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specular condition — specular reflection

e p. 33, the first line in Eq. (3.31c):
0Sijco R 9Sijco
8a:i 3@
e . 33, the first line in Eq. (3.31d):
0Sija1 . 0Sija1
8:1:i an
e p. 36, Footnote 7:

Footnote 7 should be replaced by the following statement:

In some cases, the boundary data .., Tw, Or w, (thus, P,) are unknown
beforehand and may depend on the Knudsen number, for example, the surface
temperature of a particle set freely in a gas. To include the case, the data
Uiy Tw, Ww, and P, also are expanded in power series of k£ in the following

discussion. Even when they are independent of k, the ¢,, depends on k because
¢ generally depends on ¢ (¢;n; < 0).

e p. 104, the second line in Footnote 18:
Only QS and @8 — (Qs, 68)7 (Qg,@g), and (910,610)
e p. 146, the fifth line:
i) =Yi(7) — Yi(7) =Y1(7)
o p.177, Eq. (6.53):
The following note should be made to Eq. (6.53):
Equation (6.54), which is derived from Egs. (6.50), (6.52), and ¥,;n; = 0,
is used in the derivation of Eq.(6.53) from the solvability condition. See the

second paragraph in page 130 of Y. Sone, Molecular Gas Dynamics (Birkh&user,
Boston, 2007).

To improve the indefinite expression, the third paragraph on p.177, which
starts from its 9th line from the bottom and ends at the second line on p. 178,
should be replaced by the following paragraph:!

Now return to the discussion of fvm- The first relation of the solvability
condition (6.48) with m = 1, where

Ihy = Gni(dfvo/dy), (6.51)
reduces to
3(ﬁv0@ivoni)
LT .52
By 0, (6.52)

from which with the aid of Egs. (6.50) and 9,,;n; = 0, we have

'In the new paragraph, the numbering (6.54) comes earlier than (6.53) to avoid the cor-
rection of the quotations in the rest of the book.



With the use of Eq. (6.54), the scalar product of the second relation of Eq. (6.48)
and n; reduces to

8ﬁv0/ay =0. (653)
Thus, pyg is a function of x; and ys only, i.e.,

Pvo = Pvo(xi, X2)- (6.55)

The remaining three relations [or the remaining two of the second relation of
Eq. (6.48) and its third relation] reduce to identities with the aid of Eq. (6.54).

e p.215, the third line in Footnote 6:
M, — -—-M,

e p. 220, the fifth line:
F, — —-M,F,
P, - —-M,F

Supplementary Notes

In the present supplementary notes, the letter K is attached to the labels of
equations and sections, etc. in the book Kinetic Theory and Fluid Dynamics
and the letter M is attached to those in Y. Sone, Molecular Gas Dynamics
(Birkh&user, Boston, 2007) to avoid confusion. The two books, Kinetic Theory
and Fluid Dynamis and Molecular Gas Dynamics, themselves are, respectively,
referred to as KF and MGD.

1 Chapter K-2

1.1 Bulk viscosity

The assumptions (K-2.14) and (K-2.15) for the stress tensor and heat-flow vector
in classical gas dynamics are what is to be studied by kinetic theory (see KF).
For a monatomic gas, consisting of identical molecules whose intermolecular
potential is spherically symmetric, which is discussed in KF, the bulk viscosity
is easily seen to vanish. From Egs. (K-2.2d) and (K-2.2f),?

Dii = 3p. (1)

2For molecules with internal degree of freedom (e.g., rotational and vibrational freedoms),
this freedom contributes to the integrands of Eqgs. (K-2.2¢)-(K-2.2g). Thus, Eq. (1) does not
generally hold. (More precisely, the velocity distribution function f depends also on the
variables of the internal degree of freedom of a molecule. The integration with respect to
these variables in Eqs. (K-2.2a)—-(K-2.2g) has to be carried out. The angular momentum due
to the rotation of molecules of infinitesimal size per unit mass is negligible even when the
energy of rotation is not negligible.) The density p and the specific internal energy e can be
clearly defined whether the gas is in an equilibrium state or not. The specific internal energy
e/iy per unit freedom of a molecule is taken as RT/2, i.e., e = iy RT/2, where i is the degree
of freedom of a molecule; thus, the relation between e and T is independent of the state of




On the other hand, the trace of the first relation of Eq. (K-2.15) is
611,-

0X;

Pii = 3p — 3up
Thus, from the two relations, we have

pp = 0. (2)
(Section 1.1: Version 3-00)

2 Chapter K-4

2.1 Notes on basic equations in classical fluid dynamics
2.1.1 Euler and Navier—Stokes sets

For the convenience of discussions, the basic equations in the classical fluid
dynamics are summarized here.

The mass, momentum, and energy-conservation equations of fluid flow are
given by

dp 0 _

E + BXi (p'l)z) = 0, (3)
1o} 0

a(/)vi) =+ ij(lwivj +pij) =0, (4)
o 1, 9 1, -

5% [p <e+2vi>] +8—Xj [pvj (e+2vi) + vipij +q]} =0, (5)

where p is the density, v; is the flow velocity, e is the internal energy per unit
mass, p;;, which is symmetric with respect to ¢ and j, is the stress tenor, and g;
is the heat-flow vector. The pressure p and the internal energy e are given by
the equations of state as functions of T" and p, i.e.,

p=p(T,p), e=ce(T,p). (6)

Especially, for a perfect gas,

p=RpT, e=e(T). (7
Equations (4) and (5) are rewritten with the aid of Eq. (3) in the form
(’)vi an c’)pij
) ) =0
Par TPax, Tax, T ®
0 1, 0 1, 0 B
P (e+2vi> +pv]8—Xj (e+2vi) +8—Xj(v2pw+q])—0. (9)

the gas (equilibrium or nonequilibrium). The pressure is defined by the equation of state,
i.e., the perfect gas relation p = pRT'; thus, except for a monatomic gas without internal
degree of freedom, the pressure differs generally from the isotropic part of stress tensor in a
nonequilibrium state.



The operator /0t +v;0/0x;, which expresses the time variation along the fluid
particle, is denoted by D/Dt, i.e.,

D_o, o
Dt ot oX;

Multiplying Eq. (8) by v; we obtain the equation for the variation of kinetic

energy as
D 1 2 apij
Dol %P 1
"Dt (2%) Yox, (10)

Another form of Eq. (5), where Eq. (10) is subtracted from Eq. (9), is given as

De = 0Ovi _ 0q;
Ppe — Pigx; T ax;

(11)

Noting the thermodynamic relation

De Ds p Dp
72y L0 12
Dt Dt = p2 Dt’ (12)

where s is the entropy per unit mass, and Eq. (3), Eq. (11) is rewritten as

Ds 1 8'Ui aqj

Ppr = " |Pis =P g)anwLan

(13)

Equation (13) expresses the variation of the entropy of a fluid particle.
Equations (3)—(6) contain more variables than the number of equations.
Thus, in the classical fluid dynamics, the stress tensor p;; and the heat-flow
vector ¢; are assumed in some ways. The Navier—Stokes set of equations (or the
Navier—Stokes equations) is Eqs. (3)—(6) where p;; and g; are given by

B 61}1- ij 2 a’l)k aﬂk
po v~ (G+ g sat) gts (O
or
qi = _)\87)(1»’ (15)

where p, pp, and A\ are, respectively, called the viscosity, bulk viscosity, and
thermal conductivity of the fluid. They are functions of T" and p. The Euler set
of equations (or the Euler equations) is Eqgs. (3)—(6) where p;; and ¢; are given
by

pij = pdij, i =0, (16)

or the Navier-Stokes equations with = pup = A =0.
For the Navier-Stokes equations, in view of the relations (14) and (15), the



entropy variation is expressed in the form?

pf v | dv 20w Y dur ¥, 9 (0T
> <axj+axi sax.00 ) Tre\ax, ) Tax, \Max,

Ds 1

Pt =T

(17)
For the Euler equations, for which p;; and ¢; are given by Eq(16), the entropy
of a fluid particle is invariant, i.e.,

Ds
=2 —_0. 1
th 0 (18)

For an incompressible fluid, the first relation of Eq. (6) is replaced by*

Dp ap ap
) _=0. 1
Dt_o or t+vj X, 0 (19)

Thus, from Egs. (3) and (19),

31)1-
=0. 2
ox, " (20)
Equation (14) for the Navier—Stokes-stress tensor reduces to
8vi 8’[1]‘
= Do — . 21
Pij = Pdij — 1 <8Xj aXZ-> (21)
The first term on the right-hand side of Eq. (11) reduces to
Ov; ov;  Ovj ov;
i = | poii — j
Pigx, {p J “(an +3Xi>} X,
_ k[ O . 0v; ¥
S 2\0X;  ox;)
Thus, Eq. (11) reduces to
De p [ 0v;  Ovj > 0 or
=== = (a=). 22
"Dt ~ 2 (an * axi) T ax, \Vax, (22)

3Note the following transformation:
ov; ( ov; Ov; 2 Ovy, 5. )
aX; \9X;  8X; 38Xy ”
1/ 0v; Ov; 2 Ovg 2 Ovg ov; Ov; 2 Ovg
= ij J + - dij
2 0X; 0X; 30Xy
1 (Bvi Ov; 2 vy, __)2 n 1 Oy 5 ( ov; Ov; 2 vy, )
T 2\o9X; ' aX; 39X, ” 30X, Y\ox; ' 8X; 30Xy 7))’
The second term in the last expression is easily seen to vanish.
4The density is invariant along fluid-particle paths. If p is of uniform value po initially, it

X; | 0X; 30Xy ” NEY

is a constant, i.e.,
p = po.

In a time-independent (or steady) problem, the density is constant along streamlines.



To summarize, the Navier—Stokes equations for incompressible fluid are

(9’01'

X, — 0, (23a)
b, o op 0 [ (0w oy

Par TPiox, T Tax, T ox, [“ (axj + axiﬂ ’ (23b)
de de [/ Ov; O ¥ 0 oT

= Y R 5 Wil 9

Por TPigx, T 2 (an * 8X1-) e (Aaxj)’ (23¢)

with the incompressible condition (19) being supplemented, i.e.,

ap ap

2.1.2 Boundary condition for the Euler set

In Chapter K-7, we discussed the asymptotic behavior for small Knudsen num-
bers of a gas around its condensed phase where evaporation or condensation
with a finite Mach number is taking place, and derived the Euler equations
and their boundary conditions that describe the overall behavior of the gas in
the limit that the Knudsen number tends to zero. The number of boundary
conditions on the evaporating condensed phase is different from that on the
condensing one. We will try to understand the structure of the Euler equations
giving the non-symmetric feature of the boundary conditions by a simple but
nontrivial case.

Consider, as a simple case, the two-dimensional boundary-value problem
of the time-independent Euler equations in a bounded domain for an incom-
pressible ideal fluid of uniform density. The mass and momentum-conservation
equations of the Euler set are

ou Ov
%—i_@iy =0, (25)
W0 1o (26)

Ox Oy p Oz’
v v 10p
- _— = —— ] 27
Yoz v oy p oy (27)
where p is the density, which is uniform, (u,v) is the flow velocity, and p is the
pressure. Owing to Eq. (25), the stream function ¥ can be introduced as

_ov o



Eliminating p from Egs. (26) and (27), we have®

where € is the vorticity, i.e.,

_Ou v 9P 0°V

=% "= T o
From Egs. (28) and (29),
ovon _owon
dy 0xr Oz Oy
This equation shows that 2 is a function of ¥.% i.e.,

Q= F(D).

5The following equation is formed from them:

0Eq. (26)/0y — OEq. (27)/0z = 0.

(29)

(30)

(31)

6This can be seen with the aid of theorems on implicit functions (see Bronshtein & Se-

mendyayev [1997], Buck [1965], Takagi [1961]):
Q=Q(z,y), ¥=Y(z,y).
Solving the second equation with respect to x, we have
z=z(¥,y).

With this relation into Eq. (),
Q=Q(#(7,y),y) = AL, y),

U= qj(‘%(qlvy)vy) = \P(\I’vy)'

That is, Q is expressed as a function of ¥ and y. From Egs. (fa) and (fb),

oV, y) _ OUE(Y,y),y) _ 0z,y) 02(V,y) 4 9=, y)
y oy ox dy dy
ov(w.y) _
oy ’

On the other hand,

oU(V,y) _ OV(&(¥,y),y) _ 9¥(z,y) 02(Y,y) L 9¥(y)

)

Ay Oy ox oy
Thus,
0¥(x,y) 02(V,y) | O¥(z,y) _
ox oy dy n
From Egs. (31), (f#a) and (1), we have

0.

oY, y)

oy =0, or Q=Q(¥).

Oy

(%)

(%)

(4a)

(8b)



This functional relation between Q and ¥ is a local relation, and therefore F
may be a multivalued function of ¥. From Egs. (30) and (32),

v 9%v
922 + a7 F(D). (33)
Consider a boundary-value problem in a simply-connected bounded domain,
where U is given on the boundary (¥ = ¥ ). Introduce a coordinate s (0 < s <
S) along the boundary in the direction encircling the domain counterclockwise.
Then, the fluid flows into the domain on the boundary where 0¥ 5/0s < 0, and
the fluid flows out from the domain on the boundary where 0¥ 5/0s > 0. When
F' is given, the problem is a standard boundary-value problem. In the present
problem, we have a freedom to choose F' on the part where 0¥ g/ds < 0 or
0¥ p/0s > 0. For example, take the case where 0¥p/Jds < 0 for 0 < s < S,
and 0¥ p/ds > 0 for S,, < s < S, and choose the distribution Qz(s) of Q along
the boundary for the part 0 < s < Sy,. By the choice of 25, the function F(¥)
is determined in the following way. Inverting the relation ¥ = U g(s) between
¥ and s on the part 0 < s < S, i.e., s(¥), and noting the relation (32), we
find that F' is given by
F() = Qp(s(W)). (34)

Then, the boundary-value problem is fixed. That is, Eq. (33) is fixed as”

2y 2y
Gar Gy = (), (35)
and the boundary condition is given as ¥ = Wg(s). This system is a standard
from the point of counting of the number of boundary conditions. Obviously,
from Eq. (30), the solution of the above system automatically satisfies condi-
tion Q@ = Qp(s) along the boundary for 0 < s < S,,,. We cannot choose the
distribution of  on the boundary for S, < s < S.
The energy-conservation equation of the incompressible Euler set is given by
Eq.(22) with u =X =0, i.e.,

Oe Oe oV Je OV Oe
Yor Vay T " Byox owoy (36)
where e is the internal energy. Thus, e is a function of ¥, i.e.,
e=F (D). (37)

In the above boundary-value problem, therefore, e can be specified on the the
part (0 < s < Sy,) of the boundary, but no condition can be specified on other
part (S, < s < S) and vice versa.®

"There is still some ambiguity. The case where there is a region with closed stream lines
W(x,y) =const inside the domain is not excluded.

8From the second relation on e of Eq. (6) and the uniform-density condition, the condition
on e can be replaced by the condition on the temperature 7.



To summarize, we can specify three conditions for ¥, 2, and e on the part
0V p/0s < 0 (0¥p/ds > 0) of boundary but one condition for ¥ on the other
part 0¥p/ds > 0 (0¥p/ds < 0). The number of the boundary conditions is
not symmetric and consistent with that derived by the asymptotic theory.

2.1.3 Equations derived from the compressible Navier—Stokes set
when the Mach number and the temperature variation are
small

It is widely said that the set of equations derived from the compressible Navier—
Stokes set when the Mach number and the temperature variation are small is the
incompressible Navier—Stokes set. This statement should be made precise. The
difference is briefly explained in the book “Kinetic Theory and Fluid Dynamics”
in connection with the equations derived by the S expansion from the Boltzmann
equation in Section K-4.3. Here, we explicitly show the process of analysis from
the compressible Navier—Stokes set. In Section K-4.3, the time-independent
case is discussed. Here, we discuss the problem without this restriction. The
following discussion is applied to the former case simply by eliminating the
time-derivative terms.

Take a monatomic perfect gas, for which the internal energy per unit mass
is 3RT/2. The corresponding Navier—Stokes set of equations is written in the
nondimensional variables introduced by Eq. (K-2.57) in Section K-2.10 as fol-
lows:

ow 01+ w)u;

(1 + w)u; 0 1 _
S'IT + ai‘r] ((1 + (A))’LL’LUJ + 2P1j> = O, (39)

Sh% [(1 tw) (‘;’(1 )+ u2>}

+ 5; [(1 + w)u, (3(1 +7) +U?> + ui(6ij + Pij) +Qa} =0. (40

The nondimensional stress tensor P;;, and heat-flow vector Q; are expressed as®

M0(2RT0)1/2 _ 6ul 5'uj 2 8Uk

—(1 — = =0 41
p()L ( +'u) aJ}j + 6l‘i 3 a,Tk * ( a)

)\0T0 < 87
fm 200 g
= Tprmy e Vo,

P, = P6;; —
(41b)

Here, i and A are, respectively, the nondimensional perturbed viscosity and
thermal conductivity defined by

n= ,UO(l + ﬂ), A= /\0(1 + 5\)7

9For a monatomic gas, the bulk viscosity vanishes, i.e., up = 0 (see Section 1.1).

10



where po and \g are, respectively, the values of the viscosity p and the thermal
conductivity A at the reference state. The i and A are functions of 7 and w.
The first relation of the equation of state [Eq. (7)] is expressed as

P=w+7+wr (42)

Take a small parameter ¢, and consider the case where

u; =0(e), w=0(), 7T=0(), Sh=0(), (43a)
po(2RT)/? AoTo _5
poL 'O IpoRTy)2 T 4T (43b)

thus,
P=0(), p=0(), X=O0().

According to the definition of u; in Eq. (K-2.57), ¢ is of the order of the Mach
number. In view of this and the definition of the Prandtl number Pr= 5Ryu/2A
(see Section K-3.9), 71 and s are, respectively, of the orders of 1/Re and 1/PrRe
(Re: the Reynolds number). According to Eq. (K-2.41a), the condition Sh= O(e)
in Eq. (43a) means that the time scale ¢y of the variation of variables is of the
order of L/(2RTy)"/?e, which is of the order of time scale of viscous diffusion.
Thus, we are considering the case where the Mach number is small, the Reynolds
and Prandtl numbers are of the order of unity, and the time scale of variation
of the system is of the order of the time scale of viscous diffusion. We can take
to = L/(2RT,)"/?¢ without loss of generality. Then,

S =-. (44)

Corresponding to the above situation, u;, w, P, and 7 are expanded in power
series of €, i.e.,

Ui = U1 € + Ujoe2 4+ -+, (45a)
w=wie+weed +---, (45b)
P=Pe+ P+, (45c¢)
T=TiE+ Tog" + -, (45d)
f= e + fige? + - - -, (45€)
A= e+ doe? +-- (451)
Pij = Pidjje + Pije® + -+, (45g)
Qi = Qie? +---. (45h)

Substituting Eqs. (45a)—(45h) with Eqgs. (43b) and (44) into Egs. (38)—(40) with
Egs. (41a) and (41b), and arranging the same order terms of ¢, we have
8ui1 _ 0, 8P1: 0’ 8u,-1

:O’

11



Owi  Owiur  Ougg
ot ox; Ox;
Ougq " aui1Uj1 n 18]32 m 0 (auil a'U/jl _ 28’“161 5 > -0,

=0,

87? (91']‘ 2 8:51 2 ij 8xj al’z 3 8Ik “
BP0 (5 5, 5 0m) _
2 01 | 0wy \2"2 T T g ) T

and so on. At the leading order, the equations derived from Egs. (38) and (40)
degenerate into the same equation du;;/dz; = 0. Owing to this degeneracy, in
order to solve the variables from the lowest order successively, the equations
should be rearranged by combination of equations of staggered orders. Thus,
we rearrange the equations as follows:

oP;

= 0, (46)
Ou;y -

0z, 0, (47a)
3uil 8uil - 1 6P2 ﬂ 82161'1 (47b)

of ' ox; T 201, 2 a7

587’1 (9P1 5 87'1 5 827'1
= — —~ —Uil = — — o 47
20t o 2"or 1202 (47¢)

Ouio Owy;  Owiusg
= ——= — 4
ox; ot ox; ’ (48a)
Ou; Ou; Ou;
UAQ + iy U;2 + Uil

al'j U2 8xj
1 <(9P3 6P2> Y1 8 (8’&12 + 8uj2 _ gaqud )

2 ox; Bt o0x; Eaixj Oz, ox; 3 Oz “

Y1W1 82ui1 71 8 _ E)uil anl
- oz 48b
2 023 t oz [Ml ((‘3xj - oz; )|’ (48b)

3 8P2 3 6P2 5 6uj2 8&12 (’)(wlujz + OJQUjl)
el Tl T | 2) ==
29 2%z, T2 ( Yor,  of dx;
5"}/2 1o} (9’7'2 < 871 Y1 auﬂ 8Uj1 .
== A —= 48
4 83% <a.’L'Z + 18$Z> 2 8.’)3j + 8:5, ’ ( C)
where
Po=wi+71, Po=wy+ 71+ wim. (49)

These equations are very similar to Eqgs. (M-3.265)—(M-3.268) [or Egs. (K-
3.87)—(K-3.90) for the time-independent case| obtained by the S expansion of
the Boltzmann equation in Section M-3.7.2 (or Section K-3.2.2 for the time
independent case).

12



In order to compare Egs. (47a)—(47c¢) and (49) with the incompressible Navier—
Stokes equations (23a)—(24), we will rewrite the latter equations for the situation
where the former equations are derived. The starting equations are Egs. (38)—
(41b)!1Y and the nondimensional form of Eq. (19), i.e.,

ow ow
Sh— 4+ u;— =0, 50
ot T 8$i ( )
instead of Eq.(42).!! The analysis is carried out in a similar way and the
equations corresponding to Eqs. (47a)-(47¢) are!?

Oui
= 1
oz, 0, (51a)
Ouin Ouin 1P, 1 0%un
iy, Oun 1 gil 1b
ot g 0z ; 20z, 2 Oz’ (51b)

38’7’1 3 8’7'1 5 827'1
20 L 2 T2 , 51
2 ot + 2u18xi 172 81‘? (51c)

Equations (51a) and (51b) are, respectively, of the same form as Eqgs. (47a)
and (47b). Equation (47c) is rewritten with the aid of Eqs. (46) and (49) as

30r 3 On (0w ) 5 Pn

- —= Uil —— | —= il = = — -5 . 2
20f 2o, (615 +“laxi> 17 0a? (52)
The difference of Eq. (47¢) or (52) from Eq. (51c) is

Gur . 091

8f 21 8331 )
which vanishes for an incompressible fluid. The work W done per unit time on
unit volume of fluid by pressure, given by —po(2RT)/2L~10(1 + P)u;/0x;, is
transformed with the aid of Egs. (46), (47a), and (48a) in the following way:

w _ O(1+Pyu;
p0(2RT0)1/2L_1 B 8901
6ui1 auil 8P1 6ui2 2
= — | P 1= .
8xi€ (13931 +UIaxi+8Ii>E+
- 8ui2 9
8z,; e

- 8W1 6w1 2
- < 9 “‘“axi)s +

The work vanishes up to the order considered here for an incompressible fluid,
because du;/0x; = 0 and OP;/0x; = 0 (see Footnotes 11 and 12). That is,

10As the internal energy e, 3RT/2 [= 3RTy(1 + 7)/2] is chosen for consistency.
HFrom Egs. (38) and (50), we have du;/0x; = 0.
12We also obtain OP; /0x; = 0.

13



Eq. (47c) differs from Eq.(51c) by the amount of the work done by pressure.
Thus, naturally, the temperature 77 fields in the two cases are different owing
to this difference.

To summarize, the mass and momentum-conservation equations (47a) and
(47b) of the set derived from the compressible Navier—Stokes set [Egs. (38)-
(41b) and (42)] under the situation given by Eqgs. (43a) and (43b) with small €
are of the same form as those equations (51a) and (51b) of the corresponding set
derived from the incompressible Navier—Stokes set [Eqgs. (38)—(41b) and (50)],
but the energy-conservation equations (47¢) and (51c) of the two sets differ by
the work done by pressure.!> The density w; obtained from Egs. (46)—(47c)
with the first relation of Eq. (49) does not generally satisfy the incompressible
condition (50) with w = w; and u; = u;;.'* Both the density and temperature
fields (w1, 71) are different in the two sets. The variation of the density wy along
a particle path is due to the first relation of Eq. (49). Even if the temerature 7
varies according to Eq. (51c), the density w; determined by the first relation of
Eq. (49) does not generally satisfy the incompressible condition.

Finally, it may be noted that under the situation (43a), the solenoidal condi-
tion for w1, i.e., Eq. (47a) or (51a), is derived only from the mass conservation
equation (38) without the help of the incompressible condition (50).

3 Appendix K-A

3.1 Boundary condition for Euler equations

In Appendix K-A.10, we discussed the boundary condition for the linearized
Euler equations for simple examples. Related discussion is given in Section
2.1.2 in this notes.

4 Appendix K-C

4.1 Numerical procedure for discrete ¢; and n (Supplement
to Sections K-C.2 and K-C.3)

In Appendix K-C, a numerical method of solution of conservation equations, e.g.,
fluid-dynamic equations, by a kinetic equation is discussed. As noted there, the

13When the density p is uniform initially, for which p is a constant for an incompressible
fluid, the viscosity and thermal conductivity are constants, and heat production by viscosity is
neglected, Eqgs. (51a)-(51c) can be compared directly with Eqs. (47a)—(47c) and (49), without
carrying expansion, and the same results are obtained.

147t is easily seen that the velocity wu;; vanishes, the pressure P; is a constant, and the
temperature 71 (thus, the density wi) varies with time in initial-value problems where the
velocity is zero and the temperature is nonuniform (strictly, non-harmonic) initially, and the
pressure is time-independent at infinity. Thus, the incompressible condition is not satisfied.
See also the example given in Section K-4.10.3, where the velocity vanishes and the density
varies with time, and further, the temperature field is quite different from the incompressible
case owing to the time-dependent boundary condition on Pgq, corresponding to P; here.
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range of the variables ¢; and 1 may be a set of discrete points. Obviously, the
integrals with respect to &; and 7 in the discussion in Section K-C.2 are taken
to be the summation over the discrete points because the velocity distribution
function f is the collection of delta functions of & and n with their center at
the discrete points. To solve the conservation equations by kinetic-equation
approach, a finite number of discrete §;’s and 7’s are sufficient. The number
depends on the size of the conservation equations. Here, we will describe the
procedure of solution of conservation equations by a kinetic equation with the
formulas expressed in discrete & and 7.

The Navier-Stokes equations (K-C.34a)—(K-C.34c) are taken as an example.
In this case, r =0,1,...,4, i or j = 1,2,3, and ~,’s are chosen as

Yo = 17 Vi = §i7 Y4 = §22 =+ (O{ - 3)772’ (53)

where a > 3 is a constant.'® From the Navier-Stokes equations (K-C.34a)—(K-
C.34c), we can identify p, and H! as follows:

Pro = P, (54&)
pi = pus, (54b)
pa = p(uf + 2e), (54c)
HY = pu;, (55a)
ﬁf = PU;Uj + Dij, (55b)
H} = pu; (u? + 2€) + 2u;ps; + 245, (55¢)
where
RT
€= Lu (563)
2
p = pRT, (56b)
Ou; ~ Ouj 2 0uy Ouy,
ij = POij — : L — 226, | — up=—10ij, 56
pbij = Doij — 1 <8xj + Ox; 3 0xy J) MB@xk J (56¢)
oT
;= —Ao—. 56d
qi oz, ( )

The velocity distribution function f (m.n) of Chapman-Enskog type that gives
a given set (p,, HI') is obtained by the following simultaneous linear algebraic

15The constant o is the freedom of a molecule of the gas under consideration. For a
monatomic gas without internal degree of freedom, o = 3.
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equations, which correspond to Eqgs. (K-C.1) and (K-C.5):'¢

>l = po, (57a)
gé’”)ﬂ’”v“) = pis (57b)
2[(55"”)2 +(a = 3) (™M) = py, (57¢)
gﬁﬁ’”)ém)ﬂm’”) =1} (<), (57d)
gg;mw@;w + (= 3) (™)) = (57¢)

The set of points (fi(m), n™)’s has to be chosen in the way that the determinant
formed with the coefficients of f (7_”7") does not vanish and that the number of
the points is 14 [5 for p,., 6 for H'f (j < 1), and 3 for ﬁf] in the present case.'”
If one chooses more points for one’s convenience, one should impose some extra
conditions to make f("™™) unique.'®

Once the way to determine the velocity distribution function f("™") of the
Chapman-Enskog type is fixed, we can proceed to the next procedure described
in Section K-C.3. That is, (i) for given initial data p,., u; and T, compute ﬁf by
Egs. (55b)—(56d); (ii) construct the corresponding velocity distribution function
fmm) of Chapman-Enskog type by Eqgs. (57a)—(57e); (iii) determine the solution
of the free-molecular equation (K-C.35) at the next time step with the velocity
distribution function constructed in the step (ii) as the initial condition; (iv)
compute p, from the resulting velocity distribution function by Eqs (57a)—(57c¢);
(v) return to the step (i) and repeat the process. Then, we can obtain the
solution of the Navier-Stokes equations (K-C.34a)—(K-C.34c).

To determine the solution of the free-molecular equation in the step (iii)
of the preceding paragraph, we need the boundary condition compatible with
the solution of Chapman—Enskog type. For the Navier—Stokes equations, wu;
and T are generally specified on the boundary of bodies, but p is not specified.
The boundary value of p is determined with p and w; at the previous time
step by Eq. (K-C.34a). Then, we know the boundary data p,. Together with
the p, u;, and T inside gas obtained by the free-molecular solution starting
at the preceding time step, we can determine the boundary data of fI[ by

16Note that the relation between p; and f("™"™) and that between fI? and f(™m) are the
same. That is, these relations are commonly expressed by Eq.{57b).

17i) When the determinant vanishes, we cannot obtain the solution for arbitrary data on
the right-hand side.

ii) In the case of @ = 3 (monatomic gas), the left-hand side of Eq. (57c) is derived from
Eq. (57d) with ¢ = j. The right-hand side of Eq. (57¢) is obtained in the same way because
the bulk viscosity vanishes (up = 0) for a monatomic gas. Thus, Eq. (57c) is unnecessary in
the analysis.

18Sometimes, it is convenient to choose more (f(m),n(”)) than required to avoid awkward
distribution f(m-m),
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Egs. (55b)—(56d). Then, the boundary data f"™ compatible with the solution
of Chapman-Enskog type are determined by Egs. (57a)—(57e).

In the process of solution of the free-molecular equation (K-C.35) by a finite
difference method, one can make use of a simplifying process introduced in
the lattice-Boltzmann-equation approach. Then, the step (iii) in the above
procedure is simplified. Let X be a lattice point in x; space, and let At be the
time step of computation. We arrange the lattice points Y. X's and £(m)’s in
such a way that X—i—é(m)At is also some lattice point in x;. Then, f("™ at t+At
is obtained by shifting f(™™) at ¢ among the lattice points X’s. For example,
take rectangular lattices for x;, where the lattice points X’s are expressed as
X = (mq1,ma, m3)Azx with m; being an integer (0,£1,2,---). Then, we choose
E(m) = (k1, ka, k3) Az /At , where k; is, for example, k; = 0, £1. Then,

where £ =Az/At.'® With the above choice of €™, (m; — k;)Az is a lattice
point of x; or X. Other examples of the lattice point system are found, for
example, in Qian, Succi & Orszag [1995], and Kataoka [submitted].

In Section K-C.3, we discussed the process and validity of solving the con-
servation equations, or the validity of the procedure of solution given in this
section, by making use of the free molecule equation on the basis of the discus-
sion in Section K-C.2. In this discussion, we implicitly assumed the stability
of solution of Eq.(K-C.6) with Eq. (K-C.7). Further, it is also assumed that
|HT (pr, V) —HI (0, V)| = O((At)?) for H! at the step (i) after step (iv) (or
at time ¢+ At) when |p, — pS| = O((At)?) [Eq. (K-C.40)] for the present Navier—
Stokes equations.?® More rigorously, the condition about the size used in the
discussions in Section K-C.3 should be uniformly bounded in some neighbor-
hood of the solution of Eq. (K-C.6). The conditions are mainly determined by
the property of solution of the Navier—Stokes equations [generally, Eqs (K-C.12)
and (K-C.13)]. Some examples of the numerical computation of the Navier—
Stokes equations by the present method are carried out by Kataoka [submitted].

(Section 4.1: Version 3-00)
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