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$0$ Introduction

To classify contact structures on a manifold is a basic problem in differential
topology. lt is largely open for open manifolds in particular. It was shown
by Ya. Eliashberg in [E2] that there is a continuous family of non-equivalent
tight contact structures on an open solid torus $S^{1}\cross \mathbb{R}^{2}$ . This result indicates
that the situation seems to be more complicated on open manifolds than
closed $\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{i}\mathrm{d}_{\mathrm{S}}$ . In this note we study contact structures on the open
solid torus, which inflnite end has linear characteristic foliation.

First of all, let us recall some notions and results to formulate our re-
sults. A contact structure on a 3-manifold $M$ is a completely non-integrable
tangent plane field $\xi$ . It is defined, at least locally, as a kernel of a differen-
tial 1-form $\alpha$ which satisfies the non-integrable condition $\alpha$ A $d\alpha\neq 0$ . We
consider, in this note, cooriented contact structures, which are defined by
global 1-forms by definition. Since the sign of $\alpha$ A $d\alpha$ depends only on the
contact structure $\xi$ , the manifold $M$ is orientable. When $M$ is oriented, the
contact structure $\xi$ is called positive or negative whether the orientation
induced by $\xi$ is coincide with the given orientation or not. In what follows,

we consider only positive contact structures.
For an embedded surface $F$ in a contact 3-manifold $(M, \xi),$ $\xi$ traces on $F$

a singular foliation. Such a foliation is called the characteristic foliation on
$F$ with respect to $\xi$ , and denoted by $F_{\xi}$ . A contact structure $\xi$ is called tight
if the characteristic foliation $D_{\xi}$ has no limit cycle for any embedded disc
$D$ . A contact structure which is not tight is called overtwisted (see [E3],
[E1], $)$ . For non-compact manifolds the following notions are introduced in
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[E4]. Let $M$ be non-compact. A contact structure on $M$ is said to be tight
at infinity if it is tight outside a compact subset of $M$ . We say contact
structure $\xi$ on a non-compact manifold $M$ is overtwisted at infinity if, for
any relatively compact open subset $U$ of $M$ , each non-compact component
of $(M\backslash U, \xi)$ is overtwisted.

It was shown by Ya. Eliashberg in [E4] that the classification of contact
structures overtwisted at infinity on an open manifold, similarly to that
of overtwisted contact structures on a closed manifold (see [E1]), coincides
with the homotopical classification of tangent plane fields. Therefore, we
treat only contact structures tight at infinity in this note.

We introduce the notion of the characteristic foliation on the infinite end
of $S^{1}\cross \mathbb{R}^{2}$ as follows. Let $(\theta, r, \phi)$ be the cylindrical coordinate of $S^{1}\cross \mathbb{R}^{2}$ .
Let $S(\epsilon)\subset \mathbb{R}^{2}$ be a circle of radius $\epsilon$ and $D\subset \mathbb{R}^{2}$ a unit disc. We denote
the interior of $D$ by $D\circ$ . Let $\Psi$ : $S^{1}\cross \mathbb{R}^{2}arrow S^{1}\cross D\circ$ be a diffeomorphism
defined by

$(\theta, r, \emptyset)\vdasharrow(\theta,$ $\frac{2}{\pi}\tan^{-}(1)r,$ $\phi \mathrm{I}$

A contact open solid torus $(S^{1}\cross \mathbb{R}^{2}, \xi=\{\alpha=0\})$ is contact diffeomor-
phic to $(S^{1}\cross D\mathrm{o}, \Psi_{*}(\xi))$ . We denote $\Psi_{*}(\xi)$ by $\overline{\xi}$, and $(\Psi^{-1})^{*}\alpha\circ$ by $\overline{\alpha}$ . Let
$T(\epsilon):=S^{1}\cross S(\epsilon),$ $\epsilon<1$ , be an embedded 2-torus in $S^{1}\cross D$ . The charac-
teristic foliation $(T(\epsilon))_{\overline{\xi}}$ is determined by $\overline{\alpha}|_{T(T}(\epsilon))$ . When $\lim_{\epsilonarrow 1}\overline{\alpha}|_{\tau}(\tau(\epsilon))$

converges, this determines a characteristic foliation on a 2-torus $T(1)$ . We
call it the infinite characteristic foliation and denote it by $\mathcal{F}^{\infty}(\xi)$ . We call
a characteristic foliation on $T^{2}$ is linear if there exists a coordinate $(\theta, \phi)$

of $T^{2}$ for which the restriction of the contact form $\alpha$ to $T(T^{2})$ is denoted
by $\alpha|_{T(T^{2}}$ ) $=a\cdot d\theta+b\cdot d\phi$ for some constants $a,$

$b$ . We call the number $b/a$

the inclination of this linear characteristic foliation.
We introduce a model of contact structures on $S^{3}$ . Let $(z_{1}=r_{1}\cdot e^{i\theta_{1}},$ $Z_{2}=$

$r_{2}\cdot e^{i\theta_{2}})$ be a coordinate of $\mathbb{C}^{2}$ . By considering $S^{3}$ as a unit sphere in $\mathbb{C}^{2}$ ,
$\alpha_{0}:=r_{1}^{2}\cdot d\theta_{1}+r_{2}\cdot d2\theta_{2}$ defines the standard contact structures $\xi_{st}:=\{\alpha_{0}=0\}$

on $S^{3}$ . We set $\Gamma_{i}:=\{r_{1}=i\}\subset S^{3},$ $(i=0,1)$ . Let $K_{k}\subset S^{3}$ be a knot
transversal to $\xi_{st}$ , which satisfies $lk(K_{k}, \Gamma 0)=k$ and $lk(K_{k}, \Gamma_{1})=0$ . Ap-
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plying the Lutz modification of degree 1 which has a center at $K_{k}$ (see
[L] for definition), we obtain a contact structure $\xi_{k}$ on $S^{3}$ . Ya. Eliash-
berg showed in [E3] that any contact structure on $S^{3}$ is isotopic to one of
$\xi_{st},$ $\xi_{k}(k\in \mathbb{Z})$ and they are pairwise non isotopic. $k$ is the Hopf invariants
as plane fields.

Ya. Eliashberg gave in [E4] the discrete classification of contact struc-
tures on $\mathbb{R}^{3}$ . Let $(z, r, \phi)$ be the cylindrical coordinate of $\mathbb{R}^{3}$ . The standard
contact structure on $\mathbb{R}^{3}$ is $\zeta_{0}:=\{dz+r^{2}\cdot d\phi=0\}$ . It is known that $\zeta_{0}$

is tight. The contact structure $\zeta_{1}:=\{\cos r\cdot d_{Z}+r\cdot\sin r\cdot d\phi=0\}$ is an
example of contact structures overtwisted at infinity. Let $\sigma_{k}$ be contact
structures which are the restriction of $\xi_{k}$ to $\mathbb{R}^{3}=S^{3}\backslash \{p\},$ $p\in S^{3}$ , for
$k\in$ Z. As $\xi_{k}$ , defined above, are overtwisted, $\sigma_{k}$ are overtwisted contact
structure on $\mathbb{R}^{3}$ but tight at infinity. Ya. Eliashberg showed the following.

Theorem 0.1 (Ya. Eliashberg) Any contact structure on $\mathbb{R}^{3}$ is isotopic
to one of the above contact structures $\zeta_{0},$ $\zeta_{1,k}\sigma(k\in \mathbb{Z})$ . These contact
structures are pairwise non-isotopic.

It is interesting to consider differences between $S^{1}\cross \mathbb{R}^{2}$ and $\mathbb{R}^{3}$ . On account
of Darboux’s theorem, contact structures on $\mathbb{R}^{3}$ tight at infinity admit the
one point compactification. Ya. Eliashberg used this property. The basic
idea of this note is to compactify with solid torus. That is to say, a contact
open solid torus corresponds to a contact 3-sphere by pasting some contact
solid torus. Thus we obtain the following informations from a contact
open solid torus; the contact diffeomorphism class of contact structures
on $S^{3}$ , the transversal knot type of the souls of the compactifying solid
torus, and the thickness of the compactifying solid torus. In the process
of proving the extension of contact structures to $S^{3}$ , we obtain a slight
extension of a theorem of Ya. Eliashberg in [E2] about open solid tori (see
Proposition 1.1).
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1Family of non-equivalent contact structures

1.1 The inclinations of infinite characteristic foliations.

Ya. Eliashberg showed in [E2] that there is a continuous family of non-
equivalent contact structures on an open solid torus. It is clear from the

construction that they have linear infinite characteristic foliation. However
they can take not all the inclination of linear foliations on a 2-torus. We
obtain a slight extension of a theorem in $[\mathrm{E}2]\circ$ to take all the inclination.

Let $\eta_{st}$ be a contact structure on $S^{1}\cross D$ defined by the contact form

$\beta_{1}:=\sin(r\pi)d\emptyset+\cos(r\pi)d\theta$

Proposition 1.1 Two contact open solid tori $(S^{1}\cross D(\epsilon), \eta_{st})0$ and $(S^{1}\cross$

D $(\epsilon’),$ $\eta st)$

o
$f0<\epsilon,$ $\epsilon’\leq 1$ , are contact diffeomorphic if and only if the

difference $1/\tan(\epsilon\pi)-1/\tan(\epsilon’\pi)$ is an integer.

We consider, in this note, not only standard open solid tori as the above
Theorem 1.1 but also what is modified by the Lutz modifications. But
we treat open solid tori with infinite linear characteristic foliation. As it
is shown in Section 2 that it has the standard form, then we can apply
the argument used in the following proof of the necessary condition of

Proposition 1.1. So we obtain the following Corollary.
Let $(S^{1}\cross \mathbb{R}^{2}, \xi),$ $(S^{1}\cross \mathbb{R}^{2}, \xi’)$ be contact open solid tori with linear

characteristic foliation of inclination $\tan(\epsilon\pi),$ $\tan(\epsilon\pi)’$ .

Corollary 1.2 If $(S^{1}\cross \mathbb{R}^{2}, \xi)$ and $(S^{1}\cross \mathbb{R}^{2}, \xi’)$ are contact $diffeomorphic_{f}$

then $1/\tan(\epsilon\pi)-1/\tan(\epsilon\pi)/$ is an integer.

Let us choose a cylindrical coordinate of $(S^{1}\cross \mathbb{R}^{2},\xi)$ as an extension of
the standard form of the infinite end. Then the diffeomorphism $\Phi_{k}$ , defined
by equation (1.1) in Section 1.3, changes its inclination $\tan(\epsilon\pi)$ to $\tan(\epsilon’\pi)$

in such a way that they suffice $1/\tan(\epsilon\pi)-1/\tan(\epsilon’\pi)=k\in \mathbb{Z}$ .
According to this fact and Corollary 1.2, we have only to consider open

solid tori whose inclination is $\tan\epsilon\pi$ for $\epsilon\in(1/4,1/2]$ .
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Corollary 1.3 Any open solid torus with linear infinite characteristic fo-
liation is uniquely contact diffeomorphic to one of that whose inclination
is $\tan(\epsilon\pi)$ for $\epsilon\in(1/4,1/2]$ .

The proof Proposition 1.1 is an analogue of that of Eliashberg’s Theorem
in [E2]. In order to make this note reasonably self-contained, we give a brief
outline of the proof in the rest of this section.

1.2 Shape-invariant and its properties.

A symplectic structure $\omega$ on a 2$n$-dimensional manifold $W$ is a closed non-
degenerate 2-form on it. Let $N$ be a $n$-dimensional manifold. An embed-
ding $f$ : $Narrow(W,\omega)$ is called Legendrian if $f^{*}\omega=0$ . Let $(M, \xi=\mathrm{k}\mathrm{e}\mathrm{r}\lambda)$

be a $(2n-1)$-dimensional contact manifold. Let $S(M, \xi)$ be the symplecti-
fication of $(M, \xi)$ (see [Ar]). That is, $S(M, \xi):=(M\cross \mathbb{R}_{+}, d(t\cdot\lambda))$ , where
$t$ is a coordinate of $\mathbb{R}_{+}$ . It is a $2n$-dimensional exact symplectic manifold.

Let $N$ be a $n$-dimensional connected closed manifold. Let us fix a ho-
momorphism

$h$ : $H^{1}(M;\mathbb{R})\cong H^{1}(M\cross \mathbb{R}_{+}; \mathbb{R})arrow H^{1}(N;\mathbb{R})$

Let us denote by $I(SM|N, h)$ the subset of $H^{1}(N;\mathbb{R})$ that consists of
elements $z\in H^{1}(N;\mathbb{R})$ for which there exists a Lagrangian embedding
$f$ : $Narrow M\cross \mathbb{R}_{+}$ with $f^{*}=h$ and $[f^{*}(t\lambda)]=z$ . We call the projectivization
of $I(SM|N, h)$ the contact $(N, h)$ -shape of $(M, \xi)$ , and denote it by $I_{c}(M|$

$N,$ $h)$ . We note that this “projectivization” means the identiflcation of
vectors which is different by a positive factor (see [E2]);

$I_{c}(M|N, h)=I(SM|N, h)/\mathbb{R}_{+}\subset PH^{1}(N;\mathbb{R})$

The contact shape is an invariant in the following sense.

Proposition 1.4 $([\mathrm{E}2])$ Let $(M_{1}, \xi_{1}),$ $(M_{2}, \xi_{2})$ be $(2n-1)$ -dimensional
contact manifolds, $N$ a connected closed manifold, and $h$ : $H^{1}(M;\mathbb{R})arrow$

$H^{1}(N;\mathbb{R})$ a homomorphism. If $\varphi$ : $(M_{1}, \xi_{1})arrow(M_{2}, \xi_{2})$ is a contact embed-
ding, then $I_{c}(M_{1}|N, h)\subset I_{c}(M_{2}|N, h\circ\varphi^{*})$ .
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We introduce a result of J. -C. Sikarov ([S1], [S2]) based on [Gro]
improved by Ya. Eliashberg $([\mathrm{E}2])$ . Let $T^{n}$ be a $n$-torus, and $ST^{*}Tn$

$(\cong T^{n}\cross S^{n-1})$ an its unit cotangent bundle. $ST^{*}T^{n}$ has the canonical
contact structure $\xi=\{p\cdot dq=0\}$ for $q=(q_{1}, q_{2}, \ldots qn)\in T^{n}=\mathbb{R}^{n}/\mathbb{Z},$ $p=$

$(p_{1},p_{2}, \ldots p_{n})\in T_{q}T^{n}\cong \mathbb{R}^{n}.\cdot$ Choosing $\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{l}\mathrm{o}.\mathrm{g}\mathrm{y}$ classes $[dq_{1}],$ $\ldots[dq_{n}]$

as a basis of $H^{1}(T^{n}; \mathbb{R})$ , we identify $PH^{1}(T^{n};\mathbb{R})$ with the fiber $S^{n-1}$ of
$ST^{*}Tnarrow T^{n}$ .

Theorem 1.5 $([\mathrm{E}2])$ Let $A\subset S^{n-1}=PH^{1}(T^{n};\mathbb{R})$ be an open connected
subset, and $i_{a}$ : $T^{n}arrow T^{n}\cross A$ an inclusion map $x-(x, a)$ for $a\in A$ .
Then

$I_{c}(T^{n}\cross A|T^{n}, i^{*})=A$

We use this for contact 3-manifolds, that is $n=2$ . In this case $A$ is an
arc.

1.3 Proof of Proposition 1.1.

First, if $\tan\{(1/2-\epsilon’)\pi\}-\tan\{(1/2-\epsilon)\pi\}=:k\in \mathbb{Z},$ $k>0$ , then the map
$\Phi_{k}$ : $S^{1}\cross D(\epsilon)\circarrow S^{1}\cross D(\epsilon’)\circ$ defined by

(1.1) $(\theta, r, \phi)\mapsto(\theta,$ $\frac{1}{\pi}\tan^{-1}(\frac{\tan(r\pi)}{1+k\tan(r\pi)})$ , $\phi-k\theta)$

is contact diffeomorphic.
Next, suppose that there exists a contact diffeomorphism $\Phi$ : $(S^{1}\cross$

$D(\epsilon),$ $\eta st)arrow(S^{1}\cross D(\epsilon’), \eta st)$ . Let $\zeta$ be a contact structure $\{\cos\theta\cdot d\phi_{1}+$

$\sin\theta\cdot d\phi_{2}=0\}$ on $ST^{*}T^{2}\cong T^{2}\cross S^{1}$ , where $(\phi_{1}, \phi_{2}),$ $\theta$ are coordinates of
$T^{2}$ and $S^{1}$ . We set $V_{\alpha\beta}:=\{\alpha<r_{1}=|z_{1}|<\beta\}\subset S^{3}\backslash \{z_{1}\cdot z_{2}=0\}$ for
$0<\alpha<\beta<1$ , and $\Gamma_{xy}:=\{\arctan x<\theta<\arctan y\}\subset S^{1}$ an open
arc. Then the map $g$ : $S^{3}\backslash \{z_{1}\cdot z_{2}=0\}arrow ST^{*}T^{2}\cong T^{2}\cross S^{1}$ defined by
$(r_{1}, \theta_{1}, \theta_{2})-\succ(\theta_{1}, \theta_{2}, (1/2-r_{1})\pi)$ is contact diffeomorphic for $\eta_{0}$ and $\zeta$ . We
note that

$g(V_{\alpha}\beta)=^{\tau^{2}\mathrm{X}\mathrm{r}_{h}}(\beta)h(\alpha)$
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where $h(t):=1/\tan(r\pi)$ . Let $\delta,$
$\delta’$ be real numbers which satisfy $0<\delta<\epsilon$ ,

$0<\delta’<\epsilon’$ , and $\Phi(V_{\delta_{\mathcal{E}}})\subset V_{\delta_{\mathcal{E}}^{JJ}}$ . Let us deflne the map $i$ : $T^{2}arrow V_{\delta\epsilon}$ by
$x\mapsto(x, a)$ for a fixed $a\in(\delta,\epsilon)$ . According to Proposition 1.5, we have

(1.2) $I_{c}(V_{\delta\epsilon}|T^{2}, i^{*})\subset I_{c}(V_{\delta},\mathcal{E}’|T^{2*}, i^{*}\mathrm{o}\Phi)$

There exists an isomorphism $\varphi$ : $H^{1}(T^{2}; \mathbb{R})arrow H^{1}(T^{2}; \mathbb{R})$ which satisfies
$\varphi\circ i^{*}=i^{*}\circ\Phi^{*}$ . Let $P\varphi$ : $PH^{1}(T^{2};\mathbb{R})arrow PH^{1}(T^{2}; \mathbb{R})$ be its projectivization.
Then we have

(1.3) $I_{c}(V_{\delta’\epsilon}’|T^{2*}, i^{*}\mathrm{o}\Phi)=P\varphi(I_{C}(V_{\delta\epsilon’},|T^{2}, i*))$

We note that $P\varphi(\Gamma_{xy})=\Gamma_{x+ky+k}$ for some $k\in$ Z. According to Theo-
rem 1.5, we have

(1.4) $I_{c}(V_{\alpha\beta}|T^{2}, i^{*})=I_{C}(\tau 2\cross\Gamma h(\beta)h(\alpha)|T^{2}, i^{*})=\mathrm{r}h(\beta)h(\alpha)$

On account of the equations (1.2), (1.3), and (1.4), we have

$\Gamma_{h(\epsilon)h(\delta)}\subset P\varphi(\Gamma h(\epsilon’)h(\delta J))=\Gamma h(\mathcal{E}’)+kh(\delta’)+k\subset S^{1}$

Let $\delta,$
$\delta’$ approach to $\epsilon,$

$\epsilon’$ , then we have $h(\epsilon)=h(\epsilon’)+k$ . That is to say,
$1/\tan(\epsilon\pi)-1/\tan(\epsilon’\pi)=k\in \mathbb{Z}$ .

This completes the proof of Theorem 1.1.

2 Standard form of infinite ends

In this section, we give the standard form of infinite ends on which contact
structures determine linear infinite characteristic foliations. It is an ana-
logue of a theorem of E. Giroux in [Gi] about germs of contact structures
along embedded surfaces. Our proof is based on the homotopic method
due to J. Moser. (see [Mo])

For $0<r_{0}<r_{1}$ let us denote by $V(r_{0}, r1)$ the domain $\{(\theta, r, \phi)\in$

$S^{1}\cross \mathbb{R}^{2}|r_{0}<r<r_{1}\}$ .

Proposition 2.1 Let $(S^{1}\cross \mathbb{R}^{2}, \xi)$ be a contact open solid torus with a
linear infinite characteristic foliation. Then there exist a compact subset
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$N\subset S^{1}\cross \mathbb{R}^{2}$ and two numbers $r_{0},$ $r_{1}\in(0,1]$ , we suppose $r_{0}<r_{1_{f}}$ which

induce the following contact diffeomorphism.

$\Phi$ : $((S^{1_{\mathrm{X}}}\mathbb{R}^{2})\backslash N, \xi)arrow\underline{\simeq}(V(r_{0}, r1),$ $\eta_{s}t)$

This proposition is an easy corollary of the following lemma. Because,

we can identify $S^{1}\cross \mathbb{R}^{2}$ and $S^{1}\cross D\mathrm{o}$ by the diffeomorphism $\Psi$ in Section $0$

and, by the construction of $\eta_{st}$ , any linear foliation on 2-torus can be repre-

sented as an infinite characteristic foliation of $(S^{1}\cross D(r), \eta_{S}\mathrm{o}t)$ for a number
$r\in(0,1]$ .

Lemma 2.2 Let $\xi_{0},$ $\xi_{1}$ be contact structures on an open solid torus $S^{1}\cross$

$D\circ$ . We suppose that they have the same infinite characteristic foliation
: $\mathcal{F}^{\infty}(\xi_{0})=\mathcal{F}^{\infty}(\xi_{1})$ . Then there exists an isotopy of diffeomorphism $\varphi_{t}$ ,
$t\in[0,1]$ , defined in a neighborhood of $S^{1}\cross\partial D$ , which satisfies the following

conditions.

(1) $\varphi_{0}$ is an identity map.

(2) $(\varphi 1)_{*}\xi 0=\xi 1$

(3) It preserves the infinite characteristic foliation,
that is to say $\mathcal{F}^{\infty}((\varphi_{t})*\xi 0)=\mathcal{F}^{\infty}(\xi_{0})$ for all $t\in[0,1]$ .

Proof. Let $\alpha_{0},$ $\alpha_{1}$ be contact forms which defines contact structures
$\xi_{0},$ $\xi_{1}$ respectively. We may assume that

$\lim_{tarrow 1}\alpha_{0}|_{T}(\tau(t))=\lim\alpha 1tarrow 1|_{T}(T(t))=:\alpha\infty$

as they have the same infinite characteristic foliation. Let $\alpha_{s}:=(1-s)$ .

$\alpha_{0}+s\cdot\alpha_{1},$ $s\in[0,1]$ , be a homotopy of 1-forms connecting $\alpha_{0}$ and $\alpha_{1}$ .
As $\alpha_{0}$ and $\alpha_{1}$ satisfy the non-degenerate condition, $\alpha_{s}$ also satisfy it on
$T^{2}\cross(R, 1)$ for some number $\mathrm{R}$ sufficiently near 1.

Let us construct an isotopy $\varphi_{s}$ of diffeomorphism on $T^{2}\cross(R, 1)$ , which
satisfies $\varphi_{s}^{*}\alpha_{s}=\lambda_{s}\cdot\alpha_{0}$ for non-vanishing functions $\lambda_{s}$ . Then we have

$\frac{d}{ds}(\varphi_{s}^{*}\alpha_{s})=\frac{d}{ds}(\lambda_{S}\cdot\alpha_{0})=\varphi_{\mathit{8}}^{*}[\{\frac{d}{ds}(\log\lambda)s\varphi_{\mathit{8}\}\cdot s]}-01\alpha$
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Let $X_{s}$ be a time dependent vector field which generates $\varphi_{s}$ . Then the
following equation holds.

$\frac{d}{ds}(\varphi_{s}^{*}\alpha s)=\varphi^{*}s\{\frac{d\alpha_{s}}{ds}+X_{S^{\lrcorner}}d\alpha s+d(x_{s^{\lrcorner}}\alpha_{S})\}$

’. :,.

Thus the vector field $X_{s}$ have to satisfy

(2.1) $\frac{d\alpha_{s}}{ds}+Xs^{\lrcorner}d\alpha s+d(X_{s^{\lrcorner\alpha_{s}}})=\mu_{s}\cdot\alpha_{s}$

for some non-vanishing function $\mu_{\mathit{8}}$ .
Let $X_{\alpha_{s}}$ be the Reeb vector field for $\alpha_{s}$ , which satisfies by definition that

$x_{\alpha_{s}^{\lrcorner\alpha}s}=1$ and $X_{\alpha_{s^{\lrcorner}}}d\alpha_{s}=0$ . We set $\mu_{s}:=\frac{d\alpha}{ds}@(X_{\alpha s})$ . Then we take a
vector field $X_{s}$ defined by

$\{$

$X_{s^{\lrcorner\alpha_{s}=}}0$

$X_{\mathit{8}^{\lrcorner}}d \alpha_{\mathit{8}}=-\frac{d\alpha_{s}}{ds}+\mu s$ . $\alpha s$

This clearly satisfy the equation (2.1).
For any vector $Y\in\{\alpha_{\infty}=0\}\subset T(T(1))$ which is tangent to the infinite

characteristic foliation $F^{\infty}(\xi_{0})=\mathcal{F}^{\infty}(\xi_{1})$ , we have

$(_{rarrow 1} \lim\frac{d\alpha_{s}}{ds}|\tau(T(r))\mathrm{I}^{(}Y)=\alpha_{\infty}(\mathrm{Y})-\alpha_{\infty}(\mathrm{Y})=0$

Then the following equation holds.

$\lim_{rarrow 1}d\alpha_{s}|T(r)(X_{S}, Y)=\lim_{rarrow 1}(-\frac{d\alpha_{s}}{ds}|\tau(r)+\mu_{\mathit{8}}\cdot\alpha_{S}|\tau(r))(\mathrm{Y})$

$= \lim_{rarrow 1}(\mu_{s}\cdot\alpha_{s}|_{\tau(r)})(Y)=0$

Consequently, $X_{s}$ is tangent to the infinite characteristic foliation. $\square$

3 Extension of contact structures to $S^{3}$

Let $(S^{1}\cross \mathbb{R}^{2}, \xi)$ be a contact open solid torus with a linear infinite char-
acteristic foliation. On account of Proposition 2.1, there exist a compact
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subset $N\subset S^{1}\cross \mathbb{R}^{2}$ and two numbers $r_{0},$ $r_{1}\in(0,1]$ , for which we have the
following contact diffeomorphism.

$((S^{1}\mathrm{x}\mathbb{R}^{2})\backslash N, \xi)\underline{\simeq}(V(r0, r_{1}),$ $\eta st)$

According to Proposition 1.1, for this contact toric annulus $(V(r_{0}, r_{1}),$ $\eta st)$ ,
there exist two numbers $\overline{r}_{0},\overline{r}_{1}\in(0,1/2]$ , especially $\overline{r}_{1}\in(1/4,1/2]$ , for
which the following contact diffeomorphism holds.

(V$(r_{0},$ $r_{1}),$ $\eta_{s}t$ ) $\cong(V(\overline{r}0,\overline{r}_{1}),$ $\eta_{st})$

Moreover, since $\overline{r}_{1}\in(0,1/2]$ , we have the following contact diffeomor-
phism.

(V $(\overline{r}_{0},\overline{r}_{1}),$
$\eta st$) $\cong(V_{\psi(}\overline{r}_{0)\psi(\overline{r})}1’\epsilon_{s}t)$

where $\psi(r)=1/\sqrt{\tan(1/2-r)\pi+1}$ . As a consequence we have the fol-
lowing contact diffeomorphism.

$\phi$ : $((S^{12}\cross \mathbb{R})\backslash N, \xi)arrow(V_{\psi(\overline{r})}\underline{\simeq}0\psi(\overline{r}1), \xi_{St})$

We denote by $\overline{U}_{\delta}$ an open solid torus $\{(z_{1}, z_{2})\in \mathbb{C}^{2}||z_{1}|>\delta\}\cap S^{3}$

Then we have

$(\overline{U}_{\psi()}\overline{r}0\backslash \{\overline{U}_{\psi}(\overline{r}1)\}^{d}, \xi St)=(V)1\xi\psi(\overline{r}_{0})\psi(\overline{r},st)$

Pasting together by contact diffeomorphism $\phi$ , we obtain a contact 3-
sphere. We denote by $\tilde{\xi}$ the obtained contact structure.

$(S^{3}, \tilde{\xi})=(S^{1}\cross \mathbb{R}^{2}, \xi)\bigcup_{\phi}(\overline{U}_{\psi(}-r\mathrm{o}),$ $\xi_{st})$

Remark 1 Contact structures are extended to the standard contact tube
$(\overline{U}_{r}, \xi_{st})$ in the above. Then tight (resp., overtwisted) contact structures are
extended to tight (resp., overtwisted) contact structures.

Thus we obtain a contact diffeomorphism class $[\tilde{\xi}]$ of contact structure
on $S^{3}$ . The soul of the compactifying solid torus $(\overline{U}_{\psi()}, \xi\overline{r}_{0}st)$ is clearly
transversal to $\xi_{st}$ . Then there exists a transversal knot $K$ corresponding to
the above soul. Thus we get transversal knot class $[K]$ in $(S^{3},\tilde{\xi})$ . According
to Proposition 1.1, $\overline{r}_{1}\in(1/4,1/2.]$ is uniquely determined $.\mathrm{b}\mathrm{y}(S^{1}\cross \mathbb{R}^{2}, \xi)$ .
It corresponds to the thickness of the compactifying solid torus.
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