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Chapter 1  

Introduction  

 

 

 

1.1 Background  

In large Japanese cities like Tokyo and Osaka, it is recommended that building users stay in the building for 

a few days if its safety is confirmed after a large earthquake occurs [1-3]. However, it takes time and effort 

to secure the building safety when it has no obvious damage from the outlook. The quick seismic response 

estimation provides seismic responses at many locations on all floors, the information is helpful to estimate 

the structural damage for decision making and can improve the efficiency of building checking. In addition, 

the acceleration amplitude and the story drift at each location are related to the damage evaluation of non-

structural components [4-6]. Therefore, the quick response estimations of accelerations and displacements 

also provide information to building owners to evaluate the losses of non-structural components that can be 

damaged before structural damage occurs [7-11].   

The seismic response estimation requires a good understanding of the dynamic properties of the 

objective buildings. The direct way to understand the dynamic properties of a building under an earthquake 

is structural health monitoring. Sensors are installed at a building and the dynamic properties can be 

identified from the seismic response records. Imai et al. use four simulations with four different methods to 

demonstrate the applicability of modal parameter identification when the ground motion and vibration 

records at certain locations are given [12]. When structural damage occurs, the on-line modal parameter 

identification approaches can identify the equivalent dynamic properties to understand how they change 

during an earthquake [13].   

Structural health monitoring is mainly applied to medium/high-rise buildings and the dynamic properties 

of these kinds of structures have been investigated well. Çelebi and Safak analysed the seismic response of 

a pyramid-shaped 60-story steel building under the 1989 Loma Prieta Earthquake [14, 15]. The soil-

structure interaction was observed by comparing the free-field motion with the motion at the basement. The 

1st natural frequencies in horizontal directions of the building identified from ambient vibration and forced 

vibration tests were identical when the living load and non-structural components were not loaded. The 1st 

natural frequencies were decreased by around 20% during the earthquake while the building had no 

obvious structural damage. They also analyzed the recorded accelerations of a 30-story building with the 

three-winged planar shape under the 1989 Loma Prieta Earthquake [16, 17]. It was observed that multiple 

modes, including lower modes below 2 Hz and higher modes around 5 Hz, were excited during the 

earthquake, and the identified modes exhibited lateral-torsional coupling. Çelebi et al. further compare the 

dynamic properties of five buildings subjected to the Loma Prieta Earthquake to these values from ambient 

vibration testing [18]. It was found that the natural frequencies from the testing are generally higher than 
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the values during an earthquake even if the building has no obvious structural damage. Trifunac et al. 

investigated the seismic response of a 7-story reinforced concrete (RC) building under 12 ground motions 

and found that the changes in identified natural frequencies could be caused by the soil-structure interaction 

[19-21]. The dynamic property amplitude dependency was investigated by Hisada et al. using the seismic 

response of the 29-story steel frame building under the 2011 Tohoku Earthquake [22]. The seismic 

responses of a 29-story building in Reference 22 and an additional 30-story neighboring building were 

further investigated by Çelebi et al. [23]. The changes in natural frequencies and damping ratios before, 

during and after the mainshock of the 2011 Tohoku Earthquake were studied. The 1st natural frequencies in 

the horizontal directions before the earthquake are around 10% larger than the values during the mainshock. 

However, the 1st damping ratios remained within 1-2% before, during and after the mainshock. The 

relationship between the response amplitudes and the dynamic properties was also investigated by Kashima 

using the seismic response at four high-rise steel buildings under the 2011 Tohoku Earthquake [24]. The 

seismic responses of high-rise buildings are more likely obtained because sensors can be installed for wind 

load monitoring and obtain the seismic responses by accident [25]. The identified dynamic properties 

contribute to the development of the structural design. For example, the Chilean seismic code NCh433 had 

major changes in 1993 and 1996 based on the lessons learnt after the 1985 Algarrobo Earthquake. Most of 

the high-rise buildings affected by the 2010 Maule Earthquake were designed by the updated code and 

those buildings performed well [26].  

Structural health monitoring is not only used for dynamic property identification but also used to 

estimate the seismic responses at unmonitored locations. In practical situations, it is impossible to install 

many sensors for long-term monitoring because of the maintenance expenses. As a result, many methods 

are developed for the overall structural dynamic response estimation with limited sensors. They are 

classified by Limongelli into four kinds [27]: (1) methods that reduce the total number of degrees of 

freedom of the system so that the model parameters of the structure like stiffness matrix can be estimated 

using a limited amount of sensors [28-30]; (2) methods for the use of the extended Kalman filter method 

[31, 32]; (3) methods based on the expansion of measured mode shapes to the total dynamic degrees of 

freedom [33-35]; and (4) methods for sensor location optimization [36, 37]. Among the four categories, the 

third category is of particular interest because it can be used to predict the seismic response at unmonitored 

locations by using the mode superposition method. Ikeda and Hisada approximate the mode shapes by the 

sinusoidal waves to predict seismic responses of unmonitored floors, the prediction method was verified by 

using the recorded seismic responses of a 29-story building [38]. The prediction is not necessarily based on 

the expansion of mode shapes. Limongelli directly uses the spline function to interpolate the absolute 

accelerations at different floors in Reference 27, then the changes of parameters in the interpolation 

function are used for damage detection [39, 40]. Kodera et al. modify the boundary restriction of the spline 

function interpolation process in Reference 27 to consider the shear deformation near the ground [41]. The 

seismic response prediction can also be transformed into the modal response identification process when 

the mode shapes are available. An example is demonstrated by He et al. The mode shapes of the objective 

building were obtained by the finite element model. The modal responses were extracted by the empirical 
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mode decomposition and the seismic responses at unmonitored locations were obtained by the mode 

superposition method [42]. Morii et al. used the mode shapes obtained from the design documents to 

predict the seismic responses of a 1/3-scale 18-story steel building under shaking table tests [43]. The 

shaking table tests were also used to verify the sinusoidal wave approximation method in Reference 38 [44].  

There also exist seismic response prediction methods that do not necessarily require sensors installed in 

the objective building to obtain seismic responses at some locations [45-48]. Those prediction methods use 

the modal properties from measurements to model the objective building. Michel et al. obtained the inter-

story stiffness of a 9-story RC building using the identified dynamic properties from microtremor 

measurements and predicted its response under the ground motion caused by the nearby bridge demolition 

[45]. Then they used the method to predict the seismic response of a 13-story RC tower under the 

Vallorcine Earthquake [46]. The prediction method is further utilized to evaluate the vulnerability of 

buildings by the fragility estimation regarding inter-story drifts [47]. Mori and Spina used the probability 

approach to consider the natural frequency differences under microtremor measurements and an earthquake, 

then they predicted the seismic responses of a 3-story RC building under three earthquakes [48]. 

When the rigid-floor assumption is utilized, an individual floor or a group of floors is considered as a 

lumped mass and a building is modelled as the stick-shape lumped mass model. The seismic response 

estimation can be performed without any design document when the rigid-floor assumption is utilized [27, 

38-41, 44-48]. The simplicity of the stick-shape lumped mass model makes it possible to identify the 

stiffness matrix, and the corresponding damping and mass matrices using the recorded accelerations at all 

floors. Ikeda transfers the mass identification problem into the conditional extremum problem. The mass 

matrix is identified using the mode shapes in limited modes [49], then the stiffness and damping matrices 

are estimated using the identified mass matrix and modal properties [50]. The difference between 

References 45 and 50 in the stiffness identification is that the former only uses the 1st mode while the latter 

utilizes multiple modes simultaneously. The mass and stiffness identification methods in References 49 and 

50 were firstly verified by the shaking table test data of a 0.3-scale 6-story steel structure recorded in 

Reference [51] and then by the full-scale shaking table tests [52]. The convenience of the stick-shape 

lumped mass model is also exhibited in the nonlinear system. The nonlinear inter-story restoring force can 

be modelled by the Bouc-Wen model and the parameters in the Bouc-Wen model can be identified by using 

the recorded seismic responses [52, 53]. Despite the stick-shape lumped mass model, high-rise buildings 

can also be simplified by other models such as the elastic layered shear beam, a floor or a group of floors is 

simplified as a layer in the layered shear beam model [54, 55]. 

The existing seismic response prediction methods take the advantage of the geometric characteristics of 

the medium/high-rise buildings. They are generally based on the stick-shape lumped mass model by using 

the rigid-floor assumption. The rigid-floor assumption might not be applicable to all buildings such as the 

large-scale low-rise buildings because they have large planar areas with irregular shapes. However, there 

are few studies about the dynamic properties of large-scale low-rise buildings, whether the rigid-floor 

assumption is applicable to this kind of structure is unclear. Buildings under 60 m do not require time-

series analysis for structural designs in Japan [56]. As a result, the seismic response records of low-rise 
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buildings are few and their dynamic properties are not well understood. Nonetheless, the seismic response 

estimation is still required when the structural condition is difficult to judge from the building outlook. The 

seismic responses of large-scale low-rise buildings are difficult to obtain, an alternative way to explore 

their dynamic properties is to use ambient vibration testing or so-called microtremor measurement. The 

word ‘ambient’ suggests the source of the vibration include wind, pedestrian, etc. The word ‘microtremor’ 

implies the level of the excitation is very small compared to an earthquake. Microtremor measurement is 

generally based on the output-only modal analysis because the source of the excitation is unmeasurable. 

One of the typical applications using microtremor measurement is to study the shift of dynamic properties 

before and after an earthquake [14-25, 57-59]. The identified dynamic properties from microtremor 

measurement are also used for other purposes such as investigating the dynamic properties under small-

amplitude vibration such as weak ground motion and wind load [25, 60, 61] and numerical model 

calibration [62-64]. The seismic response prediction methods in References 45-48 have the advantage of 

not using design documents to establish mass, damping and stiffness matrices. The measured building is 

modelled by the modal properties from microtremor measurements. However, a new modelling method that 

considers floor flexibility might be required for the seismic response prediction when the objective building 

cannot assume floor rigid. 

 

1.2 Objectives 

The overall objective of this research is to propose a seismic response prediction method that utilizes the 

modal properties obtained from microtremor measurements. The method is not constrained by the rigid-

floor assumption so it has wider applicability than the existing methods. The specific objectives of this 

research are: 

(1) To investigate the necessity of considering floor flexibility in the seismic response prediction. The 

modal properties of large-scale low-rise buildings are obtained from microtremor measurements. They 

are likely against the rigid-floor assumption because of their large-scale asymmetric planar shapes and 

components like expansion joints, large atria and skylights. 

(2) To propose the seismic response prediction method based on microtremor measurement, the method is 

based on the modal properties identified from microtremor measurements to model a multi-degree-of-

freedom equivalently-linear building. The modelling is not constrained by the rigid-floor assumption. 

Then the seismic responses at the measured locations can be predicted under a given ground motion. 

(3) To study the fundamental properties of the proposed prediction method by numerical simulations. The 

applicability of the proposed prediction method is also preliminarily verified by numerical simulations 

that do not consider modal property variances. 

(4) To verify the proposed prediction method under different scales of ground motions and investigate the 

influence of the modal property variances on the seismic response prediction accuracy. The proposed 

method is applied to the specimen of full-scale shaking table tests. The predicted seismic responses are 

compared to the recorded responses for method verification.  
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1.3 Thesis Organizing 

The present research mainly includes five chapters apart from the introduction in Chapter 1 and the 

conclusions in Chapter 7. The structure of the dissertation is shown in Figure 1-1 and the main contents of 

Chapters 2 to 6 are summarized below.  

 

 

Figure 1-1 Relationship among chapters 

 

In Chapter 2, the dynamic characteristics of large-scale low-rise buildings are studied by applying 

microtremor measurements to six actual commercial buildings in Japan. The natural frequencies, the 

corresponding damping ratios and the mode shapes in limited modes are identified to extract the general 

dynamic characteristics from these structures. Each building is different from others from structural 

perspective, their modal properties in common reflect the general dynamic characteristics. The 

measurements were conducted by multi-setups of measurements because the number of locations to 

measure exceeds the number of available accelerometers. Microtremors at several locations are measured 

simultaneously during one measurement and the corresponding mode shapes are obtained. The separately 

identified mode shapes via each measurement are assembled afterward to obtain the global mode shapes of 

the building. The assembled mode shapes are utilized to investigate whether the rigid-floor assumption in 

the existing seismic response prediction methods is applicable to this kind of structure. The implemented 

measurements explain the necessity of developing a new seismic response prediction method that is not 

constrained by the rigid-floor assumption. 

In Chapter 3, a microtremor measurement-based seismic response prediction method is proposed. A 

multi-degree-of-freedom linear building is modelled by the modal equations of motion. The modal 
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equations of motion consist of the identified natural frequencies, damping ratios, mode shapes and 

participation factors for seismic input. The former three modal components in limited modes can be 

identified from microtremor measurements. The natural frequencies and damping ratios from 

measurements require their modifications to consider variances between modal properties under 

microtremor measurements and an earthquake even if the structure is not damaged. The participation 

factors are approximated by the identified mode shapes. Floor flexibility is interpreted by having multiple 

nodes on the same floor in the construction of the analytical model. All measured locations become the 

lumped nodes of the analytical model. The outline and concept of the prediction method are firstly 

introduced in one horizontal dimension. Then a two-dimensional (2D) model is utilized to fully consider 

the lateral-torsional coupling property that large-scale low-rise buildings with asymmetric planar shapes are 

likely to have. The selection of either the single-dimensional model (1D) or the 2D model depends on the 

microtremor measurement identification results.  

In Chapter 4, the fundamental properties of the proposed seismic response prediction method are 

discussed by a simple numerical model. The fundamental properties include two parts: One is the proposed 

participation vector approximation method; and the other is the seismic response prediction using limited 

modes with the approximated participation vector. When the rigid-floor is not assumed, every location on a 

floor becomes a candidate to measure while only limited locations can be measured. In the numerical 

simulation, it means the participation factors in the limited modes are approximated by mode shapes at the 

selected nodes. In this chapter, the simulation firstly studies the influence of the limited modes on the 

participation vector approximation accuracy when using mode shapes at all nodes. It shows the 

applicability of the proposed participation vector approximation method. Next, the participation vector 

approximation is investigated when the mode shapes at the selected nodes are used. It shows how the 

selection of measured locations, which are node locations, influences the participation vector 

approximation accuracy. Lastly, the seismic response accuracy of the proposed seismic response prediction 

method is investigated. The study also shows how the prediction accuracy is influenced by the complicated 

interaction between participation factor approximation errors and the truncation errors in the mode 

superposition.  

In Chapter 5, the proposed seismic response prediction method is further verified by a more complicated 

numerical model. The numerical model expresses a large-scale low-rise building and it has multiple modes 

with obvious lateral-torsional coupling. More importantly, the numerical model shows obvious floor 

flexibility. The main purpose of this simulation is to verify the advantage of the prediction method for not 

being constrained by the rigid-floor assumption. The simulation also confirms the necessity of the 2D 

model for buildings having multiple modes with lateral-torsional coupling. The necessity is reflected in two 

aspects: The 1D model approximates the participation vector in one direction using the same directional 

mode shape components. The 2D model approximates the participation vector in one direction by 

simultaneously using the mode shapes in two directions; The 2D model considers the vibrations induced by 

orthogonal ground motions while the 1D model cannot. The participation vector approximation results 

using the 1D and 2D models are firstly compared, then the seismic response prediction accuracies under the 
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single-directional ground motion are compared to show the consequence of participation factor 

approximation errors. Lastly, the predictions under the two-directional ground motions are performed to 

exhibit the necessity of considering vibrations caused by the orthogonal ground motions.  

In Chapter 6, the prediction method is verified by the full-scale shaking table tests. The applicability of 

the prediction method in practical situations under different scales of ground motions is tested. The modal 

property variances are also investigated. The modal property variances here are mainly the natural 

frequency and damping ratio variances when they are under microtremor measurements and an earthquake. 

The variances are not considered in Chapters 4 and 5 because the two chapters are used to demonstrate the 

concept and preliminarily verify the proposed method. In this chapter, the natural frequencies and damping 

ratios identified from microtremor measurements are compared to the values identified from shaking table 

tests. Then, the seismic response predictions under three scenarios are performed: the first scenario directly 

uses the natural frequencies and damping ratios identified from microtremor measurements without the 

consideration of modal property variances; The second scenario uses the updated natural frequencies and 

damping ratios, providing that an observation system is installed for the modal property updating; The third 

scenario modifies the natural frequencies and damping ratios from microtremor measurements by factors 

that are based on engineering experience. The modified natural frequencies and damping ratios are slightly 

different from the actual values, but the prediction method using modified modal properties does not 

require instrumented sensors for seismic response recording. 

In Chapter 7, the conclusions in Chapters 2 to 6 are summarized and integrated, then the future works 

related to this research are discussed. 
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Chapter 2  

Dynamic Characteristics of Large-scale Low-rise Buildings 

Based on Microtremor Measurement 
 

 

 

2.1 Introduction 

In Japan, buildings less than 60 m high do not necessarily require vibration analysis in the structural design 

[1]. As a result, the dynamic characteristics of large-scale low-rise buildings are not fully understood. Some 

kinds of these structures are likely against the rigid-floor assumption. To understand the dynamic 

characteristics of large-scale low-rise buildings, microtremor measurements were taken to six existing 

commercial buildings in Japan [2]. Their dynamic characteristics are investigated by the identified modal 

properties. Section 2.2 introduces the basic information of the six objective buildings. Section 2.3 explains 

the modal identification methods using microtremor measurements when the number of measurement 

points exceeds the available sensors. The identification process in one measured building is introduced in 

detail as an example. Section 2.4 similarly introduces the identified modal properties of the other five 

buildings. Section 2.5 summarizes the dynamic characteristics of large-scale low-rise buildings to explain 

the need for a new seismic response prediction method that is not constrained by the rigid-floor assumption. 

Section 2.6 concludes this chapter. 

 

2.2 Objective Buildings 

The six objective commercial buildings are named as Buildings A, B, C, D, E and F. Table 2-1 summarizes 

the basic information of these buildings, including the structure type, geometric information, functions at 

each floor and the existence of expansion joint (EXP.J). 

 

2.2.1 Building A 

Building A is a 3-story steel building. Three EXP.Js are installed at the 4th floor to reduce the influence of 

thermal stress. The divided areas are named as MA, MB, MC, MD and ME as shown in Table 2-1. The 

shopping and dining areas are on the 1st to 3rd floors, and the parking area is on the 4th floor (roof floor). 

The movie theater is in the ME area and there is a local roof on top of the 4th floor. It is L-shaped with the 

longitude length of 290 m and the transverse length of 260 m, and the spans between two close columns are 

equally 9 m. The building area is 40,800 m2 and the gross floor area is around 126,500 m2. The eave height 

is 23.8 m and the building height is 25.1 m. An independent structure for car-parking is near the main 

structure but they are not connected. Atria are set on the 2nd and 3rd floors. In the measurement plan, 42 

measurement points were selected for microtremor measurements. 
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Table 2-1 Objective buildings  

Name Geometric characters Planar view 

A 

Frame: S (Steel) 

Plan: L-shape, 260 m by 290 m 

Height: 25 m 

Shopping area: 3 stories with atria 

Parking area: 4th (Roof) floor 

EXP.J: 3 only on the roof floor 

 

B 

Frame: S 

Plan: L-shape, 280 m by 160 m 

Height: 29 m 

Shopping area: 4 stories with atria 

Parking: 5th & 6th (Roof) floors 

EXP.J: 1 on each floor  

 

C 

Frame: SRC (Steel-framed reinforced 

concrete) & S 

Plan: L-shape, 280 m by 230 m 

Height: 25 m 

Shopping area: 3 Stories with atria 

Parking area: 4th to 6th (Roof) floors 

EXP.J: None 
 

D 

Frame: SRC & S 

Plan: L-shape, 280 m by 160 m 

Height: 40 m 

Shopping area: 4 stories with atria 

Parking area: Beside shopping sections 

connected by contact bridges 

EXP.J: 2 only in parking area 
 

E 

Frame: S 

Plan: 540 m by 120 m 

Height: 14 m 

Shopping area: 2 stories with atria & 

skylights 

Parking area: 3rd (Roof) floor 

EXP.J: 2 on each floor   

F 

Frame: SRC & S 

Plan: Trapezoid, 180 m by 150 m 

Height: 24 m 

Shopping area: 3 stories with atria 

Parking area: 4th to 6th (Roof) floors 

EXP.J: None 
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2.2.2 Building B 

Building B is a 5-story steel building. The 1st to 4th floors are shopping and dining areas, and the parking 

areas on the 5th and 6th floors. It is L-shaped in planar. The longitude length is 280 m and the transverse 

length is 160 m. The height is roughly estimated around 29 m. The gross floor area, including the parking 

area, is around 125,700 m2.  Unlike Building A, an EXP.J thoroughly divides the building to two parts 

named as MN and MS. Atria are set from the 1st to 4th floors. In the measurement plan, 60 measurement 

points were selected for microtremor measurements on the 1st to 5th floors because the 6th floor was not 

allowed to enter. One major interest is to investigate the influence of EXP.Js because they are installed 

differently in Buildings A and B. 

 

2.2.3 Building C 

Building C is a 4-story building with a partial underground floor. The 1st to 3rd floors are made of concrete-

encased steel, and the 4th to 6th floors are made of steel as the parking area. It is also L-shaped in planar 

with the longitudinal length of 280 m and the transverse length of 230 m. The height is roughly estimated 

as 25 m and the gross floor area is 78,400 m2. Atria are set on the 2nd and 3rd floors. Total of 82 

measurement points were selected for microtremor measurements. The reason for selecting this building is 

to investigate the influence of EXP.Js because Building C has no EXP.J. 

 

2.2.4 Building D 

Building D is a 4-story building. It is mostly made of SRC while part of the large-scale area in the theater is 

made of steel. The bottom right part of the 4th and roof floors are the parking area and other parts are shops 

and a movie theater. Unlike other five buildings, only part of the roof floor is parking area. The longitudinal 

length is 280 m and the transverse length is 160 m, the height is around 40 m. The main structure is 4-story 

but the sub-structure, i.e., the parking lot has six stories. It is because the story height is different in the two 

structures and they are connected by corridors. The total number of measurement points was 71. No EXP.Js 

are installed at the main structure but there are two in the parking lot and they thoroughly separate the sub-

structure.  

 

2.2.5 Building E 

Building E is a 2-story steel building. The 1st and 2nd floors are the shopping and dining areas. The parking 

area is on the 3rd floor. Two EXP.Js are installed and the building is divided thoroughly into three areas 

named as ME, MC and MW. The planar length is 540 m by 120 m, the span in the ME area is 12 m while 

the span in the MW and MC areas is 9 m. The gross floor area is around 120,000 m2 with the maximum 

height of 23.1m. The height of the 3rd floor is 12.7 m. The total number of measurement points was 49. 

Atria and skylights are mostly in the MC area. Unlike previously introduced four buildings, the atria and 

skylights at Building E are long. Figure 2-1 shows the atrium and skylight in Building E. 
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(a) Atrium view from the 2nd floor (b) Skylight view on the roof floor 

Figure 2-1 Atrium and skylight in Building E 

 

2.2.6 Building F 

The 5-story Building F has two parts made of SRC and steel. The 1st to 3rd floors are made of SRC and the 

4th to 6th floors are made of steel. The parking areas are on the 4th to 6th floors and part of the 3rd floor. The 

longitude length is 180 m and the transverse length is 150 m. The height is 24.1 m and the gross floor area 

is 99,000 m2. The span is mostly 9.0 m and it is 7.2 m by 10.2 m at the areas close to the hypotenuse part. 

Atria are set on the 2nd and 3rd floors. 53 measurement points were selected on the 1st to 5th floors because 

the 6th floor was not allowed to enter. Building F is different from others because it is a trapezoid building 

without EXP.Js. 

 

2.3 Modal Identification Using Limited Sensors 

The microtremor measurement process is introduced in this section. The multi-setup measurements are 

utilized to obtain the mode shapes at different locations because the number of locations to measure 

significantly exceeds the number of available accelerometers. In each measurement, only parts of locations 

are measured simultaneously and the corresponding mode shapes are identified. There is at least one 

overlapped location that is constantly measured during the multi-setup measurements, which is named as 

the reference point. The separately identified mode shape amplitudes at other locations are assembled 

referring to the mode shape amplitudes of the reference point [3-5]. The multi-setup measurements have 

already been applied to a 22-story RC building [3], a 9-story SRC building [4], and masonry towers [5]. 

Although the objective buildings and the utilized modal identification methods are different from each 

other in References 3 to 5, the three references show the feasibility of using limited sensors to obtain the 

global mode shapes of the building. This section introduces the utilized modal identification methods and 

the multi-setup measurement procedure, then the multi-setup measurements in Building A are introduced in 

detail as an example.  

 

2.3.1 Modal identification by multi-setup measurement procedures 

The utilized modal identification methods are firstly introduced. The identification methods can be divided 

into two categories based on if the input is known: 1) the experimental modal analysis that requires full 

acknowledgement of input excitation and output response; 2) the output-only modal analysis that mostly 
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assumes the input is white noise and only uses the output data. The system identification based on 

microtremor measurement belongs to the latter category and its advantage is the applicability when the 

input excitation is unknown. In addition, microtremor measurements can be performed during working 

hour and have less interfere to the commercial buildings. 

The modal identification methods based on output-only analysis have been developed for years. There 

are many different approaches to obtain modal properties such as: the Random Decrement (RD) method 

that makes modal free vibration from ambient vibration to identify natural frequencies and damping ratios 

[6], the fundamental properties of the RD method is studied by Tamura et al. [7]; The peak picking method 

to the power spectral density function for natural frequency identification [8]; The Natural Excitation 

Technique that extracts impulse response matrix from ambient vibrations [9]; Then the Eigensystem 

Realization Algorithm method utilizes the impulse response matrix to obtain mode shapes, natural 

frequencies and damping ratios [10]; The Frequency Domain Decomposition (FDD) method that applies 

singular value decomposition (SVD) to the power spectral density function to obtain natural frequencies 

and mode shapes [11]; The Enhanced Frequency Domain Decomposition method that apply the inverse 

Fourier transformation to the singular value distribution to obtain the free vibration curves so that the 

damping ratios can be identified in addition [12]; The Least-squares Complex Frequency Domain method 

that produces stable identifications using the weighted total least squares approach [13]; the Maximum 

Likelihood identification techniques that deal with non-stationary signal problems [14].  

The utilized modal identification methods for the six buildings were the RD method in References 6 and 

7, and the FDD method in Reference 11. The RD method was utilized to identify natural frequencies and 

damping ratios. The FDD method was utilized to identify natural frequencies and mode shapes. The FDD 

method was selected because of its simplicity for operation, it is a peak-picking method and effective when 

the two modes are close to each other, which is likely to happen for large-scale low-rise buildings. Some 

lateral modes of large-scale low-rise buildings might be close to the torsional modes. In addition, the 

corresponding mode shapes can be automatically extracted once the natural frequencies are picked. In 

Reference 5, many locations are constantly measured during the multi-setup measurements and the Modal 

Assurance Criterion (MAC) is utilized to validate the separately identified mode shapes [15]. When 

measuring large-scale low-rise buildings, there are only few locations are constantly measured during the 

multi-setup measurements so the MAC is not applicable. Instead, the identified natural frequencies from 

the FDD and RD methods are compared for validation. Besides, the application of the FDD method 

requires small damping ratios, the damping ratios identified from the RD method helps to verify this 

assumption. 

The general procedure of the FDD method starts from the acceleration recording. Assuming the 

accelerations at l locations are recorded and they are denoted by a l-dimensional vector a(t). The 

corresponding power spectral density matrix G is defined as: 

 

𝐴(𝑖𝜔) = 𝐹[𝑎(𝑡)] (2-1) 

𝐺(𝑖𝜔) = 𝐸[𝐴(𝑖𝜔)𝐴𝐻(𝑖𝜔)] (2-2) 



18 
 

F denotes the Fourier Transformation and it is calculated by the Fast Fourier Transformation for discrete 

data. E denotes the expectation and superscript H denotes the complex conjugate transpose. Equation (2-2) 

can be expressed by the following form for the discrete data. 

 

𝐺(𝑖𝜔) = 𝐴(𝑖𝜔)𝐴𝐻(𝑖𝜔)/𝑛 (2-3) 

 

n is the length of the recorded data. The power spectral density matrix 𝐺(𝑓) is decomposed by SVD 

method: 

 

𝐺(𝑖𝜔) = 𝑈(𝑖𝜔)𝑆(𝑖𝜔)𝑈𝐻(𝑖𝜔) (2-4) 

 

In which, 𝑆(𝑖𝜔) is the r-dimensional singular value matrix corresponding to different circular frequencies; 

and 𝑈(𝑖𝜔) is the 𝑙 × 𝑟 singular left matrix. In this case, the singular right matrix is the same as the singular 

left matrix because 𝐺(𝑖𝜔) is the 𝑙 × 𝑙 square matrix. When the 1st singular value distribution has peaks at 

specified frequencies, the corresponding frequencies are the resonance frequencies of the measured 

building and the corresponding singular vectors are the mode shape vectors. 

The RD method assumes that the expectation of input excitation is zero. The vibration at a location 

includes the steady-state vibration and the transient vibration under a linear system. When the expectation 

of input excitation is zero, the expectation of the steady-state vibration caused by the input excitation is also 

zero. As a result, when accumulating the response acceleration at a location induced by random inputs, the 

steady-state vibration vanishes and only the transient vibration is left. The transient vibration is in the form 

of quasi free vibration. The obtained free vibration time history is then utilized in the system identification 

to obtain the natural frequencies and damping ratios by the auto-aggressive (AR) model. In the application 

of the RD method, the acceleration record from one sensor is used. 

 

 

Figure 2-2 Multi-setup measurement for mode shape identification 
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Next, using multi-setup measurements to obtain mode shapes at many locations is introduced. The 

procedure can be illustrated by the following flowchart in Figure 2-2. In the measurement plan, the total 

measurement is divided into many setups of measurement. Each setup measures microtremor output 

responses at limited locations and at least one fixed location, which means at least one location is measured 

constantly among different setups of measurement. The constantly measured location is named as the 

reference point. The mode shapes in each setup are obtained by using the FFD identification method. The 

separately identified mode shapes are then unified by the mode shape amplitudes at the reference points. 

For example, assuming there are total of 15 measurement points in the objective building while only 

eight sensors are available. The measurement points are named as Locations 0 to 14. The Location 0 is set 

as the reference point and mode shapes at Locations 1 to 7 are obtained from the 1st measurement. The 

mode shapes at Locations 0 to 7 are named as 𝑢0 to 𝑢7, respectively. The mode shape matrix obtained from 

the 1st measurement is named as 𝑈𝐴 . Mode shapes at Locations 8 to 14 are obtained from the 2nd 

measurement. The mode shapes at Locations 8 to 14 are named as 𝑢8  to 𝑢14,  respectively. The 

corresponding mode shape matrix is named as 𝑈𝐵. The global mode shape UAB are obtained by assembling 

UA and UB through 𝑢0: 

 

{
𝑈𝐴 = [𝑢0 𝑢1 … 𝑢7 0 … 0]

𝑈𝐵 = [𝑢0 0 … 0 𝑢8 … 𝑢14]
𝐴𝑠𝑠𝑒𝑚𝑏𝑙𝑒
→       𝑈𝐴𝐵 = [𝑢0 … 𝑢14] (2-5) 

 

2.3.2 Procedure demonstration by Building A 

The microtremor measurements were taken during business hours. In order not to interrupt the customers, 

wireless three-axis accelerometers were utilized and the sampling frequency was 200 Hz. There was a total 

of 42 measurement points while only eight sensors were available. The measurement plan used four fixed 

locations as reference points. Each location is named by a number as shown in Figure 2-3. The red dots 

indicate measurement points. The red dots highlighted by the blue circles are the reference points during 

the microtremor measurements. The green rectangle is the measured area during one measurement. Table 

2-2 is the measurement plan. The accelerometers were set near the columns to avoid local vertical vibration 

from slabs. Due to the complexity of the buildings and the large number of measurement points, the mode 

shapes from two horizontal orthogonal directions were identified separately.  

 

Table 2-2 Measurement plan 

Measurement 

Sequence No. 
Duration (min) Main objective area Sensor location 

1 40  Roof  1, 2, 3, 4, 5, 6, 7, 8 

2 40 Roof 1, 2, 3, 4, 9, 10, 11, 12 

3 20 3rd floor 2, 13, 23, 33, 15, 16, 17, 18 

4 20 3rd floor 3, 14, 24, 34, 19, 20, 21, 22 

5 20 2nd floor 2, 13, 23, 33, 25, 26, 27, 28 

6 20 2nd floor 3, 14, 24, 34, 29, 30, 31, 32 

7 20 1st floor 2, 13, 23, 33, 35, 26, 37, 38 

8 20 1st floor 3, 14, 24, 34, 39, 40, 41, 42 
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(a) 1st and 2nd measurement at the roof floor (b) 3rd and 4th measurement at the 3rd floor 

  
(c) 5th and 6th measurement at the 2nd floor (d) 7th and 8th measurement at the 1st floor 

Figure 2-3 Measurement at Building A 

 

When taking the 1st and 2nd measurements, four accelerometers were installed at same Locations 1 to 4 

and the rest four sensors were installed on Locations 5-8 or 9-12, respectively. In the 3rd, 5th and 7th 

measurements, the reference points were Locations 2, 13, 23 and 33 in the MB area to secure the vertical 

distribution of mode shape. Similarly, Locations 3, 14, 24 and 34 in the MC area were the reference points 

in the 4th, 6th and 8th measurements. Figure 2-4 is the x-directional acceleration time histories on each floor 

in the 3rd measurement to exhibit the microtremor vibration amplitudes. 

In order to reduce the influence of noise, the smoothing process was utilized. The recorded accelerations 

were divided into 20 window parts and each part contained 8,192 data (40.96 s). The SVD was applied to 

the divided data window, then the averaged singular values from the 20 windows passed the Hanning 

Window for five times. Figure 2-5 shows the smoothing process applied to the 1st measurement in the x-

direction. Figure 2-6 is the 1st singular value distributions of the power spectral density matrix of 

acceleration in the 1st and 2nd measurements. 

The peaks on the singular value curves find the resonance modes of the building. The identified modes 

might be either local modes or global modes because the identified modes imply vibrations in each 

measurement area. The identified natural frequencies from the eight measurements are summarized in 

Table 2-3 to investigate if the identified mode is a global mode or a local mode. When modes are found at 

many measurements, the corresponding modes are likely to be the global modes, or else they are local 

modes. The changes of natural frequency are expected because the customers in the buildings were time 

changing and the measurements were taken separately. The variance in the measurements is considered 

when summarizing. The notation ‘-’ means a mode was not found in the corresponding measurement. 
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Location 2 

 
Location 13 

 
Location 23 

 
Location 33 

Figure 2-4 Examples of microtremor acceleration time histories 
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(a) Unprocessed 1st singular value distribution 

 
(b) Averaged 1st singular value distribution 

 
(c) Smoothed by Hanning Window 

Figure 2-5 Smoothing process 

 

Figure 2-6 Distributions of the 1st singular values in the 1st and 2nd measurements 

 

Table 2-3 provides the preliminary estimation to the modes of Building A. The next step is to obtain the 

global mode shapes of the identified modes. For Building A, the global mode shapes were obtained by the 

following procedure: Firstly, the mode shape amplitudes in the x- and y-directions at Location 1 was set as 

unity in the 1st and 2nd measurement. The mode shape amplitudes at other locations were assembled by the 

mode shape amplitude at Location 1. Next, the x- and y-directional mode shape amplitudes at Location 2 in 

the 3rd and 5th and 7th measurements were set as unity to assemble the mode shapes at other locations in the 

three measurements. Similarly, the x- and y-directional mode shape amplitudes at Location 3 in the 4th, 6th 

and 8th measurements were set as unity to assemble the mode shapes at other locations in the three 



23 
 

measurements. Then, the mode shape amplitudes at Locations 2, 13, 23 and 33 were averaged to obtain the 

vertical mode shape distribution in the MB area. The mode shapes at Locations 3, 14, 24, 34 were averaged 

for the vertical mode shape distribution in the MC area. Lastly, the mode shaped amplitudes obtained from 

the 3rd to 8th measurements were assembled according to the mode shape amplitudes among Locations 1, 2 

and 3. 

 

Table 2-3 Identified natural frequencies (Hz) from FDD method 

Measurement 

sequential No. 
1 2 3 4 5 6 7 8 

x-direction 

2.25 2.25 2.20 2.20 2.20 - 2.25 2.22 

2.56 2.56 2.59 2.54 - 2.59 2.56 2.56 

3.30 - 3.30 3.27 3.27 - - 3.30 

- - - 3.54 - 3.52 - - 

3.83 3.83 3.83 3.86 3.83 - - 3.83 

- - - - 3.98 - - - 

- - - - - - - 4.76 

- 5.27 - - - - - - 

- - 5.64 5.62 - - - - 

- - - - - 5.76 5.81 5.71 

5.98 - 5.88 - - - - - 

6.52 - - - - - - - 

6.74 6.73 - - - - - - 

- - - - - 6.86 6.93 6.91 

y-direction 

2.25 2.22 2.22 2.22 2.22 2.22 2.22 2.22 

2.56 2.56 2.59 2.56 - 2.56 - 2.59 

- - - - - - 2.69 - 

3.52 - 3.52 3.54 3.56 3.54 3.52 - 

3.83 3.81 - 3.86 - 3.78 3.86 3.93 

- - - - - 5.35 - - 

5.64 - - 5.64 - - - 5.69 

- - - - 5.98 - - - 

- 6.25 - - - - - - 

 

Figure 2-7 shows part of identified mode shapes in Building A. The red dots are the measured locations. 

The black arrows are the mode shape amplitudes at each measured location and the white arrows exhibit 

the general trend of the mode shape in the specific area. The mode shapes are normalized by the reference 

point (Location 1 in Figure 2-7), the reference point is highlighted by the green circle. The lengths of the 

black arrows at the reference point represent that the x- and y-directional mode shape amplitudes are unities. 

The mode shape identifications were conducted separately because of the multi-setup measurements. When 

the identified natural frequencies from the two directions are identical or close to each other, the mode 

shape vectors are drawn on the same figure.  
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Figure 2-7 Mode shapes of Building A 

 

The 1st global x- and y-directional modes are at 2.22 Hz and 2.23 Hz, respectively. This might be because 

of the asymmetric planar shape. Based on the vertical mode shape amplitude, the 2.22 Hz and 2.23 Hz 

modes are confirmed as the global lateral modes. It is also possible that the single mode actually appears 

with large mode shape amplitudes in two directions simultaneously at 2.22 Hz and 2.23 Hz. The global 

lateral modes are accompanied with torsion. The mode shape amplitudes in the MA are is larger while the 

amplitudes in the MD and ME areas are smaller in the 2.22 Hz and 2.23 Hz modes. The 2.57 Hz mode is 

identified in both the x- and y-directions, the x-directional mode shape amplitudes in the MA and MB areas 

are in the opposite direction to the amplitudes in other areas, so this mode is considered the 1st torsional 

mode. Similar to the 2.23 Hz mode, the y-directional amplitudes in the MA and MB areas are in opposite 
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directions on the 3rd floor. At 3.30 Hz, the local x-directional mode is observed in the MA area on the roof 

floor, the mode is likely to be caused by the EXP.Js. In the 3.52Hz mode, the mode shape amplitudes in the 

MA and MB areas are opposite to the amplitudes in the MC area, which is also likely caused by the EXP.Js. 

Similar local modes are observed at 3.85 Hz in the x- and y-directions where the mode shape amplitudes in 

the MA, MB areas are in the opposite direction to the ones in the MC and MD areas. The measurement 

points were away from the atria and thus the influence of atria is not observed. Modes with frequencies 

higher than 5 Hz are also shown in Table 2-3. Most of them are local modes that have large amplitudes in 

specific areas. The 1st natural period of a building can be roughly estimated based on its height by 

multiplying a coefficient. For steel structures, the coefficient is 0.03 according to the Building Standard 

Law [16]. The height of the building is 23.1 m and the corresponding estimated 1st natural frequency 1.44 

Hz. The estimated 1st natural frequency about 50% larger comparing to the identified values. The mode 

shapes in Figure 2-7 suggest that the rigid floor assumption is not applicable. 

 

Table 2-4 Identified natural frequencies and damping ratios from RD method 

x-direction y-direction 

Freq. (Hz)  

by FDD 

Freq. (Hz)  

by RD 

Damping ratio 

(%) 

Freq. (Hz)  

by FDD 

Freq. (Hz)  

by RD 

Damping ratio 

(%) 

2.22 2.25 2.5 2.23 2.24 2.2 

2.57 2.60 2.4 2.57 2.59 2.6 

3.30 3.40 2.0 3.42 3.45 1.8 

3.85 3.84 1.6 3.85 3.81 1.7 

 

 
(a) Original acceleration 

 
(b) Accumulated acceleration 

Figure 2-8 An example of RD method 
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The RD method was utilized to identify natural frequencies and damping ratios. When identifying a 

mode within a specific range, the recorded acceleration at a location firstly passed through a bandpass filter 

to neglect other mode components. Then 4,000 time-window pieces of data were picked from the 

acceleration time history. Those windows were picked based on the peaks in the acceleration time history, 

which means each window had a peak acceleration at the beginning. Figure 2-8(a) shows the x-direction 

acceleration time history at Location 1 in the 1st measurement and the demonstration of the window picking. 

To increase the number of pieces, there were overlapped parts during different windows. Figure 2-8(a) only 

shows part of the recorded microtremor data for the better demonstration. Figure 2-8(b) is the accumulated 

acceleration time history and the amplitude is normalized by the maximum value. The response of steady-

state part vanished and only the transient vibration part was left in the form of free vibration. Then the 

natural frequency and damping ratio of the specified mode were identified by the AR model. The 

accelerations on the roof floor are utilized and the averaged natural frequencies and damping ratios are 

listed in Table 2-4. The RD identification results are close to the FDD identification results so the identified 

modal properties are reliable. 

 

2.4 Modal Properties of Other Buildings 

The identified modal properties of Building A have been introduced in Section 2.3 as an example of the 

multi-setup measurement process. This section introduces the identification results of the rest five buildings. 

The six buildings (including Building A) are different from each other from the structural viewpoint, their 

modal properties in common reflect the overall dynamic characteristics of large-scale low-rise buildings. 

Unlike Building A where the measurement process is introduced in detail, this section only shows the 

identification results. In addition, this section mainly focuses on the mode shapes at lower frequencies and 

exhibits the corresponding mode shapes. The reported modes mostly have mode shapes that are against the 

rigid-floor assumption.   

 

2.4.1 Building B 

Figure 2-9 shows the representative mode shapes of Building B. The EXP.J thoroughly divides the building 

into two parts along its height. The two parts are named as MN and MS as shown in Table 2-1. The 

effectiveness of the EXP.J can be observed because the mode shape amplitudes at the two sides of the joint 

are in opposite directions. For the MS part, the 1st y-directional mode with torsion is observed at 1.38 Hz. 

The 1st x-directional mode is at 1.50 Hz. The 1st torsional mode is at 1.54 Hz. For the MN part, the 1st x-

directional mode is also at 1.50Hz, which is same as the 1st x-directional mode at MS part. However, the 1st 

y-directional mode is at 1.54 Hz and the 1st torsional mode is at 1.92 Hz. Interactions between the two parts 

of the building are observed, the small mode shape amplitudes are observed in the one part and large 

amplitudes in the other. The mode shape amplitudes at the two sides of the EXP.J are in opposite directions 

in the 2.17 Hz mode. Local torsional mode is found at 2.60 Hz. A local lateral mode with large amplitudes 

in one sub-area is found at 3.99 Hz, the large amplitudes at specific area are likely because of the movie 

theater in the MS area and the large space dining area in the MN area on the 4th floor. The identified mode 
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shape amplitudes at the two sides of atria are in the same direction. The identified damping ratio in the 1.38 

Hz mode is 1.1% and the values are 1.8-2.8% in the 1.54 Hz, 1.92 Hz and 2.17 Hz modes. 

 

Figure 2-9 Mode shapes of Building B 

 

2.4.2 Building C 

Figures 2-10 and 2-11 shows the representative mode shapes of Building C. The local lateral mode on the 

6th floor is observed at 1.51 Hz in both the x- and the y-directions simultaneously. The y-directional local 

mode in the parking area is observed at the 2.45 Hz and the x-directional modes are observed on the 4th 

floor at 2.63 Hz and on the 5th and 6th floors at 2.88 Hz. The three modes are the local modes in the parking 

area since they are not found on the lower floors. The reason is because the upper three floors are made of 

steel while the 1st to 3rd floors are made of SRC. The local modes are likely caused by the inconsistent 

stiffness.  

The global lateral modes in the Building C are at 3.17 Hz in the y-direction and 3.58 Hz in the x-

direction. The two modes are coupled with torsional components but the levels of lateral-torsional coupling 

are different at different areas. The damping ratios of the six modes mentioned above are around 1%. 

The local torsional modes are observed at the right part of the building at 4.36 Hz and 4.92 Hz. A y-

directional mode is found at 5.76 Hz, the mode shape amplitudes at the upper and bottom areas are in 
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opposite directions. Although the atria are set on the 1st to 3rd floors, mode shape amplitudes around the 

atria are in the same direction. Although the building has no EXP.Js, local modes that are only at specific 

area are observed at 2.88 Hz, 3.17 Hz, 3.58 Hz and 4.36 Hz.  

 

 

Figure 2-10 Modes at 1.51 Hz to 3.17 Hz of Building C 
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Figure 2-11 Modes at 3.58 Hz to 5.76 Hz of Building C  

 

2.4.3 Building D 

Figure 2-12 shows the representative mode shapes of Building D. The main structure is connected with a 

parking lot as a sub-structure and therefore the measurements were taken at both the main structure and the 

sub-structure. The mode shapes in the Building D are complicated because the height levels of the floors in 

the parking lot are different from ones of the main structure floors. The candidates of the 1st global torsional 

mode are the 2.39 Hz and 2.80 Hz modes, but the 1st global lateral modes are not found. Instead, many 

local modes are observed such as the y-directional mode at the left part of the main structure at 1.83 Hz. 

The measurement point on the left part of the parking lot, highlighted by the blue circle in Figure 2-12 is 

the slope end for the cars to move upwards and downwards, the mode shape amplitudes at this location are 

generally large. The x-directional global mode of the parking lot is at 2.08 Hz, the measurement points far 

from the main structure have obvious mode shape amplitudes as well. It implies the connection of the two 

structures. This phenomenon is also observed at 2.71 Hz. At 4.63 Hz, mode shape amplitudes at the two 

sides of the atrium are in opposite directions. The identified damping ratios for the modes mentioned above 

are 1-2%. 
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Figure 2-12 Mode shapes of Building D 

 

2.4.4 Building E 

Figure 2-13 shows the representative mode shapes of Building E. The building is divided into three areas 

by the EXP.Js. The three areas are named as MW, MC and ME as shown in Table 2-1. Many local modes 

in one or two of the three areas are identified. The 1st x-directional mode of the ME and MC areas is at 1.47 

Hz. The mode shape amplitudes in the MW area are small and the MW area seems to be pulled by the MC 

area. The 1st x-directional mode of the MW area is at 2.09 Hz. The 1st torsional modes of the three areas are 

found at 2.71 Hz. Large atria and skylights are installed in the MC area and the local mode at one side of 

the skylights is observed at 3.56 Hz. The mode shape amplitudes near atria and skylights are generally 

different from each other. For example, the mode shape amplitudes around atria are different in lengths and 

directions in the local modes at 4.15 Hz, 5.37 Hz, 5.42 Hz and 5.71 Hz. The identified damping ratio in the 

1st x-directional mode in the ME and MC areas is 1.0-1.2% while the damping ratio in the 1st x-directional 

mode of the MW area is 1.2-1.8%. The damping ratio in the 1st y-directional modes of the ME, MC and 

MW areas are 0.5%, 1.2-1.5% and 1.0-1.6%, respectively. 
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Figure 2-13 Mode shapes of Building E 

 

2.4.5 Building F 

Figure 2-14 shows the representative mode shapes of Building F. The 1st global x-directional mode is at 

2.44 Hz. The influence of the atrium on the 3rd floor is observed in the 2.44 Hz mode, the mode shape 

amplitudes at the two sides of the atrium are in opposite directions. The 1st global y-directional mode is at 

2.74Hz. The 1st torsional mode is at 3.39 Hz. In the x-directional mode at 4.28 Hz, the shape amplitudes in 
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the left part are in the opposite direction to the amplitudes in the right part. The damping ratios of 1st lateral 

modes are around 1.8% in both the x- and y-directions while the damping ratio of the 1st torsional mode is 

around 1.7%. 

 

 

Figure 2-14 Mode shapes of Building F 

 

2.5 Needs of New Dynamic Response Model for Seismic Response Prediction 

The dynamic characteristics of the large-scale low-rise buildings are summarized based on the identified 

modal properties of the six measured buildings. The modal properties include the natural frequencies, 

damping ratios and mode shapes, among which the identified mode shapes are of particular interest. The 

identified mode shapes of the six buildings imply that the rigid-floor assumption is not applicable to this 

kind of structure. As a result, a new model is required for seismic response prediction.  

The 1st natural period of a building can be estimated by multiplying the height of the building with a 

coefficient according to Reference 16. The coefficient is based on the type of the structure and the value is 

0.03 for steel structures. For Building F, the coefficient is set as 0.025 because half of the building is made 

of steel and another half is made of SRC. Buildings C and D are not estimated because their structures are 

complicated. Half of Building C is made of steel and another half is made of SRC and there is a local 6th 

floor on the top. The two factors make it difficult to estimate the building height and determine the 

coefficient for the 1st natural period estimation. Building D is also made of steel and SRC, the height levels 

of the floors of the parking lot are different from the main structure floors so it is also difficult to estimate 

the 1st natural period. The heights of Building A and F are obtained from design documents while others are 

from observations. The identified 1st x- and y-directional modes are different in some of the buildings. 

Table 2-5 summarizes the lowest identified natural frequencies of the 1st global modes and the estimated 

values of the four buildings. 
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Table 2-5 Identified 1st natural frequencies 

 Building A Building B Building E Building F 

Identified 2.22 Hz 1.38 Hz 1.47 Hz 2.44 Hz 

Estimated 1.44 Hz 1.15 Hz 2.40 Hz 1.67 Hz 

Variance +54% +20% -39% +46% 

 

The identified 1st natural frequencies of Buildings A, B and E are higher than the estimated values. A 

reason is that the non-structural components would provide stiffness under small vibration. The filling 

walls might contribute 60% extra stiffness to the lateral load resisting system in a tall building according to 

the numerical simulation analysis [17]. Some experiments also suggest that the non-structural components 

influence the modal properties of a building [18, 19]. The non-structural components like infill walls are 

actually added in the numerical model when using the modal properties identified from ambient vibration 

testing to calibrate the numerical model [20]. The increased stiffness from the non-structural components is 

reduced during an earthquake and the estimated 1st natural frequency in Reference 16 considers the 

stiffness reduction. In fact, the stiffness provided by the non-structural components can be reduced even 

under wind loads [21]. Therefore, the overestimation of the 1st natural frequency from microtremor 

measurements are reasonable. However, Building E shows different trend because the identified 1st natural 

frequency is significantly smaller than the estimated value. Since there is not available data that records the 

modal properties of large-scale low-rise buildings under an earthquake, the inconsistent trend between the 

identified natural frequencies and estimated natural frequencies is difficult to explain.  

Table 2-5 implies that the variances of 1st natural frequencies when under microtremor measurements 

and an earthquake might vary from 40% lower to 50% higher in large-scale low-rise buildings. The range 

of the variance is significantly larger compared to the observed 1st natural frequency variances in high-rise 

buildings. Celebi et al. compared the 1st natural frequency and damping ratio of five tall buildings under 

microtremor measurements and the 1989 Loma Prieta Earthquake. The decrease of the 1st natural frequency 

was 10-15% for steel structures and 20-30% for RC structures [22-25]. Kohler et al. compared the 1st 

natural frequency of a 17-story steel building identified from microtremor measurements and two 

earthquakes, the Encino Earthquake and the Yorba Linda Earthquake. The 1st natural frequency in one 

direction dropped from 0.55 Hz to 0.51 Hz and from 0.59 Hz to 0.52 Hz in the other direction [26]. Dunand 

et al. analyzed the changes in natural frequency of two buildings during more than ten earthquakes. One is 

a 12-story steel building and the other is a 9-story RC building. The decreases of their 1st natural 

frequencies were also around 20% compared to the values from microtremor measurements for steel 

structures [27, 28]. Celebi et al. investigated the changes in the natural frequencies of two tall steel 

buildings in Tokyo under the Tohoku Earthquake. The identified 1st natural frequencies of the two 

buildings under the mainshock were compared with the values obtained from the pre-shock. There were   

10% decreases in both two buildings [29]. When the 1st natural frequencies under earthquakes are 

compared to ones under microtremor, the identified larger-scale low-rise buildings have larger variances in 

the natural frequencies than tall buildings.  
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The damping ratios for the 1st global modes (the 1st x- and y-direction lateral modes and the 1st torsion 

mode) are around 1-2.5%. The values are consistent with the conventional designed values. The differences 

caused by the types of the structure (steel structure and SRC structure) are not observed. 

The lateral-torsional coupling property is observed in the 1st lateral modes in L-shaped buildings like 

Buildings A, B and C. The mode shape amplitudes at the measured locations on each floor have different 

values and the mode shape amplitudes at some locations are in the opposite direction to others. The 

influences of EXP.Js on the mode shapes are similar in Buildings A, B, D and E. Local modes are observed 

at the small sub-areas divided by the EXP.Js. Mode shape amplitudes at the two sides of the joint are 

sometimes in opposite directions. Local modes around atria and skylights are observed in Buildings E and 

F. Some identified modes show that the mode shape amplitudes at the two sides of the atria and skylights 

are in opposite directions, especially in Building E because it has relatively larger atria and skylights. The 

different mode shape amplitudes in lengths and directions on the same floor suggest that the rigid floor 

assumption is not applicable to large-scale low-rise buildings. 

The effectiveness of EXP.Js is observed even at the microtremor level. In Building A where the EXP.Js 

are installed only on the roof floor, the mode shape amplitudes around the EXP.Js are different in lengths 

and directions in the identified modes. When the EXP.Js thoroughly divide the structure like Buildings B, 

D and E, the divided sub-areas have individual local modes. But the sub-areas are still weakly connected 

because modes with large mode shape amplitudes at one sub-structure also have small mode shape 

amplitudes at the nearby sub-substructures. In Building E, it is observed well that the local mode where two 

of the three sub-areas are excited. 

Local modes are also found in large spaces such as the dining area, theater and shopping area are found. 

The reason is that those areas have fewer partition walls and thus the stiffness is relatively weak compared 

to other areas. 

 

2.6 Conclusions 

Six commercial buildings were selected and microtremor measurements were taken to investigate the 

dynamic characteristics of large-scale low-rise buildings. The six buildings are different from each other in 

planar shapes, the existence of EXP.Js and the structure types. The natural frequencies, and the 

corresponding damping ratios and mode shapes are identified to extract the dynamic characteristics in 

common. The global mode shapes were identified by applying multi-setup measurements because the 

measurements were performed using limited accelerometers. The main conclusions are summarized below: 

(1) Many locations on the same floor were measured. The mode shape amplitudes on the same floor are 

generally different and some locations have mode shape amplitudes in the opposite direction to others. 

The mode shape amplitude differences on the same floor are likely caused by the large planar area 

because they can be observed in both L-shaped buildings and other shaped buildings. Many identified 

modes have obvious lateral-torsional coupling. The mode shape amplitudes at the two sides of the 

EXP.Js, atria and skylights are in opposite directions in some identified modes. Local modes are also 

found in large areas like dining areas, and sub-areas divided by the EXP.Js, atria and skylights. The 
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identified mode shapes suggest that the rigid floor assumption is not applicable to large-scale low-rise 

buildings. 

(2) The identified 1st natural frequencies are different from the estimated values from the Building 

Standard Law. The variances vary from 40% lower to 50% higher. However, the 1st natural 

frequencies during an earthquake are generally 10-20% lower than the values identified from 

microtremor measurements of high-rise steel buildings. 

(3) The damping ratios in the 1st global modes are around 1.0-2.5%. The difference between steel 

structures and SRC structures is not found. Despite the possibility of measurement variances, an 

explanation is that the measurement is at the microtremor level. 
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Chapter 3  

Dynamic Response Modelling Based on Microtremor 

Measurement 
 

 

 

3.1 Introduction  

This chapter introduces a new modelling process to a building with floor flexibility based on the modal 

properties identified from microtremor measurements [1, 2]. The modelling is to establish modal equations 

of motion from the identified modal properties. After the modelling, the seismic response of the measured 

building under a given ground motion can be predicted. There are other different methods that use modal 

properties from microtremor measurements to model a building [3-5]. The proposed modelling process in 

References 1 and 2 is based on Reference [6]. The major difference among the prediction methods in 

References 1 to 5 is the participation vector approximation. In References 3 to 5, the objective building is 

modelled as a stick-shape lumped mass model under the rigid-floor assumption. The stick-shape lumped 

mass model is convenient for the mass matrix estimation and the estimated mass matrix is useful in the 

participation vector approximation. However, the rigid-floor assumption is not applicable to all kinds of 

structures as explained in Chapter 2. The participation vector approximation in References 1, 2 and 6 have 

the advantage which does not assume a certain floor rigid, but it requires further detailed discussion and 

supplements in the later chapters. Although the participation vector approximation methods are different, 

the seismic response prediction procedures in References 1 to 6 can be summarized by the flowchart in 

Figure 3-1:  

 

 

Figure 3-1 General prediction procedure 

 

The prediction method starts with applying microtremor measurement to the objective building. The 

natural frequencies, and the corresponding damping ratios and mode shapes in lower vibration modes can 

be identified from microtremor measurements. Next, the participation vector corresponding to the 

identified modes is approximated via the mode shapes. The seismic response of the measured building 

under a given ground motion can be predicted by solving the introduced modal equations of motion. The 
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natural frequencies and damping ratios identified from measurements are expected to be modified for the 

seismic response prediction. It is because they are generally different when during microtremor 

measurements and earthquakes. The natural frequencies and damping ratios can be updated by using the 

recorded seismic responses and the input ground motion when a vibration observation system is installed. 

They can also be directly modified by factors determined by engineering viewpoints. 

This chapter introduces the outline and concept of the modelling process based on microtremor 

measurement and is ranged as follows: The modelling to the measured buildings based on the modal 

properties from microtremor measurement is in Section 3.2. Section 3.3 expands the single-dimensional 

(1D) model used in Section 3.2 to the two-dimensional (2D) model. The expanded model fully considers 

the lateral-torsional coupling property that the modes in large-scale low-rise buildings are likely to have. 

Then a model selection process that decides if to use the 1D or 2D model is added to the general prediction 

procedure in Figure 3-1. Lastly, Section 3.4 concludes this chapter. 

 

3.2 Seismic Response Prediction at Measured Locations 

3.2.1 Modal equation of motion 

The 1D model is utilized to demonstrate the modelling of a multi-degree-of-freedom (M-DOF) linear 

building based on the modal properties identified from microtremor measurements. In the 1D model, only 

the horizontal vibrations in the same direction of the input ground motion are considered. When the 1D 

model with n lumped masses is subjected to the single-directional ground motion, that is the x-directional 

ground motion, the equation of motion is written as: 

 

𝑀𝑥�̈�(𝑡) + 𝐶𝑥�̇�(𝑡) + 𝐾𝑥𝑥(𝑡) = −𝑀𝑥𝑒�̈�0(𝑡) (3-1) 

 

In which, 𝑀𝑥, 𝐶𝑥 and 𝐾𝑥 are the x-directional n × n mass, damping and stiffness matrices, respectively. 𝑒 is 

the n-dimensional unit vector for an input. x(t) is the n-dimensional relative displacement vector to the base 

and �̈�0(𝑡) is the seismic input acceleration in the x-direction. The dot means differential with respect to 

time. 

The relative displacement vector x(t) can be expressed by the n × n mode shape matrix 𝑈𝑥 and the n-

dimensional modal displacement vector q(t) under a linear assumption: 

 

𝑥(𝑡) = 𝑈𝑥𝑞(𝑡) (3-2) 

 

Equation (3-2) can be rewritten in the scalar form: 

 

𝑥𝑖(𝑡) =∑𝑢𝑖,𝑗
𝑥 𝑞𝑗(𝑡)

𝑛

𝑗=1

 (3-3) 

 

Here 𝑥𝑖(𝑡) is the relative displacement at the ith node, 𝑞𝑗(𝑡) is the modal displacement in the jth mode. 𝑢𝑖,𝑗
𝑥
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is the mode shape component in the mode shape matrix 𝑈𝑥, it means mode shape amplitudes at the ith node 

in the jth mode. The n-DOF model assumes the lumped masses are located at the locations where 

microtremors are measured. For example, when multiple locations on each floor are measured in a L-

shaped 4-story building as shown in Figure 3-2, the proposed method assumes multiple masses are lumped 

at those measured locations. All the nodes on a floor are connected by a flexible plate, the two nodes on 

two near floors are connected by a spring (the blue line) when they are at the same/near horizontal locations. 

However, the stick-shape lumped mass models in References 3 to 5 consider each floor as a single mass. 

 

 

Figure 3-2 Analytical model considering floor flexibility 

 

Therefore, the mode shape amplitude 𝑢𝑖,𝑗
𝑥  can be identified from microtremor measurements. When the 

damping matrix is assumed to be proportional to the mass and stiffness matrices, Equation (3-1) can be 

transformed to the modal equations of motion: 

 

𝑈𝑥
𝑇𝑀𝑥𝑈𝑥�̈�(𝑡) + 𝑈𝑥

𝑇𝐶𝑥𝑈𝑥�̇�(𝑡) + 𝑈𝑥
𝑇𝐾𝑥𝑈𝑥𝑞(𝑡) = −𝑈𝑥

𝑇𝑀𝑥𝑒�̈�0(𝑡) (3-4) 

 

The superscript ‘T’ means transposing. By left multiplying the inverse matrix of 𝑈𝑥
𝑇𝑀𝑥𝑈𝑥 to the both 

sides of Equation (3-4), Equation (3-4) is transformed from the differential equations with coupled n 

variables in Equation (3-1) into the decoupled differential equations in Equation (3-5):  

 

{

𝑞1̈(𝑡)

𝑞2̈(𝑡)
⋮

𝑞�̈�(𝑡)

} + [

2ℎ1𝜔1 0 ⋯ 0
0 2ℎ2𝜔2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 2ℎ𝑛𝜔𝑛

] {

𝑞1̇(𝑡)

𝑞2̇(𝑡)
⋮

𝑞�̇�(𝑡)

} +

[
 
 
 
𝜔1
2 0 ⋯ 0

0 𝜔2
2 ⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜔𝑛

2]
 
 
 
{

𝑞1(𝑡)

𝑞2(𝑡)
⋮

𝑞𝑛(𝑡)

} = − [

𝛽1
𝑥

𝛽2
𝑥

⋮
𝛽𝑛
𝑥

] �̈�0(𝑡) (3-5) 

 

where 

 

(𝑈𝑥
𝑇𝑀𝑥𝑈𝑥)

−1𝑈𝑥
𝑇𝐶𝑈𝑥 = [

2ℎ1𝜔1 0 ⋯ 0
0 2ℎ2𝜔2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 2ℎ𝑛𝜔𝑛

] (3-6) 
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(𝑈𝑥
𝑇𝑀𝑥𝑈𝑥)

−1𝑈𝑥
𝑇𝐾𝑈𝑥 =

[
 
 
 
𝜔1
2 0 ⋯ 0

0 𝜔2
2 ⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜔𝑛

2]
 
 
 
 (3-7) 

(𝑈𝑥
𝑇𝑀𝑥𝑈𝑥)

−1𝑈𝑥
𝑇𝑀𝑥𝑒 = 𝑈𝑥

−1𝑀𝑥
−1(𝑈𝑥

𝑇)−1𝑈𝑥
𝑇𝑀𝑥𝑒 = 𝑈𝑥

−1𝑒 = [

𝛽1
𝑥

𝛽2
𝑥

⋮
𝛽𝑛
𝑥

] (3-8) 

 

ωj and hj are the circular natural frequency and the corresponding damping ratio in the jth mode, 

respectively. 𝛽𝑗
𝑥 is the x-directional participation factor in the jth mode, it represents the weight of the x-

direction ground motion in the jth modal equation of motion. Equation (3-5) can be rewritten in the scalar 

equation for the jth mode (j=1, 2…n):  

 

�̈�𝑗(𝑡) + 2ℎ𝑗𝜔𝑗�̇�𝑗(𝑡) + 𝜔𝑗
2𝑞𝑗(𝑡) = −𝛽𝑗

𝑥�̈�0(𝑡)  (3-9) 

 

The relationship between the participation vector and the mode shape matrix can be written in two ways, 

one is based on Equation (3-8) using the following form: 

 

[
 
 
 
𝑢1,1
𝑥 𝑢1,2

𝑥 … 𝑢1,𝑛
𝑥

𝑢2,1
𝑥 𝑢2,2

𝑥 … 𝑢2,𝑛
𝑥

⋮ ⋮ ⋱ ⋮
𝑢𝑛,1
𝑥 𝑢𝑛,2

𝑥 … 𝑢𝑛,𝑛
𝑥 ]
 
 
 

[

𝛽1
𝑥

𝛽2
𝑥

⋮
𝛽𝑛
𝑥

] = {

1
1
⋮
1

} (3-10) 

 

The other utilizes the orthogonal property of the mode shape matrix so that the participation factor 𝛽𝑗
𝑥 is 

only related to the corresponding n-dimensional mode shape vector 𝑢𝑗
𝑥: 

 

𝛽𝑗
𝑥 =

𝑢𝑗
𝑥𝑇𝑀𝑥𝑒

𝑢𝑗
𝑥𝑇𝑀𝑥𝑢𝑗

𝑥 (3-11) 

 

The mass, damping and stiffness matrices are required when the measured building is interpreted by the 

equations of motion as Equation (3-1). However, the measured building can also be described by the modal 

equations of motion as Equation (3-5) when natural frequencies, damping ratios, mode shapes and 

participation vector are available. Then the mass, damping and stiffness matrices are not needed for the 

proposed seismic prediction method. 

 

3.2.2 Approximation of participation vector for seismic input 

As shown in Equation (3-5), the seismic response under a given ground motion can be calculated when the 

natural frequencies, the corresponding damping ratios, mode shapes and participation vector are available. 

The former three properties can be obtained from microtremor measurements while the participation vector 

cannot be directly obtained. The participation vector relates to the input excitation while the microtremor 

measurement belongs to the ambient vibration testing. It is noted that the natural frequencies and damping 
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ratios require modification because they are generally different during microtremor measurements and 

earthquakes even if no structural damage occurs as explained in Chapter 2. 

References 3 to 5 approximate the participation factor of each identified mode using Equation (3-11). 

However, when not using the rigid-floor assumption and setting multiple nodes on each floor to consider 

floor flexibility, the mass matrix estimation becomes difficult for an actual building without its design 

documents. The participation vector approximation needs to be based on Equation (3-10) rather than 

Equation (3-11) to avoid accessing the mass matrix.  

When n locations are selected in microtremor measurements, the number of identified modes is generally 

smaller than the number of measurement points as implied in Chapter 2. It is not guaranteed that using 

mode shapes at all measured locations has the best participation vector approximation accuracy. Therefore, 

the proposed participation vector approximation method considers the possibility that mode shapes at some 

locations are neglected. Assuming that m (m ≤ n) modes identified from microtremor measurements with 

mode shapes at l (l ≤ n) locations are utilized in the participation vector approximation, Equation (3-10) is 

approximated by 

 

𝑈𝑥
′𝛽𝑥
′ ≈ 𝑒′ (3-12) 

 

wherein 

 

𝑈𝑥
′ =

[
 
 
 
𝑢1,1
𝑥′ 𝑢1,2

𝑥′ ⋯ 𝑢1,𝑚
𝑥′

𝑢2,1
𝑥′ 𝑢2,2

𝑥′ ⋯ 𝑢2,𝑚
𝑥′

⋮ ⋮ ⋱ ⋮
𝑢𝑙,1
𝑥′ 𝑢𝑙,2

𝑥′ … 𝑢𝑙,𝑚
𝑥′
]
 
 
 

 

 

(3-13) 

𝛽𝑥
′ = [𝛽1

𝑥′ 𝛽2
𝑥′ ⋯ 𝛽𝑚

𝑥′]𝑇 (3-14) 

 

𝑈𝑥
′  is the identified l × m mode shape matrix and 𝛽𝑥

′  is the corresponding approximated m-dimensional 

participation vector. 𝑒′ is the l-dimensional unit vector. 𝛽𝑗
𝑥′ is the approximated x-directional participation 

factors in the jth mode. 𝑢𝑖,𝑗
𝑥′  is the identified x-directional mode shape amplitude at the ith node in the jth 

mode. The superscript ‘’’ for x distinguishes the mode shape amplitudes in Equation (3-12) from 

amplitudes in Equation (3-10). In general, the sums of participation functions, i.e., 𝑈𝑥𝛽𝑥 in the left part of 

Equation (3-10) are not influenced by the mode shape normalization. This generality is followed by the 

proposed method: the sums of approximated participation functions, i.e., 𝑈𝑥
′𝛽𝑥
′  in the left part of Equation 

(3-12) are not influenced by the mode shape normalization. To simplify the mode shape normalization, the 

identified mode shape vector in the jth mode, is recommended to be normalized by:  

 

∑𝑢𝑗,𝑖
𝑥′2

𝑛

𝑗=1

= 1 (3-15) 

 

The approximated participation vector in Equation (3-12) is obtained by using the Least Squares Method 
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(LSM): 

 

𝛽𝑥
′ = (𝑈𝑥

′𝑇𝑈𝑥
′)−1𝑈𝑥

′𝑇𝑒′ (3-16) 

 

The application of LSM requires the number of identified variables be less than or equal to the number of 

equations, i.e., m ≤ l, which is generally satisfied in practical situations. For example, less than 10 modes 

for l can be identified while there are often more than 40 measurement points for n in microtremor 

measurements for large-scale low-rise buildings in Chapter 2. The LSM aims the minimize the errors 

between left part of Equation (3-12) and the right part at all selected nodes. However, the errors on the 

higher floors are generally smaller while the errors on the lower floors are larger when a few lower modes 

are utilized [7]. Therefore, only applying LSM to mode shapes at higher floors might lead to better 

participation vector approximation results, which is the reason that mode shapes at l (l ≤ n) locations are 

utilized in the approximation. 

 

3.2.3 Seismic response prediction at sensor locations 

After the participation vector is approximated by the identified mode shapes, the modal displacements of 

the identified modes under a given ground motion can be obtained by solving the modal equations of 

motion with the approximated participation factors: 

 

�̈�𝑗
′(𝑡) + 2ℎ𝑗𝜔𝑗�̇�𝑗

′(𝑡) + 𝜔𝑗
2𝑞𝑗
′(𝑡) = −𝛽𝑗

′�̈�0(𝑡)   (3-17) 

 

𝑞𝑗
′(𝑡) is the modal displacement in the jth mode obtained from the approximated participation factor. Then 

the seismic responses at the measured locations can be obtained by the mode superposition method: 

 

{

𝑥1(𝑡)

𝑥2(𝑡)
⋮

𝑥𝑛(𝑡)

} =

[
 
 
 
𝑢1,1
𝑥′ 𝑢1,2

𝑥′ … 𝑢1,𝑚
𝑥′

𝑢2,1
𝑥′ 𝑢2,2

𝑥′ … 𝑢2,𝑚
𝑥′

⋮ ⋮ ⋱ ⋮
𝑢𝑛,1
𝑥′ 𝑢𝑛,2

𝑥′ … 𝑢𝑛,𝑚
𝑥′ ]
 
 
 

{

𝑞1
′ (𝑡)

𝑞2
′ (𝑡)
⋮

𝑞𝑚
′ (𝑡)

} (3-18) 

 

It is important to understand that the natural frequencies and damping ratios identified from microtremor 

measurements are generally different from the ones under an earthquake even if no structural damage 

occurs. The natural frequencies and damping ratios used in Equation (3-17) need to be either updated when 

an observation system is installed to identify the natural frequencies and damping ratios during the 

earthquake, or modified by factors based on massive case studies. 

In summary, it is possible to model a M-DOF linear building by the modal equations of motion using 

natural frequencies, damping ratios, mode shapes as discussed in this section. Those properties can be 

identified from microtremor measurements. As a result, the seismic response of the objective building 

under a given ground motion can be predicted. The modal equations of motion are the step stone in the 

modelling because the mass matrix, stiffness matrix and damping matrix inevitably require the design 
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documents of the objective building. 

 

3.3 Dimension Expansion of Modelling Considering Lateral-torsional Coupling Directly 

The 1D model is utilized in Section 3.2 to demonstrate the concept of building modelling based on 

microtremor measurement. However, some large-scale low-rise buildings have asymmetric planar shapes, 

which means the identified modes are likely to have lateral-torsional coupling. The lateral-torsional 

coupling property means the seismic responses in one direction, at those measured locations, might be 

induced by orthogonal ground motions. However, the 1D model cannot consider the vibrations induced by 

orthogonal ground motions. 

The researches on lateral-torsional coupling are mainly based on the stick-shaped lumped mass model 

that uses the rigid-floor assumption [8-14]. A floor or a group of floors is lumped as a node and the torsion 

of the node is added as the additional degree of freedom. The lateral-torsional coupling occurs when the 

center of mass and resistance do not coincide. Penzien uses the two-degree-of-freedom model to simplify a 

multi-story building with lateral-torsional coupling [8]. Reinhorn et al. propose a simplified seismic 

response calculation method for lateral-torsional coupling building using the properties of the uncoupled 

counterparts [9]. Kan and Chopra simplify a multi-story building with lateral-torsional coupling into a 

multi-story uncoupled system and a single-story coupled system [10]. Rutenberg et al. use the shear beam 

model to analyse the lateral-torsional coupling property [11]. The parametric study of a single-story 

building model subjected to both harmonic ground motions and earthquakes was conducted by Chandler 

and Hutchinson [12], the research suggests that the qualitative effects of the controlling parameters on the 

maximum translational and torsional responses are not affected by the nature of the loading. The parametric 

analysis based on a 5-story model was performed by Hejal and Chopra [13, 14]. The analysis suggests that 

the seismic response mainly depends on the eccentricity, uncoupled torsional to lateral frequency ratio, the 

joint rotation index, fundamental vibration period and the corresponding damping ratio. The shaking table 

tests of a 4-story frame structure aluminium model with asymmetric mass distribution shaken by a single-

directional ground motion were conducted by Maheri et al. [15]. The results suggest that the 1st lateral 

mode and the 1st torsional mode contribute mostly to the total response, especially to the peak response at 

the edges. The phenomenon was also observed by Mola et al. from pseudo-dynamic tests [16]. The single- 

/multi-story rigid floor model is commonly used in many derivative studies such as the base isolation 

design or viscoelastic damper design for asymmetric buildings [17, 18]; The simplified seismic response 

calculation [8-11, 19, 20]; The parameter identification [21, 22]. 

Being different from the past research, the proposed seismic response prediction method set multiple 

nodes on each floor to consider floor flexibility as introduced in Section 3.2. The 1D in Section 3.2 is 

expanded to two-dimension to fully consider the lateral-torsional coupling, especially the vibrations 

induced by orthogonal ground motions. 

 

3.3.1 2D modelling 

Similar to Section 3.2, a linear model with n lumped nodes is established. In the 2D model, the two 
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orthogonal horizontal motions of each node are considered. When the model is subjected to the 

bidirectional ground motions, the equations of motion are: 

 

�̂� {
�̈̂�(𝑡)

�̈̂�(𝑡)
} + �̂� {

�̇̂�(𝑡)

�̇̂�(𝑡)
} + �̂� {

�̂�(𝑡)

�̂�(𝑡)
} = −�̂� [

𝑒 𝑜
𝑜 𝑒

] {
�̈�0(𝑡)

�̈�0(𝑡)
} (3-19) 

 

The ‘ ̂ ’ means the parameters are under the 2D model. �̂�, �̂� and �̂� are the 2n × 2n mass, damping and 

stiffness matrices that contain x- and y- directional components, respectively. 𝑜 is the n-dimensional null 

vector and e is the unit n-dimensional vector. �̂�(𝑡) and �̂�(𝑡) correspond to the n-dimensional relative 

displacement vector in the x- and y-directions to the base, respectively. �̈�0(𝑡) and �̈�0(𝑡) are the seismic 

input accelerations in two lateral directions. When the damping matrix is assumed proportional to the mass 

and stiffness matrices, Equation (3-19) is transformed to the modal equations of motion, which can be 

written in the scalar equation in the jth (i=1, 2…2n) mode:  

 

�̈̂�𝑗(𝑡) + 2ℎ̂𝑗�̂�𝑗 �̇̂�𝑗(𝑡) + �̂�𝑗
2�̂�𝑗(𝑡) = −�̂�𝑗

𝑥�̈�0(𝑡) − �̂�𝑗
𝑦
�̈�0(𝑡)  (3-20) 

 

In which, �̂�𝑗
𝑥 and �̂�𝑗

𝑦
 are the x- and y-directional participation factors in the jth mode, respectively. ℎ̂𝑗 and 

�̂�𝑗  are the damping ratio and circular frequency in the jth mode. �̂�𝑗  is the jth modal displacement. The 

seismic response can be expressed by the 2n × 2n mode shape matrix �̂� and the 2n-dimensional modal 

displacement vector �̂�: 

 

{
�̂�(𝑡)

�̂�(𝑡)
} = �̂��̂� (3-21) 

 

Equation (3-21) can be rewritten in the following form: 

 

[�̂�1(𝑡) �̂�2(𝑡) ⋯ �̂�𝑛(𝑡) �̂�1(𝑡) �̂�2(𝑡) ⋯ �̂�𝑛(𝑡)]
𝑇 = [

�̂�𝑥
�̂�𝑦
] [�̂�1(𝑡) �̂�2(𝑡) ⋯ �̂�2𝑛(𝑡)]

𝑇 (3-22) 

 

Here �̂�𝑖 and �̂�𝑖 are the x- and y-directional seismic responses at the ith node, respectively. �̂�𝑥and �̂�𝑦 are the 

n × 2n sub-matrices of the mode shape matrix �̂� , indicating the x- and y-directional mode shape 

components. The relationship between the participation vector and the mode shapes can be expressed in the 

following form: 

 

[
�̂�𝑥
�̂�𝑦
]

[
 
 
 
 
�̂�1
𝑥 �̂�1

𝑦

�̂�2
𝑥 �̂�2

𝑦

⋮ ⋮
�̂�2𝑛
𝑥 �̂�2𝑛

𝑦
]
 
 
 
 

= [
𝑒 𝑜
𝑜 𝑒

] (3-23) 

 

When applying microtremor measurements to a building, the measurements are usually performed in the 
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x- and y-directions separately. The lateral-torsional coupling in the 2D model implies that a same natural 

frequency can be identified in both the x- and the y-directions simultaneously. In practical situations, it is 

not necessary that each identified natural frequency is simultaneously found in both two directions. The 

lateral-torsional coupling might be weak in some modes so that they have large mode shape amplitudes in 

one direction and small amplitudes in the other direction. As a result, those modes are likely identified only 

in one direction. Nonetheless, the 2D model is needed when a same natural frequency is identified 

simultaneously in both the x- and the y-directions especially at a low frequency. It is because modes at low 

frequencies generally contribute the most to the seismic responses. For example, the 2D model is 

recommended for Building A in Chapter 2 because three low frequencies (2.22 Hz, 2.57 Hz and 3.85 Hz) 

are simultaneously identified in both directions and the three modes show obvious lateral-torsional 

coupling. When using the 2D model while some modes are only identified in one direction, the unfounded 

mode shape amplitudes are considered to be small and set as zeros. When the global mode shapes are 

obtained by multi-measurements described in Chapter 2, it is possible that certain modes are not found in 

some measurements, then the mode shapes at those locations are set as zeros. 

When m (m ≤ 2n) modes identified from microtremor measurements with mode shapes at l (l ≤ n) 

locations are utilized in the participation vector approximation, the identified mode shape matrix and the 

approximated participation vector are assumed approximately satisfying the following equation: 

 

[
�̂�𝑥
′

�̂�𝑦
′ ] [�̂�𝑥

′ �̂�𝑦
′ ] ≈ [𝑒′ 𝑜′

𝑜′ 𝑒′
] (3-24) 

 

The l × m matrices �̂�𝑥
′ and �̂�𝑦

′  are the x- and y-directional mode shape matrices identified from the 

microtremor measurements. 𝑜′ is the l-dimensional null vector. The m-dimensional vectors �̂�𝑥
′  and �̂�𝑦

′  are 

the x- and y-directional approximated participation vectors, respectively. They are obtained by using the 

LSM: 

 

�̂�𝑥
′ = ([

�̂�𝑥
′

�̂�𝑦
′ ]

𝑇

[
�̂�𝑥
′

�̂�𝑦
′ ])

−1

[
�̂�𝑥
′

�̂�𝑦
′ ]

𝑇

[𝑒′
𝑜′
] (3-25) 

�̂�𝑦
′ = ([

�̂�𝑥
′

�̂�𝑦
′ ]

𝑇

[
�̂�𝑥
′

�̂�𝑦
′ ])

−1

[
�̂�𝑥
′

�̂�𝑦
′ ]

𝑇

[𝑜′
𝑒′
] (3-26) 

 

The application of LSM requires m ≤ 2l, which is usually satisfied because it means the identified modes 

are no larger than twice of the measured locations. The predicted seismic response in the 2D model is 

expressed as follows:  

 

�̈̂�𝑗
′(𝑡) + 2ℎ𝑗𝜔𝑗 �̇̂�𝑗

′(𝑡) + 𝜔𝑗
2�̂�𝑗
′(𝑡) = −�̂�𝑗

𝑥′�̈�0(𝑡) − �̂�𝑗
𝑦′
�̈�0(𝑡)  (𝑖 = 1, 2…𝑚) (3-27) 

[�̂�1
′(𝑡) �̂�2

′ (𝑡) ⋯ �̂�𝑛
′ (𝑡) �̂�1

′(𝑡) �̂�2
′(𝑡) ⋯ �̂�𝑛

′(𝑡)]𝑇 = [
�̂�𝑥
′

�̂�𝑦
′ ] [�̂�1

′(𝑡) �̂�2
′ (𝑡) ⋯ �̂�𝑚

′ (𝑡)]𝑇 (3-28) 
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�̂�𝑖
′(𝑡) and �̂�𝑖

′(𝑡) are the predicted x- and y- directional seismic responses at the ith node, respectively. �̂�𝑗
𝑥′ 

and �̂�𝑗
𝑦′

 are the approximated x- and y-directional participation factors in the jth mode, respectively. �̂�𝑗
′(𝑡) is 

the modal displacement obtained from Equation (3-27) with the approximated participation factors.  

The differences between the 1D and 2D models are understood from two aspects. One is that the 2D 

model can consider the vibrations caused from the orthogonal ground motions in the seismic response 

prediction; The other is that the 2D model utilizes the x- and y-directional mode shapes simultaneously to 

approximate the participation vector in one direction. When using the 1D model, the participation vector in 

one direction is approximated by the corresponding directional mode shapes as shown in Equations (3-16). 

The 2D model approximates the participation vector in one direction using mode shapes in two directions 

simultaneously as shown in Equations (3-25) and (3-26). 

The participation vector approximation difference can be explained by the errors in the LSM process. In 

the 2D model, the errors in the LSM mean the difference between the left part of Equation (3-24) and the 

right part. The errors can be expressed by the two 2l-dimensional vectors 𝜀𝑥
2D and 𝜀𝑦

2D in Equations (3-29) 

and (3-30). The superscript 2D means that the errors are evaluated under the 2D model and are related to 

the x- or y-directional participation vector. As shown in both Equations (3-29) and (3-30), the errors in the 

LSM regarding the participation vector in one direction are related to the mode shapes in both the x- and y-

directions.  

 

𝜀𝑥
2D = [𝑒′

𝑜′
] − [

�̂�𝑥
′

�̂�𝑦
′ ] �̂�𝑥

′  (3-29) 

𝜀𝑦
2D = [𝑜′

𝑒′
] − [

�̂�𝑥
′

�̂�𝑦
′ ] �̂�𝑦

′  (3-30) 

 

However, the LSM in the 1D model only considers the errors relating to the considered directional mode 

shape components as shown below: 

 

𝜀𝑥
1D = 𝑒′ − 𝑈𝑥

′𝛽𝑥
′  (3-31) 

𝜀𝑦
1D = 𝑒′ − 𝑈𝑦

′𝛽𝑦
′  (3-32) 

 

𝜀𝑥
1D  and 𝜀𝑦

1D  are the l-dimensional vectors representing the errors in the LSM in the 1D model. 

Comparing to the 2D model, the errors relating to the orthogonal mode shapes are not considered in the 1D 

model. The LSM aims to minimize the sums of squared errors. In the 2D model, the sum of squared errors 

means ∑ (𝜀𝑥,𝑖
2D)

22𝑙
𝑖=1 or ∑ (𝜀𝑦,𝑖

2D)
22𝑙

𝑖=1 . 𝜀𝑥,𝑖
2D and 𝜀𝑦,𝑖

2D are the ith element in the 2l-dimensional vectors 𝜀𝑥
2D and 

𝜀𝑦
2D, respectively. When substituting the approximated participation vector from the 1D model to Equations 

(3-29) and (3-30), the sum of squared errors is likely larger than using the approximated participation 

vector from the 2D model. As a result, the approximated participation vector from the 1D model is 

similarly different from the approximation result using the 2D model. When the utilized modes show weak 

lateral-torsional coupling, a mode would either contain small mode shape components in the orthogonal 

direction, or it is a torsional mode that has very small participation factor. Then the errors related to the 
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orthogonal mode shapes are automatically small. However, when the utilized modes show obvious lateral-

torsional coupling, the approximated participation vector from the 1D model may not be the optimized 

values in the 2D model from the LSM viewpoint. As a result, the participation vector approximation 

difference occurs. The approximation result using the 2D model is believed having better accuracy because 

it uses more mode shape amplitudes. 

 

3.3.2 Supplemented prediction procedures considering model selection 

The general seismic response prediction shown in Figure 3-1 is supplemented by the model selection 

process based on if a same natural frequency is identified in two horizontal directions and the mode shows 

lateral-torsional coupling. The participation vector approximation and the seismic response prediction parts 

in Figure 3-1 are supplemented by the model selection procedures:  

 

 

Figure 3-3 Supplemented seismic response prediction considering model selection 

 

The proposed seismic response prediction method is summarized as follow: Firstly, microtremor 

measurements are applied to the objective building to obtain its natural frequencies, the corresponding 

damping ratios and the mode shapes in limited modes. the sensors are recommended to be installed as 

many as possible because the prediction method can only predict the seismic responses at the measured 

locations; Then, the selection of the 1D and 2D models is based on the identification result. The 2D model 

is recommended when a same natural frequency is identified in two horizontal directions and the 

corresponding mode shape shows lateral-torsional coupling, or else the 1D model is preferred; The 

participation vector corresponding to identified modes are approximated by the mode shapes; Lastly, the 

seismic responses at the measured locations under a given ground motion are predicted using the modified 

natural frequencies and damping ratios, identified mode shapes and approximated participation vector. 
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3.4 Conclusions 

This chapter proposes the seismic response prediction method based on microtremor measurement. The 

measured building is modelled as an M-DOF linear model based on the modal properties identified from 

microtremor measurements. The modelling allows the seismic response prediction under a given ground 

motion to be performed. The advantages of the prediction method include three parts: (1) It is a fast 

response estimation method that does not require design documents; (2) It is not constrained by the rigid 

floor assumption so it can be used for large-scale low-rise buildings; and (3) It does not necessarily require 

instrumented sensors for the seismic response recording. The conclusions of this chapter are summarized as 

follows: 

(1) The objective building is modelled by using the modal equations of motion using the natural 

frequencies, the corresponding damping ratios and the mode shapes, and the approximated 

participation vector. The former three properties are based on the identified modal properties from 

microtremor measurements. Multiple nodes are set on each floor to consider floor flexibility. The 

masses are lumped at the locations where microtremors are measured, but mass information is not 

used in the proposal. 

(2) The LSM is utilized to approximate the participation vector. The approximation requires mode shape 

vectors only. The approximation method does not require estimating the mass matrix to model the 

objective building, which does not need the traditional stick-shape lumped mass model. Therefore, the 

participation vector approximation method allows multiple nodes set on each floor to consider floor 

flexibility. 

(3) The prediction method can predict the seismic response at the measured locations under a given 

ground motion. Two models are proposed based on the modal parameter identification results. The 2D 

model is recommended when a same natural frequency is simultaneously identified in the two 

horizontal directions and the mode shape shows lateral-torsional coupling, or else the 1D model is 

utilized in the seismic response prediction. 
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Chapter 4  

Fundamental Properties of the Proposed Seismic Response 

Prediction Method 
 

 

 

4.1 Introduction 

The proposed method in Chapter 3 has arbitrary in selecting both the used modes and the measurement 

points (the node selection in numerical simulations) to approximate participation vector for seismic inputs. 

Before considering floor flexibility in an analytical model, Chapter 4 focuses on the selections of modes 

and nodes. These fundamental properties include two parts: one is the participation vector approximation 

by using mode shapes in limited modes and/or at limited locations; and the other is the seismic response 

prediction accuracy by using limited modes with approximated participation vector. The fundamental 

properties are studied by the numerical simulation. The basic information of the utilized numerical model is 

introduced in Section 4.2. Section 4.3 discusses how the participation vector approximation results are 

influenced by the limited number of modes with mode shapes at limited locations. Section 4.4 exhibits the 

seismic response prediction accuracy with the approximated participation vector, and Section 4.5 concludes 

the fundamental properties of the seismic response prediction method. 

 

4.2 Used 5-DOF Model 

The fundamental properties of the proposed seismic response prediction method are explored by the 

numerical simulation of a simple 5-degree-of-freedom (5-DOF) lumped mass model [1]. The 5-DOF model 

represents a 5-story building [2]. The basic information of the model is shown in Table 4-1. The modal 

properties in each mode are shown in Table 4-2. The damping ratio is assumed to be 2% in each mode to 

discuss the influence of truncation errors on the mode superposition. The mode shape vector in each mode 

is normalized by setting the sum of squared mode shape amplitudes as unity. Figure 4-1 shows the mode 

shapes of the model in the form of the participation functions.  

 

Table 4-1 Mass and inter-story stiffness of the 5-DOF model 

 

Node 

number 

Mass 

103kg (t·s2/cm) 

Story 

number 

Stiffness 

kN/m (t/cm) 

5 53.937 (0.055) 5 117,680 (120) 

4 44.130 (0.045) 4 147,100 (150) 

3 44.130 (0.045) 3 176,520 (180) 

2 44.130 (0.045) 2 205,940 (210) 

1 49.033 (0.050) 1 205,940 (210) 
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Table 4-2 Modal properties of the 5-DOF model 

Node number 1st mode 2nd mode 3rd mode 4th mode 5th mode 

5 0.643 -0.553 0.369 0.175 0.035 

4 0.550 0.018 -0.588 -0.610 -0.198 

3 0.425 0.462 -0.355 0.552 0.481 

2 0.286 0.572 0.342 0.170 -0.705 

1 0.149 0.391 0.524 -0.514 0.480 

Participation factor 2.021 0.747 0.408 -0.237 0.150 

Natural frequency (Hz) 2.82 7.55 11.98 15.74 19.21 

Damping ratio 0.02 0.02 0.02 0.02 0.02 

 

     
2.82 Hz 7.55 Hz 11.98 Hz 15.74 Hz 19.21 Hz 

Figure 4-1 Mode shapes of the 5-DOF model 

 

4.3 Influences of Participation Vector Approximation 

4.3.1 Influence of limited modes 

The microtremor measurements can identify a limited number of modes only. The proposed participation 

vector approximation method utilizes the mode shapes of multiple modes simultaneously. The 

approximated participation factor in a mode is influenced by the number of utilized modes. In addition, the 

number of the identified and used modes affects the seismic response prediction due to the mode 

superposition. Therefore, the fundamental properties of the proposed seismic response prediction method 

are firstly exhibited by investigating the changes of approximated participation vector with different 

numbers of modes.  

Table 4-3 selects 1 to 5 as the number of used lower modes in the participation vector approximation to 

simulate the limitation of modal parameter identification via microtremor measurement. Since the model is 

single-dimensional (1D), the participation vector is approximated by Equation (3-16). The approximation 

starts from using the 1st mode to using the 1st to 4th modes. ‘-’ means the mode is not considered. 

 

Table 4-3 Participation vector approximation using limited modes 

Considered modes 
1st 

mode 

1st and 2nd 

modes 

1st to 3rd 

modes 

1st to 4th 

modes 
True value 

1st mode 2.052 1.999 2.024 2.019 2.021 

2nd mode - 0.745 0.734 0.745 0.747 

3rd mode - - 0.400 0.403 0.408 

4th mode - - - -0.233 -0.237 

5th mode - - - - 0.150 
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When only the 1st mode is considered in the participation factor approximation, the factor of 2.052 has 

already had an adequate accuracy in comparison to the true value of 2.021. This approximation accuracy 

suggests the effectiveness of using the LSM in the approximation. Increasing the number of the used modes 

vibrates the approximated participation factors within a small range. The approximation accuracy of the 2nd 

mode is slightly decreased when the 3rd mode is added. The slightly decreased approximation accuracy in 

the 2nd mode is acceptable in the seismic response prediction because the use of the 1st to 3rd modes in the 

seismic response prediction may be better than the use of only the 1st and 2nd modes. 

Table 4-4 shows the sums of participation functions indicated as 𝑈𝑥
′𝛽𝑥
′  in Equation (3-12) corresponding 

to different numbers of utilized modes. For a comparison, the sums of participation functions using the 

accurate participation vector are indicated in the ‘True’ columns. 

 

Table 4-4 Sums of approximated participation functions using limited modes 

Considered 

modes 

1st mode 1st and 2nd modes 1st to 3rd modes 1st to 4th modes 

True Approx. True Approx. True Approx. True Approx. 

Node 5 1.299 1.319 0.886 0.872 1.036 1.042 0.995 0.994 

Node 4 1.112 1.129 1.125 1.113 0.886 0.891 1.030 1.029 

Node 3 0.858 0.871 1.203 1.193 1.059 1.056 0.928 0.930 

Node 2 0.579 0.588 1.007 0.999 1.146 1.137 1.106 1.103 

Node 1 0.301 0.305 0.593 0.589 0.806 0.798 0.928 0.922 

 

In Table 4-4, the approximated sums of participation functions at higher nodes are closer to unity and 

lower nodes are away from unity when lower modes are utilized. The sum of participation functions at 

Node 2 is significantly increased when the 2nd mode is added because the 2nd mode has large mode shape 

amplitudes at Node 2. However, the sum at Node 1 gets closer to unity after the 4th mode is added because 

the 2nd to 4th modes have large mode shape amplitudes at Node 1. The distribution of sums of participation 

function is helpful to estimate missing modes. In the 1D model, the sums of participation functions at 

certain locations might be away from unity, which implies that some modes are missing and those modes 

are likely to have large mode shape amplitudes at those locations. 

 

4.3.2 Influence of limited measurement points 

When a floor is not modeled as a node, every location on a floor is a candidate for microtremor 

measurement. However, the measurements can be implemented at limited locations, which means the 

participation vector of the objective building is approximated by the mode shapes at the selected locations. 

In the numerical simulation, it means the number of selected nodes is less than the number of total nodes in 

the numerical model and the mode shapes at the selected nodes are utilized in the participation vector 

approximation. Table 4-5 shows the participation vector approximation results using the 1st and 2nd modes 

when the mode shapes at two to four nodes are available. It demonstrates the influence of the limited 

measurement points (selected nodes) on the participation vector approximation. Node 5 is selected in all the 

cases because it has the largest 1st mode shape amplitude and the vibration at the top floor is generally the 

largest. Then another node is selected among Nodes 1 to 4 in the two-node cases to preliminarily 
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investigate the influence of the selected nodes on the approximation accuracy. Next, one additional node is 

selected based on the two-node cases to investigate if the participation vector approximation accuracy is 

improved when more nodes are utilized. The participation vector approximation using four nodes is also 

used to investigate if the approximation accuracy is improved. 

 

Table 4-5 Participation vector approximation with different selected nodes 

Two nodes 

Mode True value Nodes 1 &5 Nodes 2 &5 Nodes 3 &5 Nodes 4 &5 

1st mode 2.021 2.830 2.139 1.909 1.808 

2nd mode 0.747 1.481 0.677 0.411 0.293 

Three nodes 

Mode True value 
Nodes 

1, 2 &5 

Nodes  

1, 3 &5 

Nodes  

1,4 &5 

Nodes  

2, 3 &5 

Nodes  

2, 4 &5 

Nodes  

3, 4 &5 

1st mode 2.021 2.320 2.101 2.243 2.001 1.998 1.872 

2nd mode 0.747 0.915 0.763 1.091 0.558 0.632 0.398 

Four nodes 

Mode True value Nodes 1, 2, 3 &5 Nodes 1, 2, 4 &5 Nodes 1, 3, 4 &5 Nodes 2, 3, 4 &5 

1st mode 2.021 2.088 2.118 1.998 1.939 

2nd mode 0.747 0.742 0.877 0.744 0.556 

 

Table 4-5 suggests that the selected nodes influence the participation vector approximation accuracy and 

different modes are influenced differently. The participation factors are related to the mode shapes at all 

nodes. As a result, the approximation accuracy may be higher when the mode shapes at the selected nodes 

well reflect the overall mode shapes. For example, the mode shapes at Nodes 5 and 2 well reflect the 1st and 

2nd modes. Node 2 has the largest mode shape amplitude that is opposite to Node 5. The approximation 

result, especially for the 2nd mode, is the best when using Nodes 2 and 5 among the two-node cases. The 

mode shapes at Nodes 4 and 5 cannot consider the amplitudes in the 2nd mode, so the approximation 

accuracy in the 2nd mode is lowest in the two-node cases. 

When more nodes are selected, the mode shapes at the selected nodes are more likely to well reflect the 

overall mode shapes and the approximation accuracy is generally improved. As shown in Table 4-5, the 

participation vector approximation accuracy is generally improved when an additional node is utilized. For 

example, the approximation accuracy using Nodes 1, 2 and 5, Nodes 1, 3 and 5 or Nodes 1, 4 and 5 is 

obviously higher than using Nodes 1 and 5. There is only one exception that the approximation accuracy is 

slightly decreased when an additional node is selected, which is when Nodes 3 and 5 are utilized and when 

Nodes 3, 4 and 5 are utilized. It is because the mode shapes at Node 4 can be linearly approximated by the 

mode shapes at Nodes 4 and 5 in the 1st and 2nd modes as shown in Figure 4-1. Node 4 is little informative 

to the overall mode shapes so the approximation results when using the Nodes 3 and 5 is only slightly 

changed when Node 4 is added and the changes decrease the approximation accuracy in this case. 

It is difficult to theoretically determine measurement points on the same floor because they are usually 

determined only based on the planar shape of each floor. Unlike the vertical mode shape distribution, 

horizontal mode shape amplitude distribution in a rectangle area is already complicated [3, 4]. Nonetheless, 

evenly distributed measurement points on each floor are more likely to capture the overall mode shapes. In 
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addition, it is encouraged to select as many measurement points as possible to increase the chances of 

capturing those mode shape amplitudes in opposite directions. 

To explain the influence of selected nodes, the sum of participation functions at each node is shown in 

Table 4-6 when only two nodes are utilized to approximate the participation factors in the 1st and 2nd modes. 

The objective of the LSM is to find a set of approximated participation factors that minimizes the sums of 

the absolute values of  𝜀𝑥
1D in Equation (3-31). Therefore, the Mean Squared Errors (MSEs) in the LSM are 

attached to evaluate the performance of different node selections from the LSM viewpoint. The MSE in the 

1D model is obtained by ∑ (𝜀𝑥,𝑖
1D)

2𝑁
𝑖=1 /𝑁. 𝜀𝑥,𝑖

1D is the ith element in the 𝜀𝑥
1D vector. N is the length of the 𝜀𝑥

1D. 

Although the 𝜀𝑥
1D is usually evaluated only at the selected nodes, Table 4-6 discusses the MSEs of the 𝜀𝑥

1D 

at all five nodes to explain the participation vector approximation differences when using different sets of 

nodes.  

 

Table 4-6 Sums of approximated participation functions and corresponding MSE 

Selected nodes All Nodes 4 & 5 Nodes 3 & 5 Nodes 2 & 5 Nodes 1 & 5 

Node 5 0.886 1.000 1.000 1.000 1.000 

Node 4 1.125 1.000 1.058 1.189 1.583 

Node 3 1.203 0.903 1.000 1.221 1.886 

Node 2 1.007 0.686 0.782 1.000 1.658 

Node 1 0.593 0.384 0.445 0.583 1.000 

MSE 0.047 0.098 0.072 0.052 0.311 

 

Since two modes are utilized and two nodes are selected, the sums of participation functions at the 

selected nodes are equal to 1.000 but the sums at unselected locations are away from 1.000. When using 

mode shapes at all nodes, the sum of participation functions at each node are not equal to 1.000 but the 

MSE in the LSM is the smallest comparing to using two nodes. The smallest MSE usually means the 

highest participation vector approximation accuracy when the utilized modes are fixed. When using mode 

shapes at Nodes 2 and 5, the MSE is the smallest in the two-node cases and the corresponding participation 

vector approximation accuracy is the highest. 

The use of all identified modes does not necessarily produce higher approximation accuracy than the use 

of some identified modes when only limited nodes are selected. The participation factor approximation 

results in some modes might be greatly changed before and after a mode is added and their approximation 

accuracies are largely decreased. Then the decreased participation factor approximation accuracies might 

decrease the seismic response prediction accuracy. 

For example, the 1st to 4th modes at Nodes 1, 2, 3 and 5 are utilized. Table 4-7 shows the participation 

vector approximation results under different numbers of modes when Node 4 is neglected. As a comparison, 

the approximation results using mode shapes at all nodes are also attached. The MSEs using different 

numbers of modes are attached to show the contribution of each mode. Unlike Table 4-6, the MSE in Table 

4-7 evaluates the 𝜀𝑥,𝑖
1D at the selected nodes. Therefore, the MSEs at the upper lines evaluate the 𝜀𝑥,𝑖

1D at 

Nodes 1, 2, 3 and 5 and the MSEs at the lower lines evaluate the 𝜀𝑥,𝑖
1D at all nodes.  
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Table 4-7 Participation vector approximation using mode shapes at selected nodes in limited modes 

Considered 

modes 

1st  

mode 

1st and 2nd  

modes 

1st to 3rd  

modes 

1st to 4th 

modes 
True value 

1st mode 
2.154 2.088 1.879 2.411 

2.021 
2.052 1.998 2.024 2.019 

2nd mode 
- 0.742 0.736 0.760 

0.747 
- 0.745 0.734 0.745 

3rd mode 
- - 0.555 -0.023 

0.408 
- - 0.400 0.403 

4th mode 
- - - -0.694 

-0.237 
- - - -0.233 

MSE 
0.191 0.054 0.011 0.000  

0.158 0.047 0.015 0.005  

Note: The upper lines use the Nodes 1, 2, 3 and 5 and lower lines use all nodes. 

 

When Node 4 is neglected, the participation factor approximation accuracies of the 1st and 3rd modes are 

greatly changed after adding the 4th mode. The decreased participation factor approximation accuracies in 

the 1st and 3rd modes can be directly observed by comparing to the true values. Although the example in 

Table 4-7 implies that the participation vector approximation accuracy might be greatly decreased after 

adding a mode, the decreased approximation accuracy does not occur in the examples in Table 4-5 so the 

discussion about Table 4-5 is effective. 

 However, one need to decide if the large changes after a mode is added means improved approximation 

accuracy or decreased approximation accuracy in practical situations. Therefore, the MSE is utilized. The 

small reduction of MSE from 0.011 to 0.000 implies that the 4th mode is unimportant, then the changes in 

the 1st and 3rd modes are likely decreasing their approximation accuracies.  

To further investigate if the changes caused by adding the 4th mode decrease the participation vector 

approximation accuracy, the sums of participation functions before and after the 4th mode is added can be 

helpful. Since large changes occur in the 1st and 3rd modes after the 4th mode is added, Table 4-8 shows the 

approximated participation functions in the 1st and 3rd modes before adding the 4th mode and the 

approximated participation functions in the 1st, 3rd and 4th modes after adding the 4th mode. Before the 4th 

mode is added in the participation vector approximation, the approximated participation functions of the 4th 

mode are set as zeros. 

 

Table 4-8 Approximated participation functions before and after the 4th mode is added 

  Before adding the 4th mode After adding the 4th mode 

 1st mode 3rd mode 4th mode Sums 1st mode 3rd mode 4th mode Sums 

Node 5 1.208 0.205 0.000 1.412 1.550 -0.009 -0.121 1.420 

Node 3 0.798 -0.197 0.000 0.601 1.024 0.008 -0.383 0.649 

Node 2 0.538 0.190 0.000 0.728 0.691 -0.008 -0.118 0.565 

Node 1 0.280 0.291 0.000 0.571 0.359 -0.012 0.357 0.703 

 

As shown in Table 4-8, the approximated participation functions in the 1st and 3rd modes are changed 

after the 4th mode is added. However, the sums of approximated participation functions in the 1st and 3rd 

modes before the 4th mode is added are similar to the sums of approximated participation functions in the 
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1st, 3rd and 4th modes. The small changes in the sums of approximated participation functions also imply 

that the 4th mode is unimportant. Therefore, the changes in the 1st and 3rd modes after adding the 4th mode 

are more likely decreasing their participation factor approximation accuracies. 

An explanation to the decreased participation factor approximation accuracies is that the 4th mode is little 

informative because its mode shape vector can be linearly approximated by the linear combination of the 1st 

and 3rd modes as shown in Equation (4-1). The parameters of 0.771 and 0.834 in Equation (4-1) are 

obtained by the LSM. From Table 4-2, the mode shape vector in the 1st, 3rd and 4th modes after removing 

the Node 4 are {0.643, 0.425, 0.286, 0.149}T, {0.369, -0.355, 0.342, 0.524}T and {0.175, 0.552, 0.170, -

0.514}T, respectively,  

 

{

0.643
0.425
0.286
0.149

} × 0.771 − {

0.369
−0.355
0.342
0.524

} × 0.834 = {

0.188
0.623
−0.064
−0.323

} (4-1) 

 

The right part in Equation (4-1) is similar to the mode shape vector in the 4th mode so that the 4th mode is 

indeed little informative. Then the changes in the 1st and 3rd modes after adding the 4th mode are unlikely to 

improve the participation factor approximation accuracies. Some researches call the mode shape linear 

approximation relationship among the 1st, 3rd and 4th modes as the collinearity [5-9]. On the other hand, the 

mode shape vector in the 4th mode cannot be well linearly approximated by the 1st and 3rd modes when 

Node 4 is not neglected. Equation (4-2) shows the linear approximation results using the 1st and 3rd modes 

to the 4th mode when the mode shape amplitudes at all nodes are utilized. Similar to Equation (4-1), the 

parameters of -0.0156 and 0.0146 in Equation (4-2) are obtained from using the LSM. As a result, the 

approximated participation factors in the 1st and 3rd modes do not change largely after the 4th mode is added 

when not neglecting Node 4. 

 

{
 
 

 
 
0.643
0.550
0.425
0.286
0.149}

 
 

 
 

× (−0.0156) +

{
 
 

 
 
0.369
−0.588
−0.355
0.342
0.524 }

 
 

 
 

× 0.0146 =

{
 
 

 
 
−0.005
−0.017
−0.012
0.001
0.005 }

 
 

 
 

≠

{
 
 

 
 
0.175
−0.610
0.552
0.170
−0.514}

 
 

 
 

 (4-2) 

 

The example in Table 4-7 shows that using more modes does not necessarily lead to higher participation 

vector approximation accuracy. Some modes should be removed because they decrease the participation 

factor approximation accuracies in other modes. The simplest way to find modes that decrease the 

participation vector approximation accuracy is to start the participation vector approximation by using the 

lowest mode and then gradually adding higher modes. When approximated participation factors in some 

modes greatly change after a mode is added, the reduction of MSE decides if the changes decrease the 

approximation accuracy and the mode should be removed. For example, the approximation results in the 1st 

and 3rd mode changes greatly after the 4th mode is added while the MSE is only slightly reduced in Table 4-

7, which means the 4th mode is unimportant. The changes after adding the 4th mode are likely to decrease 
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the approximation accuracy so the 4th mode should be removed. As the supplements for decision making, 

the sums of approximated participation functions before and after the 4th mode is added are investigated in 

Table 4-8, the slightly changed sums of approximated participation functions further suggest that the 4th 

mode is indeed unimportant. In practical situations, the changes of approximation results after adding a 

mode and the corresponding reduction of MSE are recommended for preliminary judgement. The MSE can 

be simultaneously calculated when the participation vector approximation starts with the lowest mode and 

gradually adding higher modes so the MSE requires little effort. The utilized participation vector 

approximation procedure tends to remove higher modes because lower modes are believed to contribute the 

most in the seismic responses. 

 

4.4 Seismic Response Prediction with Approximated Participation Vector 

This section discusses the influences of both the participation vector approximation errors and the 

truncation errors in the mode superposition on the seismic response prediction accuracy. Table 4-9 uses 

different number of modes for the seismic response prediction, the table shows the peak absolute 

accelerations in the 5-DOF model under the El Centro wave (NS component) with the peak acceleration of 

1 m/s2. Figure 4-2 shows the response spectrum of the El Centre wave with the 2% damping ratio. Section 

4.2 describes the natural frequencies, damping ratios and mode shapes in Table 4-2. The sampling time is 

0.005 s for response analysis and the average acceleration method is utilized to solve the modal equations 

of motion. The accurate results are obtained by using all five modes. 

 

Table 4-9 Seismic response amplitude prediction using mode shapes at all nodes 

 
Considered 

modes 
Accurate 1st mode 1st and 2nd 1st to 3rd 1st to 4th 

Acceleration 

(m/s2) 

Node 5 3.454 2.837 3.385 3.407 3.448 

Node 4 2.477 2.431 2.369 2.535 2.488 

Node 3 2.270 1.879 2.297 2.219 2.261 

Node 2 2.334 1.416 2.185 2.284 2.334 

Node 1 1.634 1.013 1.541 1.701 1.631 

Ave. errors (%)  -23 -3 +0 -0 

Velocity 

×10-1(m/s) 

Node 5 1.518 1.430 1.492 1.514 1.516 

Node 4 1.211 1.224 1.192 1.215 1.210 

Node 3 1.018 0.944 1.000 1.017 1.017 

Node 2 0.769 0.637 0.760 0.763 0.768 

Node 1 0.442 0.331 0.429 0.447 0.441 

Ave. errors (%)  -11 -2 +1 -0 

Displacement 

×10-3 (m) 

Node 5 8.878 9.037 8.790 8.887 8.869 

Node 4 7.636 7.737 7.535 7.652 7.629 

Node 3 5.928 5.969 5.841 5.926 5.922 

Node 2 4.001 4.027 3.958 4.000 3.993 

Node 1 2.067 2.092 2.065 2.081 2.068 

Ave. errors (%)  +1 -1 +0 -0 
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Figure 4-2 Response spectrum of the input acceleration with 2% damping ratio 

 

The 1st and 2nd modes are the mostly excited modes according to Figure 4-2 because the corresponding 

natural periods are around 0.36 s and 0.13 s, respectively. The natural periods of 3rd to 5th modes are lower 

than 0.1 s. Besides, the 1st and 2nd modes have large participation functions as shown in Figure 4-1. When 

only the 1st mode is considered, the prediction underestimates the response accelerations and the averaged 

relative error is 23%. The error is caused by the truncation error in the mode superposition because the 

approximated 1st participation factor has high accuracy. The simulation uses the constant damping ratio so 

that the influence of the truncation error in the mode superposition is large. The errors of velocity and 

displacement amplitudes are smaller even if only the 1st mode is utilized. After the 2nd mode is added, the 

prediction errors are significantly reduced and the averaged relative errors are reduced from 23% to 3% 

regarding acceleration amplitudes. Although the numerical simulation uses the constant damping ratios to 

consider the influence of higher modes, Table 4-9 shows the applicability of the proposed seismic response 

prediction method when using two lowest modes. 

Next, the prediction accuracy using more modes with less accurate approximated participation vector is 

compared to the accuracy using fewer modes with more accurate approximation participation vector. As 

shown in Table 4-7, the participation factor accuracies using the 1st to 4th modes are lower than using the 1st 

to 3rd modes when Node 4 is neglected. The 4th mode should be removed due to the decreased participation 

factor approximation accuracies. However, the seismic response prediction method hopes to use more 

modes in the mode superposition. Therefore, Table 4-10 predicts the seismic responses using the 

approximated participation vectors in Table 4-7 that neglects Node 4. Since Node 4 is neglected in Table 4-

7 to simulate the only limited nodes can be measured, Table 4-10 only evaluates the seismic responses at 

Nodes 1, 2, 3 and 5. 

The prediction accuracies of acceleration, velocity and displacement amplitudes in Table 4-10 are similar 

to Table 4-9 before the 4th mode is added because the utilized approximated participation factors are similar. 

However, the prediction errors are obviously increased when the 4th mode is added in Table 4-10. The 

increased errors are mainly caused by the increased participation factor approximation error in the 1st mode. 

The 1st mode is the mostly excited mode and the approximated participation factor in the 1st mode changes 

greatly after the 4th mode is added in Table 4-7. The errors at Nodes 3 and 5 are more increased than Nodes 

1 and 2, which also implies that the increased prediction errors are caused by the 1st mode. Table 4-10 

suggests that the use of the 1st to 3rd modes has the highest prediction accuracy. The participation vector 
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approximation errors in the 1st mode influences the prediction accuracy more than the truncation error 

caused by neglecting the 4th mode. 

 

Table 4-10 Seismic response amplitude prediction using mode shapes at Nodes 1, 2, 3 and 5 

 
Considered 

modes 
Accurate 1st  1st and 2nd 1st to 3rd 1st to 4th 

Acceleration 

(m/s2) 

Node 5 3.454 2.977 3.475 3.272 3.976 

Node 3 2.270 1.972 2.336 2.119 2.802 

Node 2 2.334 1.459 2.210 2.286 2.425 

Node 1 1.634 1.030 1.551 1.745 1.742 

Ave. errors (%)  -25 -2 -2 +12 

Velocity 

×10-1(m/s) 

Node 5 1.518 1.501 1.549 1.423 1.773 

Node 3 1.018 0.991 1.037 0.959 1.186 

Node 2 0.769 0.669 0.784 0.731 0.880 

Node 1 0.442 0.347 0.440 0.434 0.509 

Ave. errors (%)  -10 +1 -5 +16 

Displacement 

×10-3 (m) 

Node 5 8.878 9.486 9.183 8.244 10.618 

Node 3 5.928 6.265 6.101 5.509 7.072 

Node 2 4.001 4.227 4.132 3.714 4.779 

Node 1 2.067 2.196 2.155 1.932 2.461 

Ave. errors (%)  +6 +3 -7 +19 

 

Figure 4-3 shows the predicted response accelerations at the four selected nodes using the approximated 

participation factors in Table 4-7 that neglects the Node 4. The predicted acceleration using the 1st to 3rd 

modes and the 1st to 4th modes are compared. The difference between the two cases is small in the time 

history.  

Table 4-7 shows that using more modes does not necessarily lead to higher participation vector 

approximation accuracy when mode shapes at limited nodes are utilized, the participation factor 

approximation results in some modes might be greatly decreased when a mode is added. Then Table 4-10 

and Figure 4-3 demonstrate that the less accurate approximated participation vector is likely to decrease the 

seismic response prediction accuracy, even though more modes are utilized. As a result, using more modes 

does not necessarily lead to the higher seismic response prediction accuracy when mode shapes at limited 

nodes are utilized.  
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Node 5 

 
Node 3 

 
Node 2 

 
Node 1 

Figure 4-3 Predicted acceleration time histories 

 

4.5 Conclusions  

This chapter explores the fundamental properties of the proposed seismic response prediction method. The 

properties include two aspects: one relates to the participation vector approximation and the other relates to 

the seismic response prediction. The properties are demonstrated by the numerical simulation of the 5-DOF 

model and the conclusions are summarized as follows: 

(1) When mode shapes at all nodes are used, the participation vector approximation has high accuracy 

even if only a few modes are available. When the approximation starts with only using the lowest 

mode and gradually adding higher modes, the approximated participation factors vibrate within small 
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ranges when higher modes are gradually added. The sums of approximated participation functions at 

higher nodes reach unity quickly when using a few lower modes while lower nodes require more 

higher modes. In return, the distribution of sums of approximated participation functions can be used 

to estimate the missing modes. When the sums of approximated participation functions at some 

locations are away from unity in the 1D model, some modes with large mode shape amplitudes at 

those locations are likely missing. 

(2) When a floor is not modelled as a node, the participation vector is approximated by the mode shapes at 

measured locations on each floor and only limited locations are selected for measurement. In the 

numerical simulation, the participation vector approximation using mode shapes at selected nodes is 

investigated. The node selection (the selection of measurement points) indeed influences the 

approximation accuracy but different modes are influenced differently. The lower modes are less 

influenced by the node selection. Therefore, it is possible to use mode shapes at limited locations to 

approximate participation factors of lower modes with high accuracy. The approximation accuracy is 

generally improved by having more measurement points. 

(3) The use of all identified modes does not necessarily produce higher participation vector approximation 

accuracy than the use of some identified modes when only limited nodes are selected. It is 

recommended to start the approximation with only the lowest mode, then gradually adding higher 

modes to investigate the changes in approximation results. When the approximation results 

significantly change after a mode is added while the corresponding MSE in the LSM is not or slightly 

reduced, the mode should be removed. 

(4) The seismic response prediction accuracy is high even if only using a few modes when not 

considering the modal property variances. The lower modes are mostly excited under an earthquake 

and the approximated participation factors of lower modes are good when using the corresponding 

mode shapes. The seismic response prediction accuracies between using more modes with less 

accurate approximated participation vector and using fewer modes with more accurate approximated 

participation vector are compared. The former case has lower participation factor approximation 

accuracies in lower modes and thus the prediction accuracy is lower than the latter case. The 

simulation suggests that using more modes does not necessarily lead to higher seismic response 

prediction accuracy when mode shapes at limited nodes are utilized. 
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Chapter 5  

Verification with Numerical Model of Large-scale  

Low-rise Building 
 

 

 

5.1 Introduction 

In Chapter 5, the applicability of the proposed prediction method to buildings that exhibit floor flexibility is 

verified by the numerical simulation of the large-scale low-rise building [1]. The fundamental properties 

summarized in Chapter 4 are utilized in the verification. The model has an asymmetric planar shape and its 

mode shapes have obvious lateral-torsional coupling. The prediction results when using the single-

dimensional (1D) and two-dimensional (2D) models are compared. This chapter is arranged as follows: 

Section 5.2 introduces the basic information about the numerical model. The prediction method can only 

predict the seismic responses at the selected nodes and Section 5.3 introduces the selected nodes and modes 

in the seismic response prediction. The node and mode selections simulate that the microtremor 

measurements can be taken only at limited locations in a building and only a limited number of modes can 

be identified. The participation vector approximation results using the 1D and 2D models are compared in 

Section 5.4. Then the seismic response prediction accuracy is discussed in Section 5.5. Two cases are 

considered in the seismic response prediction, one considers the single-directional ground motions and only 

evaluates the corresponding directional seismic response prediction accuracies. It exhibits how the 

prediction accuracy is influenced by the participation vector approximation errors. The other case considers 

the two-directional ground motions. It exhibits the necessity of considering the vibrations induced by 

orthogonal ground motion. Lastly, Section 5.6 concludes this chapter. 

 

5.2 Numerical Model 

The outlook of the numerical model is shown in Figure 5-1. The model originates from the Building A in 

Chapter 2 but without EXP.Js on the roof floor. The reason of neglecting the joints is that the simulation 

preliminarily verifies the applicability of the proposed method to buildings that the rigid-floor assumption 

is not applicable to. EXP.Js inevitably complicate the simulation. For example, the collision between the 

two sides of the joints needs to be considered. The numerical model without EXP.Js is adequate for the 

preliminary method verification as long as it exhibits floor flexibility. 

For the convenience of description, the model is divided into three parts by the black dash lines, the 

divided areas are circled by the blue rings and named as P1, P2 and P3 areas in Figure 5-1. The 3-story L-

shaped steel structure is 270 m by 280 m in planar and 20.2 m in height. The spans between two close 

columns are mostly 9 m in the x- and y-directions. The model has a local roof (5th floor) installed at the 

right corners on the roof floor (4th floor). The hollow area on the 4th floor simulates a movie theatre. The 
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weights from the 2nd to the local roof floors are 240,000 kN, 240,000 kN, 220,000 kN and 30,000 kN, 

respectively. The numerical model utilizes fixed supports at its base nodes. The information of structural 

components is obtained from actual structural design drawings. Three types of beams are utilized at 

different areas: Beams in the P2 area utilize H-396×199×7×1 with SS400, beams in the P1 and P3 areas 

utilize H-346×174×6×9 with SS400, and edge beams utilize H-580×300×12×20 with SM490A. The edge 

beams are expected to resist relatively large deformation in practical situations so they have larger cross-

section with SM490A that has higher yield strength. Columns on the 1st and 2nd floors utilize □-400×16 

with SS400, columns on the 3rd and 4th floors and the local roof utilize □-400×14 with SS400. Braces 

utilize □-350×12 with STKR400. Floor slabs are RC slabs with 130 mm thick. The 5.6 mm SS400 plates 

are used as shear walls.  

 

  

Figure 5-1 Outlook of the numerical model 

 

5.3 Measurement Points and Used Vibration Modes for Simulation 

In the numerical simulation, the measurement points coincide with the nodes of the finite element model so 

the measurement point selection equals to the node selection. The nodes represent the column locations in 

the numerical model and the green dots in Figure 5-2 represent the selected nodes. The nodes on the 4th (the 

roof floor) and the 5th (the local roof) floors are evenly selected near the edges, the nodes on the 2nd and 

3rd floors are horizontally consistent with the nodes on the 4th and 5th floors. Each selected node is attached 

with a name for the convenience of description. The name of each selected nodes contains a number and a 

character, the number indicates the floor number and the character means the horizontal location. The span 

between the columns at Location k, j or i and the close column at the edges are 4 m in the y-direction. 

Therefore, the selected nodes at the three horizontal locations look closer to edges comparing to other 

selected nodes.  The selected nodes are used for not only the participation vector approximation, but also 

the seismic response prediction. Therefore, the selected nodes are based on three factors: The seismic 

responses near the edges are generally large; It is impossible to apply microtremor measurements at the 

edges in practical situations so the nodes near the edges are selected; The lateral-torsional coupling is more 

obvious near the edges.  
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Figure 5-2 Locations for the seismic response prediction 

 

Unlike the 5-DOF model in Chapter 4 that only has 5 modes to select, the numerical model has 78 modes 

within 10 Hz and most of them are local modes with mode shape amplitudes in small areas. To simulate the 

seismic response prediction using modal properties in limited modes, four modes at the lowest frequencies 

are selected and their mode shapes are shown in Figure 5-3(a) by plane view and Figure 5-3(b) by elevation. 

The four lowest modes have large mode shape amplitudes at many locations in at least one of the P1, P2 

and P3 areas. The selection considers that modes with large mode shape amplitudes at many locations at 

low frequencies are more likely identified in practical situations. Neither local modes with large amplitudes 

in small areas nor global modes at higher frequencies with large amplitudes at many locations are selected. 

As a result, the seismic response prediction at specific locations might be less accurate. 

Figure 5-3(a) shows the obvious floor flexibility of the numerical model by plane view because the 

selected modes have large amplitudes in P1, P2 or P3 areas and small amplitudes in other areas. For 

example, the 2.25 Hz mode has large amplitudes in P1 and P2 areas while the amplitudes in P3 area is 

small. Although atria are installed on the 2nd and 3rd floors as shown in Figure 5-2, floor flexibility is 

mainly caused by the large scale asymmetric planar shape of the numerical model according to the 

amplitudes on the 4th floor. The 2.25 Hz, 2.39 Hz and 2.85 Hz modes show obvious lateral-torsional 

coupling property since they have large x- and y-directional amplitudes simultaneously. The 2.25 Hz mode 

has obvious x- and y-directional mode shape amplitudes in P1 and P2 areas while the amplitudes in P3 area 

is small. The 2.39 Hz mode has obvious x- and y-directional amplitudes in the all three areas. The 2.49 Hz 

mode is the local y-directional mode in P3 area. The x-directional amplitudes in P1 area are in the opposite 

direction to the amplitudes in P3 area in the 2.85 Hz mode. The amplitudes on the 4th floor are generally 

larger than the 2nd and 3rd floors in the four modes.  
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2.25 Hz mode 2.39 Hz mode 2.49 Hz mode 

 
 

 

2.85 Hz mode 

(a) Mode shapes of the selected modes by plane view on the 4th floor 

 
 

  
2.25 Hz mode 

 
 

  
2.39 Hz mode 

 
 

  
2.49 Hz mode 

 
 

  
2.85 Hz mode 

(b) Mode shapes of the selected modes by elevation 

Figure 5-3 Mode shapes of the selected modes 
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5.4 Participation Vector Approximation 

The 1D and 2D modellings are proposed in Chapter 3 based on whether the objective building has modes 

with obvious lateral-torsional coupling or not. The lateral-torsional coupling of a mode implies having large 

x- and y-directional components simultaneously. The 2.25 Hz, 2.39 Hz and 2.85 Hz modes show obvious 

lateral-torsional coupling and have large x- and y-directional mode shape amplitudes as shown in Figure 5-

3(a). The participation vector approximation results are likely different when using the 1D and 2D models. 

The 2D model uses x- and y-directional mode shape components simultaneously to approximate the 

participation vector in one direction. On the other hand, the 1D model only uses the mode shape 

components in the same direction of the participation vector. This section compares the approximation 

differences when using the two models.  

The mode shapes from the numerical model are directly used so that the approximated participation 

vectors can be compared to the true values. The numerical model is actually a 6-dimensional model [2], the 

translations of each node along the x-, y- and z-directional axes and the rotations about the three axes are 

considered in the numerical model. Nonetheless, the comparison between the approximated participation 

vector and the true values helps to anticipate the seismic response prediction accuracy.  

 

5.4.1 1D model 

The participation vector approximation results using Equation (3-16) from the 1D model are shown in 

Table 5-1. Similar to the simulation in Chapter 4, the modes are sorted from the lowest frequency to the 

highest frequency, the approximation starts with using the lowest mode and gradually adding higher modes. 

It helps to monitor the changes of approximation results when using different number of modes. The MSEs 

in the LSM corresponding to different number of utilized modes are also attached to judge if the large 

changes in the approximation results after adding a mode means improved approximation accuracy. As 

introduced in Chapter 4, the x-directional MSE in the LSM when using the 1D model is ∑ (𝜀𝑥,𝑖
1D)

2𝑁
𝑖=1 /𝑁. 

𝜀𝑥,𝑖
1D is the ith element in the 𝜀𝑥

1D vector in Equation (3-31). N is the length of the 𝜀𝑥
1D and equal to the 

number of selected nodes in the 1D model. The MSE in the y-direction follows the similar definition by 

replacing 𝜀𝑥
1D with 𝜀𝑦

1D in Equation (3-32). ‘-’ means the mode is not considered. 

 

Table 5-1 Participation vector approximation using the 1D model 

Mode 

freq. 

(Hz) 

x-direction y-direction 

Total number of utilized modes Total number of utilized modes 

1 2 3 4 True 1 2 3 4 True 

2.25 -9.15 -2.74 -3.64 -1.97 -4.94 -9.65 3.35 -3.60 -2.09 -4.28 

2.39 - 8.81 7.35 9.22 5.56 - -13.88 -6.86 -5.61 -5.27 

2.49 - - -2.17 -1.49 -1.75 - - -2.69 -4.20 -3.64 

2.85 - - - -0.82 1.06 - - - 5.29 1.73 

MSE 0.22 0.09 0.09 0.09  0.26 0.11 0.08 0.07  

 

As explained in Chapter 4, the large changes of approximation results are considered decreasing the 

approximation accuracy when the corresponding MSE is only slightly reduced. The approximated y-
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directional participation factor in the 1st mode (2.25 Hz mode) changes significantly when the 2nd mode 

(2.39 Hz mode) is added. Then the approximation results in the 1st and 2nd modes change when the 3rd 

mode (2.49 Hz mode) is added. The changes after the 2nd and 3rd modes are added are considered 

improving the approximation accuracy because MSE is obviously reduced. However, the approximated 

participation factors in the 1st and 3rd modes change when the 4th mode (2.85 Hz mode) is added while the 

MSE is only reduced from 0.08 to 0.07. Therefore, the 4th mode is considered as the candidate to remove 

from the y-directional participation vector approximation. Similar to the discussion in the y-directional 

approximation, the 4th mode is also considered as a candidate to remove from the x-directional participation 

vector approximation. Although the approximated x-directional participation factors in the 1st and 2nd 

modes change when the 3rd mode is added, the changes are relatively small comparing to the changes when 

the 4th mode is added. Since the seismic response prediction hopes to use more modes in the mode 

superposition, the 3rd mode is kept in the x-directional participation vector approximation. 

To help decide if the 4th mode should be removed from the x- and y-directional participation vector 

approximation, Figure 5-4 shows the sums of approximated participation functions in the x- and y-

directions before and after the 4th mode is removed.  

 

    
(a) x-direction 

    
(b) y-direction 

Figure 5-4 Sums of approximated participation functions in the 1D model before/after removing the 4th 

mode 

 

The x-directional sums of approximated participation functions before and after removing the 4th mode 

have slight differences, which suggests that the 4th mode is indeed unimportant in the x-direction. The 

changes in the x-directional approximation results when the 4th mode is added are likely decreasing the 

approximation accuracy. On the other hand, the 4th mode obviously changes the y-directional sums of 

approximated participation functions especially on the 4th floor. The sums at some locations are closer to 

unity while other locations are farther from unity on the same floor after the 4th mode is added. Therefore, 

the 4th mode is considered contributing to the participation vector approximation. Based on Table 5-1 and 

Figure 5-4, the 4th mode is removed from the x-directional participation vector approximation and kept in 
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the y-directional approximation. As a result, the 4th mode is removed from the x-directional seismic 

response prediction when using the 1D model. 

The approximation accuracy in Table 5-1 is still low even if the 4th mode is removed in the x-direction. 

An explanation to the low approximation accuracies is that the selected modes simultaneously have x- and 

y-directional amplitudes while the 1D model only uses single directional amplitudes in the corresponding 

directional participation vector approximation. As a result, the amplitudes in the selected modes are not 

well utilized and likely causing the low approximation accuracies. 

Figure 5-4 shows that the sums of approximated participation functions on the 4th floor are closer to 

unity while the sums on the 2nd floor are farther from unity. This phenomenon is consistent with the simple 

numerical simulation in Chapter 4. An explanation is that lower floors are more influenced by the higher 

modes while the utilized modes are at low frequencies with large mode shape amplitudes on higher floors 

as shown in Figure 5-3(b). Figure 5-4 also shows that the x-directional sums of approximated participation 

functions in P1 area are farther from unity than the sums in P2 and P3 areas, which suggests that some 

modes might be missing and those modes have large amplitudes in P1 area.  

 

5.4.2 2D model 

The participation vector approximation results using Equations (3-25) and (3-26) from the 2D model are 

shown in Table 5-2. Similar to Table 5-1, the approximations using different number of modes are listed 

and the corresponding MSEs are attached. However, the MSE under the 2D model is different from the 

ones under the 1D model. For example, the MSE in the x-direction is obtained by ∑ (𝜀𝑥,𝑖
2D)

22𝑁
𝑖=1 /2𝑁. 𝜀𝑥,𝑖

2D is 

the ith element in the 𝜀𝑥
2D vector in Equation (3-29). In the 2D model, 𝜀𝑥

2D relates to both x-and y-directional 

mode shapes so the length of 𝜀𝑥
2D is 2N where N is the number of selected nodes. 

The 2D model outperforms the 1D model because the approximation accuracies of the utilized modes are 

significantly improved in Table 5-2 comparing to Table 5-1. The approximation accuracies in Table 5-2 

show the applicability of the proposed participation vector approximation method when the utilized modes 

have obvious lateral-torsional coupling. The reason of the improved accuracy is likely because the two-

directional mode shape amplitudes are simultaneously utilized. Unlike Table 5-1, the approximation results 

have small changes before and after a mode is added so that the 2D model does not need removing modes.  

 

Table 5-2 Participation vector approximation using the 2D model 

Mode 

freq. 

(Hz) 

x-direction y-direction 

Total number of utilized modes Total number of utilized modes 

1 2 3 4 True 1 2 3 4 True 

2.25 -5.16 -5.15 -5.18 -5.19 -4.94 -4.21 -4.22 -4.28 -4.29 -4.28 

2.39 - 5.65 5.75 5.66 5.56 - -5.36 -5.13 -5.32 -5.27 

2.49 - - -1.59 -1.64 -1.75 - - -3.32 -3.42 -3.64 

2.85 - - - 0.88 1.06 - - - 1.78 1.73 

MSE 0.34 0.13 0.11 0.10  0.39 0.21 0.10 0.08  
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The reason behind the participation vector approximation differences when using the 1D and 2D model 

is explained in Chapter 3. In the 2D model, the sums of approximated participation functions related to the 

participation vector in one direction contain two parts, one relates to the x-directional mode shapes and the 

other relates to the y-directional mode shapes. For example, the sums of approximated participation 

functions relating to the x-directional participation functions are [�̂�𝑥
′𝑇 �̂�𝑦

′𝑇]
𝑇
�̂�𝑥
′ . As noted in Equation (3-

24), �̂�𝑥
′  is the utilized x-directional mode shape matrix, �̂�𝑦

′  is the utilized y-directional mode shape matrix 

and �̂�𝑥
′  is the x-directional approximated participation vector. The 2D model not only requires the sums of 

approximated participation functions related to the mode shapes in one direction close to unity, but also 

requires the sums related to the other direction close to null. However, the 1D model only requires the sums 

of approximated participation functions related to the mode shapes in one direction close to unity. 

Figure 5-5 shows the sums of approximated participation functions under the 2D model when using the 

approximated x-directional participation vector in Tables 5-1 and 5-2. The approximated x-directional 

participation vector in Tables 5-1 and 5-2 are substituted into �̂�𝑥
′  so that the corresponding sums of 

approximated participation functions are compared in Figure 5-5. Then Figure 5-6 compares the sums of 

approximated y-directional participation functions. The comparisons help to discuss the differences in 

Tables 5-1 and 5-2. The sums of approximated participation functions in one direction is divided into two 

parts, one relates to the mode shapes in the same direction of the considered participation vector and the 

other relates to the orthogonal mode shapes. For example, the x-directional participation functions are 

expressed by �̂�𝑥
′ �̂�𝑥
′  in Figure 5-5(a) and �̂�𝑦

′ �̂�𝑥
′  in Figure 5-5(b). The participation vectors in Table 5-1 

utilize the 1st to 3rd modes in the x-direction and the 1st to 4th modes in the y-direction as explained in Sub-

section 5.4.1. The participation vectors in Table 5-2 utilize the 1st to 4th modes in both x- and y-directions.  

 

       
(a) �̂�𝑥

′ �̂�𝑥
′  

       
(b) �̂�𝑦

′ �̂�𝑥
′  

Figure 5-5 Sums of x-directional approximated participation functions under the 2D model  
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(a) �̂�𝑦

′ �̂�𝑦
′  

       
(b) �̂�𝑥

′ �̂�𝑦
′  

Figure 5-6 Sums of y-directional approximated participation functions under the 2D model 

 

The sums of approximated participation functions in the same direction of the considered directional 

participation vector, i.e., �̂�𝑥
′ �̂�𝑥
′  in Figure 5-5(a) and �̂�𝑦

′ �̂�𝑦
′  in Figure 5-6(a), are similarly close to unity. 

However, the �̂�𝑦
′ �̂�𝑥
′  in Figure 5-5(b) and �̂�𝑥

′ �̂�𝑦
′  in Figure 5-6(b) are obviously different. The 2D model 

requires the �̂�𝑦
′ �̂�𝑥
′  and �̂�𝑥

′ �̂�𝑦
′  close to null while the values are farther from null when using the 

approximated participation vector from Table 5-1. As a result, the approximated participation vector in 

Table 5-1 is unlikely the optimal one under the 2D model and the participation vector approximation results 

are different.  

Figure 5-7 compares the x- and y-directional MSEs under the 2D model when using the approximated 

participation vectors from Tables 5-1 and 5-2. The MSE corresponding to different number of utilized 

modes are shown in Figure 5-7. Since the 4th mode is not used in the x-directional approximation in Table 

5-1, the MSEs only have three dots in Figure 5-7(a) when using the approximated participation vector from 

Table 5-1. The MSEs using approximated participation vector in Table 5-1 are larger than the MSEs using 

Table 5-2, which corresponds to the different approximation results between Tables 5-1 and 5-2. Figure 5-

7(b) shows that the 4th mode obviously increases the MSE when using Table 5-1. The increased MSE 

corresponds to the fact that the differences in the y-directional approximation results between Tables 5-1 

and 5-2 become larger after the 4th mode is added. The y-directional approximation results in Tables 5-1 

and 5-2 are actually more similar before the 4th mode is added.  

 

  
(a) x-direction (b) y-direction 

Figure 5-7 Comparison of MSEs under the 2D models 
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Figures 5-5 and 5-6 show that the sums of approximated participation functions are different on different 

floors in different areas. For example, the sums of approximated participation functions in P1 area are 

obviously farther from unity in Figures 5-5(a) and 5-6(a), which imply there are missing local modes with 

large mode shape amplitudes. Figures 5-5(a) and 5-6(a) also show that the sums on the 4th floor are closer 

to unity while the sums on the 2nd floor are farther, which implies the higher modes with large mode shape 

amplitudes on the 2nd floor are not considered. 

Next, the participation vector approximation using fewer nodes are tested. Figure 5-8 selects fewer nodes 

for the participation factor approximation comparing to Figure 5-2. The selected nodes are still evenly 

distributed near the edges of each floor but the density of selected nodes is smaller comparing to Figure 5-2.  

 

 

Figure 5-8 Participation vector approximation with fewer nodes 

 

The participation vector approximation results using the fewer nodes are shown in Table 5-3. The 

accuracy is slightly reduced comparing to Table 5-2, the comparison shows the improved participation 

vector approximation accuracy by using more measurement points. 

 

Table 5-3 Participation vector approximation with fewer nodes 

Mode 

freq. 

(Hz) 

x-direction y-direction 

Total number of utilized modes Total number of utilized modes 

1 2 3 4 True 1 2 3 4 True 

2.25 -5.21 -5.37 -5.41 -5.38 -4.94 -4.34 -4.20 -4.29 -4.21 -4.28 

2.39 - 5.76 5.92 5.72 5.56 - -5.19 -4.86 -5.35 -5.27 

2.49 - - -1.55 -1.60 -1.75 - - -3.12 -3.22 -3.64 

2.85 - - - 0.72 1.06 - - - 1.79 1.73 

 

Lastly, the participation vector approximation only using mode shapes on upper floors are tested. In 

Chapter 4, the approximated participation factor in the 1st mode has good accuracy when only using mode 

shapes at upper floors. Table 5-4 shows the approximation results with the selected nodes in Figure 5-2 

under two cases: One uses mode shapes on the 3rd to 5th floors, the other uses mode shapes on the 4th and 5th 

floors.  
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Table 5-4 Participation vector approximation using mode shapes on upper floors 

Mode 

freq. 

(Hz) 

x-direction y-direction 

Total number of utilized modes Total number of utilized modes 

1 2 3 4 True 1 2 3 4 True 

2.25 
-4.72 -4.73 -4.75 -4.77 

-4.94 
-3.83 -3.82 -3.87 -3.91 

-4.28 
-4.42 -4.31 -4.33 -4.34 -3.42 -3.51 -3.54 -3.57 

2.39 
- 5.16 5.25 5.15 

5.56 
- -4.83 -4.66 -4.84 

-5.27 
- 4.75 4.84 4.69 - -4.38 -4.18 -4.45 

2.49 
- - -1.48 -1.52 

-1.75 
- - -3.05 -3.13 

-3.64 
- - -1.31 -1.34 - - -2.74 -2.81 

2.85 
- - - 0.83 

1.06 
- - - 1.57 

1.73 
- - - 0.77 - - - 1.40 

Note: The upper lines for 3rd to 5th floors and the lower lines for 4th and 5th floors 

 

Similar to the numerical simulation in Chapter 4, the approximation accuracy is lower when only using 

upper floors than using all floors. An explanation is that the utilized mode shapes are not strictly triangle-

shaped in vertical as shown in Figure 5-3(b), the mode shapes on upper floors cannot perfectly capture the 

mode shapes on lower floors. Based on the participation vector approximation results in Tables 5-2 to 5-4, 

the approximated participation vector in Table 5-2 is utilized in the seismic response prediction when using 

the 2D model because of its highest accuracy. 

 

5.5 Seismic Response Prediction 

The seismic response prediction has two major purposes: the applicability of the proposed seismic response 

prediction method for buildings with flexible floors; and the necessity of the 2D model for the buildings 

with multiple lateral-torsional coupling modes. The seismic response prediction accuracies at the selected 

nodes in Figure 5-2 are investigated. The seismic response prediction accuracies using the 1D and 2D 

models are compared. The utilized participation vectors for the seismic response prediction are indicated in 

Table 5-1 for the 1D model and in Table 5-2 for the 2D model. 

The 2D model utilizes the four modes introduced in Section 5.3 while the 4th mode (2.85 Hz mode) is 

removed in the x-direction when using the 1D model as discussed in Sub-section 5.4.1. The damping ratios 

are assumed frequency-proportional and the damping ratio in the 1st mode is set as 1%. The modal property 

variances are not considered in this simulation. The variances of modal parameters appear in modal 

parameter identification itself and the response amplitude difference between microtremor and an 

earthquake. The simulation assumes an observation system is installed at the objective building so that the 

natural frequencies and damping ratios are updated. The building remains linearly elastic because the 

purpose of the prediction method is to provide seismic response estimation when the building has no 

obvious structural damage, it is also the reason that the mode shapes are assumed unchanged. 

The El Centro, Taft, Hachinohe and JMA Kobe waves are utilized as the input ground motions. The NS 

and EW components are used as the x- and y-directional input ground motions, respectively. The x- and y-

directional acceleration amplitudes are scaled down by setting the peak ground velocity as 0.25 m/s in both 

directions. The corresponding x-directional peak accelerations of the four ground motions are 2.55, 2.43, 

1.67 and 2.12 m/s2, respectively, the corresponding y-directional peak accelerations are 1.42, 2.48, 1.19 and 
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1.92 m/s2, respectively. The response spectra of the four ground motions with a damping ratio of 1% are 

shown in Figure 5-9. 

Two cases are considered: One assumes the ground motion is single-directional, only the corresponding 

directional seismic responses are evaluated and the corresponding prediction accuracies when using the 1D 

and 2D models are compared. This case investigates the influence of the participation vector approximation 

errors on the seismic response prediction accuracy; The other case considers the two-directional ground 

motions to explore the necessity of considering vibrations induced by orthogonal ground motions.  

 

  
(a) El Centro (b) Taft 

  
(c) Hachinohe (d) JMA Kobe 

Figure 5-9 Response spectra of input accelerations with 1% damping ratio 

 

5.5.1 Single-directional ground motion 

In this section, the ground motion is single-directional and only the same directional responses are 

evaluated. The single-directional ground motion simulation aims to exhibit the influence of participation 

vector approximation errors on the seismic response prediction accuracy. The 1D model cannot consider 

the orthogonal vibrations induced by single-directional ground motions so this section only considers the 

vibrations in the same direction of the input ground motion. Figure 5-10 shows the peaks of the seismic 

response absolute accelerations at the selected nodes. The x-directional amplitudes mean the amplitudes 

caused by the x-directional ground motion, they are not the x-directional amplitudes from the y-directional 

ground motion. The acceleration amplitudes in P1 and P3 areas are large than the amplitudes in P2 area 

under the four ground motions. Specifically, the x-directional amplitudes in P1 area and the y-directional 

amplitudes in P3 areas are obviously large, which implies the lateral-torsional coupling of the modes in the 

model.  

The predicted responses are compared to the true responses. The predicted acceleration amplitude errors 

at the selected nodes when using the 1D and 2D models are shown in Figures 5-11 and 5-12, respectively. 
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The negative value means the prediction underestimates the response and positive value means 

overestimating. Tables 5-5 and 5-6 summarize the averaged errors and the peak errors on each floor in the 

seismic response amplitude prediction when using the 1D and 2D models, respectively. 

 

 
(a) El Centro 

 
(b) Taft 

 
(c) Hachinohe 

 
(d) JMA Kobe 

Figure 5-10 Peak acceleration distributions under single-directional ground motions (Unit: m/s2) 
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(a) El Centro 

 
(b) Taft 

 
(c) Hachinohe 

 
(d) JMA Kobe 

Figure 5-11 Errors of peak response accelerations using the 1D model under single-directional ground 

motions (Unit: %) 
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(a) El Centro 

  
(b) Taft 

  
(c) Hachinohe 

  
(d) JMA Kobe 

Figure 5-12 Errors of peak response accelerations using the 2D model under single-directional ground 

motions (Unit: %) 
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Table 5-5 Averaged/Peak prediction errors using the 1D model under single-directional ground motions 

(Unit: %) 

First value: Average, Second value in parenthesis: Peak 

 Fl. 

x-direction y-direction 

El 

Centro 
Taft 

Hachi- 

nohe 

JMA 

Kobe 

El 

Centro 
Taft 

Hachi-

nohe 

JMA 

Kobe 

Acc. 

5 -5(-13) -0(-6) -5(-7) +13(+15) +19(+21) +12(+15) +16(+20) +25(+28) 

4 -12(-34) -5(-53) +1(+21) -2(-38) -9(-24) -10(-32) +25(+86) +11(+49) 

3 -8(-23) -7(-63) +1(-21) -0(-33) -8(-22) -5(-30) +24(+60) +7(+26) 

2 -13(-35) -24(-54) -5(-29) -2(+18) -11(-32) -11(-29) +10(+40) +16(+43) 

Vel. 

5 -3(-13) +14(+22) +1(+5) +19(+23) +19(+20) +14(+16) +19(+22) +23(+26) 

4 -3(-23) +2(-40) -1(-21) -4(-36) -11(-24) -11(-34) +25(+81) +5(+28) 

3 -6(-32) +4(-38) +1(-23) -1(-36) -5(+25) -10(-37) +22(+75) +18(56) 

2 -14(-44) +1(-34) +1(+20) -3(-33) -8(-32) -10(-39) +21(+67) +11(+36) 

Disp. 

5 +15(+17) +24(+26) +3(+6) +17(+20) +17(+19) +16(+16) +11(+12) +23(+25) 

4 -1(+39) +8(+35) +4(+24) +1(-31) -10(-24) -12(-34) +14(+58) +2(+23) 

3 +4(+37) +11(+37) +3(+18) +1(-32) -7(-23) -9(-35) +11(+48) +5(+24) 

2 +1(+31) +9(+37) +3(+16) -3(-30) -7(-24) -8(-38) +12(+40) +10(+35) 

 

Table 5-6 Averaged/Peak prediction errors using the 2D model under single-directional ground motions 

(Unit: %) 

First value: Average, Second value in parenthesis: Peak 

 Fl. 

x-direction y-direction 

El 

Centro 
Taft 

Hachi- 

nohe 

JMA 

Kobe 

El 

Centro 
Taft 

Hachi-

nohe 

JMA 

Kobe 

Acc. 

5 -14(-19) -21(-23) -9(-11) -6(-7) -5(-7) -8(-10) -11(-13) -6(-7) 

4 -10(-18) -14(-34) -0(-9) +2(+6) -4(-9) -6(-12) -3(-11) -3(-7) 

3 -7(-25) -16(-41) -0(-7) -0(+7) -5(-10) -2(-15) -1(+11) -2(-5) 

2 -9(-21) -30(-52) -6(-19) -4(-7) -9(-20) -9(-29) -9(-26) +1(+6) 

Vel. 

5 -10(-16) -9(-13) -2(-2) -2(-3) -7(-8) -6(-7) -7(-10) -6(-7) 

4 +0(-13) -6(-18) +0(-5) +0(+3) -3(-7) +1(-6) +1(+30 -2(-4) 

3 -5(-19) -5(-11) +1(-4) +1(+7) -2(-5) -2(-6) -1(-8) -2(-5) 

2 -13(-30) -8(-23) +0(-6) +0(-10) -6(-15) -5(-12) -7(-17) +0(+9) 

Disp. 

5 +2(+4) -6(-8) -4(-5) -2(-3) -1(-2) -4(-5) -6(-7) -5(-5) 

4 +2(+7) -1(-8) +2(+6) +3(+7) -2(-5) +0(-3) +1(+7) -2(-5) 

3 +5(+12) -1(-6) +1(+6) +1(+4) -2(-6) -0(-6) -1(-7) -2(-5) 

2 +3(+14) -3(-12) +1(+6) -3(-10) -3(-9) -1(-7) -5(-14) -3(-8) 

 

The comparisons of Figure 5-11 to Figure 5-12 and Table 5-5 to Table 5-6 show the influence of the 

participation vector approximation errors on the seismic response prediction accuracy. The 1D model has 

the less accurate approximated participation vector in the two directions and the prediction accuracies are 

indeed lower than using the 2D model. For example, the 1st and 2nd modes have large mode shape 

amplitudes in P1 area, the large participation factor approximation errors in the 1st and 2nd modes in Table 

5-1 lead to the large prediction errors in P1 area in Figure 5-11. Although the y-directional participation 

vector approximation errors are larger than the x-directional errors in the 1D model, the y-directional 

prediction accuracies are not similarly lower than the x-directional accuracies. The y-directional prediction 

accuracies are actually slightly better than x-directional accuracies under the El Centro and Taft waves. It 

might be because the 4th mode is neglected in the x-directional prediction. 
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As discussed in Sub-section 5.4.2, there might exist missing local modes with large x-directional mode 

shape amplitudes in the P1 area. It is because the sums of approximated participation functions in this area 

are obviously farther from unity in Figure 5-5(a). Those missing modes are likely excited under the Taft 

wave while they are less excited under the other three waves. As a result, the x-directional prediction 

accuracies in P1 area is low in Figure 5-12(b) but the prediction accuracies are higher under the other three 

ground motions. The relatively larger prediction errors on the 2nd floor comparing to other floors are likely 

caused by the neglecting of higher modes with large mode shape amplitudes on the 2nd floor. Figure 5-12 

also shows that the large errors generally occur in P1 and P3 areas under the four ground motions. It is 

because the mode shape amplitudes in the two areas are larger than P2 area and the large amplitudes 

magnify the mis-estimated modal responses.  

The largest seismic response amplitudes on the 4th floor under the four ground motions are summarized 

in Table 5-7, and the prediction errors when using the 2D model are attached. Although the y-directional 

seismic responses on the 5th floor are the largest as shown in Figure 5-10, the 5th floor is local so it is less 

representative than the 4th floor. The locations of the largest acceleration, velocity and displacement 

amplitudes are generally in P1 and P3 areas because the influence of the lateral-torsional coupling is 

stronger in the two areas.  

Figures 5-13 to 5-20 show the predicted time history at the locations where they have the largest 

amplitudes on the 4th floor, the corresponding locations names are listed in Table 5-7. The figures 

demonstrate the effectiveness of the proposed seismic response prediction method and the influence of 

participation vector errors on the response prediction. The predicted responses are similar to the true 

responses from the time history viewpoint even if using the 1D model that has low participation vector 

approximation accuracy. An explanation is that the natural frequency and damping ratio variances are not 

considered and the selected four modes are likely the dominating modes to the seismic responses. The 

influence of the participation vector approximation errors is mainly reflected by the response amplitudes. 

However, a mode with large participation factor approximation error is not necessarily excited by a 

particular earthquake and causes large response prediction error. For example, the y-directional prediction 

accuracy using the 1D model is similar to the result using the 2D model in Figure 5-20 even though the 

former one has large the approximated participation factors variances.  

 

Table 5-7 Largest response amplitudes in the x- and y-directions on the 4th floor 

Response 
El Centro Taft Hachinohe JMA Kobe 

Amp. Err. Loc. Amp. Err. Loc. Amp. Err. Loc. Amp. Err. Loc. 

Acc. (m/s2) 
11.63 -16 4b 12.80 -24 4b 7.54 +4 4m 13.14 -1 4b 

8.68 -1 4a 14.03 -10 4o 4.10 -11 4g 12.13 -7 4g 

Vel. 

(×10-1 m/s) 

6.41 +4 4b 6.83 -2 4m 4.95 +3 4m 8.96 +1 4b 

5.77 -2 4b 9.26 +4 4b 2.08 +0 4a 7.46 -4 4g 

Disp. 

(×10-2 m) 

4.83 +3 4b 4.55 -0 4m 3.64 +6 4m 6.02 +4 4b 

3.95 -1 4b 6.49 +2 4b 1.72 +1 4b 4.94 -5 4g 

Note: the upper lines for x-direction and lower lines for y-direction 
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Figure 5-13 Largest x-directional responses on the 4th floor under the x-directional El Centro wave 

 

 

 

Figure 5-14 Largest x-directional responses on the 4th floor under the x-directional Taft wave 



85 
 

 

 

 

Figure 5-15 Largest x-directional responses on the 4th floor under the x-directional Hachinohe wave 

 

 

 

Figure 5-16 Largest x-directional responses on the 4th floor under the x-directional JMA Kobe wave 
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Figure 5-17 Largest y-directional responses on the 4th floor under the y-directional El Centro wave 

 

 

 

Figure 5-18 Largest y-directional responses on the 4th floor under the y-directional Taft wave 
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Figure 5-19 Largest y-directional responses on the 4th floor under the y-directional Hachinohe wave 

 

 

 

Figure 5-20 Largest y-directional responses on the 4th floor under the y-directional JMA Kobe wave 
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5.5.2 Two-directional ground motion 

The single-directional ground motion simulation is mainly used to explore the influence of the participation 

vector approximation errors on the seismic response prediction accuracy. In this section, the applicability of 

the proposed seismic response prediction method is further tested by the two-directional ground motions. 

The simulation compares the prediction accuracies when using the 1D and 2D models to discuss the 

necessity of considering vibrations induced by orthogonal ground motions. The four ground motions in 

Sub-section 5.5.1 are utilized, the NS and EW components are simultaneously applied to the numerical 

model as the x- and y-directional input ground motions, respectively. 

The peaks of absolute accelerations at the selected nodes are shown in Figure 5-21. The increased 

amplitudes under the two-directional ground motion comparing to Figure 5-10 shows that the vibrations in 

one direction is increased by the ground motion in the orthogonal direction. The increased response 

amplitudes are particularly obvious under the Taft wave in Figure 5-21(b) comparing to Figure 5-10(b). 

The predicted amplitudes using the 1D model are the same when the input ground motions are changed 

from single-directional to two-directional. Therefore, the increased response amplitudes imply the 

increased prediction errors when using the 1D model.  

 

    
(a) El Centro 

    
(b) Taft 

    
(c) Hachinohe 

    
(d) JMA Kobe 

Figure 5-21 Peak acceleration distributions under two-directional ground motions (Unit: m/s2) 
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The prediction errors when using the 1D and 2D models are in Figures 5-22 and 5-23, respectively. 

Tables 5-8 and 5-9 summarize the averaged errors and the peak errors on each floor in the seismic response 

amplitude prediction when using the 1D and 2D models, respectively.  

 

 
(a) El Centro 

 
(b) Taft 

 
(c) Hachinohe 

 
(d) JMA Kobe 

Figure 5-22 Errors of peak response accelerations using the 1D model under two-directional ground 

motions (Unit: %) 
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(a) El Centro 

 
(b) Taft 

 
(c) Hachinohe 

 
(d) JMA Kobe 

Figure 5-23 Errors of peak response accelerations using the 2D model under two-directional ground 

motions (Unit: %) 
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Table 5-8 Averaged/Peak prediction errors using the 1D model under two-directional ground motions 

(Unit: %) 

First value: Average, Second value in parenthesis: Peak 

 Fl. 

x-direction y-direction 

El 

Centro 
Taft 

Hachi- 

nohe 

JMA 

Kobe 

El 

Centro 
Taft 

Hachi-

nohe 

JMA 

Kobe 

Acc. 

5 -23(-29) -39(-50) +6(+17) -14(-17) +5(+8) -21(-23) +14(+17) +36(+40) 

4 -24(-35) -48(-78) -3(+28) -14(-44) -29(-45) -27(-40) -19(-57) -19(-53) 

3 -22(-33) -49(-81) +4(+27) -9(-34) -25(-47) -25(-34) -11(-53) -11(-50) 

2 -16(-41) -49(-73) -8(-26) -4(-11) -22(-56) -30(-51) -1(-30) -9(-44) 

Vel. 

5 -19(-20) -37(-48) +15(+21) -18(-19) +10(+11) -17(-20) +17(+21) +35(+38) 

4 -23(-32) -45(-75) +1(+30) -17(-41) -33(-48) -24(-35) -27(-64) -24(-55) 

3 -22(-30) -42(-76) +4(+30) -17(-41) -27(-49) -25(-39) -23(-63) -16(-54) 

2 -26(-38) -41(-71) +5(+33) -18(-38) -28(-52) -27(-42) -20(-62) -13(-55) 

Disp. 

5 -9(-13) -31(-41) +18(+24) +1(+4) +6(+9) -14(-15) +9(+12) +35(+36) 

4 -18(-26) -44(-73) +6(+27) -8(-36) -30(-47) -26(-37) -28(-59) -26(-56) 

3 -17(-27) -43(-75) +8(+26) -7(-36) -25(-48) -25(-38) -24(-57) -18(-56) 

2 -19(-28) -44(-71) +8(+34) -9(-32) -25(-50) -26(-40) -22(-57) -16(-56) 

 

Table 5-9 Averaged/Peak prediction errors using the 2D model under two-directional ground motions 

(Unit: %) 

First value: Average, Second value in parenthesis: Peak 

 Fl. 

x-direction y-direction 

El 

Centro 
Taft 

Hachi- 

nohe 

JMA 

Kobe 

El 

Centro 
Taft 

Hachi-

nohe 

JMA 

Kobe 

Acc. 

5 -16(-21) -7(-17) +1(+9) -1(-3) -8(-9) -12(-15) -9(-11) -7(-9) 

4 -4(-13) -3(-16) -1(-14) +1(+6) -1(-4) -4(-7) -0(-8) +2(+4) 

3 -5(-15) -8(-25) +2(+10) -0(-4) -3(-11) -3(-19) +1(+5) +0(-7) 

2 -9(-29) -21(-31) -8(-25) -5(-10) -10(-36) -14(-36) -0(-11) -2(-8) 

Vel. 

5 -4(-5) -11(-18) +7(+9) -1(-2) -2(-4) -8(-11) -5(-7) -7(-8) 

4 +3(+5) -2(-8) +1(+6) +0(+2) -1(-7) +1(+7) +0(-6) +2(+5) 

3 +3(+9) +0(-10) +3(+8) +0(+8) -0(-6) -1(-8) -1(-11) +1(-7) 

2 -2(-7) +0(+11) +3(+11) -0(-5) -3(-8) -5(-14) -2(-11) +1(-7) 

Disp. 

5 -4(-7) +1(+8) +6(+7) -1(-1) -3(-4) -5(-7) -4(-4) -5(-6) 

4 +3(+7) +1(+6) +3(+7) +2(+7) +2(+4) +1(+3) +2(-6) +3(+5) 

3 +2(+6) +0(+6) +4(+7) +1(+6) +1(+3) +1(-8) +1(-6) +2(-6) 

2 +2(+7) -3(-9) +4(+10) -2(-8) +0(+4) -0(-10) -1(-8) +2(+7) 

 

Figure 5-22 and Table 5-8 show the increased prediction errors comparing to the single-directional 

ground motion simulations when using the 1D model, especially under the Taft wave. The x-directional 

response amplitudes are not significantly increased under the Hachinohe and JMA Kobe waves in Figure 5-

21 comparing to Figure 5-10. As a result, the prediction accuracies under the two waves are not largely 

decreased in Figure 5-22 comparing to Figure 5-11. 

The seismic response prediction errors when using the 1D model are caused by the complicated 

interaction among three factors: The participation factor approximation errors; The mode truncation errors 

in the mode superposition; The neglecting of vibrations induced by orthogonal ground motions. Due to the 

complicated interaction among the three factors, the prediction errors at some locations might be smaller 

under a two-directional ground motion. For example, the x-directional prediction errors on the 2nd floor 
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under the JMA Kobe wave are slightly decreased under the two-directional ground motion in Figure 5-22 

comparing to Figure 5-11. 

Comparing to the 1D model, the prediction errors are similar under the two-directional ground motion 

when using the 2D model. Similar to Figure 5-12, large errors are also found in P1 area in Figure 5-23. The 

large errors in P1 area is likely caused by the neglecting of local modes with large mode shape amplitudes 

in this area. Nonetheless, the overall errors are under 20% in Figure 5-23 and Table 5-9, the low errors 

show the applicability of the prediction method. The x-directional prediction accuracies are actually 

improved comparing to the single-directional ground motions. It is because the x-directional responses 

induced by the y-directional ground motions are predicted well so that the overall x-directional prediction 

accuracy is improved.  

The largest seismic response amplitudes on the 4th floor under the four ground motions are shown in 

Table 5-10 with their location names. The corresponding prediction errors when using the 2D model are 

attached. Then Figures 5-24 to 5-31 show the predicted time history at the locations where they have the 

largest amplitudes on the 4th floor, the corresponding location names are listed in Table 5-10. The figures 

further demonstrate the influence of the vibrations induced by orthogonal ground motions. Comparing to 

Figures 5-13 to 5-20, the prediction errors are more obvious in Figures 5-24 to 5-31 when using the 1D 

model. On the other hand, the predicted responses using the 2D model shows high accuracy from the time 

history viewpoint. 

 

Table 5-10 Largest response amplitudes in the x- and y-directions on the 4th floor 

Response 
El Centro Taft Hachinohe JMA Kobe 

Amp. Err. Loc. Amp. Err. Loc. Amp. Err. Loc. Amp. Err. Loc. 

Acc. (m/s2) 
11.77 +1 4m 27.14 -12 4b 8.13 +4 4b 13.82 -1 4b 

11.99 +0 4b 17.82 -4 4a 6.81 +3 4a 13.85 +1 4o 

Vel. 

(×10-1 m/s) 

7.90 +2 4m 16.56 -4 4b 4.97 +3 4m 9.30 +0 4b 

8.08 +1 4b 10.88 -1 4a 4.72 -2 4a 9.34 +4 4b 

Disp. 

(×10-2 m) 

5.40 +2 4m 10.69 -1 4b 3.54 +6 4b 6.16 +0 4b 

5.42 +3 4b 7.43 +0 4a 3.19 +4 4a 6.21 +5 4b 

Note: the upper lines for x-direction and lower lines for y-direction 
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Figure 5-24 Largest x-directional responses on the 4th floor under the two-directional El Centro wave 

 

 

 

Figure 5-25 Largest x-directional responses on the 4th floor under the two-directional Taft wave 
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Figure 5-26 Largest x-directional responses on the 4th floor under the two-directional Hachinohe wave 

 

 

 

Figure 5-27 Largest x-directional responses on the 4th floor under the two-directional JMA Kobe wave 
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Figure 5-28 Largest y-directional responses on the 4th floor under the two-directional El Centro wave 

 

 

 

Figure 5-29 Largest y-directional responses on the 4th floor under the two-directional Taft wave 
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Figure 5-30 Largest y-directional responses on the 4th floor under the two-directional Hachinohe wave 

 

 

 

Figure 5-31 Largest y-directional responses on the 4th floor under the two-directional JMA Kobe wave 
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5.6 Conclusions 

In this chapter, the proposed seismic response prediction method is verified by using the numerical model 

of the large-scale low-rise building. The numerical model shows floor flexibility and its mode shapes show 

lateral-torsional coupling. The approximated participation vectors using the 1D and 2D models are firstly 

compared. Then the seismic response prediction accuracies using the 1D and 2D models are investigated by 

the single- and two-directional ground motions. The main conclusions are summarized as follows: 

(1) In participation vector approximation, the 2D model has higher accuracy than the 1D model. The used 

modes show lateral-torsional coupling with large amplitudes in both horizontal directions. The higher 

approximation accuracy is produced by the fact that the 2D model utilizes the two directional mode 

shape components simultaneously to approximate the participation vector in one direction. On the 

other hand, the 1D model only utilizes the mode shape components in the same direction of the 

participation vector. 

(2) The influence of the participation vector approximation errors on the seismic response prediction 

accuracy is firstly explored by the single-directional ground motion. The simulation considers the 

seismic responses in the same direction of the input ground motion. The 2D model has higher seismic 

response prediction accuracy because of the higher participation vector approximation accuracy. 

However, the prediction accuracies at some locations are lower under certain ground motions, because 

some modes with large amplitudes at those locations are neglected while those modes are excited 

under certain ground motions. 

(3) The seismic response prediction accuracies using the 1D and 2D models are further compared by 

using the two-directional ground motions. The 2D model has better prediction accuracies not only 

because of the higher participation vector approximation accuracy, but also because the 2D model 

considers the vibrations induced by orthogonal ground motions. The prediction errors of the 1D model 

are significantly increased mainly because the 1D model cannot consider the vibrations induced by 

orthogonal ground motions. 

 

Reference 

[1] Xie J, Ikeda Y (2021): Seismic Response Prediction of Large-scale Low-rise Buildings Based on 

Microtremor Measurement, Summaries of Technical Papers of Annual Meeting Kinki Branch, AIJ, 2 

pages, Paper ID:2066. 

[2] CSI Analysis Reference Manual (2016): https://docs.csiamerica.com/manuals/sap2000/CSiRefer.pdf 

(Accessed on 22 June, 2022). 

 



98 
 

  



99 
 

Chapter 6  

Verification with Full-scale Shaking Table Test 

 

 

 

6.1 Introduction 

In Chapter 4, the fundamental properties of the proposed seismic response prediction method are explored 

by a 5-DOF stick-shaped lumped mass model. The participation vector approximation by using the mode 

shapes in limited modes and/or at limited locations and the seismic response prediction using the 

approximated participation vector are discussed. In Chapter 5, the prediction method is applied to a 

numerical model of a large-scale low-rise building to verify its applicability to buildings with floor 

flexibility. The necessity of the two-dimensional model when the objective building has modes with lateral-

torsional coupling is also demonstrated. However, the modal property variances are not considered in the 

two chapters. The modal property variances here mean the natural frequency and damping ratio variances 

between under measurements and an earthquake. As explained in Chapter 2, the natural frequencies and 

damping ratios under microtremor measurements are generally different from the values under an 

earthquake even if the objective building has no structural damage. Therefore, this chapter investigates the 

influence of the modal property variances on the prediction accuracy and verifies the applicability of the 

prediction method in practical situations by the full-scale shaking table tests [1]. The specimen is a 

conventional 4-story steel structure with a rectangular planar shape. Although the specimen does not reflect 

floor flexibility, the shaking table tests are adequate to fulfill the objectives. In this chapter, Section 6.2 

introduces the basic information about the specimen. Section 6.3 shows the modal properties of the 

specimen by applying microtremor measurements before the shaking table tests began. Section 6.4 

discusses the participation vector approximation using the identified mode shapes. Section 6.5 introduces 

the input excitations and the seismic response performances of the specimen. Section 6.6 compares the 

modal properties identified during tests to the properties from microtremor measurements. Section 6.7 

compares the predicted seismic responses to the recorded responses and Section 6.8 concludes the study. 

 

6.2 Test Specimen 

The experiment was conducted at a three-dimensional full-scale earthquake testing facility nicknamed ‘E-

Defense’ in December 2020, in the National Research Institute for Earth Science and Disaster Prevention 

(NIED) near Kobe in Japan. The shaking table tests aimed to simulate the seismic performance of a 

hospital with medical equipment, dummy human bodies on each floor and a water tank filled with sand 

located on the roof. The outlook of the specimen is shown in Figure 6-1.  

The specimen included two steel buildings: one was the base-fixed 4-story building and the other one 

was the base-isolated 3-story building. The geometric information of the base-fixed structure is in Figure 6-
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2. The two buildings were connected by a bridge on the 2nd floor. An expansion joint (EXP.J) was installed 

at the bridge. Figure 6-3 is a photo of the EXP.J. The blue circle in Figure 6-2 represents the location where 

the photo was taken and the blue arrow represents the shooting angle. The two buildings were independent 

of each other because of the EXP.J. The objective building is the base-fixed building.  

 

 

Figure 6-1 Test specimen outlook 

 

 

 Figure 6-2 Geometric information and the measurement points in the specimen 
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Figure 6-3 EXP.J at the connecting bridge 

 

The fixed-base building had a 10.0 m (two bays in the x-direction) by 7.0 m (one bay in the y-direction) 

floor plan and it was 16.1 m in height. The estimated weights from the 1st (including the concrete 

foundation) to 5th (roof) floors were 1,602 kN, 377 kN, 371 kN, 376 kN and 512 kN, respectively. As a 

result, the total weight of the building is 3,238 kN. The building's structure was a 4-story moment-resisting 

frame designed and constructed according to the current Japanese seismic codes. The frame was composed 

of steel hollow structural section (HSS) columns and H-shaped steel beams. All column-beam connections 

had through-diaphragms, and all fixed column bases were designed as the exposed type. All floors were 

made of 150 mm reinforced concrete slabs on steel deck plates. No claddings were installed. However, the 

x-directional frame was covered with partition walls in the 2nd to 4th stories. The columns were made of 

250×16 mm cold-rolled HSS with BCR295 steel at a nominal strength of 295 MPa. The main beams 

utilized H-400×200×8×13 with SN490B steel at a nominal strength of 325 MPa or equivalent built-up steel 

sections. Floor beams utilized H-300×150×6.5×19 with SN490B. The column bases were the exposed-type 

used in Japan where anchor bolts embedded in the concrete foundation were connected to the base plates 

welded to the 1st story columns. The column bases were designed to yield prior to the columns.  

 

6.3 Modal Identification Based on Microtremor Measurement 

Total of 15 measurement points were deployed at the base-fixed building. The measured locations on the 1st, 

3rd and 5th floors are shown in Figure 6-2 by the black dots. The measured locations on the other floors 

were horizontally identical to the three floors. Each measured location is attached with a name that consists 

of a number and a character, the number indicates the floor number and the character indicates the 

horizontal location. For example, Location 5a means Location a on the 5th floor and Location 4a means 

Location a on the 4th floor. Locations 5a and 4a are horizontally identical. The red dots represent the 

accelerometer locations deployed for the seismic response recording, they are named following the same 

rule of the measured locations. Four simultaneous measurements (Measurements A, B, C, and D) were 

repeated by fixing one accelerometer at Location 5a as the reference point to obtain the global mode shapes 

of the structure with a limited number of sensors. Location 5a was selected as the reference point because 
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the mode shape amplitudes on the 5th floor are likely larger. The locations for each measurement are shown 

in Table 6-1.  

 

Table 6-1 Microtremor measurement plan 

Sequence Sensor 1 Sensor 2 Sensor 3 Sensor 4  Sensor 5 

A 5a 4a 3a 2a 1a 

B 5a 5b 5c 4b 4c 

C 5a 3b 3c 2b 2c 

D 5a 1b 1c - - 

 

The sampling frequency was 200 Hz. Figure 6-4 shows the x-directional microtremor accelerations at 

Locations 5a to 1a under Measurement A. The peak accelerations were less than 0.020 m/s2 on the 5th floor 

and less than 0.001 m/s2 on the 1st floor during the four measurements. The sources of vibration were 

mostly indoor construction activities and ground vibrations. The input load can be assumed as the white 

noise so that the modal identification method based on the ambient vibration is applicable. 

Similar to the identification process in Chapter 2, the natural frequencies and the corresponding mode 

shapes of the measured building were identified by the Frequency Domain Decomposition (FDD) method. 

The damping ratios were obtained by the Random Decrement (RD) method. Figure 6-5 shows the 1st 

singular value distributions of the four measurements. Total of 15 time-windows were utilized and each 

time-window contains 40.96 s long with 8192 data so that total utilized data contained around 10 minutes 

long. The FDD method was applied to each window and the singular value distribution was smoothed by 

the averaging process and the Hanning window five times. Comparing the four distributions of the 1st 

singular values in each horizontal direction, similar peaks appear at slightly different frequencies in the 

specific frequency ranges. Similar peak frequencies were averaged. The maximum difference is 0.1221 Hz 

around the relatively high frequency of 8.4 Hz. 

Figure 6-6 shows the selected and averaged natural frequencies with the corresponding mode shapes. 

The mode shapes are normalized to the amplitudes at Location 5a. Table 6-2 summarizes the identified 

modes based on Figures 6-5 and 6-6. The dominant natural frequencies are 1.57 Hz in the y-direction and 

1.65 Hz in the x-direction. The 1st torsional mode is at 2.25 Hz. As shown in Figure 6-6, there are two 

candidates of the 2nd lateral modes in the x-direction according to the identified mode shapes. The identified 

damping ratios in the 1st x- and y-directional modes were around 1.0%. However, the identified damping 

ratios are not used in the seismic response prediction because the damping ratios under medium/large 

excitations cannot be estimated by the microtremor. The purpose of using the RD method is to validate the 

natural frequency identified by the FDD method and the identified 1st natural frequencies are similar when 

using the two methods. 
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Location 5a 

 
Location 4a 

 
Location 3a 

 
Location 2a 

 
Location 1a 

Figure 6-4 Accelerations in Measurement A 

 



104 
 

  
(a) Measurement A (b) Measurement B 

  
(c) Measurement C (d) Measurement D 

Figure 6-5 1st singular value distribution 

 

Table 6-2 Modes identified from microtremor measurements 

x-direction y-direction 

Frequency (Hz) Mode  Frequency (Hz) Mode 

1.65 Lateral 1st 1.57 Lateral 1st  

2.25 Torsional 1st 2.25 Torsional 1st 

4.91 
Lateral 2nd 

(Candidate) 
4.79 Lateral 2nd 

5.33 
Lateral 2nd 

(Candidate) 
7.15 Torsional 2nd 

7.22 Torsional 2nd 8.46 Not determined 

8.39 Lateral 3rd with torsion   
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1.65 Hz 2.25 Hz 4.91 Hz 

   
5.33 Hz 7.22 Hz 8.39 Hz 

(a) x-directional mode shapes 

   
1.57 Hz 2.25 Hz 4.79 Hz 

  

 

7.15 Hz 8.46 Hz  

(b) y-directional mode shapes 

Figure 6-6 Mode shapes identified from microtremor measurements 
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6.4 Participation Vector Approximation 

As shown in Figure 6-6, the identified mode shapes have little lateral-torsional coupling in lower modes. 

Therefore, the single-dimensional model is utilized in participation vector approximation and seismic 

response prediction. There are two candidates for the 2nd lateral mode in the x-direction, which is not 

expected because the specimen is regular from the structure viewpoint. Nevertheless, the two candidates 

are simultaneously used in the participation vector approximation as the preliminary investigation. The 

mode shapes are normalized by setting the sum of squared mode shape amplitudes in each mode as unity as 

shown in Equation (3-15). Table 6-3 uses mode shapes at all measured locations and starts the participation 

vector approximation from using only the 1st mode, then higher modes are added to investigate the changes 

of the approximation results. The corresponding MSE in the LSM is also attached. 

 

Table 6-3 Preliminary participation vector approximation 

x-direction y-direction 

Freq. 

(Hz) 

Total utilized modes Freq. 

(Hz) 

Total utilized modes 

1 2 3 4 5 6 1 2 3 4 5 

1.65 3.25 3.28 3.21 3.47 3.49 3.38 1.57 3.21 3.21 3.17 3.18 3.63 

2.25 - -0.10 -0.07 0.12 0.18 -0.02 2.25 - 0.18 0.14 0.16 0.55 

4.91 - - -1.06 -3.57 -4.09 -1.53 4.79 - - -1.03 -1.04 -0.42 

5.33 - - - 2.56 3.03 0.39 7.15 - - - 0.11 1.31 

7.22 - - - - 0.17 -0.05 8.46 - - - - -1.47 

8.39 - - - - - 0.49 MSE 0.14 0.14 0.05 0.05 0.04 

MSE 0.12 0.12 0.03 0.02 0.02 0.01       

 

The abrupt changes in the approximation occur when the 4th (5.33 Hz) mode is added in the x-direction 

and the 5th (8.46 Hz) mode is added in the y-direction. Since the 3rd (4.91 Hz) and 4th modes have similar 

mode shapes, the 4th mode is little informative. Therefore, the abrupt changes in the x-direction after the 4th 

mode is added are considered decreasing the approximation accuracies in other modes. The slight changes 

in the x-directional MSE after adding the 4th mode suggests that the 4th mode is indeed unimportant. As a 

result, the 4th mode in the x-direction is removed from the participation vector approximation and the 

seismic response prediction. In the y-direction, the 5th mode also contributes little to the MSE reduction, 

which also means the changes in the participation vector approximation results are unlikely to improve the 

approximation accuracy. Therefore, the 5th mode in the y-direction is also removed. The approximation 

results after removing the two modes are shown in Table 6-4.  

 

Table 6-4 Participation vector approximation after removing modes 

x-direction y-direction 

Freq. 

(Hz) 

Total utilized modes Freq. 

(Hz) 

Total utilized modes 

1 2 3 4 5 1 2 3 4 

1.65 3.25 3.28 3.21 3.21 3.35 1.57 3.21 3.21 3.17 3.18 

2.25 - -0.10 -0.07 -0.07 -0.05 2.25 - 0.18 0.14 0.16 

4.91 - - -1.06 -1.07 -1.15 4.79 - - -1.03 -1.04 

7.22 - - - 0.01 -0.08 7.15 - - - 0.11 

8.39 - - - - 0.52      
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Despite using mode shapes at all measured locations, three cases in each direction are considered in 

Table 6-5. The participation vector approximation using mode shapes on all measured locations is named 

as Case 0. Case 1 uses mode shapes at one location on each floor and only considers lateral modes so that 

Case 1 makes a good validation to Case 0. Case 2 uses mode shapes on the 3rd to 5th floors and Case 3 uses 

mode shapes on the 4th and 5th floors.  

 

Table 6-5 Participation vector approximation using mode shapes at selected locations 

  Natural frequencies of considered modes (Hz)  

Dir. Case 1.65 2.25 4.91 7.22 8.39 Utilized sensor locations 

x 

0 3.35 -0.05 -1.15 -0.08 0.52 All (12) locations 

1 3.33 - -1.13 - 0.38 5a, 4a, 3a, 2a 

2 3.16 -0.04 -0.81 -0.05 0.19 5a, 5b, 5c, 4a, 4b, 4c, 3a, 3b, 3c 

 3 2.80 -0.07 -0.20 0.06 -0.16 5a, 5b, 5c, 4a, 4b, 4c 

  Natural frequencies of considered modes (Hz)  

  1.57 2.25 4.79 7.15   

y 

0 3.18 0.16 -1.04 0.11 All (12) locations 

1 3.39 - -0.98 - 5a, 4a, 3a, 2a 

2 3.04 0.15 -0.62 0.08 5a, 5b, 5c, 4a, 4b, 4c, 3a, 3b, 3c 

 3 2.89 0.16 -0.38 0.02 5a, 5b, 5c, 4a, 4b, 4c 

 

As shown in Table 6-5, the approximated participation vector in Case 1 is similar to Case 0 and makes a 

good validation to Case 0. The x-directional approximation results in the 3rd and 5th modes (the 4.91 Hz and 

8.39 Hz modes) and the y-directional approximation results in the 3rd mode (4.79 Hz mode) are obviously 

different among Cases 0, 2 and 3. An explanation is that upper floors cannot reflect the overall mode shape 

amplitudes in higher modes. For example, Figure 6-6(a) shows that the 3rd x-directional mode at 8.39 Hz 

has large mode shape amplitudes on the 2nd and 3rd floors, and the amplitudes are in opposite direction to 

the ones on 4th and 5th floors, respectively. However, Case 3 does not consider the amplitudes on the 2nd 

and 3rd floors with smaller sums of participation functions, and thus the approximation results in the 3rd 

mode is obviously different from Case 0. Similarly, Case 2 does not consider the amplitude on the 2nd floor 

that is in opposite direction to the amplitudes on the 3rd and 4th floors in the 5th x-directional mode at 8.39 

Hz. As a result, the approximated participation factor in the 5th mode in Case 2 is different from Case 0. 

Figure 6-6(b) shows that the amplitudes at Location a (blue line) in the 3rd y-directional mode at 8.46 Hz 

are large on the 2nd and 3rd floors and in opposite direction to the amplitudes on the 4th and 5th floors. The 

3rd y-directional mode is not well reflected in Cases 2 and 3 with smaller sums of participation functions 

and there are obvious differences among Cases 0, 2 and 3 in the 3rd y-directional mode. 

The sums of approximated participation functions in Cases 0 to 3 are compared in Table 6-6 to decide 

the approximated participation vector for the seismic response prediction. The sums of approximated 

participation functions in Table 6-6 suggests that using mode shapes at all floors is likely to overestimate 

the seismic responses on the 3rd floor since the values exceeds the unity. In addition, Table 6-6 shows that 

the sums on the 2nd floor and the sums on the 4th and 5th floors are similarly close to unity in Case 0. 

However, the values on lower floors are expected to be lower than higher floors when using a limited 
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number of modes. It is because lower floors are more influenced by the truncation errors. In this regard, 

Case 2 is preferable because the corresponding sums of approximated participation functions match the 

expected distributions on each floor. In Case 3, the sums at Locations 2a, 2b and 2c are too small. Since the 

participation vector approximation results in Table 6-5 and the approximated sums of participation 

functions in Table 6-6 are similar between Cases 0 and 1, it is unnecessary to utilize both two cases in the 

seismic response prediction. Therefore, Cases 0 and 2 are selected as the two candidate models for the 

seismic response prediction.  

 

Table 6-6 Sums of approximated participation functions 

  Measured location 

Dir. Case 5a 5b 5c 4a 4b 4c 3a 3b 3c 2a 2b 2c 

x 

0 1.01 0.98 1.05 0.84 1.01 0.99 1.08 1.10 1.09 1.00 0.84 0.90 

1 1.02 0.93 1.05 0.93 1.05 1.06 1.09 1.11 1.11 0.94 0.82 0.85 

2 0.99 0.99 1.02 0.96 1.03 1.04 0.99 0.98 1.00 0.75 0.66 0.70 

3 0.99 1.00 1.01 1.00 1.00 1.00 0.74 0.78 0.76 0.34 0.41 0.36 

y 

0 0.90 0.87 0.86 1.13 1.21 1.19 1.13 1.10 1.11 0.62 0.66 0.66 

1 0.89 0.97 1.07 1.14 1.27 1.31 1.15 1.13 1.14 0.64 0.67 0.65 

2 0.99 0.97 0.96 1.04 1.10 1.08 0.95 0.94 0.94 0.49 0.52 0.52 

3 1.00 1.00 1.00 0.99 1.02 0.99 0.86 0.83 0.80 0.43 0.43 0.41 

 

6.5 Input Excitations to Shaking Table and Seismic Responses 

Table 6-7 lists the input ground motions and their sequences in the shaking table tests. The NS component 

of the JMA Kobe wave was adapted as the earthquake ground motion for simulating the earthquake at 

Tokyo metropolitan area. The other ground motion (OS2) is an artificial ground motion used to evaluate the 

seismic damage of relatively long-period structures in the Osaka region for a mega subduction-zone 

earthquake along the Nankai Trough. ‘OS’ stands for Osaka and ‘2’ stands for the relatively soft ground in 

the area. OS2 is an original ground motion prepared by the Ministry of Land Infrastructure Transport and 

Tourism, Japan, for the engineering bedrock is scaled up considering Type 2 soil conditions.  

The ground motions were scaled down to simulate the elastic limit corresponding to the allowable stress 

design (Level 1) and the inelastic limit corresponding to the ultimate strength design (Level 2) in the 

Japanese seismic design. Nos.1 and 2 tests used the JMA Kobe motion in a single horizontal direction for 

the Level 1 design check; No.3 test used the small OS2 wave in a single horizontal direction for evaluating 

the immediate functionality limit; Then the scale of the JMA Kobe motion was increased and applied to the 

specimen in a single horizontal direction for the Level 2 design check in No.4 test; The OS2 motion was 

scaled up and applied in two horizontal directions for evaluating the functionality limit in No.5 test and; 

The JMA Kobe motions was scale up and applied in two horizontal directions with a vertical motion to 

evaluate the failure mechanism in No.6 test. In Nos.5 and 6 tests, the y-directional input was same as the x-

directional input. 
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Table 6-7 Shaking table test 

Test 

sequential 

No. 

Earthquake 

name 

Input direction Input scale 
Peak acceleration on 1st 

floor (m/s2) 

x-dir. y-dir. x-dir. y-dir. x-dir. y-dir. 

1 Kobe Input - 16% - 1.37 0.16 

2 Kobe - Input - 16% 0.34 1.49 

3 OS2 - Input - 20% 0.22 0.89 

4 Kobe Input - 50% - 4.06 0.76 

5 OS2 Input Input 50% 50% 2.25 2.07 

6 Kobe Input Input 50% 50% 5.44 4.74 

 

Figure 6-7 shows the acceleration response spectra of Nos.5 and 6 tests by using the recorded 

accelerations on the 1st floor. The utilized damping ratio is set as 2%. The designed x- and y-directional 

input ground motions are the same in Nos. 5 and 6 tests so the corresponding response spectra are similar. 

 

 

Figure 6-7 Response spectra of input accelerations on the shaking table 

 

The sensors for the seismic response recording were at Locations 5d, 4d, 3d and 2d in red dots in Figure 

6-2. They recorded the accelerations on the 5th to 2nd floors, respectively. Location 1d was set on the 1st 

floor and the corresponding accelerations are utilized as the input ground motions in the seismic response 

prediction. Figures 6-8 to 6-11 show the measured acceleration time histories in Nos.1, 3, 5 and 6 tests 

when the input Kobe and the OS2 waves were at small scale and large scale. Several anchor bolt fractures 

caused the intense shaking at 14.3 s at the column bases in No.6 test. The anchor bolt fractures lead to 

extreme peak amplitudes on lower floors. Figure 6-12 shows the x-directional accelerations with extreme 

peak amplitudes in No.6 test, which was caused by the anchor bolt fractures. The extreme peak amplitude 

on the 2nd floor was also observed in y-direction. 

Table 6-8 summarizes the response amplitudes of absolute accelerations, relative velocities and relative 

displacements on the 2nd to 5th floors. The recorded y-directional acceleration on the 2nd floor and the x-

directional accelerations on the 2nd and 3rd floors are not listed because they were significantly influenced 

by the anchor bolt fractures. The relative accelerations were filtered by the 4-order high-pass Butterworth 

filter with the cutoff frequency of 0.5 Hz, then the filtered accelerations are integrated by the numerical 

integration method to obtain the velocity and displacement amplitudes. 
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Location 5d 

 
Location 1d 

Figure 6-8 x-directional accelerations in No.1 test 

 
Location 5d 

 
Location 1d 

Figure 6-9 y-directional accelerations in No.3 test 
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Location 5d 

 
Location 1d 

(a) x-direction 

 
Location 5d 

 
Location 1d 

(b) y-direction 

Figure 6-10 Accelerations in No.5 test 
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Location 5d 

 
Location 1d 

(a) x-direction 

 
Location 5d 

 
Location 1d 

(b) y-direction 

Figure 6-11 Accelerations in No.6 test 
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Location 3d 

 
Location 2d 

Figure 6-12 x-directional accelerations with extreme peak amplitudes in No.6 test 

 

Table 6-8 Peak response amplitudes in the six tests 

Test 

sequential 

No. 

Fl. 

x-dir. y-dir. 

Acc. 

(m/s2) 

Vel.  

×10-1 (m/s) 

Disp.  

×10-2 (m) 

Acc. 

(m/s2) 

Vel. 

×10-1 (m/s) 

Disp. 

×10-2 (m)  

1 

5 3.35 3.86 4.44 

Not discussed 
4 2.96 3.32 3.82 

3 2.67 2.49 2.77 

2 1.99 1.32 1.37 

2 

5 

Not discussed 

4.05 4.72 5.88 

4 3.63 4.08 5.01 

3 2.90 3.12 3.60 

2 2.07 1.76 1.81 

3 

5 

Not discussed 

4.92 6.10 7.64 

4 4.72 5.46 6.46 

3 4.48 4.20 4.60 

2 3.23 2.42 2.35 

4 

5 11.79 11.83 15.28 

Not discussed 
4 14.25 10.41 13.05 

3 15.00 8.22 10.48 

2 11.52 4.99 5.94 

5 

5 9.96 8.98 11.41 10.86 11.75 16.39 

4 8.08 7.40 10.33 8.70 10.73 14.62 

3 11.54 5.61 8.18 8.15 8.31 10.88 

2 5.56 3.44 4.83 6.45 4.80 6.22 

6 

5 14.18 10.34 14.87 20.09 14.58 20.77 

4 22.29 9.48 13.64 17.42 12.21 17.22 

3 - 8.67 11.89 16.23 9.90 13.36 

2 - 6.53 7.28 - 7.84 10.12 

 



114 
 

6.6 Modal Properties Under the Shaking Table Tests  

To investigate the changes of modal properties under different scales of ground motions, the modal 

identification method using the recursive Least Squares Method with a forgetting factor was employed to 

the recorded accelerations [2]. The identification method utilizes the single-input-four-output Auto-

Regressive Exogenous (ARX) models: the input was the acceleration at Location 1d and the outputs were 

the accelerations at locations 2d, 3d, 4d and 5d. The forgetting factor was set at 0.998 to investigate the 

time variances of the 1st equivalent modal properties. Before the identification, the measured accelerations 

were bandpass-filtered with the bandwidth from 0.5 Hz to 2.0 Hz to fix the dimension for the ARX models 

to (2,2): the first 2 indicates two auto-regressive terms and the second 2 indicates three exogeneous input 

terms with the direct term. The identification was conducted in the horizontal direction independent of the 

other direction. A similar identification has already been applied to the past E-defence tests to understand 

the structural amplitude-dependency [3]. Figure 6-13 compares the time variances in the x-direction of the 

1st x-directional mode under the Kobe waves in Nos.1, 4 and 6 tests. Then Figure 6-14 shows the time 

variances in the y-direction of the 1st y-directional mode under the OS2 waves in Nos.3 and 5 tests. The 

initial 10 s are neglected because of the warm-up period for the shaking.  

 

 
Natural frequencies 

 
Damping ratios 

 
Mode shape amplitudes normalized by the amplitudes on the 5th floor 

Figure 6-13 x-directional modal properties in the 1st mode under the Kobe waves 
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Natrual frequencies 

 
Damping ratios 

 
Mode shape amplitudes normalized by the amplitudes on the 5th floor 

Figure 6-14 y-directional modal properties in the 1st mode under the OS2 waves 

 

As shown in Figures 6-13, the obvious decrease in the x-directional 1st natural frequency can be seen in 

the first 5 s (10 s to 15 s in the figure) in No.1 test when the excitation amplitude becomes large. The 

decreased 1st natural frequency might be caused by the invalidity of the non-structural components. In 

Nos.4 and 6 tests, the 1st natural frequencies in both x- and y-directions vibrate in the first 10s, it might be 

caused by the invalidity of non-structural damage and the structural damage. On the other hand, the 1st 

damping ratios in both x- and y-directions vibrate in the early 15 s under the three tests. A negative 

damping ratio around 13.5 s implies that the ARX model cannot understand the corresponding physical 

phenomena. The 1st natural frequency tends to decrease as the excitation scale increases while the 

relationship between the 1st damping ratio and different scales of ground motions is unclear. Under the 

Kobe waves, the 1st damping ratio increases when the scale of the input ground motion increases. However, 

the 1st damping ratio decreases when the scale of the input ground motion increases under the OS2 wave in 

Nos. 3 and 5 tests. 

Table 6-9 compares the modal properties under different tests to the values identified from microtremor 

measurements. The modal properties identified during tests are averaged from 10 s to 40 s under the Kobe 

excitations and from 10 s to 250 s under the OS2 waves. The negative values in the damping ratios are set 
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as zeros when they are averaged. Since the locations where the microtremor measurements were taken are 

different from the locations that recorded the seismic responses, the 1st mode shape amplitudes at Locations 

a, b and c are averaged to compare to the amplitudes at Location d. The mode shape amplitudes are 

normalised to the amplitude on the 5th floor.  

Table 6-9 shows that the mode shape amplitude on the 2nd floor increases in No.4 test comparing to the 

amplitudes in Nos.1 to 3 tests, which implies the structural damage in No.4 test. It was founded that the 

anchor bolts yielded in tension during No.4 test, the damage apparently softened the stiffness in the 1st story. 

The yielded anchor bolts were retightened after the test. As the scale of the ground motion increases, the 

mode shape amplitudes on the 2nd and 3rd floors become larger. The proposed seismic response prediction 

method assumes the mode shapes remain constant but the shaking table tests imply the limitation of the 

assumption in practical applications. However, the mode shapes in Nos.1 to 3 testes are consistent with the 

values from microtremor measurements, which implies the applicability of the proposed method when the 

structure is undamaged. This limited applicability is not against the objective of the proposed prediction 

method. The prediction method aims to provide seismic responses to improve the efficiency of building 

checking, building users can evaluate the structural condition by their eyes when a building has obvious 

structural damage. 

 

Table 6-9 Comparison of modal properties between under microtremor measurements and earthquakes 

Dir.  

Natural 

frequency 

 (Hz) 

Damping 

ratio 

(%) 

Modal amplitude 

normalized to 5th floor 
Averaging 

time 
2 3 4 5 

x 

Microtremor 1.65 1.0 0.32 0.60 0.84 1.00  

Test 

sequential 

number 

1 1.40 3.2 0.29 0.59 0.84 1.00 10–40 s 

2 Not discussed  

3 Not discussed  

4 1.27 4.4 0.35 0.63 0.85 1.00 10–40 s 

5 1.20 4.2 0.38 0.66 0.86 1.00 10–250 s 

6 1.11 6.1 0.44 0.74 0.89 1.00 10–40 s 

y 

Microtremor 1.57 1.0 0.29 0.64 0.85 1.00  

Test 

sequential 

number 

1 Not discussed  

2 1.30 3.0 0.25 0.58 0.84 1.00 10–40 s 

3 1.28 2.0 0.29 0.60 0.85 1.00 10–250 s 

4 Not discussed  

5 1.14 2.0 0.39 0.67 0.88 1.00 10–250 s 

6 1.04 3.9 0.48 0.67 0.88 1.00 10–40 s 

 

6.7 Verification with Different Intensities of Ground Motions 

The applicability of the proposed seismic response prediction method is tested by comparing the predicted 

responses to the recorded responses. Two scenarios are considered in the seismic response prediction: One 

assumes that an observation system is installed at the objective building. The input ground motion and the 

accelerations at some locations are available so that the natural frequencies and damping ratios can be 

updated, then the prediction method is utilized to predict seismic responses at unmonitored locations; The 

other scenario assumes only the input ground motion is available, then the natural frequencies and damping 
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ratios are modified by factors based on engineering experience as briefly introduced in Chapter 2. The 

second scenario requires a few sensors for the ground motion monitoring so it is economic-friendlier. Apart 

from the two scenarios, the seismic response prediction directly using the modal properties from 

microtremor measurements is firstly performed. It demonstrates the necessity of considering modal 

property variances in the seismic response prediction. 

As shown in Figure 6-2, the sensors that recorded the seismic responses were different from the locations 

where the microtremor measurements were taken. Therefore, the mode shapes at Location d on each floor 

are approximated by the averaged mode shapes at Locations a, b and c on the same floor. Then the seismic 

responses at Location d can be predicted and compared to the recorded responses. In addition, the torsional 

modes are neglected in the mode superposition. As a result, the 1.65 Hz, 4.91 Hz and 8.39 Hz modes are 

used for the x-directional prediction. The 1.57 Hz and 4.79 Hz mode are used for the y-directional 

prediction. As noted in Section 6.4, two sets of approximated participation vector are utilized, which are the 

Cases 0 and 2 in Table 6-5. Although the prediction does not use the torsional mode in the mode 

superposition, the participation vector is approximated by using the five modes in the x-direction and four 

modes in the y-direction including the identified torsional modes. Since the sampling frequency was 200 

Hz, the average acceleration method with the time interval of 0.005 s is utilized to solve the modal 

equations of motion.  

 

6.7.1 Using unmodified modal properties  

To demonstrate the influence of neglecting modal property variances on the seismic response prediction 

accuracy, the seismic responses are predicted by directly using the modal properties from microtremor 

measurements. Figures 6-15 shows the prediction results of the seismic response amplitudes in Nos.1 to 3 

tests where structural damage did not occur. Then Figure 6-16 shows the prediction results in Nos.4 to 6 

where structural damage occurred during the tests. Table 6-10 summarizes the averaged prediction errors. 

The damping ratios are assumed frequency-proportional and set as 1% in the 1st modes based on the modal 

identification results in Section 6.3. Since the recorded x-directional accelerations on the 2nd and 3rd floors 

and the y-directional acceleration on the 2nd floor had extreme peaks in No.6 test, they are not involved in 

the comparison. 
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x-directional response in No.1 test 

    
y-directional response in No.2 test 

      
y-directional response in No.3 test 

Figure 6-15 Response prediction using unmodified modal properties in tests where no structural damage 

occurred 

 

In Nos.1 to 3 tests where no structural damage occurred, the averaged errors of velocity and 

displacement amplitudes are around 20% and the averaged acceleration amplitude errors are mostly under 

10%. The accuracy is more likely a coincidence caused by the complicated interaction of evidently factors: 

the natural frequency and damping ratio variances; the participation vector errors and the truncation errors 

in the mode superposition. The errors of velocity and displacement amplitudes in Nos.1 to 3 tests are larger 

than the acceleration errors, which is mainly caused by the difference of the actual natural frequencies 

under shaking excitations and the identified ones under the microtremor. The prediction errors significantly 

increase in Nos.4 to 6 tests where structural damage occurred. However, the prediction accuracy in the y-

direction is obviously better than x-direction even though the utilized natural frequencies, damping ratios 

and mode shapes have large variances. The accuracy differences in the x- and y-directions in Nos.4 to 6 

tests implies the complicated interaction of the three factors.  
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x-directional response in No.4 test 

    
x-directional response in No.5 test 

    
y-directional response in No.5 test 

   
x-directional response in No.6 test 

   
y-directional response in No.6 test 

Figure 6-16 Response prediction using unmodified modal properties in tests where structural damage 

occurred 
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Table 6-10 Averaged prediction errors using unmodified modal properties 

Test 

Seq. No. 

x-dir. y-dir. 

Acc. (%) Vel. (%) Disp. (%) Acc. (%) Vel. (%) Disp. (%) 

1 
+1 -3 -22 

Not discussed 
-6 -8 -27 

2 Not discussed 
+1 -12 -24 

-6 -16 -27 

3 Not discussed 
-8 -14 -21 

-12 -18 -25 

4 
-26 +6 -27 

Not discussed 
-30 +0 -31 

5 
+62 +100 +41 +27 +20 -8 

+51 +89 +33 +21 +15 -12 

6 
-21 +11 -28 -31 -12 -36 

-27 +5 -32 -35 -16 -39 

Note: upper lines correspond to Case 0 and lower lines correspond to Case 2 

 

6.7.2 Using updated modal properties 

The averaged 1st natural frequency and the 1st damping ratio under the six tests in Table 6-9 are utilized. 

The natural frequencies in the higher modes are scaled down proportionally based on the decreased 1st 

natural frequency. The damping ratios are assumed frequency-proportional to obtain damping ratios in 

higher modes. The predictions of seismic response amplitudes are in Figures 6-17 and 6-18, then the 

averaged errors are summarized in Table 6-11. 

The comparisons between Figure 6-15 to Figure 6-17, Table 6-10 to 6-11 show the significantly 

improved prediction accuracy especially in velocity and displacement amplitudes in Nos.1 to 3 tests where 

the structure was not damaged. The significantly reduced averaged velocity and displacement amplitude 

errors in Table 6-11 again implies that the high acceleration amplitude accuracies in Table 6-10 are just 

coincidences. As described in Chapter 1, some references verified their proposed prediction methods for 

high-rise buildings and accuracy is within 20% for amplitude evaluation on each floor [4-7]. The prediction 

using updated modal properties exhibit nearly the same level of error in Nos. 1 to 3 tests. The prediction 

differences between using approximated participation vectors from Cases 0 and 2 are small, it is because 

the 1st mode is most excited mode while the difference between Cases 0 and 2 is small in the 1st mode. 

When structural damage occurred on lower floors in Nos.4 to 6 tests, the changes in the equivalent 1st 

mode shapes imply the large prediction errors. In addition, the building became nonlinear and utilized 

linear model in the prediction method might be inadequate. The significantly increased acceleration 

prediction errors suggest the limited application of the proposed prediction method for acceleration 

amplitude evaluation.  
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x-directional response in No.1 test 

     
y-directional response in No.2 test 

     
y-directional response in No.3 test 

Figure 6-17 Response prediction using updated modal properties in tests where no structural damage 

occurred 

 

Table 6-11 Averaged prediction errors using updated modal properties 

Test 

Seq. No. 

x-dir. y-dir. 

Acc. (%) Vel. (%) Disp. (%) Acc. (%) Vel. (%) Disp. (%) 

1 
-1 +4 +6 

Not discussed 
-7 -2 -0 

2 Not discussed 
-11 -2 -2 

-16 -6 -6 

3 Not discussed 
-18 +1 +8 

-22 -4 +3 

4 
-33 +21 +16 

Not discussed 
-37 +14 +10 

5 
-30 +15 +16 -19 +7 +12 

-35 +9 +10 -23 +2 +7 

6 
-40 +9 +19 -51 -7 +6 

-45 +3 +13 -54 -11 +2 

Note: upper lines correspond to Case 0 and lower lines correspond to Case 2 
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x-directional response in No.4 test 

    
x-directional response in No.5 test 

    
y-directional response in No.5 test 

   
x-directional response in No.6 test 

   
y-directional response in No.6 test 

Figure 6-18 Response prediction using updated modal properties in tests where structural damage occurred 
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6.7.3 Using modified modal properties 

One of the advantages of the proposed prediction method is that it does not necessarily require sensors 

installed at the measured building to obtain seismic responses at some locations. The natural frequencies 

and damping ratios from measurements can be modified based on existing researches. As introduced in 

Chapter 2, the decrease of the 1st natural frequency is generally around 10% to 20% for steel structure when 

no structural damage occurs. Therefore, the natural frequencies from measurements are scaled down by 

15%. The damping ratios are assumed frequency-proportional and set as 2% for the prediction in Nos.1 to 

3 tests. Further decreases in natural frequencies and increases in damping ratios are expected when 

structural damage occurs, so the natural frequencies are scaled down by 30% and the damping ratios are set 

as 3% for the prediction in Nos.4 to 6 tests.  

When the natural frequencies are scaled down by 15%, the decreased 1st x-directional natural frequency 

is 1.40 Hz, which is actually identical to the identified value in No.1 test shown in Table 6-9. However, the 

utilized 1st damping ratio is 1% smaller. The prediction results in No.1 test help to demonstrate the 

influence of the damping ratio variances on the prediction accuracies. In No. 3 test, the modified 1st natural 

frequency is 0.05 Hz lower than the actual value while the utilized 1st damping ratio is similar. The 

prediction results in No.3 test help to demonstrate the influence of the natural frequency variances on the 

prediction accuracies. The major difference between updating and modifying modal properties is that the 

former considers the different changes in the x- and y-directions while the latter uses fixed factors to 

simultaneously adjust the utilized natural frequencies and damping ratios in the x- and y-directions. As 

result, modal property variances are inevitable when using modified modal properties but the variances are 

smaller than directly using the modal properties from microtremor measurements. The amplitude prediction 

results are in Figures 6-19 and 6-20, then the averaged errors are summarized in Table 6-12. 

The comparisons between Figure 6-17 to Figure 6-19, Table 6-11 to 6-12 show the significantly 

increased prediction errors with small modal property variances in Nos.1 to 3 tests where the structure was 

not damaged. The 1% damping ratio variance in the 1st mode increases the averaged velocity and 

displacement errors from below 10% in Table 6-11 to around 20% in No.1 test in Table 6-12. On the other 

hand, the 0.05 Hz natural frequency variance in the 1st mode leads to more significant prediction errors in 

No.3 test as shown in Tables 6-11 and 6-12. The prediction accuracy in No.2 test is the best comparing to 

Nos.1 and 3 tests even though the utilized natural frequencies and damping ratios both have variances. 

When structural damage occurred in Nos.4 to 6 tests, the prediction accuracies are significantly decreased. 

It is because the natural frequency and damping ratio estimation becomes more difficult since they depend 

on the level of structural damage, which relates to the input ground motion amplitude. 
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x-directional response in No.1 test 

    
y-directional response in No.2 test 

    
y-directional response in No.3 test 

Figure 6-19 Response prediction using modified modal properties in tests where no structural damage 

occurred 

 

Table 6-12 Averaged prediction errors using modified modal properties 

Test 

Seq. No. 

x-dir. y-dir. 

Acc. (%) Vel. (%) Disp. (%) Acc. (%) Vel. (%) Disp. (%) 

1 
+11 +23 +22 

Not discussed 
+3 +16 +15 

2 Not discussed 
-8 -4 -5 

-13 -8 -9 

3 Not discussed 
-37 -28 -26 

-40 -31 -30 

4 
-21 +36 +48 

Not discussed 
-27 +28 +40 

5 
-17 +50 +53 -24 -1 +12 

-22 +41 +45 -27 -6 +7 

6 
-30 +34 +31 -42 +2 +8 

-35 +26 +24 -47 -3 +4 

Note: upper lines correspond to Case 0 and lower lines correspond to Case 2 
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x-directional response in No.4 test 

    
x-directional response in No.5 test 

    
y-directional response in No.5 test 

   
x-directional response in No.6 test 

   
y-directional response in No.6 test 

Figure 6-20 Response prediction using modified modal properties in tests where structural damage 

occurred 
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Figure 6-21 shows the relationship between the predicted acceleration amplitudes on the 5th floor and the 

utilized 1st natural frequency with 2% or 3% 1st damping ratio in Nos.1 to 3 tests. It helps to understand the 

significantly increased errors in Nos.1 and 3 tests and the small errors in No.2 test when using the modified 

modal properties.  

 

 
(a) No.1 test under the x-directional 16% Kobe wave 

 
(b) No.2 test under the y-directional 16% Kobe wave 

 
(c) No.3 test under the y-directional 20% OS2 wave 

Figure 6-21 Predicted acceleration amplitudes corresponding to different natrual frequencies and damping 

ratios 

 

Figure 6-21(a) suggest that the influence from the 1st damping ratio variance is different under different 

frequency range. For example, the influence from the 1st damping ratio variance is larger when the utilized 

1st natural frequency is within 1.40 Hz to 1.55 Hz in No.1 test. The influence is smaller when the frequency 

is within 1.35 Hz to 1.40 Hz. The prediction errors are significantly increased in No.1 test when having 1% 

damping ratio variance in the 1st mode because the utilized 1st natural frequency is 1.40 Hz. On the other 

hand, the predicted response amplitudes might be very sensitive to the 1st natural frequency variance when 

the frequency is within a certain range under a specific ground motion. For example, the predicted 

amplitudes are sensitive to the frequency variance when the frequency is within the 1.25 Hz to 1.35 Hz 

under the OS2 wave in Figure 6-21(c) but insensitive under the Kobe wave in Figure 6-21(b). As a result, 
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the prediction errors are large under the No.3 test and small under the No.2 test even though the natural 

frequency variances exist in the two cases. 

Figure 6-21, Figures 6-17 to 6-19, Tables 6-11 and 6-12 suggest that the prediction using modified 

modal properties is possible to have large prediction errors. The possibility of the significantly increased 

prediction errors due to the small modal property variances is also implied in the seismic response spectra 

in Figure 6-7. For example, the responses are sensitive to the 1st natural period when it is around 0.7s under 

the Kobe wave in Figure 6-7. The modal property variances are inevitable when the modal properties are 

modified by fixed factors. Even if the modified modal properties in one direction are accurate, the modified 

modal properties in the other direction might be not. Therefore, it is recommended to install an observation 

system for the modal property updating in practical situations instead of modifying modal properties based 

on engineering experience to better prediction accuracy.  

 

6.8 Conclusions  

The applicability of the proposed seismic response prediction method is studies by the shaking table tests of 

a 4-story steel specimen. The main objective is to investigate how the modal property variances influence 

prediction accuracy. The considered modal property variances are the natural frequency and damping ratio 

variances between under measurements and an earthquake. The main conclusions of this chapter are 

summarized below. 

(1) The mode shapes of the specimen were obtained before the shaking table tests. The sums of 

approximated participation functions on both higher and lower floors are similarly close to unity when 

using the mode shapes on all floors. However, lower values are expected on lower floors when using a 

limited number of modes. On the other hand, using mode shapes on upper floors is preferable from the 

sums of approximated participation functions viewpoint. 

(2) The natural frequency and damping ratio variances are observed in the shaking table tests even if the 

specimen has no structural damage. The mode shapes under the tests are consistent with the ones from 

measurement when no structural damage occurred, which implies the applicability of the prediction 

method when the structure mostly exhibits elastic response. 

(3) The seismic response amplitude prediction errors when using the updated modal properties are around 

20% on average in the tests where structural damage did not occur. The prediction results are similar 

when the utilized participation vectors are approximated by the mode shapes on all floors or upper 

floors. The averaged errors of acceleration amplitude increase to around 40% in the tests where 

structural damage occurred even if the equivalent modal properties are updated. The limited 

applicability does not influence the objective of the prediction method because it aims to provide 

information for building condition evaluation when no obvious damage is observed from appearance. 

(4) The seismic response prediction accuracies using modified modal properties suggest that small modal 

property variances might lead to large prediction errors even if structural damage does not occur. In 

one test, the averaged prediction error in acceleration amplitudes is increased from around 20% to 

around 40% when having 0.05 Hz frequency variance in the 1st mode. In another test, the averaged 
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prediction errors in velocity and displacement amplitudes are increased from below 10% to around   

20% due to the 1% damping ratio variance in the 1st mode. Therefore, it is recommended to install an 

observation system to obtain input ground motions and seismic responses at some locations to update 

the modal properties, then the proposed seismic response prediction estimates the seismic responses at 

other locations.  
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Chapter 7  

Conclusions 

 

 

 

7.1 Summaries 

For building structures, this thesis proposes a seismic response prediction method based on microtremor 

measurement. The prediction method estimates seismic responses at many locations on each floor. The 

provided information contributes to structural health monitoring when the structural damage cannot be 

judged from the building outlook just after an earthquake. The objective building is modelled by modal 

equations of motion and the modal properties are based on the identified values from microtremor 

measurements. The method has three advantages: (1) It does not require design documents to establish the 

mass, damping and stiffness matrices to formulate equations of motion; (2) It does not necessarily require 

instrumented sensors for the seismic response recording; and (3) It can be used for buildings that the rigid-

floor assumption is not applicable to. 

In Chapter 2, the dynamic characteristics of large-scale low-rise buildings are investigated by applying 

microtremor measurements to six commercial buildings in Japan. The identified mode shapes show the 

inapplicability of the rigid-floor assumption for this kind of structure. The mode shape amplitudes at the 

two sides of the expansion joints (EXP.Js), atria and skylights are in opposite directions in some identified 

modes. Local modes are also found in large areas like dining areas, and sub-areas divided by the EXP.Js, 

atria and skylights. As a result, the new seismic response prediction method to consider floor flexibility is 

expected. The identified 1st natural frequencies are different from the estimated values from the Building 

Standard Law in Japan. The variances vary from 40% lower to 50% higher. The identified damping ratios 

in 1st global modes are consistent with the commonly observed values in high-rise buildings. 

In Chapter 3, the seismic response prediction method based on microtremor measurement is proposed in 

consideration of the dynamic natures described in Chapter 2. The proposed method measures multiple 

locations on each floor. The measured building is modelled as the multi-degree-of-freedom (M-DOF) linear 

model and the modelling assumes that masses are lumped at the measured locations to consider floor 

flexibility. The modal equations of motion are utilized for the seismic response prediction. The natural 

frequencies, the corresponding damping ratios and the mode shapes in limited modes are determined by the 

identified modal properties from microtremor measurements. The participation vector is approximated only 

by the identified mode shapes. The proposed participation vector approximation method does not require 

estimating the mass matrix so the prediction method does not rely on the traditional stick-shape lumped 

mass model. Two models with different dimensions are available based on the identification results. The 

two-dimensional (2D) model is recommended when a same natural frequency is simultaneously identified 
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in the two horizontal directions and the corresponding mode shape shows lateral-torsional coupling, or else 

the single-dimensional (1D) model is utilized in the seismic response prediction. 

In Chapter 4, the fundamental properties of the proposed prediction method are explored by the 

numerical simulation of a 5-DOF model. When mode shapes at all nodes are used, the participation vector 

approximation has high accuracy even if only a few modes are available. The participation vector is 

approximated by the mode shapes at the measurement points in practical situations, which means the 

participation vector is approximated by the mode shapes at selected nodes. The node selection indeed 

influences the approximation accuracy but has less influence on lower modes. The approximation accuracy 

is generally improved by having more nodes (measurement points). The use of all identified modes does 

not necessarily produce higher accuracy in the participation vector approximation than the use of some 

identified modes when only limited nodes are selected. The seismic response prediction accuracy is high 

even if only using a few lower modes when not considering the modal property variances. However, the 

use of more modes does not necessarily lead to higher seismic response prediction accuracy when mode 

shapes at limited nodes are utilized.  

In Chapter 5, the prediction method is further verified by using the numerical model of the large-scale 

low-rise building. The numerical model shows floor flexibility and the used mode shapes show lateral-

torsional coupling with large amplitudes in both horizontal directions. In the participation vector 

approximation, the 2D model has higher accuracy than the 1D model because the 2D model utilizes the two 

directional mode shape components simultaneously to approximate the participation vector in one direction. 

When the input ground motion is single-directional and only the same directional responses are evaluated, 

the 2D model has higher seismic response prediction accuracy because of the higher participation vector 

approximation accuracy. However, the prediction accuracies at some locations are lower under certain 

ground motions when some modes with large amplitudes at those locations are neglected. The prediction 

accuracy using the 1D model is further decreased when the input ground motion becomes two-directional 

because the 1D model cannot consider the vibrations induced by orthogonal ground motions. 

In Chapter 6, the prediction method is verified by the full-scale shaking table tests of the 4-story steel 

specimen under different scales of ground motions. The tests also explore the influences of modal property 

variances on prediction accuracy. The modal property variances here mean the natural frequency and 

damping ratio variances between under microtremor measurements and an earthquake. The microtremor 

measurements were taken before the tests began and the participation vector is approximated by the 

identified mode shapes. Based on the sums of approximated participation functions on different floors, the 

use of mode shapes on upper floors is preferable. The mode shapes under the tests are consistent with the 

ones from microtremor measurements when no structural damage occurred, which implies the applicability 

of the prediction method when the structure mostly exhibits elastic response. The proposed seismic 

response prediction method considers two scenarios in practical situations: (1) One scenario assumes an 

observation system is installed at the objective building so that the seismic responses at some locations are 

available. Then the natural frequencies and damping ratios can be updated and the prediction method 

evaluates the seismic responses at unmonitored locations. When using the updated modal properties, the 
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prediction errors of seismic response amplitudes are around 20% on average in the tests where structural 

damage did not occur. The prediction results are similar when the utilized participation vectors are 

approximated by the mode shapes on all floors or upper floors. The averaged errors of acceleration 

amplitudes increase to around 40% in the tests where structural damage occurred even if the equivalent 

modal properties are updated; (2) The other scenario assumes only the input ground motion is available and 

the modal properties from microtremor measurements are modified by factors based on engineering 

experience, the tests show that the small modal property variances are possible to cause large prediction 

errors. In one test, the averaged prediction error in acceleration amplitudes is increased from around 20% to 

around 40% when having 0.05 Hz frequency variance in the 1st mode. In another test, the averaged 

prediction errors in velocity and displacement amplitudes are increased from below 10% to around 20% 

due to the 1% damping ratio variance in the 1st mode. Therefore, it is recommended to install an 

observation system to update modal properties for better prediction accuracy. 

Finally, the thesis concludes that: (1) The seismic response prediction method considering floor 

flexibility is required according to the microtremor measurements to six actual commercial large-scale low-

rise buildings; (2) The seismic response prediction method based on microtremor measurement is proposed 

to estimate seismic responses at measured locations, multiple locations are measured on each floor to 

consider floor flexibility; (3) The fundamental properties of the proposed prediction method are explored 

by the numerical simulation of a simple model; (4) Then the applicability of the prediction method to 

buildings that exhibit floor flexibility is verified by the numerical simulation of a complicated model that 

represents a large-scale low-rise building; and (5) The performance of the prediction method in practical 

situations is examined by the shaking table tests. 

The prediction method has high prediction accuracy when the objective building exhibits elastic response 

and an observation system is installed to update the natural frequencies and damping ratios from 

microtremor measurements. This limited applicability is still useful for the building owners and users from 

the structural health monitoring viewpoint because they can observe structural damage from the building 

outlook in the events of a strong nonlinear case.  

 

7.2 Future Studies 

The future studies relating to the proposed seismic response prediction method include two aspects. One 

aspect exclusively relates to the proposed prediction method and the other aspect is a general issue that 

different microtremor measurement-based prediction methods have in common. 

In the proposed seismic response prediction method, floor flexibility is considered by setting multiple 

nodes on each floor. The nodes are lumped at the locations where the microtremor measurements are taken. 

In practical situations, every location on a floor is candidate to measure while only limited locations can be 

measured. The participation vector of the objective building is approximated by the mode shapes at 

measured locations and it is possible that different sets of measured locations lead to different 

approximation results. In the thesis, the influence from the selection of the measured locations, or 

measurement point selection, is discussed by numerical simulations. However, a theoretical analysis is 
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expected to further understand how the selection influence the participation vector approximation. 

Although the measurement points are determined solely based on the planar view of the objective building 

in practical situations, an optimal measurement point design is still expected. 

There also exists a common problem in the microtremor measurement-based seismic response prediction 

method, which is the modal property variance problem. The modal property variance is a common issue 

when a prediction method uses mode superposition. As discussed in Chapter 6, the natural frequency and 

damping ratio variances are inevitable even if the building has no structural damage. The shaking table tests 

also reveal that small modal property variances can lead to large prediction errors. In addition, the 

decreased scale of the 1st modes in the horizontal directions are generally different. It is difficult to directly 

modify the modal properties identified from microtremor measurements by fixed factors. Nonetheless, the 

seismic response prediction without installing sensors at the objective building for seismic response 

recording is attractive and surely widen the applicability of the proposed seismic response prediction 

method. 
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