oV,
with © # y, there exists a resistance form on V, such that the associated resis-
tance metric coincides with R, where (V, R.) is the completion of (Uyp>0Va, R).

Proof. Applying Proposition B3 to {(Env,, 4(Vy))}m>n, we obtain the resis-
tance form (L£,,,£(V,,)) such that the associated resistance metric coincides with
R|v, xv, - By [[9, Theorem 2.1.12] and [0, Theorem 3.13], the claim follows. O

Since (Bl) and Lemma B2 (1) and (2) holds, we have

0—2 Rm (l’, y)
(Pt)m
forany 0 < m < nand z,y € V,,, so by Corollary b4 with the diagonal sequence

argument, we obtain a resistance form (€, F) on V., such that for some {n;},en
the associated resistance metric R, satisfies

. an ('T? y)
Ri(z,y) = Jlggo W

Rn(xvy) < 03 Rm(l‘,y)

= Py, (P

(5.2)

for any x,y € Up>o V.
In order to show Vi, = X and R ~qg d, and to calculate ds(u,&,,D,), we
need more detailed evaluation as in [27].

Lemma 5.5. (1) There exist M > 0 such that (Pt)p+ar > 2(Pt)n 2 (Pt)nt1
for anyn > 0.

(2) For each x,y € Up>oVy, let
A(z,y) =min{n | x € p,(I) and y € v (A) for some w € T,},
then Ry(z,y) < (Pt) a(z,y) " for any x,y € Up>oVa.

Proof. (1) Let ki(n,m) denote #{j | m < j < m, f.(j) = 1} and ka(n,m)
denote #{j | m < j <n, f.(j) =1, fu(j + 1) = 0}. Then in the same way
as [24, Theorem 3.2 (1)] but induction of (n— k) for any fixed n, it follows
that there exist C,,Cp, > 0 and p > 1 such that

pkl(n,m)gnfmfkl(n,m)Ctllcz(n,m) g (Pt)n m g pkl(n,m)gnfmfkrl(n,m)Céiz(n,m)
(5.3)
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for any 0 < m < n, because constants do not depend on n and m. There-
fore the lemma follows from (61) and (B3).

(2) We first note that

R, (z,y) <1 for any n € N and z,y € V,, with (z,y) € G, (5.4)
Rn(ow(I), pu(A)) <1 for any n € N and w € T),. (5.5)

By definition of A(x,y), for any n with x,y € V,,, we have {xi}?:A(;c,y)72
and {yi}?:A(w)y%Q such that Ta(z,y)—2 = YA(z,y)—2> Tn = T, Yo = y and
for any A(x,y) —i <i < n, (zi-1,%:) € pu, (Vo) and (yi—1,¥:) € ¢u, (Vo)
for some w;, u; € T;. Then by (1) and (632) and (54),

R, (z,y) 1
0, < 0. Z (Rn (i1, %) + Rn(yi-1,i))

i=A(z,y)—1
- 1
<
~ Z (Pt);
i=A(z,y)—1

o M
Z Z] 1 Pt A(w,y) 1+iM+35,A(xy)—1+iM
0

i Pt)A(w,y) 14+iM
S((PHa@y-1)"" S (P)agey) "

for any n € Nand z,y € V,,.
On the other hand, let w € Ta(,,y) be a vertex appeared in the definition
of A(z,y), then by (63) and Lemma 52 (3),

Rolw,y) _ Rulpu(D), pul4))
PO, — (PO,

(Pt)n,A x, _
zw‘” > (P agey) "

which completes the proof.
O

Proof of Theorem . We first prove d|u, . ,v, ~qs Rx|u,=,v, - By Lemma B33
(1) and (2), there exist a, 7 > 1 such that

o if A(z,y) — A(zx, 2) > Ma for a > 0 then g Ex’yi <a27%
Ri(z,y) _
_ < > .
o If A(z,z) — A(z,y) < a for a > 0 then R*(x,z) at®

Since A(z,z) — A(z,y) < log(6v/2d(z,y)/d(x, 2))/log 3 and the above inequal-
ities hold, there exist t1,ts with 0 < t; < t3 such that

o if d(x,y)/d(z,z) <t; then R.(x,y)/Ri(z, 2) < 61(d(z,y)/d(x, 2)),
e Ri(z,y)/Ri(z,2) < 02((d(z,y)/d(z,2)) V12)
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for x,y, z with z # z, where

0, (t) _ a2(log6\/§t/M log3)—|-17 92(t> _ OéT(IOg 6v/2t/ log 3)-&-1.

It is obvious that there exists a homeomorphism 6 : [0, 00) — [0, 00) satisfying
01(t) < O(t) for t <ty and O(t V t2) < (¢) for t > t1, which proves the desired
quasisymmetry. This also shows a sequence in U,>(V,, is d-Cauchy if and only
if R.-Cauchy, therefore V., = X and d ~qg R.. In other words, (£,F) is the
desired resistance form.

It remains to calculate ds(u, E,, Dy). By Proposition E8 we can apply [0,
Theorem 15.6] for d and obtain

—logp,(1/t,
lim sup ogpu(1/t, @, x)
t—00 logt
: IOg Vd(xv?’in)
=limsup ——————=
n—oo 10g hd(x,?)_”)
Bal) 1508 4 (1 — By jog 5

<limsup n

n—oo @(logS +logp) + (1 — klfl") )(log 5 + log 3) + @ log C,
B log 5
~log5 +log3

for any « € X. (Note that the first equation follows from Lemma PZ20.) Similarly
we have | ) |
lim inf — ogpull/t,z,2) > 085 )
t—o00 logt log5 + log 3

and the proof is complete. O

A Equivalence of local properties

Let us recall that X is a set, (£,F) is a resistance form on X and R is the
resistance metric associated with (£, F). In this appendix we discuss the relation
between the local property of (£, F) and that of the Dirichlet form induced by
(€, F). We also recall that the local property of a Dirichlet form is defined as
follows.

Definition A.1 (Local). Let (Y, p) be a locally compact separable metric space
and v be a Radon measure on Y with full support. A Dirichlet form (F, D) on
L3(Y,v) is called local if E(u,v) = 0 whenever u,v € D have disjoint compact
supports, where the support supp(u) of u € L*(Y,v) is defined as the support
of the measure udv on (Y, p).

By [0, Theorem 9.4], if (€, F) is a regular resistance form satisfying (ACC),
then for each Radon measure x4 on X with full support, (£,,D,,), defined in
the same way as Lemma [C8, is a regular Dirichlet form on L?(X, ). Here we
remark that supp(u) = {z € X | u(x) # 0} because F C C(X, R). Therefore by

31



KOHEI SASAYA

the definition of D,,, (€,,D,,) is a local Dirichlet form (over (X, R)) if (€, F) is
a local resistance form. In this appendix we prove that, under Assumption I8,
the converse direction is also true. Indeed, the following holds.

Proposition A.2. Assume that R is complete and doubling. Then for any
u € F, there exists {un}n>0 C F N Co(X, R) such that supp(u,) C supp(u) for
any n and lim, oo E(U — Up, u — ty) = 0.

Corollary A.3. We make the Assumption @ and let p be a Radon measure
on X with full support. Then the following conditions are equivalent.

(1) E(u,v) =0 if u,v € F and supp(u) Nsupp(v) = §.
(2) (€,F) is a local resistance form.
(8) (£4,D,) is a local Dirichlet form.

Proof. (1) = (2) = (3) is obvious. (3) = (1) follows from Theorem BH and
Proposition B2, O

In the remainder of this appendix, we assume that R is complete and dou-
bling, and prove Proposition BA=. In the same way as the proof of Lemma T3,
the following inequality holds without the uniform perfectness condition.

Lemma A.4. R(B(z,r), B(x,2r)¢) 2 r for any x € X and r > 0.

The following Proposition B3, Corollary B8 and Lemma A2 were proved
in [4] for a general resistance form whose associated resistance metric is not
necessarily doubling. Here we give proofs for the same reason as we did for
Lemma 2T

Proposition A.5 (cf. [[4, Theorem 2.38 (2)]). Let u € F and {up}n>0 C F.
Then lim, o0 E(U—Up, u—uy,) = 0 if and only if imsup,,_, oo €(Un, ty) < E(u, u)
and limy, o (u — uy,)(z) exists in R and is constant on X.

Proof. The necessity is clear by the triangle inequality of £'/2 and (). For
the sufficiency, let {V,, }m>0 be a spread sequence of (X, R) then

E(u,u) = lim_Elv, (ulv,,,ulv,)

- mlgnoo nh—>n;o 5|Vm (un | Vi s un|Vm) S hnnl}onof g(un7 un)7

which proves lim,, o0 £(tUn, un) = E(u,u). Let ul := (u + uyp)/2, then by the
triangle inequality of £1/2, {u? },,>0 also satisfies the same condition as {uy }n>0-
Therefore lim,,_, o E(ul, ul) = E(u,u) and

lim E(u — Up,u — up) = 2E(u,u) + Um (2€ (up, upn) — E(2u), 2uy)) = 0.

n— oo n—oo
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Corollary A.6 (cf. [, Corollary 2.39 (4)]). lim,— 0 £(u — tip, u—ty) =0 for
any u € F, where U, = (uAn)V (—n).

Proof. It immediately follows from Proposition B4 and (IH). O

Lemma A.7 (cf. [I4, Corollary 2.39 (3)]). Let u,v € F be bounded. Then
wv € F and E(uv,uv)? < ||ul|oo€ (v, 0)? + [|0]|0o€ (u, u) /2, where ||u|s =
sup,ex |u(x)].

Proof. This follows from Proposition 210 with easy calculation. O

Proof of Proposition [A2. Since Corollary B8 holds, we only need to show the
case that u € F is bounded and diam(X, R) = oo. Fix some x € X and let f,, be
the optimal function for R(B(x,2"), B(z,2"*1)¢) for each n > 0. Let u,, = fnu,
then wu,, € Co(X, R) and supp(u,) C supp(u). Moreover, u, € F and

lim Sup & () < (£, )+ Julloe lim E(fo, f)"?)* = E(u,u)
n— oo n oo
because of Lemmas B and B74. Therefore lim,, o £(u — Uy, u — u,) = 0 by
Proposition B3, which completes the proof. O
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