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A Study on Mathematical Models and Analysis for a Nonlinear
Representation Theory on the Size and Apportionment of Parliaments
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This thesis addresses two critical issues on determining an optimal size of a parliament
(Q1) and devising a method for equitable seat apportionment among subgroups (Q2). Traditional
views have long held that the size of a parliament could be arbitrary and that seats should be
allocated proportionally based on subgroup sizes. However, recent insights challenge these
norms, suggesting a sublinear relationship between the size (or seats) and the population. This
led to a Nonlinear Representative Theory (NRT), developed by Zhao, Tanimoto, and the author
in 2023. Chapter 1 of this thesis provides an introduction on the parliament system, an overview
of the literature and the scope of the thesis. A detailed literature review, including a description
on the NRT, is given in Chapter 2.

Chapter 3 provides an extensive empirical study on a social network-based model by Zhao
(2016) for studying issue Q1. That model uses social network to model society. The optimal
size of a parliament for the society is modelled by the size A of a minimum set of nodes that
can reach a majority of nodes within distance k defined by the maximum distance such that
no single node can reach a majority of nodes within distance « . This thesis improves existing
methods for finding « and A and use them to study a large number of real-world social
networks. It confirms k = 2 for most networks studied, suggesting representation in social
networks is easy. It also empirically shows that A scales sublinearly to the size of the social
network.

Chapter 4 studies another model by Zhao & Peng (2020) that can provide a theoretical
estimation on the parliament’s size, which explains the sublinearity observed in practice. One
assumption used by this model is on the existence of a pyramid structure with height « . This
thesis provides a rigid definition for pyramid structure and a study on its existence with a large
number of real-world social networks. It supports the sublinearity of the parliament’s size.
Moreover, it finds difference between real-world social networks and popular models including
Barabasi-Albert and Watts-Strogatz models. This suggests that those models are not sufficient
to model real-world networks. To address this problem, it proposes a novel model.

Chapter 5 considers issue Q2 and generalizes existing methods (the Adam’s etc) for
proportional apportionment to the NRT. A comprehensive study is conducted on the 2024
election of the European Parliament (EP), which adopted a type of sublinear representation
called the degressive proportionality (DP) but suffers a criticism on its “individual inequality.”
This thesis contributes a theoretical support and practical proposals that justify the DP.

Chapter 6 reports the practical implications of NRT explored through the Oversea
Internship and the Project-Based Research. It reveals that while the public grasps the concept
of sublinearity in parliament’s size, they struggle to understand its implications for equality in
seat distribution. Finally, Chapter 7 summarizes the thesis with some discussions.

In summary, this thesis provides comprehensive mathematical and empirical support for

NRT, addressing significant gaps in the literature and laying a foundation for future
parliamentary design reforms aimed at achieving true representational equality.




A ix, BEFEZHOCTESOBBEE OEEE DMEZFE Lk s F &
Db OTHDH, MM TEDHEIFIROEEBY THD,

. BEOHBEHEFE IO VT, A OHG & L TIHEMRP AR LA (Nonlinear
Representation Theory, L FNRT) Z &/~ L 72, NRTIL, #@URHESHBEITA DD
IEMILBERICH DM ESHARETR &, HUREFEE S S A DO ERE IR
W2 DIEMILEIFE B O O b D, ZONRTIE, #wE ALl BT
XETEROBRH GEEOHBIIEE TL WA, EHITADICHA L TR R
XEETRNWIZ &) KT 250 TH D, Aim X Tk, EMEES HEHER
BT 5T 2B ESVEICH > Tl Ea—L7E9 2T, BUAHESREN
NADOELEBIEBERICHD 2T — Xk TR L, £7-. EBREEFER
Y EEFICE L Cid. James Madison23 2404 FiilZ 7x L 7= AR & UT A5 BR N 6 2 4%
\ZER ] & 472 3 38 EE il (Degressive Proportionality, LA FDP) ., 7 « A 1K -
HEENEA CRRLEERIFERERFRE DIEETEEZELZ L) A TERAL
77

2. HMEBESHFEHEBOISHITEMEE ZOERIEMEDOHEREZ R LT, FRIEES
B OWT, 2Bl G L L TEHRELSBEINTELN, T0HBITEL+2
WCHEML SN TRV, TNETHF—2H8RCORBEHG., REHEHR R EOBAND
BRaRETVNRRBREINTEEN, KX TIE, &5 ADBHONEZRETE S0
BN BEIC L > TIRED EIRELERITHIROET VICHER L THEGHN
KEEH 2T, EbIC, RAETAVTCREAMERFEMERY NI =T 230 LT, %
DFEFE, NI L2RBOE T Iy FEENSBELRESHKEZEDL KT
bHZ EERB LT, £, TOWBTHLALZE T I vy FHEER, 30t
Xy NI —=JOMRICHLAHTHLZ L LNIT LT,

3. FEMEEBEE D HERICKE S BHGERE DEEZHE L, BIEERITZZ > TW
HNEALEBIE Sy 7= 2B S - 55 (AdamiE%) ZNRTOFH I L5 L,
ZOWMAB E L TDPOT-OOEBEDEEZHE L, EOLIEHEIN TE-DP
DAL BEIZ S W TR 22 iR 2 R U 72 W8 138 Lo BR Y /i A3 72 W,

4., RFEITEPBROFEREIFEFZE U T, NRTOASEEICHT 2 EERRELZ KL
oo TNHDOIEIIZED, 2L DOAR, BEASICHENL TV DL BB RS HEIC
OWTIHEMZTRT OO, TN LMIEEFE 028 HmEITEM T2
ENBELMNITRY, NRTOAESEEICOWTASHOMEEL RT LN TE I,

UEDX21T, R, 20 ELERBE D ICET 2IERBRIBERICH L

T, AT RICR T COWEEEET VEREE I3k E L., BRI & EIEER,

WO EREIIC L D20 ZRLEHERRETHD , BaflESCERELEORFICET

HDMIEDRBICHEGTDHEIANRKET N,

LoT, KXt L GREFN) oFmX e LTMELLI B D ERDDH, £

72, AF6ESH20H, XA EFTNICHEE L-ZFHIZOWTHB LZRKER, &K

LRI,

B AR SCE KR FL AR B ARFE2HICE LT D20 LB L, ARICER
LTiE, &m0 IRATEORNEFELZE N LEbDLTEH I Laz@RD D,




