
EXPONENTIAL LIFTING AND HECKE CORRESPONDENCE

VALERI GRITSENKO

ABSTRACT. We give a review of some recent results related with Siegel modular forms with
respect to the paramodular groups: Exponential Lifting (the infinite product construction),
Symmetrisation, multiplicative Hecke correspondence. We give many new examples of mod-
ular forms and new constructions of some classical Siegel modular forms ( $\mathrm{f}.\mathrm{e}$. of the Igusa
modular forms of weight 35).

\S 1. OPERATORS OF SYMETRIZATION
In what follows we shall consider Siegel modular forms with respect to the paramodular

group $\Gamma_{t}$ which is, by definition, an integral symplectic group of the skew-symmetric form
with elementary divisors $(1, t)$ . It can be realized as the following subgroup of $Sp_{4}(\mathbb{Q})$

$\Gamma_{t}:=\{$ $(_{t*}^{*}**$ $t*t*t**$ $t****$

$t^{-1_{*}}**$ )$*\in Sp_{4}(\mathbb{Q})|\mathrm{a}\mathrm{l}\mathrm{l}*\mathrm{a}\mathrm{r}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{l}\}$ .

The quotient
$A_{t}=\Gamma_{t}\backslash \mathbb{H}_{2}$

is isomorphic to the coarse moduli space of Abelian surfaces with a polarization of type
$(1, t)$ (see $\mathrm{f}.\mathrm{e}$ . [Ig2]).

By $\mathfrak{M}_{k}(\mathrm{r}_{t,\chi})$ (resp. $\mathfrak{R}_{k}(\Gamma_{t,x})$ ) we denote the space of all modular (resp. cusp) forms
of weight $k$ with respect to the group $\Gamma_{t}$ with a character of finite order $\chi$ : $\Gamma_{t}arrow \mathbb{C}^{*}$ .

In [G2] we studied Hecke operators which transform modular forms with respect to $\Gamma_{t}$

into modular forms with respect to $\Gamma_{tp}$

Sym$t,p:\mathfrak{M}_{k}(\Gamma t)arrow \mathfrak{M}_{k}(\Gamma_{tp})$ , $\mathrm{S}\}\mathrm{m}_{t,p}$ :
$F rightarrow M\in(\Gamma_{t}\cap\sum_{\backslash \Gamma_{t\mathrm{p}})\Gamma_{t}P}F|_{k}M$

.

We call this operator the operator of $p- symmeb\dot{n}Sati_{on}$. It can be represented as an action
of an element from the Hecke ring $H(\Gamma_{\infty,t})$ of the maximal parabolic subgroup $\Gamma_{\infty,t}\subset\Gamma_{t}$

which consists of elements fixing an isotropic line.
To see this, we take a system of representatives

$(\Gamma_{t}\cap\Gamma_{tp})\backslash \Gamma_{tp}--$ { $J_{tp}$ , $\nabla(\frac{b}{tp}),$ $b$ mod $p$}
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where

$J_{t}=(_{0-t0}^{\circ 01}-101t000 \frac{0}{0,0}1)$ , $\nabla(a)=$ .

It is valid $J_{t}J_{tp}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,p, 1,p^{-1})$ , thus for any $F\in \mathfrak{M}_{k}(\Gamma_{t})$ we have

$\mathrm{S}\mathrm{y}\mathrm{m}_{t,p}(F)=F|k(\Lambda_{p}+\sum_{mbodp}\nabla(\frac{b}{tp}))$ .

The last operator is defined by the following element in the Hecke ring of the maximal
parabolic subgroup $\Gamma_{\infty,t}$ of $\Gamma_{t}$ .

Sym$p=\Lambda_{p}+\nabla_{t,p}\in H(\Gamma_{\infty,t})$ , where $\nabla_{t,\mathrm{p}}=\sum_{bmodp}\Gamma\infty,t\nabla(\frac{b}{tp})$

and $\Lambda_{p}=\Gamma_{\infty,t}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(p, 1,p^{-},11)$ . Using this description of the p–symmetrisation as a Hecke
operator in the parabolic extension of the Hecke ring ($\mathrm{i}.\mathrm{e}.$ , in the Hecke ring of a maximal
parabolic subgroup, see [G2], $[\mathrm{G}6]-[\mathrm{G}7]$ , [G10] for the theory of such rings) we proved

Theorem of Injectivity. (see [G2]) The operator of $p$-symmetrisation is injective if
$(t,p)=1$ .

This theorem has the following application in algebraic geometry.

Corollary 2. Let $\overline{A_{t}}$ be a smooth compactification of the moduli space of $(1, t)$ -polarized
Abelian surfaces, then for arbitrary divisor $d$ of $t$ the operator of symmetrisation defines
an embedding of the spaces of the canonical differential forms

$Sym:H\mathrm{s},0(\overline{A_{d}})arrow H^{3,0}(\overline{A_{t}})$ .

In particular the inequality between the Hodge numbers of Siegel threefolds is valid

$h^{3,0}(\overline{A_{t}})\geq h^{3,0}(\overline{A_{d}})$ .

We recall that an estimation from bellow for the geometric genus $h^{3,0}(A_{t})$ of the moduli
space $A_{t}$ was obtained in [G1] and [G4]:

$h^{3}’ 0(\overline{A_{t}})\geq\dim Jcusp3,t$

$\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\underline{J}_{3}c,utsp$ is the space of $\mathrm{J}\mathrm{a}c$obi cusp forms of weight 3 and index $t.$ T.h$\mathrm{e}$ elements from
$H^{3,0}(A_{t})$ are constructed using an arithmetic lifting, which is a generalization of the Maass
lifting. We recall now the corresponding construction.

Let
$\phi(_{\mathcal{T},Z})\in J^{c}k,tuSp$
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be a Jacobi cusp form of weight $k$ and index $t$ . By definition $\overline{\phi}(Z)=\phi(\tau, z)\exp(2\pi\dot{i}t\omega)$

where $Z=\in \mathbb{H}_{2}$ . Let

$T_{-}(m)= \sum_{db}amodd=m\mathrm{r}_{\infty}\in H(\Gamma_{\infty})$ , (1.2)

where $\Gamma_{\infty}\subset Sp_{4}(\mathbb{Z})$ is the maximal parabolic subgroup of parabolic rank one, be an
element of the Hecke ring of the parabolic subgroup $\Gamma_{\infty}$ . Then we have the following
result

Arithmetic Lifting Theorem. (see [G1], $[\mathrm{G}4]-[\mathrm{G}5]$ ). Let $\phi$ be as above. Then

Lift $( \phi)(Z)=\sum_{m=1}^{\infty}m^{2-k}(\overline{\phi}|kT-(m))(z)\in \mathfrak{R}_{k}(\Gamma_{t})$ (1.3)

is a cusp form of weight $k$ with respect to the paramodular group $\Gamma_{t}$ .
The Rankin-Selberg convolution related with these modular forms is equal to the Spin

(Andrianov) $L$-function of Siegel modular forms. In this way one can get a very short
and clear construction of analytic continuation (together with the functional equation) of
$\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}- L_{-}\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ (see [G3]).

The arithmetic lifting commutes with operator of $p- \mathrm{S}$}
$\mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

Sym$t,p(\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\emptyset))=p3-k\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\emptyset|kT_{-}(p))$ . (1.4)

(see Satz 2.10 and Satz 3.1 in [G2]).
Let us define the multiplicative analogue of the $I\succ \mathrm{s}\mathrm{y}\mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$.

Definition of Multiplicative Symmetrisation. Let $F\in 9\pi_{k}(\Gamma_{t}, x)$ be a modular form
of weight $k\in \mathbb{Z}/2$ with respect to the paramodular group $\Gamma_{t}$ with a character (or a
multiplier system) $\chi$ : $\Gamma_{t}arrow \mathbb{C}^{*}$ . Then for a prime $p$ we define the operator of multiplicative
symmetrisation

Ms$p:F-\rangle$
$p^{-k} \overline{x}(J_{t})M:\in \mathrm{r}t^{\cap}\prod_{\mathrm{p}p}F|_{k}\mathrm{r}_{t}\backslash \Gamma_{t}M_{i}$

. (1.5)

(The additional constant $p^{-k}\overline{\chi}(J_{t})$ makes formulae simpler.)

It is clear that the result of the multiplicative symmetrisation is a modular form of
weight $k(p+1)$

Ms$p(F)\in \mathfrak{M}k(p+1)(\Gamma_{tp}, \chi)(p)$

where $\chi^{(p)}$ is a character of $\Gamma_{tp}$ . Moreover if the modular form $F$ is zero along a Humbert
surface $H_{l}\subset A_{t}$ of discriminant $D$ , then Ms$p(F)$ is zero along $\mathrm{M}\mathrm{s}_{pl}^{*}(H)$ which is a sum
(with some multiplicities) of Humbert surfaces with discriminant $D$ and $p^{2}D$ in $A_{tp}$ (for
the definition of Humber surfaces see the next section). We remark that the operators of
symmetrisation and multiplicative symmetrisation were used (in particular case $p=2$) in
the paper of Freitag [F] in 1967.
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\S 2. EXPONENTIAL LIFTING

In this section we describe a construction which gives us modular forms with divisor
equals to a union of Humbert surfaces. For our purpose it is more convenient to consider
Humbert surfaces as divisors of a double cover of the moduli space of $(1, t)$-polarized
Abelian surfaces $A_{t}$ . To define this covering we consider a double normal extension of the
paramodular group $\Gamma_{t}$

$\Gamma_{t}^{+}=\Gamma_{t^{\cup}}\Gamma_{t}V_{t}$, $V_{t}= \frac{1}{\sqrt{t}}$ .

The double quotient
$A_{t}arrow.A_{t}^{+}=2.1\Gamma^{+}t\backslash \mathbb{H}2$

of $A_{t}$ can be interpreted as a moduli space of lattice-polarized $K3$ surfaces for arbitrary $t$

or as the moduli space of Kummer surfaces of $(1, p)$-polarized Abelian surfaces for a prime
$t=p$ (see $[\mathrm{G}\mathrm{H}$ , Theorem 1.5]).

Any Humbert surface in $A_{t}^{+}$ of discriminant $D$ can be represented in the form

$H_{D}^{+}(b)=\pi^{+}t(\cup g^{*}(\{Z\in \mathbb{H}2|a\mathcal{T}+b_{Z}+t\omega=0\}))\mathit{9}\in\Gamma^{+}t$

where $a,$ $b\in \mathbb{Z},$ $D=b^{2}-4ta,$ $b\mathrm{m}\mathrm{o}\mathrm{d} 2t$ and $\pi_{t}^{+}:$ $\mathbb{H}_{2}arrow A_{t}^{+}$ (see $[\mathrm{v}\mathrm{d}\mathrm{G}],$ $[\mathrm{G}\mathrm{H}]$ ). Remark that
$H_{D}^{+}(b)$ depends only $\mathrm{o}\mathrm{n}\pm b$ mod $2t$ .

The datum for the exponential lifting is a nearly-holomorphic Jacobi form

$\phi_{0,t}(\mathcal{T}, Z)=\sum_{n,\mathrm{t}\in \mathbb{Z}}f(n, l)qn_{\Gamma}\iota\in J_{0,t}^{nh}$
(2.1)

of weight $0$ and index $t$ . Nearly holomorphic means that there exist a number $m$ such that
$\triangle^{m}(\tau)\phi(\tau, Z)$ is a weak Jacobi form. If we chose the minimal non-negative $m$ with this
property then $n\geq-m$ in the Fourier expansion (2.1). We recall the notations

$q=\exp(2\pi i_{\mathcal{T}})$ , $r=\exp(2\pi i_{Z})$ , $s–\exp(2\pi i\omega)$ , $Z=\in \mathbb{H}_{2}$

and $\overline{\phi}_{0,t}(Z)=\phi_{0,t}(\tau, z)\exp(2\pi it\omega)$ . Let

$\phi_{0,t()}^{(0)}\mathcal{Z}=\sum_{l\in \mathbb{Z}}f(0, l)r^{l}$
(2.2)

be the $q^{0}$-part of $\phi_{0,t}(\mathcal{T}, Z)$ . The Fourier coefficient $f(n, l)$ of $\phi_{0,t}$ depends only on the norm
$4tn-l^{2}$ of $(n, l)$ and $l$ mod $2t$ . From the definition of nearly holomorphic forms, it follows
that the norm of indices of non-zero Fourier coefficients are bounded from bellow. One
can prove the following theorem which gives us a construction of Siegel modular forms as
infinity products (compare with Borcherds construction in [B]).
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Exponential Lifting Theorem. (see [GN6], [GN1]) Assume that the Fourier coefficients
of Jacobi form $\phi_{0,t}$ from (2.1) are integral. Then the product

$\mathrm{E}\mathrm{x}\mathrm{p}_{-}\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi 0,t)(Z)=B_{\phi}(z)=q^{A}rsBC\prod_{n,\mathrm{t},m\in \mathbb{Z}}(1-q^{n}r^{\mathrm{t}m}s^{t})^{f(nm,\iota)}$
, (2.3)

(n,l,m-) $>0$

where
$A= \frac{1}{24}\sum_{l}f(0, l)$ , $B= \frac{1}{2}\sum_{l>0}lf(0, l)$ , $C= \frac{1}{4}\sum l2f(0, l)\iota$ ’

and $(n, l, m)>0$ means that $\dot{i}fm>0$, then $l$ and $n$ are arbitrary integers, if $m=0$,
then $n>0$ and $l\in \mathbb{Z}$ or $l<0$ if $n=m=0$, defines a meromorphic modular form
of weight $\frac{f(0,0)}{2}$ with respect to $\Gamma_{t}^{+}$ with a character (or a multiplier system if the weight
is $hdf$-integral) induced by $v_{\eta}^{24A}\mathrm{x}v_{H}^{2B}$ . All divisors of $\mathrm{E}\mathrm{x}\mathrm{p}_{- \mathrm{L}\mathrm{i}}\mathrm{f}\mathrm{t}(\phi 0,t)(z)$ on $A_{t}^{+}$ are the
Humbert modular surfaces $H_{D}(b)$ of disc$7\dot{\tau}minantD=b^{2}-4ta$ with multiplicities

$m_{D,b}= \sum_{n>0}f(na2, nb)$ .

Moreover

$B_{\phi}.(V_{t}(z)).=(-1)^{D}B_{\phi}(z)$
with

$- D= \sum_{n<0,l\in \mathbb{Z}}\sigma_{1}(-n)f(n, l)$

where $\sigma_{1}(n)=\sum_{d|n}d$ .

The infinite product.expansion of modular form $\Delta_{5}(Z)$ . (see $[\mathrm{G}\mathrm{N}1]-[\mathrm{G}\mathrm{N}2]$ ). We
recall that there exists the unique, up to a constant, weak Jacobi form of weight zero and
index one

$\phi_{0,1}(_{\mathcal{T}}, z)=\frac{\phi_{12,1}(_{\mathcal{T}},z)}{\eta(_{\mathcal{T})^{24}}}=\sum_{n\geq 0,l}f_{1}n,$
$lq^{n}r^{l}$

$=(r+10+r^{-1})+q(10r^{-2}-64r-1+108-64r+10r^{2})+q^{2}($ . . . $)$

where $\phi_{12,1}$ is the unique Jacobi cusp form of weight 12 and index 1 with integral coprime
coefficients. There are several formulae for Fourier coefficients of this Jacobi form. In
[EZ] one can find a formula for Fourier coefficients of $\phi_{12,1}$ it in terms of Cohen’s numbers
(values of special $L$-functions at integral points)

$\phi 12,1(\mathcal{T}, z)=12^{-2}(E_{4}^{2}(_{\mathcal{T})E(}4,1\mathcal{T}, z)-E6(\mathcal{T})E6,1(\tau, z))$ .

For a very convenient formula in terms of Hecke operators see $(3.7)-(3.9)$ below. Let us
consider the product of even theta-constants

$\triangle_{5}(Z)=2^{-6}$
$\prod_{a,b}$

$\mathrm{o}-_{a,b(Z)}\in \mathfrak{R}_{5}(Sp_{4}(\mathbb{Z}), x2)$

$tab=0$ (mod 2)
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which is a cusp form of weight 5 with non-trivial binary character of $Sp_{4}(\mathbb{Z})$ . The square
of $\triangle_{5}(Z)$ is the first Siegel cusp form of weight 10 (see [Igl]). Using the exponential lifting
for the function $\phi_{0,1}$ we get the following result from [GN1]

$\Delta_{5}(Z)=(qrS)1/2,\prod_{n,\iota_{m\in}\mathbb{Z}}(1-qrs)n1mf_{1}(nm,\mathrm{t})5\in \mathfrak{R}(\Gamma_{1}, x_{2})$
(2.4)

$(n,l,m)>0$

where $f_{1}(n, l)$ are the Fourier coefficients of $\phi_{0,1}(\mathcal{T}, \mathcal{Z})$ .
The general explanation of the existence of such infinite product expansion is the fact the

modular form $\Delta_{5}$ defines a generalized Lorentzian $Kac$-Moody super-algebra (see [GN1]).

Siegel theta-constant. L.e$\mathrm{t}$ us consider the “most odd” even Siegel theta-constant

$_{1,1}(Z)= \frac{1}{2}\sum_{\iota_{1},\iota 2\in \mathbb{Z}}\exp(\pi i(z[_{l_{2}+}^{l_{1}}+\frac{1}{\frac{21}{2}}]+l_{1}+l_{2}))=\frac{1}{2}\sum_{n,m\in \mathrm{z}}(\frac{-4}{n})(\frac{-4}{m})qrn^{2}/8nm/4_{S}m/28$
,

where $Z[M]={}^{t}MZM$ . One can prove that the function

. $\Delta_{1/2}()=1,1()\in \mathfrak{M}_{1/8}2(\Gamma_{4}, x)$

is a modular form of weight 1/2 with respect to the paramodular group $\Gamma_{4}$ with a multiplier
system of order 8 (see [GN6]). The first non-zero Fourier-Jacobi coefficient of $\triangle_{1/2}$ is the
Jacobi theta-series

$\theta(_{\mathcal{T}}, z)=\sum(-n\equiv 1mod21)^{\frac{n-1}{2}}\exp(\frac{\pi\dot{i}n^{2}}{4}\tau+\pi inZ)=\sum_{m\in \mathbb{Z}}(\frac{-4}{m})q^{m^{2}//2}8r^{m}$ ,

or, equivalently,
$\theta(_{\mathcal{T},Z})=$

. $-q^{1}r-1/2 \prod_{n}/8(1-\geq 1)q^{n-}r(11-qn-r1)(1-q^{n})$
. (2.5)

We can define a weak Jacobi form

$\phi_{0,4}(_{\mathcal{T}}, z)=\frac{\theta(\mathcal{T},3Z)}{\theta(\tau,z)}=\sum_{0n\geq,l\in \mathbb{Z}}f4(n, l)qrn\iota$

$=r^{-1} \prod_{m\geq 1}(1+qr-1+m2m-2rq)(1+q^{m-1}2r+q^{2}r^{-2})m\prod_{n\geq^{m}1}(1-qr)3(1n-q^{n}r-3)n\equiv 1,2od3$

$=(r+1+r-1)-.q(r^{4}+r^{3}-r+2-r^{-1}+r^{-3}+r^{-4})+q^{2}(\ldots)$ (2.6)

where all Fourier coefficients $f_{4}(n, l)$ of the weak Jacobi form are integral (in fact they
are Fourier coefficients of automorphic forms of weight $-1/2$ ). Thus according to Expo-
nential Lifting Theorem $\mathrm{E}\mathrm{x}\mathrm{p}- \mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\emptyset 0,4)$ is a modular form of weight 1/2 with respect to

the paramodular group $\Gamma_{4}^{+}\mathrm{h}\mathrm{a}\mathrm{V}\mathrm{i}\mathrm{n}\mathrm{g}$ irreducible Humbert modular surface $H_{1}$ as its divisor.
One can show that the quotient $\triangle_{1/2}(Z)/\mathrm{E}\mathrm{x}\mathrm{p}-\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi_{0},4)(z)$ is a holomorphic automorphic

function invariant with respect to $\Gamma_{4}^{+}$ , thus it is a constant and we get the following infinite
product expansion of $\triangle_{1/2}(z)$ :

$\frac{1}{2}\sum_{n,m\in \mathbb{Z}}(\frac{-4}{n})(\frac{-4}{m})q^{n^{2}/}rs=q^{1}r^{1/}/n2m^{2}/2/82S^{1}\prod_{m)>0}(8m/21-q^{n}r^{\iota_{s}4m})^{f4(}(n,\iota,nm,l)$
.
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Modular forms $\Delta_{1}(Z)$ and $\triangle_{2}(Z)$ . Let us define two weak Jacobi forms of weight $0$

$\phi_{0,2}(\tau, z)=\frac{1}{2}\eta(\tau)-4\sum_{\in m,n\mathbb{Z}}(3m-n)(\frac{-4}{m})(\frac{12}{n})q^{\frac{3m^{2}+n^{2}}{24}}r^{\frac{m+n}{2}}$

$= \sum_{n\geq 0,l\in \mathbb{Z}}f_{2()qr^{l}}n,$

$ln=(r+4+r^{-1})+q(r^{\pm 3}-8r-\pm 2r^{\pm 1}+16)+q^{2}($ . . . $)$ (2.7)

($r^{\pm l}$ means that we have two summands with $r^{l}$ and with $r^{-l}$ ) and

$\phi_{0,3}(\mathcal{T}, z)=(\frac{\theta_{3/2}(\mathcal{T},z)}{\eta(\tau)})^{2}=(\frac{\theta(\tau,2_{\mathcal{Z}})}{\theta(\tau,z)})^{2}=\sum_{0n\geq,l}f3(n, l)q^{nl}r$

$=r^{-1}( \prod_{n\geq 1}(1+q^{n-1}r)(1+q^{n}r^{-1})(1-q^{2n-1}r)2(1-q-1-2)2n)^{2}r$

$=(r+2+r^{-1})+q(-4r^{\pm 3}-4r\pm 2+2r^{\pm 1}+4)+q^{2}($ . . . $)$ (2.8)

of index 2 and 3 $\mathrm{r}\mathrm{e}\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}1_{\}’}}}$ . Their Fourier coefficients satisfy the property: if $4tn-l^{2}<0$

and $f_{t}(n, l)\neq 0$ , then $4tn-l^{2}=-1$ and $f_{t}(n, l)=1$ .
According to Exponential Lifting Theorem $\mathrm{E}\mathrm{x}\mathrm{p}_{-}\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi 0,3)$ is a modular form of weight

1 with respect to F3 with a character of order 6 and $\mathrm{E}\mathrm{x}\mathrm{p}- \mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi 0,2)$ is a modular form of
weight 2 with respect to $\Gamma_{2}$ with a character of order 4. One can calculate the Fourier
expansion of these modular forms. It turns out that (see [GN6])

$\Delta_{1}(Z)=\sum$

$M\geq 1$

$\sum_{m>0,l\in^{\mathrm{z}}}(\frac{-4}{l})(\frac{12}{M})_{a}.\sum_{m)}(\frac{6}{a})qs|(n,\iota,n/6_{\Gamma}\iota/2m/2$

$n,m\equiv 1$ mod 6
$4nm-3\mathrm{t}^{2}=M^{2}$

$=q^{\frac{1}{6}}r^{\frac{1}{2}}s^{\frac{1}{2}}$ $\prod$ $(1-q^{nl3m}rs)f\mathrm{s}(nm,\mathrm{t})\in \mathfrak{M}_{1}^{Cus}p(\Gamma_{3}^{+}, x_{6})$

$n,1,m\in \mathbb{Z}$

$(n,l,m)>0$

where the character $\chi_{6}$ : $\Gamma_{3}^{+}arrow\sqrt[6]{1}$ is induced by $v_{\eta}^{4}\cross v_{H}$ and

$\Delta_{2}(Z)=\sum_{1N\geq}$ $\sum_{m>0,\mathrm{t}\in \mathbb{Z}}$
$N( \frac{-4}{Nl})_{a|(\iota,m}\sum_{n,)}(\frac{-4}{a})q^{n/}rs^{m}4l/2/2$

$n,m\equiv 1$ mod 4
$2mn-\iota^{2}=N^{2}$

$=q^{1}4r2S2 \prod_{(\iota_{m}^{l,m}}\iota 1nn’,,)>0\in \mathbb{Z}(1-q^{n}r^{l2m}s)f_{2(}nm,\mathrm{t})\in \mathfrak{M}_{2}^{cusp}(\Gamma 2+, \chi_{4})$

where $\chi_{4}$ : $\Gamma_{2}^{+}arrow\{\sqrt[4]{1}\}$ . Moreover the divisor of these modular forms is the irreducible
Humbert surface $H_{1}$

$\mathrm{D}\mathrm{i}\mathrm{v}_{A_{3}^{+}}(\Delta_{1}(Z))=H_{1}$ , $\mathrm{D}\mathrm{i}\mathrm{v}_{A_{2}^{+(\triangle_{2}())=H}}Z1$ .
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These modular forms are discriminant of the moduli space of special $K3$ surfaces (see
[GN3] $)$ . One can prove also that $\Delta_{1}^{6}$ and $\triangle_{2}^{4}$ are the cusp forms of the minimal weights with
respect to F3 and $\Gamma_{2}$ respectively. Using information about divisors of these modular forms
one can easy prove the rationality of the moduli space of Kummer surfaces $A_{t}^{+}=\Gamma_{t}^{+}\backslash \mathbb{H}_{2}$

associated with $(1, 2)-$ and $(1, 3)$ -polarized Abelian surfaces.

Similar to the arithmetic lifting and the p–symmetrisation (1.4), the exponential lifting
commutes with the multiplicative symmetrisation $\mathrm{M}\mathrm{s}_{p}$ (see (1.5)).

Theorem. Let $\phi\in J_{0,t}^{nh}$ be like in $E\varphi_{onen}tial$ Lifling Theorem. Then for an arbitmry
prime $p$ we have

Ms$p(E\varphi-Lifl(\phi_{0,t}))=E\varphi- Lifl(\phi 0,t|\tau-(p))$ .

Proof. We give a proof of this theorem to illustrate the methods we use and to clarify the
exponential lifting construction.

Firstly we use the $\mathrm{f}\mathrm{o}\mathrm{u}_{0}\mathrm{W}\mathrm{i}\mathrm{n}\mathrm{g}$ special representation of the exponential lifting. Let us
decompose the product of the exponential lifting in two factors

$B_{\phi}(z)=q^{AB_{S}}r \prod_{)}c(1-qr)(n,\mathrm{t},0>0nlf(0,\iota)\cross,\prod_{n,\iota_{m}\in \mathrm{z},>0}(1-q^{n\iota}rs)^{f(n}mtmm,\iota)$

(2.9)

and let us calculate the Fourier expansion of the logarithm of the second factor:

$\log(_{n},\iota_{m},\in \mathbb{Z})\prod_{m>0}(1-q^{n}rs)ltmf(nm,l)=-\sum_{>n,l\in \mathbb{Z},m0}f(nm, l)\sum_{e\geq 1}\frac{1}{e}q^{en}rselemt$

$=- \sum_{a,b,\in \mathbb{Z}}c>0C(\sum_{d|(a,b,C)}d-1f(\frac{ac}{d^{2}}, \frac{b}{d}))q^{a}r^{bc}s^{t}$

.

Like in Arithmetic Lifting Theorem the last sum can be written as the action of the formal
Dirichlet series (a formal Hecke $L$-function of $SL_{2}(\mathbb{Z})$) $\sum_{m\geq 1}m-1\tau_{-}(m)$ on the Jacobi
form $\phi_{0,t}$ where $\tau_{-}(m)$ (see (1.2)) are Hecke elements from the Hecke ring of the parabolic
subgroup, Thus we obtain

$\log(,\prod_{>m0}\cdots)n,\iota_{m}\in \mathbb{Z}=-\sum_{m\geq 1}m-1(.\overline{\phi}0,t|T-(m))(z)$

.

This expansion shows us that the second factor in (2.9) is invariant with respect to the
action of the parabolic subgroup $\Gamma_{\infty,t}$ whenever the product converges.

It is easy to see that the first factor in (2.9) is equal to a product of Jacobi theta-series
and Dedekind eta-functions

$qrS \prod_{>}ABc(1-q^{nlf}r)(0,l)=\eta(n,l,0)0(_{\mathcal{T}})f(0,0)\mathrm{t}>\prod(\frac{\theta(\tau,lz)e^{\pi i}l^{2}\omega}{\eta(\tau)}0)f(0,\mathrm{t})$
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The last identity explains the form of the factor $q^{A}r^{B}s^{C}$ in the definition of the function
of the theorem. Thus we proved that

$q^{A}r^{B}SC(n, \mathrm{t},mn,\iota,\prod_{)>0}(1-q^{nl}rS^{m})^{f(}m\in \mathbb{Z}nm,\iota)$

$= \eta(\tau)f(0,0)\square (\iota>0\frac{\theta(\tau,lz)e\pi i\iota^{2}\omega}{\eta(\tau)})^{f}(0,l)\exp(-\sum_{m\geq 1}m^{-1}\overline{\phi}0,t|\tau_{-}(m)(Z))$ (2.10)

whenever the product converges. Thus $B_{\phi}(Z)$ transforms like a $\Gamma_{\infty,t}$-modular form of
weight $\frac{f(0,0)}{2}$ with the multiplier system of the theorem. It is useful to write down the
whole product $B_{\phi}(Z)$ in terms of Hecke operators $T_{-}(m)$ . We can get such expression
using the involution $V_{t}$

$\mathrm{E}\mathrm{x}\mathrm{p}- \mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi 0,t)(z)=B_{\phi}(Z)=$

$=q^{ABC}rS \exp(-m\geq 1\sum m-1\overline{\emptyset}0,t|T_{-}(m)(z))\exp(-m\sum_{\geq 1}m^{-1}(\overline{\phi}_{0,t0}^{(}+\emptyset,t)(0)|T_{-}(m)|Vtz0)(^{(}2.11)))$
.

The functions $\phi_{0^{0}t}^{()},(z)=\sum_{l}f(0, l)r^{l}$ and $\overline{\phi}_{0,t}^{(0)}(Z)=\sum_{l}f(0, l)r^{\mathrm{t}_{S}}t$ are not Jacobi forms, and
we fix the standard system of representatives in $T_{-}(m)$ to define the corresponding formal
action. The exponent of the function $\overline{\phi}_{0,t}^{()}0$ in (2.11) defines the subproduct over all $(n, l, 0)$

with $n>0$ in (2.9). The exponent with the function $\phi_{0,t}^{()}0$ , which does not depend on $\tau$

and $\omega$ , defines the finite subproduct over $(0, l, 0)$ with $l>0$ . The representation (2.11)
shows us analogy. between the exponential lifting and the arithmetic lifting of holomorphic
Jacobi forms. .

The formula for the multiplicative symmetrisation (see (1.5))

$\mathrm{M}\mathrm{s}_{p}(F)(z)=F( (^{\mathcal{T}}pz p^{2}\omega pz))\prod_{bmodp}F()\in Mk(p+1)(\Gamma_{tx)}p’(p)$

shows that Ms$p$ can be written as the action of $\mathrm{S}\mathrm{y}\mathrm{m}_{p}$ on the function under the exponent
in (2.11). Let us consider the product of the formal Dirichlet series $\sum_{m=1}^{\infty}T_{-}(m)m^{-1}$

over the Hecke ring $H(\Gamma_{\infty,t})$ with $\mathrm{S}$

}$\mathrm{m}_{p}=\Lambda_{p}+\nabla_{t,p}$ . According to the definition of the
normalizing factor of Hecke operators in the case of weight zero, we can consider the Hecke
ring $H(\Gamma_{\infty,t})$ modulo its central element $\triangle(p)=\Gamma_{\infty,t}(pE_{4})$ . I.e. for any $X\in H(\Gamma_{\infty,t}.)$

the Hecke operators $X$ and $\triangle(p)X$ are identical. We recall that $\triangle(p)\Lambda_{p}=T-(p,p)$ where
$T_{-}(p,p)$ is the embedding of $T(p,p)=SL_{2}(\mathbb{Z})(pE_{2})SL_{2}(\mathbb{Z})\in H(SL_{2}(\mathbb{Z}))$ into the Hecke
ring $H(\Gamma_{\infty,t})$ . Using the definition one can check that

$T_{-}(m)\nabla_{t},=p\{$
$pT_{-}(m)$ if $m\equiv 0$ mod $p$

$\nabla_{t,p}\tau_{-(m)}$ if $m\not\equiv \mathrm{O}$ mod $p$.
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Thus

$(_{m=1} \sum^{\infty}\tau_{-}(m)m-1)(\tau-(p,p)+\nabla t,p)$

$= \sum_{m\geq 1}(T_{-}(mp)+pT_{-(}\frac{m}{p})\tau-(p,p))m-1\sum_{m,p)=1}\nabla t,p+(m\tau-()m^{-1}$

$=T_{-}(p)m \geq\sum 1\tau-(m)m^{-1}+\nabla_{t,p}\cdot\sum_{(m,p)=1}T-(m)m^{-1}$
, (2.12)

since $T(m) \tau(p)=\tau(mp)+pT(p,p)\tau(\frac{m}{p})$ in $H(SL_{2(\mathbb{Z}}))$ .
Let us consider the representation (2.11) for the exponential lifting of $\phi_{0,t}$ . According

to (2.12) we have the following identity for the main factor in (2.11)

$\exp(-\sum_{m\geq 1}(\overline{\phi}_{0},t|\tau_{-}(m))|\mathrm{S}\mathrm{y}\mathrm{m}p(z))=\exp(-\sum_{m\geq 1}(\overline{\emptyset}0,t|\tau_{-}(p))|\tau-(m)(z))$ ,

since $\nabla_{t,p}$ defines zero operator on the space of Jacobi functions of weight $0$ and index $t$ :

$( \overline{\phi}_{0,t}|\nabla_{t,p})(z)=\overline{\phi}_{0,t}(Z)\cdot m\sum_{bodp}\exp(\frac{2\pi\dot{i}b}{p})=0$.

Let us consider the second exponent in (2.11). We have the formal identity

$V_{t}.( \Lambda_{p}+\sum bmodp\nabla(\frac{b}{tp}))=T_{-}(p)Vtp(\sqrt{p}E_{4})^{-1}$

where we consider $\tau_{-}(p)$ as the formal sum of the left cosets fixed in (1.2) and $V_{t}$ is the
involution defined in the beginning of this section. The second exponent in (2.11) is not
$\Gamma_{\infty,t}$-invariant, but it is invariant with respect to the minimal parabolic subgroup $\Gamma_{00}$

which is the intersection of $\Gamma_{\infty,t}$ with the subgroup of the upper-triangular matrices in $\Gamma_{t}$ .
This parabolic subgroup is the semidirect product of the subgroup of all upper-triangular
matrices in $SL_{2}(\mathbb{Z})$ with the Heisenberg group. Thus we still can consider $\tau_{-}(m)$ as an
element of the Hecke ring $H(\Gamma_{00})$ of this minimal parabolic subgroup if we take $\tau_{-}(m)$ in
the standard form (1.2). (See [G9], where Hecke rings of parabolic subgroups of this type
were considered for $GL_{n}$ over a local field.) Thus for the second exponent in (2.11) we get

$\exp(-\sum_{m\geq 1}m^{-}(\overline{\emptyset}^{00}0,t+\phi 0,t)|\tau_{-}(m)|1V_{t}|\mathrm{s}_{\mathrm{y}}\mathrm{m}(pz))$

$= \exp(-\sum_{1m\geq}m^{-}1(\overline{\emptyset}_{0t}0,\phi_{0,t}0+)|\tau_{-}(p)|\tau-(m)|Vtp(Z))$ .

This finishes the proof.
$\square$

Many examples of using the multiplicative symmetrisation see in [GN6].
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\S 3. MULTIPLICATIVE HECKE OPERATORS

Let $F\in \mathfrak{M}_{k}(\mathrm{r}_{t,x})$ be a modular form of integral weight and

$X= \mathrm{r}_{t}M\Gamma_{t}=\sum\Gamma_{t}g_{i}i\in \mathcal{H}*(\mathrm{r}_{t})=\otimes \mathcal{H}_{p}(\Gamma_{t})\cong(p,t)=1p,t\bigotimes_{()=1}\mathcal{H}(p\Gamma_{1})$

be a Hecke element with a good reduction modulo all primes dividing $t$ . Then we can
define a multiplicative Hecke operator

$[F]x:= \prod_{i}F|kgi$ . (3.1)

This is again a $\Gamma_{t}$-modular form. We call it the Hecke product of $F$ defined by $X$ .
It is well known that the arithmetic lifting (1.3) commutes with the action of Hecke

operators (see $\mathrm{f}.\mathrm{e}$ . [G2], [G8]). In Theorem A.7 of [GN4, Appendix $\mathrm{A}$] we proved that the
exponential lifting commutes with multiplicative Hecke operators. More exactly we have

Functoriality of Exponential Lifting. For arbitrary $\phi\in J_{0,t}^{nh}$ and $X\in \mathcal{H}_{*}(\Gamma_{t})$ the
identity

$[\mathrm{E}\mathrm{x}\mathrm{p}- \mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\emptyset 0,t)]x=C\cdot \mathrm{E}\mathrm{x}_{\mathrm{P}^{-}}$-Lift $(\phi|J^{()}0(xt))$ (3.2)

is valid, where $J_{0}^{(t)}$ is a natural projection of the Hecke ring $\mathcal{H}_{*}(\Gamma_{t})$ into the Hecke-Jacobi
ring of the parabolic subgroup of $\Gamma_{t}$ (see [G2], [G6], [G8]) and $c$ is a constant.

Remark. The operator $J_{0}^{(t)}$ is the same one which appears in the commutative relation
between the arithmetic lifting and Hecl\v{c}e operators (see [G8]).

To prove this theorem one should use only some considerations related with parabolic
extension of local Hecke Yings, similar to the proof of the commutativity of the exponential
lifting with multiplicative $\mathrm{s}_{\}}\mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ .

We consider below some examples related with the Hecke operator of index $pT(p)=$
$\Gamma_{t}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1,p,p)\mathrm{r}t$ in the case of good and bad reduction. If $T(p)\in H(\Gamma_{t})((p, t)=1)$ we
have

$T(p)= \Gamma_{t}+\sum_{aa_{1},a_{2},s}$

modp

$\Gamma_{t}(_{00}^{10}0001a_{0}2a_{1}pa_{30}/a_{2}pt)$

$+ \sum_{amodp}\Gamma_{t}+\sum_{b_{1},b_{2mod}}p\Gamma_{t}(_{0}^{p}-b0^{1}0001b00010b_{2}/p^{1}t)$ (3.3)

and
$J_{0}(T(p))=T0(p)+p^{2}+p$ (3.4)

where $T_{0}(p)$ is the Hecke-Jacobi operator

$T_{0}(p)= \sum_{Cmop^{2}}\mathrm{r}_{\infty}bmo_{d}dp+\sum_{oa,bmdp}\Gamma a\neq 0\infty+\sum_{p\lambda mod}\mathrm{r}_{\infty}$
. (3.5)
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The element $T_{0}(p)$ defines an operator on the space of Jacobi forms which does not change
the index

$T_{0}(p)$ : $J_{k,t}arrow J_{k,t}$ .

It coincides (up to a constant) with the Hecke operator $T_{p}$ defined in $[\mathrm{E}\mathrm{Z}, \S 4]$ .
We want to use (3.2) with $X=T(p)$ for the modular forms $\triangle_{5}(Z),$ $\triangle_{2}(z),$ $\Delta_{1}(Z)$ and

$\Delta_{1/2}(Z)$ from \S 2. To write down the right hand side of (3.2), we need a formula for the
action of $T_{0}(p)$ on the Jacobi forms of index $t$ for a divisor $p$ of $t$ . Let $\phi_{0,t}(\tau, Z)$ be an
arbitrary Jacobi form of weight zero and index $t$ with Fourier expansion

$\overline{\phi_{0,t}}(Z)=\sum_{\iota n,\in \mathbb{Z}}g(n, l)$
qrS $= \sum$
nt

$(N)\exp(2\pi\dot{i}\mathrm{t}\mathrm{r}(NZg)N)$

where $N=\in M_{2}(\mathbb{Z})$ ( $t$ is fixed). In accordance with (3.5) we get

$\overline{\phi_{0,t}}|\tau \mathrm{o}(p)(Z)=$

$M \dot{.}\in\Gamma_{\infty}\backslash \tau \mathrm{O}\sum_{(p)}\overline{\phi 0,t}|Mi(Z)=p\sum_{n\equiv}3\iota\equiv 0mod\mathrm{o}_{m}od\mathrm{p}^{2}pg()\exp(2\pi i\mathrm{t}\mathrm{r}(p^{-2}N[]Z))$

$+ \sum_{n,\iota\in \mathbb{Z}}c_{p}(N)g(N)\exp(2\pi i\mathrm{t}\mathrm{r}(Nz))+n,l\sum\in \mathbb{Z}g(N)\sum\exp(2\pi i\mathrm{t}\mathrm{r}(N\lambda modp[(^{p0}\lambda 1)]Z))$

where $N[M]={}^{t}MNM$ and we denote by $G_{p}(N)$ the Gauss sum

$G_{p}(n, l, t)=-p+ \sum_{da,bmop}\exp(2\pi\dot{i}^{\frac{na+lab+tab^{2}}{p})}$ .

Changing $N$ to $N[M^{-\mathrm{i}}]$ in the first and third sum, we get the formula for the Fourier
coefficient $g_{p}(n, l)$ of Jacobi form $\phi_{0,t}|\tau_{0(}p$) $(\mathcal{T}, z)$ of index $t$

$g_{p}(n, l)=p^{3}g(p^{2}n,pl)+G_{p}(n, l, t)g(n, l)+ \sum_{m\lambda odp}g(\frac{n+\lambda l+\lambda^{2}t}{p^{2}}, \frac{l+2\lambda t}{p})$
(3.6)

where we put $g(n, l)=0$ if $n\not\in \mathbb{Z}$ or $l\not\in \mathbb{Z}$ . In the case of a good reduction, when $(p, t)=1$ ,
the $G_{p}(N)$ is given by the formula

$G_{p}(n, l,t)=p( \frac{-(4nt-l^{2})}{p})$ , $(p, t)=1$ .

If $p|t$ , we can represent the formula for $G_{p}$ in the form useful for exact calculations

$G_{\mathrm{p}}(n, l, t)=p\{$

$0$ if $l\not\equiv \mathrm{O}$ mod $p$

$p-1$ if $(n, l)\equiv(\mathrm{O}, 0)$ mod $p$

$-1$ if $n\not\equiv \mathrm{O}$ mod $p$, and $l\equiv 0$ mod $p$.

For the Fourier coefficients depending on $\lambda$ in (3.6) we have $\det(N[])=p^{2}\det(N)$ .
If $(t,p)=1$ , then $n+\lambda l+\lambda^{2}t$ is a full square mod $p$ for $4nt-l^{2}\equiv 0$ mod $p^{2}$ . Thus there
exists only one $\lambda$ mod $t$ which gives us a non-trivial term in the third summand in (3.6).
Therefore we prove
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Lemma. Let us suppose that the Fourier coefficient $g(n, l)$ of the Jacobi form $\phi_{0,t}$ of weight
zero and index $t$ depends only on the norm $N=4nt-l^{2}\in \mathbb{Z}$ . We denote $g(N)=g(n, l)$ .
For any prime $p$ such that $(t,p)=1$ , the Fourier coefficients of $\phi_{0,t}|T0(p)$ are given by the
formula

$g_{p}(N)=p^{3}g(p2N)+p( \frac{-N}{p})g(N)+g(\frac{N}{p^{2}})$

where we set $g( \frac{N}{p^{2}})=0$ if $\frac{N}{p^{2}}\not\in \mathbb{Z}$ .

The Igusa modular form $\triangle_{35}(Z)$ . The Igusa modular form $\triangle_{35}(Z)$ is the first Siegel
modular form of odd weight with respect to $\Gamma_{1}=Sp_{4}(\mathbb{Z})$ . It has weight 35 (see [Igl]). We
defined this modular form in [GN4] as a Hecke product of $\triangle_{5}(Z)$ .

Let us take the modular form $\triangle_{5}(Z)$ which has the divisor $H_{1}$ in $A_{1}$ . Using the system
of representatives $T(p)$ , we then get

$[\Delta_{5}(Z)]_{\tau}(2)=$ $\prod\triangle_{5}(^{Z}\perp_{2}\mathrm{L}a,$ $\underline{z}_{2\mathrm{L}^{b}},$

$\frac{z+c}{2})$ $\prod$ $\triangle_{5}(^{\underline{z}\iota=}2’ 3)a2Z\triangle_{5}z_{2},(2Z1,$
$z_{2},$ $\underline{z}\mathrm{a}_{2}\mu_{a})$

$a,b,cmod2$ amod2

$\cross\triangle_{5}(2z_{1},2_{Z}\mathit{2},2z_{3})bmod\prod_{2}\triangle_{5}(2Z_{1}, -z_{1}+z_{2},-\mathit{2}\ovalbox{\tt\small REJECT}^{z}zzb)2^{\cdot}$

One can check that $\mathrm{d}\mathrm{i}\mathrm{v}_{A_{1}}([\triangle_{5}(z)]_{\tau(p}))=(p+1)^{2}H_{1}+H_{p^{2}}$ . Thus

$\triangle_{35}(Z)=\frac{[\triangle_{5}(z)_{\mathrm{J}\tau}^{1}(\mathit{2})}{\Delta_{5}(Z)^{8}}=\mathrm{E}\mathrm{x}\mathrm{p}$ -Lift $(\phi_{0,1}|(\tau_{0}(2)-2))\in \mathfrak{R}_{35}(\mathrm{r}_{1})$

and

$\triangle \mathrm{s}5(Z)=qrs^{2}2(q-S),’$$\prod_{n,(n’}l,m\iota_{m}\in)>0\mathbb{Z}(1-qrsn\iota m)f_{1}(2)(4nm-\iota^{2})$

where $f_{1}(4n-l^{2})=f_{1}(n, l)$ are the Fourier coefficients of $\phi_{0,1}(\mathcal{T}, Z)$ (see (2.4)) and

$f_{1}^{(2)}(N)=8f_{1()+2}4N(( \frac{-N}{2})-1)f1(N)+f1(\frac{N}{4})$

according to Lemma above. Remark that we cannot construct $\triangle_{35}(Z)$ as an arithmetic
lifting of a holomorphic Jacobi form. Nevertheless we get $\triangle_{35}(Z)$ as a finite Hecke product
of the lifted form $\Delta_{5}(Z)$ . In particular, from the infinite product formula follows the
formula for the second Fourier-Jacobi coefficient $\phi_{35,\mathit{2}}$ of the Igusa modular form

$\phi_{35,2}(_{\mathcal{T},Z})=\eta^{6}(9)\theta 11(\mathcal{T}, 2_{\mathcal{Z}).\prod(1-}=-q2-\mathcal{T}r1n\geq 1(1-qr-12)n(1-qnr-2)q^{n})^{70}$ .

(Remark that $\phi_{35,1}=0.$ )
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The modular form $D_{6}(Z)$ . Using $(3.2)-(3.3\rangle$ and Lemma above we get modular forms
with divisor $H_{p^{2}}$ in $A_{2}^{+}$ and $A_{3}^{+}$ respectively

$F_{p}^{(2)}(Z)=C_{2} \frac{[\Delta_{\mathit{2}}(z)]T(p)}{\Delta_{2}(Z)^{(p+)^{2}}1}=\mathrm{E}\mathrm{x}\mathrm{p}$-Lift $(\phi_{0,2}|(T\mathrm{o}(p)-p-1))\in \mathfrak{R}_{2p(p^{2}-1)(\Gamma)}2$ ,

$F_{p}^{(3)}(Z)=C_{3} \frac{[\triangle_{1}(z)]\tau(p)}{\triangle_{1}(Z)(p+1)^{2}}=\mathrm{E}\mathrm{x}\mathrm{p}$-Lift $(\phi_{0,3}|(T\mathrm{o}(p)-p-1))\in \mathfrak{R}_{p(p^{2}-}1)(\Gamma 3, \chi_{3}^{(_{\mathrm{P})}})$

where $p\neq 2$ for $\triangle_{2}$ and $p\neq 3$ for $\triangle_{1}$ . The character $\chi_{2}^{(p)}$ is trivial or has order two.
(The $c_{p}$ are constants which can be easily calculated.) In particular we get the modular
form

$D_{6}(Z)= \frac{2^{2\mathit{2}}[\Delta 1(Z)]_{T(}2)}{\Delta_{1}(Z)^{9}}=\mathrm{E}\mathrm{x}\mathrm{p}$ -Lift $(\phi_{0,3}|(\tau_{0}(2)-3))$ .

Thus according to (3.9) where

$\phi_{0,3()\emptyset|}^{(6)}\mathcal{T},$
$Z=0,3(T \mathrm{o}(2)-3)(\tau, z)=\sum_{n,l}g\mathrm{s}(n, l)q^{n}r^{1}=r-r+12-r+2-1r-2+q(\ldots)$

.

Example. Hecke product for $p=t=2$ and $p=t=3$. Using (3.6) we can con-
sider the cases of bad reduction $p=t=3$ and $p=t=3$. The Hecke operator
$T^{+}(2)=\Gamma^{+}2\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1,2,2)\Gamma_{2}^{+_{\mathrm{f}\mathrm{r}}}\mathrm{o}\mathrm{m}$ the Hecke ring $H(\Gamma_{\mathit{2}}^{+})$ of the maximal normal extension
$\Gamma_{2}^{+}$ contains 18 left cosets: the 15 cosets from (3.3) and

$\sum_{a,bmod2}\Gamma_{2}^{+}$ .

$(a,b)\neq(0,0)$

Therefore the modular form $[\triangle_{\mathit{2}}]\tau+(\mathit{2})$ of weight 36 has divisor $\underline{9}H_{4}+9H_{1}$ and we obtain
the identity

$\Delta_{11}(Z)^{2}=(\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\eta^{2}(\mathcal{T})\theta(\mathcal{T}, 2\mathcal{Z})1)^{2}=(\mathrm{E}\mathrm{x}\mathrm{p}_{-}\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi_{0,2}((11))^{2}Z))$

$=c[\Delta_{2}]_{T}+(2)(z)/\Delta 2(Z)^{7}=\mathrm{E}\mathrm{x}_{\mathrm{P}^{-}}\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\phi 0,2|\tau_{0(}2))(z)$

where
$\phi_{0^{1}2}^{(1},)\phi_{0},1|\tau_{-}(2)-2\emptyset 0,2=\emptyset_{0,1}2=-20\phi 0,2=\frac{1}{2}\phi_{0,2}|\tau \mathrm{o}(2)$. (3.7)

be.cause
$\phi_{0,2}|\tau_{0(}2)(\tau, \mathcal{Z})=2r+4422+\Gamma-2+q(\ldots)$ .

The identity (3.7) gives us relations between the “fundamental” Jacobi forms $\phi_{0,1}$ and
$\phi_{0,2}$ .

Similarly to the case $p=2$ we obtain for $p=t=3$ the Jacobi form $\phi_{0,3}|\tau_{0(}3$ ) $(\mathcal{T}, z)=$

$2r^{3}+68+2r^{-3}+q(\ldots)$ . Therefore the Hecke product for $p=3$ of $\Gamma_{3}$-modular form $\triangle_{1}$

is related with

$F_{16}^{(3)}(Z)=\mathrm{E}\mathrm{x}\mathrm{p}$ -Lift $( \frac{1}{2}\phi_{0,3}|(\tau_{0}(3)-2))\in \mathfrak{R}_{16}(\Gamma 3,v_{\eta}^{8}\mathrm{X}\mathrm{i}\mathrm{d}H)$

132



with divisor $H_{9}$ . One can construct this modular form using multiplicative 3-symmetrisation
of $\Delta_{5}$ . In terms of Jacobi forms it is equivalent to the relation

$\phi_{0,3}|\tau_{0}(3)=2\emptyset 0,1|T-(3)-6\phi_{0,3}$ .

Recall that the Jacobi form $\phi_{0,3}(\tau, Z)$ is the square of an infinite product (see (2.8)).

Example. $\Gamma_{4}$ -modular forms with $H_{p^{2}}$ -divisors. Our next examples are connected with
the Jacobi form $\phi_{0,4}$ (see (2.6)). In the case of good reduction $(p\neq 2)$ , we can define the
same function as above. Since

$\phi_{0,4}|\tau_{0(}p)(\mathcal{T}, z)=r^{p}+pr+(p^{3}+1)+r^{-p}+pr^{-1}+q(\ldots)$ $(p\neq 2)$

we obtain a modular form

$F_{p}^{(4)}(Z)=\mathrm{E}\mathrm{x}\mathrm{p}$-Lift $(\phi_{0,4}|(T\mathrm{o}(p)-p-1))\in \mathfrak{R}_{p(p^{2}1}-)/\mathit{2}(\Gamma 4, v_{\eta}p(p-21)\cross \mathrm{i}\mathrm{d}_{H})$

with divisor $H_{p^{2}}$ . For instance for $p=3$ we get a modular form of weight 12 with divisor
$H_{9}$ in $A_{4}^{+}$ . Using (3.6) for $p=2$ , we obtain a very nice identity

$\phi_{0,4}|\tau 0(2)(\mathcal{T}, Z)=\emptyset 0,1(_{\mathcal{T},2_{\mathcal{Z}})}$ . (3.8)

It gives us the second new formula for the generator $\phi_{0,1}(\mathcal{T}, \mathcal{Z})$ (see [2.?]). We can represent
it in an equivalent form using the operator $\Lambda_{\mathit{2}}^{*}$ dual to $\Lambda_{2}^{*}$ . One can check (see [G2]) that

$p^{-1}T_{\mathrm{O}}(p)\cdot\Lambda_{2}^{*}=T_{+}$

.
$(1, p^{\mathit{2}})=$ $\sum$ $\Gamma_{\infty}(_{0}^{10}0_{00}0p^{2}01bap^{2}p_{\mathrm{C}}b0)+\sum_{a,bmodp}\Gamma_{\infty}$

$a,b,c$ mod $p^{2}$

$c$ mod $p^{2}$

$a\neq 0$

$+ \sum_{amodp}\mathrm{r}_{\infty}(_{0}^{p^{2}}-0^{a}00000101-ap0c)$ .

$c$ mod $p^{2}$

Thus (3.8) is equivalent to

$8\phi_{0,1}(_{\mathcal{T}}, z)=\phi 0,4|\tau+(1,4)(\tau, Z)$ . (3.9)

We recall that $\phi_{0,4}(\tau, Z)$ is given by an infinite product (see (2.6)). One can find a formula
for the action of $T_{+}(1,4)$ on Fourier coefficients of Jacobi forms similar to the formula
(3.19) for $T_{+}(2)$ .

Anti-symmetric Modular Forms.
The arithmetic lifting provides us with modular forms which are invariant with respect

to the main exterior involution $V_{t}$ of the group $\Gamma_{t}$ (see the beginning of \S 2). Using the
exponential lifting, one can construct anti-invariant modular forms, i.e. forms satisfying
$F(V_{t}(z))=-F(Z)$ . For example for $t=1$ the Igusa modular form $\triangle_{35}(Z)$ is anti-
invariant.
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Existence Theorem. (see [GN6]) For $arbitra7\backslash \iota Jt>1$ there exists an anti-symmetric
modular form of weight 12 with respect to $\Gamma_{t}$ with trivial character.

We construct below such forms for $t=2,3,4$ and show that for these $t$ anti-symmetric
form of weight 12 is unique.

Let us consider the function $\psi_{0,t}(\tau, z)=\triangle(\mathcal{T})^{-}1E_{12,t}(\mathcal{T}, Z)$ where

$\Delta(\tau)=...qn\geq\square (1-q)n24-24q^{2}+2531+=qq3\ldots$

and $E_{1\mathit{2},t}(\mathcal{T}, Z)$ is a Jacobi-Eisenstein series of weight 12 and index $t$ .
There exists a formula for Fourier coefficients of $E_{k,1}$ in terms of H. Cohen’s numbers

(see $[\mathrm{E}\mathrm{Z},$ \S 2]). One can find the table of the values of Fourier coefficients of $E_{4,1}(\tau, Z)$

and $E_{6,1}(\tau, Z)$ in $[\mathrm{E}\mathrm{Z}, \S 1]$ . Using the basic Jacobi forms $\phi_{0,\mathit{2}}(\tau, \mathcal{Z})=r^{\pm 1}+4+\ldots$ ,
$\emptyset 0,3(\tau, Z)=r^{\pm 1}+2+\ldots$ and the forms $\phi_{0}^{(11)},\mathit{2}=r^{\pm \mathit{2}}+22+\ldots$ and $\phi_{0,3}^{(6)}=r^{\pm 2}-r^{\pm 1}+12+\ldots$ ,
which are the data for the exponential liftings in \S 2. We define

$\psi 0,2(_{\mathcal{T},z})=\Delta(\mathcal{T})-1E_{6,1}(\mathcal{T}, z)2-2\emptyset_{0,2}(11)(\tau, z)+176\phi 0,2(\mathcal{T}, Z)$

$= \sum_{\in n\geq 0,\iota \mathbb{Z}}^{\cdot}C2(n, l)qr=q^{-}+n\iota 124+q(..\cdot.)$
,

$\psi_{0,3}(\mathcal{T}, \mathcal{Z})=\triangle(\mathcal{T})-1E_{4,1}(\mathcal{T}, z)3-3\phi_{0,3()-171\phi}(6)\mathcal{T},$$\mathcal{Z}0,3(\mathcal{T}, Z)$

$= \sum_{n\geq 0,\iota\in \mathbb{Z}}c3(n, l)q^{n}r^{l-1}=q+24+q(\ldots)$
.

The Jacobi forms $\psi_{0,p}(.p=2,3)$ contain the only type of Fourier coefficients with indices
of negative norm. This is $q^{-1}$ of norm $-4p$. Thus we can use both functions to produce
the exponential liftings

$\Psi_{1\mathit{2}}^{(\mathit{2})}(Z)=\mathrm{E}\mathrm{x}\mathrm{p}_{-}\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\psi 0,\mathit{2})=qn,\mathrm{t},m\in \mathbb{Z}\square (1-q^{n}rS)^{C2(}\iota \mathit{2}mnm,\iota)\in \mathfrak{M}_{1\mathit{2}}(\Gamma_{2})$
,

(3.10)
$(n,l,m)>0$

$\Psi_{12}^{(3)}(z)=\mathrm{E}\mathrm{x}\mathrm{p}-\mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\psi 0,3)=q$ $\prod$ $(1-q^{n\iota 3m}rs)C3(nm,\iota)\in \mathfrak{M}_{12}(\Gamma 3)$.
$n,1,m\in \mathrm{z}$ (3.11)

$(n,l,m)>0$

According to Exponential Lifting Theorem

$\Psi_{12}^{(p)}(V_{p}<Z>)=-\Psi_{1\mathit{2}}^{()}p(z)$ $(p=2,3)$ and $\mathrm{D}\mathrm{i}\mathrm{v}_{A_{\mathrm{p}}}(\Psi^{(p)})12=\{$

$H_{8}$ for $p=2$

$H_{12}$ for $p=3$ .

The Fourier-Jacobi expansion of $\Psi_{12}^{(p)}$ starts with coefficients

$\Psi_{1\mathit{2}}^{(p)}(z)=\Delta_{12}(\mathcal{T})-\Delta 12(_{\mathcal{T})}\psi 0_{p},(\mathcal{T}, z)\exp(2\pi\dot{i}pv)+\ldots$ .

Therefore the constructed modular forms $\Psi_{12}^{(p)}(z)(p=2,3)$ are not cusp forms.
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If we do the same for $t=4$ , we get a Jacobi form we used to construct $\Delta_{35}(Z)$ . Let us
take the Jacobi form

$\phi_{0,1}.|(T_{0}(2)-2)(\mathcal{T}, 2_{Z)=}q^{-}+1(r+70+.r4-4)+q(\ldots)$ .

Its exponential lifting is zero along two Humbert surfaces with discriminant 16. To delete
the second component, we consider the additional Jacobi-Eisenstein series which has the
constant term equals zero (such a series exists if the index contains a perfect square). For
$t=4$ this Jacobi-Eisenstein series is the eight power of the Jacobi theta-series $\theta(\tau, z)$ .

Using $\theta(\tau, z)^{8}$ , we define

$\psi_{0,4}(\mathcal{T}, z)=(\phi_{0},1|(\tau_{0}(2)+26))(\mathcal{T}, 2\mathcal{Z})-\triangle(\tau)-1E_{4}(\mathcal{T})\theta(\mathcal{T}, Z)^{8}-8(\phi 0,4|(\tau_{0}(3)+4))(_{\mathcal{T}}, Z)$

$= \sum_{n\geq 0,l\in \mathbb{Z}}C4(n, l)q^{n}rq+2-14+q(\iota_{=}\ldots)$ .

Similarly to $\psi_{0,\mathit{2}}$ and $\psi_{0,3}$ the Jacobi form $\psi_{0,4}$ contains only the Fourier coefficients of type
$q^{-1}$ with index of negative norm. Taking its exponential lifting we obtain the $\Gamma_{4^{-}}.\mathrm{m}$odular
form of weight 12

$\Psi_{12}^{(4)}(z)=\mathrm{E}\mathrm{X}\triangleright \mathrm{L}\mathrm{i}\mathrm{f}\mathrm{t}(\psi_{0},4)(Z)=q$
$\prod$ $(1-q^{nl}\Gamma s)^{\mathrm{c}}4m4(nm,l)\in \mathfrak{M}_{1\mathit{2}}(\Gamma_{4})$ . (3.12)

$n,1,m\in \mathbb{Z}$

$(n,l,m)>0$

The modular form $\Psi_{12}^{(4)}(Z)$ is anti-invariant and $\mathrm{D}\mathrm{i}\mathrm{v}_{A_{4}}(\Psi_{12}^{(4)})=H_{8}(0)$ .

Uniqueness of $\Psi_{1\mathit{2}}^{(t)}$ for $t=2,3,4$ . Arbitrary anti-invariant modular form is automat-
ically zero along the Humbert surface $H_{4t}(0)=\pi_{t}\{\tau-t\omega=0\}$ . The modul.a$\mathrm{r}$ forms
constructed above have this surfaces as full divisor. Thus they are unique.

Remark. After this conference a preprint of Ibukiyama and Onodera [OK] has been ap-
peared where an anti-invariant modular form of weight 12 with respect to $\Gamma_{\mathit{2}}$ was con-
structed in terms of Siegel theta-constants.

REFERENCES
[B] R. Borcherds, Automorphic foms on $O_{s+2,2}$ and infinite products, Invent. Math. 120 (1995),

161-213.
[EZ] M. Eichler, D. Zagier, The theory of Jacobi forms, Progress in Math. 55, Birkh\"auser, 1985.
[R] E. Fkeitag, Modulformen zweiten Grade zum rationalen und Gaufl schen $Zahlk_{\ddot{O}}\gamma \mathrm{P}er_{)}$ Sitzungsber.

Heidelberg Akad. Wiss. (1967), 3-49.
[vdG] G. van der Geer, Hilbert modular surfaces, Erg. Math. Grenzgeb., 3.Folge, 16, Springer Verlag,

1988.
[G1] V.A. Gritsenko, Irrationality of the moduli spaces of polarized abelian surfaces, Int. Math. Res.

Notices 6 (1994), 235-243; Abelian Varieties (Barth, Hulek, Lange, $\alpha 1\mathrm{s}.$), de Gruyter, Berlin, 1995,
pp. 63-81.

[G2] V.A. Gritsenko, Modulformen zur Pammodulgruppe und Modulr\"aume der Abdschen Variet\"aten,
Mathematica Gottingensis Schrift. des SFB “Geometrie und Analysis”, Heft 12 (1995), 1-89.

[G3] V.A. Gritsenko, Arithmetical lifting and its applications, Number Theory. Proceedings of Paris
Seminar 1992-93 (S. David, eds.), Cambridge Univ. Press, 1995, pp. 103-126.

135



[G4] V.A. Gritsenko, Modular forms and moduli spaces of Abelian and K3 surfaces, Algebra i Analyz

6:6 (1994), 65-102; English transl. in St.Petersburg Math. Jour. 6:6 (1995), 1179-1208.
[G5] V.A. Gritsenko, Jacobi functions of $n$-variables, Zap. Nauk. Sem. LOMI 168 (1988), 32-45; English

transl. in J. Soviet Math. 53 (1991), 243-252.
[G6] V.A. Gritsenko, Induction in the theory of zeta-functions, Algebra i Analyz 6:1 (1994), 2-60;

English transl. in St.Petersburg Math. Jour. 6:1 (1995), 1-50.
[G7j V.A. Gritsenko, Ewansion of Hecke polynomials of classical groups, Matem. Sbornik 137 (1988),

328-351; English transl. in Math. USSR Sbornik 65 (1990), 333-356.
[G8] V.A. Gritsenko, Jacobi functions and Euler products for Hermitian modular fo7ms, Zap. Nauk.

Sem. LOMI 183 (1990), 77-123; English transl. in J. Soviet Math. 62 (1992), 2883-2914.
[G9] V.A. Gritsenko, Parabolic extension of Hecke ring of the geneml linear group, 2, Zap. Nauk. Sem.

LOMI 183 (1990), 56-77; English transl. in J. Soviet Math. 62 (1992), 2863-2982.
[G10] V.A. Gritsenko, The action of modular operators on the Fourier-Jacobi coefficients of modular

forms, Matem. Sbornik 119 (1982), 248-277; English transl. in Math. USSR Sbornik 47 (1984),

237-268.
[GH] V. Gritsenko, K. Hulek, Minimal Siegel modular threefolds, Proceedings of the Cambridge Philo-

sophical Society (1997) to appear; $\mathrm{a}-\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}/9506017$ .
[GN1] V.A. Gritsenko, V.V. Nikulin, Siegel automorphic form correction of some Lorentzian Kac-Moody

Lie algebras, Amer. J. Math. 119 (1997), 181-224 ; $\mathrm{a}-\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}/9504006$ .
[GN2] V.A. Gritsenko, V.V. Nikulin, Siegel automorphic form correction of a Lorentzian Kac-Moody

algebra, C. R. Acad. Sci. Paris S\’er. A-B 321 (1995), 1151-1156.
[GN3] V.A. Gritsenko, V.V. Nikulin, K3 surfaces, Lorentzian $Kac$-Moody algebras and mirror symmetry,

Math. Res. Lett. 3 (1996), no. 2, 211-229; alg-geom/9510008.
[GN4] V.A. Gritsenko, V.V. Nikulin, The Igusa modular forms and “the simplest” Lorentzian Kac-Moody

algebras, Matem. Sbornik 187 (1996), 1601-1643; $\mathrm{a}-\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}/9603010$ .
[GN5] V.A. Gritsenko, V.V. Nikulin, Automorphic forms and Lorentzian Kac-Moody algebms. Part I,

Preprint of RIMS, Kyoto University (1996), no. 1116; $\mathrm{a}- \mathrm{g}\infty \mathrm{m}/9610022$ .
[GN6] V.A. Gritsenko, V.V. Nikulin, Automorphic forms and Lorentzian Kac-Moody algebras. Part II,

Preprint of RIMS, Kyoto University (1996), no. 1122; $\mathrm{a}-\mathrm{g}\infty \mathrm{m}/9611028$ .
[IO] T. Ibukiyama, F. Onodear, On the graded ring of modular forms of the Siegel paramodular group

of level 2, Preprint M.PI f\"ur Mathematik MPI 97-30 (1997).
[Igl] J. Igusa, On Siegel modular foms of genus two (II), Amer. J. Math. 84 (1964), no. 2, 392-412.
[Ig2] J. Igusa, Theta function, Grundlehren der math. Wissensch., 254, Springer Verlag, 1972.
[K] V. Kac, Infinite dimensional Lie algebms, Cambridge Univ. Press, 1990.

ST. PETERSBURG DEPARTMENT OF STEKLOV $\mathrm{M}_{\mathrm{A}\mathrm{T}\mathrm{H}\mathrm{E}\mathrm{M}\mathrm{A}\mathrm{T}1}\mathrm{C}\mathrm{A}\mathrm{L}$ INSTITUTE,

FONTANKA 27, 191011 ST. PETERSBURG, RUSSIA
$E$-mail address: gritsenk@pdmi.ras.ru; gritsenk@mpim-bonn.mpg.de

136


