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Abstract

The renormalization group method is a fundamental tool in modern physics, which
enables us to study the dynamics of various physical systems with a flow that connects
the effective infrared descriptions and the underlying ultraviolet theories.

Exact Renormalization Group has been developed as a quantitative formulation of
the renormalization group method. It has been utilized to investigate the phase structure
of quantum field theories and the properties of critical statistical systems. It has revealed
both perturbative and non-perturbative aspects of quantum field theories.

Recently, a new framework, Gradient Flow Exact Renormalization Group (GFERG),
was proposed to define the Wilsonian effective action with coarse-graining based on a
diffusion equation. One of the novel features of GFERG is that it can be constructed
to preserve gauge symmetries or global structure of the field space, despite introducing
an ultraviolet cutoff. This feature makes GFERG a promising approach to studying the

dynamics of theories with gauge symmetry or nonlinearity in a non-perturbative manner.

In this thesis, based on Ref. [1], we investigate the fixed point structure of the
GFERG equation associated with the general polynomial diffusion equation of scalar
field theories. Then, we show that it has an almost identical form to the conventional
Wilson-Polchinski equation. We further discuss that the GFERG equation has a simi-
lar renormalization group flow structure around a fixed point to the Wilson-Polchinski

equation.
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Chapter 1

Introduction

Renormalization group (RG) is a fundamental and powerful framework to study various
properties of physical systems using a coarse-graining procedure, namely, varying the
energy scale. It plays an essential role in modern physics and emphasizes the importance
of the system’s typical energy scale, such as particle mass, correlation length between
particles, or lattice spacing of a lattice system.

In particular, it has established the notion of “hierarchy” in physical theories. This
notion states that even though we do not know the microscopic (ultraviolet, high-energy)
theory, we can construct effective theories on macroscopic (or low-energy) dynamics.
Quantum Field Theories (QFTs) and Classical Field Theories (such as Classical Elec-
tromagnetism and General Relativity) are good examples to illustrate this notion. We
know that the former is valid at all scales, while the latter is just a low-energy effective
theory of QFT. However, we can make predictions on the dynamics of macroscopic objects
by Classical Field Theories even before the establishment of QFTs. As is seen from this
example, if we focus on the low-energy behavior of a system, we can make a practical
description with adequate accuracy independently of its microscopic physics. The renor-
malization group serves as a bridge between effective infrared descriptions and underlying
ultraviolet theories.

In QFTs, a framework called Ezact Renormalization Group (ERG) ! has been devel-
oped as a quantitative formulation of the RG method [2-6]. It introduces an ultraviolet
(UV) cutoff to the theory and studies the flow of the Wilsonian effective action Sy, which
effectively describes the physics at the energy scale A. It is helpful to investigate critical
phenomena and phase structures of various systems in relativistic quantum field theories,
statistical physics, and condensed matter physics. Phase structures of strongly coupled
theory have also been investigated via this framework. ERG has also been applied to
formulating quantum gravity, by studying non-trivial UV fixed points and the continuum

limit of gravitational field theories.

L ERG is also called Functional Renormalization Group or Non-perturbative Renormalization Group.



Although ERG has succeeded in revealing both perturbative and non-perturbative
aspects of scalar or fermionic systems, its treatment of theories with local symmetries has
not been completely established yet. It is intuitively because an explicit UV cutoff conflicts
with the local symmetries. Recent studies [7, 8] proposed a new framework to define
the Wilsonian effective action with coarse-graining based on a diffusion equation, called
Gradient Flow Ezact Renormalization Group (GFERG). In this framework, the Wilsonian
effective action Sy[¢] at the energy scale A is schematically given by the following path
integral:

. / [D§) (¢ — plo e, (101)

where Ag is the bare scale and @[¢] is the solution to the diffusion equation with the
initial condition <p‘ Ahg = ¢'. In GFERG, coarse-graining based on the diffusion equation
is regarded as a block spin transformation via diffusion. A novel characteristic of the
GFERG flow is that it preserves gauge symmetries even though it effectively has a UV
cutoff [9,10]. From this gauge invariance, GFERG is a promising approach to studying
gauge theories or quantum gravity non-perturbatively.

The motivation of this thesis is as follows. So far, GFERG for general scalar field
theories has not been well-studied. One of the reasons is that the GFERG equation,
the differential equation for the scale dependence of the Wilsonian effective action Sy, is
defined by the diffusion equation and takes a different form for each scalar field theory.
The appropriate diffusion equation heavily depends on details of the theory, such as its
symmetry, interactions, and information of target space, and is generally not easy to find.
However, because GFERG can manifestly preserve non-linearity or local symmetry of
the system, it is important to study GFERG of general scalar theories to get a deeper
understanding of them. In particular, fixed points of the GFERG equations and the RG
flow structure around them are of interest.

The central part of this thesis is based on my work [1]. We introduce a general
GFERG equation based on a diffusion equation of a scalar field theory and study its
fixed point structure. This GFERG equation can be applied to a broad class of non-
linear sigma models, whose diffusion equation is given by a polynomial of the fields. We
find that it has additional non-linear terms compared to the standard Wilson-Polchinski
(WP) equation, which is a typical flow equation of the Wilsonian effective action Sj.
Then, we show that it gives the same UV fixed points as the WP equation. Moreover,
we discuss that it has a similar RG flow structure around the fixed point to the WP
equation due to the vanishing of the additional non-linear terms. We also find that the
relevant operators have the same scaling dimensions as those in the WP equation, while
the irrelevant operators are not the case. These results mean that the GFERG gives
the correct critical exponents, renormalized trajectories, and the same predictions as the

ordinary ERG for the low-energy behavior of the physical systems.



Organization of the thesis

This thesis is organized as follows. In Chapter 2, we review the basics of Exact Renormal-
ization Group. We define an effective action that describes at a focused energy scale and
calls it the Wilsonian effective action. Then we study the flow equation for the Wilso-
nian effective action, called the ERG equation, and give some examples. Then, we search
UV fixed points of the ERG equation. Furthermore, we study the flow structure around
the fixed points and determine the critical exponents. In Chapter 3, we review Gradient
Flow Exact Renormalization Group (GFERG). GFERG was initially proposed to define
the Wilsonian effective action for gauge theories in a gauge-invariant manner. First, we
introduce its definition within the framework of GFERG and show its gauge invariance.
Next, we derive the GFERG equation, the counterpart of the ERG equation in GFERG.
We also review recent developments on GFERG.

Chapter 4 is the central part of this thesis. Based on my work [1], we discuss
GFERG for scalar field theories in general and investigate its fixed point structure. Then,
we explicitly write down the GFERG equation based on an arbitrary polynomial diffusion
equation and discuss its fixed points. Furthermore, we calculate the scaling dimensions of
operators around the fixed points by solving the GFERG equation to the leading order of

the deviations from the fixed point. Chapter 5 is devoted to a summary and conclusion.



Chapter 2

Review of Exact Renormalization

Group

We briefly review Exact Renormalization Group (ERG) in this chapter. The following
review is based on Refs. [11-13]. (See Refs. [14-17] for more details.)

2.1 What is Exact Renormalization Group

ERG is a method to study the physics of a system under varying the energy scale on
which we focus. Let us consider a physical system described by QFT and assume that its
physics is determined by the partition function Z in the path-integral formalism:

Z:/Dgﬁes[ﬂﬂ, (2.1.1)

where ¢ is the elementary field of the system and S is the action.

In the context of ERG, the physics at the energy scale A is effectively described by
the Wilsonian effective action. Intuitively, it is obtained by integrating out the modes
with momenta p? higher than the energy scale A%:

e = / D2 pz €. (2.1.2)

However, the integration on the right-hand side needs to be clarified due to UV diver-
gences. More specifically, let us consider correlation functions such as

O T(¢(z1) - - P(2n)) [0) - (2.1.3)

Because correlation functions generally have the UV divergences, we have to introduce a
UV regulator to define the Wilsonian effective action. A traditional way to do so is by

deforming the bare action as

S = S+ ASy, (2.1.4)
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Asy == [ oDRAGIo) (215

where Ry (p) is a UV regulator. This regulator should satisfy the following conditions:

Ry(p) 00 as p— o0, (2.1.6a)
Ra(p) =0 as p— 0. (2.1.6b)

The first condition ensures that the high-momentum modes of the field do not contribute
to the partition function. The second condition means that the UV cutoff function does

not change the low-energy physic of the system.

Next let us define the Wilsonian effective action Sy at the lower energy scale A than
the bare scale Ay. For example, consider a scalar field theory and its partition function
Z at the bare scale Ag given by

= /ng e 5A% (2.1.7)

- /Dd) eXp<_/p¢(p)#:/A3)¢(— )+ Smt[czﬁ]), (2.1.8)

where ¢ is the scalar field, K (p?/A3) is the cutoff function, and Sy gives the interaction
terms. The condition Eq. (2.1.6a) for the UV regulator requires this cutoff function
K(p?/A) to vanish sufficiently fast as p — oo. The quantities on the right-hand side of
this equation are measured at the bare scale Ag and we want to rewrite this relation with
the new cutoff A like

- / b exp(‘/p Wﬁ;m) (- >+Smw¢]> (2.1.9)

while keeping the partition function Z invariant. In other words, we want to express the
partition function by the quantities measured by the new cutoff A so that the Wilsonian
effective action preserves the partition function (or the thermal free energy) ':

/Dqse Sroldl — /D¢es w9l (2.1.10)

The following identity * helps us find how related S}* and S} are:

[ Doiosess (- / (G Pn0) + s a(—pa)) + Sl + ]

! This identity is the reason why the ERG has the word “exact” in its name: It keeps all the information

on quantum fluctuations at any energy scale.
2 Tts proof is given in the following:

[ porDsses( / (i r(Pn(0) + g oal-p)al)) + 5001 + 6]

7



x [ Do - IR #lod). (2110

We can rewrite the partition function Z with this formula as

2= [ Doeso(~ [ gielermot-mon)

/ o p2 / e 1nt
< [ 06t e | s e o) + so+6]). (2119

Comparing this equation and Eq. (2.1.9), we can define the interaction term S¥* of the

Wilsonian effective action at the new energy scale A as

eSj{“[d)] _ " exp| — p2 e / gint
[ po p( /pz<K<p2/Aa> —REEA)” PR “”“”)
(2.1.16)

Note that by shifting ¢/ — ¢’ — ¢, this can be represented as

P’ TN o / int
<esp(~ | e 1) — AP ) o) + S )
(2.1.17)

It should be noted that the cutoff function decreases monotonically at sufficiently large
momentum and that the kinetic term of the integrated field ¢’ has a non-zero value only
at A? < p? < A2 Therefore, the expression Eq. (2.1.16) tells us that the new interaction
term S is given by interacting out the on-shell modes ¢ with momenta between the old
and new cutoffs (A2 and A?).

2.2 Flow of Wilsonian effective action

The definition Eq. (2.1.17) of the Wilsonian effective action is too complicated to analyze
directly. Instead, we can study the flow of the Wilsonian effective action. As seen in the
following, its flow is represented as a differential equation called the “ERG equation”.

/me@wd:L<Jm@ﬂp)¢ﬂpm%@%@»

(2.1.11)
1
+ B(p)sz(—p)@(p)) + 5[¢1]>
- . 1 B(p) _
—/D¢1D¢2 P( /p(A(p) A(p)(A(p)+B(p))>¢1( Pne) (2.1.12)
+ grsoa(-p)oat) + Slon )
1
/D¢1 eXp< / AP+ B0 )¢ (P)¢1(p)+5[¢1]> (BL13)



2.2.1 Wilson-Polchinski equation

A typical example of ERG equation is the Wilson-Polchinski (WP) equation, which is

given by
oSt OK (p/A2) 1 ( 5250 skt i )
i S '} — . 2.2.1
OA /p 70N ¢(p)0p(—p) +5¢(p) 0p(—p) (221)

This equation gives a flow on theory space and defines a renormalization procedure non-
perturbatively. The terms on the right-hand side represents the quantum effect, corre-
sponding to Feynmann diagrams with loops.

Derivation of the WP equation is following. Differentiating the definition Eq. (2.1.17)
of ST with respect to A, we obtain

AaiAeSiAnt
- [ T 5 [ D960 = o0 o)~ 0(0)
Xexp( /¢ 2/A2> (qQ/M)gb( )+SIA‘§[¢+¢’]). (2.2.2)
Here, let us consider second functional derivative of Eq. (2.1.17):
56()00(—p)
. / p4 rroN / B _ p2
— [ 06 | e e e ) — AN 0) — 60D — s 00)
P’ N re\ int
<esp(~ [ sy ¢ ) — ol ) — o) + SR
(2.2.3)
_ P’ oSt
= "KM - Ky
p4 SN . / .
- gy | DY ) o)) - o)
p2 / / int
<on(~ [ STy ¢ ) — A ) — o)+ S
(2.2.4)

Therefore, we get
int K 2 A2 1 2 2
P UL r p
p

oA R w0
(2.2.5)

equivalently,



WOSE [ OKGA/N) 1 ( BSEt | asyt asy
Aon /pA oA <¢<>¢<p>+¢<>¢< >>

DK (v*/A%) I
_/pA oA 2<K<p2/A5>—K(pZ/M))é(O)‘ (2.2.6)

The second term can be eliminated by adding a constant term to S a

1nt 1nt / 8K 2/A/2 1
/ an / ON' 2 (pQ/Ag) _ K(p2/A/2))5(0)' (2.2.7)
Finally, we get
85’1nt 8K(p2/A2> 1 ( 625}{11; 65'1nt 5SX1t )
! A 2p? : 2.2.8
oA / 0N 22 \30(p)oo(—p) ' 50(p) 59(—p) (2.2.8)

In fact, the generating functional Wy[J], defined as
WAL / D53 S o-RBAGRI+], T @(a) (2.2.9)

satisfies the WP equation. Let us check that. Differentiating Eq. (2.2.9) with respect to

T, we get

A(%GWA[J} 2/q aRA /chcb ¢S I oD, J@0W) (9.9 10)
— _§/qAa}2AA 5700 /D¢es 2 e oERRAGRF ], (@90 (2.9.11)
— _%/q/\aﬁé’;\( >5J(q)§J<_q)eWA[J1 (2.2.12)
- - /qu;AA(Q) (M;f???—@ ) (2:2.13)
equivalently,
2
Aa@V/V\A - _% /qAa%AA(q) (5J(;5)(I;?E—Q) " ;;I(/;) 5§ZAQ)> (2:2.14)

Why the generating function W, and the Wilsonian effective action S¥* satisfy
the almost the same equation? This can be seen from their definitions. The definition
Eq. (2.1.17) of the Wilsonian effective action S is rewritten as

Sint _ ! ox . p2 ’ int
= [ i en | 3o e )+ Sk
+/pJ(—p)¢(p)—/p2(K(p2/A%>1_K(pZ/AQ))qé(—p)qs(p)), (2.2.15)

10



where J(p) = p*é(p)/(K(p?/A2) — K(p?/A?)). Comparing this equation and Eq. (2.2.9),
it is easily seen that there is a correspondence between them like

2

p
K(p?/A3) - K(pQ/A2)¢(p) “ Jp), (2.2.16a)

S (=)0 (0) + SR & S[61 = 5 [ S-RRa()o(R).
(2.2.16b)

2

p
/p2(K(p2/A%) — K(p?/A?))

p2
/p?(K(pz/A?)) — K(p?/7A?))

Especially, comparing the quadratic terms in the both hand sides of Eq. (2.2.19¢), we get

o(=p)o(p) + SK*[] < Wa[J]. (2.2.16¢)

2

p (2)
K2A0) — K2/ < S (p) + Ra(p), (2.2.17)
where
625
S@(p)s —_— 2.2.18
(p)é(p +q) 55@500) |, ( )
is the quadratic term in S.
Let us concretely check this. The correspondence is given by
_ P’
P’ int
= — IS 2.2.19b
WAl = | s iy P Do) + S0 (22190)
_ P’ _g®
Ra(p) = KGN — KG2/A%) S®(p). (2.2.19¢)
Then, using Eq. (2.2.19b) and differentiating S¥[¢] in terms of A, we get
A 251" (9]
OA
_ 20 P’
= A8 T w0 o | s —
(2.2.20)

- [A T / (Aa% K(p?/A%)p—Q K#/A%) W)) 5;%]] =

= KGR —R 2 )

— OK (p*/A?) P> B
/p(A oA )2(K(p2/Ag)_K(pg/A2))2¢( p)¢(p)

The right hand side of this equation is given by

(RILS of Eq. (2.2.21))

11



p2

__E/AaRA(q)( 62WA 1 5WA 5WA >
o A O R Y PR —

+f (455 K(p?/A@p—Q R
1)

P B int
o ( / TP + [¢1) \J(p) )

=R -K w2/ PP

_ OK (p*/A?) p? -
/p (A oA ) 2(K (p?/A2) — K(pg/Ag))2¢( p)9o(p)

(2.2.22)
/ Aa%(K<q2/Aa>q—2K<q2/A2> ~s%g)) (K(QQ/A%);ZK(QW))Q

i o(—p)(p) + Sx“t)

N —

X

e Ve <2/A2>p2 KW /)
+ 5 5w W o AP+ st

)(/p 2(K 2/A2 2/A2>>¢( p)¢(p)+SX“)] (2.2.23)

0K (p /A2 1 "

! p(A ) W/ - K@/ ?
p oy, 0SY[g]
(K@Z/A@— wAn P T 5¢<p>>

_ OK (p*/A?) P’ B
/p(A oA )2(K(p2/Ag) KA ;0(=p)o(p)

[ OK(/AY) 1 % 553"
- / A O Saas0(—a)

o [ (RGN ~ K/ 2
(/ Ry — R q”gjﬁ_z))(/p RN R S ﬂ

DK (17/A?) ! . R
+/p (A oA >K<p2/A3>—K(p?/A2>¢<p)(K<p2/Aa> KA P <p>)

DK (1?2 .
_/p<A O\ )2(K(P2/A§)—K(p2//\2)) ¢(—p)o(p)

(2.2.24)
_ / AOK(@/A%) 1 [ ) 1 L }
. ON  2¢? [06(q)0d(—q)  0é(q) 6 (—q) (2.2.25)
+ [WSEID L & 5(0)
] ON 22 2(K(q?/A2) — K(q%2/A?))

Therefore, we get

12



LOSK0) [ OR(/AY L[ Skt bt asy!
oA —/qA oA 2q2[5¢<>¢< Q) " 50(q) 59(— >]
[ OK(/AY) 1 ¢
/qA o AR R (2220

Again, the last term in this equation is just a constant®, and can be remove by adding
some constant term to SPt. Finally, we get

Aaslnt[¢] /AaK(QQ/AQ)L{ 5251111; N (SSmt 5S1nt :|
OA q N 2¢2 [0¢(q)0d(—q)  9(q) 60 (—q)
This is nothing but the WP equation Eq. (2.2.8) for the Wilsonian effective action Si*.

(2.2.27)

2.2.2 Wetterich equation

Another example of ERG equations is Wetterich equation [6]. This equation represents a
flow of one-particle irreducible (1PI) effective action I'y. The 1PI action I'y is defined as
the Legendre transformation of Wy[J]:

tafel = (-mal+ [sew)| =5 [otnmmen. 222
P J=JA[¢] P
where Jj[¢] is the solution to
_ SWA[J]
o®) = 570 i (2.2.29)

The motivation for considering the 1PI effective action I'y is that it has a simpler renor-
malization structure than the generating function Wy. It is because I'y is a generating
function 1PI diagrams, while W, is that of connected diagrams including both 1PI and
non-1PI diagrams.

The Wetterich equation is given by

OTs _ ORA

where Tr means the trace over momentum space and internal degrees of freedom, and I'?
is defined as

@ _  0Talg]

= 2.2.31
T 500 2231
We derive this equation in the following. Differentiating Eq. (2.2.28) with respect to A,
we get
ol'y
A4
0N\

3 Miraculously, this constant term is the same as that in the WP equation Eq. (2.2.6) for S before
adding the constant to it.

13



(20 i o))
__/¢ aRA );(p)’ (2.2.32)

. 1 8RA(Q) (52WA (SWA 5WA
‘ﬁqu oA (w(qw(—q) w(q)w(—q))

J=JAl9]

dJa(p) [ oW, LORA(D) (2.2.33)
A\D A A

- /p AT9A (5J(p) i ) / ¢~ é(p)

_ 1 [ ORx(q)  O°Wi

2 /q AA (@) (=a) | ;_ 1 (2.2.34)

We used Eq. (2.2.29) in the last equality. Here, taking the second functional derivative
over ¢(p) and ¢(q) in Eq. (2.2.28), we get

Frig] b TR
590p)0@) ~ 59(a) [“’AW) ko <6J<q>

— d)(q)) - RA(p)Ob(—p)]

J=Jxld]
(2.2.35)
_ 0al¢l(p)
= 500 Ra(p)o(p+ q). (2.2.36)
On the other hand, taking the derivative of Eq. (2.2.29) in terms of ¢(q), we get
Jall(r) — 0*Wa

5o — q) = 2.2.37
D= 750 S8 |y (2230

- 5°I¢] 52,
-/ (5¢<r>5¢<p> t R+ ”) ST i (2239

This equation yields that regarding the momenta p, ¢ and r as indices of the matrix, we
conclude that
5?Wy
6J(p)oJ(q)

1

— (T® -
= (I +Ra), - (2.2.39)

J=J[¢]

Substituting this relation into Eq. (2.2.34), we get the Wetterich equation Eq. (2.2.30).

2.2.3 Dimensionless Variables

In this subsection, we consider the flow of the full action Sy, rather than the interaction
part S and derive the WP equation for the full action Sy. We also rewrite it in terms
of dimensionless variables for later use.

First, let us define the full Wilsonian effective action Sy as

= [ )T + Sl (2240

14



Then, we study its flow equation. Substituting S = S, + fp gb(—p)mdxp) into the
WP equation Eq. (2.2.8) of Si*, we get

g (53 [0 g e0)

—- [ s e (9 [ o)
1

+%@(SA+/p¢(—p)W¢( )) w(& (SA+/¢ Pk 12//\2) olp >)1
(2.2.41)

The left hand side of this equation is given by

(RH.S of Eq. (2.2.41)) = A%—/pAaK(gA/A)2K2(1P/A)¢(—p)¢(p). (2.2.42)

On the other hand, the right hand side is calculated as

(L.H.S of Eq. (2.2.41))

__/ 29K (P /A% 1 { 6%5a
b N 2p% [ 56(p)og(—p)

(s + w0 (5 * T )|
:_/A(?K(pz//\z)i{ 825, 5Sy  OSa

(2.2.43)

ON 20 | 56(0)00(—p) | 50(p) 96(—p)
p2 (SSA p4
K2 /an " sg) T B2/

Therefore, combining this equation and Eq. (2.2.42), we get

oS\
ASR

__/AaK(pQ/A2) 1 <2 p2 55/\ (5251\ (SSA 5SA
N )
p

(2.2.44)

2 MwWM

oh 22 CRGAD 550 T 56mee(—p) T 500) So(—p
(2.2.45)

([ OlogK(pA/AY) Sy OK(/AY) 1 [ 85, 5Sn  6Sh
- é% o W5 T aA m%w@w@m+w@wemﬂ'

(2.2.46)

This equation represents the flow of the full action Sy and is also called “Wilson-Polchinski
equation”.

Let us introduce the following dimensionless quantities®*:

A= Age ™, (2.2.47a)

4 The mass dimension of the functional derivative is determined from the relation that §¢(p)/dé(q) =
d(p — q), rather than minus of that of the field ¢(g). This is because the mass dimension of the delta
function is not 0 but —D due to the identity [ dP”pd(p) =
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B = p/A, (2.2.47b)

O(p) = A2 6(p), (2.2.47¢)
5 b2

N e (2.2.47d)
S:[6] = Sale, (2.2.47¢)

where the reference scale Ay is an arbitrary mass scale.

Note that
OK (p*/A? . _
AT ) 0K (/A% = - 0K (7). (2.2.48)
Also, because ¢(p) is replace by A= 2 ¢() = A" ¢(p/A), which depends on A. Its
dependence is calculated as
0 Dtz D+ 2
AM(A @/A)) A (T + 50y >¢( 5) (2.2.49)
Therefore, the second term is given by
0,5,[9]
A @] (2.2.50)
oA i o
0 0  _Dpi2~ _p—2 05;[¢]
=—A—S5p[¢ - / (A— 2 qb(p/A))A T — , (2.2.51)
TRl Ty T 56(p/A)
3} _ D+2 - 65, [¢]
= —A—5)\[¢9] + A D/ (— +p-0 )(b(p/A) = : (2.2.52)
T 2 ' 56(p/A)
d D+2 - 65,[0]
NN + / <— + 50, >¢>< ) (2.2.53)
oA ¢—>A*%J> D 2 6¢( )

Note that p is the integration variable and does not receive the differentiation over A. We
transformed the integration variable p into p = pA in the last equality.

The first term is calculated as

B

Agpsiel|
_aep [ p 8[{2( 2éA?) H/A) 53,

/p K(p*/A?) ~ 36(p/A) ) ) (2250

_p~apK(p2/A2)< 528, L 05 45 )

2p%/ A2 06 (p/N)dG(—p/N) 5 (p/A) 56(—p/A)
1A -, 88 AP 625, 6S. 65,
- | |k 05 o (5&(@5&(—@+5é<ﬁ>5é(—ﬁ>>]' (2:259)
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In the last equality, we changed the integration variable p to pA and defined A(p?) as
A(p?) = —p - K (P?). (2.2.56)

We finally get from Eq. (2.2.53) and Eq. (2.2.55)

g = [(A2) L D42 20N )25l
aTST[cb]—/ﬁ(K(ﬁz) g D ap)¢(p) T8
A(ﬁ2) 5257 537 537
+/ﬁ 22 (555(13)5&(—15)+5<5(p)5g5(_p)>]' (2.2.57)

This equation is the dimensionless version of the WP equation. In the following, we

remove the tilde to denote dimensionless variables for notational simplicity.

Scaling Theorem and Anomalous Dimension

Here, we introduce the anomalous dimension. It has been shown in Ref. [13] that the

Wilsonian effective action S, satisfies

($pre7 ™) dlpue™ ™)) = e TP () G(p)) T (2:258)

This equation represents the response of scaling in the correlation functions. We call it
“scaling relation” in the following. The modified correlation function {(¢(p;) - - - qﬁ(pn)»g(l*m
is defined as

g

{o(p1) -~ d(pn
._ oS oy [ [ K@)~ K(p?)) 62 ¢(p1)  (pn)
o /D¢ p< /p 2p? 5¢(p)5¢(—p)> K(p1)  K(pn) (2.2.59)

We can generalize K (p?)(1 — K(p?)) in this expression to an arbitrary function k(p?) in

the scaling relation by introducing the wavefunction renormalization factor as

(D(pre™ ) -+ p(pae™ ™)) = Zre” TP (4(p1) - p(pa)), , (2:2.60)

where Z, is the wavefunction renormalization factor defined as

Z. = exp (/ 'ysds) (2.2.61)
70

with the anomalous dimension ~,. The generalized modified correlation function with
k(p?) is defined as

d(p1) ¢(pn)
K(p1> K(pn) ’

(¢(pr) - Ppn))§ = /ch Sl (2.2.62)
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where § is called “scrambler”, defined as

S (_ /p kg) 5¢ip> 5¢>(5—p)) ' (2:2.63)

To keep the IR physics or more specifically, to avoid unphysical pole at p?> = 0, the

scrambler should be analytic around p? = 0. This requires that k(p?) should vanish at
p? = 0.

We can derive the WP equation with k(p?) and the anomalous dimension from
Eq. (2.2.60). Eq. (2.2.60) yields that

ZT—ne(T—To)n(D—i-Q)/Q <<¢(p167—70) . ¢(pn67_70)>>]; (2264)
is 7-independent. Therefore, we get
0=20. <Z;ne(TfTo)n(D+2)/2 <<¢<ple7'f7‘0) ce (b(pneT*TO)»ZT) (2265)
_ S 2 TT 71 (r—mo)(D42)2_ P(Pi€™ ™)
0- / D¢e SEZT e Rt (2.2.66)
. . A(p?) D+2 0
= [ D 3765’s+6573/< + — v +p-0 C—
[ o] ARG T2 % )00 g
n b (pieT™) (2.2.67)
—1 (r—m0)(D+2)/2 Y\ )
X g ZT e 0 K(p?ez(rfm))
= /ng {87657
A(p*) D+2 > < k(p?) & ) ) ]
+ e / < + — Y +p-0 — :

< ST 27w e )

P K(pje2r=m))’

= / D¢ [aTeSf

- /p 5¢(zp) (IA(Z;; " D;r - LR 81’) (gb(p) " k‘;zf) 5¢(5—p)>6&] (22.69)

TT (r—mo)(D+2)/2_ €™ ™)
X SHZT e —K(pfeQ(T—TO))'

=1

We used the following relation:

5¢(p) = (cb(p) -

k7)o )s (2.2.70)

p* 6¢(—p)
We used partial integration formula in the last equality. Because Eq. (2.2.69) holds for
an arbitrary number n of fields, it should be satisfied that

o [ 5 (M) D2 KR8\ s
= [ (ki o o) (o0 M gy ) ean)
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Note that

_ k(PP 00 k(p?) o §
- (p Oy >6¢<p> o) T 7 o)’ Peal >] (22.72)
k(PP 0 0 k(p*) 1 § 0
(p O )5¢<p ER (6¢< )w(—p))} (2.2.73)

() i

B, pz) 0 )} (2.2.75)

Also, we neglect the constant term, generated by exchanging ¢(p) and §/d¢(p). Finally,

we get
8,8, = { [A{ r) D+2—%+p 8)¢()
+%<2K<ZZ;’“( 00k =20 ) (55050 ) 2270

2.3 Fixed Point

In this section, we consider the fixed point of the ERG equation. The fixed point of a
flow is defined by the condition 0,5, = 0. If the Wilsonian effective action S, converges
to some finite action S* in the 7 — oo limit, it is obvious that the fixed point action
S* is 7-independent, that is, 0.5 = 0. Because the energy scale we focus on is given
by A == Age™", A vanishes in the 7 — oo limit. This means that the fixed point action
S* describes the extremely low-energy physics of the theory. Since all massive degrees
of freedom are integrated out, the fixed point action S* should contain only massless
particles. Also, the condition 0,5 = 0 has another physical meaning that it is invari-
ant under the scale transformation. This yields that it has no dimensionful parameters
that characterize IR physics. In statistical physics, a system can be characterized by its
correlation length, which measures how far two parts in the system are correlated. If the
system undergoes a (second-order) phase transition, this correlation length diverges, and
at a critical point, there is believed to be no energy scale that characterizes the system.
Therefore, the fixed point of the RG flow is expected to correspond to these critical the-
ories in statistical physics. These fixed point theories should have scale, translation, and

rotational invariance.

There is a famous no-go theorem on the symmetry of QFTs proved by Coleman and
Mandula [18]. This theorem states that “If a QFT has (1) the Poincare symmetry, (2)
only finite number of particles whose mass are below given M, and (3) some interactions,
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then its symmetry must be the direct product of the Poincare group and some Lie
group.” From this theorem, there seems to be no possibility of any QFTs with the scale
invariance apparently. However, there is a loophole in the proof of this theorem: If the
theory contains only massless particles, conformal symmetry, which includes the Poincare
symmetry and the scale symmetry, is exceptionally allowed. This loophole is consistent
with the above argument; scale-invariant theories can only describe the physics of massless
particles.

The generators of Poincédre and scale transformations form a sub-algebra of a bigger
Lie algebra. This bigger Lie algebra is the conformal algebra, and the corresponding Lie
group is the conformal group. Therefore, we naively expect that the scale- and rotational-
invariant theory has conformal symmetry. However, this expectation needs to be clarified
and is still to be resolved. As for two-dimensional theories, A.B.Zamoldchikov showed a
famous theorem named C-theorem [19]. This theorem states that scale-invariant theories
have the conformal symmetry and gives the central charge, representing the effective de-
grees of freedom of the theory. A generalization of the C-theorem to the four-dimensional
case called “A-theorem”, has been proposed and attempted to prove [20-22]. However,
whether the fixed point theories have the conformal symmetry has yet to be revealed.

In the following subsections, we give some examples of the fixed point of the WP
equation for scalar fields. The fixed point condition is given by

02/13[(@@2))+D;2—%+p~0p>¢i(p) 0

(p? d¢i(p)

(20 )

528 n 0S* 0S* )}
00i(p)dgi(—=p) ~ ¢i(p) 66i(—p) 7
(2.3.1)

where we generalized the WP equation that we derived in the previous subsection to
O(N) vector model (¢ — ¢; (i =1,...,N)), as can be done straightforwardly.

2.3.1 GGaussian fixed point

Let us first consider the Gaussian fixed point, whose action does not have any interactions

and only contains a quadratic term of the fields:
. 1
S =—3 /@(—p)F(pQ)cbi(p) (2.32)
P
We also assume ~, = 0. Then, the fixed point condition is given by

= [|(& 7 e Jowsiy
2 55" 89"

k(p*) +p- 8pk(p2)> WW] . (2.3.3)

+2_p2



We have dropped the second functional derivation of S* in Eq. (2.3.1) because it gives just
a trivial constant term, which can be removed by adding corresponding constant term to
S*. Substituting this ansatz into Eq. (2.3.3), we get

0= /p¢i(—p)¢i(p) X K‘ 2?;2 - 1) F(p*) + p*F'(p?)

F2(p2) A(p2) ) )
Ty (2K(p2)k(p)+1?'3pk(p )>] (2.3.4)

Because this equation holds for an arbitrary value of the fields ¢;(p), it is required for
each p that

0 — (_ A(pQ) _ 1) F(p2) +p2F/(p2) + F2(p2) <2A(p2) k(pg) —I—p . 8pk(p2)) ) (235)

K(p?) 2p* \ K(p?)
We can solve this equation as follows. Multiplying F'~2, we get
A(p?) -1 2/ —1y/ 1 A
=|- —1)F " —p*(F — 2=k - Opk ). 2.3.6
(-%L] P + o 2k p-0, (2.3

Decomposing F' as
F~t=p2G(p?) (2.3.7)

and substituting this equation into Eq. (2.3.6), we get

0= —pQ%Gl -G+ 2%2 <2%k +p- apk> (2.3.8)
= —((log K*)G+G)+ (log Kk + k), (2.3.9)
equivalently,
(K2GQ) = (K %k, (2.3.10)
which is solved by
G(p?*) = CK*(p?) + k(p?). (2.3.11)

C' is an arbitrary constant. This constant can be determined by requiring that ¢; should
be canonically defined, i.e., the coefficient of its kinetict term is 1/2:

1 1dF 1
Z = = 2.3.12
2 2 dp? o 20 ( )
which yields to C' = 1. Finally, we get
P
F(p?) = (2.3.13)




and the Gaussian fixed point action is given by

1 p?
=3 [ 4D ) (23.14)

If we take the original Polchinski convention (k(p?) = K (p?)(1 — K(p?))), F(p?) is just
given by

F(p?) = : (2.3.15)

2.3.2 Wilson-Fisher fixed point

The Wilson-Fisher fixed point [2,23] is a non-trivial fixed point in 4 — e dimension. In
the following, we use e-expansion to derive this fixed point. We adopt the Polchinski’s

convention here for simplicity. The fixed point action is given by

/ o) + Jvee) (2.3.16a)
‘(96)@(:6) + §*<¢i(x>¢i(x))2- (2.3.16b)
The values of m? and \, are given by

s  €NH+2 8
— A = — . 2.3.17
= IN T+ 8 ‘N+sg ( )

V(z) =

Let us derive Eq. (2.3.16) in the following. We use the local potential approximation,

under which the Wilsonian effective action at the Wilson-Fisher fixed point is expanded

as
S* =80 4 g7 (2.3.18a)
- —= /G Yoi(—p)ds(p), (2.3.18b)
St = Z S, (2.3.18¢)
— J2n n
=Y nén(@(;ﬁ)?) . (2.3.18d)
n=1
In addition, we assume that
g2=0(€), gum=0("") (n>2) (2.3.19)
and
v =0(e). (2.3.20)

This assumption is justified because it does solves the fixed point condition Eq. (4.1.24)
within the local potential approximation order by order of e.
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Zeroth order

Substituting the ansatz into Eq. (4.1.24) and focusing on the zeroth terms of the e-
expansion, we get

_ A(p*)  4+2 ' 55 A(p?) 65© 55O
0—/pKK(p2)+ 5 P 6)@( )5@( Tt 2 500 50 ()| (2.3.21)

Remember that D = 4 — e. We dropped the second functional derivative of S since it

gives just a constant term. This equation is the same as that Eq. (2.3.3) of the Gaussian
fixed point with k(p?) = K (p?)(1 — K(p?)). Therefore, G(p?) and S are given by

G(p?) = %j (2.3.22)
50 = / R Do) (2:8.23)

First order

Focusing on the first-order term, we get

[ SO (AGY 442 o5
0= E/p|:_§¢i(p)5¢i(p) + (K(pQ) T >¢Z( )5¢z(p)

Ap?) (0250 55O 55
" (5@(1?)5@(—1?) +25¢i(p) 5¢i(_p))} (2.3.24)

Substituting Eq. (2.3.23) and

50 = [ (Zoer + L(6.@?)) (2.3.25)
into this equation and focusing on the mass terms, we get
0— /gbl (92 + N+29401), (2.3.26)
equivalently,
go = —N; 2094, (2.3.27)
where ¢ = f A(p?)/2p? = fp K'(p?). On the other hand, the fixed point condition for

the quartic coupling in automatically saturated with an arbitrary value of gy.

Second order

Focusing on the first-order term, we get
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_ 2 Ap?*)  4+2 Les® 1 680
- /pKK(p2)+ y TP ap)gbz(p)é@(p) 2¢’(p)5¢i(p)

+

2p?

Focusing on the sextic and quartic terms, we get

0= é /m(qﬁi(:c)Q)z(—%gz; +A(N + 8)cge),
0= g [ G0 (200 = 2K 0)g).

Therefore, gg is given by
go = —K'(0)g}
and the value of g, satisfies
0= —egs — 2(N + 8)K'(0)cg?,

which is solved by

m = 2 R0,

Substituting this equation into Eq. (2.3.27), we get

€ N +2
(—4K'(0)) N + 8"

g2 = —

If we take take K (p?) = e?", ¢ = (47)~2 and K'(0) = —1, and we obtain

e N+2 872
= - = €
RETINT’ TN s

which reproduces Eq. (4.2.4).

A(p?) 525 55 59 ) 5500 592
(5@(?)5@(—1?) 5610 00:(—p) |~ 00u(p) 0i(—p

))] (2.3.28)

(2.3.29a)

(2.3.29D)

(2.3.30)

(2.3.31)

(2.3.32)

(2.3.33)

(2.3.34)

2.4 Flow Structure around Fixed Point, Critical Ex-

ponents and Universality

In this section, we focus on a flow structure around a fixed point. Consider the bare

action is very close to a fixed point as

Sy = 5%+ 85,

(2.4.1)

where S* is a fixed point of the RG flow. We use the linear analysis to track the flow of

the difference S; — S from the fixed point. That is, setting
S, =85"+05;
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and taking the first-order terms of 4.5, we get the linearized ERG equation as
0,08, = R3S, + O(5S2). (2.4.3)

Then, we expand §.5; with a complete set of operators {O;(z)} as

08, = 5gz~(7')/(’)i(x), (2.4.4)

xT

where each dg;(7) is a expansion coefficient and serves as a 7-dependent coupling con-
stant of O;(z). The complete set {O;(x)} includes all kinds of field operators such
as ¢"(x), (0*)™p(x), (0,¢(x))*P(x)?. Substituting this expression to the linearized ERG
equation Eq. (2.4.3), we get

d
7-09i(7) = Rijog;(7), (2.4.5)

where R;; is defined as

R / O;(z) = R / O;(x). (2.4.6)

R;; can be regarded as a infinitely large matrix on the theory space and its indices run
on the basis {O;}. Note that R and R;; are 7-indepedent, which means so is the flow
structure around the fixed point. Eq. (2.4.5) is valid for S, is very close to S*, i.e.,
|0gi(7)| < 1.

We can solve Eq. (2.4.5) by utilizing eigenvector of R;;. The right-eigenvectors {v(®}
of R;; are defined as

Rijol® = A0, (2.4.7)

1jYj

Note that the indices i and a are not summed in this equation, while j is. Since {v(®}
forms a complete set, the coupling dg;(7) can be expanded as

3gi(r) = 8¢ (r)of®, (2.4.8)

where each 6¢@(7) is a 7-dependent expansion coefficient. Substituting this equation into
Eq. (2.4.5) and focusing on the coefficient of v(?), we get

icic(“)(r) = \0c (7). (2.4.9)
dr

Note that the index a is not summed. This equation is solved by
5cl (1) = ere(Tmm0) 5@ (7). (2.4.10)
Then, dg;(7) and 0.5, is given by

5gi(1) = Z (7)) (7)o, (2.4.11)
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08; = Ze’\“(T_TO)(SC(“)(TO)Uga) /Oz(x) (2.4.12)

a,n

The latter equation means that the operator O := [ Ufa) O;(z) is an eigenvector of
the linearized ERG equation with the eigenvalue A,:

~

RO™ = ),0°, (2.4.13)

which can be verified by combining Eq. (2.4.6) and Eq. (2.4.8). These eigenvalues A,
(called “scaling dimension”) are quite important because they determine the flow around
the fixed in the direction of O (called “scaling operator”) on the theory space. They
controls responses of the system to perturbations of the fixed point theory S* by .S,
and are observable via experiments. Especially, the sign of \, is very important. If \, is
positive, zero or negative, the corresponding scaling operator O is referred to as relevant,

marginal or irrelevant, respectively.

The latter equation Eq. (2.4) means that the operator O% = [ v(a)(’)i(x) is an

%

eigenvector of the linearized ERG equation with the eigenvalue A,:

~

RO = )\,0°, (2.4.14)

which can be verified by combining Eq. (2.4.6) and Eq. (2.4.8). These eigenvalues A,
(called “scaling dimension”) are pretty significant because they determine the flow around
the fixed in the direction of O (called “scaling operator”) on the theory space. They
control responses of the system to perturbations of the fixed point theory S* by 45, and
are observable via experiments. In particular, the sign of the eigenvalues )\, is significant.
If it is positive, zero, or negative, the corresponding scaling operators are referred to as

relevant, marginal, or irrelevant, respectively.

If §S;, contains only irrelevant operators, the perturbed action S, finally falls into
the fixed point S*. This yields that the same fixed point S* universally describes the IR
behavior of theories only with irrelevant perturbations. We refer to the subspace in the
theory space that gets sucked into the same fixed point S* as the “critical surface” of S*.
The critical surface is spanned by the irrelevant operators, at least around the fixed point
S*, and usually has infinitely large dimensions.

On the other hand, if §.5;, contains relevant operators, S; goes away from S* along
their directions and then S, finally reaches a different fixed point from S*. Therefore,
these operators cannot be ignored to study the IR property of S;,. The subspace spanned
by the relevant operators is called the “renormalized trajectory” of S*. Usually, a fixed
point has a limited number of relevant operators, so the dimension of its renormalized
trajectory is finite.

At this point, we can discuss the notion of the “universality of quantum field theory”.

Combing the above discussion, we see that the coupling of the irrelevant operators in the
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Wilsonian effective action S, exponentially decreases along the RG flow around the fixed
point S* while those of the relevant operators increase. Therefore, we find that the IR
behavior of the perturbed theory S;, is described only by the fixed point S* and its
relevant operators. This observation yields that many kinds of UV theories have the same
IR behavior, known as “universality”. In particular, if we tune the couplings of these UV
theories to make them on a critical point, their IR physics should be described by the fixed
point S*. These UV theories belong to the same “universality class”. The universality
property is quite powerful in studying a physical system because it ensures enough to have
a finite number of couplings to describe its IR behavior, even though we do not know its

description in the UV region!

Before moving on to examples, we comment on (1) the marginal operators and (2)

the renormalization-scheme independence of the scaling dimensions.

(1) The marginal operators seems not to flow by their definition, but remember that
Eq. (2.4.3) is just the lowest order approximation in terms of §S;. Therefore, marginal
operators could turn relevant or irrelevant due to the non-linear effect of higher-order
terms of .5;, and these operators are marginally relevant or irrelevant, respectively. Of
course, there can be those remaining marginal even after taking the non-linear effect into
account, and these operators are called “exactly marginal”. If there are some exactly
marginal operators around a fixed point, the fixed point is not a point but an object with

higher dimensions, such as a line or a surface.

(2) The scaling dimensions are defined as the eigenvalue of the linearized ERG
equation. We can discuss that various ERG equations have common scaling dimensions.
Let us consider two different ERG equations and corresponding Wilsonian effective actions
Sr,SL. We impose that these Wilsonian effective actions agree with each other at a bare
scale 7 =75 ..

Sy =50 . (2.4.15)

70

Then, they are expanded at an arbitrary scale 7 as
S, = gi(7) / Oi(x), (2.4.168)
5. = () [ o) (2.4.16b)

where ¢;(7) or g¢i(7) is the 7-dependent coupling of O;(x) in S, or S., respectively.
Eq. (2.4.15) requires that g;(7) and ¢(7) should have the same value at 7 = 7¢:

9i(10) = gi(70)- (2.4.17)

As for T # 79, these couplings do not necessarily agree since the Wilsonian effective
actions S; and S, follow different ERG equations. However, when both S; and S. con-
verge to some finite actions in 7 — oo limit, we expect a diffeomorphism between these
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couplings. The reason to expect so is given in the following. When the Wilsonian effec-
tive action is expanded as Eq. (2.4.16), an ERG equation gives an autonomous system of
first-order differential equations for g;(7) or gi(7). If g;(c0) converges to a finite value, it

is expected that g;(7) never takes the same value along 7, i.e., it holds that if 7 # 7,

9i(11) # gi(72). (2.4.18)

Although this statement holds in the finite-dimensional case due to the uniqueness of
the solution, remember that the theory space has infinitely large dimensions. Given this
statement, we can construct one-to-one correspondence between g¢;(7) and gi(7) at an
arbitrary scale parameter 7, which gives the diffeomorphism between them. We denote
this diffeomorphism as

9:(1) = gi(¢'(71)). (2.4.19)

With this diffeomorphism, let us study the relation between flow structures around
fixed points. Each fixed point, S* or S", is specified by its finite coupling constants, gF or
g.". Note that these values of the coupling constants are related through the diffeomor-
phism Eq. (2.4.19) as

g =gi(g"). (2.4.20)

When perturbing S* and S” to study the flow structures around them as Eq. (2.4.2) and
setting gi(7) = gf + dgi(7) and gi(7) = g;" + 5g;(7), we get

Sp =5+ 6gi(r) / O, (x), (2.4.21a)
Sl =5"+ Z 8g.(T) /Ol(x) (2.4.21b)
Here, thorough the diffeomorphism Eq. (2.4.19), d¢g;(7) and dg.(7) are related as

97 +0g:(7) = g:(¢" + 04'(7)). (2.4.22)

If |8g;(7)| and |d¢i(7)| are sufficiently small and we expand this equation up to the first-

order of them, we obtain
6g:(7) = Jij0g;(7), (2.4.23)

.- Then, assuming that

where J;; is the 7-indepedent matrix defined as J;; == Jg;/ dg;

g'=g

the linearized ERG equations for |0g;(7)| and |dg}(T)| are given by

9:69i(7) = Rij09;(7), (2.4.24a)
9:0g;(1) = R};0g;(1), (2.4.24D)
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and using Eq. (2.4.23), we find that R;; and R}, are related as

0= Ji Rk Ju, (2.4.25)
or, in the matrix notation,

R =J'RJ. (2.4.26)

Therefore, if we denote the eigenvalues of R;;, R;; as @\ (a), respectively, they are
determined from

det(R — A1) =0, (2.4.27a)
det(R’ _ W)I) —0, (2.4.27b)

where I is the unit matrix. From these equations and Eq. (2.4.26), we find that \(®@
satisfies

0 =det(R— A1) =det(J 1 (R — \1)J) = (det J) "' det (R’ — A“T) det J
= det(R — AJ), (2.4.28)

which is nothing but the eigenvalue equation Eq. (2.4.27b) for X (@ Therefore, we con-
clude that {A@} and {N(@} agrees as a set. It means that two different (linearized)
ERG equations Eq. (2.4.24) have common scaling dimensions; in other words, the scaling

dimensions do not depend on the renormalization scheme.

Remember that the above discussion of the renormalization-scheme independence
of the critical exponents should not be regarded as proof due to some less rigorous argu-
ments. For example, although we have relied on the analogy to the linear algebra on a
finite-dimensional space throughout the discussion, the theory space (or the space that is
spanned by the coupling ¢;(7)) has infinitely large dimensions, and it is not obvious to
take the infinitely-large-dimension limit. Another subtle point is that we have assumed
that the Wilsonian effective actions S, and S. converge to some finite actions. However,
there maybe exist cases where at least one goes infinitely far away or forms a limit cycle
and then does not converge in 7 — oo limit. Although these possibilities seem unphysical,
they have yet to be entirely and rigorously ruled out. It is beyond the scope of this review
to clarify these subtle points.

2.4.1 Gaussian Fixed Point

Let us consider the flow structure around the Gaussian fixed point. We adopt the Polchin-
ski’s convention (k(p*) = K(p?)(1 — K(p*))) here for simplicity. Subsisting Eq. (2.4.2)
into the WP equation, we get the linearized WP equation around the fixed point S* as
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0,55, = /Kf(?;; $ 212 —%+p~8p>¢<p>

1 A(pz) 2 2 2
+ = <2mk(p ) +p-Opk(p°) —2p %)

057 } O(05r) (2.4.29)

d(—p) | 09(p)

Substituting the concrete form of the Gaussian fixed point action (Eq. (2.3.2) and Eq. (2.3.15)),
we can show that

A(p?) LAWY oy, o) 95"
Kn) W (2K(p2)k(p )+ Opk(p )) 5o )~ (2.4.30)
Therefore, we obtain
s [ (252 4p.8,)ot- 1952 as

From this equation R in Eq. (2.4.3) is given by

R:/(? +0)00) = [ (22— )ot) s am

The eigenoperators of this R is easy to find. This is the generator of the scale
transformation and acts on 45, as

R85, [6(2)] = -3, [\ 6(xa)]

> (2.4.33)

A=1

The eigenoperators are given just given by a product of the field ¢ with or without deriva-
tives, such as ¢(x)", (0*)"¢(x) and (9,¢(x))?, and the eigenvalue is the mass dimension

of their couplings. For example, let us consider fx ¢(x)™. Operating R on this operator,

o] -y
e Eaadl (O

_ (D _ nDz_ 2> Ux(m))”}. (2.4.36)

In the second equation, we changed the integration variable  to A~'z. This equation
shows that the eigenvalue of [ ¢(x)" is D —n(D —2)/2. These operators are included in
0S5, as

we get

(2.4.34)

A=1

(2.4.35)

808, = c"(r) / o(x)" (2.4.37)

and, in the dimensionful notation, the mass dimension of §S;, = and ¢ are 0, —1 and
(D — 2)/2, respectively. Then, the mass dimension of the coupling ¢™ (1) must be D —
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n(D — 2)/2 and agrees with the eigenvalue. It is straightforward to apply the above
discussion to operators with any derivatives.

The sign of the mass dimension of its couplings determines whether a scaling opera-
tor is relevant or irrelevant. For example, consider the four-dimensional case (D = 4) and
rotational invariant operators. There, relevant operators are given by ¢(z), ¢(z)?, ?¢(z),
and ¢(z)®. The marginal ones are the kinetic term (9,¢(z))? and the quartic interaction
d(x)*. Others are all irrelevant. Although we have givens operators that respect the
rotational invariance, there are additional relevant/marginal operators if we do not care
about this symmetry.

2.4.2 Wilson-Fisher fixed point

In this section, we study the RG flow structure of the WP equation around the WF fixed
point using the local potential approximation.

Within this approximation, S, takes the following form:
= 5" +65(7), (2.4.38)

where

(2.4.39)

Substituting these equations into the linearized WP equation, we get

N—|—2n(

0. gon = (—2n + 4+ (n — 1)€)gay + ———2
Gon = (—2n+4+ (n — 1)e)gan + 67

€
1+ 5 log 47T) 92n+2

+ Anm2go, +4An(n — 1)Aagon_o  (2.4.40)

to O(e). For simplicity, let us define x,, as

Xn(T) = (3;\712)”_1!;%(7), (2.4.41)

and Eq. (2.4.40) is rewritten in terms of them as

OrXn = B X, (2.4.42)

where
Ry = Avm + €Bpm, (2.4.43)
A = 2(2 = 1) + Nt 2”5n+1,m, (2.4.44)

N

31



2(N+5 N N +2n
B, = (%n — 1) Onm — N 8n(n —1)0n—1,m + log4dm N On+1m- (2.4.45)

Note that the eigenvalues of R,,,,, do not change under the above transformation Eq. (2.4.41).

Let us calculate eigenvalues of Rom by the perturbation theory with respect to e.
The left- and right-eigenvector of A,,, of the eigenvalue 2 is given by

vf = (1,0,...,0), (2.4.46)
vt = (1, (1)), (2.4.47)

where

(vl = (2.4.48)

m—1 N

m=2

for n > 2. Note that v® . vF = 1 and vl corresponds to the operator %qﬁg Then, the

cigenvalue of R, at O(e) is calculated as

vl Bk N+2
gy 2 By, _ 2.4.49
e vl ok N +8° ( )

Next, let us calculate the correction for the eigenvalue 0. The left- and right-

eigenvector of A, with the eigenvalue 0 is given by

N +2
L
=|(——,1,0...,0 2.4.50
1)2 ( N (] ’ )7 ( )
vy = (0,1, (v5)), (2.4.51)
where
= 1 N+2m-—2
R
n = 2.4.52
=Tl % (2452
for n > 3. Note that v} - v{ = 1 and v} corresponds to the operator £(¢?2)* — 23 ¢2.
Then, the correction to the eigenvalue 0 at O(e) is given by
R, B L
O4e "2 — ¢ (2.4.53)
U2 * /U2

Finally, let us calculate the correction for the eigenvalue —2. The left- and right-
eigenvector of A, with the eigenvalue —2 is given by

. [((N+2)(N+4) N+4
vg—( SN2 e 0.0 (2.4.54)
vg' = (0,0,1, (1)), (2.4.55)
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where

=1 N+2m-2
(), =] — (2.4.56)

(N+2)(N+4)
B g2 —

for n > 4. Note that vf - vl = 1 and vl corresponds to the operator (64ﬂ2

L (02)% + 55 (¢2)%. Then, the correction for the eigenvalue —2 at O(e) is

2. B. L N 26
—Qpe2 — 2 2.4.57
te alt .l N + 8 ( )

Note that these results hold for any number of the truncation level N,,..
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Chapter 3

Review of Gradient Flow Exact
Renormalization Group

We review Gradient Flow Exact Renormalization Group (GFERG) [7-10,24-26] in this
chapter.

3.1 What is GFERG?

GFERG is a method to define the Wilsonian effective action based on a diffusion equation.
This diffusion equation is called “Gradient Flow”, initially proposed in the context of
lattice simulations of QFT [27-31].

The motivation of GFERG is the problem of treating QFTs with gauge symmetry
in ERG. Naively speaking, introducing a UV cutoff conflicts with local symmetry. To see
this, let us consider the following infinitesimal gauge transformation of fields as

¢i(x) = ¢i(x) + A(2)dgi(z), (3.1.1)

where A(z) is the gauge transformation parameter. Then, the gauge transformation of Sy
is given by

68k = 0S5y — 5(%/@(—@&((1)@(—(1)) = —/@(—CJ)Rk(Q)é@(—Q)- (3.1.2)

We used the gauge-invariance of the undeformed action Sy (65y = 0). For a generic cutoff
function Ry, this 05y does not vanish. This means that introducing the UV cutoff breaks
the gauge symmetry in general.

The idea of GFERG is that the solution to the Wilson-Polchinski equation is given
by

¢Sl — g1 / D¢/ [T 6(6(2) = P P20/ (1 — 1y, wem) )50l (3.1.3)
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where ¢/(t, z) is the solution to the following diffusion equation:
0,9 (t,x) = 02¢/(t, x) (3.1.4)

with ¢/(0,z) = ¢'(x) and t — ¢y = €2~™) — 1. Recall that § is the scrambler, defined as

S (_% /p kg) 5¢ip) 5¢(5—p) ) (3.15)

This representation implies that the coarse-graining by diffusion can be used to define an

RG flow.

This one-parameter deformation of fields via the diffusion equation has been studied

in the context of “gradient flow”. The gradient flow is a method to construct composite
operators without equal-point singularity. It has been shown by Ref. [13] that correlation
functions of the flowed field are UV finite with wave function renormalization factor Z,:

Z-m? (Ot 1) ... (t, )y < 00 (3.1.6)

even for the equal point case (e.g. x; = x9).

The gradient flow equation for gauge fields are proposed by Refs. [27-30]. Tt is given
by

QA (t,x) = D, F,,(t,x) + D, 0,A,(t,xz), A0 2)= A;(:v), (3.1.7)
where
D, F, (t,x) = 0,F,,(t,x) + g, [ A} (t,2), F,,(t, )], (3.1.8)
F (t,x) = 0,A)(t,x) — 0,A,(t,x) + gr [A} (t, ), A, (t,2)]. (3.1.9)
D8, A, (t,x) = 8,0,A,(t, x) + g, [A),(t, ), 0, A, (L, )] (3.1.10)

and g,, is the gauge coupling at 7 = 7. ! Because the first term D/ F’ on the right-hand

[ 2
side is expanded as

2
DL, = PA +---, (3.1.11)

vevp

the above gradient flow equation Eq. (3.4.1) is regarded as a gauge-covariant diffusion
equation. Luscher and Weiss showed that the correlation functions of the flowed field
A,(t,z) are UV finite even without additional wavefunction renormalization, once the
original (¢t = 0) theory is renormalized.

Tt should be noted that the variables in the context of gradient flow such as A, and x are dimensionful,
while they are dimensionless in the context of ERG.
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3.2 GFERG for gauge fields

It has been proposed by Ref. [8] to define a Wilsonian effective action via the gradient
flow equation Eq. (3.4.1) by

¢Sl — g1 / DA, TT6(Autw) = ™ P20 4 (4 — 1, wer =) ) el
7/"[/

(3.2.1)

where k(p?) is taken as p?. They called this framework “Gradient Flow Exact Renormal-
ization Group (GFERG)”.

The advantage of GFERG is that it can define an RG flow that preserves the theory’s
symmetry or non-linearity. For example, .S, is manifestly gauge-invariant at an arbitrary
scale parameter 7. Their discussion is given in the following.

Let us consider the following infinitesimal gauge-transformation:

0Au(x) = Iux () + g-[Au(2), x ()], (3.2.2)

equivalently,
SAS(z) = 0,X" (%) + gr fare Al ()X (), (3.2.3)

where x(z) is the gauge-transformation parameter, fu,. are structure constants of the

gauge Group G2, and g, is the gauge coupling at 7 defined as

Gr = gri€ 5 dT'((D—4)/2+%/)_ (3_2_4)

The Wilsonian effective action transforms under this gauge transformation as

eST [AIJ«+6AI»J

; / DA, TT 8(Au(2) + 64, (x) — o P00 41 (¢ gy 7)) 3e5l4. - (3.2.5)
T,p

Note that scrambler is invariant under the gauge-transformation. This is because the

functional derivative transforms as

5 5
5A5(@) (AL @) + 9x (@) + 9o fure Al ()1 ()

= (0ab — Gr favexe())

) +0(x%), (3.2.6)

and then

2 We adopt the convention where generators 7% of Lie algebra of G are anti-hermitian and f,p. is
defined as [T“,Tb] = fapeT°.
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(1 / 5 g
PPN\ T2 ) SAu(r) 54 (w)
P

— exp (_% / (0ab = Gr faveXe(®))(Oaa — gff“dexe(x))(SAZ(x) A

= exp(—%/dAg(x) 5Ag(x)) +0(x%). (3.2.7)

On the other hand, the delta function is rewritten as

(x

5(14“(3:) +0A,(x) - el dT/((D_Z)/H%')A;L(t — to, 3367_70))
- 6(‘/4#(37) + 5’”)((1') + gT[AH(ZU), X(SC)] — ?QTTOA;<t — to, xeTTQ)) (328)
=4 (A,U«(I> + aﬂX(lU) -+ gTOeTfTo [AL(t o tO; IeT*Tg)J X(.T)] . ggL:eTTOA;L(t B t(]’ x6770>>
(3.2.9)
= (AM($) - %67_7’0 (AL(t, ilfeT_TU) — aM)A((ZL‘eT—To> — G [A:L(t _ tO; xeT—Tg)’ )%(33'67_70)] )) ‘
(3.2.10)

In the second equality, we used the fact that the solution of the delta function in the
second line is given by A,(z) = T2e™ ™Al (t,ze” ™) + O(x) and the difference of the
arguments of the delta function of the second and third line is O(x?). In the last equality,
we define x(z) as

X(xeT ™) = &X(x) (3.2.11)
Yo

From Eq. (3.2.10), we see that the gauge transformation for A,(x) with the parameter
x(x) is equivalent to the following transformation of A’(t — to, xe™ ™):

At —to,ze” ™) = A (t, xe™ ™) — 9 x(xeT ™) — gy [A),(t — to, 2eT ™), X (xe7 )],
(3.2.12)

or, in the dimensionful notation,
At —to,z) = A (t,x) — 9, x(2) — gny [A),(E — to, ), X(2)]. (3.2.13)

This is nothing but the gauge-transformation of A’(t—ty, z) with the gauge-transformation
paremeter —y(z).

In fact, this gauge-transformation of A’(t — tg,z) can be canceled by a gauge-
transformation of the initial value A’(z), which is discussed in the following. For no-
tational convenience, we denote the solution to the gradient flow equation Eq. (3.4.1)
at the flow time s with an general initial condition A(0,x) = B,(x) as A,[s,x; B,].
Let us study the solution to the gradient flow equation when we perturb initial value
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A(z) to A(x) + 0,&£(z) + g [Au(z),&(x)]. The solution at the flow time s is denoted as
Als,x; Ay + 0, + gry[Ap, €] with our notation, and is decomposed as,

Au[s,x; Au + auf + g‘ro[Awa = AM[S, Z; A,u} + au£<3>$) + gr [A#[S,x; AH],f(S, 1')]
(3.2.14)

Substituting this ansatz into Eq. (3.4.1), we find that (¢, z) should satisfy
0= D, (0s — aD,0,)&(s, v), (3.2.15)

where D], is the covariant derivative with A, (s, r), defined in Eq. (3.1.10). This equation
gives how the gauge-transformation parameter develops along the gradient flow. Espe-
cially, if we require that £(s, z) should be the solution to

Ds&(s,x) = apD.,0,(s, x) (3.2.16)
with the boundary condition
E(t —to,x) = x(x), (3.2.17)
we get from Eq. (3.2.14) at s =t — 1,
Ayt —to, 2 Ay + 0u€ + g, [Ap, €]
= Ault — to, 2 AWl + 0, X(x) + gry [Ault — to, 73 ALl X ()], (3.2.18)

This equation means that if we perform the gauge-transformation of A’(z) with the pa-
rameter £(0, ), A'(t — ty,x) receives that with the parameter x(z). Finally, we see from
Eq. (3.2.13) and Eq. (3.2.18) that the gauge-transformation of A, is canceled by that of
A'(z) with the parameter &y(x) = £(0, z).

Using this fact, we can rewrite Eq. (3.2.5) as

SrlAutAL] _ ¢ / DA;.L H 5(14”(@ Y S dT/((D*Z)/Zer)A;(t —to, xer—m))
o

< GeS0[AutOuotary [Al ]| (3.2.19)

We assumed that the path-integral measure DAL is gauge-invariant and used the gauge-

S

invariance of the scrambler. If the bare action e’ is gauge-invariant, i.e., S;, satisfies

Sty [A;J = Sn [A;L + auﬁo + Gn [A,/m 50“ , then

(SelAutoA]
_ ! / pAI]s (Aﬂ(a:) — e dT’«D*?)/H%’)A;(t_tO,xeT—m))@@S“[A“ (3.2.20)
T,

= SrlAul, (3.2.21)

that is, S-[A, + dA,] = S;[A,] holds at an arbitrary scale parameter 7. This shows the
manifiest gauge-invariance of the Wilsonian effective action defined via GFERG.
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3.3 GFERG equation

We derive the flow equation of the Wilsonian effective action, called “GFERG equation”,
corresponding to the ERG equation in ERG. For Yang-Mills theory, it is given by
aTes‘r [Au]

/52 { 2D,F,,(x) — 200D,0,A,(x) + (—? -V +x,ﬁu> Au(x)]

s
Au—h“wfm

x 5l (3.3.1)

Let us derive the GFERG equation. Differentiating Eq. (3.2.1) with regard to 7, we
get

d,.e°r

=57t [ DA TT0:0(Al) — 2 D gy e s (332

Y0
) D -2 dt
g ~A—1 DA/ / _ — Y — T—T0 -0y — A/ N T—T0
S / . 514#(3”) { {( 9 Y e x-0 —dTat> M(t to, ze )}

% ef:o dr'((D—2)/2+7,1) H 5<Ap(y) _ effo dT'((D*Q)/QJr%/)A;)(t — 1o, yeT_TO))§€ST0 [AH}

Y,p

a— / 5 D -2 T—T0 / T—T0
T e

_ 9p2(r=0) (DuFuu(t —to,ze” ™) + o D,0, A, (T — to, xeT_TO))} (3.3.4)

(3.3.3)

« H 5<Ap(y) _ ef:o dT/((D—Q)/Q-F%/)A:)(t 1o, yeT—T())) §e5m [AL]}

1 /
u

{ VRS )A (z) — 2D, F,,(x) — QOzQDuayAu(x))}

<[] ( A(y) — el T2/ g1y yef—m)> 3¢570 [A,J}
(3.3.5)

_ / Mf(x) K_D - 2 g ax) A (x) — 2D, Fp(r) — QOzODu@,,AV(x))} ;

~A—1 /DA'/M H(S(Ap(y) _ ef_;:) dT’((D—Q)/Q-i-’YT/)A;)(t _ to’yeTfT()))éeSq—o[AL]

(3.3.6)
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S K—D NI ax) A() = 2D, Fyp() — 200D,0, A (2)) |

— L [\
« Sl
(3.3.7)
where
D,F,,(x) = 0,F,,(x)+ gT[Al,(x) F,.(x)], (3.3.8)
Fou(z) = 0,Au(x) = 0, AL (2) + g7 [Av(2), Ap(z)]. (3.3.9)
D,0,4,(x) = 0,0,A (CL’)+QT[ u(2), 0, A, (2)]. (3.3.10)

Note that the covariant derivative D, or the field strength F),, without prime (') are
defined with respect to the gauge coupling g, at the scale parameter 7, distinguished
from those with the prime defined by Eq. (3.1.10).

Furthermore we can easily show that
4]
0Au ()’

and with this relation in Eq. (3.3.7), we get the GFERG equation Eq. (3.3.1) for the gauge
fields.

§7TA(0)8 = AL(z) + (3.3.11)

3.4 Recent Developments

In this section, we briefly review recent developments on GFERG.

3.4.1 Inclusion of fermion fields

Inclusion of fermionic field in the framework of GFERG is discussed in [9]. The Wilsonian
effective action including the fermion field v is defined as

eSTIAY Y] . -1 /[DA,D'(Z,D'(W]
X H 6(,42(3;) P A de[(D—z)/2+wT,]Aa,u(t B to,eT*Toq;)>

T, [,a

T5(ote - ROV )
" H 5(@(95) _ o dT'[(D—l)/2+vFTf]1/;/(t — 1o, J”%))

x5Sl (3.4.1)

where t — tg = €2(7=7) — 1. The scrambler § is defined as

i : FE
smew|~ [ S o [/ TEETIE: >] (342)
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where & /0 (z) and K /09 (z) are the left-functional derivative in terms of them. While
the flow equation for the gauge field A,(z) is the same as , that for the fermion field ¢(z)
is given by

o' (t, ) = (D, D), — g8, A, (t, )Y (t,2), ¢'(0,2) = (x). (3.4.3a)

The GFERG equation for this Wilsonian effective action S,[A, ] is given by

87—€ST[A”} —
§ D -2
tr m —QDVFVM({E) — 20(0DM81/AV(1‘) + _T -V — ‘/L‘Maﬂ Aﬂ(x)
D—1
+ e 2D, Dy — 2000, A(w) + = — + e + 2,0, | ()
. D—1 _
500 2P0+ 2000, Au(w) + =5 e + 2,0, 0(a)

Sl (3.4.4)

}

The operations ¢ — ¥ + i? and ¢ — ¢ — i% come from the following identity:

5

AH—>AH+ﬁ,¢—>w+i%,J;—HZJ—i

3
3%

§(x)s = (x) + i@, (3.4.5a)
57 1p(2)s = Y(x) — iéw(:ﬂ)' (3.4.5b)

They also discuss the chiral symmetry of the Wilsonian effective action defined via
GFERG. One of their novel results is that the chiral symmetry generated by

) v K
V5 = /xl%iﬁ(x)&b(m) + ¢($)%W]a (3.4.6)

is not preserved along the GFERG flow. It is because the scrambler § does not commute

with 45, while so do the flow equations. Instead, the Wilsonian effective action preserves
the modified chiral transformation generated by

>

Mo a1
['s =58 "5
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More specifically, if the bare action S, is invariant under the modified chiral transfor-
mation (I'se0 = 0), so does the Wilsonian effective action S, at an arbitrary scale

parameter:
[5ed = 0. (3.4.8)

This condition gives the following constraint on the Wilsonian effective action S;:

A

0=e T5e

[5_

— —
+ 2iS 0 Vs ? ST—Qz'tr< ? S. 0 )]
x x)

(3.4.9)

P 5(x) T 50()

This constraint is non-linear concerning the Wilsonian effective action S,; However, when
the fermionic part of the Wilsonian effective action S is just given by the bilinear of the
fermion fields 1 (x), 1 (x) as

Sy = /@(z)Dw(x) + (terms only with A4,,), (3.4.10)
Eq. (3.4.9) is calculated as

This equation resembles the famous Ginsparg-Wilson relation [32], a condition to keep
the following modified chiral transformation on the lattice:

59(x) = 15(1 — DYi(x),  6b(x) = dx)3s(1 — D). (3.4.12)

It is natural for the constraint to be reduced to the GW relation because GFERG ef-

fectively introduces a UV cutoff A corresponding to the inverse of the lattice spacing
a.

To derive Eq. (3.4.11), we neglected the last term in Eq. (3.4.9) because it gives

just a constant term. However, this term corresponds to the chiral anomaly [33,34] in
four-dimensional spacetime. The detailed calculation is given in [25].

3.4.2 Perturbative analysis of QED

Perturbative analysis of Quatum Elecetrodynamics is studied in [10]. In this work, they
perform the gauge-fixing and introduce the ghost field ¢(z), the anti-ghost field ¢(z) and
the Nakanishi-Lautrap field B(x). Then after integrating out the NL field, they solve the
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GFERG equation order by order of the electric coupling e,. The Wilson aciton is defined
as

SrlAcepd) . a1 / (DA'DE D DI DY
<]1 5<Au(5€) — el TN 41 (1, eT*T%))
Lo - -y
. H 5<6($) —cho dT/[Dm_WT,]é/(t — to, eT_TOx)>
X H 5(1#((%) _ ef:;) dT’[(D—l)/Q"r’YF.,./]w/(t . t07 eT*TOl.))

X H 5 (’l;(x) _ ef_:;) dT,[(D_l)/2+’YFT,]'lE/(t B to’ eT*TO:E))

x §eSrolANE W (3.413)

The scrambler § here is defined as
? ? ] , (3.4.14)

g::exp[ /;M } [ 5o e ]  50(z) 39(a)

Note that the gauge group is not SU(N) but U(1) and so A, () has no indices for internal

degrees of freedom. The gradient flow equations for the fields are given by

QA (t,x) = OPA (t,x), (3.4.15a)
o,c (t,x) = 0°c (t,x), (3.4.15b)
0,¢ (t,x) = %2 (t, x), (3.4.15¢)
o' (t,x) = (D, D), +iegd A, (t, ) (t, x), (3.4.15d)

where ¢ is an arbitrary real number, regarded as the electric charge of the fermion field
Y'(z), and D), := 0, — iegA},(t, ). These flow equation are consistent (i.e., [0;,dp] = 0)
with the following on-shell BRST transformation:

00p A, (t,2) = 00,c (t, ), (3.4.16a)
1 /

0opc (t,x) = Qéfof)uAu(t, ), (3.4.16Db)

0552 (t,2) = 0, (3.4.16¢)

06 (t, x) = Bieod (t, 1), (3.4.16d)

where 6 is an arbitrary Grassmann-odd number and & is an arbitary number, regarded
as the gauge-parameter in the ¢ gauge.

The GFERG equation is given by
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) D —2
Sr[Au] — _ 7 | _992 = = _ _
(37—6 tr /{5 u(x) { 20 Au(ﬂf) + ( 5 Yr l’,uau) Au($>:|

o D+4 o D
+ (282 L2 Yr + x,ﬁ#) o(x) + (282 + = -+ :cuﬁu) ()

de(z) 2 oc(x) 2
+ = <2DuDu + 2ieg0, Ay() + vl + P + x“@u>@/}(:ﬁ)
o1p(x) 2
+ — (2D*D* — 2ieg0, A, () + b1 +Ypr + xuau)&@f)
op(e) \ 2

S (3.4.17)
5 5 5

Au—Au+ ﬁ Wpotisy ,i%&*iw c—vet L eme—L

}

where tr means the trace over the spinor indices, D,, = 0, —ie,; A, () and e, is the electric

charge at the scale parameter 7, defined as

T D—4
€r = €5, €XpP (— / dT/ (T —+ '77")) . (3418)
70

To derive this GFERG equation, we used the fact that

57 c(z)8 = c(x) + 52@)’ (3.4.19a)
s7e(x)s = é(x) — 0
(z) (z) 5] (3.4.19b)

This GFERG equation dose not preserve the BRST transformation, generated by

5= tr/x[auc(x)% + é@ﬂ%(@%

| L |
+ zew(m)dz(az)w —ierc(z)Y(x) 51@(90)] ., (3.4.20)
but the modified one, generated by
5= 5153 (3.4.21)
0 0 1 ) )
- “/x (0 5 )+ £ (0 + 1) 7 im
3.4.22
| 5 A 5\, .3
e, (clo) + 5 )0l s e (clo) + 50 )b = |
where &, is the gauge parameter at the scale parameter 7, defined as
& = &y exp (2 /O dr’ (? + W)) . (3.4.23)
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This modified BRST invariance results in the Ward-Takahashi (WT) identity for S;, given
by

0 = e~ geSr (3.4.24)
= (o0 ) s+ £ () + 1 s
+ie, (c@) ¥ %)@b(x)%& e, (c<x> ¥ %)@b(w)%@&

8“56(96)514“(95) & MOAL(x) de(w) Toe(x) dp(x) 51 ()
(3.4.25)

TSy lp 0 0% 0 (@Z)(x)—? ST—@/J(:U)—? s)}

Although this constraint is non-linear and complicated to analyze, we can solve the
GFERG equation and confirm that S, does saturate the W'T identity order by order
of e,.

Let us perturbatively solve the GFERG equation up to the first order of the elec-
tric charge e, and confirm that the WT identity is saturated. The GFERG equation is
explicitly written down as

aT€ST
— /k Kzz«%? —%+k-8k,) Au(k)-Mf(k)eSw(sz 1—7,) 5Au(k)((55AM(—k)€ST]
—
+/k <2k2+§+k-8k) e(—k) - 5c(?—k)€ST +€ST5C((5k) (2k2+¥+k-8k) c(k)
, i 5
—2(2k? + 1)55(_k)6ST 52h)
% D+1 D+1 I
Se__ 7 2 - . 2 - . — GST
e[| (20 2 =000, ) o (274 25 = e 410, ) 00 5
(4p® +1—2 St 5
il 1= 2) S )
b x 0 —2¢? x 0 x 0
i fa %wx){‘”‘“’{ )+ ) B2 [+ st | [ ”Mu(w}}
ol 0
X e°r @Z)(az)+zéw<x>]
5 , 5 ) 5 , 5
v fa m{_%f A0+ ) 823 )+ ] [ M#(aﬂ)]}
Y 5
X w(x)—i—z(w(x)] e’ 5@ (3.4.26)
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Here, we consider the continuum limit, i.e., setting the cutoff Ay infinity. This limit
is not evident because we must tune the couplings appropriately to get finite correlation
functions in the limit. We do not give the details here®; instead we just assume that
the Wilsonian effective action S, is a function of e, and &, and does not depend on 7
explicitly after taking this limit. In addition, we consider the massless QED for simplicity
and assume that the Wilsonian effective action S; does not depend on the fermion mass.
Then, S; is expanded as

S, = iezsﬁm. (3.4.27)
n=0
Under this assumption, 0,5, is given by
0.5, = (aTeTa% + 87@8%) S, (3.4.28)
- ([152-2@)]erm + 2l i )5 (34.20)

Therefore, the GFERG equation is given by

4—D 0 0
([T _ 7(63)] o+ 2D

>ST = (R.H.S of Eq.(3.4.26)) (3.4.30)

and we solve this equation to determine S order by order.

Tree level

Let us study the Gaussian fixed point S in the GFERG equation with e, = v, = vyp, =
0. It is given by

) ik 2 ko, K
0) _ £ o
Sg ) = _é/k Au<k)AV(_k) {(&W - k2 ) e—2k* 4 L2 * k2 576—214:2 + kQ}

[ bl [ ). (a3

It can be easily seen that S®) satisfies the WT identity at O((e,)°).

In the following analysis, we assume that the ghost terms in S are just given by
those in S, equivalently, S™ (n > 1) does not contain any ghost terms. This is justified
because the ghosts decouple from the gauge and matter fields in R¢ gauge. Then, the
WT identity is reduced to

) : 7 g 1K 55
eT/p [w(—p—k)w(_p) S; —STWW))] = oW kuMM(k), (3.4.32)

where §; == 5, — 5.
3See Refs. [11,14-17] for details.
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First order

Let us study the solution to the GFERG equation at order of e,. Here, we assume that

SO — / V= VR ABT)

Vr = 0(672-)7

YEr = O(@?r),

where -’Zm T and U are defined as

where
0)
Au(k) i= Ay (k) 5221@ i () A, (K).
U(p) = (p) + i%@&(’) = 6_21’2%%(19)@/)(19),
5 1
V(—p) = lp) + 8051 = U=p)e™ She(p),
and

. ki, 1 ko, &
h/Jl/<k) = (6I-Ll/ - 22 ) 672]62 + kf2 + 22 €T672k2 + k27

1
hr(p) = % ip

(3.4.33a)

(3.4.33b)
(3.4.33¢)

(3.4.34a)
(3.4.34D)

(3.4.34¢)

(3.4.35a)

(3.4.35D)

(3.4.35¢)

(3.4.36a)

(3.4.36b)

hyw or hp is the high-momentum propagator of the gauge field A, or the fermion field 1.

For later use, it should be noted here that these variables satisfy

(k-8k+ E)ﬂu(lﬂ) 0

2 A, (k)
(0)
[(2k2+—+k ak> Au(k) +2 (2K + )ajilk) 5Aj(k:)’
-
F) D +1
7( )‘If(p)
5 D+1 I

— “Z - i 2 _ (0)
5¢<>[(2 F IS ) ) ) w(—p)ST]’
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(b0, 252 (). 5;1;?_@

< (3.4.37¢)
- [(2p2 " % tp ap) P(—p) +i (4p* + 1) SO &;(p)] _ 51/_}?_])).

Substituting the perturbative expansion Eq. (3.4.27) of S into the GFERG equa-
tion and focusing on O(e,) terms, we get

_ (0) (1)
—usﬁl):/ (<2k2+ﬂ+k-8k) Au(k) +2 (2k% +1) 05 k)) o5
k

2 0AL(=k) ) 0A,(k)

%
(2192 + ? +p- ap) (—p) +i (4p* + 1) S© 0 ) : (W(? > SO,

6¢(p)
S D+1 K
©_9 2 P+l i (492 _ 0)
+ S (w(p)<<2p TP 8p) Y(p) +i(4p* + 1) 6¢(—p)ST )
o, 5 . 6
BRI A T R

<

| 3 0 550 o 0
+4ztr/x (51/_1(36)5 ) <Au(x) +—5AH<$))6#< (x) +iS W)

(0)
— ditr /x (Au(:v) + %) ) (1/J(x) + %S“”) (S(O) > Jix)). (3.4.38)

In terms of the variables .%L, ¥ and U, this equation is rewritten as

2 2 04, (k)
N D41\~ D41\~ r
m_90 D+1 A V-V ()
+/p Sp () (p Op 5 >\I’(p)+(p Op + — )QI)( p) 55(—;9)&
2 ? 1) ?
) S 51/1(19)]

[ (I R4 1, ) B(-p — AT ()
| (3.4.39)

Substituting the ansatz Eq. (3.4.33a) of S into this equation, we get the following
inhomogeneous differential equation for V,(p, k):

(- O+ k- O)Valp, k) = 4 (R (i, 4 " 0HP R k), ). (3.4.40)

_ —
We neglected the term tr ?/51&(—19)3(1) d /61(p) to derive this equation. This is justified
by trV,(p, —p) = 0, which will be shown later.
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Using the formula in Appendix A.2; we obtain the solution to this equation as

V#(pa k)
=a, +2F((p+ k) —p* =K@+ P+ 20> — (p+k)* =)o+ k), (3.4.41)

where ¢, is an arbitrary constant vector, and F(z) := (e —1)/z. ¢, can be fixed from the
WT identity. Substituting the perturbative expansion Eq. (3.4.27) of S®) into the WT
identity Eq. (3.4.32) and focusing on O(e,) terms, we obtain

. K 5 Ge? 4 g2 55
—p—k) =50 - 5O ——— = by 3.4.42
/ [M P T T s e T e Ba O

which requires V), to satisfy

e(p+k)2—p2—k2h;1 (p+k) — €p2—(p+k)2—k2h;1 (p) = k. Vu(p, k). (3.4.43)

From this equation, we find that ¢, is determined as ¢, = ,. Finally, V,,(p, k) is given by

Vu(pa k)
=Y+ 2F((p+ k)? = p* = k)P + B)pu + 2F (0% — (0 + k)* = K*)p(p + k). (3.4.44)

Note that tr V,(p, —p) = 0, which was claimed in the above.

We emphasize that the WT identity is saturated up to the first order of the electric
coupling e,. Although we can determine the second-order contribution 5@ o the Wilso-
nian effective action S, by straightforward calculations, we here stop to calculate more.

See the original paper [10] for the detailed calculations of the second-order analysis.

3.4.3 GFERG equation for 1PI effective action

The flow equation for the 1PT effective action I'y is discussed in [26]. The 1PT effective

action is defined in terms of dimensionless variables as
I, [AM, v, \I/]

=S, 0]+ [§<Au<x> — A (@)? —i(U() D) (V) — ()|, (3.4.45)

where A,(z),%(z) and ¥ (z) are substituted by the solution to the following equations:

A (x) =Au(z) + 51465(53)7 (3.4.46a)

U(r) = y(e) + iz fms, (3.4.46b)
5

U(z) = Y(z) + Zségb(x) (3.4.46¢)



These composite operators are fundamental variables with respect to the modified
correlation functions. Note that A, (z), ¥(z) and ¥(zx) are rewritten as

A (2) = e 8A,(2)5 e, (3.4.47a)
§71eS (3.4.47D)
§7te5. (3.4.47c)

Let us consider inserting A,,(z) to (A, (z1)---A,, (xn)>>lgf as
/DAH esrAu(x)‘é_l(Am (1) -+ Ay, (20)) (3.4.48)

The flow equation for the 1PI effective action I'; is given by
o.I'; = 0,5, (3.4.49)

where the right-hand side is the gauge and fermion part of the GFERG equation, ex-
pressed in terms of A,(z), ¥(z), and ¥(z), rather than A,(z),(x), and 1 (x). Recall
that because the WP equation for the scalar field contains only the first and second
functional derivatives, the Wetterich equation is given in a simple form. However, the
GFERG equation for QED includes up to the fourth functional derivative, and then the
corresponding flow equation for the 1PI effective action I', becomes quite complicated. S
ce the original paper [26] for details.
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Chapter 4

Fixed Point Structure of GFERG for
Scalar Field Theories

In this section, we discuss GFERG for general gradient flow equation of scalar field theories
and show that it has the same fixed point structure as that of the WP equation. We also
compare scaling dimensions of operators between the GFERG equation and the WP
equation around the fixed points. The following discussions are based on my work [1].

The rest of this chapter is organized as follows. In Section 4.1, we introduce a
general gradient flow equation for a scalar field theory and derive the GFERG equation
based on this flow equation following Ref. [8]. Then, we study the fixed points of the
GFERG equation. We also investigate the RG flow structure around the fixed points. In
Section 4.2, we discuss fixed points of the GFERG equation of the O(N) non-linear sigma
model in 4 — € dimensions, as an example. Then, we illustrate the result in the previous
section, focusing on the WF fixed point. Note that throughout this chapter, we work on

the dimensionless framework.

4.1 GFERG for General Gradient Flow

4.1.1 GFERG Equation

Let us consider a general gradient flow equation defined by the following differential

equation:

Orpa(t, x) = Fu(t,2),  a(0,7) = ¢a(2), (4.1.1)

where ¢, is a real scalar field, and a labels all kinds of fields in the theory. F,[¢](t, z) is an
arbitrary functional of ¢,’s. The variables ¢ and x denote a fictitious time called the flow
time and the D-dimensional (Euclidean space) coordinate, respectively. The gradient flow
continuously deforms the fields ¢, defined on the D-dimensional Euclidean space along
the flow time ¢.
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Figure 4.1:  Plots of the cutoff functions (K (p),k(p)) [1]. The left figure depicts the
momentum dependence of some examples of K (p). The right figure shows that of k(p) =
K(p)(1 — K(p)), corresponding to each example of K(p). Note that the momentum p
here is a dimensionless quantity, normalized by the cutoff A.

In this paper, we assume that F,[¢] is expanded as a polynomial of Z like
Fa[@] <t7 :L‘) = az(pa(tv JZ)

+ Z / fg1,...,a"(q;;x17_,_,xn, s e :vn Hgoa t J}] 41.2)

N=Nmin T1yeesTm

where the expansion coefficient f2 depends on z;’s and contains partial derivatives
with respect to them, and n,,;, is a positive integer larger than one.! For example, gradient
flow equations for the non-linear sigma model in two-dimensions are proposed as F, =
D2pa — (es0hps)pa for a,b = 1,..., N in Ref. [36], or as F, = 9%¢pa + ©a0upe0u0s +
a(p0up)? /(1 — (p.)?) for a,b,c =1,...,N — 1 in Ref. [37]. In the O(N) linear sigma
model, the gradient flow equation is just given by the diffusion equation: F, = ag% [38].

Following Ref. [8], it is straightforward to define the Wilson action associated with
Eq. (4.1.1) as

52
(Seloa) — oy
e p{/ 2P )5S oy >]
x / D) [ 6(6a(x) — 7 P-2/22124 (1, o))

1 52 o
X exp [—/ D —yY) e | © r=ol%al - (4.1.3)
z! 2 (5¢a($ >6¢a(y/)

where ¢/, is the solution to the general flow equation Eq. (4.1.1) with the initial condition

' (0,2) = ¢/ (z) and Z, is the wave function renormalization factor depending on 7. The

! Note that the linear term is the same as the diffusion equation while the non-linear terms take general
forms in the above gradient flow equation. In principle, a more general linear term can be considered in
the GFERG framework as well. See Ref. [35] for such cases.
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relation between the flow time t of the gradient flow and 7 in the GFERG equation is

given by
t=e" — 1. (4.1.4)
D(x — y) is defined by
D(x —y) = / eiw—y)k(];). (4.1.5)
P b
K(p) and k(p) are the cutoff function satisfying
K(0)=1, K(co)=0, k(0)=0, (4.1.6)

and we set K(p) = e and k(p) = K(p)(1 — K(p)) in this paper. See Fig. 4.1 for plots
of their p-dependence.

Note that Eq. (4.1.3) is not invariant under target space diffeomorphism of the
fields and seems inapplicable for non-linear sigma models with a curved target space
metric. Instead, this expression should be interpreted as one for non-linear sigma models
embedded in higher-dimensional Euclidean space. This prescription is ensured by Nash’s
embedding theorem, which states that we can embed an arbitrary Riemann manifold into
a Fuclidean space R™ of sufficiently large dimensions m with some constraints for the
fields (coordinates of the target space). Then the consistency under the diffeomorphism
does not matter, and the gradient flow equation is required to preserve the constraint
instead.

By differentiating S, with respect to 7, we get the GFERG equation for S;. It is
given by

9 in) _ e [w [ Lo >m]
x / d%'(@%@/) {—zFa[a] (z) — (? + 7+ :c;a;) d%(x’)]

1 52 /
X exp | (T 2/ D" — ") —= - eSrleal (417
[ ( ) z! oy 2 ( >5¢a(x//>5¢a(y1/>] ( )

where qg is the rescaled field defined as

Ga = A(T)da (4.1.8)
and A\(7) is given by

A7) = e T PD2 7712, (4.1.9)
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Furthermore, using the relation

$a(@) = a(z) + N2 /D(:c — y)&%) (4.1.10)

6 1 52
= ex )\2 D ax exp | —\? Dz —y)———5—1,
(4.1.11)

Eq. (4.1.7) can be written in a compact form:

a%_e&[%] = /de&gj(x) [—QF[;?](m) - (? + v + :EV&,) ga(x)} eS¢l (4.1.12)

where the anomalous dimension ~, is defined as

ldlog Z,

R R

More specifically, Eq. (4.1.12) can be written in the following form:

O s(6a _ {[( o D+2 ) 9 }L
52 = /p 20"+ —5 Yr | Pa(p) + Py 6)pucba(p) )
52

i (p)] 2604 (p)d¢a(—p) }BSTW
2 3 a0 [ G >{f51 """ a"(¢“l(x1)+/ D@l‘y”waiyn)

(¢an Tn) / D(x 5%5@”))}6&[%]. (4.1.14)

We have ignored ordering of 6/d¢, and ¢, in the first and second lines because it only

(4.1.13)

changes the Wilson action S by a field-independent constant.

In Ref. [8], the sigma model with a single scalar field is considered, where F/[y] is just
given by aigp. There, Z, is necessary from the renormalizability of correlation functions
of the flowed field (¢, x), that is, to keep the quantity

2 (ow |- [ SR ssarar oo i) R

UV-finite after performing the renormalization of the original theory with identification
of t = e?” — 1. The GFERG equation of this model becomes

0 D +2 0 )
EGST[%] - /Z;{ |:<2p2 + T+ - 77') ¢a(p) +puapu¢a(p):| 5¢a(p>

1 dk(p) ] 1 52 }
+ — [4p°k(p) + 2p* — 2v.k(p)| = eSrleal (4116
. { ph(p) + 2258 2. k(p) — (4.1.16)

2 5¢a (p)6¢a -
which is nothing but the WP equation. Comparing the general GFERG equation Eq. (4.1.14)
with this equation, we readily notice that the former has the extra non-linear terms ac-

companied with one or more factors of A(7). We study their effect on the fixed points
and RG flow structure around the fixed points in the following sections.
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4.1.2 Fixed Points

In this section, we study fixed points of the GFERG equation Eq. (4.1.14) for the general
gradient flow equation. Then, we show that the fixed points of the WP equation [5]
appear in the 7 — oo limit along the GFERG flow.

Let us consider the solution S, to the GFERG equation and the limiting value of S
as 7 — oo. If S, converges in this limit to some finite action S*, it becomes T-independent,
i.e., 0.5% = 0. Therefore, S* satisfies

O
+]%[4p2k( )+2p2d§(f) —2%@)}% e )f;ba( )}65*

—2 i Aoo)™™! / . 6¢f( >{ 2 “"<¢a1(x1>+/ D(xl—yl)é%iyl)) X ..

) P
((ban Tn) / D(x 5%"(%)) }e , (4.1.17)

where v is the anomalous dimension at the fixed point theory S* defined as

v = lim ~,. (4.1.18)

T—00

We should determine the value of A(co) to solve this equation concretely. Note that the
asymptotic behavior of Z, is given by

Z, ~ " (4.1.19)
as 7 — oo. Then the asymptotic behavior of A(7) is given by
A7) ~ e TD=22/2 (4.1.20)

from the definition of A(7) (Eq. (4.1.9)). From this equation, we readily find that the
signature of D — 2 + 27 controls the convergence of A(c0). In particular, A\(co) vanishes
when

D—2+2y>0. (4.1.21)

It is indeed found that D — 2 + 2+ should be positive from physical viewpoints.
Because the fixed point action S* is invariant under the GFERG flow, it should have the
conformal symmetry. There, the connected two-point function scales as

<¢(x)¢<0)>conneted X ID_—]M (4122)
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According to the cluster decomposition principle, the two-point function factorizes into
the product of one-point functions when |z| goes to infinity. Therefore we get

(0(2)¢(0)) connetea = (2(2)0(0)) = (d(2)) (#(0)) = 0 (|| = o0). (4.1.23)

This fact requires that v should satisfy Eq. (4.1.21).
Then, we conclude that A\(co) = 0 and S* satisfies

0— /p{ KQp2 + ? — 7) ba(p) +Puaipu¢a(p)} 5¢f(p)

! {4})2/{:(}9) + 2p2M _ Q'yk’(p)} % 5o (p)g% = }es*, (4.1.24)

P dp?
which is nothing but the fixed point condition of the WP equation. Therefore, we find

_l_

the fixed points of the WP equation appear along the general GFERG flow as 7 — o0.

Here we give a comment on those fixed points. Because the GFERG flow depends
on the RG flow time, S, cannot stay at S* at finite flow time. In other words, even if the
Wilson action S; equals to S* at some finite time 7 = 74, (‘LSTL:T1 is not zero because
of the extra non-linear terms proportional to powers of A(77) in the GFERG equation.
Therefore, the GFERG equation does not have the same fixed points as those of the WP
equation at a finite flow time, and they appear in the large flow time limit. Note that the
GFERG equation has no fixed point at the finite flow time. See Sec. 7?7 for a detailed
argument.

4.1.3 Flow Structure around Fixed Points

In the previous subsection, we have found that the fixed point action S* of the WP
equation appears in the 7 — oo limit along the GFERG flow. This means that there can
be a solution to the GFERG equation that flows into S* as 7 — oo.

In this subsection, we study the RG flow structure around a fixed point after a
long time. We investigate the time evolution of the GFERG equation after a long time
T = 7o > 1 so that exp(—71o(D — 2+ 27v)/2) < 1. Let us consider perturbing S, from a
fixed point of the GFERG equation at 7 = 7y as

Srery =8+ ) 604, (4.1.25)
A

where §c? is a small fluctuation around the fixed point (}(5CA‘ < 1) and O4’s form a
complete set of operators (defined later). If we set 7 = 7’ + 79, the GFERG equation is
given by

0 slsal _ {K o, D+2 ) 9 } J
5.7 = /p "+ — Ve | Ga(D) + P 8mcba(p) )

26




+ {41’2’“(1’)”?2%(5)—2w<:<p>]1 52( >}65M

dp 25¢a( )(5¢a_
> 0 o 0
~2 2, () / ..... o 30l >{f N (¢“1 ) / Pl =55 >>X

J Srla]
(%n Tn) /D — YUn Man(yn))}e %l (4.1.26)

Note that the asymptotic behavior of A(7/ 4+ 1) as 79 — oo is given by e~™ (P=2+20)/2)
where ) is defined as \g == exp(—79(D — 2 + 27)/2). Because both of Ay and dc* are

sufficiently small, the solution S, can be expanded in terms of Ay and d¢c? as

Sy =5"+ Z(5CA§A(T') + Apmin =t eA (7)) O 4 + (higher-order terms). (4.1.27)
A

Note that the leading contribution from Ay in the expansion should be proportional to
Agmin~t gince \g appears in Eq. (4.1.26) as Al ! at the leading order. Substituting this
equation into the GFERG equation and focusing on the terms up to the linear order of
sc? and AJ™ 1 we get

0r Y (8¢ M) + Mg CA(T)Oa = R (0N (T) + Agmn T (A () Oa
A A

I Agminfle*T/(nmin*1)(D72+27)/2H(S*), (4.1.28)

where
. » D+2 ) 0 } )
R: /p{{(% +— g ¢a(p)+puapu¢a(p) 500 (7)
1 dk(p) 55* 6
+E{4p2k(p)+2p2 - —27]{;(]))} 5. (0) 5¢a(—p)} (4.1.29)
and
* 5 A7 yeney an, . 5
sy =2 [ DL (e + [ D ws )
T, X ey T, . a Y1 ai

min

0 .
X <¢anmin (xnmin) + / D("T"nmin - ynmin)m> }65 (4130)

Yrmin

Comparing each term of (9()\’0“‘““71) and O(6¢*) in the left and right hand sides of
Eq. (4.1.28), we get

> 6ct 064704 = Zac EA(1TYRO, (4.1.31)
A

> " 0¢ Zg VRO, + ¢~ (min=D(D=2420)/2 [ (G, (4.1.32)
A
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Because R is a time-independent operator on the functional space, Q4 can be taken as
its eigenoperator satisfying

RO, =2,04 (A=1,2,..)) (4.1.33)

with its eigenvalue x4. Note that the index A is not summed in this equation. Since

{04} forms a complete set on the functional space, H(S*) can be expanded as
H(S*) = h*0y, (4.1.34)

where h# is an expansion coefficient. Substituting this expression into Eq. (4.1.31) and
Eq. (4.1.32), and focusing on the each coefficient of 04, we get

O M) = 2461, (4.1.35)
Op (A7) = walH (7)) + 77 (rmin = D(D=2120) 2 A, (4.1.36)
for each A =1,2,---. The solutions to these equations are given by
EAr) = e, (4.1.37)
CA(r) = a7 — e mn T DIDZEIT/E hA. (4.1.38)

2+ (N — 1)(D — 2+ 27)/2
where we have used the initial conditions £4(0) = 1 and ¢4(0) = 0. Finally, we get

AT —(Nmin—1)(D—2+427)7'/2

(& — €

TA+ (Npin — 1) (D — 2+ 27)/2

S, =8+ Z <5cAe‘”AT/ 4 Agmin =t h/‘) O, (4.1.39)
A

to the order of \jm» ' and dc*. Note that if £4 + (N — 1)(D — 2+ 27)/2 = 0, we have

e.CBAT/ o 6—(nmin—1)(D—2+2'y)T’/2 ,
= 7/ e%AT (4140)

IA _I_ (nmin - 1)(D - 2 + 2’}/)/2 J:A+(nmin_1)(D_2+2A/)/2:0

Let us discuss scaling dimensions of operators at the fixed point. In the conventional
ERG formalism such as the WP equation, the scaling dimension d4 of an operator Q4
can be determined from the time-evolution of S, in the direction of O4. For example,
let us consider the WP equation, which corresponds to the case H(S*) = 0, i.e., h* = 0.
There S; is given by

Sr =5+ dcte™ 0, (4.1.41)
A

Because the time-dependence has a simple form of e”4™', the scaling dimension dy is
defined as d4 = x 4.

On the other hand, in the case of the GFERG equation, the time-dependence of
S, in O4 is a linear combination of ¢®4™ and e~ (Pmin=DD=24207'/2 (gee Eq. (4.1.39)).
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Therefore we should be careful about defining relevant or irrelevant operators and their
scaling dimensions in this case. Recall that whether an operator is relevant or irrelevant
corresponds to whether the amplitude of its coupling increases or not (i.e., its linearized
flow departs from/converges to the fixed point) as 7’ increases. Therefore, we find that
an operator with positive (negative) x4 should be called relevant (irrelevant) in GFERG
like the conventional ERG formalism.

Let us discuss the scaling dimensions of relevant operators from the viewpoint of
observable quantities in experiments. They can be measured by tuning parameters so that
the system undergoes a phase transition. There, the observable quantities are determined
by the infrared (IR) behavior of the system, which is described by the renormalized
trajectory of the fixed point. Since the renormalized trajectory is defined by taking the
IR limit (79 — oo) with tuning the relevant (bare) couplings, one is led to consider the
Ao — 0 limit to define the scaling dimensions of relevant operators. Because the time-
dependence of S, in the direction of O 4 in this limit is the same as the WP equation, we

should define their scaling dimensions d4 as d4 = x 4 like the conventional ERG formalism.

As for irrelevant operators, their scaling dimensions should be determined as the
convergence speed to the fixed point when the theory sits on a critical surface. From
Eq. (4.1.39), we see that for a sufficiently large time 7/ > 1, the coefficient of the (irrele-
vant) operator Q4 is given by

exAT/ — e_(nmin_l)(D_2+27)T//2
h
T+ (Npin — 1)(D — 2+ 27)/2
o 6—7'/ min(\xA\,(nmil,—l)(D—2+2’y)/2) (7_/ >> 1) (4142)

’ 1
dcleraT 4 A

Therefore, from the above argument, the scaling dimension d4 of the irrelevant operator
O, should be defined as d4 = — min(|xal, nwin (D — 2 + 27)).

Here we comment on the case where the expansion coefficient h* becomes zero. In
this case, time-dependence of S; in the direction of the corresponding operator is the same
as in the WP equation, i.e., s¢*e®7 . Therefore, the scaling dimension of this operator is
given by x4 regardless of whether they are relevant or irrelevant. We will encounter this
case in the next section.

4.2 Example : Non-linear Sigma Model in 4 — ¢ Di-

mensions

In this section, we illustrate our results in Section 4.1 with the O(N) non-linear sigma
model in 4 — ¢ dimensions and the WF fixed point.
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4.2.1 GFERG Equation

Lagrangian of the non-linear sigma model is given by

1
£ — 2—92@%5“%, (421)
where ¢, (i =1,...,N) is a real scalar field constrained by
Gaba = 1. (4.2.2)

Note that this constraint requires the physical degree of freedom to be N —1. ¢? is a bare

coupling constant.

It is well-known that this model is defined non-perturbatively on the renormalized
trajectory of the WF fixed point [23]. The O(N) liner sigma model with the quartic
interaction also belongs to this WF universality class after the O(NN) symmetry breaks
spontaneously down to O(N — 1) with a negative mass term. By setting D = 4 — ¢ and
solving the fixed point condition Eq. (4.1.24) of the WP equation with the e expansion [39],
we get the action Sy at the WF fixed point up to O(e) as

Siw = [ ggyoon-n + [

T

(ouer - Foatar?). a2y

where the (dimensionless) couplings m? and A, are defined as ?

s €NH+2 8

TTANys T TNts

If the O(N) symmetry is spontaneously broken, the theory contains one massive mode

(4.2.4)

and N — 1 Nambu-Goldstone (NG) modes. When we focus on a much lower energy scale
compared to the mass of the former, the massive particle becomes sufficiently heavy to
decouples from the NG modes. These remaining NG bosons correspond to the N — 1

physical degrees of freedom in the O(/N) non-linear sigma model in the IR region.

The gradient flow equation for this model is given in Ref. [36] as

Opa = 0rpa — (£0203) a (4.2.5)

with the initial condition ¢,(0,z) = ¢,(x) for a,b=1,..., N. An advantage of adopting
this flow equation is that in two-dimensions, correlation functions of the flowed field
@a(t, z) are UV-finite without additional wave function renormalization, i.e., Z, can be
set to unity. On the other hand, Z, cannot be omitted in the present case, which is
obvious from the following results in order for the WF fixed point to exist.

The Wilson action of this model can be defined in the same way as Eq. (4.1.3)
via the solution ¢/ (t,x) to Eq. (4.2.5) with the initial condition ¢/ (0,z) = ¢,(x). The
GFERG equation associated with this Wilson action is given by

2 \*in Eq. (4.2.4) is different from that in Ref. [39] by a factor 2. There seems to be a typo in Ref. [39].
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a%esf[qsa] _ /p{ Kz + ? —%)@b (p )+puaiu¢a(p)} 5¢f(p)

1 dk(p) 1 5?2 Sr [be]
ﬂﬂ@gk( A r=x _2%’“(2’)] 2 5a ()00 }

+2(7) /&bf( )(cbb( )+ /yp(x_y)wa( )) ( /D >>
() + [Pz >)€ST[¢“]' 20

The terms in the third and the fourth lines of this equation are peculiar to GFERG, com-
pared to the WP equation. Note that this GFERG equation is invariant under the global
O(N) symmetry and expected to preserve the constraint ¢? = const. in the correlation

functions.

4.2.2 Wilson-Fisher Fixed Point

Let us confirm that the GFERG equation Eq. (4.2.6) has the WF fixed point in the 7 — oo
limit. Since S§p satisfies 0. Sy = 0 and the fixed point condition of the WP equation
Eq. (4.1.24), all we have to confirm is the vanishing of A(co0). As was seen in Section 4.1.2,
the asymptotic behavior of A(7) at the large flow time is controlled by the signature of
the quantity D — 2 + 2v. The anomalous dimension v can be explicitly calculated with
the € expansion at this fixed point [39] and is given to O(e?) by

N+2 ¢
e 4.2.7
T INT8)22 (42.7)
Then, we get
N +2
D—2+2y=2—¢+ T2 2 (4.2.8)

(N +8)2°

to O(e?) in D = 4 — €. Since ¢ is small within the e expansion, this quantity is positive.
Recalling that A(7) behaves asymptotically as 7 — oo like

A(T) ~ exp (—g(D -2+ 27)), (4.2.9)

we conclude that A(7) vanishes at 7 = co. Therefore, we readily find that the action Si
at the WF fixed point satisfies the GFERG equation in the 7 — oo limit.

Let us see the relationship between the signature of D — 2 + 2y and the cluster

decomposition principle concretely from the two-point function of the WF fixed point
action. According to [39], the connected two-point function of ¢, is given to O(e?) by

5ab

I (4.2.10)

<¢a (p) ¢b ( _p> >connected =
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in the momentum space. By performing the inverse Fourier transformation, we get

5ab
(@a(2)06(0)) connected X 272y (4.2.11)
in the position space. From this equation, we can explicitly confirm that D — 2 + 2y > 0
follows from the cluster decomposition principle.

4.2.3 Perturbative Solution around WF Fixed Point

In this subsection, we solve Eq. (4.2.6) to O(e) around the WF fixed point and study the
flow structure around it. The solution to the general GFERG equation is already given
in Eq. (4.1.39). In the present case, D = 4 — € and ny,;, = 3, and then S, is given to the
linear order in ¢, ¢ and A2 by

S =S seheram 4 )2 T N o 1212
_ 5 za7 . 2.1
’ +§<C ‘ Ta+2—€e+2y ) 4 ( )

h# is defined in the same way as Eq. (4.1.34), where H(S*) is given by

HES) ::_26_5*/ 5¢f >(¢ (x”/ym )6¢f )
xa2<¢b /D 5¢b >( /D 6% >>es*. (4.2.13)

Here we study contributions of some eigenoperators to S, concretely around the

WF fixed point. To this end, we must specify the eigenoperators {O4} of the linearized
WP equation around it. The Wilson action is decomposed around the fixed point as
S; = S* 4+ 65(7), and we use the local potential approximation (LPA), in which the
fluctuation 0.5(7) takes the following form:

(4.2.14)
V= Z an,  0u@),

where g, (7) is the 7-dependent coupling of the 2n-point vertex and Ny, is the truncation
level of the LPA larger than 2.

By substituting Eq. (4.2.14) into the linearized WP equation with respect to 65, we
can write down the time evolution equation for g,(7) and calculate R explicitly. Then
we get a set of its eigenoperators 04 by diagonalizing it. The detailed calculations are
shown in Sec. 2.4.2 and we just cite its results here; R has only one relevant operator

N +2
N +38

= $a(z)>+ O(e) with 23 =2—¢ +0(e), (4.2.15)
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and the other local operators are all irrelevant. An example of the irrelevant operators is

N +2
&2

Note that this result does not depend on the truncation level Ny, y.

0y = (¢a<x>2)2

$u(2)? + O(e) with x5 = —e+ O(e?). (4.2.16)

Then we can calculate the expansion coefficient h* for these operators and their
contributions to S,. Because the right hand side of Eq. (4.2.13) has one factor of the
Laplacian 85, H(S*) is expanded with field operators with two or more derivatives. Thus
as far as O, is a linear combination of operators without derivatives like (@, (x)?)", its
expansion coefficient h*t of H(S*) is zero. Therefore, we find that their contributions to
S, within the LPA are given by

S = S*+/ [5616(2—6(N+2)/(N+8))T'OI+5cze_g'02]

(D—2+27)7"

/ evaT — e~
+ Z (50‘46“7 + A5

hA> Oa. (4.2.17)
g Ta+2—c¢€

Finally, let us discuss the scaling dimensions of the eigenoperators O, around the
fixed point. As we have seen in the previous paragraph, the expansion coefficient h* for a
linear combination of the field operators without derivatives like (¢,(z)%)" is zero in the
present case of the gradient flow equation Eq. (4.2.5). Thus, the time dependence of S
in the direction of such operators is just given by e*4! as seen from Eq. (4.2.17). Because
this time dependence agrees with the WP equation, we conclude that such operators have
the same scaling dimensions as the WP equation. For operators with derivatives, which
appear when one goes beyond the LPA, their expansion coefficients h* do not vanish in
general. In such a case, the non-linear terms in the gradient flow equation give a difference
between the GFERG equation and the WP equation. Therefore the scaling dimensions
of those operators are different from those of the WP equation if they are irrelevant. It
should be noted that this result highly depends on the form of the non-linear terms in
the gradient flow equation

4.3 Miscellaneous Comments

In this section, we give some comments on our result as follows.

Is GFERG a kind of ERG?

As stated above, irrelevant operators in the GFERG equation have different scaling di-
mensions from those in the WP equation in general. On the other hand, it is believed
that different schemes provide the same scaling dimensions within ERG by a field redef-
inition. Thus it seems that GFERG is not a kind of ERG but an alternative framework
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to study the low-energy physics in the Wilsonian sense. We, however, emphasize that
GFERG gives the same prediction on the low-energy renormalized theory as ERG. This
is because they have the same renormalized trajectories and critical exponents around the
fixed points. This point will be confirmed by further studies elsewhere.

Gaussian fixed point for O(/N) non-linear sigma model

The Gaussian fixed point can arise in the GFERG equation of the O(/N) non-linear sigma
model in addition to the WF one. This fact seems mysterious because the O(N) non-
linear sigma model belongs to the universality class characterized by the WF fixed point
rather than the Gaussian one. The existence of the Gaussian fixed point seems extra.
However, we should note that the action at the Gaussian fixed point does not satisfy
the constraint ¢> = const., which is always respected by the GFERG flow. Thus this
Gaussian fixed point is only apparent and that the corresponding flow will never converge
to it whatever the initial condition of the GFERG equation is. In other words, any initial
points satisfying the condition ¢? = 1 at 7 = 0 do not flow into the Gaussian fixed point
for 7 — oo.

Loophole

We also comment on our discussion to obtain the fixed points of the GFERG equation in
Section 4.1.2. Although the vanishing of A\(7) is essential there, we have an exceptional
case in which A(7) does not depend on the RG flow time (dA(7)/dr = 0), i.e., 2y, =2—D
holds for an arbitrary flow time 7. In particular, this equation requires v, to be zero in
two-dimensions. This means that Z, is also time-independent constant, and we do not
need to perform the additional wave function renormalization for the fields ¢, to keep
their correlation functions UV finite. An example is the O(V) non-linear sigma model in
two-dimensions [36], with which the GFERG equation associated can have fixed points
that are not covered by our argument.

Fixed Points of GFERG Equation at Finite Time

Here, we comment on fixed points of the general GFERG equation at the finite flow time.

Because 0,.5* = 0 is required at an arbitrary time, S* should satisfy

( /D 5%( ))es* =0 (4.3.1)

in addition to the fixed point condition of the WP equation. The solution to this equation

can be found easily and given by

__} / Do — y)oa(@)aly) = / M) )du(—p).  (432)
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The fixed point condition of the WP equation requires k(p) to satisfy

<4p2k:(p) + 2p? ds;? - Q%k(p)) ((%)2 - 1) =0 (4.3.3)

Because k(p) is given by K(p)(1 — K(p)) = e ?*(1 — e "), it does not satisfy Eq. (4.3.3)
and therefore we have no fixed point at finite time.

Preserving Constraint along GFERG Flow

As is related with the GFERG flow for O(NN) non-linear sigma model, we can define an
RG flow that preservers the constranit for the field by GFERG. In other word, if the
gradient flow equation preserves the constraint of fields, the GFERG flow also preserves
it. The discussion is given as follows.

Let us explain our setup in more details. Consider some constrained fields (such as
the non-linear sigma model) by G(¢;(x)) = 0, and the gradient flow equation 0yp;(t,x) =
F;(¢(t,x)) which satisfies

oG oG
0pi(t, x) - Fi(gp(t’x))ﬁgoi(t,x)‘

This condition guarantees that the constraint is preserved under the gradient flow, i.e.,

0= 0,G(pi(t,z)) = dpilt, ) (4.3.4)

G(pi(t,z)) =0 (4.3.5)

holds for an arbitrary flow time ¢ and spacetime point .

The Wilson action S; is defined as

S — 521 / (DS][ (i) — &t e7x))ggre=D, (4.3.6)

where ¢/(t,z) is the solution to the gradient flow equation with the initial condition
of ¢}(0,) = ¢l(x) and t = > — 1. Here we emphasize that we do not consider the
rescaling factor (e(P=2)/ 27} 2) of the fields in the above definition. This normalization

seems natural in the models such as the two-dimensional non-linear sigma model.

We claim that the Wilson action satisfies

(G(@)dis (1) - P (@a))s = 0 (4.3.7)

for an arbitrary scale parameter 7. Recall that the modified correlation function of the
product of operators ¢;, (x1) - - - ¢;, () is defined as

(D0 (1)~ bi, () )s = / [D]3(¢s, (1) - - - i, (x0))e™ (4.3.8)
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Eq. (4.3.7) means that the constraint G(¢) = 0 always holds in the modified correlation
functions, and the GFERG flow keeps the information of the target space.

Here is the proof of Eq. (4.3.7). The left hand side of Eq. (4.3.7) is

(G(6)0n () -+ s, () (139)
= [ D41 5(G @01 (1) -+ 61, za))e™ (4310
— [ D61 G@)on (1) ()5 (13.11)

= / (D' D] G(6) i, (1) - - - Ps,, () H 8(di(x) — @i (t, e7x))3eS=0l¢D (4.3.12)

= /[Dgzﬁ'] G (t, e )@, (t,e™wr) - @l (t,€7x,)5e =01, (4.3.13)

Because Eq. (4.3.5) holds for an arbitrary flow time and spacetime point, G(¢'(t,e7x))
also vanishes. Therefore we have obtained Eq. (4.3.7).
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Chapter 5

Conclusion

In the first half of this thesis (Chapters 2 and 3), we have reviewed Exact Renormalization
Group (ERG) and Gradient Flow Exact Renormalization Group (GFERG), a new frame-
work to define the Wilsonian effective action via the diffusion equation. In the latter half
(Chapter 4), based on my work [1], we applied GFERG to general scalar field theories
and discussed their fixed point structures.

In Chapter 2, we have reviewed the basics of Exact Renormalization Group. We
have defined an effective action Sy[¢] that describes the physics at a focused energy
scale A. Then we studied the flow equation for Sy[¢| and gave some examples. We also
have considered an IR limit to find fixed points of the ERG equation. The renormalized
trajectory from the fixed point describes the IR physics. At this point, we were led to the
notion of “universality”, which states that the IR behavior of various UV theories can be
described universally by the same renormalized trajectory. Furthermore, we have studied
the flow structure around the fixed points and have determined the critical exponents.
We have illustrated these notions by the Gaussian and Wilson-Fisher fixed points.

In Chapter 3, we have reviewed Gradient Flow Exact Renormalization Group.
GFERG was initially proposed to define the Wilsonian effective action for gauge the-
ories in a gauge-invariant manner. Because this framework utilizes coarse-graining via
the diffusion equation to define the Wilsonian effective action, we can define an RG flow
that respects local symmetries or non-linearity of the system with it. Then we derived
the GFERG equation, the counterpart of the ERG equation in GFERG. We also have
reviewed recent developments on GFERG: Inclusion of fermion fields, the perturbative
analysis of QED, and the flow equation for the one-particle irreducible effective action.

Chapter 4 is the main part of this thesis. We have discussed GFERG for scalar
field theories in general and investigated its fixed point structure. We have explicitly
written down the GFERG equation based on an arbitrary polynomial diffusion equation
and then discussed its fixed point action. Remarkably, the fixed points appear for a
large flow time limit and are precisely the same as those of the Wilson-Polchinski (WP)
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equation. It is because the non-linear terms in the GFERG equation involves A(7) =
Z7? exp(—7(D — 2)/2), where Z, is the wavefunction renormalization factor, and ()
vanishes in the IR limit. These non-linear terms originates from those in the diffusion
equation. Furthermore, we have calculated the scaling dimensions of operators around the
fixed points by solving the GFERG equation to the leading order of the deviations from the
fixed points and A(7), where 79 is the scaler parameter corresponding to the bare scale Ay.
We find that the relevant operators around the fixed points of the GFERG equation have
the same scaling dimensions as those of the WP equation, while the irrelevant operators
have different ones generally. Therefore, the critical exponents around the fixed points of
the GFERG equation are the same as those of the corresponding fixed points of the WP
equation, resulting in the same prediction for its low-energy physics.

As a possible future direction, it is interesting to consider gauge theories within
GFERG. Since the most plausible point of GFERG is its manifest gauge invariance, it
would help us to investigate their fixed point structures in a gauge invariant way. However,
the situation there is expected to be different from the case of scalar field theories. The key
point of our analysis is the vanishing of A(7), and this quantity should not vanish for gauge
theories or gravity at large flow times. Indeed, as was discussed in the original paper [8],
the counterpart of A(7) in the pure Yang-Mills theory is given by Z; "/ exp(—7(D — 4)/2),
and becomes T-independent constant because Z, can be set to unity in D = 4. Thus our
present argument is not applied to them straightforwardly and we need more detailed
arguments for GFERG in these theories, which is left as future work.

Another future direction is the asymptotically safe gravity. It is known that the
Einstein-Hilbert action is not renormalizable around the Gaussian fixed point. It is be-
cause the Ricci scalar is expanded as an infinite-order polynomial of the fluctuation of the
gravitational field around the flat metric and contains many irrelevant interactions. It is
called the “continuum limit” to remove the cutoff and define the quantum field theory,
and we can determine the continuum limit of a theory on the renormalized trajectory of
a fixed point. The attempt to define quantum gravity around any non-trivial fixed point
is called the “asymptotic safety” program. It is known that there can be a non-physical
fixed point along RG flows without manifest diffeomorphism invariance [40-44]. By con-
trast, GFERG can define an RG flow that manifestly preserves local symmetries, and we
expect that GFERG is helpful to define one with manifest diffeomorphism invariance and

to contribute to the asymptotic safety program.

It is also interesting to study non-linear sigma models in two dimensions by the
GFERG method, a loophole of our discussion in Chapter 4 . Some non-linear sigma
models (e.g., O(N) non-linear sigma model or CPY~! model) have similar properties to
Yang-Mills theory, such as gauge redundancy and field configurations with non-trivial
topology or asymptotic freedom. Studying these models with the GFERG method may

give clues to the understanding of the non-perturbative aspects of the gauge theories.

As seen in this thesis, GFERG is a promising approach to studying non-linear sys-
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tems within the framework of ERG. In particular, it may provide new insights into the
theories with non-trivial target space, such as gauge theories or non-linear sigma mod-
els. We believe that GFERG will become one of the standard methods to analyze QFTs
non-perturbatively in the future and hope that this thesis will contribute to it.
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Appendix A

Notation

A.1 Notation

In this paper, we use the following compact notation for integrals:

/gc::/dDas, /p:z/%, (A.1.1)

where p denotes a momentum. The Dirac’s delta function in real space is given by
50 (z) = / e (A12)
p
The Fourier transformation of ¢(z) is
o) = [oer. o) = [ olare (A13)
p T

The functional derivative with respect to the field in the momentum space ¢(p) is defined
by the Fourier transformation as

& / gire_0 (A.1.4)

0o(p) og(x)’
which satisfies the following normalization:
) )
—¢(p) = /ez(q_p)"’” = (2m)PsP(p — q). Alb5
) (p) ’ (2m)76"(p —q) (A.1L.5)
The Laplacian 97, is defined as
D
o 0
2 = _— Al

On Ozt O+ (A.L6)
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p- 0, and z - 0, are defined as

0
P ——
p P p#ap#
0
. — M
T - Oy Y

The Feynman slash notation such as p is defined as

P =p",

where 4* is the gamma matrices.

A.2 Useful Formula

Consider the following partial differential equation:

(ai ' g)F(w) ~ /().

A particular solution to this equation is given by

@)= [ L)

(0%

which satisfies

lim F(ax) = 0.

a—0
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