Thesis

Universality and Information Flow in
Turbulence

Department of Physics, Kyoto University

Tomohiro Tanogami

January 16, 2023






Abstract

Turbulence appears ubiquitously, often inevitably, in natural environments, engineering
applications, and everyday life. It still remains a major challenge for science, despite its
importance to many other research fields. Turbulence is characterized by cascade transfer,
where inviscid conserved quantities such as energy are conservatively transferred from
large to small scales. Cascade transfer can be regarded as a nonequilibrium cooperative
phenomenon that emerges from strong interference of fluctuations between disparate space-
time scales. This transfer phenomenon is widely observed in various systems, not limited
to ordinary fluids, and underlies the universality in those systems. In this thesis, we
investigate such universal aspects of cascade transfer from the viewpoint of statistical
physics.

In Part I, we aim to establish the concept of “universality class” for cascade transfer. As
a first step toward this end, we explore novel types of cascade phenomena by considering
(i) fluid quite different from ordinary fluid, (ii) ordinary fluid under extreme conditions,
and (iii) a simple model different from a fluid model:

(i) We investigate the similarity and difference between quantum and classical turbu-
lence. By using a phenomenological argument based on the Onsager “ideal turbu-
lence” theory, we show that the compressibility effects can induce a novel energy
cascade, which we call quantum stress cascade, at scales smaller than the mean in-
tervortex distance.

(ii) We explore a novel type of energy cascade by focusing on supercritical turbulence
near a gas-liquid critical point. We find that it exhibits a novel type of energy cascade,
which we call van der Waals cascade, at “microscopic length scales” smaller than the
correlation length of equilibrium density fluctuations. Interestingly, the mechanism
of this novel cascade is analogous to that of the quantum stress cascade in quantum
turbulence.

(iii) We propose a simple model representing one universality class for cascade transfer
without paying much attention to its relevance to real systems. The constructed
model can be regarded as a modified XY model where the amplitude fluctuates.
We show that an inverse energy cascade with a non-Kolmogorov energy spectrum
emerges from spatially local interactions. Interestingly, the behavior of this model is
similar to that observed in spin turbulence and atmospheric turbulence.

In Part II, we aim to elucidate the nature of information flow associated with cascade
transfer in ordinary fluid turbulence. Specifically, we investigate how information flows in
the shell model with thermal noise from an information-thermodynamic viewpoint. We
find that information of turbulent fluctuations flows from large to small scales along with
the energy cascade. Furthermore, our numerical simulations suggest that transferring
information from large to small scales involves enormous thermodynamic costs.
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Chapter 1

Introduction

Our world is filled with various types of fluid flows. Most of these flows exhibit extremely
complicated behavior, described as turbulence.! Turbulence appears ubiquitously, often
inevitably, in natural environments, engineering applications, and everyday life. Despite
its importance to many other research fields, turbulence remains a major challenge and is
sometimes even referred to as “graveyard of theories” [2].

In a nutshell, turbulence is intricate and unpredictable fluid motion caused by inter-
ference of fluctuations between disparate space-time scales. Fluid flow patterns can be
classified by using the Reynolds number Re := UL /v, where U and L denote a characteris-
tic velocity and length scale of the flow, and v denotes the kinematic viscosity. A fluid flow
becomes turbulent when Re is sufficiently large. In particular, turbulence that emerges in
the limit Re — oo is called fully developed turbulence. Throughout this thesis, “turbulence”
shall mean “fully developed turbulence” unless otherwise stated.

Although turbulence appears to be hopelessly complicated, the great efforts of scien-
tists have revealed that some universal aspects are hidden in the disordered fluid motion.
For example, the energy spectrum exhibits a universal power law called the Kolmogorov
spectrum over a wide range of scales, independent of the details of the flow under consider-
ation. Such remarkable universality is believed to be induced by energy cascade process,”
where the energy is transferred conservatively from large to small scales. While the energy
cascade can be described intuitively as the successive generation of smaller vortices by the
stretching of larger vortices, the existence of such a well-ordered unidirectional transport
phenomenon in disordered fluid flow is nontrivial and mysterious. Along with the energy
cascade, turbulent fluctuations also exhibit quite nontrivial and universal behavior called
intermittency, which is the central enigma of turbulence. In this thesis, we focus on these
universal aspects of turbulent cascade.

In the following few sections, we provide a more detailed overview of three-dimensional
fluid turbulence, focusing on the incompressible case where the mass density of a fluid is
constant. For more exhaustive and pedagogical reviews, see, e.g., [4-10]. We begin by
presenting three key experimental observations in the next section. In Section 1.2, we
introduce the Navier—Stokes equation, which can be regarded as the “standard model” of

!The word “turbulence” derives from the Latin turbulentia and has been used to mean “trouble” or
“crowds.” In the context of hydrodynamics, “turbulence” seems to have been used for the first time in
1887 by Lord Kelvin [1]. The main researchers of the time, including Reynolds, Rayleigh, and Boussinesq,
did not use the term “turbulence” but instead used “sinuous motion,” “irregular motion,” “eddy agitation,”
“sinuous path,” etc.

2In the context of turbulence, it seems that the term cascade was used for the first time by Onsager
in his note to Lin [3].
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fluid turbulence. In Section 1.3, we review one of the few exact and nontrivial results in
fluid turbulence, called Kolmogorov’s 4/5-law. Then, in Section 1.4, we describe the main
aim of this thesis and summarize the main contribution.

1.1 Experimental observation

In this section, we describe three important observations from experiments and numerical
simulations of turbulence. Let v(x,t) be the velocity field of the fluid at position & and
time ¢, which can be measured, e.g., by using hot wire anemometers, PIV (Particle Image
Velocimetry), PTV (Particle Tracking Velocimetry), and LDV (Laser Doppler Velocime-
try). Similarly, let v be the kinematic viscosity, which is a material constant different for
each system. Throughout this thesis, we often suppress argument ¢ to simplify the nota-
tion. Hereafter, the bracket (-) denotes some suitable average such as ensemble, spatial, or
time average. The first observation concerns the energy dissipation. Let € be the kinetic
energy dissipation rate defined by

e = v{|Vu|?). (1.1)

Dissipative anomaly

In the inviscid limit v — 0, € does not vanish:

g, = liminfe > 0. (1.2)
v—0

There are many experimental and numerical results that are consistent with this remarkable
phenomenon [11-17|. At first glance, this behavior is counter-intuitive because the energy
dissipation rate is proportional to the viscosity v. In order to achieve a non-vanishing limit
of dissipation, (|Vv|?) must diverge. This observation is at the heart of the Onsager “ideal
turbulence” theory [3, 18|, which will be described in Chapter 2. Since most turbulence
theories are based on this experimental fact, it is often called the “zeroth law” of turbulence.

The second key observation concerns the second-order longitudinal structure function
v (£;x))?), where
v (£ 2y, wh

ov (£ x) == dv(&;x) -

SIS

(1.3)
with
vl x) :=v(x+£) —v(x) (1.4)

denotes the longitudinal velocity increment. Let L be the energy injection scale or integral
scale, which is the characteristic length scale for the generation of turbulence. Similarly,
let n := 13414 be the Kolmogorov dissipation scale, where the viscous effects become
relevant. As Re increases, the dissipation scale 1 becomes much smaller than the injection
scale L, and we can take the intermediate asymptotic limit n <« ¢ < L, which is called
the inertial range. For atmospheric boundary layer turbulence, for instance, these length
scales are typically L ~ 100m and 1 ~ Imm with Re ~ 10" and v ~ 0.1cm?/s [19,20].
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s Two-thirds law ~N

In the inertial range n < ¢ < L, the second-order longitudinal structure function
exhibits the following power law:

((5vy (€; 2))?) = Coe®/30%/3, (1.5)

where Co = 2.0 £ 0.4 is a dimensionless constant, which may not be universal.
This two-thirds law is equivalent to the five-thirds law for the energy spectrum, which
is called the Kolmogorov spectrum:

E(k) = Cxe®Pk=3  for ky <k < ky, (1.6)

where k¢ := L' and k, :=n~1.

N /

The energy spectrum satisfies the relation 3 (|v|?) = Jo© dkE(k) and can be interpreted as
the mean kinetic energy per unit mass at scale k. We note that the Kolmogorov spectrum
can be obtained by a simple dimensional analysis. Indeed, if we suppose that E(k) depends
only on € and k in the inertial range, then we obtain E(k) ~ ¢2/3k~5/3. Historically, (1.5)
was derived by Kolmogorov from his 4/5-law by assuming self-similarity of the velocity
field at a time when there were no convincing experimental data to suggest the two-thirds
law [21].%

We now consider the higher-order longitudinal structure function ((év (£; ))?) (p > 2).
If we assume self-similarity of the velocity field

Sv(\; ) L Nesv(l ), (1.7)

i.e., ov(\M;x) and \'6v(£;x) have the same statistical property for a unique scaling ex-
ponent A € R, for all x € 2 and £ in the inertial range, the two-thirds law implies that
h = 1/3. Therefore, we expect that

(B (& z))P) = CpePPP for n< <L (1.8)

with a dimensionless constant C’p.4 This scaling is called K41 scaling, since it was obtained
in Kolmogorov’s 1941 paper [21,22]. Interestingly, many experiments and numerical sim-
ulations suggest that (1.8) is questionable especially when p > 4. The breakdown of
self-similarity is called intermittency.

-~ Intermittency ~

In the inertial range n < ¢ < L, the p-th order longitudinal structure function displays
the power-law behavior

(Sv) (& ))7) ox (% (1.9)

with the exponent (, that is not exactly p/3.
N J

3He also derived (1.5) by assuming universality of small-scale statistical properties [22]. This univer-
sality assumption is questionable, as first pointed out by Landau [5,23]. It should also be noted that the
Kolmogorov spectrum was independently discovered by Obukhov [24,25], Onsager [26], von Weizsdcker [27],
and Heisenberg [28].

4Even if Cy is universal, there is no guarantee that C,, for p # 2 is universal. At present, only Cs is
found to be universal.
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Fig. 1.1: p-dependence of the exponent (,. Black circles, white squares, and white circles denote experi-
mental data from [29]. Solid line denotes (, = p/3. Dashed line denotes the prediction of the log-normal
model: ¢, = p/3+u(3p—p?)/18 with = 0.2 [30,31]. Dotted line denotes the prediction of the log-Poisson
model: ¢, = p/9 + 2 — 2(2/3)?/ [32-34]. Dash-dotted line denotes the prediction of the Ruelle model:
¢ =p/3—InT'(p/3+1)/Ink with k = 22 [35-37].

Figure 1.1 shows experimental data from [29]. The solid, dashed, dotted, and dash-dotted
lines denote the theoretical prediction based on various models. It clearly shows the break-
down of self-similarity. The scaling exponent (, is believed to be universal.” By introducing
the anomalous dimension 6¢, := (, — p/3, (1.9) can be expressed as

0Cp
(o)) = e (1) (1.11)

From this expression, we see that deviations from K41 scaling require that the structure
functions explicitly depend on the injection scale L. In other words, the small-scale tur-
bulent fluctuations “remember” the number of “cascade steps”’ logy(L/¢) [10]. Intuitively,
intermittency corresponds to the occurrence of clumps of intense turbulent fluctuations in
a relatively quiescent background.

1.2 “Standard model” of turbulence

To understand these remarkable and mysterious behaviors of fluid turbulence, we need
some phenomenological model. While there can be a variety of such models,’ it is believed
that incompressible fluid turbulence can be described by the Navier—Stokes equation:

v +v-Vu =—Vp+vVv. (1.12)

This is a nonlinear and nonlocal equation that governs the time evolution of the velocity
field v(x,t) with V- v = 0. Here, p(a,t) denotes the pressure divided by the constant

® A more precise definition of the scaling exponent ¢, is as follows [5,10]:

(p := liminf M
P

0 In(¢/L) (1.10)

5« Nature gives physicists phenomena, not equations” [38].
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mass density of a fluid p(x,t) = p. Although the existence and uniqueness of the solution
of the Navier-Stokes equation are still unknown,” this model probably contains all of the
turbulence [5]. The Navier—Stokes equation can be derived from the Boltzmann equation
(for dilute gases) [40], lattice gas models [41], and even Hamiltonian particle systems [42].
For later convenience, here we describe the inviscid conservation laws of the Navier—Stokes
equation. We suppose that a fluid is confined in a cube Q = [0, Lg]? with periodic boundary
conditions. Let (-)q := [, d*x - /|Q| be the spatial average.

e Inviscid conservation law of energy.
The mean kinetic energy per unit mass (|v|?)q/2 obeys the following balance equa-

tion:®

% <;|v|2>Q = —(|Vv|*)q. (1.13)

Note that (|[Vv|?)q can be rewritten as (|w|?)q, which is called mean enstrophy.’

e Inviscid conservation law of helicity.
The mean helicity (v - w)qo/2 obeys the following balance equation:

1
C;lt<2'v-w>Q = —v{w- -V Xw)q, (1.14)

where w := V X v denotes the vorticity field.
In two-dimensional flow, there is an additional inviscid conservation law:

e Inviscid conservation law of enstrophy (in two-dimensional flow).
The mean enstrophy (|w|?)q/2 obeys the following balance equation:

d

G (G} == xwPia. (135)

In the inviscid limit ¥ — 0, the energy and helicity (and enstrophy in two-dimensional
flow) become conserved quantities if the velocity field is sufficiently smooth. Therefore, we
call such quantities inviscid conserved quantities. In deriving these inviscid conservation
laws, we have assumed that the velocity and pressure fields are sufficiently smooth. While
we conjecture that this assumption is valid for finite positive viscosity, it may breakdown
for the solutions of the Euler equations, as first conjectured by Onsager [3,18|. We finally
note that the nonlinear term in the Navier—Stokes equation does not contribute to the
balance equations for inviscid conserved quantities. As we will see in the next section, the
nonlinear term redistributes the inviscid conserved quantities over a wide range of scales.

1.3 Milestone: Kolmogorov’s 4/5-law

At present, there is no satisfactory theory that can derive the empirical laws presented
in Section 1.1 based on the Navier—Stokes equation. Still, for the third-order longitudinal

"This is one of the million-dollar prize problems: https://www.claymath.org/millennium-problems/
navier-stokes-equation. Its mathematical status is summarized in [39].

8The words “mean” and “per unit mass”’ are often omitted.

9Only the quantity v|Vu(z,t)|?> deserves to be called the local energy dissipation, because it is possible
that there is no energy dissipation although |w(z,t)|? is finite.


https://www.claymath.org/millennium-problems/navier-stokes-equation
https://www.claymath.org/millennium-problems/navier-stokes-equation
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structure function ((év)(; x))3), an exact relation can be derived. This exact relation was
first derived by Kolmogorov, and it is called Kolmogorov’s 4/5-law [21].

-~ Kolmogorov’s 4/5-law ~

By assuming homogeneity, isotropy, and dissipative anomaly, the third-order longi-
tudinal structure function for ¢ < L takes the following form in the inviscid limit
v — 0O

((5v||(£;a:))3> = —gsﬁ. (1.16)
N J

Here, homogeneity means that dv(€; z+7) 4 dv(£;x) for all x € Q and r, £ small compared
to L. Similarly, isotropy means that Rév(R™1¢; z) 4 dv(;x) for all x € 2, R € SO(3),
and £ small compared to L. The 4/5-law is one of the few exact and nontrivial results in
fully developed fluid turbulence. We note that the two-thirds law can be derived from the
4/5-law if we assume self-similarity. The important point here is that the dimensionless
constant C3 = —4/5 does not depend on the details of the flow under consideration. That
is, Kolmogorov’s 4/5-law is a universal relation, which is valid for all types of flow that
satisfies the assumptions imposed in deriving it. There is compelling experimental and
numerical support for this law [43-45].

Below, we provide an outline of the proof. To this end, we first show that kinetic
energy is transferred conservatively from large to small scales in three-dimensional fluid
turbulence. We will see that this energy cascade is crucial in deriving the 4/5-law and
underlies the universality.

Energy cascade. We consider the Navier—Stokes equation with the external force that
acts at large scales ~ L = k:JTI:

v +wv-Vv=-Vp+vViv + f. (1.17)

To investigate the energy transfer across scales, we introduce the low-pass filtering operator
Pr :a(x) = ax(x), (1.18)

which sets to zero all Fourier components of any field a with wavenumber larger than K:

ap(x) = ape®®, (1.19)

where @y = [, d®*xa(z)e @ is the Fourier coefficient with wavevector k € (2m/Lq)Z>.
Note that P is a projection operator, Px = Pr 0Py, and commutes with V. By applying
P to the Navier-Stokes equation, we obtain the time evolution equation for the large-scale

energy (Jus %) /2
1 2 21512 Foa
o0 (SRl ) =T —v Y Rlou) + X (-0 (1.20)
|k|<K |k|<K
Here, I denotes the scale-to-scale energy flux through wavenumber K:

g := —(Vog : (Pg [vv] — vivg)). (1.21)
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E(k)

Fig. 1.2: Schematic of energy cascade. The kinetic energy in the shaded region corresponds to the large-
scale energy (|Jv|?)/2.

From this expression, we can see that Ilx represents the nonlinear interference between
large and small scales. The second term on the right-hand side of (1.20) denotes the viscous
dissipation, and the last term denotes the energy injection due to the external force. We
note that if we take the limit K — oo for fixed v, we recover the energy balance equation:

d

dt <;|vl2> = —v{[Vol*) + (f - v). (1.22)

Now, we take the inviscid limit v — 0 (i.e., k, = 771 — 00) for fixed K in (1.20). Then,
we find that

v Yy K (o) < vE(lvgl)
k|<K

< vK*(|Jvf*) — 0. (1.23)

Next, we take the limit K' — oo with fixed k. Since f acts only at large scales ~ L = k;l,
we obtain

S (Fe k) > {(F o) (1.24)
k| <K
By assuming the dissipative anomaly & := v(|Vw|?) > 0 in the inviscid limit, we have

(f - v) = € in the steady state. Therefore, we obtain

Klgnoo lg%HK = €. (1.25)
This relation states that the scale-to-scale energy flux is independent of K in the inertial
range ky < K < k,. In other words, the kinetic energy is transferred conservatively
from large to small scales (Fig. 1.2). This is the energy cascade phenomenon and governs
the energy distribution in the k-space. Since this phenomenon was intuitively described
by Richardson as the successive generation of smaller vortices by the stretching of larger
vortices, the energy cascade in ordinary fluid turbulence is also called the Richardson
cascade.
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Outline of the proof of Kolmogorov’s 4/5-law. We prove the 4/5-law in the steady
state regime, although it is valid even in freely decaying turbulence. Our starting point is
the relation (1.25). We use the fact that IIx can be expressed in terms of the third-order
longitudinal structure function if we assume homogeneity and isotropy:

((6v) (&)%)
.

1 [  sin(K(
M = — L [ S0
67T 0

(14 £0¢)(3 + £0¢)(5 + £Dy) (1.26)

For the derivation of this expression, see, e.g., [5]. By substituting this expression into
(1.25) and changing variable from ¢ to x = K¢, we obtain

o
~ lim lim [ de iR (ﬁ) =, (1.27)
K—oov—0 /g xT K

where we have introduced

((6v) (£ 2))%) _

F(0) 1= (14 £05)(3 + £05) (5 + £0r) ~—

(1.28)

By noting that fooo dxsinx/x = 7/2, we obtain the following differential equation for small

L:

F(0)=—Zc. (1.29)

™

By solving this equation, we obtain

Svy (€; x))? 4
W = —55+A£‘1 + Bl 340070, (1.30)
where A, B, and C are constants. Therefore, the only solution that ((dv(€;x))?) — 0 as
¢ —0is"
((6v)(£;2))%) 4

lim lim ——— = ——¢. 1.31
ng(l)yli}% Y4 56 ( 3)

Remark 1: dimensional analysis. Here, we remark that dimensional analysis pro-
vides results consistent with Kolmogorov’s 4/5-law. Let vy be the characteristic velocity
associated with the length scale £ < L, which is defined, for instance, as ((6v) (¥; x)))/2,
Similarly, we denote by vy, ~ vms := (Jv|?)'/? the characteristic velocity at the injection
scale L. Then, the characteristic time scale for an eddy of size ~ £ to be stretched into
smaller eddies reads

¢
~—. 1.32
e~ (1.32)
This time scale is called eddy turnover time or circulation time associated with the length
scale £. In particular, 77, is called the large-eddy turnover time. Now, let II; be the energy
flux from scales ~ £ to smaller scales, which may be defined as I in (1.21) with K ~ ¢71.

By using vy and 7, we estimate I, as

2 3
T, ~ 26 Y% (1.33)
Te l

'We note that the condition ((dv(¢;x))®) — 0 as £ — 0 is an assumption, since the limit v — 0 is
taken before the limit £ — 0.
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We now assume the dissipative anomaly. Then, in the inertial range n < ¢ < L, where
there is neither external energy injection nor viscous dissipation, the energy flux should be
independent of £ and equal to the energy dissipation rate:

I, ~ e. (1.34)
From (1.33) and (1.34), we obtain
vg ~ eV/303, (1.35)

This estimation states that the velocity field is scale-invariant with exponent h = 1/3,
which is consistent with Kolmogorov’s 4/5-law. Furthermore, by substituting this expres-
sion into (1.32), we find that

Ty~ e Y302, (1.36)

Thus, the small-scale eddies evolve faster, or in other words, the cascade is accelerated
as ¢ decreases. By extrapolating the estimation (1.35) to the injection scale L, we can
obtain Taylor’s estimation of the energy dissipation ¢ ~ v /L [46]. We remark that the
Kolmogorov dissipation scale 1 can also be obtained by comparing the eddy turnover time
7¢ with the characteristic time scale for viscous dissipation 7 := (2 /v:

Ty~ Ty is
n~ v e V4w Re ¥/4L (1.37)

In the atmospheric boundary layer turbulence, the large-eddy turnover time can be esti-
mated as 77, ~ 1Imin. Therefore, the cascade may reach from L ~ 100m to n ~ 1lmm within
a few minutes.

Remark 2: cascade and universality. One important property about energy cascade
not mentioned above is scale locality. Energy cascade is scale-local if only modes near a
given scale mainly contribute to the energy transfer at that scale. It is believed that the
universality of small-scale turbulent fluctuations is due to this scale-local cascade process |5,
10]. In other words, small-scale turbulent fluctuations “forget” the details of large scales
because of the chaotic nature of the stepwise cascade process.

1.4 Overview of this thesis

So far, we have reviewed some of the most notable experimental observations and theo-
retical achievements on fully developed fluid turbulence. In particular, we have seen that
turbulence exhibits rich universal behaviors despite its seemingly extremely complicated
flow patterns. Importantly, energy cascade lies at the core of this remarkable universality
of small-scale turbulent fluctuations. In this thesis, we investigate the universal aspect
of energy cascade from the viewpoint of statistical physics. Below, we describe the main
purpose of this thesis and summarize the main contribution.

Part I: Toward establishing the concept of “universality class” for cascade
transfer

It is important to note that cascade transfer phenomenon is not limited to kinetic energy,
but is also possible for other inviscid conserved quantities, such as enstrophy and helicity.
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Remarkably, such cascade transfer phenomena are widely observed in various systems,
including quantum fluids, elastic bodies, and spin systems [47-59]. For example, it is known
that quantum turbulence, which is explained below, exhibits the Kolmogorov spectrum
at scales larger than the mean intervortex distance, although the governing equation is
different from the Navier—Stokes equation [47-51]. Thus, cascade transfer phenomena are
ubiquitous and underlie the universality observed in various systems. This fact motivates
us to systematically classify various cascade phenomena by establishing the concept of
a “universality class,” as in equilibrium critical phenomena. As a first step toward this
end, we explore novel types of cascade phenomena by considering (i) fluid quite different
from ordinary fluid, (ii) ordinary fluid under extreme conditions, and (iii) a simple model
different from a fluid model. Specifically, (i) we investigate the similarity and difference
between quantum and classical turbulence [60, 61], (ii) explore a novel type of energy
cascade by focusing on supercritical turbulence [62], and (iii) construct a simple model
where energy cascade emerges from spatially local interaction [63]. Below, we provide a
brief summary of these three works.

(i) Quantum turbulence

Quantum fluids, such as superfluid helium and atomic Bose-Einstein condensates, also ex-
hibit complicated and unpredictable fluid motion, which is called quantum turbulence [47-
51]. We focus on pure quantum turbulence, where the temperature is sufficiently low so
that the viscous normal fluid density is negligible compared to the inviscid superfluid den-
sity. Different from ordinary fluids, the vorticity in quantum fluids is quantized [18,64].
Many experiments and numerical simulations suggest that at scales larger than the mean
intervortex distance ¢;, quantum turbulence exhibits the Richardson cascade with the
Kolmogorov spectrum, while at scales smaller than ¢;, a novel energy cascade specific to
quantum turbulence emerges. This novel energy cascade is believed to be induced by the
interaction of Kelvin waves of different wave numbers on a single quantum vortex, and is
called Kelvin-wave cascade. While the nature of the Kelvin-wave cascade has been inten-
sively investigated over recent decades, the effects of compressibility on the novel cascade
remain to be elucidated. Because the superfluid density changes significantly in the vicin-
ity of quantum vortices, the compressibility effects can induce a nontrivial impact on the
energy cascade.

In Chapter 3, we aim to reveal the compressibility effects on the energy cascade. To this
end, we theoretically analyze the Gross-Pitaevskii equation by taking a phenomenological
approach based on the Onsager “ideal turbulence” theory. We show that the compressibility
effects can induce a novel energy cascade, which we call quantum stress cascade, at scales
smaller than ¢;. We conjecture that the incompressible part of this quantum stress cascade
corresponds to the conventional Kelvin-wave cascade.

(ii) Van der Waals turbulence

In ordinary fluid turbulence, the Kolmogorov dissipation scale 7 is overwhelmingly larger
than the microscopic length scales such as the molecular mean free path Ang, [5], and
thus the cascade never reaches microscopic length scales. However, if we consider the
strong turbulent regime of a supercritical fluid near a gas-liquid critical point, where the
correlation length of equilibrium density fluctuations & reaches a macroscopic order of
magnitude, the cascade possibly reaches “microscopic length scales” smaller than £&. Then,
we ask how the Richardson cascade is modified by density fluctuations at scales smaller
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than &.

In Chapter 4, we answer this question by investigating hydrodynamic equations called
the Navier—-Stokes—Korteweg equation. This equation includes the stress due to the density
fluctuations determined by the van der Waals theory. By using a similar argument devel-
oped in Chapter 3, we show that supercritical turbulence near a critical point exhibits a
novel type of energy cascade, which we call van der Waals cascade, at “microscopic length
scales” smaller than £. Interestingly, the mechanism of this novel cascade is analogous to
that of the quantum stress cascade in quantum turbulence. In other words, pure quantum
turbulence and this van der Waals turbulence may belong to the same “universality class.”

(iii) Simple XY model for cascade transfer

Since we are interested only in the universal aspect of cascade transfer, it is sufficient
to investigate the simplest model that describes it. Simple models have provided phe-
nomenological perspectives on various phenomena such as critical phenomena [65], phase
separation [38,66], directed percolation [67], surface growth [68,69], and flocking [70]. Here,
we aim to construct a simple model representing one universality class for cascade transfer
without paying much attention to its relevance to real systems. In doing so, we regard
cascade transfer as a cooperative phenomenon and ask how it emerges from spatially local
interactions.

In Chapter 5, we propose such a simple model that represents a different “universality
class” from ordinary fluid turbulence. The constructed model can be regarded as a modified
XY model where the amplitude fluctuates. We show that an inverse energy cascade with
a non-Kolmogorov energy spectrum E(k) o< k=3 emerges from spatially local interactions.
Interestingly, the behavior of this model is similar to that observed in spin turbulence and
atmospheric turbulence.

Part II: Information flow in turbulence

At the end of Section 1.3, we mentioned a common intuitive picture of the origin of uni-
versality that small-scale turbulent fluctuations “forget” the details of large scales because
of the chaotic nature of the stepwise cascade process. Somewhat contrary to this picture,
it is known that, along with the energy cascade, fluctuations of small-scale quantities (e.g.,
the energy dissipation rate) follow those of large-scale quantities (e.g., the energy injection
rate) with a time delay that corresponds to the large-eddy turnover time [71-73|. Moreover,
the energy cascade induces chaos synchronization of small-scale motions, where small-scale
velocity field is slaved to the chaotic dynamics of large-scale velocity field [74-78|. These
phenomena suggest that information of large-scale turbulent fluctuations is transferred to
small scales.

In Chapter 7, we aim to elucidate the nature of information flow in ordinary fluid
turbulence from an information-thermodynamic viewpoint [79]. To this end, we employ
the framework of fluctuating hydrodynamics to explicitly take thermal fluctuations into
account. Specifically, we use the shell model with thermal noise, which is a simplified
caricature of the fluctuating Navier—Stokes equation. Information thermodynamics is es-
sentially stochastic thermodynamics for subsystems [80,81] and provides constraints that
are consistent with thermodynamics on the exchange of information between subsystems.
This approach not only enables us to obtain fundamental constraints on information flow,
but also allows comparative studies with other information processing systems.
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We show that information of large-scale eddies is transferred to small scales along
with the energy cascade. The information transfer rate is characterized by the large-eddy
turnover time. Furthermore, we numerically show that the information-thermodynamic
efficiency is extremely low compared to other information processing systems such as
Maxwell’s demon. This result implies that transferring information from large to small
scales involves enormous thermodynamic costs, indicating the poor performance of turbu-
lence as an information processing system.

1.4.1 Organization of the thesis

The remainder of this thesis is organized as follows (see also Fig. 1.3).

Part I consists of Chapters 2, 3, 4, and 5:

e In Chapter 2, we briefly review the Onsager “ideal turbulence” theory, which can be
regarded as a central pillar of our understanding of fluid turbulence. The Onsager
theory provides exact results consistent with various experimental facts and rich
phenomenological perspectives, which will be used in Chapter 3 and 4.

e In Chapter 3, we investigate the similarity and difference between quantum and
classical turbulence. Specifically, by taking a phenomenological approach based on
the Onsager “ideal turbulence” theory, we show that the compressibility effects can
induce a novel energy cascade, which we call quantum stress cascade. This chapter is
based on |T. Tanogami, Phys. Rev. E 103, 023106 (2021)] and |T. Tanogami, Phys.
Rev. E 105, 027102 (2022)].

e In Chapter 4, we explore a novel type of energy cascade by focusing on supercritical
turbulence near a gas-liquid critical point. We show that supercritical turbulence
near a critical point exhibits a novel type of energy cascade, which we call van der
Waals cascade. This chapter is based on [T. Tanogami and S.-i. Sasa, Phys. Rev.
Research 3, L032027 (2021)].

e In Chapter 5, we construct a simple model representing one universality class for
cascade transfer without paying much attention to its relevance to real systems. We
show that an inverse energy cascade with a non-Kolmogorov energy spectrum emerges
from spatially local interactions. This chapter is based on [T. Tanogami and S.-i.
Sasa, Phys. Rev. Research 4, 1022015 (2022)].

Part II consists of Chapters 6 and 7:

e In Chapter 6, we introduce several information-theoretic quantities and briefly review
stochastic thermodynamics and information thermodynamics, which will be used in
Chapter 7.

e In Chapter 7, we investigate the nature of information flow in ordinary fluid turbu-
lence from an information-thermodynamic viewpoint. We show that information of
turbulent fluctuations flows from large to small scales along with the energy cascade.
This chapter is based on |T. Tanogami and R. Araki, arXiv:2206.11163|.

Finally, in Chapter 8, we conclude this thesis with some future perspectives.
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Chapter 2

Onsager’s “ideal turbulence” theory

In this chapter, we briefly review the Onsager “ideal turbulence” theory [3,10,18,82|. In
the previous chapter, we have seen that dissipative anomaly is one of the most crucial ex-
perimental facts in three-dimensional fluid turbulence. This phenomenon implies that the
velocity field does not remain differentiable in the inviscid limit and that the core of turbu-
lence can be described by “non-differentiable solutions,” or in modern terms, weak solutions,
of the Euler equation. This observation is at the heart of the Onsager “ideal turbulence”
theory. The Onsager theory has been extended to various turbulent phenomena, such
as two-dimensional enstrophy cascade [83,84], three-dimensional helicity cascade [85, 86],
magnetohydrodynamic turbulence [87-89|, compressible turbulence [90-95], collisionless
plasma turbulence [96], and relativistic fluid turbulence [97]. Although the Onsager theory
involves sophisticated mathematical concepts such as weak solutions, it also provides a
phenomenological perspective on the relation between cascades and the singularity of the
velocity field. Such a phenomenological perspective provides a basis for the argument in
Chapter 3 and 4.

This chapter is organized as follows. In the next section, we explain the so-called
Onsager’s conjecture. In Section 2.2, we briefly explain the outline of the proof of the first
part of the conjecture. Some mathematical concepts and results introduced in this section
will be used in Chapter 3 and 4. In Section 2.3, we provide a brief introduction to the ideas
behind the proof of the second part of the conjecture. Concluding remarks are provided
in Section 2.4.

2.1 The Onsager conjecture

At the end of his 1949 paper [18|, Onsager provided the following remark, which is now

called the “Onsager conjecture”:!

“It is of some interest to note that in principle, turbulent dissipation as described
could take place just as readily without the final assistance by viscosity. In the
absence of viscosity, the standard proof of the conservation of energy does not
apply, because the velocity field does not remain differentiable! In fact it is
possible to show that the velocity field in such “ideal” turbulence cannot obey
any LIPSCHITZ condition of the form

lv(r" +7) —v(r')] < (const.)r"™,

!Onsager was aware of Taylor’s estimation of the energy dissipation & ~ v3,s/L [46] and of Dryden’s
experiments suggesting the existence of dissipative anomaly [11].

17
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for any order n greater than 1/3; otherwise the energy is conserved. Of course,
under the circumstances, the ordinary formulation of the laws of motion in
terms of differential equations becomes inadequate and must be replaced by
a more general description; for example, the formulation (15) in terms of
FOURIER series will do. The detailed conservation of energy (17) does not
imply conservation of the total energy if the number of steps in the cascade is
infinite, as expected, and the double sum of Q(k, k') converges only condition-
ally.”

This remark can be summarized in the following two statements:

e Onsager conjecture ~
Let v be a (generalized) solution of the Euler equation with Holder exponent h:
lv(x+7) —v(x)| < C’rh, Vr, x,
where C' is a constant independent of 7, x.
1. If h > 1/3, then energy is conserved.

2. For h < 1/3, there are solutions that dissipates energy.

N J

Historically, the Onsager conjecture seems to have been nearly forgotten for a long time
until rediscovered by Eyink [3,98]. In [98], a result close to the first part of the Onsager
conjecture was proved in terms of weak solutions, which can be regarded as the modern
concept corresponding to “general description” in Onsager’s remark. Shortly thereafter,
Constantin et al. found a proof of the first conjecture and even obtained a sharper result
based on Besov spaces [100]. In later work, Duchon and Robert provided another similar
proof for the first conjecture by using the so-called point-splitting reqularization and estab-
lished the connection between the Onsager conjecture and the Kolmogorov 4/5-law [101].
Remarkably, Onsager had obtained results similar to those of Duchon and Robert in his
unpublished notes (see pp. 14-18 of [attps://ntnu.tind.io/record/121183| for his hand-
written notes and [3| for a historical review).

The second part of the conjecture was almost certainly not proved by Onsager and has
a long history. The first related result was provided by Scheffer [102| and Shnirelman [103],
although they were not motivated by the Onsager conjecture. They constructed a nontrivial
weak Euler solution with compact support in space and time, which is hard to interpret
physically. The essential idea toward settling the second conjecture was proposed by De
Lellis and Székelyhidi Jr [104-107]. Remarkably, their idea is closely connected with the
Nash—Kuiper theorem [108-110] and Gromov’s homotopy principle (or h-principle) [111,
112]. Based on their program, the second conjecture was finally proved by Isett [113] and
Buckmaster et al. [114].

Below, we provide a brief sketch of the proof of the Onsager conjecture. We mainly focus
on the first part of the conjecture, because some mathematical concepts and arguments in
the proof provide a basis for the phenomenological approach used in Chapter 3 and 4.

*Even in the review article on turbulence by J. von Neumann in 1949 [99], Onsager’s remark is not
mentioned. In this article, Neumann reviews, e.g., the K41 theory, Heisenberg’s theory, and the Burgers
equation, and emphasizes the importance of numerical simulations in turbulence research.
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2.2  On the first part of the conjecture

Here, we sketch the proof of the first part of the Onsager conjecture following Constantin et
al. [100]. Before we proceed to the sketch of the proof, we first introduce some mathematical
concepts.

2.2.1 Some mathematical concepts

Here, we introduce some mathematical concepts and useful results without proof. The em-
phasis is on relevance to physics rather than mathematical rigor. For more mathematically
rigorous definitions and proofs, see, e.g., [115-117].

LP-norm

To prove the first part of the Onsager conjecture, we need to measure the “size” of the
energy flux. Therefore, we introduce the LP-norm: for any measurable function f :  — R,
LP-norm of f is defined by*

1 Hr p .
= | (i) =il it asp<on g
Il = esssupg | it p=co

The set of all measurable functions f : @ — R such that || f]|, < oo is called L? space,
denoted by LP(Q).* For a vector @ :  — R™, we define ||a|, = |/|al|, with |a| :=
Va? + a3+ -+ a2, For amatrix A = (a;;), we define its LP-norm ||A[|, = [||A|||, via the

Frobenius norm |A| := />, Zj laij|?.

(Generalized) Holder inequality

Suppose p,q,r € [1,00] satisfy 1/p+1/q¢ =1/r and f € LP(Q) and g € LI(R2). Then,
fg € L"(Q) and

1fgll- < 11fllpllglq- (2.2)

Minkowski inequality

Suppose p € [1,00] and f,g € LP(Q2). Then, f + g € LP(£2) and

1+ glly < [1fllp + llgllp- (2.3)

From the Hoélder inequality, we note that || f||, < || fll4 for p < q.

3Here, we employed the definition where the integral is normalized by |2] so that the absolute structure
function can be expressed as (|dv(r; )|?)a = ||dv(r;-)||3.

4Strictly speaking, LP(Q) is not a space of functions, but of equivalence classes. That is, we identify
two functions if they are equal almost everywhere.
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Besov regularity

Next, we introduce the Besov regularity, which is a “LP-version” of Hélder continuity [90,
118,119]. A function a € LP(Q2) (p € [1, o0]) with

16a(r; )l < Cr (2.4)

is called Besov regular with pth-order Besov exponent o). ° Note that Besov regularity of
p = oo corresponds to uniform Holder continuity:

|da(r;x)| < Croe=, Vo € Q. (2.6)
In the context of turbulence, note that [|[dv(r;-)||, is essentially the traditional absolute
structure function (|dv(r; x)|P)q = ||dv(r;-)|b:
T\ P
(Fv(r@) ) ~ v (1) for <L, (2.7)

where the symbol ~ means that

In(|dv(r; z)[")q

=1 f 2.
G = l];ﬂ_)l(r)l In(r/L) (28)
Therefore, if o, is the maximal Besov exponent of order p for the velocity field, i.e.,’
In ||6v(r;-
op = liminf I lov(rs )llp (2.11)

70 In(r/L)
then o, = (,/p [10].

Mollification

We now introduce mollification or coarse-graining procedure. Let Gy(r) := £=3G(r/{) be
the Friedrichs mollifier with ¢ > 0, where G € C§°(2) satisfies

(2.12)

0,
0 for r>1, (2.13)

/ BrG(r) = (2.14)
Q

"More precisely, the Besov space By”'™ (Q) comprises measurable functions f : @ — R such that the
following Besov norm is finite:

1750 =0y = 15l + sup 1L, (2.5)

Ip

5n other words, for every e > 0, there exists a § > 0 such that whenever ¢ < §, we have

In||dv(r;-)

ll»
— e < inf < 2.
op—esil = iy Sorte (2:9)
By noting that In(r/L) < 0, this implies that
pte op—e€
Ir<t, |sv(r; ), > c( ) and Vr<f, [6v(r;)|p < c( ) . (2.10)

That is, v € Bp>°(2) for any o < op, while v ¢ B;*°(Q) for any o > op.
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For convenience, we also assume isotropy: G(r) = G(r) with r := |r|. For any locally
integrable function a(x),” we define a coarse-grained field at length-scale £ > 0 as

a)(x) = /Qd?’rGg(r)a(a: +7r). (2.15)

Note that the coarse-grained field a, is a smooth function because of the smoothness of
the mollifier. We remark that if f € LP(Q) for 1 < p < oo, then f, € LP(f2) with

I fellp < 11£1lp, (2.16)
and f, — f in LP(Q) as £ — 0:

lim || f, — =0. 2.1
lim ||, = fll, =0 (2.17)

Weak solution

We introduce a weak solution (also called distributional or generalized solution) of the
FEuler equation through the coarse-graining procedure. We consider the incompressible
Euler equation:

ov+v-Vv=-Vp, (2.18)
Vv =0. (2.19)

For simplicity, we assume that the solution is differentiable in time and do not consider
external forces. Because the coarse-graining operation commutes with space and time
derivatives, coarse-graining of (2.18) and (2.19) reads

Oy + V - [00 + (v, v)] = —Vpy, (2.20)
V.5 =0, (2.21)

where we have introduced the small-scale stress tensor

T¢(v,v) == (vv), — VVy. (2.22)

Note that the coarse-grained equation is not closed in terms of the coarse-grained fields v,
and py; due to the existence of the small-scale stress tensor 7.

We say that v is a weak solution of the Euler equation (2.18) and (2.19) if it satisfies
the coarse-grained equation (2.20) and (2.21) for all £ > 0. Note that this definition of
weak solution is equivalent to the conventional definition based on distributions [92]. We
remark that weak solutions are not unique in general. That is, there can be more than one
solution even for the same initial data.

2.2.2 Sketch of the proof

We assume that v is a weak solution of the Euler equation that satisfies the Besov regularity

r

1607 )|, ~ Vems (Z)U" for r< L (2.23)

" Locally integrable means that f is integrable for every compact set K C Q, and the set of locally
integrable functions is denoted by L. (Q). For p € [1, 00|, there is a inclusion LP(Q) C Li.(Q).
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with the Besov exponent o, € (0, 1] for some p > 3. Our starting point is the coarse-grained
Euler equation (2.20) and (2.21). We define the large-scale kinetic energy density per mass
as |0g|?/2. From (2.20), we obtain the large-scale kinetic energy balance equation:

1
) <2|W|2> + V- J = -1, (2.24)
where
19 Y. _ _
Jo = | Gloe” + e | o0+ 00 Te(v, ) (2.25)
denotes the spatial transport of large-scale kinetic energy, and

Iy := =V, : 7y(v,v) (2.26)

denotes the scale-to-scale energy flux called deformation work [4], which represents work
done by the large-scale strain Vo, against the small-scale stress 7(v,v).® We note that
for smooth solutions, we obtain II, — 0 as £ — 0.

A key observation in the proof is that II, can be expressed in terms of velocity-
increments dv(r;x) = v(x + r) — v(x). Indeed, the large-scale strain Vo, and the small-
scale stress Ty(v,v) can be expressed as

Vo, = —z/ﬂdST(VG)g(r)év(r;w), (2.28)
ﬁ(v,v):/Qd?’rGg(r)év(r;w)év(T;m)—/Qd?’rGg(r)(Sv(r;w)/Qd?’rGg(r)(Sv(r;w),
(2.29)

where we have used [, @*rVG(r) = 0 in (2.28). Based on this observation, we now evaluate
the scale dependence of the deformation work by using LP-norm. We first note that, by
using the Cauchy-Schwarz and Hoélder inequality,

Mellpys = Vo : 7e(v,v)]],/5
< [IVoellplI7e(v, v)llp/2- (2.30)

For the large-scale strain Vg, we can evaluate its scale dependence as follows:

Vo, = [ [ drveymintrs

p

1
<5 [ eI,

< S 1500l 2.31)

8Note that the deformation work is a spatially local version of the spectral energy flux Il introduced
in Section 1.3. Indeed, by using isotropy of G(r), we can show that the two fluxes are related by [82]

(M) = /O " kP ()T (2.27)

Here, Py(k) := —di|G(k()|* satisfies I dkPe(k) = 1 and Py(k) > 0 for standard mollifier, where G(k) is
the Fourier transform of G(r).
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where C := [, @®p|VG(p)|, and [|6v(0)]|, := SUp|p|<¢ [[6v(7;-)[lp. Therefore, we find that

[Voellp =0 (W) : (2.32)

Similarly, by using the Minkowski and Hélder inequalities, the scale dependence of the
small-scale stress Ty(v, v) can be evaluated as

2
HT@(U,’U)HP/Q < H/ d3rGg(’r)(5’v(r;-)(5v(r;-) + /d3rGg(T)5U('r;.)
Q p/2 Q p
2
< [ #rcumootrsl + ([ rcamiootrol, )
< 200(0)|2 (2.33)
and thus
17e(v, 0)llp2 = OI6v(O)I[}),  p=2. (2.34)
By combining (2.32) and (2.34), we obtain a rigorous upper bound for the deformation
work:
13w (O)]5
11| /3 = O ( 7 L), p=3. (2.35)

From the Besov regularity assumption, we finally obtain
ITLgll,3 = O (£777Y), p>3. (2.36)
Note that

[(e)al < (|He))a
< gl for r>1, (2.37)

where we have used the Holder inequality in the second line. Then, (2.36) implies that
(Mp)q — 0, ie., 9(|,*)a/2 — 0 as £ — 0 if 0, > 1/3 for some p > 3. In other
words, dissipative anomaly requires a singular velocity field with ¢, < 1/3 for any p >
3. Interestingly, in terms of the scaling exponent (, for the absolute structure function,
defined by (2.7), this result implies that {, < p/3 for any p > 3, which is consistent with
intermittency.

2.2.3 Remark: dissipative anomaly and Kolmogorov’s 4/5-law

We can further derive the local energy balance equation in the sense of distributions by
taking the limit £ — 0 in the large-scale kinetic energy balance equation (2.24):

o <;|v|2> 4V [(;W +p) ’u] — _D(v), (2.38)

where D(v) = limy_, Iy, which is independent of the choice of G(r) [101]. D(v) represents
a possible dissipation or production of energy caused by the lack of smoothness in the
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velocity field v. The result (2.36) implies that D(v) = 0 if o, > 1/3 for some p > 3.7
Note that if (, < p/3 for any p > 3, D(v) need not be zero and can be both positive
and negative, reflecting the time-reversal symmetry of the Euler equation. In particular,
for weak solutions of the Euler equation obtained in the inviscid limit of Navier—Stokes
solutions, it is true that D(v) > 0. More specifically, if a sequence of Navier—Stokes
solutions v” converges v” — v as v — 0 in L3-norm, i.e., lim,_,o [|[v¥ —v||3 = 0, then v is a
weak solution of the Euler equation and satisfies the local energy balance equation (2.38)
with the following relation [101]:!71!

D(v) = lii%y\vw? > 0. (2.41)

This relation implies that the Fuler equation has a mechanism for energy dissipation with-
out the aid of viscosity, as pointed out by Onsager.

From the relation (2.41), we can further derive a generalization of Kolmogorov’s 4/5-
law [101]. To see this, we first note that there is an alternative expression for D(v):

D(v) = }i_rf(l)lllé/gdgr(VG)g(r) . 6v(r;:c)|6'v(r;az)|2. (2.42)

In fact, by introducing a point-splitting reqularization of the kinetic energy density as
v - /2, we have'?

O (;v : ﬁe> +V- K;v : w) v+ %(ﬁe’v +POe) + % ((TPo), - (!vl%v)} = —Du(v),
(2.43)

where
Dy(v) = i /Q Br(VE)(r) - Sv(r; )|5o(r; @) (2.44)

Because the left-hand side of (2.43) converges to the left hand-side of (2.38) in the sense of
distributions if v € L3, limy_,g Dy(v) corresponds to D(v). Thus, the relation (2.41) can
be rewritten as

%ii% zllg/ﬂd&r(VG)Z(r) Sov(ryx)|dv(rx) > =& (2.45)

9In fact, since for every test function ¢ € C§°(Q),
{pIle)o| < ll@lloo el (2.39)

for r > 1, we find that lim,_, |(¢Il)a| = 0 if 0, > 1/3 for some p > 3. Thus, II; converges to zero in the
sense of distributions.
10More precisely, D(v) is a nonnegative distribution: for every test function ¢ € C§°(Q), (pD(v))q > 0.
"Here, we have assumed that there are no singularities in the Navier-Stokes solutions at any small,
but finite, viscosity. If there exists the Navier—Stokes singularities, then (2.41) is modified as follows [101]:

D(v) = lim (v|Vo"[* + D(v")) > 0 (2.40)

in the sense of distributions.
12This relation appears in p. 14 of Onsager’s unpublished note [https://ntnu.tind.io/record/121183]
in a space-integrated form (see also [3]).
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with & := lim,_,q ¥|Vv”|?. By using isotropy of G(r) and introducing the angular average

(-)ang := (4m) 7! [z -dw(7), where dw denotes the measure on solid angles, we obtain

£ = lir% 147T/T2dT(G/)g(T)<5U”(7'§ z)|6v(r; ) [*)ang

() (r; @) |00 (7; 2)[*)ang

r

= limw/p?’dpG'(p)
£—0
r=~£Lp
vy (r; 2)]0v(r; )] an
_ _§hm< vy (r; @)|0v(r; x)|*) 3 (2.46)

4 r—0 r

where we have used dv(r;x) := dv(r;x) - 7 and 4 [ p?dpG(p) = 1. Thus, we conclude
that
<5v||(r;m)|5v(r;m)|2>ang 4

li = ——¢. 2.4
THE] T 38 ( 7)

By introducing dv, := dv — dv) 7 that satisfies 7 - v, = 0, we can further show that [120]

(0o @) Yang 4
lim . = —c& (2.48)

Interestingly, while the original Kolmogorov’s 4/5-law requires averaging over ensembles
assuming homogeneity and isotropy, this form of the 4/5-law is valid for individual real-
izations.

2.3 On the second part of the conjecture

The proof of the second part of the conjecture is based on Gromov’s convez integration,
which is a deep mathematical work originating in the Nash—Kuiper theorem and Gromov’s
h-principle. Here, we shall not go into details of the proof, but only provide a brief
introduction to the ideas behind it. For more detailed reviews on the second part of the
Onsager conjecture, see, e.g., [10,121,122].1

The Nash—Kuiper theorem concerns the isometric embedding of Riemannian manifolds,
a classical problem in differential geometry [108-110]:

Nash—Kuiper theorem

Let (M, g) be an m-dimensional Riemannian manifold, and let w : M — R"™ be a C*
short embedding into Euclidean space R™ with n > m + 1. Then, for arbitrary ¢ > 0,
there exists a C! isometric embedding u : M — R™ with |a(z) — u(z)| < € for any
re M.

13Gee also

https://abelprize.no/abel-prize-laureates/2015
https://hevea-project.fr/ENIndexHevea.html

for an introductory review of the Nash—Kuiper theorem and convex integration. For more technical review
of the convex integration, see, e.g., the textbook [123] or Borrelli’s lecture notes at

http://math.univ-1lyonl.fr/homes-www/borrelli/Recherche.html
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Here, short embedding means that w decreases length of curves on M:

oiu - 0;u < g4, (2.49)
while isometric embedding means that u preserves the length:

Oiu - Oju = g;j. (2.50)

Let us consider embedding the square flat torus in three-dimensional space R?, for example.
Without stretching the square, it seems impossible to represent it in R3. In fact, Gauss’s
Theorema Egregium implies that curvature must be preserved by any isometric embedding.
However, the Nash—Kuiper theorem states that isometric embedding of the square flat
torus in three-dimensional space is possible if the embedding belongs to the class C*.
Remarkably, this theorem further states that there are infinitely many such isometric
embeddings, although the system (2.50) is overdetermined for m > 3 and n = m + 1.

While Nash and Kuiper’s proof relies on intricate construction, Gromov proposed a
more systematic and general construction method, called convex integration, by extracting
the underlying concept of Nash and Kuiper’s result: the h-principle [111,112]. Simply
put, the convex integration technique enables us to systematically construct sequences
of short embeddings converging toward isometric embeddings. That is, starting from a
short embedding, we iteratively add a highly oscillatory correction, called corrugations,
to lengthen distances in various directions to reduce the metric error. The algorithmic
nature of the convex integration technique led to the visualization of an isometrically
embedded square flat torus in three-dimensional space [124] (for an introductory review,
see https://hevea-project.fr/ENIndexHevea.html).

De Lellis and Székelyhidi Jr realized that there is an unexpected and deep mathematical
analogy between C! isometric embedding and weak solutions of the Euler equation [104-
107]. The analog of a short embedding w : M — R™ for the Euler equation is a smooth
subsolution v that satisfies

+7] = —Vp, (2.51)
V-5 =0, (2.52)

where T is a symmetric positive-definite tensor. The equation (2.51) has the same form as
the coarse-grained Euler equation (2.20). That is, the error term 7 in (2.51) corresponds
to a small-scale stress tensor 7(v,v) := (vv),— 00 in (2.20). In the context of the Nash-
Kuiper theorem, 7 > 0 is a precise analogue of (2.49). By using the convex integration
technique, the second part of the Onsager conjecture was finally proved by Isett [113] and

Buckmaster et al. [114]:

-~ Theorem 1.1 of [114] ~
Let e : [0,7] — RT be any strictly positive smooth function. For any h € (0,1/3),
there exists a weak solution v € C*(T? x [0, T]) of the Euler equation such that

3, 1 2
d x§|v(w,t)| = e(t). (2.53)
T3
N J

Note that e(t) can be any function strictly decreasing in time. Thus, this theorem states
that there is a weak Euler solution with Holder regularity h < 1/3 that dissipates kinetic
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energy.'* Such a dissipative weak Euler solution is constructed by the convex integration
procedure as follows. For some specified smooth subsolution v,, with 7,, that satisfies

8157_]71 + V. ['En'l_)n + 7in] = _vﬁrw (254)
V-, =0, (2.55)

we add small-scale modes W,, 1 to the velocity field so that v,11 = v, + W41 is again a
subsolution with |7,11| < |7,|. By iterating this procedure, we have 7,, — 0 and v, — v,
which is a weak solution of the Euler equation.

2.4 Concluding remarks

Many experiments and numerical simulations suggest the validity of Onsager’s prediction
that the velocity field in “ideal turbulence” must be singular with the Hoélder exponent
h < 1/3. For example, the multifractal dimension spectrum of Holder singularities D(h) =
inf,{ph+ (3—{p,)} has been obtained with the most probable exponent h, ~ 1/3 [125,126].
The Besov regularity of the velocity field with o, < 1/3 for any p > 3 has also been
well-established through the measurement of the structure functions [29,43,44,127,128|.
Thus, the Onsager theory provides exact results consistent with various experimental facts.
While the concept of weak solutions seems irrelevant and even pathological for many other
phenomena, the consistency of the Onsager theory and experiments suggests that the
mathematical framework of weak solutions is suitable for describing fluid turbulence.

There remain many interesting open questions concerning the Onsager theory. For
example, it is not known whether the constructed dissipative weak Euler solution exhibits
intermittency. It seems also interesting research direction to investigate what behavior
of fluid motion and microscopic molecular dynamics corresponds to the dissipative weak
solutions.

11 their construction, it is impossible to construct a weak Euler solution with Holder regularity
h=1/3.






Chapter 3

Quantum turbulence

As emphasized in Chapter 1, cascade transfer of inviscid conserved quantities with uni-
versal scaling of turbulent fields is a ubiquitous phenomenon. In this chapter, we focus
on such turbulent behavior observed in quantum fluids, such as superfluid helium and
atomic Bose-Einstein condensates (BECs) [47-51|. Specifically, we consider pure quan-
tum turbulence, where the temperature is sufficiently low so that the viscous normal fluid
density is negligible compared to the inviscid superfluid density. Quantum fluids differ
significantly from ordinary classical fluids in that vorticity is quantized, as first pointed
out by Onsager and Feynman [18,64]. Despite this difference, many experiments and nu-
merical simulations suggest that at scales larger than the mean intervortex distance ¢;,
the Richardson cascade with the Kolmogorov spectrum emerges, as in ordinary classical
turbulence [129-133]. Because of this similarity, pure quantum turbulence is sometimes
referred to as the “prototype” or “skeleton” of turbulence [131,132,134].

At scales smaller than ¢;, however, a novel energy cascade emerges that has never
been observed in classical turbulence. This novel energy cascade is believed to be induced
by the interaction of Kelvin waves of different wave numbers on a single quantum vor-
tex and is called Kelvin-wave cascade. The nature of the Kelvin-wave cascade has been
intensively investigated, and the associated energy spectral exponent is predicted to be,
e.g., —7/5 [135], —5/3 [136], or —1 [137-139]. Because these previous studies are based
on the vortex filament model [140], the effects of compressibility on the Kelvin-wave cas-
cade remain to be elucidated [134]. The compressibility effect is particularly important in
quantum turbulence in atomic BECs, for which various experimental techniques have been
developed in recent years. Note that the superfluid density changes significantly in the
vicinity of quantum vortices. Therefore, the compressibility effects can induce a nontrivial
impact on the energy cascade, at least for scales smaller than ¢;.

In this chapter, we aim to reveal the compressibility effects on the energy cascade in
three-dimensional pure quantum turbulence. To this end, we theoretically analyze the
Gross-Pitaevskii (GP) equation, which can describe quantum turbulence in atomic BECs,
by taking a phenomenological approach based on the Onsager “ideal turbulence” theory.
Specifically, we use the fact that the GP equation can be mapped to the quantum FEuler
equation via the Madelung transformation, which has a form similar to that of the ordinary
compressible Euler equation. Although the Onsager theory involves sophisticated mathe-
matical concepts such as weak solutions, it also provides a phenomenological perspective
on the relation between cascades and the singularity of the velocity field. In particular, we
can exploit recent developments that extend the Onsager theory to classical compressible
turbulence [90-95].

29
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We show that the compressibility effects can induce a novel energy cascade, which we
call quantum stress cascade, at scales smaller than ¢;. In doing so, we derive the quantum
counterpart of Kolmogorov’s 4/5-law. We conjecture that the incompressible part of this
quantum stress cascade corresponds to the conventional Kelvin-wave cascade.

This chapter is organized as follows. In the next section, we explain the setup and
introduce the quantum Euler equations. Its basic properties are described in Section 3.2.
In particular, we investigate the local energy balance and the characteristic length scales
of this system. In Section 3.3, by coarse-graining turbulent fields, we show that there are
three types of scale-to-scale energy fluxes. In Section 3.4, we describe our main results.
We derive these results in Section 3.5. Concluding remarks are provided in Section 3.6.

3.1 Setup

We consider a superfluid system of weakly interacting bosons of mass m, confined in a
cube Q2 = [0, Lo]?® with periodic boundary conditions. Let W(x,t) be the condensate wave
function. The time evolution of ¥(x,t) is described by the following GP equation:

2
ihaat\ll(a:,t) = —:—mvz + Vet + 9|07 | U(z,t). (3.1)
Here, g > 0 denotes a constant that represents the strength of the interaction between
bosons, and Ve (x,t) expresses both the trapping potential and external stirring, e.g.,
rotation along distinct axes [141]. Note that our analysis can be applied for both decaying
and forced turbulence. By applying the Madelung transformation ¥ = /nexp(if) [142,
143], which relates ¥ to the superfluid mass density p = mn and velocity v = (h/m)V#,
the GP equation (3.1) can be mapped to the quantum Euler equations:'

Op+ V- (pv) =0, (3.3)
O(pv) + V- (pvv+pl — %) = f, (3.4)

where p := gp?/(2m?), f denotes the external force due to Ve, which acts at large scales
~ L, and X denotes the quantum stress, which is also called quantum pressure:

2 h2
= 7A I —_ — .
Y A (35)

!Note that the quantum Euler equations can describe the motion of the vortex lines. In other words,
the solutions of the quantum Euler equations contain the solutions of the GP equation with quantum
vortices as a proper subset [61]. To see this, let {pw(-,t),vw(-,t)} be the superfluid mass density and
velocity fields at time ¢ obtained from the condensate’s complex wave function ¥ (-, ¢) that satisfies the GP
equation via the Madelung transformation:

I

U(x,t) = p‘p(;j’t)

exp(if(zx, t)) (3.2)
with vy = (h/m)VE, where m denotes the boson mass. Note that {pw(-,t), v (-, t)} satisfies the following
properties: (i) on the nodal lines where superfluid is absent, i.e., {z|pw(z,t) = 0}, the superfluid velocity
vy is obviously not defined, and (ii) for any closed loop C that does not pass through the nodal lines, the
circulation I'c := fc vy (r,t) - dr is an integer multiple of 27/i/m because of the single-valuedness of .
Conversely, the single-valued function ¥(-, ¢) is uniquely recovered from {pw (-, ), vw(:,t)} up to an overall
phase factor because of the quantization condition for I'c [144]. Because these properties hold at any time
t, there is one-to-one correspondence between ¥ and {pw,vw} up to an overall phase factor. Of course,
in general, a function U constructed from the solutions of the quantum Euler equations {p, v} becomes a
multivalued function because v does not necessarily satisfy the quantization condition. Thus, the solutions
of the quantum Euler equations contain the solutions of the GP equation as a proper subset [61,144].
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where I is the unit tensor. Note that the quantum Euler equations (3.3) and (3.4) become
identical to the ordinary compressible Euler equations if 3 — 0, which is achieved in
the classical limit A — 0. The important point here is that the quantum stress V - X
becomes relevant in the vicinity of quantum vortices because it contains higher-order spatial
derivatives. Note that because the density changes are significant even outside the vortex
cores [145-147], we cannot ignore the quantum stress even in that region in general.

3.2 Basic properties

3.2.1 Quantum vortex

One of the most striking properties of quantum fluids is the fact that vorticity is quantized.
We first note that the superfluid velocity v is not defined on the nodal lines where superfluid
is absent, i.e., {z|p(x,t) = 0}. For any closed loop C' that does not pass through the nodal
lines, the circulation I'¢ := j;c v(r,t) - dr is an integer multiple of the quantum circulation
K := 2mh/m because of the single-valuedness of W:

Io = ﬁv(r,t) ~dr =nk (nez). (3.6)

3.2.2 Energy balance

The total energy E of this system can be decomposed into three parts, the kinetic energy
[ d3xplv|?/2, interaction energy [ d3xp, and quantum energy [ d3zh?|V./p|?/2m? [129,
130]:

1 h?
F = Pz |~ 2 —_— 2|, .
[ | golof 40+ 519V (37)

The local energy balance equation is given by”

L 2 H? 2 L 2 n? 2
O <2P‘U‘ +p+ W’V\/ﬁ’ ) +V- { [(201” +p+ W‘V\/ﬁ‘ I+pl—-3%-v
h?
+4m2(Vp)V-'v} =v-f. (3.8)

The evolution equation for the kinetic energy density is given by
1 2 1 2
Oy §p|'v| +V- §p|fv| +p|lv—X-v|=pV.-v—-X:Vo+uv-f (3.9)

By combining (3.8) and (3.9), we can also derive the evolution equation for the sum of the
interaction and quantum energy densities:

2 2 2
O (p—i— ;imQW\/ﬁP) +V- [(p—i— ;mQW\/,SF) v+ ;W(Vp)v ‘vl =—pV-v+3X: Vo.
(3.10)
Note that, even with no external force, the total kinetic energy is not conserved because
of the effect of the first two terms on the right-hand side of (3.9). The first term (with

*We note that the energy current term 1*(Vp)V - v/4m? appearing in (3.8) and (3.10) does not exist
in ordinary hydrodynamics. This term corresponds to interstitial working in the Navier—Stokes—Korteweg
equations [148,149] (see also Chapter 4).
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minus sign) —pV - v is known as pressure-dilatation, which represents conversion of kinetic
energy into interaction or quantum energy and vice versa. From numerical simulations for
classical compressible turbulence [150], we conjecture that the pressure-dilatation converts
kinetic energy into interaction or quantum energy on average. The existence of the second
term 3 : Vo is specific to quantum turbulence. Because the form of this term is similar to
that of pressure-dilatation, we refer to it as quantum-stress—strain. It also represents the
conversion of kinetic energy into interaction or quantum energy and vice versa.

3.2.3 Characteristic length scales

The existence of quantum vortices leads to several characteristic length scales specific to
quantum turbulence. One of the most important length scales is the mean intervortex
distance ¢; := LBl/ 2, where Lp denotes the vortex line density, i.e., the total length of
vortex lines per unit volume. In terms of the critical velocity for the amplification of the
remnant vortices v.,” the mean intervortex distance can be estimated as [152]*

Ui ~ K. (3.11)

In addition to the mean intervortex distance, there is another characteristic length scale as-
sociated with quantum vortices: the vortex core radius, or healing length & ~ h/+/2mgpo,
where py := (p)q denotes the average superfluid mass density. In a typical fully de-
veloped quantum turbulence, £ ~ 1071%m in “He (10~®m in 3He-B), £; ~ 10~°m, and
L ~ 10~2m [50]. Note that these scales are not widely separated in atomic BECs.

We remark that the mean intervortex distance can also be interpreted as the character-
istic length scale where the quantum stress 3 becomes comparable to the momentum flux
pvv. Indeed, if we use v, and py as the characteristic velocity and density, respectively,
and denote by £, the crossover length scale, we obtain

pov ~ X

pov; ~ K2po /L
cle ~ KJve ~ L (3.12)

This observation implies the possibility of the quantum stress cascade, induced by the
quantum stress X, at scales < ¥¢;.

We now introduce other important characteristic length scales by considering the kinetic
energy balance (3.9). Recall that there are energy sink or source terms on the right-hand
side of (3.9): the pressure-dilatation —pV-v and the quantum-stress—strain 3 : Vv. Recent
numerical simulations [150,154] suggest that there is a characteristic length scale #}age such
that the contribution to the global pressure-dilatation (—pV - v)q from scales > llarg is
dominant, whereas the contribution from scales < fjarge is negligible. The length scale
Oarge is defined, for instance, as follows:

>k EW (k)

Uopee 1= ==, 3.13
see = 5 B0 (319)

3Several experimental studies suggest that v, ~ 1mm/s to 200mm/s [47,49,151]. Note that this critical
velocity characterizes the amplification of remnant vortices rather than the intrinsic nucleation of vortices,
which is characterized by the Landau critical velocity ~ 50m/s.

“In terms of the quantum circulation x and the effective energy injection rate eeg, which will be
defined in Section 3.4, the critical velocity may be estimated as v. ~ (keer)'/* [153]. Correspondingly, the
mean intervortex distance can be estimated as £; ~ (k°/cerr)*/*, which is also called the quantum length
scale [153].
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where E®)(k) denotes the pressure-dilatation co-spectrum:

1
® () .— __— 5 co(—
EW(k) = - > (k)Y -v(—k) (3.14)
k—Ak/2<|k|<k+Ak/2
with Ak := 27/Lg. Similarly, because both the quantum stress ¥ and strain Vv change
rapidly in space, there may be a characteristic length scale £g.11 such that the contribution

to the global quantum-stress—strain (—X : Vv)q from scales > lgan is negligible, whereas
the contribution from scales < fgan is dominant. We define £y as

Yk B (k)

Camall := : 3.15
I S EC(h) (3.15)
where E®) (k) denotes the quantum-stress-strain co-spectrum:
1 . —~
b)) - .
E®) (k) = N > (k) : Vo(—k). (3.16)

k—Ak/2<|k|<k+Ak/2

In the following, we assume the existence of the intermediate asymptotic limit £ < fgnan <
¢ < Ay and 4; < £ < lgrge S L for fully developed quantum turbulence. The validity of

~

this assumption will be discussed in Section 3.5.

3.3 Scale-to-scale energy fluxes

3.3.1 Coarse-graining

We investigate energy transfer across scales by using coarse-graining procedure introduced
in the previous chapter. For any locally integrable function a(x), we define a coarse-grained
field at length scale £ > 0 as

g(x) = /Q Bro(ryalz + ). (3.17)

Here, Gy(r) := £73G(r/f) is the Friedrichs mollifier, where G : Q — [0,00) is a smooth
symmetric function supported in the open unit ball with fQ G = 1. In the following, we
always assume that £ > £ because we are interested only in scales > €.
Because the coarse-graining operation commutes with space and time derivatives, coarse-
graining of (3.3) and (3.4) gives
Ope +V - (pv), =0, (3.18)
O(pv), + V- (pvv), = —Vpr + V- Ty + fi. (3.19)
Note that the coarse-grained equations (3.20) and (3.21) are not closed in terms of large-
scale fields pg, ©¢, Pr, 3¢, and fp,. This point becomes more explicit by introducing the
density-weighted Favre average a¢ := (pa),/p; [155]:

Ope+ V- (pevy) = 0, (3.20)
pe(Oy +0p - V)0 + V- (pe7y(v,v)) = =Vpg + V - S+ fg, (3.21)
where 7y(v,v) = (;1\17) ¢ — Ug0p. Note that there appears an additional cumulant term

V - (pe7e(v,v)) on the left-hand side of (3.21). This cumulant term depends on the small-
scale (< £) velocity field and can be regarded as the source of the energy cascade, as
described below.
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3.3.2 Large-scale energy balance

We derive the large-scale energy balance equation and show that there are three types of
scale-to-scale energy fluxes in quantum turbulence. Here, the large-scale kinetic energy
density is defined as py||?/2 and satisfies the inequality [91]

1 1
/d3mpg|f)g|2 g/d3mp|v|2. (3.22)
o 2 o 2

From the coarse-grained equations (3.20) and (3.21), we can obtain the large-scale kinetic
energy balance equation,

1 ~ — ~ S — ux in
O <2pg|’04|2> + V- -Jy=p/V-vp—3y: Vo, — Q? + e (3.23)

Here, J, represents the spatial transport of large-scale kinetic energy, which does not
contribute to the transfer of kinetic energy across scales:

1_ . R N De _ - - Xy _
Jp = (2pdve!2 +pe> Vg + pevyg - To(v,v) — ETe(Pav) -3 0+ > To(p,v), (3.24)

where 7(p,v) := (pv), — psvy, and £ denotes the energy injection rate due to external
stirring at scale £:
M=o, fo. (3.25)

The first two terms on the right-hand side of (3.23), —p,V - ¥, and ¥, : Vo,, can be
interpreted as the large-scale pressure-dilatation and quantum-stress—strain, respectively.
Note that these two terms are closed in terms of the large-scale fields ¥y, py, and X,.
Therefore, they only contribute to the conversion of the large-scale kinetic energy into
interaction and quantum energies, and vice versa.

The third term on the right-hand side of (3.23), Q?“X, can be decomposed into three
parts:

Qv — 11, + AP 4+ AP, (3.26)

The first term IIy is called deformation work [4], which corresponds to the energy flux of
the Richardson cascade:
Il := —py VU, : 7:@(’071)). (327)

The deformation work represents work done by the large-scale strain Vv, against the
small-scale stress py7¢(v,v). The second term Aép ) is called baropycnal work [93,95,156],
which represents work done by the large-scale pressure gradient force —Vpy/p, against the
small-scale mass flux 74(p, v):

1

AP = - VP Tipyv). (3.28)

While the deformation work and the baropycnal work also exist in classical compressible

turbulence, the existence of the third term AEE) is specific to quantum turbulence:

1 _
AP = 2.V B Tlpv). (3.29)
{4

Because this term has a form similar to that of the baropycnal work, we call it quantum
baropycnal work. The quantum baropycnal work represents work done by the large-scale
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force V - 3,/py against the small-scale mass flux 7(p, v). Importantly, in the large-scale
kinetic energy balance equation (3.23), only these three terms are capable of the direct
transfer of kinetic energy across scales because each of the three terms has a form “large-
scale (> /) quantity x small-scale (< ¢) quantity,” whereas the other terms on the right-
hand side of (3.23) do not.” Thus, Q?ux can be interpreted as the total scale-to-scale
kinetic energy flux.

3.4 Main result

The first main result concerns the most fundamental property of the energy cascade: the
total scale-to-scale energy flux <Q?uX>Q becomes scale-independent in the “inertial range”

lsmanl < 1 <K glarge:

QXY ~ g g, (3.30)

where eo 1= (pV - v)q + (v - f)q denotes the effective energy injection rate, which is
scale-independent. We emphasize that, because qux can be expressed in terms of field
increments dv(r; ) and dp(r;x), the relation (3.30) plays the same role as Kolmogorov’s
4/5-law [21].

The second main result is the prediction of the quantum stress cascade. Specifically,
in the range of /; < £ < f5ge, the Richardson cascade, induced by the momentum flux,
becomes dominant, whereas in the range of g1 < £ < ¥;, the quantum stress cascade,
induced by quantum stress, develops:

<Aé2)>9 < <H€>Q ~eogp for 4 <UL glargey (3'31)
<Hg>Q < <Aé2)>Q ~eop for lopan €0 < Y. (3.32)
Correspondingly, the velocity power spectrum is estimated to exhibit the power-law o

ko for 0 < k< ;7 and oc k73 for 41 < k< £ (see Fig. 3.1).9

large small

3.4.1 Interpretation of the result
From the above result, we conjecture the following energy transfer scenario (see also
Fig. 3.1):
1. At large scales (~ L), kinetic energy is injected due to external force.
2. Inthe scale range larger than f},4c, part of the injected kinetic energy is transferred to
smaller scales because of the effect of deformation work, while some part of the kinetic

energy is converted into interaction and quantum energies through the pressure-
dilatation effect.

3. In the inertial range fonan < £ < Large, the following two-step cascade process
emerges:

®We note that these three terms are all Galilean invariant. While we can also define, for instance,
the deformation work as ©;0;(p7¢(vi,v;)) (i € {1,2,3}), which differs from (3.27) by the total gradient
0;(peviTe(vsi,v5)), this quantity is not Galilean invariant. That is, the amount of energy transferred from
large to small scales at point @ in the flow would depend on the velocity of the observer. As pointed out
by Eyink [157], Galilean invariance is necessary for the scale locality of the energy cascade. Note that
non-Galilean-invariant terms in (3.23) do not contribute to the energy transfer across scales.

5The k~2 scaling at small scales seems to be consistent with experimental observations for grid turbu-
lence in *He-B [153,158].
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Quantum stress

cascade
! 1 ¢t >

large i small k

Fig. 3.1: Schematic of the predicted velocity power spectrum E° (k) in the inertial range ;! < k < (2}

large small®

(a) In the scale range ¢; < £ < liarge, the Richardson cascade, induced by defor-
mation work, becomes dominant. Intuitively, this is because quantum vortices
form a tangled structure that effectively behaves like classical eddies.

(b) At scales smaller than the mean intervortex distance ¢;, the effect of the quantum
stress due to quantum vortices becomes significant. Therefore, the Richardson
cascade is no longer dominant, and the quantum stress cascade, induced by
quantum baropycnal work, develops.

4. In the scale range smaller than fg,.11, part of the kinetic energy transferred by the
two-step cascade is converted into interaction and quantum energies through the
quantum-stress—strain effect, while some part of the kinetic energy is converted into
compressible excitations through vortex reconnections and Kelvin-waves [159, 160].
The kinetic energy may also dissipate due to the interaction between the condensate
and the excitations [161].”

3.4.2 Remark

Here, we remark on several assumptions imposed in deriving the main result. In deriv-
ing the second main result, we have assumed that the velocity field satisfies the Besov
regularity, introduced in the previous chapter:

80(r: )y ~ vems (7)™ for < L, (3.33)

with the Besov exponent o, € (0, 1] for p € [1,00]. We note that ||dv(r;-)||, is essentially
the traditional absolute structure function. According to recent experiments on quantum
turbulence [162], the condition (3.33) is expected to hold up to p = 6 at least in the scale
range {; < £ < large-

"While there is no viscous dissipation in pure quantum turbulence, dissipation of the condensate can be
induced by the interaction between the condensate and the excitations [161]. If we add such a dissipation
term in the GP equation, which acts at small scales < £ at a low temperature, the system can reach a
steady state where the mean kinetic energy is constant [131].
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In addition, we have imposed the following conditions for the density field:

lop(r; )|, =0 (r/L) for r<L, (3.34)
11/pel|lcc < M for €3> €, (3.35)

where M is a (-independent positive constant. The requirements (3.34) are reasonable
because the energy density of the system (3.7) contains the density gradient term o< |V p|?.
Note that the condition (3.35) is not strong enough to prohibit the existence of the nodal
lines {z € Q|p(x) = 0} where the quantized vortices exists.

3.5 Derivation of the main result

In this section, we derive the main result. First, we investigate the scale dependence of the
scale-to-scale energy fluxes. Then, we derive the first and second main results.

3.5.1 Scale dependence of the energy fluxes

Here, we investigate the scale dependence of deformation work, baropycnal work, and
quantum baropycnal work, by using arguments similar to those used in the Onsager “ideal
turbulence” theory.

Deformation work

We first investigate the scale dependence of the deformation work I, = —p, Vv, : 7(v,v)
by expressing it in terms of the increments dv(r;x) and dp(r;x). By using the Cauchy-
Schwarz and Holder inequalities, we obtain

ITLell/3 = 19V De = To(v,0) /3
< pllooIV [ Te (v, 0) |2+ (3.36)

First, we investigate the scale dependence of the large-scale strain Vo,. Because 9, can be
rewritten as

B = 5 + L2V (3.37)
Pt
the large-scale strain can be expressed as
~ 1 _ 7_'3([),’0) —
Vv, = Vo, + ﬁ—VTg(p, v) — 72 V pe. (3.38)
‘ ¢

Therefore, from the Minkowski inequality, it follows that

7_7(:0’ U)

_ _ 1 _
Vol < Vo, + | 20| +|M52v, (3.39)
pf p pe P
Note that for any locally integrable function a(x),
1
Vayx) = —> [ &r(VGQ)(r)da(r;z), (3.40)

t Jo
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because [ d*rVG(r) = 0. Hence, we obtain

Vo= ; [ @rvGuirsar)

p

2/ &Pr|(VG)o(r)|[5alr; )],

(const)

IN

IN

[6a(0)]lp, (3.41)

where [[da(f)|, := supj,<¢ [[da(r; )||p, and thus we find that

IVl = O (W) : (3.42)

To evaluate the second and last terms of (3.39), we use the assumption (3.35) and Propo-
sitions (3.79) and (3.80) in Appendix 3.7.1. Then, we obtain

H;wp,w E O 11 el 80Ol 600
< <C°“St)Mupuoouavw)up, (3.43)
and
”(;’%j”)w ATl 70l

< L) 2 5000 2, 60 0)

< (const) a2 o], 122, (3.44)
Thus, combining the results (3.42), (3.43), and (3.44), we obtain

vl = 122 (01) + o olle) + 0021012))

~o (10w, (3.45)

We now evaluate the scale dependence of the small-scale stress 7;(v,v). By using the
relation ) )
7-£(”7 ’U) = 7_2(”7 ’U) + 577(:0’ v, ’U) - ?7__5([% 0)7__6(,0, ’U) (346)
4
and the Minkowski inequality, we obtain

(3.47)

:

- _ 1_ 1 _ _
150,02 < 176(0,0)],2 + Hmw""’”) 7(p,0)7(p. v
/

p/2 p/2

=

Subsequently, by using the assumption (3.35) and Proposition (3.79) in Appendix 3.7.1,
one obtains

17w, 0) 2 = [60(OI12(01) + O(Mlp]l) + O(M2p]%) )
=0 (lsv(0)]?), p=2. (3.48)
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By combining (3.36), (3.45), (3.48), and the assumptions (3.33), we finally obtain

Mellpsz = llpeVoe : 7e(v,v)|lp/3

0 (Hévfwf’;)
_0 <<£>3%_1) Cp>3, (3.49)

as a rigorous upper bound. This implies that if o), > 1/3 for some p > 3, then the mean
deformation work goes to zero (Ilg)q — 0, because |(Ilg)q| < (|I¢|)o < [[TL[|,/3 for p > 3.
Note that the upper bound of (3.49) becomes independent of ¢ when o, = 1/3.

Baropycnal work

We next evaluate the scale dependence of the baropycnal work Aép ) = (1/pe)Vpe-Te(p,v).
By using the assumption (3.35) and Cauchy-Schwarz and Holder inequalities, we obtain

AP L5 = 11/50) Ve - 7o, ) |3
< M|Vpelpl|7e(p, ©) | 2- (3.50)

For ||Vpy||p, from the inequality (3.41),

B const
9ol < 2 psp(o,

-0 <”5'0(€@”p> , (3.51)

where we have used ||dp(¢)||, = O(||0p(€)]|p), which follows from the definition of p :=
gp®/(2m?) and the mean value theorem. For ||7(p, v)||,/2, by using Proposition (3.79) in
Appendix 3.7.1, we obtain

17e(p; V)2 = O[6p(O) I |60 () )- (3.52)

From the assumptions (3.33) and (3.34), we thus obtain

AP s = 11/ 2) Ve - o0, )l
=0 (FIsppl50(0) 16w(0),

=0 é ! , p>3. 3.53
((L) ) (3.53)

This result implies that the mean baropycnal work goes to zero (Ay )>Q —0as {/L — 0.
Therefore, baropycnal work does not contribute to the energy transfer across scales.®

8In classical compressible turbulence, the baropycnal work can contribute to energy transfer [93,95,156].
If the assumption (3.34) is violated, the baropycnal work can induce energy transfer across scales even in
quantum turbulence, at least in the large scale {; < ¢ < liarge-
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Quantum baropycnal work

Now, we investigate the scale dependence of the quantum baropycnal work Af) = —(1/pg)V-
Y- Te(p,v). From the assumption (3.35) and the Cauchy-Schwarz and Holder inequalities,
we obtain
AP s = (150 - S - 74
1A¢ 3 = [(1/5e €T pv”)Hp/?,
< M|V - Zollpl|7e(p, v)llj2- (3.54)

For ||V - £¢]|,, by using the Minkowski inequality and the inequality (3.41), one obtains

_ K2 -
IV 20l < | g Va0

+ |y e,
(const) ’ ’

€3

(const)

<
- 14

16p(O)lp + IVplZ- (3.55)
Here, we have implicitly assumed that |Vp||cc < 00, which is reasonable by considering
the fact that the energy density of the system includes the gradient term oc |Vp|?. From
(3.52), (3.54), (3.55), and the assumptions (3.33), (3.34), and (3.35), we thus obtain

185 = (1200 - e 7elp,0)]

=0 (o EI50l,) + 0 (G lonte lovto,
()" ) ((z))
_0 ((9%_1> Cp>3. (3.56)

Note that, for any o, € (0, 1], we cannot conclude that the quantum baropycnal work goes
to zero as ¢/L — 0. In other words, unlike deformation work, quantum baropycnal work
can contribute to the transfer of kinetic energy across scales regardless of the regularity of
the velocity field. The scale-independent upper bound is obtained when o, = 1.

3.5.2 Derivation of the first main result

We derive the first main result in the steady state regime for simplicity, although it is valid
even in freely decaying turbulence. In the steady state, spatial averaging of (3.23) reads

Q1) = (5eV - Be)a — (B¢ : Vora + (€M)a. (3.57)

As mentioned in Section 3.2.3, the pressure-dilatation is assumed to be significant at large
scales > llarge. That is, the large-scale pressure-dilatation can be approximated as —(p,V -
V) ~ —(pV - v)q for € K liage. Similarly, because the contribution to (X : Vu)q
from large scales > fgn.n is assumed to be negligible, the large-scale quantum-stress—
strain becomes (2, : Voy)q ~ 0 for £ > flgu. Finally, because the external force
f acts at large scales ~ L, the coarse-grained energy injection can be approximated as
(eMq = (v¢- fr)a = (v f)q for £ < L [10,95]. Thus, we conclude that

(QI"™)a ~ (pV - v)a + (v flo =: e, (3.58)
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in the “inertial range” fyman < £ < large-

Here, we remark on the existence of the intermediate scale range fsman < £ < farge-
In the above derivation, we have assumed that —(p/V - v9)q ~ —(pV - v)q for { <
Oarge- In other words, we have assumed that the pressure-dilatation co-spectrum satis-
fies E®) (k) = O(k~®) with o > 1, as in classical compressible turbulence [93,94,150,154].
This assumption is based on the decorrelation effects between the large-scale pressure py,
which mainly acts at large scales, and V - vy, which becomes significant at small scales as
|V v, = O(||[6v(€)]|p/€) [93,94]. For the large-scale quantum-stress—strain, on the other
hand, such decorrelation effects are not expected because both ¥, and Vo, change rapidly
in space. By combining the similar argument as in (3.55) and (3.42), its scale-dependence
can be evaluated as follows:

12 : Vol < 15ellpl Vel

_0 <<i>02) Cp>a (3.59)

Thus, there possibly exists a characteristic length scale fgnan < flarge such that (33,
V’I_Jg>Q ~ 0 for £ > lgmal-

3.5.3 Derivation of the second main result

We first note that the contribution to the energy transfer from the baropycnal work Aﬁp )
can be ignored because it converges to zero as £/L — 0, as shown in (3.53). Therefore, the
first main result (3.58) can be further approximated as

(Moo + (A)q ~ et (3.60)

From (3.49) and (3.56), it immediately follows that the upper bounds of the mean deforma-
(%)

tion work (Il;)q and mean quantum baropycnal work (A,~")q have different £ dependences.
In particular, the upper bound of (Il;) becomes scale independent when o3 = 1/3, whereas

that of <Aé2)>g behaves as O(£~2/3):
() < [[TLfli = O(1), (3.61)

-2/3
<A9»quAfm1:c>((§) ), (3.62)

When o3 = 1, on the other hand, the upper bound of (Agz)m becomes constant, whereas
that of (IIy)q behaves as O(¢2):

2
() < el = O <<£> > , (3.63)

(A < AP = 0(1). (3.64)

The above observation and the first main result implies that there exists a characteristic
length scale A such that deformation work is dominant in A < £ < flrge, While quantum
baropycnal work becomes dominant in fgnay < £ < A (see Fig. 3.2):

<A§E)>Q < (HK>Q = O(l) for A\ <IK Elargm (3'65>
(Mg < (A =0(1) for faman < £ < . (3.66)
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A I, - A%
AEE) I1,
Quantum stress
cascade
o 02 o 023

: >
zsmall ﬂi glarge 14

Fig. 3.2: Scale dependence of the scale-to-scale kinetic energy fluxes. The solid lines indicate the upper
bounds of the energy fluxes, and the arrow indicates the direction of energy transfer.

The crossover scale A can be estimated, for instance, as follows. If we use the critical
velocity v. and the average mass density pg = (p)q as the characteristic velocity and
density, the deformation work (3.27) and quantum baropycnal work (3.29) can be evaluated
as

AP ~ k2073 pou (3.67)

with the quantum circulation k = h/m, and

Iy ~ pol™ 102, (3.68)
Then, the balance condition II) ~ A&E) leads to A ~ K/v. ~ ¢;. Thus, in the range
of £; < £ < large, the Richardson cascade, induced by the deformation work, becomes
dominant, whereas in the range of fg,.1 < £ < ¢;, the quantum stress cascade, induced

by quantum baropycnal work, develops.
We now consider the pth-order (absolute) structure function for the velocity field:

Sy (0) = ([6v(O)")a = [|6v(O)[; (3.69)

with assumed scaling exponent (p:

VARE
Sp(0) ~ Cpvks <L> for (<L, (3.70)

where C), is a dimensionless constant. Using the Holder inequality, it can be shown that
(p is a concave function of p € [0,00) [5,10]. From this property, it immediately follows
that o, = (;,/p is a non-increasing function of p [10]. Note that the second-order structure
function SY(¢) oc £°2 is related to the velocity spectrum E¥(k) oc k=621,

Because 03 = 1/3 in {; < £ < llarge and oy, is a non-increasing function of p, it follows
that oo > 1/3 in this scale range. Hence, we can write (o = 202 = 2/3 + u/9, where p
is a positive constant. This additional constant pu formally corresponds to the so-called
intermittency exponent [5]. Therefore, the velocity power spectrum exhibits the following
asymptotic behavior:

EY(k) ~ Clargek 371/ for 41

large

<k< (3.71)
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where Ciarge is a positive constant.

In lynan <€ £ < £;, where the quantum stress cascade becomes dominant, we have
found that 03 = 1. Because oy, is a non-increasing function of p, it follows that o9 = 1.
This result implies that the velocity power spectrum exhibits the following asymptotic
behavior:

EY(k) ~ Csmank ™ for £7' < k<! (3.72)

mall’

where Cynan is a positive constant.

3.6 Concluding remarks

In this chapter, we have investigated the compressibility effects on energy transfer across
scales in three-dimensional pure quantum turbulence described by the GP equation. We
first derived the quantum counterpart of Kolmogorov’s 4/5-law. Then, we have shown that
a novel energy cascade, which we call quantum stress cascade, emerges due to the quantum
stress at scales < ¢; by using a phenomenological argument based on the Onsager “ideal
turbulence” theory. Below, we provide some remarks on our results.

Kelvin-wave cascade and quantum stress cascade

We first consider the relation between the Kelvin-wave cascade and the quantum stress
cascade. If the Kelvin-wave cascade exists, there must be the corresponding scale-to-scale
energy flux other than the deformation work II,. In the large-scale kinetic energy balance
equation (3.23), such energy flux specific to the quantum case is only the quantum baropy-
cnal work AEE), which induces the quantum stress cascade. From this observation, we
conjecture that the incompressible part of the quantum baropycnal work AEE) corresponds
to the energy flux of the Kelvin-wave cascade.

Scale locality of energy cascade

Scale locality is one of the most crucial aspects of the energy cascade because it is consid-
ered to underlie universality in the inertial range. An energy cascade is scale-local if only
modes near a given scale mainly contribute to the energy transfer at that scale. While we
can show that the Richardson cascade in quantum turbulence is scale local, the quantum
stress cascade is only wultraviolet local and does not satisfy the sufficient condition to be
infrared local (see Appendix 3.7.2). Thus, the contributions of large-scale velocity incre-
ments could be non-negligible and could contribute to quantum baropycnal work. Note
that this situation is similar to the enstrophy cascade in two-dimensional incompressible
turbulence [157,163,164].

Optimality of the upper bound on quantum baropycnal work

We note that k=2 spectrum for the quantum stress cascade can become shallower due to
depletion of nonlinearity |5]. The depletion of nonlinearity is a phenomenon that the non-
linear effect is “reduced” because of cancellations due to wave oscillations [96] or dynamical
alignment [165,166]. In our case, Kelvin-wave oscillations could lead to cancellations in
the quantum baropycnal work, making the upper bound (3.56) no longer optimal.
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We can also obtain a tighter bound on the quantum baropycnal work by further as-
suming the Besov regularity of the density gradient field Vp:

Vp
Ip

16(Vp)(r;)llp = O((r/L)7" ") for r <L, (3.73)

with Upv’o € (0,1]. In this case, the upper bound of the quantum baropycnal work can be

Vo
/ optop -1
15 s = O <<L> ) , p>3, (3.74)

and the velocity power spectrum can be estimated as EY(k) o k342037 for <k <

Zs_réall' Thus, the spectral exponent associated with the quantum stress cascade possibly

depends on the scaling exponent for the density field.

evaluated as

Besov regularity of the velocity field

Although the Besov regularity for the velocity field is expected to hold up to p = 6 at least
in the scale range ¢; < £ < l1arge according to recent experiments [162|, the validity is still
not verified at small scales fgpnan <€ £ < ¢;. To avoid this subtle problem, we can instead
use the density-weighted velocity w := ,/pv. Specifically, we assume the Besov regularity
of the density-weighted velocity w:

r

Héw(r; )Hp ~ Wrms (z)ap for r< L (3.75)

with the Besov exponent o, € (0, 1] for p € [1,00]. Note that the validity of this condition
is partially verified in several numerical simulations [145,167-169]|. Even for this case, we
can predict the two-step cascade scenario, where the quantum stress cascade follows the
Richardson cascade, as shown in Appendix 3.7.3.

3.7 Appendix

3.7.1 Cumulant estimation

In this section, we present some useful results concerning the cumulant estimation obtained
by Drivas and Eyink [92]. We consider coarse-graining of functions f; € L*(Q),i =
1,2,3,---. Because L>®(Q) C LP(Q) for p > 1, f; € LP(Q).

_ Coarse-graining cumulants {7e(f1, f2,- -+, fn) }n are defined iteratively in n by 7(f) :=
fe and
|P|
(f1f2"’fn)e=ZHﬁ/ (figmw" ,fi%)) ; (3.76)
P p=1
where the sum is over all the partitions P of the set {1,2,--- ,n} into |P| disjoint subsets
{igp), e ,igf;)}, p=1,---,|P|. For example, when n = 2,

(f9), = fege +7(f,9)- (3.77)
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-~ Lemma 1 of [92] ~

For n > 1, the coarse-graining cumulants are related to the cumulants of increment
O0f(r;x) :== f(x+7) — f(x) as follows:

77_5(f17f27"' afn):<6fla )5fn>;7 (378)

where (-); denotes the average over displacement vector r with density Gy(r) and
superscript ¢ indicates the cumulant with respect to this average.

J

From the above lemma, the propositions below immediately follow:

-~ Proposition 3 of [92] (Cumulant estimates) ~

For p € [1,00] and n > 1,

151, for o s fillly = O (H Hafiw)np@-) with ; -y pl (3.79)
i=1 i=1 "

where [|5(€)|p := supjp<¢ 10575 ) lp-

J
-~ Proposition 4 of [92] (Cumulant-derivative estimates) ~
Forn > 1and 0y = 0/0x, k=1,2,--- ,d,
) . n . 1 "1
[0k, * -+ Ok Te(f15 25+ fu)llp = O (f 11 ||5f7;(€)‘|17i) with P > P
i=1 i=1 1"
(3.80)

N\ J

3.7.2 Scale locality of quantum baropycnal work

In proving the scale locality of the quantum baropycnal work Aéz) = —(1/p)V-2¢-To(p,v),
it is not necessary to consider V,/pV,/p in the quantum stress because its contribution to
the energy flux vanishes as £/L — 0 (see Section 3.5.1). Therefore, it is sufficient to prove
the scale locality of

Zi(p, p, p,v) := —(h* [4m® pe)V Apy - 7e(p, v), (3.81)

where the first density argument corresponds to the factor 1/py, and the second to the
factor VAp,. Following Eyink [157], we describe the energy flux Z;(p, p, p, v) as ultraviolet
local if (Zo(pfs, pf, P, Vs))a decays as fast as (§/£)%, for a > 0, whenever § < ¢. Here, a}
denotes a small-scale field defined by

ay(z) == a(x) — as(x). (3.82)

Similarly, we describe the energy flux Zy(p, p, p,v) as infrared local if (Z;(p, p,p,0A))q
decays as fast as (A/€)~¢, for a > 0, whenever A > ¢. As observed by Aluie [93,94], in
defining the infrared locality of the energy flux, the condition of negligible contribution of
the large-scale density field to the flux is not necessary.
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Ultraviolet locality

It is obvious that 1/p, has a vanishing contribution from small scales § < ¢ because its
Fourier amplitudes decay faster than any power n of wavenumber k™" as k — oo as a
direct consequence of the Riemann-Lebesgue lemma. For the remaining three arguments,
using the assumptions (3.33), (3.34), and (3.35) and the Holder inequality, we obtain

12000 4. 5. 08)l = || (2 4m*50) Y ATap), - 7 ) |

1 _
< toonst) (5 [ I AGHDIIAk1, ) 15,00l

1
< (const) 195 1pll o5l V5l

_o((Y"), ,ss (3.83)
(")

Here, we have used the fact that
sl < [ drGs(rlatr ),
< [[6a(5)|p- (3.84)

Therefore, Z, is ultraviolet local.

Infrared locality
Using the assumptions (3.33), (3.34), and (3.35) and the Holder inequality, we obtain
1Ze(p, ps ps 0 lpy3 = || (R /4m>pe)V Ape - To(p, o)), /s

< (Const)%g||5p(€)||p||5p(€)||p||517A(f)||p

—0 <(§>%1> . p>3. (3.85)

Here, we have used the following evaluation [157]:

[0va(O)]lp < sup /d?’rGA(r) (v(@+p+r)—v(@+r))
lpl<e 11/

= sup /d3r (Ga(r —p) —Ga(r))v(x+17)
Q

lpl<t

p

p

1
= sup 1/ d9/ drp- (VG)a(r — 0p)sv(r; )
pl<ellA o Ja
AE 3
<3 [ 8 [ @r@eamilis@l,
0 Q

o ((?) 1) | (3.56)

p
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Therefore, in the scale range £ga1 <€ £ <€ A < 45,

(Zﬁ(papa P 6A)>Q < ||Zz(p,p,,0, 'BA)Hl
=0(1) for (<A, (3.87)

because o3 = 1 in this range. Thus, Z, does not satisfy the sufficient condition to be
infrared local.

3.7.3 More sophisticated analysis using the density-weighted velocity

Here, we provide the details of the more sophisticated analysis using the density-weighted
velocity. Let w := ,/pv be the density-weighted velocity. The quantum Euler equations
can be rewritten in terms of this quantity as

Ohp+ V- (/pw) =0, (3.88)
h(Vpw)+ V- (ww)=-Vp+ V- -X+ f. (3.89)
Coarse-graining of (3.88) and (3.89) gives
Ope + V- (pw), =0, (3.90)
Oh(Vpw), + V- (ww), = ~Vp, +V -, + fo. (3.91)

We introduce the following density-weighted coarse-grained variable wy to obtain a simple
physical interpretation:

oy = WP (3.92)

Note that wy is different from the density-weighted average (y/pw), /ﬁg. In fact, because
/P is a concave function of p, we find that ﬁf < y/pe. We can rewrite (3.90) and (3.91)
in terms of w; as

Ope +V - (Vpewe) =0, (3.93)

O (Vpewy) + V - (ww), = =V + V- g + fo. (3.94)

We now consider the large-scale kinetic energy balance. We first not that, since |v|? is
a convex function of v, the following inequality holds:

1_ (P‘UP)@ 1 2
— = . 3.95
2P£ 5y 2(,0"‘" )z ( )

<

1 .
§|wz|2 = P

Therefore, the integral over space of |wy|?/2 is less than the total kinetic energy:
3. Lo 3.1 9
d’x=|wy|* < | d’xz=p|v|*, (3.96)
o 2 o 2

and thus |@w,|?/2 represents the large-scale kinetic energy as in the one based on the Favre
averaging [60,91]. From (3.93) and (3.94), we obtain the large-scale kinetic energy balance:

N /. NXT TR W
@—EK:V@—%E?— glux—v%

pe pe Ve

: ('lﬁ[lﬁg — ’Lf]g’u_)g) .

(3.97)

1, . _
8t§\wg\2 +V-J,=p,/V-
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Here, 6}“ := Wy - fy/\/pe denotes the energy injection rate due to external stirring at scale
£ and J, represents the spatial transport of large-scale kinetic energy:

P,y w 0 7
\/ﬁf > VP Ly (w,w)—iwf :
VPt

Jo= a2 : (it — )
0= S|wy — + D¢ - — T WewWy — Wewy) ,
2 VPt pe pe VP

(3.98)
where 74(f,g) := (fg), — fege. The first two terms on the right-hand side of (3.97) are
the large-scale pressure-dilatation and quantum-stress—strain. The last term on the right-
hand side of (3.97), which does not exist in (3.23), arises due to the introduction of the
density-weighted variable w,. Since this term contains w,w, — w,w,, we expect that its
contribution to the energy balance is small relative to the other terms. The term leux

represents the scale-to-scale kinetic energy flux:
QI =10, + AP + AP, (3.99)

Here, 11, is the deformation work,

Iy := -V—: 7y(w,w), (3.100)
Aép ) is the baropycnal work,

AP = ;Vﬁg 7o (/P w), (3.101)
and Aéz) is the quantum baropycnal work,

1 _
AP = =2V B nlvpw). (3.102)
(4

Note that only these three terms are capable of the direct transfer of kinetic energy across
scales because each of the three terms has a form “large-scale (> ¢) quantity x small-scale
(< 0) quantity,” whereas the other terms on the right-hand side of (3.97) do not. We
remark that these energy fluxes are not Galilean invariant unlike those defined in [60].
Therefore, they can be scale local only if spatially or ensemble averaged [170].

Instead of assuming the Besov regularity of the velocity field v, we here assume the
Besov regularity of the density-weighted velocity w:

r

[6w(r;-)llp ~ wrms (E)% for r<L (3.103)

with the Besov exponent o, € (0,1] for p € [1,00]. The important point here is that the

validity of the Besov regularity (3.103) is well-established even at scales < ¢; [145,167,169].
In addition, we assume the following properties for ,/p instead of p:

0v/p(r;-)|lp =O(r/L) for r <L, (3.104)

11Vl <M for £, (3.105)
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where M is a {-independent positive constant. Under these assumptions, we can derive
the same results as in the main text:

E 30’p—1
[Te]l /3 = O ((L) ) , (3.106)
®) AN
1A I3 = O <L> : (3.107)
(Z) E O'p*l
1A Nlpyz =0 <<L> ) 7 (3.108)

for p > 3. We thus find that the asymptotic behavior of the energy spectrum reads

Clargek ™% for £} <k < ;!
E(k)w{ larg O arge SH <67 (3.109)

Camank ™ for ' < k<]

small’

where Clarge and Cgman are positive constants. Note that E(k) denotes the standard
energy spectrum, not the velocity power spectrum EY(k). We also remark that the k=3
spectrum for the quantum stress cascade can become shallower because of the Kelvin-wave
oscillations, as mentioned in Section 3.6.






Chapter 4

Van der Waals turbulence

We begin this chapter by considering whether the Richardson cascade can reach the mi-
croscopic length scales in ordinary fluid turbulence. Within the K41 theory, we can show

that the Kolmogorov dissipation scale i := v3/4¢=1/4 is overwhelmingly larger than the
microscopic length scales such as the molecular mean free path A, [5]. Indeed, by esti-
3

mating the injection scale as L ~ v2, /e ~ Re?/ 4n and by denoting ¢, the sound velocity,

we find that

rms

n - n Lums  cs
)\mfp L )\mfpcs Urms
~ Re/*Ma~! > 1, (4.1)

where Ma = v,5/cs denotes the Mach number. Thus, the Richardson cascade never
reaches the microscopic length scales in ordinary fluid turbulence.

In the vicinity of a gas-liquid critical point, however, it is not obvious whether the
Richardson cascade is truncated at the Kolmogorov dissipation scale because the correlation
length of equilibrium density fluctuations £ reaches a macroscopic order of magnitude [171,
172]. We here consider the strong turbulent regime of a supercritical fluid near a critical
point where £ is much larger than the Kolmogorov dissipation scale. Even for such strong
turbulence, £ still provides a length scale at which the stress induced by density fluctuations
is comparable to the momentum flux. In this case, density fluctuations are driven by
turbulence, so that the equilibrium critical fluctuations are destroyed. We then ask how
the Richardson cascade is modified by density fluctuations in the turbulence near a critical
point. Although turbulence in supercritical fluids has been studied over the past few
decades, previous studies have focused on cases where the Kolmogorov dissipation scale is
larger than & [173-176].

We answer the above question by studying hydrodynamic equations including density
fluctuations. Specifically, we include a density gradient contribution to the entropy func-
tional to describe the effects of density fluctuations. Such a formulation that takes into
account gradient contributions was originally proposed in the pioneering work of van der
Waals [177], who introduced a gradient term in the Helmholtz free energy density to de-
scribe a gas-liquid interface, and the formulation has been widely used in statistical physics
since the publication of seminal papers by Ginzbrug and Landau for type-I superconduc-
tors [178] and by Cahn and Hilliard for binary alloys [179]. Following the van der Waals
theory, Korteweg proposed hydrodynamic equations that contain the van der Waals stress
(vdW stress), arising from the density gradient [148,180], and Onuki generalized the theory
by including the gradient contribution to both entropy and energy functionals [181,182].

o1
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In this study, we analyze the model using a phenomenological approach based on the
Onsager “ideal turbulence” theory [3,18,82], as in Chapter 3. We show that supercritical
turbulence near a critical point exhibits the Richardson cascade and novel type of cascade
which we call van der Waals cascade, induced by the vdW stress.

This chapter is organized as follows. In the next section, we explain the setup. In
Section 4.2, we investigate characteristic length scale of the system. In Section 4.3, by
coarse-graining turbulent fields, we show that there are three types of scale-to-scale energy
fluxes. In Section 4.4, we describe our main results. We consider the experimental condi-
tions required to observe van der Waals cascade in Section 4.5. We derive the main results
in Section 4.6. Concluding remarks are provided in Section 4.7.

4.1 Setup

Let p be the mass density, v be the fluid velocity, and u be the internal energy density.
For simplicity, we assume that a fluid is confined in a cube Q = [0, Lg]® with periodic
boundary conditions. We further assume that there is no vacuum region; i.e., p(x,t) > 0
for all x € 2 and time t. Following the van der Waals theory, we include a gradient
contribution to the entropy functional to describe enhanced density fluctuations near a
critical point [177,181-183]:"

S(lul. ) = |

c(p)
A Bz <s(u,p) + 2]Vp]2) , (4.2)

where ([u], [p]) = (u(x), p(x))zeq, S(u,p) denotes the entropy density, and c¢(p) < 0 is
the capillary coefficient. In the following discussion, we consider the case in which the
capillary coefficient is a sufficiently smooth function of p; e.g., ¢(p) = const [182]. Through
thermodynamic relations, the temperature T'(u, p) and pressure tensor P are determined
from (4.2):

P=pI+%, (4.3)

where p(u, p) denotes the pressure defined by s(u, p), I is the unit tensor, and X is the
vdW stress tensor, which arises from the gradient contribution and is defined as

1 1
> = <TcpAp + §Tc'p|Vp|2 + 2Tc\Vp\2> I —TcVpVp. (4.4)
For the derivation, see Appendix 4.8.1. The time evolution of the densities of mass p, mo-

mentum pv, and total energy p|v|?/2 + u is then governed by the Navier-Stokes—Korteweg
equations [149,184]:

Op+ V- (pv) =0, (4.5)
O(pv) +V - (pvv+ P +o)=f, (4.6)
O <u+ ;p\vP) +V- { [<u+ ;p]v|2) I+P+ o} v — )\VT} =v-f, (4.7)

'Here, we have assumed that there is no gradient contribution to the internal energy [182].
2For the Euler-Korteweg equations, an Onsager-type theorem was obtained in [185].
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where f denotes an external force acting at large scales ~ L, X is the thermal conductivity,
and o is the viscous stress tensor of the form

2
045 = —H <aivj + ajvi — géwv . ’U> — C(SUV - v. (48)

Here i and ¢ are the shear and bulk viscosity coeflicients, respectively. We assume that the
viscous effect is sufficiently weak for the Kolmogorov dissipation scale n to be sufficiently
smaller than any other length scales.

In the following, (4.5)-(4.7) are applied even to scales smaller than the equilibrium
correlation length. Strictly speaking, dynamics at such scales should be described within
the framework of fluctuating hydrodynamics [23,186,187|. In a turbulent regime, however,
the equilibrium correlation may be cut off, and the noise terms may be irrelevant for energy
transfer. We therefore assume that (4.5)-(4.7) are sufficient for our phenomenological
argument.

4.2 Characteristic length scales

Owing to the effect of the gradient contribution, several characteristic length scales that are
not relevant in ordinary fluid turbulence become important. Let py := (p)q, co := ¢(po),
and Tp := (T')q be the typical density, capillary coefficient, and temperature, respectively.
In addition, let vy := (pgKTO)_l/ 2 be a velocity characterized by the isothermal compress-
ibility K1, := pg Ldp(Ty, p)/Op, which is zero at a critical point. One of the most crucial
length scales is the correlation length of equilibrium density fluctuations

¢ 7\/T0|CO|'00, (4.9)

Vo

which is expressed by the capillary coefficient ¢(p) and parameters in the entropy density
s(u, p) (for the derivation, see Appendix 4.8.2). The important point here is that even for
strong turbulence, £ still provides a characteristic length scale at which the vdW stress
3 and momentum flux pvwv are comparable. Let £. be such a length scale. Using an
estimation that pvv ~ povd and = ~ Ty|co|p3/¢?, we obtain

o~ €. (4.10)

Note that 3 can be significant at small scales because it contains higher-order spatial
derivatives. Therefore, at scales > £, the effect of the vdW stress is small compared
with the momentum flux, whereas at scales < /., the vdW stress becomes relevant. This
observation implies the possibility of the van der Waals cascade, induced by the vdW
stress, at scales < /..

We now introduce other important characteristic length scales by noting the local
kinetic energy balance equation

1 1
O (2/)]12]2) +V- |:<2p‘UQI+P+O'> ~v] =pV-v+3X:Vv+o:Vo+uo-f.
(4.11)

The first term (with minus sign) on the right-hand side of (4.11), —pV - v, is the pressure-
dilatation, which represents the conversion of kinetic energy into internal energy and vice
versa. As mentioned in Chapter 3, recent numerical simulations on ordinary compressible
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turbulence [150,154] suggest that there is a characteristic length scale fjage such that the
contribution to the global pressure-dilatation (—pV - v)q from scales > fjage is dominant,
whereas the contribution from scales < #j,g¢ is negligible. The length scale £}, is defined,
for instance, as follows:

_ Sk kEW(R)

flarge = Wa (4~12)
where E®) (k) denotes the pressure-dilatation co-spectrum:
1 —
P)(k) = —— 5 co(—
EW (k) = - > p(k)V - v(—k) (4.13)

k—Ak/2<|k|<k+Ak/2

with Ak := 27/Lg. The second term (with minus sign) on the right-hand side of (4.11),
—32: Vv, which we call the vd W-stress—strain, arises because of the gradient contribution.
It also represents the conversion between kinetic and internal energy. Because both the
vdW stress 3 and strain Vo change rapidly in space, there may be a characteristic length
scale lgan such that the contribution to the global vdW-stress—strain (—X% : Vv)q from
scales > fq.n is negligible, whereas the contribution from scales < fgy.n is dominant.

We define £g, .11 as
Sp kT EX) (k)

lsmall := , 4.14
YT EO) e
where E®) (k) denotes the vdW-stress-strain co-spectrum:
1 . B
O (k) = —— . —
E® (k) = - > (k) : Vo(—k). (4.15)

k—Ak/2< |k|<k+Ak/2

In the following, we assume the existence of the intermediate asymptotic limit fg,.1 <
¢ < L. and b, € { <K large S L. The validity of this assumption will be discussed in
Section 4.6.

4.3 Scale-to-scale energy fluxes

We investigate energy transfer across scales by coarse-graining turbulent fields, as in the
previous chapter. For any locally integrable function a(x), we define a coarse-grained field
at length scale /¢ as

ay(x) := /Qd?’rGg(r)a(a: + 7). (4.16)

Here, Gy(r) := £73G(r/{) is the Friedrichs mollifier, where G : © — [0, 00) is a smooth
symmetric function supported in the open unit ball with fQ G = 1. By coarse-graining
(4.5) and (4.6), we can obtain the large-scale kinetic energy balance equation

1 ~ _ — < — ux in
O (Qﬁz\w|2> + VYV Jy=pV 0+ Vo — QP — Dy + &), (4.17)

where we have introduced the density-weighted coarse-grained velocity v, := (pv),/pe to
reduce the number of additional cumulant terms and to obtain a simple physical inter-
pretation. Here, Eien := ¥y - fy denotes the energy injection rate due to external stirring
at scale ¢, Dy := —Vvy : &4 denotes the viscous dissipation acting at scale £, and Jy
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represents the spatial transport of large-scale kinetic energy, which does not contribute
to the energy transfer across scales. The first two terms on the right-hand side of (4.17),
—p¢V - vy and —X%; : Vo, are the large-scale pressure-dilatation and vdW-stress—strain,
respectively. Note that these two terms are closed in terms of the large-scale fields vy, py,
and 3. Therefore, they contribute only to the conversion of the large-scale kinetic energy
into internal energy and vice versa. The third term on the right-hand side of (4.17) denotes
the total scale-to-scale kinetic energy flux:

Qs =11, + AP + A, (4.18)

Here, the first term 1I, denotes the deformation work, which corresponds to the energy
flux of the Richardson cascade:

Il := —pyVoy : %g('l),’v), (4.19)

where 7¢(v,v) := (vv), — vv;. The deformation work represents the work done by the

large-scale strain Vo, against the small-scale stress py7y(v,v). The second term Aép ) de-
notes the baropycnal work defined by

1
AP = Ve Telp,v) (4.20)

where 74(p,v) := (pv), — peDy, and it represents the work done by the large-scale pressure

gradient force —Vpy/py against the small-scale mass flux 7;(p, v). While II, and Aép ) also

()

exist in ordinary compressible turbulence, the existence of the third term AKZ is specific
to a fluid near a gas-liquid critical point. Because this term arises due to the gradient
contribution, we call it capillary work. The capillary work has a form similar to that of
baropycnal work,

1
T e

and represents the work done by the large-scale force V-3,/p, against the small-scale mass
flux 74(p, v). Note that in (4.17), only these three terms are capable of the direct transfer
of kinetic energy across scales because each of the three terms has a form “large-scale (> /)
quantity x small-scale (< ¢) quantity,” whereas the other terms on the right-hand side of
(4.17) do not.

AP = V- 7(p,v), (4.21)

4.4 Main result

The first main result concerns the most fundamental property of the energy cascade: the
total scale-to-scale energy flux (leuxm becomes scale-independent in the “inertial range”

Ksmall < I K ElargeZ

(QI"™)a ~ et (4.22)

where e 1= (pV - v)q + (v - f)q denotes the effective energy injection rate, which is
scale-independent. We emphasize that, because Q?ux can be expressed in terms of field
increments dv(r; ) and dp(r;x), the relation (4.22) plays the same role as Kolmogorov’s
4/5-law [21].

The second main result is the prediction of the van der Waals cascade. In the range
of £ < £ <K liarge, the Richardson cascade, induced by the momentum flux, becomes
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)
E_l KC_ ! gs_niall k

large
Fig. 4.1: Velocity power spectrum E”(k) in the inertial range £}, < k < £}

large small*

dominant, whereas in the range of £y < £ < £, the van der Waals cascade, induced by
vdW stress, develops:

<A§E)>Q < <H4>Q ™~ Eoff for fc <IK Elarge’
<H€>Q < <Aé2)>9 X Eeff for Esmall <UL fc. (423)

Correspondingly, the velocity power spectrum is estimated to exhibit the power-law o
k=53 for 071 <« k< ;" and o k73 for 71 < k< €21 (see Fig. 4.1).

large small

4.4.1 Interpretation of the result

The above result can be interpreted in terms of the following energy transfer scenario (see
Fig. 4.1):

1. At large scales (~ L), kinetic energy is injected due to external force.

2. In the scale range larger than /.4, part of the injected kinetic energy is transferred
to smaller scales because of the effect of deformation work, while part of the kinetic
energy is converted into internal energy through the pressure-dilatation effect.

3. In the inertial range fonan < £ < Llarge, the following two-step cascade process
emerges:

(a) In the scale range . < ¢ < liarge, the Richardson cascade, induced by defor-
mation work, becomes dominant.

(b) At scales smaller than the crossover length /., the effect of the vdW stress due to
enhanced density fluctuations becomes significant. Therefore, the Richardson
cascade is no longer dominant, and the van der Waals cascade, induced by
capillary work, develops.

4. In the scale range smaller than £, .1, the kinetic energy transferred by the two-step
cascade is dissipated due to the viscous effects.
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4.4.2 Remark

Here, we remark on several assumptions imposed in deriving the main result. In deriving
the second main result, we have assumed that the velocity field satisfies the Besov regularity
in the inviscid limit: ,

16v(r;)|lp ~ Vems (Z) " ofor r< L, (4.24)

with the Besov exponent o, € (0,1] for p € [1, o0].
In addition, we have imposed the following conditions for the density and pressure field:

5p(r )l =0 () (4.25)

[6p(r; )|, = O <<£>05) : (4.26)

where ob € (0,1]. The requirement (4.25) is reasonable because the entropy functional
of the system (4.2) includes the density gradient term o< |Vp|2. For ordinary compress-
ible turbulence, the Besov regularity of these turbulent fields is well-established through
experiments and numerical simulations [94, 188-190].

4.5 Suggested experiments

We consider the experimental conditions required for observing the van der Waals cascade.
In the study of critical phenomena, CO2 has been widely used because its critical state
occurs under readily realized experimental conditions (7, = 304.13 K, p. = 7.3773 MPa,
pe = 0.4678 g cm™3) [191,192]. In this case, the shear viscosity u takes a value around
3.5 x107* g em™! 57! [176,191,193]. We first estimate the Kolmogorov dissipation scale
n, which can be estimated in terms of u, p., L, and vy := v/ (|v|?)q as

L\
~ L. 4.27
K <pcvrmsL> ( )

If we achieve a quite strong turbulent regime, in which Re ~ 107 (e.g., vyms ~ 10 m/s and
L ~ 0.1 m), the Kolmogorov dissipation scale is ~ 103 A. Therefore, if one can reach the
vicinity of the critical point such that the correlation length is at least ~ 10* A, it may be
possible to verify our predictions by measuring the velocity field using hot-wire anemometry
or laser Doppler velocimetry. To achieve a correlation length of that magnitude, we must
control the system with an accuracy of at least T — T, ~ 10™% K because & ~ £ye ™", where
¢o=15A, e:= (T —T,)/Te, and v = 0.630 [191,193].

4.6 Derivation of the main result

In this section, we derive the main result. First, we investigate the scale dependence of the
scale-to-scale energy fluxes. Then, we derive the first and second main results.

4.6.1 Scale dependence of the energy fluxes

Here, we investigate the scale dependence of deformation work, baropycnal work, and
capillary work, by using arguments similar to those used in the Onsager “ideal turbulence”
theory.
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Deformation work

The scale dependence of the deformation work II, = —p,Vv, : 7¢(v,v) is completely the
same as in pure quantum turbulence (Section 3.5.1). The result reads

g 30’p—1
e[| py5 = O <L) , p=>3. (4.28)

Baropycnal work

We next evaluate the scale dependence of the baropycnal work A@p ) = (1/pe)Vpe - Te(p,v).
By using the Cauchy-Schwarz and Holder inequalities, we obtain

AP L5 = 11(1/56)VDe - 7e(p, 0) 3

< 11/ pell ooV Pellp I Te (o, ©)]p - (4.29)
The second factor ||Vp||, can be evaluated as (see (3.41) of Section 3.5.1)
B op(L
vz, = 0 (1201, (4.30)

For ||7¢(p,v)||p/2, by using Proposition (3.79) in Appendix 3.7.1, we obtain

17e(p; V)2 = O[6p(O) I |60 () )- (4.31)
Then, from the Besov regularity (4.24), (4.25), and (4.26), we obtain

AP s = 11(1/5e) Ve - 7el(p, 0) 13
=o(2wmamwmmmww@m)

-0 ((i)aﬁﬁ) . p>3. (4.32)

This result implies that the mean baropycnal work goes to zero <A§p )>Q —0as /L — 0.
Therefore, the baropycnal work does not contribute to the energy transfer across scales.?

Capillary work

Finally, we investigate the scale dependence of the capillary work, Af) = (1/p))V - Xy -
Te(p,v). From the Cauchy-Schwarz and Hélder inequalities, we obtain

185 s = 1(1/50)V - Z0 - 72l v)|

< 1/ dloe (INTepBlell + 19 -Zely) [Felp. oo (4.33)
where we have introduced = as
1 1
== <2Tc/p\Vp\2 + 2Tc\Vp\2> I—TcVpVp. (4.34)

3In ordinary compressible turbulence, the baropycnal work can contribute to energy transfer [93,95,
156]. If the assumption (4.25) is violated, the baropycnal work can induce energy transfer across scales
even in this case, at least in the large scale {c < ¢ < liarge-
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We now evaluate |V (TcpAp),|l, and |V - E¢||. By noting that

V{Tepha), = ~7 [ @r(VG)(r) Tepp)(o+7)

— i | #r(TT6U) - (Tepva e+ v)

+ % / &’r(VG)(r)(V(Tep) - Vp) (@ + ),
Q
(4.35)

we obtain

IV (TepAp),llp < 22/Qd3rl(VVG)e(r)llchprllp+ E/Qd?”“I(VG)e(r)IIIV(Tcp) “Vpllp
=0 (). (4.36)

Similarly, ||V - E¢|| can be evaluated as

- 1 =
VS, <+ /Q (V@) ()1l

By combining (4.33), (4.36), (4.37), and the conditions (4.24) and (4.25), we obtain

) _ = _
1A s = 1(1/50)V - St - 7el(p, v) 13

~0 <<£>%_1> C p>3 (4.38)

Note that, for any o, € (0, 1], we cannot conclude that the capillary work goes to zero as
¢/L — 0. In other words, unlike deformation work, capillary work can contribute to the
transfer of kinetic energy across scales regardless of the regularity of the velocity field. The
scale-independent upper bound is obtained when o, = 1.

4.6.2 Derivation of the first main result

We derive the first main result in the steady state regime for simplicity, although it is valid
even in freely decaying turbulence. In the steady state, the spatial averaging of (4.17) gives

(@1 = (V- Br)a + (B¢ : Vo — (Doja + (ef)a. (4.39)

As mentioned in Section 4.2, the pressure-dilatation is assumed to be significant at large
scales > llarge. That is, the large-scale pressure-dilatation can be approximated as —(p,V -
v)o ~ —(pV - v)q for £ <K liarge. Similarly, because the contribution to —(X : Vu)q
from large scales > fgy.1 is assumed to be negligible, the large-scale vdW-stress—strain
becomes —<2[ : Vog)g =~ 0 for £ > lgpan. Finally, because the Kolmogorov dissipation
scale is assumed to be sufficiently smaller than other length scales and the external force
f acts at large scales ~ L, the viscous dissipation (D)o and the energy injection can be
approximated as (Dy)q ~ 0 and <€i£n>Q = (V- fo)a =~ (v- g for bgpan < £ < Oarge [10,95].
Thus, in the intermediate scale range lsman < £ < large, (4.39) becomes

(QI"™)a ~ (pV - v)a + (v flo =: eefr- (4.40)
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Here, we remark on the existence of the intermediate scale range fsnan < £ < large-
In the above derivation, we have assumed that —(p,;V - vp)q ~ —(pV - v)q for { <
farge- In other words, we have assumed that the pressure-dilatation co-spectrum satis-
fies E®) (k) = O(k~) with a > 1, as in ordinary compressible turbulence [93,94,150,154].
This assumption is based on the decorrelation effects between the large-scale pressure py,
which mainly acts at large scales, and V - vy, which becomes significant at small scales
as ||V - v, = O(|[6v(0)||,/) [93,94]. For the large-scale vdW-stress—strain, on the other
hand, such decorrelation effects are not expected because both X, and V#, change rapidly
in space. From the similar argument as in (4.38), its scale-dependence can be evaluated as
follows:

12 : Voellre < 15ellpl Vel

=0 <<i>%2> . p>2. (4.41)

Thus, there possibly exists a characteristic length scale fgman < flarge such that (33,
V’I_Jg>Q ~ 0 for £ > lymal.

4.6.3 Derivation of the second main result

We first note that the contribution to the energy transfer from the baropycnal work Aép )

can be ignored because it converges to zero as £/L — 0, as shown in (4.32). Therefore, the
first main result (4.22) can be further approximated as

(Ip)o + (Af7)a = cop. (4.42)

From (4.28) and (4.38), it immediately follows that the upper bounds of the mean de-

formation work (Il;)g and mean capillary work <Aé2)>g have different ¢ dependences. In
particular, the upper bound of (II;)o becomes scale independent when o3 = 1/3, whereas

that of <Ag2)>g behaves as O(£~2/3):
(Ie)a < |1 [y = O(1), (4.43)

—-2/3
<AfbagnAfm1=<><(j) ), (4.44)

When o3 = 1, on the other hand, the upper bound of <Aé2)>g becomes constant, whereas
that of (Il;)q behaves as O(¢?):

(p)o < [l = O ((i) > , (4.45)

(A e < 1A = 0. (4.46)

The above observation and the first main result implies that there exists a characteristic
length scale A such that deformation work is dominant in A < £ < f1arge, While capillary
work becomes dominant in fgnan < £ < A (see Fig. 4.2):

(Mg < (Mo =0(1) for A< L < Lage, (4.47)
(Mg < (A =0(1) for faman < £ < . (4.48)
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Fig. 4.2: Scale dependence of the scale-to-scale kinetic energy fluxes. The solid lines indicate the upper
bounds of the energy fluxes, and the arrow indicates the direction of energy transfer.

The crossover scale A can be estimated, for instance, as follows. If we use vy := ( pOKTO)*l/ 2

and pg = (p)q as the characteristic velocity and density, the deformation work (4.19) and
capillary work (4.21) can be evaluated as

A ~ XT3 Thleolp3vo (4.49)

and
Iy ~ polvj. (4.50)

Then, the balance condition II) ~ A&E) leads to A ~ \/Tp|colpo/vo. Thus, in the range
of /. < < liarge, the Richardson cascade, induced by the deformation work, becomes
dominant, whereas in the range of fg,.1 < ¢ < £, the van der Waals cascade, induced
by capillary work, develops. From the same argument as in Section 3.5.3, we can estimate
the velocity power spectrum as E¥(k) oc k=%/3 for 7! <« k < £;1 and E¥(k) o< k=2 for

large
(< k<!

small”

4.7 Concluding remarks

In summary, we have shown that supercritical turbulence near a critical point can exhibit
a novel type of cascade, which we call van der Waals cascade, at scales smaller than the
correlation length of equilibrium density fluctuations £. This van der Waals turbulence is
distinct from other known ordinary fluid turbulence in that its cascade reaches the “micro-
scopic length scales” smaller than £. Thus, the problem addressed here could lead to an
understanding not only of turbulence but also of the relation between the macroscopic and
microscopic descriptions of nature. We therefore hope that experiments will be conducted
to verify our predictions. Below, we provide some remarks on our results.

Similarity to pure quantum turbulence

Interestingly, the behavior of the van der Waals turbulence is quite similar to those of pure
quantum turbulence described in Chapter 3. Indeed, if we replace ¢(p) and T with A/p
and —h?/(4m?A) with some constant A, respectively, the van der Waals stress formally
corresponds to the quantum stress. Thus, the mechanisms of the quantum stress cascade
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and the van der Waals cascade are essentially the same. Therefore, our results provide
an interesting perspective on quantum turbulence, which will help illuminate the role of
quantized vortices and Kelvin waves in the energy cascade.

Scale locality of van der Waals cascade

As in pure quantum turbulence, the van der Waals cascade is only ultraviolet local and
does not satisfy the sufficient condition to be infrared local (for the scale locality in pure
quantum turbulence, see Appendix 3.7.2). Thus, the contributions of large-scale velocity
increments could be non-negligible and could contribute to capillary work.

Optimality of the upper bound on capillary work

We note that k=3 spectrum for the van der Waals cascade can become shallower due
to depletion of nonlinearity [5] or additional assumption on the Besov regularity. For
example, we can obtain a tighter bound on the capillary work by further assuming the
Besov regularity of the density gradient field Vp:

16(Vp)(r; )l = O((r/L)7? ") for r< L, (4.51)

with Upv’o € (0,1]. In this case, the upper bound of the capillary work can be evaluated as

o) B /¢ op—i-o'pvP—l
1A llps =0 | £ , p=3, (4.52)

v
and the velocity power spectrum can be estimated as EY(k) oc k=322 * for <k
KS_Hllau. Thus, the spectral exponent associated with the van der Waals cascade possibly

depends on the scaling exponent for the density field.

4.8 Appendix

4.8.1 Derivation of the pressure tensor

Here, we derive the pressure tensor ((4.3) and (4.4) in the main text). The equilibrium
value of ([u],[p]) = (u(x), p(x))zeq in the isolated system enclosed by adiabatic walls,
denoted as (u«(x), p«(x)), is determined as the maximizer of the entropy functional,

S ) = [ @ (stw.0) + L1708 (4.53)
with the conservation law,
/Q dxp(x)/m = N, (4.54)

/ Bru(x) = F, (4.55)
Q

where E and N are constants. The variational equation reads

= A1, (4.56)
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1w pi) | (ps)

2
_ _Vv. = A 4.57
T pn) T 2 [Voul” = V- (e(pe) Vi) = Ao, (4.57)
where A1 and Ay are Lagrange multipliers that are physically connected to the equilib-
rium values of temperature and chemical potential as A\; = 1/7°1 and Ay = —pu®1/T°9,
respectively.
We define /()
_ d(p
fi == (u,p) — T(us ) <2er12 v (c(pwm) | (458)

such that the equilibrium condition is given by Vi = 0. We then determine p, such that
V -p = 0 in equilibrium and p = p(u, p) when the gradient terms are ignored. To this end,
we use a relation,

V(p/T) =—uV(1/T)+ pV(u/T), (4.59)
which is derived from
p=pp—u+Ts, (4.60)
Vs = 1vu— Ly (4.61)
T T '

We first rewrite the second term on the right-hand side of (4.59) in terms of the generalized
chemical potential, i, as

pV (u/T) = pV (i/T) — pV (1t — p)/T)
= V(i) T) = V(plfi = 1)/ T) +V - (= 5IVplL + cVpVp)

=
|

1 1
= pV(i/T) -V - <pcApI + 5pc’|vp|21 + §C|Vp|2I — cvpvp> . (4.62)
Here, we used the relation,
_ 1
(= m)/T = =5d|Vpl* + V- (cVp), (4.63)

which follows from the definition of fi (4.58). By substituting this result into (4.59), we
obtain
V(3/T) = ~u¥(1/T) + p¥(/T) (4.64)

with
~ 1 / 2 1 2
p=|p+TpcAp+ §Tpc V|~ + §TC]Vp] I —TcVpVp. (4.65)

The equilibrium condition, VI' = 0 and Vi = 0, leads to V - p = 0. In addition, it is
evident that p = pI when the density gradient is ignored. In the main text, we used the
notation P = p to emphasize that p is a second-order tensor and defined the van der Waals
stress X as

X:=P—pl

1 1
= <TcpAp + §Tc'p]Vp]2 + 2Tc|Vp|2> I —TcVpVp. (4.66)



64 CHAPTER 4. VAN DER WAALS TURBULENCE

4.8.2 Correlation length of equilibrium density fluctuations

In this section, we derive the correlation length of equilibrium density fluctuations and
thus confirm that the correlation length is determined by the capillary coefficient and
parameters in the entropy density. To this end, we introduce the Helmholtz free energy
functional,

1
FT) = [ (1.0 - 5TeloIvoR). (4.67)
where f :=u — T's. Assuming small, slowly varying deviations in density, we consider the
expansion of f in terms of the local deviation, dp(x) := p(x) — po, as follows:

1
2 poKr
where Krp is the isothermal compressibility, given by
1 0p(T
Ky o= L 220p) (4.69)
PO ey

Substituting (4.68) into (4.67), we obtain

FT) = [ e (f(T, o) + ;[%}(TW - ;TCO!W!?)
- /Q Sz f(T, po) + 6F (T, [p)). (4.70)
where
1 1 1
SF(T,[p]) = /Qd% (2P%KT(5p)2 - 2Tco|Vp|2) : (4.71)

Here, the first power of dp has been dropped considering the conservation of particles, and
¢(p) is replaced by ¢g := ¢(pg) because the difference ¢(p)—cy is a higher-order contribution.
Introducing the Fourier transform of the density deviation,

1 A
dp(k) = / Bae *25p(x), (4.72)
VJa
where V := L}, and k € (2rr/Lq)Z, (4.71) becomes
1 1
SF(T,[p]) = = ——— — Teok? | [5p(K)|? 4.73
F1) = 3V S (g ook ) 9otk (4.73)

and k := |k|. According to fluctuation theory in equilibrium statistical mechanics, §F/(T, [p])
plays a role of an effective Hamiltonian describing density fluctuations of the system
with temperature T'. That is, the density correlation function takes the Ornstein-Zernike
form [194], as follows:

[ (Tgasota)) oot esp (~ g1 S (o~ Teos?) 13900

2
R pe K
(165(k) 20 = - T
/ (Hq dé[)(q)) exp (— kT > <p2KT - T60q2) |5ﬁ(Q)|2>
0

_ kpT 1

N %4 (p(Q)KT)fl — TC()]C2

i 1 for k0. (4.74)

T Vieo| €2+ k2
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Here, £ is the correlation length of density fluctuations

¢ :=\/TlcolpgEr

_ vTleolpo (4.75)
Vo ’ .

where we introduce a velocity characterized by the isothermal compressibility, as follows:

1
VoK

As an example, we consider a van der Waals fluid for which the equation of state is
given as follows:

(4.76)

Vo =

p(T, ﬂ) =TT o ap, (477)

where m denotes the mass of a particle; the heat capacity per unit volume is given by
CV(Tv p) = nkBpa (478)
where a, b, and 7 are constants. In this case, the entropy density is given by

k 1-b 2
s(u, p) = —Bplnip +nkBplnu+ap + cp, (4.79)
m" o p/m p/m

where c¢ is a constant. The critical density, temperature, and pressure are expressed as

1 8am a
- = =" = 4.80
Pe= 35 T oty Ve T om0 (4.80)
respectively. If pg = p., the isothermal compressibility can be expressed as
1 T
Kr = . 4.81
T 6p. T —T. (4.81)

From (4.75), (4.79), (4.80), and (4.81), it is straightforward to confirm that the correlation
length ¢ is determined by the capillary coefficient ¢(p) and the parameters in the entropy
density s(u, p).






Chapter 5

Simple XY model for cascade
transfer

Many phenomena in nature can be regarded as cooperative phenomena in the sense that
they emerge from interactions between many components. Even if such interactions are
complicated, the resulting cooperative phenomena can be universal regardless of the details
of the interactions, allowing for phenomenological understanding. Therefore, if we are
interested only in the universal aspect of such a phenomenon, it is sufficient to investigate
the simplest model that describes it. Simple models have provided phenomenological
perspectives on various phenomena such as critical phenomena [65], phase separation [38,
66|, directed percolation [67], surface growth [68,69], and flocking [70].

Cascade transfer can also be regarded as a nonequilibrium cooperative phenomenon,
where inviscid conserved quantities are conservatively transferred across scales due to ex-
tremely complicated nonlinear interactions. Remarkably, cascade transfer is also observed
even in systems different from fluids, including elastic bodies and spin systems [52-59].
Thus, cascade transfer phenomena are ubiquitous and underlie the universality in various
systems. This fact motivates us to systematically classify various cascade phenomena by
establishing the concept of a “universality class,” as in equilibrium critical phenomena. As
a first step toward this end, we have explored novel types of cascade transfer in quantum
fluid and supercritical fluid near a critical point in Chapters 3 and 4.

In this chapter, we explore novel cascade phenomena by constructing a simple model
representing one universality class for cascade transfer without paying much attention to
its relevance to real systems. In constructing the model, we focus on how cascade transfer
emerges from spatially local interactions, noting that most existing cascade models have
nonlocal interactions [5,195-197].

The constructed model is a modified XY model with amplitude fluctuations, in which
the spin is regarded as the “velocity” of a turbulent field in d dimensions. We show that
the model exhibits an inverse “energy” cascade, and we calculate the functional form of the
velocity correlation function, which corresponds to the non-Kolmogorov energy spectrum o<
k3. This behavior is quite different from ordinary fluid turbulence even in two dimensions,
where the inverse energy cascade inevitably accompanies the enstrophy cascade and the
Kolmogorov spectrum.

This chapter is organized as follows. In the next section, we consider the minimum
elements required for cascade transfer. In Section 5.2, we introduce our model. Then, its
basic properties are described in Section 5.3. The main results are presented in Section 5.4.
In Section 5.5, we numerically illustrate these results. The derivation of the main results

67
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are explained in Section 5.6. Concluding remarks are provided in Section 5.7.

5.1 Insights into the cascade transfer

Let us consider the minimum elements required for cascade transfer to occur. Obviously,
nonlinearity is indispensable because the essence of cascade transfer is strong inevitable
interference between widely separated length scales. Furthermore, this nonlinearity must
conserve “energy” if there is neither injection nor dissipation.! To ensure the existence
of the “inertial range,” the injection and dissipation must act at large (small) and small
(large) scales, respectively. Thus, the minimum elements required for the “energy” cascade
to occur are (i) nonlinearity that conserves “energy”; (ii) injection at large (small) scales;
and (iii) dissipation at small (large) scales.

)

We now construct a simple model for cascade transfer by specifying these three el-
ements. Respecting the ease of the intuitive interpretation of the nonlinear interaction,
we consider the two-component “velocity” vector v; at each site ¢ on a two-dimensional
square lattice. In the case shown in Figs. 5.1(a) and 5.1(b), the “energy” (|v;|?)/2 is lo-
calized at small and large scales, respectively. For the model to evolve from the state

(a) (b)

SN NN N

/

E(k) E(k)

EVAV VAN

Fig. 5.1: Schematic illustration of the idea of constructing a simple model. The arrow on each site represents
the “velocity” of a turbulent field. Bottom panels show the corresponding energy spectrum.

shown in Fig. 5.1(a) to that shown in Fig. 5.1(b) while conserving energy, “ferromagnetic
interactions” may be suitable nonlinearity. Because this nonlinear interaction may induce
an inverse energy cascade, where the energy is transferred from small to large scales, we
must incorporate into the model injection and dissipation terms that act at small and large
scales, respectively. To this end, it may be suitable for the ease of analysis to choose a
random force that is white in space and time and a friction dissipation.

5.2 Model

Let v;(t) := (v}(t),v2(t)) € R? be the “velocity” at site i of a d-dimensional hypercubic lat-
tice. For simplicity, we consider a hypercubic lattice with N vertices and lattice constant
a and impose periodic boundary conditions. The collection of the nearest neighboring sites

of 7 is denoted B;. The time evolution of v¢, a € {1, 2}, is given by the following Langevin

'Here, we do not consider the case where the nonlinear term itself dissipates energy.
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equation:
Ol = A R (v)oh — quf + VEE, (5.1)
JEB;
where R%(v;) represents the projection in the direction perpendicular to v;:
a,b

Lot
e (5.2)

(%

R*(v;) := 6% —

Here, A > 0 is a coupling constant, v > 0 is a friction coefficient, and € > 0 represents the
strength of the random force, which is the zero-mean white Gaussian noise that satisfies

(€1 (g (tN) = 8760(t — ), (5:3)

and |v;]? = viv{. Here and hereafter, we employ the summation convention for a,b,c
that repeated indices in one term are summed over {1,2}. A snapshot of the steady-state
velocity profile of the model for the case d = 2 is shown in Fig. 5.2. Below, we mainly
consider the case of d = 2, but the extension to any d is straightforward.

50 1 4
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150';:{‘xs>>:44(::1; 2.5
3 "sLLLVfo‘(((‘V'
= v“*x>7144«vft » 2.0
100-7"‘*"“"("’7
2 AR RN TIA R A L5
Y rrrr =N
01y prrea= Y Y<is, ) yyy 1.0
Yy s Y4 ppyyy
VY PrpAa<INS< 4,y yyy 0.5
0-"’,A~VV<4;" IR |
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x/a

Fig. 5.2: Snapshot of the steady-state velocity profile of the model with T = XA = 1 and v = 0.001. The
color bar denotes the magnitude of the velocity vector |v;|.

5.3 Basic properties

Let |v;|2/2 be the “energy” at site i. A crucial property of the nonlinear term of the model
(5.1) is that the term does not contribute to the energy exchange:

v | ARl | =0. (5.4)
JEB;

Therefore, the time evolution of |v;|?/2 is governed only by the dissipation rate v|v;|? and
injection rate \/cvf o &5

1
5@\%"2 = —|vi|* + Verf o &, (5.5)
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where the symbol o denotes multiplication in the sense of Stratonovich [198] (see also
Appendix 6.4 of Chapter 6). Thus, if there is neither injection nor dissipation (i.e., ¢ =
v = 0), the energy at site 4, |v;/?/2, is conserved without any averaging. If ¢ > 0 and
v > 0, it follows that {|v;]?) = 2T in the steady-state, where we have introduced the
“temperature” as T := /2.

It becomes easier to understand the behavior of the model by introducing the amplitude
A; and the phase 0; as v; = A;(cos0;,sin ;). In terms of A; and 6;, (5.1) can be expressed
as (see Appendix 5.8.1)

e

OAi = =7 A;i + o + Ve (5.6)
A0 = =X Y Ajsin(6; — 0;) + VEE]. (5.7)
JEB;
Here, 5;4 = &l cos0; + &2 sinf; and §i9 = —&lsin@; + &2 cos 0;, where the multiplication is

interpreted in the Ito sense [198] (see also Appendix 6.4 of Chapter 6). Note that (5.7) has
the form of the random-bond XY model with asymmetric coupling. If A; is frozen uniformly
in space, the system exhibits the Kosterlitz-Thouless transition [199-201]|. Therefore, we
can say that this model is a modified XY model with amplitude (energy) fluctuations. We
emphasize that, in contrast with the standard XY model, the detailed balance is broken
in our model due to the amplitude fluctuations (see Appendix 5.8.2). The absence of the
detailed balance is necessary for the cascade transfer to occur in the steady-state.

In the following, we use the property that the energy dissipation and injection act at
large and small scales, respectively. Let K; = Ki_l be the energy injection scale. Since the
injection due to the noise &' acts with uniform strength on each Fourier mode, K; can be
defined, for instance, as

or 1 N/2 N/2
0

n1=—N/2+1 ng=—N/2+1
where L := Na. The energy injection due to the “thermal noise” mainly acts at scales < ¥;.
Similarly, let K = £ I be the dissipation scale. This scale may depend on the friction
coefficient y and dissipation rate v(|v;|?) = . Therefore, K., is defined as K., := 7%/2¢71/2
[202-204]. We thus expect that the dissipation is dominant at scales > ¢,. Note that
K,—0asvy—0.

5.4 Main result

Let II(k) be the scale-to-scale energy flux, which represents the energy transfer from scales
> k=1 to scales < k1. (The precise definition is given below.) In the steady-state, II(k)
becomes scale independent in the “inertial range” K, < k < K;:

(k) ~ —e < 0. (5.9)

Since II(k) is negative, (5.9) states that the model exhibits an inverse energy cascade;
i.e., the energy is transferred conservatively and continuously from small to large scales.

Correspondingly, the equal-time correlation function C(£) := (v{vf), where £ := r; — 7
and 7; denotes the position of site ¢, follows a power law:
1
Cl) ~ —(Na®)tel? for £ << L, (5.10)

16
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From (5.10), the one-dimensional energy spectrum E(P)(k) reads
EMDN(E) ~ C(Na?) Ttk ™3 for K, < k< K, (5.11)

where C' is a positive dimensionless constant.

5.5 Numerical simulation

We here present the results of numerical simulation for the case d = 2 (see Appendix 5.8.3
for three-dimensional case). Time integration is performed using the simplest discretization
method with At = 0.01. The initial value of v{ is set as v{(0) = /eAW¢, where {AW/}
denote the independent Wiener processes with variance At. The parameter values are
chosen as A = 1, ¢ = 0.002, and ~ = 0.001, so that T" = 1. The system size is fixed as
N = 1024 with a = 1. In this case, the injection and dissipation scales are estimated
as K;a ~ 241 and Kya ~ 1 x 1073, respectively. Note that K; does not increase but
approaches a constant value as N increases.

()
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Fig. 5.3: Scale dependence of (a) the scale-to-scale energy flux II(k) /e and (b) the energy spectrum E1P) (k)
with T"= A = 1 and v = 0.001 at different times. The dash-dotted and dotted lines represent the power-
laws o k2 and  k, respectively. The inset shows the compensated energy spectrum /\a2671k3E<1D)(k),
where the solid line represents C' = 1/2.

Figure 5.3(a) shows the scale dependence of the scale-to-scale energy flux II(k) at
different times. As expected from the result (5.9), II(k) is negative and scale independent
in the inertial range K, < k < K;. The magnitude of II(k) in the inertial range is on
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the order of €, i.e., II(k)/e ~ —1, which is consistent with (5.9). Furthermore, the scale
range over which II(k) is nearly constant extends to larger scales as time increases. This
result also supports that the energy is continuously transferred from small to large scales.
In Fig. 5.3(b), we plot the one-dimensional energy spectrum pQD )(k) for the same times
as in Fig. 5.3(a). In the inertial range, E(*P)(k) follows the power law o< k=3, which
is consistent with the theoretical prediction (5.11). At scales smaller than the injection
scale K;, EMP)(k) is proportional to k. This result implies that the “equipartition of
energy” is realized for small scales 2 K;. We can also confirm the existence of the inverse
energy cascade by noting that the spectrum extends to larger scales as time passes. Note
that the range over which II(k) is flat does not exactly correspond to the range over
which EOP)(k) o k=3, This discrepancy is similar to that observed in ordinary fluid
turbulence [16].

5.6 Derivation of the main result

Let 9¢ be the discrete Fourier transform of v¢ with k := 27n/L, where n',n* € {-N/2 +
1,---,0,1,--- ,N/2}. We define the low-pass filtering operator by

K . <K .__ ~  iker;
PR v st = Z Ve (5.12)
|k|<K

where E‘ k|<K denotes the sum over all possible k that satisfy |k| < K. This operator
sets to zero all Fourier components with a wavenumber larger than K. By applying this
operator to both sides of (5.1) and taking the average, we obtain the low-pass filtered
energy balance equation:

0ug ([0 %) = ~TI(K) ~ o) + Ve o £55), (513)

where

I(K) := —\ <va PR RW) - vy > (5.14)

JEB;

denotes the scale-to-scale energy flux. Note that only II(K') includes the contribution from

the Fourier modes with |k| > K because of the nonlinear interaction. The dissipation
mainly acts at scales > £, and it follows that v(|Jv;%|?) ~ fy(]vi<K7|2) ~ y(|v;]?) for
K, < K. Similarly, because the injection mainly acts at scales < ¢;, <vi<K o EfK) ~ ( for
K < K;. Therefore, in the steady-state, we obtain

(K) = =l ) + Ve(vi ™ 0 &75)

~ —{|v;f*)
=-e<0 for K, <K<K, (5.15)

The model thus exhibits the inverse energy cascade; i.e., the energy is transferred conserva-
tively from small to large scales in the “inertial range” K, < K < K;. Note that the above
argument is essentially the same as that for the two-dimensional fluid turbulence [202-205].

We now determine the functional form of the energy spectrum. To this end, we express
the energy flux in terms of the velocity correlation function as in the derivation of the
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Kolmogorov 4/5-law (see Section 1.3). We first note that II(K) can be rewritten as

() = — By (o)

NL
1 (s 1
= 3 5 X e emagun|
|k|<K T NL

(5.16)

where 0y-|y;, denotes the time evolution due to the nonlinear term. By taking the contin-
uum limit, (5.16) can be expressed as

_ d’k 2o ikt
T(K) = /|k|<K o / 20— )

- / - KdtJ,(K0)e((). (5.17)
0

Here, Jj is the Bessel function of the first kind and we have assumed the homogeneity
e(£) = O (v°(£)v°(0)) /2|1, = O(v°(rj)ve(r1)) /2|y, and isotropy (£) = e(¢) with £ :=
r; — ;. We now substitute (5.17) into the relation (5.15) to find

/0 dzxJi(x)e (%) ~e for K, <K<K, (5.18)

By taking first the limit v — 0 (K, — 0) and then the limit K — 0, we obtain, for large
¢, [5]

e(l) ~ e, (5.19)

where we have used the identity [ daJi(z) = 1. A simple expression for £(¢) can be ob-
tained by noting that v; tends to align with ((v;)) := >, 5 v;/4 because of the nonlinear-
ity of the model. In other words, for the angle a; between v; := v;/|v;| and ((v;))/[{(v:))],
we conjecture that o; < 1 in the steady-state. Therefore, by assuming that each angle
between ¥; and its nearest neighbor v; is on the order of o; < 1, we find that

R () ((v7)) = ((vf)) — 0 |{{vi))] cos

¢+ 07 (A — ((A2))) - (5.20)

Since {A;} are independent and identically distributed random variables, we obtain from
(5.20) that

1
Oy 3 (vivy)

= 22 [(WfR™ (0 ((u)) ) + (2R (w) ((05)))]

NL
~ 2\ [(of [((v)) = v5]) + (0f () — i), (5.21)

for |r; —r;| > a. Note that ((-)) — - is the discrete Laplacian. Therefore, £(¢) in (5.19) can
be expressed in terms of C(¢) := (v(r;)v°(ry)):

02 10
2 —_— —_— ~Y
4 a <8€2 + g(%) Cl) ~e. (5.22)
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It follows from this equation that

1
C(Z)NE()\a?)_leEQ for 4 <l <L, (5.23)

Correspondingly, the asymptotic behavior of the one-dimensional energy spectrum E(P) (k)
in the inertial range reads

EODN(E) ~ C(Aa?) ek ™ for K, <k < K;, (5.24)

where C' is a dimensionless positive constant.

5.7 Concluding remarks

One of the fundamental properties of cascades that we have not discussed here is scale
locality [157,170,206]. From the fact that the energy flux and spectrum gradually extend
to larger scales as time passes (see Fig. 5.3), it seems that the inverse cascade is scale-
local. However, a numerical study of scale locality implies that it is not scale-local (see
Appendix 5.8.4), although there remains a problem of how to define the scale locality. A
more detailed study on the scale locality should be carried out in the future.

Interestingly, the behavior of the energy spectrum E(lD)(k‘) o k73 at large scales is
also observed in atmospheric turbulence. In the upper troposphere and lower stratosphere,
EUD) (k) o< k75/3 at scales between 10 and 500 km while E0P) (k) oc k=3 at scales between
500 and 3000 km [205,207-212]. We also note that turbulent behavior similar to that of
our model is found in so-called spin turbulence [54-59] and Fibonacci turbulence [213]. It
would thus be interesting to investigate the relationship between these systems and our
model.

In conclusion, we constructed a modified XY model in which cascade transfer emerges.
Because this inverse cascade induces the non-Kolmogorov spectrum EMP) (k) oc k=3, it
represents a different universality class from ordinary fluid turbulence. We thus hope that
our model triggers further investigation of cascade transfer in various systems such as
condensed matter, active matter, and other statistical mechanical systems.

5.8 Appendix

5.8.1 Derivation of (5.6) and (5.7)

The model (5.1) is mathematically the following stochastic differential equation (for stochas-
tic differential equation, see Appendix 6.4 of Chapter 6):

dv? = XD R®(v;)obdt — yvfdt + \/edW, (5.25)
JjE€B;

where W denotes the independent Wiener process. We set v; = A;(cosb;,sinf;) and
a; :=In A;, so that

a; + i0; = In(v} + iv?). (5.26)
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By using the Ito calculus [198], we obtain

dw! +iv?)  [d(} + o))

d(a; +i0;) =
(ai + ;) vl + iv? 2(v} + iv2)?

NG

T .2
: v+ 1;
vt \JEB; JEB; ¢ t

€
— (AW} + idW?)?
2(vl~1+iv§)2( i iAW)

= \e % Z [(1 — cos? 0;)A;jcos; — cosB;sinb; Ajsinb;
JEB;
—icosf;sinf;Ajcosb; +i(1 — sin? 6;)A; sin Gj} dt
— ydt + feem %0 (dWE + idW?) (5.27)

A
= s | D0 RY @)l +i > R (v} | dt — vt + (AW} + idW}?)

vil—i-iv

By taking the real and imaginary parts, we obtain
da; = —~ydt + /ee %dW, (5.28)
df; = e % | =X Ajsin(0; — 0;)dt + VedW | (5.29)
JEB;
where dWiA := COS OidVVil + sin OidVVf and de = —sin GidWil + cos Gide. Therefore,
1

e

= —yAidt + —dt + VedWh, (5.30)
A;df; = — )\ Z Aj sin(&i — Gj)dt + \/gdWie. (5.31)
JEB;

5.8.2 Violation of detailed balance
The Fokker-Planck equation corresponding the model (5.1) reads

. ) " . €0
oP({vi) =~ 507 | > RP(wi)of =i = 2 oo
i v JEB; !

P({uf}), (5.32)

where Pi({v{}) denotes the probability density of finding {v{} at time ¢. Note that,
regardless of whether the “velocity” variables {v{} are even or odd under time reversal, the
drift term is irreversible. Therefore, the necessary and sufficient condition for the system
to have a stationary distribution that satisfies detailed balance is [198]

9 a 2 ab b a
o In Po({vi}) = P A %; R® (wi)vj — v
MASEe)

= Zi({vi'}), (5.33)

which expresses the vanishing of the probability current. However, this condition cannot
be satisfied because
0z} 027
avé? ovf

for j€ B (5.34)
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in general. In fact,

0Z% 2\ [ . VI
(%;7 = (6 — |'Ui|2> , (5.35)
whereas
Y4B\ vah
e [ L g A [ 5.36
¢ e lv;|? (5-36)

5.8.3 Three-dimensional case

In this section, we present the numerical result for the three-dimensional case with two-
component velocity v;. Even for this case, we can derive the inverse energy cascade with
k3 spectrum: for K, <k K;,

(k) ~ —¢ (5.37)

and

EUP) (k) ~ C(Aa?)tek™3, (5.38)

where C' is a positive dimensionless constant. In Fig. 5.4, we plot the scale dependence of
the energy flux I1(k) and spectrum E(P) (k). The parameter values and the system size are
chosen as A =1, ¢ = 0.002, v = 0.001, and N = 128 with a = 1. In this case, the injection
and dissipation scales are estimated as K;a ~ 3.02 and Kya ~ 1 x 1073, This result is
consistent with the prediction (5.37) and (5.38). Note that, in this case, E0P) (k) o< k2 at
small scales, whereas it is proportional to E1P) (k) o k in the two-dimensional case. This
result also implies that the “equipartition of energy” is realized for small scales.

0.3} o] o
hst
—04F} 100k B
\\5} —
~ 05} = 0t}
= 3
vV —0.6} o 107
= S .
o 107°F AN
0.7}
10-4L Sl
—0.8}

10T 107

ka

Fig. 5.4: The scale-to-scale energy flux TI(k)/e (left). The energy spectrum E)(k) (right). The dash-
dotted and dotted lines represent the power laws oc k=2 and o k2, respectively.

5.8.4 Scale locality

In this section, we numerically investigate the scale locality of the inverse energy cascade.
An energy cascade is scale-local if modes that make a significant contribution to energy
transfer at each scale are limited to those in the vicinity of that scale. More precisely, we
define the scale locality of the inverse energy cascade for our model as follows [157,170,206].
We first note that the scale-to-scale energy flux II(K) := —\(v; K- P<K[EJEBZ, R(v;) - vj])
has a form of “velocity” v; ¥ times “force” )\77<K[ZjEBZ_ R(v;)-v;]. We describe the energy

flux as infrared local if |A(v; 9 -P<K[Yjep, R(vi) -vj])| and ‘)‘<Uz‘<K’P<K[ZjeBi R(v 9).

7
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Fig. 5.6: Q-dependence of |A\(v=F -73<K[Zj€Bi R(va)~v]-<Q]>/H(K)| for Ka ~ 0.31 (left) and Ka ~ 0.18
(right).

'UJ<Q])] gives an asymptotically negligible contribution for Q <« K. That is, the en-

ergy flux satisfies the infrared locality if [A(v; < - P<K[Y ep, R(vi) - v])] and MoK
73<K[Zj€Bi R(va) . va])] decay as fast as (Q/K)® with o > 0 for @ < K. Here, we
have used the fact that ('qu)<K = va for @ < K. Similarly, we describe the energy flux
as ultraviolet local if \A(va-P<K[ZjeBi R(v?Q) 'vJ>Q]>| decays as fast as (Q/K)~% with
a >0 for Q > K. Here, we do not need to consider ]A((U;Q)<K -73<K[ZjeBi R(v;) - v;])]
because ('UfQ)<K =0for Q> K.

We here remark that the energy flux II(K) in our model cannot be scale-local without
averaging. That is, because II(K) is not Galilean invariant, a k = 0 mode can directly
contribute to the unaveraged energy flux if we boost the flow with a uniform velocity U,
i.e., v; = v; + U for all 7. Note that this property is the same as the unsubtracted fluz for
fluid turbulence [170]. Even though the unaveraged flux is not scale-local, the averaged flux
II(K) may become scale-local because of the cancellation of the large-scale contribution.

We now present the results of numerical simulation. The parameter values and system
size are the same as in the main text: A = 1, ¢ = 0.002, v = 0.001, and N = 1024
with a = 1, so that the injection and dissipation scales are estimated as K;a ~ 2.41 and
Kya ~ 1 x 1073. We first consider the infrared locality. For the infrared locality, we
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investigate the ()-dependence of the following quantities:

A<va-P<K > R(vi) - v; > : (5.39)

JEB;

A <va PN R09) 0y € > . (5.40)
JEB;

We calculated these two quantities for Ka ~ 0.31 and Ka ~ 0.18 (K = 27n/Na with
n = 50 and 30, respectively), which is within the inertial range: K, < K < Kj;. Figures
5.5 and 5.6 show the Q-dependences of these quantities at ¢t = 50000 normalized by |II(K)]
with @ < K for Ka ~ 0.31 and Ka ~ 0.18, respectively. Although both quantities decay
as @ — 0, they are almost flat in the inertial range K, < @) < K < K;. This result implies
that the inverse cascade is not strictly infrared local. In other words, the contributions to
the energy flux from large-scale modes may not be ignored.

For the ultraviolet locality, we investigate the ()-dependence of the following quantity:

A<vi<K-73<K > R %) v7? > : (5.41)

JEB;

The result is shown in Fig. 5.7. As in the case of the infrared locality, this quantity does
not decay rapidly in the inertial range K, < K < @ < K;. Therefore, small-scale modes
may contribute significantly to the energy flux.

10°4 1004

10714 10-14

102 101 100 102 101 100

Qa Qa

Fig. 5.7: Q-dependence of |A\(v<% 'P<K[Zje}3,» R(v?Q)~vj>Q]>/H(K)| for Ka ~ 0.31 (left) and Ka ~ 0.18
(right). /
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Chapter 6

Information thermodynamics

Various phenomena observed in complicated systems such as the Earth system [214-216]
and chemical reaction network [217] can be regarded as nonequilibrium cooperative phe-
nomena that emerge from many-body interactions. To elucidate and control the dynamics
behind such phenomena, it is pertinent to focus on information transfer between com-
ponents constituting the system. Particularly in mesoscopic systems affected by thermal
fluctuations, the nature of such information transfer can be described by information ther-
modynamics [79,218]. Information thermodynamics is essentially stochastic thermody-
namics for subsystems [80,81,219,220| and provides constraints that are consistent with
thermodynamics on the exchange of information between subsystems. Recently, it has
been applied to information processing at the cellular level in biological systems [221-225|
and even to deterministic chemical reaction networks [226].

In this chapter, we briefly review information thermodynamics. In the next section,
we introduce several information-theoretic quantities. In Section 6.2 and 6.3, we review
stochastic thermodynamics and information thermodynamics, focusing only on aspects
relevant to this thesis. For more exhaustive and pedagogical reviews, see, e.g., [79-81,219,
220].

6.1 Information-theoretic quantities

In this section, we introduce important information-theoretic quantities used in Chapter 7.
While we use continuous random variables in introducing these quantities to make ex-
plicit the connection with Chapter 7, several examples are given by using discrete random
variables.

Shannon entropy

Let x be a continuous random variable, and p*X () be its probability density. The Shannon
entropy is defined by [227]

S[X] = —/dpr(:L‘) Inp™ (z). (6.1)

The Shannon entropy S[X] quantifies the randomness of the variable z. For discrete
random variables, the Shannon entropy is nonnegative. We remark that the Shannon
entropy is not invariant under the transformation of the variable in the continuous case.

81
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As an example, we consider a simple case with € {0,1}. We set pX(0) = p and
pX(1) =1 — p with p € [0,1]. Then, the Shannon entropy reads

S[X]=-plhp—(1—-p)n(l —p). (6.2)

As expected, it takes the maximum value In2 for p = 1/2 and minimal value 0 for p = 0
or 1.

Mutual information

Let x and y be the two continuous random variables, and p(x, y) be their joint distribution.
The marginal distributions are given by pX(z) := [dyp(z,y) and p¥ (y) := [dap(z,y).
The mutual information is defined by [227]

L Py
pX(2)pY (y)

Note that it is symmetric between X and Y. By introducing the conditional Shannon
entropy

IX:Y]:= /dxdyp(x,y)l (6.3)

SIX[Y] = — / drdyp(z, y) n p(zy)
— S[X,Y] - S]Y], (6.4)

where p(z|y) = p(x,y)/p¥ (y) is the conditional probability density, the mutual information
can be expressed as

I[X:Y] = S[X] + S[Y] — S[X,Y]

S[X] — S[X|Y]
S[Y] - S[Y|X]. (6.5)

Thus, I[X :Y] quantifies how much knowing X (V') reduces uncertainty about Y (X). In
other words, the mutual information quantifies the strength of the correlation between
X and Y. Indeed, it can also be expressed in terms of the Kullback-Leibler divergence

Dx1,(pllq), which quantifies the “distance” between the two probability distributions p and
q [227]:

I1X:Y] = Dxu (pllp™p") - (6.6)

From the nonnegativity of the Kullback-Leibler divergence, it follows that the mutual
information is nonnegative I[X : Y] > 0. The equality I[X :Y] = 0 holds if and only if X
and Y are independent p(z.y) = p* (z)p" (y). In fact, by applying Jensen’s inequality,

I[X:Y]=—<1npx(l’)m>

p(z,y)
/2@ ()
S l< p(z,y) >p
= —Inl=0, (6.7)

where (-), denotes the average with respect to p(z,y).
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As an example, we consider a binary symmetric channel (see Fig. 6.1). Let x € {0,1}
be a measured random variable, and y € {0, 1} be a measurement outcome. For simplicity,
we set pX (0) = pX (1) = 1/2. We assume that the measurement error is characterized by

ply=0z=0)=py=1z=1)=1—¢, (6.8)
ply=1r=0)=py =0z =1) =g, (6.9)

where € € [0, 1] is the error probability. In this case, the mutual information reads
IX:Y]=In2+e€elne+ (1 —¢€)In(l —¢). (6.10)

Thus, the mutual information takes the maximum value In2 when ¢ = 0 or 1, while it
takes the minimal value 0 when € = 1/2.

0.7
0.6 1
0.51
1—e¢€ =
0.4 1
0———>0 =
€ :0.3‘
X Y 0.2
€ 0.14
1 1 —€ 1 00(),() 0.2 0.4 0.6 0.8 1.0

€

Fig. 6.1: Schematic of the binary symmetric channel (left) and the e-dependence of the mutual information
(right).

Learning rate (Information flow)

Here, we consider dynamical evolution of X and Y. Let x; and %; be continuous random
variables at time ¢t. The directional information flow from one variable to the other can be
quantified by the learning rate, which is also called the information flow [221,224,228,229|.
The learning rate that characterizes the rate at which X; acquires information about Y; is
defined as

I[Xt+dt : }/t] - I[Xt : Y;f]

X(t) = li 6.11
0= % @ (6:11)
Similarly, the learning rate associated with Y is defined by
11X, Y, —I[X;:Y,
Y (t) ;= lm X Yerar] = T1X0: Yi) (6.12)
dt—0+ dt

The learning rates have a clear meaning. Suppose that [* () > 0, for example. From the
definition, the positivity of % (¢) > 0 means that the dynamical evolution of X increases
the mutual information. In other words, X is “learning” about Y through its dynamical
evolution. Similarly, /%X () < 0 means that the dynamical evolution of X decreases the
mutual information. That is, X is destroying or consuming correlation with Y through its
dynamical evolution.
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If these two stochastic processes z; and y; are Markovian and bipartite, i.e., if the
transition probability p(itat, Y-rat|Tt, yi) satisfies

P(Tevdrs Yerar| e, ve) = D(@eraelze, yo)p(Yerar|ze, ye) + O(dt?), (6.13)

then it follows that!

d
XY = () + 1Y (1) (6.17)
Thus, the learning rates X () and ¥ (¢) give the natural decomposition of the time deriva-
tive of the mutual information. Note that in the steady state, we have %I[Xt:Yt] = 0,

and thus the two learning rates have opposite signs.

6.2 Stochastic thermodynamics

In this section, we briefly review stochastic thermodynamics, focusing only on aspects
relevant to this thesis. In a nutshell, stochastic thermodynamics is a theoretical framework
that extends thermodynamics to systems where thermal fluctuations are significant, such as
colloidal particles and molecular motors in living cells [80,81,220]. Note that, in principle,
stochastic thermodynamics is valid even for macroscopic systems where thermal fluctuation
effects are negligible.

As an illustrative model, we here consider a colloidal particle described by an over-
damped Langevin equation. Let x; be the position of the particle at time ¢. The time
evolution of z; is governed by the following equation:

vy = =0 U(x, M) + fe(we) + /2vkBTE;, (6.18)

where 7 denotes the friction coefficient, U(x, \) denotes a potential with an external control
parameter )\, f;(z) denotes a nonconservative force. The last term on the right-hand side
of (6.18) represents the thermal fluctuation due to a thermal bath at temperature 7', where
& is the zero-mean white Gaussian noise that satisfies (£,£;) = d(t — s). The specific form
of the coefficient in front of & satisfies the fluctuation-dissipation relation (FDR) of the
second kind, which expresses “balance” between the friction and fluctuation, both induced
by the same equilibrium environment [230,231].> We remark that the second FDR can
also be derived from the local detailed balance condition, which requires the environment be
quickly equilibrated [232-234|. Thus, this relation ensures the thermodynamic consistency
of the mesoscopic model.

!Even if the two stochastic processes are neither bipartite nor Markovian, we still have the following
relation [229]:

%I[Xt Vi) =1 () + Iy () = I (t) + 15 (1), (6.14)

where 1% (t) and I{>(t) are the same as (6.11) and (6.12), and I%(¢) and Iy () are the backward learning
rates defined by

[[Xt+dt : Yt-o—dt} - I[Xt : Yt+dt]

Ix(@) = dth_)n(;_ pr , (6.15)
() o= tim IEtrar Yiead = TXevae: Vi) (6.16)
dt—0t dt

2In nonequilibrium environment, the second FDR can be violated. Even in that case, there is some
restriction on the degree of the violation [231].
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The corresponding Fokker-Planck equation reads
atpt(aj) = _aacJt(;E)a (619)
where J;(x) denotes the probability current:

1
Ty

kT

Ji(x) [0, U(x, \) + fr(z)] pe(x) — — D (). (6.20)

6.2.1 First law of thermodynamics

We introduce thermodynamic quantities for the above illustrative model. In stochastic
thermodynamics, heat and work are introduced at the level of individual trajectories. The
energy change of the overdamped system reads

d .

%U(ﬂft, )\t) = 8;5U(1It, >\t) o .C'Ct + 8)\U($t7 )‘t)At7 (621)
where the symbol o denotes multiplication in the sense of Stratonovich (see Appendix 6.4).
We identify the increment in work applied to the system as

W = O\U (4, M) As + fi() o iy, (6.22)

where the over-dot of W indicates that it is not a time derivative of a state function, and
the hat indicates that it is a fluctuating quantity. The first and second terms arise from
external control of the potential and the applied nonconservative force, respectively. By
noting that —vyi; + /2vkgT&; represents the force exerted by the environment, we then
identify heat absorbed by the system as

~

Q= [—%"Ut + /2vksT t} o @y

=~ [0:U (e, Ae) + filwe)] 0 . (6.23)

Note that —Q can be interpreted as work done by the particle to the environment by
regarding —(—~i¢ ++/27kTE;) as the reaction force on the environment [219]. We remark
that this identification of heat is consistent with the local detailed balance condition. From
(6.22) and (6.23), we obtain

d 2 2

which is analogous to the first law of thermodynamics.

6.2.2 Second law of thermodynamics

We here formulate the second law of thermodynamics. The average heat dissipated into
the environment is identified with an increase in entropy of the environment:

Q

Senv )
kgT

(6.25)
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where ) := (Q). Similarly, we identify the Shannon entropy S[X;] with the system entropy.
Then, the sum of d;S[X;] and Seyny is interpreted as the total entropy production rate, which
is nonnegative:*

D S1X)] + Sy = — / A0y () In py () — / dxdupr(z) + ]{:;T (=0uU (2, M) + fi(0)] © )

dt
= —/da:Jt(x)((?x Inp(x) + k:BlT/dx [—0:U(z, \y) + fi(z)] Ji(x)
A /C)
=g | o 20 (6.27)

6.3 Information thermodynamics

In this section, we briefly review information thermodynamics, again focusing only on as-
pects relevant to this thesis. Information thermodynamics is essentially stochastic thermo-
dynamics for subsystems and provides constraints that are consistent with thermodynamics
on the exchange of information between subsystems |79, 218|.

As an illustrative model, we here consider the following coupled overdamped Langevin
equations:

Y&y = —0.U (ze, 41) + £ (ze,e) + V25 kB TEY, (6.28)
VY?)t = *ayU(l”t,yt) + fty(xt,yt) + v QVYkBTgtYa (6~29)

where U(x, y) denotes the interaction potential, f*(z,y) (o = X,Y") denotes the nonconser-
vative force, and £ is a zero-mean white Gaussian noise that satisfies ( ,?‘fto,‘/> = Oqa O (t—t').
Here, for simplicity, we have assumed that both X and Y are in contact with the same
environment at temperature 7 with the friction coefficients vX and 7Y, respectively. We
have also assumed that there is no control parameter A; in the interaction potential. Note
that since &~ and & are independent, this system satisfies the bipartite property.

The corresponding Fokker-Planck equation reads

Ope(x,y) = —0u i (2,y) — 0y} (2,y), (6.30)
where JtX and JtY denote the probability currents:

k
JX(2,y) = ,ylx [~0.U () + £ (2,9)] pi(a ) — ,;Taxpt(x,y), (6.31)

Y (a,y) = ,yly [0,U(x.9) + £ (2 9)] pule ) — ’“jfayptu,y). (6.32)

3In the second line, we have used the following useful relation, which holds for any nonanticipating
function g.(z) [80,198]:

~
= (ge(@e)ve(21)), (6.26)

where the symbol - denotes multiplication in the sense of Ito (see Appendix 6.4), and v (z) := Ji(z)/pe(z)
denotes the local mean velocity.

(e o) = (o) | 2 (<00 + )| ) + <gt<xt) L. > + (oo
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6.3.1 First law of information thermodynamics

We here consider the first law of thermodynamics for each subsystem. We first identify
increment in work applied to X as

WX = fX (@, ye) o v, (6.33)
As in the previous section, we also identify heat absorbed by X as
Q¥ = [—vXa‘:t + \/W@X] o iy
= — [~0:U (21, 5) + ftX(xtayt)] o Ty (6.34)

We next define work from X to Y by regarding = as an external control parameter driving
Y [235,236]:

V?VX%Y = 0, U (x4, 1) 0 @y (6.35)

Similarly, we can define ﬁ/Y, éy, and Vi/Y_’X . Then, the first law for each subsystem can
be expressed as follows:
WX=Y X L OX, (6.36)
WYX Y 4 QY. (6.37)

6.3.2 Second law of information thermodynamics

We here derive the second law of information thermodynamics. To this end, we first
formulate the standard second law of thermodynamics for this case. As in the previous
section, we identify increase in entropy of the environment as

g . QY QY
e kT  kpT
= SX +8Y (6.38)

where Q¥ := (Q¥) and Q¥ := (QY). Note that there are two contributions SX_ and
SY . to the medium entropy production. Similarly, we identify the whole system entropy
with the Shannon entropy S[Xy,Y;]. From the bipartite property, the time derivative of

S[X4, Y] can be decomposed into two parts:

d

%S[Xt,yl] = —/d:ndyatpt(x,y) lnpt(ffvl/) —/dwdy&tpt(x,y)

= —/dwdny((x,y)ax Inpi(z, y) —/dxdny(ﬂf7y)3y1npt(ﬂf7y)
= ‘S"X[Xtvy;f] + S’Y[XIHY%L (639)

where S¥ [X¢, Y:] and SY [X¢, Y:] denote the contribution to the system entropy change due
to the probability current of X and Y, respectively. Then, the total entropy production
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rate can be expressed as

d . . .
SIX0 Y] o+ Seny = S [X0, Vi) + 87X, V]
1

T kT
L1
kpT

—/dfvdthX(w,y)f)z Inp¢(z,y) —/dwdny(fv,y)ay Inp¢(z,y)

[—0.U (e, ye) + £ (w1, 91)] o e

([=0,U @, y0) + £ (e, y0)] 0 )

t T dady [—0,U(z,y) + 7 (2,9)] Ji¥ (z,y)

le/dxdy[ 0,U (x,y) + £ (x,9)] I} (2, y)

X X 2 Y Y 2
Y |J7 (2, )] v / [T (2, )]
= [ dad T dedy 22721 > 00 (6.40

kBT 4 pt(x7 y) kBT 4 Dt ($, y) ( )

As is clear from the above calculation, the second-law-type inequality holds even for
each subsystem due to the bipartite property: e.g., for X, we obtain

X X 2
. x Y |Jt (z,9)|
S [ ts t] + Senv k T pt(% y)

We note that the left-hand side of (6.41) is an example of the so-called partial entropy
production |237|. From this relation, we can derive the second law of information thermo-
dynamics. We first note that the learning rate [ () can be expressed as follows:*

X(6) = lim I X yq:Ye) — I[X: Y3
dt—0+ dt

:/ dadyJi* (x, )0, lngm

)
—— [ dwayI¥ @), mp @)+ [ dadyI (w,)0: (o)

> 0. (6.41)

d .
= - S[X] = $TX0, Vi) (6.44)

4The second line can be obtained as follows:

vy ro 0
lX(t) = lim 1 (/ dxdy'p(x,t + h;y',t) In w — /da:/dy'pt(x',y/)ln M)

ot h Pn(@)p (Y') pi* (@)pl (v')
d pe(z,y")
= [ dedyds'dy’ —p(z,y,t + hlz’, ¢, t pe(z’,y ) In ——22 2
/ ™ | P )
= [ dady (—0,J (z,y) ) In M 6.42
[ dots (0.8 @) m RS (042

Here, p(x,t + h;y’,t) denotes the two-point probability distribution with p(z,t;y,t) = pi(x,y), and
p(z,y,t + hlz',y',t) = p(z,y,t + h;x',y',t)/pe(z',y’) denotes the transition probability, which obeys
the Fokker-Planck equation (6.30) with p(z,y,t|z’,v',t) = §(x — 2')6(y — y'). The second line of
(644) can also be obtained by noting that the time derivative of the stochastic mutual information
Ii(ze,ye) = I(pe(@e, ye) /pi (x)pd () reads dtft(ﬂ”tvyt) = X (e, ye) + 1 (we,y0), where I (z4,:) de-
notes the stochastic learning rate with 1% (t) = (I;X (¢, y:)):

pe (e, Yt ) 1 X 1 - )

I (w2, 1) = i1 0 a1 - Oud (e, y1) + —— O i
) = e O Y ) bl T I Ry O

(6.43)

where Ji¥ ( fdth (z,y).
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By substituting this expression into (6.41), we obtain the second law of information ther-
modynamics:

d .

—SIXi] + SX > 1X(1). (6.45)
Similarly, we can obtain

d .

S+ SY >1Y(¢). (6.46)

The left-hand sides of (6.45) and (6.46) can be interpreted as the entropy production rate
associated with X and Y, respectively. If X and Y are independent, then (6.45) and (6.46)
corresponds to the standard second law of thermodynamics, because (X () = ¥ (t) = 0.
The appearance of the learning rate on the right-hand sides of (6.45) and (6.46) allows
the negative entropy production. In other words, when the learning rate is negative, the
subsystem can behave in a way that seemingly violates the second law of thermodynamics.
We emphasize that even in that case, the total system satisfies the standard second law
(6.40).

6.3.3 Information-thermodynamic efficiency

We here introduce the information-thermodynamic efficiency. Note that in the steady
state, (6.45) and (6.46) become

S'é’fw > X, (6.47)
sy o>, (6.48)
with X = —I¥. Suppose that Y acts as a sensor, or Y is “learning” about X, so that

1Y = —1%X > 0. In this case, we can introduce the information-thermodynamic efficiency

n (0<nY <1)as
Y lY
env

This efficiency quantifies how efficiently Y gains information about X relative to the en-
ergy dissipation. In addition, if SX is negative, then we can introduce the information-

thermodynamic efficiency for X (see Fig. 6.2):

X . ‘Sgr(lv‘
= (6.50)
lX
X Y
Q9
)
sé(nv S‘gnv

Thermal bath

Fig. 6.2: Schematic of the case where SX, <0and 1Y = —1X >o0.
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which satisfies 0 < 7 < 1. This efficiency quantifies how efficiently X converts information
into negative entropy production.

Thermal bath

Fig. 6.3: Schematic of the case where WY > 0 and WX < 0.

By using the work introduced in Section 6.3.1, we can introduce another efficiencies.
In the steady state, we first note that WX=Y = —WY =X where WX = <V%/X_>Y>
and WYX .= (I;[/Y_)X ). Then, the second law of information thermodynamics can be
expressed in terms of WX := <ﬁ/X), WY = <ﬁ/Y>, and WX2Y = WY =X a5

BWX — pWE=Y X >0, (6.51)
BWY — pWY =X ¥ >, (6.52)
where 3 = (kgT)~'. Suppose that WY > 0 and WX < 0 (see Fig. 6.3). In this case, Y’

drives X with nonnegative transduced capacity —fWX=Y —1X = gW¥=X LY > [238],
and we can introduce the following efficiency (0 < ¥ <land 0< 7Y < 1):

x _ B
T = Y ] (6.53)
WY%X lY
T W Z+ (6.54)
sWY

Here, 77X quantifies how efficiently X converts transduced capacity into output work. Sim-
ilarly, ¥ quantifies how efficiently Y converts applied work into transduced capacity.

6.3.4 Example

As an example, we consider the following coupled overdamped Langevin equations [239]:

§ = —w sy + w¥a, +V2DSEY, (6.55)
iy = wX%s — wXa + V2DXEX, (6.56)

where £ (a = S, X)) is a zero-mean white Gaussian noise that satisfies <§f§ff/> = JoaO(t —
t'), and D® denotes the noise intensity. Here, s; can be regarded as the input signal, which
relaxes exponentially with decay rate w® > 0 and is affected by the fluctuation of the
output signal x; with rate w®¥. The output signal z; also relaxes exponentially with rate
wX > 0 and detects the input s; with the differential gain wX°. We assume that

wXw® —wX5wW5X > 0 (6.57)
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to ensure that the system reaches a steady state [198]. The corresponding Fokker-Planck
equation reads

Oipi(s, ) = —0s T2 (s,x) — pJi (s, ), (6.58)

where
J2(s,z) = (—w¥s + w X x)p(s, x) — DY0spy(s, ), (6.59)
JX (s, 1) = (w5 — wXx)pi(s,2) — DX0upy(s, x). (6.60)

Fast relaxation limit of S

Hereafter, we focus on the typical case where the input signal s; is a fast variable and
regulates the output x;. In other words, we assume a time-scale separation, € := w* / w® <
1. In this case, we can derive the effective dynamics for X, e.g., by using the singular
perturbation technique [231]. We introduce a dimensionless time 7 := w”t and noise
intensity D° := D¥/w® and DX := DX /wX. We also write @X° := wX/wX and @ :=
wSX /wS . Then, the Fokker-Planck equation can be expressed as

anT(Sv SU) = —0s [(_5 + ‘DSXx) p'r(57 x) - DS@SPT(S’ ‘T)]
— €0y [(GJXSS - ac) pr(s,x) — DxaxpT(s, a:)]
= (L% 4 eLX)p (s, ). (6.61)
The form of this equation implies that the system first relaxes toward the slow manifold
characterized by £° on the fast time scale 7 ~ 1 and then evolves slowly on the slow

manifold. The motion on the slow manifold is characterized by the following equation for
the reduced probability pX (z) = [ dsp, (s, z):

Orp (z) = —€d, [wxs/dsspT(s,a:) — apX(2) — DX0,p ()] . (6.62)
Because pX evolves slowly, secular terms arise in the naive perturbation expansion p, =
pso) + epsl) + - --. Therefore, to describe the dynamics on the slow manifold, we assume

that the 7-dependence of p; is expressed in terms of the 7-dependent operator M, that
X.
acts on p;:

M [pX](s, ) = ps(s,2). (6.63)
From this functional ansatz, we can decompose the 7-dependence of p; into its explicit and

implicit part through pX. Correspondingly, we introduce €2, as the 7-dependent operator
that represent the slow dynamics:

Q. [pX)(x) := —ed, [(I)Xs/dssMT[pf_(](s,x) — xpX (x) — DX 0, pX (2)] . (6.64)
In terms of M, and Q,, (6.61) can be expressed as

OTMT[pf_(](s,x) + /dz'éM [pf]ﬂf[pf_(](w') = (ES + GEX)MT[pf](s,:B). (6.65)

opX (a')
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We now assume that M, and €); have asymptotic expansions in terms of the asymptotic
sequences {€"}2° ; as € — O:

M, = MY 4+ eM® ..., (6.66)
Q, = 4 203 ... (6.67)
The leading order of (6.65) gives
0] = £5[MO P, (6.68)
From this equation, it follows that
O pX](s,2) ~ pX (@) mss(s]z) for 7> 1, (6.69)
where 7gs(s|z) denotes the stationary distribution that satisfies £%[rs(s]x)] = 0, i.e.,
Tss(s|x) = 271rDS exp —2'% (s — (IJSX:L‘)Z . (6.70)
Here, we have imposed the condition pX (z) = [ ds M [pX](s x). By substituting (6.69)
into (6.64), we obtain
QW pX)(z) ~ -8, [((DXSGJSX — 1) ap3 (z) — D*0,p3 (2)] . (6.71)

Therefore, the effective dynamics for X is given by

0 pX () ~ —€dy [((I)XS@SX — 1) apy (z) — DX 0,pY (2)] . (6.72)
Then, the stationary distribution for X reads
1 — o¥9e5% 1 XS SX) 2

From the stationary distributions (6.70) and (6.73), we find that (x;)ss = (S¢)ss = 0
and

pa(z) =

9.4
2 -SX\2 D nS
() = (#°)" == xsgex + D (6.74)
DX
2\ _
<$t>SS - 1 _ (I}XS(:}SX’ (675)
DX
(S1x4)ss = A — (6.76)

1 — oXSHsSX

Information thermodynamic efficiency

Here, we investigate the 1nformat10n—thermodynamlc efficiency for this system. We note
that the externally applied work WS and WX are zero in this model. Therefore, we only
consider the efficiency defined by (6.49) and (6.50). We first calculate the medium entropy
production rate in the steady state. From (6.74)-(6.76), we obtain®

1 .
Se)fw - DX <(WXSS75 - wat) © xt>ss
XS, SX XSDS
- <“’SX - 1) . (6.77)
w wSX DX

5We note that SX, is induced by the fast variable s;, which does not appear in the effective dynamics
(6.72). Indeed, the (coarse grained) medium entropy production rate corresponding to the effective dy-
namics is zero. Thus, SenV is an entropy production invisible from the effective dynamics, which is called
hidden entropy 240, 241]
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Thus, ngw
condition is satisfied when w
We next calculate the learning rate in the steady state. By noting that pg(s,z) ~

P2 (2)mes(s]x) in the fast relaxation limit of S, we obtain

becomes negative when w*°D% < w9X DX Note that the detailed balance
XSpS _ ,SX X

X :/dsdes)S( s, )0, lnm
o0 g (9

= /dsd:c [(wXSs — wa)pss(s,a:) — Dxazpss(s,x)] Oy In s (s|)

SX SX SXDX
- Y (wX%s —wXa) s— 2 g _Y =
wSDS ws o wS

SX2DX XSDS
)

wS DS WwSXDX
WSXDX .

=5

XS DS Penv: (6.78)

Thus, the learning rate is proportional to S’e)gv, and the tight-coupling condition is satisfied.

We now consider the case where wX°D% < wSX DX In this case, both SX_ and I¥ are

negative. By combining (6.77) and (6.78), the information-thermodynamic efficiency can
be expressed as

X _ |Se)1(1V|

X

wXSDS

Thus, ¥ = 1 is achieved when wX5D% = w X DX, Note that both S and X vanish

env
in this case. Indeed, we can show that there are trade-offs between the information-

thermodynamic efficiency and SX or IX [242]. On the contrary, if w5 D > w X DX then

env

both Sé)fw and [X are positive. The corresponding information-thermodynamic efficiency
reads
X
K=
S
SX nX
w’* D
wXSDS

6.4 Appendix: Stochastic calculus

In this section, we provide a brief introduction to stochastic differential equations. For
more exhaustive and pedagogical reviews, see, e.g., [198,243,244].
First, we consider a Langevin equation of the form

&y = fr(xe) + oo(we)&s, (6.81)

where & is the zero-mean white Gaussian noise that satisfies (§;£s) = 0(t — s). We note
that & is formally interpreted as the “derivative” of the Wiener process Wy, which is not
differentiable anywhere with probability one. In other words, (6.81) is mathematically the
following stochastic differential equation (SDE):

dJIt = ft(flft)dt + at(xt)th, (682)
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which is a shorthand notation of the stochastic integral equation
t t
Ty = 20 + fs(xs)ds + / os(xs)dWs. (6.83)
0 0

The important point here is that the last term on the right-hand side of (6.83) cannot be
defined as a Riemann-Stieltjes integral, because W; is not of bounded variation.® Thus,
different Riemann-Stieltjes sums lead to different values.

Now, we define stochastic integrals of the form

/ (e dW, (6.87)
0

where Gs(zs) is an arbitrary sufficiently regular function. Let 0 = tg < t] < t9 < -+ <
ty =t be a partition of the interval [0, ¢]. We introduce a parameter a € [0, 1] such that

tn = atpi1 + (1 — )ty (6.88)
forn=0,1,--- , N — 1. We define the stochastic integral as the mean square limit of the
Riemann-Stieltjes sum

‘ N N-1
/ Gulws) S dW, = Tim S Gy, (#n) AW, (6.89)
0 [Al=0 ~—7

where ||A]| := max [t,41 — tn|, Tn = axy,  + (1 — )z, and AW, := W, ., —W;,. Here,

the symbol (%) is used to indicate that this integral depends on the choice of . When
a = 0, the integral is called the Ito integral

t t a=0
/ Gulas) - dW, = / Gulas) S dw.. (6.90)
0 0

Importantly, for nonanticipating function Gs(xs), where G4(xy) is statistically independent
of the increment Wy — Wy for ¢t > s, we have (Gs(zs) - dWs) = (Gs(xs))(dWs) = 0. When
a = 1/2, the integral is called the Stratonovich integral

t t a=1/2
/ Golws) o dW, = / Gows) @ W, (6.91)
0 0

5(Riemann-Stieltjes integral). Let f and g be two functions on [0, t], where g is of bounded variation,
i.e., the total variation of g is finite:

N-1
Vi(g) i=sup 3 [g(tnsr) — glta)| < o0, (6.84)
n=0
where 0 = tg < t1 < t2 < --- < ty =t is a partition of the interval [0, ¢], and the supremum is taken over

all partitions of the interval. We consider the Riemann-Stieltjes sum

thn (tnt1) = g(tn)], (6.85)

where t,, € [tn,tnt1]. If the sum approaches a limit independent of the choice of the partition {¢,} and &,
as ||A]| := max |tn+1 — tn| — 0, this limit is called the Riemann-Stieltjes integral of f with respect to g,
which is denoted by

/Of(S)dg(S) = lim Z_f(fn)[g(tnﬂ)*g(tn)k (6.86)

IAl=0 “—=
n=0

For more details, see, e.g., [115].
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In contrast to the Ito integral, we have (Gs(zs) o dWs) # 0 in general. Furthermore, the
Stratonovich integral satisfies ordinary calculus, such as dG(z:) = 0,G(z+) o dzy. If the
integrand Gs(zs) depends on Wy through x5 that is a solution of the SDE (6.83), there is
a relation between Ito and Stratonovich integrals:

t t 1 t
/ Ga(a) 0 dW, = / Galen) - AW, + / 0o ()0 G (5, (6.92)
0 0 0

where we have used the rule (dW;)? = dt and dtdW; = 0, which is valid in the mean square
limit. Thus, the SDE interpreted in the Stratonovich sense

d%t = ft(l‘t)dt + O't(.%‘t) o th (693)

is equivalent to the following SDE in the Ito sense

dxt = <ft(xt) + ;at(xt)&vat(xt)> dt + O't(«Tt) ’ th (694)






Chapter 7

Information flow in turbulence

As we emphasized in Chapter 5, turbulence can be regarded as a nonequilibrium cooper-
ative phenomenon that emerges from extremely complicated nonlinear interactions. The
most prominent property that distinguishes fluid turbulence from other nonequilibrium
cooperative phenomena is its extremely strong fluctuations observed over a wide range
of scales, as exemplified by intermittency. While the existence of universality seems to
suggest that small-scale turbulent fluctuations behave independently of large-scale fluctu-
ations, it is known that they exhibit some cooperative behavior. Specifically, along with
the energy cascade, fluctuations of small-scale quantities (e.g., the energy dissipation rate)
follow those of large-scale quantities (e.g., the energy injection rate) with a time delay that
corresponds to the large-eddy turnover time [71-73]. Moreover, the energy cascade induces
chaos synchronization of small-scale motions, where small-scale velocity field is slaved to
the chaotic dynamics of large-scale velocity field [74-78]. These phenomena suggest that
information of large-scale turbulent fluctuations is transferred to small scales.

These observations motivate us to explore the nature of the information transfer across
scales associated with turbulent cascade. Revealing the details of the information trans-
fer process in turbulence may not only provide insights into the generation mechanism of
turbulent fluctuations leading to intermittency, but also allow comparative studies with
other information processing systems. While turbulence has been studied in various con-
texts from such an information-theoretic viewpoint over recent decades [213,245-255], no
previous studies have theoretically shown that information flows across scales along with
turbulent cascade.

Here, we aim to elucidate the nature of information flow in fully developed three-
dimensional fluid turbulence. To this end, we employ information thermodynamics, intro-
duced in Chapter 6, by explicitly accounting for the thermal fluctuations inherent in fluid.
From the second law of information thermodynamics, we can obtain universal constraints
on information flow. Furthermore, this approach enables us to investigate the effects of
thermal fluctuations on information transfer, which can affect the turbulence dynamics sig-
nificantly [20,256-261]. While our approach can be applied to various turbulence models,
here we use the stochastic Sabra shell model, which is a simplified caricature of the fluc-
tuating Navier—Stokes equation in wave number space [23,187]. This model has recently
been used to investigate the effects of thermal fluctuations on turbulence [20,258|.

In this chapter, we prove that information of turbulent fluctuations is transferred from
large to small scales along with the energy cascade. Our main result, (7.12) and (7.13),
can be regarded as one of the few exact and universal results in the field of turbulence
research. We numerically illustrate our findings and show that the rate of information

97
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transfer is characterized by the large-eddy turnover time. Furthermore, our numerical
simulations suggest that the corresponding information-thermodynamic efficiency is quite
low compared to other typical information processing systems such as Maxwell’s demon.
This implies that transferring information from large to small scales involves enormous
thermodynamic costs, indicating the poor performance of turbulence as an information
processing system.

This chapter is organized as follows. In the next section, we introduce the Sabra
shell model with thermal noise. Its basic properties are described in Section 7.2. In
Section 7.3, we introduce important information-theoretic quantities that quantify the
directional information flow across scales. In Section 7.4, we describe our main result and
its derivation. We also introduce the information-thermodynamic efficiency for the shell
model. In Section 7.5, we numerically illustrate the main result. We further show that
the information-thermodynamic efficiency is quite low and that the information transfer
is characterized by the large-eddy turnover time. Concluding remarks are provided in
Section 7.6.

7.1 Setup
We consider the Sabra shell model with thermal noise [20,258,262]. Let u,(t) € C be the
“velocity” at time ¢ with the wave number k,, = k92" (n = 0,1,--- , N). The time evolution

of the complex shell variables u := {u,} is given by the following Langevin equation:

[20k2kgT
Up = Bp(u,u”) — ukiun + M%fn + fn (7.1)

with the scale-local nonlinear interactions given by

o .1 .1
B, (u,u*) = z<kn+1un+2un+1 — iknunﬂun_l + 2kn_1un_1un_2>. (7.2)

Here, v > 0 represents the kinematic viscosity, and f,, € C denotes the external body
force that acts only at large scales, i.e., f, = 0 for n > ny. The third term on the
right-hand side of (7.1), &, € C is the zero-mean white Gaussian noise that satisfies
(En()E: () = 20, 0(t —t'). The specific form of the thermal noise term satisfies the
fluctuation-dissipation relation of the second kind, where T' denotes the absolute temper-

ature, kg the Boltzmann constant, and p the mass “density”.!

7.2 Basic properties

The nonlinear term B, (u,u*) satisfies the following relation:

N

> (Bu(u,u*)up, + B (u, u*)un) = 0. (7.3)
n=0

Hence, the energy balance equation reads

N N N

d 1 2vk2kgT

&3 ) = =30 vy + Y- 2L 7.0
n=0 n=0 n=0

!Note that the mass “density” p has units of mass.
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where € := szzo(unf; + u} fn)/2 denotes the energy injection rate. In the steady state,
the energy injection rate balances the dissipation rate as follows:

N
e 3 k2 (Junl?)ss. (7.5)
n=0

Here, we have ignored the energy injection due to the thermal noise by noting that the
kinetic energy is much larger than the thermal energy over a wide range of scales in
turbulence |20, 258|.

Shell models are known to exhibit rich temporal and multiscale statistics that are similar
to those observed in real turbulent flow [263]. Most importantly, the model exhibits energy
cascade. To see this, we consider the time evolution of the large-scale energy at the scales
kpn < K = ky, with ng € {nf,--- , N},

d &1 = & 20k2kpT
gt 2 3l =~ e = 5wk (ual) + 3 = (7.6)
n=0 n=0 n=0

where Ilx denotes the scale-to-scale energy flux from the large scales k, < K to the small
scales k,, > K:

1 &
Oy = —~ Z(Bn(u, u ) ur + By (u, u*)uy,). (7.7)
2 n=0

Because the viscous dissipation is negligible at scales much larger than the Kolmogorov
dissipation scale n = k1 := 13/4c=1/4 the last two terms on the right-hand side of (7.6)
can be ignored within the inertial range ky < K < k,, where ky := ky,. Hence, in the
steady state, we obtain

(HOg)ss =€ for ky < K < ky. (7.8)

The energy is thus transferred conservatively from large to small scales within the inertial
range. Note that while the condition k;y < K instead of ky < K is sufficient, we use the
conventional definition for the inertial range.

7.3 Information-theoretic quantities

To quantify the information transfer among the shell variables, we use the information-
theoretic quantities introduced in the previous chapter. We first define the large-scale and
small-scale shell variables as U := {un, ujs|n < ng} and Uy := {u,u*}\Up, respectively
(see Fig. 7.1). The strength of the correlation between U and U is quantified by the
mutual information (MI) [227]:

(Ui, Ug) > (7.9)

IUR:UR| = <ln

pi (Ug)p (UR)
where (-) denotes the average with respect to the joint probability distribution p,(Ug, Uj),
and p~(Uy) and p; (Ug) are the marginal distributions. Note that the MI is nonnegative
and is equal to zero if and only if U ; and U ; are independent.
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Energy cascade

l> > 0
"learning"
destluctlon ! @ @
l< <0 i
_._._._.— o e . -._._.- LI
ko kq Ky kg1 En_1kn
Ug Ug

Fig. 7.1: Schematic of information flow in the energy cascade.

We quantify the directional information flow across scales by using learning rate (LR) [221,
224,228,264|. The LR that characterizes the rate at which U ; acquires information about
Uj; is defined as

IRt +dt): Uz (0] - TUR (): U ()]

I = li 7.10
dtg%+ dt ( )
Similarly, the LR associated with U} is defined by
IUZ(@): Uz (t+dt)] — IUZ(t): UZ(t
> = lim [Ugt):Ug(t+dt)] — IUE(t): Ug( )] (7.11)

dt—0+ dt

Note that, since dJ[U:Ug] = I3 + 7, the two LRs have opposite signs in the steady
state [y = —l7. If [z > 0 at time ¢, for example, then Uy acquires information about
the instantaneous state Uz (t). In this sense, Uy is “learning” about or measuring U},.
In contrast, if I < 0, then the correlation between Uj(t) and Uz (t) is destroyed or

consumed.

7.4 Main result

7.4.1 Main result

In the steady state, for any K within the inertial range ky < K < ky, the LRs I and I
satisfy the following inequalities:
pe

> I >~ 12
LS >0 (7.13)

kgT

These inequalities are the main result of this chapter, which will be derived below. The
inequality (7.12) implies that the large-scale shell variables U are destroying information
about the small-scale variables Uy while transferring kinetic energy to small scales. In
contrast, (7.13) states that the small-scale shell variables U} are “learning” about Uz while
receiving the kinetic energy from large scales (see Fig. 7.1). In particular, the maximum
LR is given by pe/kpT.
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7.4.2 Derivation of the main result

The main result is a direct consequence of the second law of information thermodynamics
for bipartite systems [218|. Specifically, we first formulate the second law of information
thermodynamics for (7.1) by dividing the shell variables {u,u*} into the two groups Uy
and U7, and then we take the inviscid limit v — 0.

Let S[Ug] be the Shannon entropy of the large-scale shell variables, which is defined by
SUg] == — [dUgp; (Uy)InpS(Uy). The entropy increase in the heat bath associated
with U is given by the sum of the contributions of each shell [219,265]:

ng 2

. p . 2vkZkpT

S5y = — E ST <un o | —vkiu, + \/ #fn + c.c.
n=0

nK

-y 2kiT<u’*l o (B (u, ™) + fr — i) + c.c.), (7.14)
n=0

where c.c. denotes the complex conjugate, and o denotes the multiplication in the sense
of Stratonovich [198]. Similarly, let S[UZ] and Sg,, be the Shannon entropy and entropy
increase in the heat bath associated with the small-scale shell variables UI?, respectively.

The second law of information thermodynamics is then given by

d .
%S[UI?] + S5 > 1%, (7.15)
d .
$S[U§] + Sy > 172 (7.16)

See Appendix 7.7.1 for the derivation of the second law of information thermodynamics
for the shell model. If Ug and Uy are independent, then {5; = I = 0 and the standard
second law of thermodynamics follows. In contrast, if they are correlated, then [ and I3
can be either positive or negative.

We now assume that the system is in the steady state and set K to be within the
inertial range ky < K < k. Then, Ss., and SZ,, can be expressed in terms of the energy
flux (7.7) as

p

5S = (e — (g ) 1
Senv kBT (8 < K> ) ’ (7 7)
.> p
= —(llg)ss, 1
Senv kBT< K> (7 8)
where we have used IIj,, = 0, which follows from the property of the nonlinear term

B, (u,u*) (7.3). By substituting these expressions into (7.15) and (7.16) and by noting
that (Ilx)ss — € as K/k, — 0 and [ + [7> = 0 in the steady state, we arrive at the main
result (7.12) and (7.13).

7.4.3 Remark: information-thermodynamic efficiency

Here, we introduce the information-thermodynamic efficiency associated with the energy
cascade. We consider the steady state and suppose that K is within the inertial range.
Since 17 > 0 from the main result (7.13), we can introduce the following information-
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thermodynamic efficiency for the small-scale shell variables (see Section 6.3.3):

1>
T S
_lk . (7.19)
pE/k’BT

This efficiency quantifies how efficiently the small-scale eddies gain information about
the large-scale eddies relative to the energy dissipation. We note that the information-
thermodynamic efficiency for the large-scale shell variables defined as Ny = Exy | is
zero if I3 < 0 because S5, = 0 in the inertial range (7.17). This is obvious because the shell
model does not act as an information engine that converts information into output work.
We remark that we can define another type of information-thermodynamic efficiencies by
formulating the first law of information thermodynamics for the shell model, as in the

previous chapter (see Appendix 7.7.2).

7.5 Numerical simulation

7.5.1 Setup

We here numerically illustrate the main result by estimating the LR. We set N = 22 and
ny = 1 to ensure that the external force acts only on Oth and 1st shells of the total 23 shells.
The values of the external force and the other parameters are chosen following [20,258] so
that the achieved Reynolds number (Re) and the ratio of the thermal energy to the kinetic
energy at the Kolmogorov dissipation scale are both comparable to the typical values in
the atmospheric boundary layer, i.e., Re ~ 10® with k:BT/,ou?7 ~ 1078, where u, := (ev)1/4
denotes the characteristic velocity at the Kolmogorov dissipation scale. To investigate the
Reynolds number dependence of the LR, we have also performed a simulation for a low
Reynolds number, Re ~ 10, by setting N = 19. For both N = 19 and 22 cases, we have
used Ngamp = 3 X 10° samples in the following averaging and estimation. Further details
of the numerical simulation are given in Appendix 7.7.3.

7.5.2 Energy spectrum

Figure 7.2(a) shows the energy spectrum E, := (|u,|?)ss/2 in the steady state. The
achieved Reynolds numbers are Re ~ 9.25 x 10* and 1.46 x 108 for the two cases N = 19
and 22, respectively. From this figure, we can see that the spectrum is consistent with the

/

Kolmogorov spectrum in the inertial range, E, x ky, 2 3, while it exhibits the equipartition

of energy in the dissipation range, E, = kT'/p.

7.5.3 Mutual information

We now estimate the LR defined by (7.10) and (7.11). To this end, we first estimate the
MI. Note that the naive binning approach is not feasible in this case because it requires
estimation of the 2(N + 1)-dimensional probability density p:(U;s, Uz ). Instead, we use
the so-called Kraskov-Stogbauer-Grassberger (KSG) estimator [266-268] (for the details of
the KSG estimator, see Appendix 7.7.3), which has the advantage that it does not require
estimation of the underlying probability density. The KSG estimator uses the distances to
the k-th nearest neighbors of the sample points in the data to detect the structures of the
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underlying probability distribution. While we set k = 4 here, following [266], essentially
the same result can be obtained for other values of k. Because the KSG estimator is
based on the local uniformity assumption of the probability density, the estimated value
approaches the true value as Ngamp — 00 when this assumption is satisfied.

Figure 7.2(b) shows the estimated MI fI(fS)G[UI?(t) :Uz(t)]. Tts standard deviation is
also estimated to be ~ 1073 by subsampling [268], which lies within the marker size.
Notably, the MI is almost independent of K in the inertial range, while it takes relatively
large and small values in the injection and dissipation scales, respectively. This result
reflects the dynamics that is scale-invariant in the inertial range while affected by external
forces and thermal fluctuations in the injection and dissipation scales.

7.5.4 Learning rate

The LR can be estimated by substituting jI(<kS)G into (7.10) or (7.11). Note that this proce-
dure requires high accuracy in the estimation of the MI because the LR is defined through
increments in the MI. Because it is not feasible to increase the number of samples, we
instead take the approach of using the largest possible time increment At. Correspond-
ingly, we focus only on [, because I3 is defined through increments in the small-scale
shell variables U};, which are fast variables relative to Ujs. We therefore estimate I3, as
defined by (7.10), using

i< halUR(+A0): Uz (1)) - Lo [UR(): Uz (1)]

I5 N (7.20)

Because we are interested in K within the inertial range, we choose At such that it is
smaller than the smallest time scale in the inertial range. Therefore, we set At = 0.17,),
where 7, := 7/u,, denotes the typical time scale at the Kolmogorov dissipation scale. Note
that At is different from the time step §t := 10~°7,, used in solving (7.1) numerically.

In Fig. 7.2(c), we show the estimated LR l}<{ in units of the inverse of the large-
eddy turnover time 77 := 1/kgUsms, Where w2, == S0 (Jun|?)s. For Re ~ 10°, we
find that 77, ~ 1817,, while for Re ~ 105, we find that 77, ~ 7347,. From this figure,
we can see that the LR takes negative values for K within the inertial range. Because
(pe/kpT)Tr, ~ 7.79 x 10° for Re ~ 10° and 3.15 x 1010 for Re ~ 106, (7.12) is indeed sat-
isfied. Interestingly, the lower bound of (7.12) is a loose bound. By noting that I = —I7
in the steady state, this result states that the information-thermodynamic efficiency 77
is quite low [218]. In other words, the small-scale eddies acquire information about the
large-scale eddies at a relatively high thermodynamic cost. This property is in contrast to
other typical information processing systems such as Maxwell’s demon [218,224,228| and
thus characterizes turbulence dynamics.

Furthermore, Fig. 7.2(c) suggests that the LR can be scaled as [z ~ C/7y, in the inertial
range, where C' denotes a Re-independent dimensionless constant. By noting that 77 can
be interpreted as the characteristic time scale for the largest eddies to be stretched into
smaller eddies, this result implies that the information of large-scale eddies is transferred
to small scales by this stretching process.
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Fig. 7.2: (a) Scale dependence of the energy spectrum E, = (|un|?)ss/2. The dash-dotted line represents
£2/317%/3 The solid line represents the thermal equipartition value kgT'/p. (b) Scale dependence of the
estimated MI f&kS)G[Ulﬁ(t): Uz (t)] with & = 4. The error bars are within the marker size. (c) Scale
dependence of the estimated LR l}f- Note that it is plotted in units of the inverse of 71. In all panels,
the dotted and dashed lines represent the Kolmogorov dissipation scale k, = 1/n and injection scale ky,
respectively.
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7.6 Concluding remarks

We have investigated the nature of information flow in turbulence from an information-
thermodynamic viewpoint. Thermal fluctuations are crucial in deriving the universal re-
lation (7.12) and (7.13) for information flow. On the other hand, it should be noted that
the information flow itself is mainly governed by the large-scale dynamics rather than by
the thermal fluctuations. In fact, the LR in the deterministic case (7" = 0) is found to be
almost the same as in the noisy case (7' > 0) in the inertial range (see Appendix 7.7.3).
This result is consistent with the fact that the LR can be scaled as I ~ C/7z in the
inertial range.

We now provide some technical remarks on estimation of the LR. Although the KSG
estimator used here is asymptotically unbiased for Ngymp — 00, there are a sample-size-
dependent bias and a k-dependent bias for a finite Ngamp in general [268]. In our case, as
shown in Appendix 7.7.3, we have found that the magnitude of f}ikS)G[UIE : U7 depends
on k. This may be because the probability distribution p,(U ;, UI?) is skewed and has
heavy tails, thus violating the local uniformity condition [268]. Nevertheless, we have also
confirmed that the sign of l}<< does not depend on the choice of k. It should also be noted
that the number of samples Ngamp used here is not sufficient for high accurate estimation of
the LR because the standard deviation of the estimated MI is comparable to its increment.
In other words, if we naively estimate the error bar of the LR l}<{ by using the estimated
standard deviation of the MI, it is of the same order as lAf( itself. It is therefore desirable to
perform the numerical calculations with higher accuracy while taking the bias into account.

Although we have focused on the Sabra shell model, similar results to those presented
here would hold for other turbulence models, including the fluctuating Navier—Stokes equa-
tion [23,187]. Because turbulent cascade is a ubiquitous phenomenon as shown in the
previous chapters, it would be interesting to investigate the nature of the information flow
in these various systems.

7.7 Appendix

Here, we first provide the detailed derivation of the second law of information thermody-
namics (Section 7.7.1). We then formulate the first law of information thermodynamics
for the shell model and investigate another type of information-thermodynamic efficiency
(Section 7.7.2). Finally, we describe the details of the numerical simulation (Section 7.7.3).
In particular, we provide the result for the deterministic case at the end of this section.

7.7.1 Derivation of the second law of information thermodynamics

In this section, we explain the derivation of the second law of information thermodynamics
for the stochastic Sabra shell model.

Formulation of the second law of thermodynamics

First, we formulate the standard second law of thermodynamics. Let S[u, u*] be the system
entropy defined by

Slu,u*] := —/dudu*pt(u,u*)lnpt(u,u*), (7.21)
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where dudu* := ][, dRe[uy|dIm[u,], and p(u,u*) denotes the probability distribution
function. Here, we use the notation S[u,u*] to indicate the relevant random variables
(u,u*) although Sfu,u*] is not a function of (u,u*). The time evolution of p;(u,u*) is
governed by the following Fokker-Planck equation [269]:

N
0 0
* — o An , * , * _ A* , * , *
) =3 o (a0 0)) = 50 (4 a0 )
vk2kgT 07 .
* p aunau;pt(“’“ )}
N
a * a * *
where
Ap(u,u*) := Bp(u,u*) — vkZu, + fa, (7.23)
and J,(u,u*) denotes the probability current,
. . o 2vKEkpT 0 .
In(u,u*) := Ay (u, u*)pe(u, u*) — %Gu* pr(u, u®). (7.24)

Therefore, the average rate of change of the system entropy is given by

d *] d * * *
Sl = - / dudu*py(u, u*) In py(u, u)

= —/dudu*(@tpt(u,u*))lnpt(u,u*) —/dudu*atpt(u, u™)

N

* 0 * 0 * * *\ d * *
= /dudu 7;) L{ann(u,u )+ MJn(u,u )} In py(u, u*) dt/dudu pr(u, u™)
N .
= Splu,u*]. (7.25)
n=0

In the last line, we have introduced S, [u,u*], which is given by

Splu, u*] == /dudu* [Jn(u,u*)alnpt(u,u*) + J;‘L(u,u"‘)i In py(u, u*)} , (7.26)
Ouy, ouf,
where the over-dot denotes the rates of change of observables that are not a time derivative
of a state function.
Let As®™ be the stochastic medium entropy production in an infinitesimal time interval
[t,t + dt]. To identify As®™, we impose the local detailed balance condition [234,270]:

p(u',u™ t + dt|u, u*,t)

As®™ =1In .
p(—u, —u*, t + dt| — o', —u'*, 1)

(7.27)

Here, the transition probability density p(u’,u*,t + dt|u,u*,t) is given by, in the Ito
scheme, [269]

N
! Ik * _ 14 14 * 2
Pl bt dtlu ) = || o exp (‘W‘dun ~ Anlu,u)dY ) !

n=0

(7.28)
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where du := v/ —u with u(t) = v and u(t+dt) = «'. Similarly, p(—u, —u*, t+dt|—u', —u* 1)
is given by

p(—u, —u*, t + dt| — ', —u'™*,t)

_ p [ Alr * rev * 2
_gmukngTdt eXp( 4yk2kBTdt [ dutn = [ An (") + A (u, u")] ]

a 11‘ * 8 lr* * _ a reV * . a revsx *
(7.29)

u*
Tl

where A(u,u*) and A™ (u,u*) denote the irreversible and reversible parts of A, (u,u*),
respectively:

Alf(u, ) 1= 5 [An, ") = An(—, )
= —vkUn, (7.30)

AV (u,u™) = % [Ap(u, u®) + Ap(—u, —u™)]
= Bp(u,u*) + fn. (7.31)

By substituting (7.28) and (7.29) into (7.27), we obtain

Senv Z Asenv (732)

where

Asit = 21/]?%%]377 [AY (u, w*)duf, — AX (u, u*) AR (u, u*)dt]

9 ir * 0 rev
+ [MAn(u,u ) — 8unA (u,u )] dt + c.c.. (7.33)

Note that, by using the Stratonovich product [198], this expression can be simply rewritten
as

A = QkZT {u; o [(Bn(u, u*) + fn)dt — dun] + Uy 0 [(B;;(u, u*) 4+ fr)dt — du:;] }
(7.34)

The average medium entropy production can be calculated as
@5 = [ dudu )85 ), (7.35)

where the conditional average (As®™|u, u*) can be evaluated by replacing du,, (resp. du})
with A, (u,u*)dt (resp. A¥(u,u*)dt) in As®™. Then, the medium entropy production rate
reads

env

Z S (7.36)
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where S¢™ denotes the contribution from the n-th shell:

Senv <A8%nv>
Sy = 2
= /dudu*p (u, u™) P | AT (u, u*) | + 9 AT (g, u*) — 9 AV (u,u™) 4 c.c
w vk2kgT ' "N Oup "N ou, ™ o

(7.37)

By combining (7.25) and (7.36), the second law of thermodynamics can be expressed

as

2

N .
d <A8env> P ’Jnr(u’ U*)’
S * = d d * .

It g HZ‘;/ Y R kT i, )

>0, (7.38)
where JI¥(u,u*) denotes the irreversible current given by

) = 2 L) = )

2vk2kgT 0O
p Ouy

= AT (u, u*)pe(u, u*) — pr(u, u®). (7.39)
Furthermore, since the total system {u,u*} can be considered as a N + 1 multipartite
systems, i.e., each shell variable (u,u)) experiences independent noise, it follows that the
second law holds for each shell variable individually [265]:

. * yen' * 1Y |J’rllr(u7U*)|2
Sy lu, SV = | dud
[ ] + / uat vk2ksT pi(u,u*)

> 0. (7.40)

Derivation of the second law of information thermodynamics

We now derive the second law of information thermodynamics for the bipartite systems
Uy and Uy [218,265]. First, we rewrite Sy,[u, u*] for n < ng as

Sy lu, u*] = —/dudu [Jn(u,u )a—unlnpt(UﬂUE) + J(u,u )a?lnpt(UﬂUf()

_ SURIUR, (7.1
where we have used py(u,u*) = p(Ug,Ug) and 9p(Ug)/Oun = Opi(Ug)/du;, = 0 for

n < ng. Note that S,[Ug|Ug] is related to the learning rate through the following
relation:

IUR (¢ + di): U ()] ~ IUE(1): U (1)

lic = dt
= % <5 [UR(t+dt)] = S[UE(t + dt)[Ug ()] — SUE (1) + S[U;(t)w;(t)])
= LS - Y SURIvR) (.42

n=0
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From (7.40)-(7.42), we obtain the second law of information thermodynamics for U},

d )
aS[U§] + Sev > U, (7.43)
where
. nK .
Saw =Y _ S, (7.44)
n=0

Similarly, we can derive the second law of information thermodynamics for U3:

d

@S[U;] + 82y > 1%, (7.45)
where
. N .
Sowi= Y S (7.46)
n=ng-+1

7.7.2 First law of information thermodynamics

Here, we formulate the first law of information thermodynamics, following Chapter 6. We
identify heat absorbed by the large-scale shell variables as

R nK 2
2 2vkzkpT
Qy = g g ul o | —vkiu, + \/ V”iBfn +c.c.
p
n=0

= > o (Bl + fo— i) + e, (7.47)
n=0

which is consistent with the medium entropy production rate (7.14). Similarly, externally
applied work to the large-scale shell variables is identified with

nKg

Wi = Z g [uy fr +c.c]. (7.48)

n=0

By combining these two expressions, we obtain

d (&1 : :
T (E 2P|Un|2> +pllg = Wi + Q. (7.49)
n=0

Similarly, for the small-scale shell variables, we obtain

N

4 ( S §p|un|2> — pllx = W7 + Q. (7.50)
n=ng-+1

By comparing (7.49) and (7.50) with (6.36) and (6.37) for the overdamped Langevin case,

the term pllx can be interpreted as work from the large-scale to small-scale shell variables.

As in Section 6.3.3, we can also introduce another type of information-thermodynamic

efficiencies by using the first law of information thermodynamics. We first note that in
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the steady state, the second law of information thermodynamics (7.15) and (7.16) can be
expressed in terms of Ws := (W) and W7 := (W) as

AW — Bp(lk)ss — It > 0, (7.51)
BWE + Bp(lk)ss — Iz > 0. (7.52)

Since W; = pe and WI? = 0 in the inertial range, the transduced capacity Sp(Ilx)ss — I3
is nonnegative. Then, as in Section 6.3.3, we can introduce the following information-
thermodynamic efficiency:

A = 5P(HK}SS + I
BWg
R
,()E/k‘BT
=1-ng, (7.53)

where we have used (Ilx)ss = € and the main result (7.12), and

K 5P<HK>SS - l1><’

which is zero if Bp(lk)ss — 7 # 0. The efficiency (7.53) quantifies how efficiently the
large-scale eddies converts applied work into transduced capacity. Interestingly, there is a
trade-off between 77 and 7. For example, if 77 approaches 1, then 77 must go to zero.
Note that this result is specific to turbulence because it is based on the relation (Il )ss = €.

The numerical estimation of the LR described in Section 7.5.4 implies that 7% =~ 1.
That is, the large-scale eddies operate with high efficiency, while almost all the externally
applied work is converted into work from large-scale to small-scale eddies rather than
information transfer.

(7.54)

7.7.3 Details of the numerical simulation

In this section, we explain the details of the numerical simulation. After describing the
setup, the details of the KSG estimator are explained. In particular, we provide a detailed
explanation of the method used to estimate the variance and bias of the KSG estimator.
We also present the result in the deterministic case (I' = 0).

Setup

To evaluate the inertial range straightforwardly, we first nondimensionalize the equation
(7.1) with the Kolmogorov dissipation scale ) and the velocity scale u,, := (ev)'/* by setting

Up, 1= un/una I%n = 77kn, ti= t/Tna én = (un/n)il/zfm fn = fn/F> (7'55)

where 7, := 1/u, denotes the typical time scale at the Kolmogorov dissipation scale, and
F denotes the typical magnitude of the force per mass. The nondimensionalized equation
(7.1) reads

ﬁn g Bn(a,’&*) _ ];?Lﬂn + (2077)1/2]%”5” _|_ ann7 (756)
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where

B, @) = i(kn+1an+2a;+1 - %knanﬂa;‘;_l + ;kn_lan_lan_Q). (7.57)
Here, 0, := kgT/ pu?7 denotes the ratio of the thermal energy to the kinetic energy at
the Kolmogorov dissipation scale, and F,, := Fn/ u% denotes the nondimensionalized mag-
nitude of the force. Correspondingly, we set the shell index to be n = M,--- | R with
M = —[(3/4)logy(Re)] and R = N — M, so that kg = 1 corresponds to the Kolmogorov
dissipation scale.

We use a slaved 3/2-strong-order Ito-Taylor scheme [271] with the time-step 6t := 1075,
which is smaller than the viscous time scale at the highest wavenumber 7yis 1= 1/ if%z ~ 1074
The parameter values are set to the same values used in [20,258|, which are consistent with
the typical values in the atmospheric boundary layer (ABL). Specifically, the range of shell
numbers is chosen as n = —15,--- , 7 so that the achieved Reynolds number is comparable
to the typical value in the ABL of Re ~ 10°. To investigate the Re dependence of the LR,
we also perform the numerical simulation for Re ~ 10° by setting n = —12,---,7. In both
cases, the dimensionless temperature is chosen as 0, := 2.328 x 10~%, and the external
force acts only on the first two shells, i.e., ny = —14 for Re ~ 105 and —11 for Re ~ 10°.

The values of the external forces are adjusted such that tppys := Zf: 1 {|n]?) ~ 10
and &:= S k2 (6,)?) ~ 1 [20,258]: for Re ~ 10,

fnf—15 = —0.008900918232183095 — 0.03054976032101043,
fnf—m = 0.005116337459331228 — 0.0181750407003351277, (7.58)

while for Re ~ 10°,

Fyfo12 = —0.017415685046854878 — 0.05977417049893835i,
Fyfo11 = 0.010010711194151034 — 0.03556158772544649;. (7.59)

In the averaging of the energy spectrum and the estimation of the MI, we use Ngamp =
3 x 10° samples. For the case of Re ~ 10%, these samples are obtained by sampling 100
snapshots at time ¢ = 1000i (i = 1,2,--- ,100) for each of the 3000 noise realizations.
That is, for each of the 3000 independent runs, we sample 100 snapshots. Here, the time
interval of the sampling, 1000, is chosen to be larger than one large-eddy turnover time
Tr/Ty ~ 734 < 1000. Similarly, for the case of Re ~ 105, Nsamp = 3 % 10° samples are
obtained by sampling 100 snapshots at time £ = 5004 (i = 1,2, -- -, 100) for each of the 3000
noise realizations, where the time interval, 500, is chosen to be larger than one large-eddy
turnover time 7z, /7, ~ 181 < 500.

The KSG estimator

The KSG estimator for the mutual information I[X:Y] (either or both of the random
variables X and Y can be multidimensional) is defined as follows [266]:

Nsamp
R IX Y] 1= 9(8) = 1/k -+ 9 (Noamp) = 5 D [0 (i) + 0y @))], (760
samp

where £ € N denotes the parameter of the KSG estimator, ¢ is the digamma function,

Nsamp denotes the total number of samples, and n((f) (1) (¢ = x,y) is the number of samples
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such that |a; — a4 < P (7)/2. Here, P (1) denotes the o extent of the smallest hyper-
rectangle in the (z,y) space centered at the i-th sample (z;,y;) that contains k of its
neighboring samples. While any norms can be used for ||o; — o], we use the standard
Euclidean norm here.

Note that k is the only free parameter of the KSG estimator. By varying k, we can de-
tect the structure of the underlying probability distribution in different spatial resolutions.
To choose the optimal k (if it exists), we must estimate both the standard deviation and
the bias of the KSG estimator [268].

Estimation of the variance of the KSG estimator

In this section, we explain the method used to estimate of the variance of the KSG estimator
based on the subsampling approach proposed by Holmes and Nemenman [268]. This
method is based on the fact that the variance of any function that is an average of NV i.i.d.
random variables scales as 1/N. Therefore, we write the variance of the KSG estimator as

~(k Bk
Va‘rNsamp [II((S)G] =

. 7.61
Nsamp ( )

We estimate B®*) via a subsampling approach. Specifically, we first partition the Nsamp =

N samples into n nonoverlapping subsets of equal size as much as possible. Let jé(ks)c; ;(N/n)

be the i-th realization of IAI(?S)G[X: Y] with Neamp = N/n (¢ = 1,2,---,n). Then, we

calculate the unbiased sample variance of these n values of fI(fS)G ;(IN/n):

N

n n 2
1 % 1 K
= 1 O <1§<S)G7Z.(N/n) - ZI&S)GJ.(N/n)> . (7.62)
i=1

=1

This is our estimate of VarN/n[fI((kS)G] = nB® /N. Finally, we estimate B*) by using
maximum likelihood estimation. In doing so, we first calculate a,% N/ng for various ny

(¢ =1,2,---,L). Then, from Cochran’s theorem, (n, — l)aiw/né/\/ar]v/ne [fI(?S)G} follows
the x2-distribution with ny, — 1 degrees of freedom:
1 nyp—1
PY) () - e/, (7.63)

" men2p(re )"

By assuming independence of {07 ,, /nz}l%:l’ a likelihood function for B®) is

L N(ng —1)o?
11e0), ( S /) | (760
/=1

B(k)ng

We then obtain the maximum likelihood estimator:

X L N(ng—1)o?
Bk .— arg max H P%i)l 70 k.N/ne
Bk Ty

ny k,N/ng
Z£L:1(W —3)

By combining (7.61) and (7.65), we can estimate the variance of the KSG estimator to be
B®) [ Nyamp-

ZL: ne—1N0_2
— = (7.65)
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Estimation bias of the KSG estimator

Although the KSG estimator is asymptotically unbiased for sufficiently regular probabil-
ity distributions as Ngamp — 00, both sample-size-dependent bias and k-dependent bias
generally exist for a finite Ngamp [268]. The sample-size-dependent (resp. k-dependent)
bias can be detected by comparing the sample-size-dependence (resp. k-dependence) of
the estimated MI with its standard deviation. If the sample-size-dependence (resp. k-
dependence) of the estimated MI is much larger than its standard deviation, then a sample-
size-dependent (resp. k-dependent) bias may be present.

Note that k is related to the spatial resolution in detecting the structure of the under-
lying probability distribution. For large k, because the fine structure of the probability
distribution cannot be detected, we would expect the MI to be underestimated. At the
same time, because n,(i) and ny (i) both increase with increasing k, the standard devia-
tion of the estimated MI will be smaller for large k. If there is no k-dependent bias, we
can choose the optimal k such that there is no sample-size-dependence compared to the
standard deviation and the standard deviation is the smallest.
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Fig. 7.3: Bias of the KSG estimator fl(fs)G[UIf(t): Uz (t)] as a function of 1/Neamp = n/N with n =
2,3,---,10 and N = 10°. K = kg (left) and K = k15 (right).

Figure 7.3 shows bias of the KSG estimator IAI(QG[UE(t): Ui (t)] as a function of
1/Nsamp = n/N with N = 10° in the case of Re ~ 10%. Here, we use n = 2,3, , 10,
following [268]. The wave number K is within the inertial range, K = kio (left), and
at the Kolmogorov dissipation scale, K = ki5 (right). The error bars are estimated by
using the unbiased sample variance (7.62). From (7.61) and (7.65), the standard deviation
of fI((kS)G[UE(t) :UZ(t)] is estimated to be ~ 1073 for Ngamp ~ 10°. It can be seen from
Fig. 7.3 that, while there is no significant sample-size-dependent bias, a k-dependent bias
does exist. In particular, the estimated MI is underestimated as k is increased.

Figure 7.4 shows the scale dependences of the estimated MI and LR for k = 4, 10, 20, 50
with Neamp = 2 X 10° in the case of Re ~ 10°. Here, k = 4 is chosen because k = 2, 3,4
are recommended in [266]. This results clearly show that the estimated MI and LR are
underestimated as k is increased. Therefore, it is difficult to choose the optimal & in this
case. The important point here is that the estimated LR is negative for K within the
inertial range for all k. As mentioned in the main text, we remark that the error bar of
the LR l}<( is of the same order as l}<( itself if we naively estimate it by using the estimated
standard deviation of the MI.
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Deterministic case

Here, we present the result in the deterministic case (7" = 0). We calculate the deterministic
case by setting 0, = 0 in the Ito-Taylor scheme. Other parameters are the same as in the
noisy case with N = 22. As independent initial-data, we use the snapshots in the noisy
case at time ¢ = 10°. We have used Nsamp = 2 % 10° samples in the following averaging
and estimation. These samples are obtained by sampling 100 snapshots at time ¢ = 1000:
(1=1,2,---,100) for each of the 2000 independent runs.

Figure 7.5(a) shows the energy spectrum E,, := (|u,|?)ss/2 in the steady state. The
achieved Reynolds number in the deterministic case is Re ~ 1.46 x 10%. In the inertial
range, both the deterministic and noisy cases exhibit the Kolmogorov spectrum. In the
dissipation range, in contrast, the deterministic case shows a rapid exponential decay.

Figure 7.5(b) shows the estimated MI fI((kS)G[UE(t):U]?(t)] with k = 4. Its standard
deviation is also estimated to be ~ 10~3 by subsampling, which lies within the marker size.
While the deterministic case is almost the same as the noisy case in the inertial range, it
takes a finite value even in the dissipation range. In other words, the correlation between
large and small scales is not destroyed because of the absence of thermal fluctuations.

In Fig. 7.5(c), we show the estimated LR l}<< in units of the inverse of the large-eddy
turnover time 77. In the deterministic case, we find that 77, ~ 7327,. From this figure, we
can see that the LR in the deterministic case takes almost the same value as in the noisy
case in the inertial range. This result implies that the information flow itself is mainly
governed by the large-scale dynamics rather than by the thermal fluctuations. In contrast,
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it takes finite negative value in the dissipation range. In other words, in the absence of
thermal fluctuations, the information flow reaches the far dissipation range.
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respectively. The noisy case is the same as the one presented in the main text (cyan line in Fig. 7.2).






Chapter 8

Conclusions and future perspectives

Cascade transfer lies at the core of turbulence. It is widely observed in various systems,
not limited to ordinary fluids, and underlies the universality in those systems. In this
thesis, we have investigated such universal aspects of cascade transfer from the viewpoint
of statistical physics. Specifically, in Part I, we aim to establish the concept of “universality
class” for cascade transfer. As a first step toward this end, we have explored novel types of
cascade phenomena by considering (i) fluid quite different from ordinary fluid, (ii) ordinary
fluid under extreme conditions, and (iii) a simple model different from a fluid model:

(i) We have investigated the similarity and difference between quantum and classical tur-
bulence in Chapter 3. By using a phenomenological argument based on the Onsager
“ideal turbulence” theory, we have shown that the compressibility effects can induce
a novel energy cascade, which we call quantum stress cascade, at scales smaller than
the mean intervortex distance.

(i) We have explored a novel type of energy cascade by focusing on supercritical tur-
bulence near a gas-liquid critical point in Chapter 4. By using a similar argument
developed in Chapter 3, we have shown that it exhibits a novel type of energy cascade,
which we call van der Waals cascade, at “microscopic length scales” smaller than the
correlation length of equilibrium density fluctuations. Interestingly, the mechanism
of this novel cascade is analogous to that of the quantum stress cascade in quantum
turbulence.

(iii) In Chapter 5, we have proposed a simple model representing one universality class
for cascade transfer without paying much attention to its relevance to real systems.
The constructed model can be regarded as a modified XY model where the amplitude
fluctuates. We have shown that an inverse energy cascade with a non-Kolmogorov
energy spectrum E(k) oc k3 emerges from spatially local interactions. Interest-
ingly, the behavior of this model is similar to that observed in spin turbulence and
atmospheric turbulence.

To summarize, we have found various types of cascade transfer in systems quite different
from ordinary fluids. From these results, we propose a tentative and naive classification
of various cascade transfer phenomena, which is summarized in Fig. 8.1. While these
results are still far from our ultimate goal of establishing the concept of “universality class,”
the author believes that these findings provide a novel phenomenological perspective on
turbulence.
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Fig. 8.1: Naive classification of various cascade transfer phenomena.

In Part II, we aim to elucidate the nature of information flow associated with cascade
transfer in ordinary fluid turbulence. Specifically, we have investigated how information
flows in the shell model with thermal noise from an information-thermodynamic view-
point. We have shown that information of turbulent fluctuations flows from large to small
scales along with the energy cascade. Furthermore, our numerical simulations suggest
that transferring information from large to small scales involves enormous thermodynamic
costs. While turbulence has been studied in various contexts from an information-theoretic
viewpoint over recent decades, this is the first theoretical study to show the unidirectional
information transfer across scales. Because this study is in the early-stage research, there
are still many unsettled issues concerning information flow in turbulence. In the following,
we list some topics for future work.

e Universality and information flow

At the end of Section 1.3, we mentioned a common intuitive picture of the origin of
universality that small-scale turbulent fluctuations “forget” the details of large scales
because of the chaotic nature of the stepwise cascade process. This picture is some-
what contrary to the fact that information of turbulent fluctuations is transferred
from large to small scales. However, the coexistence of information transfer and
universality is not logically inconsistent. We conjecture that the coexistence can be
explained by the stepwise “information cascade” process where “irrelevant informa-
tion” is “deamplified” as the cascade develops. This cascade picture is analogous to
that proposed by Wilson in the context of critical phenomena [272]. As a first step
to establish this picture, simple models in information and communication theory
would provide a useful starting point.

e Tighter bound on information flow

In Chapter 7, we have found that the information-thermodynamic efficiency 77 is
quite low compared to other typical information processing systems. In other words,
the bound on information flow based on the second law of information thermody-
namics, k’}:—aT > 17, is a loose bound. In recent years, the thermodynamic uncertainty
relation (TUR) has been intensively investigated, which gives a lower bound on the
entropy production via experimentally accessible quantities [273,274]. In systems
with time-reversal symmetry, this relation can be extended to bipartite systems and
gives a bound on learning rate [242]. Thus, we conjecture that even in turbulence,
where time-reversal symmetry is broken, there are tighter bounds on the learning
rate than the second law of information thermodynamics.

e Intermittency and information flow
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Intermittency remains the central enigma of turbulence. As we mentioned in Sec-
tion 1.1, intermittency implies that the statistical property of the small-scale turbu-
lent fluctuations depends on the injection scale L. In other words, the small-scale
turbulent fluctuations “remember” the number of “cascade steps.” From this obser-
vation, we naively expect that intermittency can be understood from the viewpoint
of information flow. For example, by exploring universal relations that connect infor-
mation flow with the higher-order longitudinal structure function, it would become
possible to obtain universal bounds on the scaling exponent (.

e Information flow in other systems

As we briefly mentioned at the end of Section 7.6, we conjecture that, even in other
cascade transfer phenomena, information is transferred across scales along with the
cascade transfer. Indeed, for two-dimensional fluid turbulence, we can show that
information of turbulent fluctuations is transferred from small to large scales along
with the inverse energy cascade. It would be interesting to investigate the nature of
information flow in various systems, such as quantum fluids, supercritical fluids near
a gas-liquid critical point, spin systems, and elastic bodies. Furthermore, such an
information-theoretic viewpoint may provide a fresh perspective on the mechanism of
the laminar-turbulence transition. It is known that the two characteristic collective
modes, called zonal flow and turbulent puffs, govern the laminar-turbulence transi-
tion. Interestingly, their dynamics can be mapped to the stochastic predator-prey
model, and fluctuations of zonal flows follow those of turbulent puffs with a time de-
lay [275-277|. Thus, we conjecture that there is an information flow from turbulent
puffs to zonal flows.

We hope that these studies open up a new research area, “information hydrodynamics,”
which would provide a theoretical framework to elucidate and control the dynamics of
complicated systems, such as the Earth system and biochemical reaction networks.
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