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Hybrid Model for Cascading Outage in a Power System:
A Numerical Study∗

Yoshihiko SUSUKI†a), Member, Yu TAKATSUJI†b), Student Member, and Takashi HIKIHARA†c), Member

SUMMARY Analysis of cascading outages in power systems is im-
portant for understanding why large blackouts emerge and how to prevent
them. Cascading outages are complex dynamics of power systems, and one
cause of them is the interaction between swing dynamics of synchronous
machines and protection operation of relays and circuit breakers. This pa-
per uses hybrid dynamical systems as a mathematical model for cascading
outages caused by the interaction. Hybrid dynamical systems can combine
families of flows describing swing dynamics with switching rules that are
based on protection operation. This paper refers to data on a cascading out-
age in the September 2003 blackout in Italy and shows a hybrid dynamical
system by which propagation of outages reproduced is consistent with the
data. This result suggests that hybrid dynamical systems can provide an
effective model for the analysis of cascading outages in power systems.
key words: power system, cascading outage, modeling, hybrid dynamical
system

1. Introduction

Complex dynamics have recently emerged as a major is-
sue in electric power systems [1], [2]. Various technolog-
ical advances and economic reform are known in power
system engineering. Examples include development of
semiconductor-based power apparatuses, penetration of dis-
tributed power sources, and deregulation of power markets.
It is widely expected that these advances lead to a robust in-
frastructure for electricity supply. On the other hand, they
make it difficult to grasp and tame dynamics of power sys-
tems and possibly cause the dynamics to be unpredictable.
Cascading outage is one important example of the dynamics
and is the generic mechanism by which outages propagate
to cause widespread blackouts of power systems [3], for ex-
ample, the August 2003 blackout in North America [4].

Transient stability of power systems is closely related
to the occurrence of cascading outages. Transient stability
is concerned with the ability of power system to maintain
synchronism when subjected to a severe disturbance [5],
[6]. The stability is mainly governed by swing dynamics
of synchronous machines. A swing usually causes over-
currents and heavy power flows. This often results in the
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outages of transmission and generation facilities by relay
operation to protect them. They can cause further swings,
thereby inducing the outages of other facilities. The interac-
tion between swing dynamics governing transient stability
and protection operation is observed in cascading outages of
real power systems, for example, the September 2003 black-
out in Italy [4], [7]. As indicated by [8]–[10], the interaction
involves hybrid modeling, implying that it is modeled with
both continuous- and discrete-valued variables.

Extensive studies have been devoted to modeling of
cascading outages in power systems. Dobson et al. [3] pro-
posed probabilistic models for cascading outages. Kinney
et al. [11] used a simple graph-based model for the analy-
sis of North American power grid. They revealed statistical
features of cascading outages. Parrilo et al. [12] and De-
Marco [13] analyzed dynamic features of cascading outages
using classical models of transient stability. Accurate math-
ematical models are used in power system analyzers such
as EMTP and RTDS that can simulate cascading outages in
detail. These models are often specific to particular systems
and do not readily reveal dynamical principles, because the
models are not amenable to analytical comparative studies.
Then it needs to seek a balance between such complexity
and simpler phenomenological models.

We develop and analyze a mathematical model of cas-
cading outage in a power system. Following the importance
of transient stability, this paper focuses on the interaction
between swing dynamics and protection operation. The de-
veloped model is a hybrid dynamical system [14]–[16] and
consists of families of flows describing swing dynamics and
their switching rules that are based on control schemes of
protection operation. The model also can be formulated as
hybrid automaton [17] which is introduced to model power
systems by Hiskens [18], Fourlas et al. [19], and Hikihara et
al. [20], [21]. This paper refers to data on a cascading out-
age in the September 2003 blackout in Italy [7] and shows
a hybrid dynamical model by which propagation of outages
reproduced is consistent with the data. Numerical simula-
tions of the hybrid dynamical system also show that control
schemes of protection operation affect the occurrence of the
cascading outage. Preliminary discussions of this paper are
in [22], [23].

This paper is organized as follows: Sect. 2 reviews
data observed in a cascading outage in the September 2003
blackout in Italy [7]. Section 3 reviews a continuous-time
model for swing dynamics [24], [25] and control schemes
of overcurrent relay and circuit breaker [26], thereby deriv-
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ing a hybrid dynamical system as a mathematical model of
the cascading outage. Section 4 performs numerical sim-
ulations of the hybrid dynamical system. Section 5 is the
conclusion of this paper with a summary and future work.

2. Cascading Outage in the September 2003 Blackout
in Italy

Before modeling in Sects. 3 and 4, this section reviews
data observed in a cascading outage in the September 2003
Blackout in Italy. This review is based on [7]. The Italian
power system experienced a large blackout on September
28, 2003. The blackout affected an area with an estimated
60 million people and load variation in the continental grid
from about 24000 MW at the early hours of the day, up to
50000 MW in the mid-day. This is regarded as the largest
blackout ever to happen in Italy.

Figure 1 shows (a) 400 kV and (b) 220 kV power trans-
mission networks interconnecting Italy with France and
Switzerland. A cascading outage or trip of transmission
lines is indicated according to the time they tripped, starting
from #1 at 3:01.42 up to #9 at 3:25.33. The cascading trip
resulted in the separation of Italian network from Switzer-
land and French ones and, after further cascading trips of
generators in Italy, finally led to the blackout.

Figure 1(c) shows frequency traces on three EHV (Ex-
tra High Voltage) substations from 3:25.12 up to 3:26.12.
Three pulsing behaviors are observed in Fig. 1(c) during the
period from line trip #2 at 3:25.21 up to #5 at 3:25.27. It
is indicated in [7] that the observed behaviors are caused
by the interaction between transient stability governed by
swing dynamics and protection operation. The swing dy-
namics cause heavy power flows that trigger the protection
operation. The operation is normally based on overcurrent
or distance relaying. This paper investigates the swing dy-
namics related to the cascading trip of transmission lines.

It should be noted that various frequency dynamics
are observed in Fig. 1(c). For example, the line trip # 8
at 3:25.33 in Figs. 1(a) and (b) triggered continuous de-
crease of frequency below 48.5 Hz in Fig. 1(c). The asso-
ciated dynamics result in the isolation of Italian network
and the blackout. Here, from a phenomenological point of
view, they are modeled through an interacting system with
swing dynamics, voltage dynamics, and protection opera-
tion. However, this modeling and analytical studies are not
easy. As the first step of analytical studies on cascading out-
age, this paper focuses on the relatively simple cascading
outage, and the detailed modeling is in future work as men-
tioned in Sect. 5.

3. Hybrid Model for the Cascading Outage

This section derives a hybrid dynamical system as a mathe-
matical model of the cascading outage in Sect. 2. Section 3.1
gives the six-machine power system model by which we
consider the cascading outage in this paper. Section 3.2 re-
views a classical model for swing dynamics of synchronous

Fig. 1 Data of the September 2003 Blackout in Italy. (a) and (b) are
Fig. 2 in [7] and show (a) 400 kV and (b) 220 kV power transmission net-
works interconnecting Italy with France and Switzerland. They indicate
the propagation of line trips (outages) according to the time they tripped,
starting from #1 at 3:01.42 up to #9 at 3:25.33. (c) is Fig. 4 in [7] and
shows frequency traces in North Italy at Piossasco, S. Rocco, and Musig-
nano EHV substations from 3:25.12 up to 3:26.12. Adapted and reprinted
with permission from [7] c©2004 IEEE.

machines [24], [25] that describe a family of flows. Sec-
tion 3.3 reviews control schemes of overcurrent relays and
circuit breakers [26] that are modeled as switching rules
of flows. Section 3.4 integrates the continuous-time model
with the switching rules and provides a hybrid dynamical
system for the cascading outage.

3.1 Six-Machine Power System Model

Figure 2 shows the six-machine power system model. The
interconnected power system in Figs. 1(a) and (b) is decom-
posed into several subsystems that are represented by equiv-
alent synchronous machines and constant power loads. Note
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Fig. 2 Six-machine power system model that is based on Figs. 1(a) and
(b). The six equivalent machines G1–G6 represent the Switzerland and
French power systems, and the loads, denoted by the right-arrows, repre-
sent the Italian power system. G6 is assumed to be the infinite bus [5]. The
transmission lines with protective overcurrent relays and circuit breakers
CB1–CB4 connect the Italian system with others. CB1 is related to the line
trip #5 in Fig. 1(b), CB2 to #2 in Fig. 1(a), CB3 to #3 in Fig. 1(b), and CB4
to #4 in Fig. 1(b).

that the decomposition is not unique and depends on model-
ing purpose. The six equivalent machines G1–G6 represent
the Switzerland and French power systems, and the loads,
denoted by the arrows, represent the Italian power system.
The direction of power flows is hence from the Switzerland
and French power systems to the Italian one. This is con-
sistent with the data [7]. G6 is assumed to be the infinite
bus [5]. The transmission lines with overcurrent relays and
circuit breakers CB1–CB4 connect the Italian system with
others. CB1 is related to the line trip #5 in Fig. 1(b), CB2
to #2 in Fig. 1(a), CB3 to #3 in Fig. 1(b), and CB4 to #4 in
Fig. 1(b). Hence the propagation of line trips in the data is
CB2 → CB3 → CB4 → CB1 under swing dynamics of
G1–G5 in Fig. 2. The following subsections treat the inter-
action between swing dynamics and protection operation in
Fig. 2.

3.2 Continuous-Time Model for Swing Dynamics

We use the so-called classical model [24], [25] of swing dy-
namics of synchronous machines. The classical model de-
scribes swing dynamics of machine Gi (i = 1, . . . , 5) by the
following ordinary differential equations:

δ̇i = ωi,
Pri

Pb

Hi

π fs
ω̇i = pmi − diωi − pei(δ1, . . . , δ6).

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (1)

ẋ is the time (t) differentiation of variable x. δi is the rotor
angle position of Gi with respect to the infinite bus G6, ωi

the rotor speed deviation of Gi relative to system angular
frequency 2π fs. δ6 for G6 is assumed to be zero. Pb, Pri, Hi,

Fig. 3 Control scheme diagram of overcurrent relay and circuit breaker
showing operation of induction-disc type overcurrent relay and circuit
breaker [26]. The solid arrows denote continuous signals, and the bro-
ken arrows discrete ones. The relay and breaker have internal dynamics
represented by ordinary differential equations of x1 and x2. Level detec-
tor produces the discrete outputs zoc, zcb ∈ {0, 1} that are determined by
whether the states x1 and x2 are greater than prescribed thresholds or not.

fs, pmi, and di are parameters of the classical model (1). Pb

is the base power in per unit system. Pri is the rated power of
Gi, Hi its per-unit inertia constant, pmi the mechanical input
power to Gi, and di its damping coefficient. pei stands for the
electrical output power of Gi and is given by the following
function of all rotor angle positions δ1, . . . , δ6:

pei � GiiE
2
i +

6∑
j=1, j�i

EiE j

{
Gi j cos(δi − δ j)

+Bi j sin(δi − δ j)
}
. (2)

Ei is the terminal voltage of Gi, Gii its internal conduc-
tance, and Gi j + jBi j the transfer admittance between Gi and
G j. Note that the loads in Fig. 2 are modeled as passive
impedances [25]. Ei, Gii, Gi j, and Bi j are other parameters
and can be determined with power flow calculation.

3.3 Control Schemes of Protection Operation

We next describe control schemes of protection operation
in overcurrent relays and circuit breakers. Perez et al. [26]
modeled protective relay systems for power system dynam-
ics analysis. Our modeling relies on their mathematical
models of relay operation.

Figure 3 shows control sequences of overcurrent relay
and circuit breaker with internal dynamics. I is the input
of line current and is a function of rotor angle positions
δ1, . . . , δ6. The internal dynamics are described by differ-
ential equations of state variables x1 for relay and x2 for
circuit breaker. Level detector produces the discrete output
1 (or 0) when the magnitude of input is greater (or less) than
a prescribed threshold. zoc and zcb in Fig. 3 denote the dis-
crete outputs of the overcurrent relay and the circuit breaker.
The condition zcb = 1 is associated with that when the cor-
responding circuit breaker opens, in other words, the line is
disconnected; zcb = 0 when it closes. Thus the output zcb

determines the condition of transmission lines and regulates
the network topology of six-machine power system model.
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The internal dynamics and level detector of induction-
disc type overcurrent relay are described in [26] as

ẋ1 = g(I){1 − ν(x1 − xTDS)ν(I − ITAP)},
zoc = ν(x1 − xTDS),

}
(3)

where

g(I) � K

⎧⎪⎪⎨⎪⎪⎩
(

I
ITAP

)2

− 1

⎫⎪⎪⎬⎪⎪⎭ ,
ν(x) �

{
0 if x ≤ 0,
1 if x > 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(4)

The level detector in Fig. 3 is defined as the step function
ν of state x1. ITAP, xTDS, and K are the tuning parameters
of overcurrent relay and are assumed to be constant. ITAP

is the prescribed threshold value of input current I, xTDS the
threshold value of state x1, and K the acceleration factor of
internal dynamics. On the other hand, the internal dynamics
and level detector of circuit breaker are described in [26] as

τẋ2 = zoc{1 − ν(x2 − xtr)},
zcb = ν(x2 − xtr).

}
(5)

The parameters xtr and τ for operation of the circuit breaker
are also assumed to be constant. xtr is the threshold value of
x2, and τ the time constant for internal dynamics.

3.4 Hybrid Dynamical System

By combining the continuous-time model for swing dynam-
ics in Sect. 3.2 with the control schemes of protection opera-
tion in Sect. 3.3, we can derive a hybrid dynamical system as
a mathematical model for the cascading outage. A definition
of hybrid dynamical systems is given in [14]–[16].

First, all candidates of network topologies of the six-
machine power system model are described using a finite in-
dex set. This section aims to model the interaction between
swing dynamics of G1–G5 and line trips of CB1–CB4. The
parameters Gii, Gi j, and Bi j in the classical model (1) dis-
continuously change when the circuit breakers disconnect
the lines. Then it needs to describe all candidates of net-
work topologies explicitly. Let us define a finite index set Q
as

Q � {1234, 123, 124, 134, 234,

12, 13, 14, 23, 24, 34, 1, 2, 3, 4, 0}. (6)

The index 1234 ∈ Q denotes the network topology under no
trip of CB1–CB4, 123 under trip of CB4, 0 under all trips of
CB1–CB4, and so on.

Second, the swing dynamics of G1–G5 are described
using a family of flows. To do so, we re-write the clas-
sical model (1) that makes it possible to take the network
topologies into account. The electrical output p(α)

ei indexed
by α ∈ Q that describes one network topology is given by

p(α)
ei = G(α)

ii E2
i +

6∑
j=1, j�i

EiE j

{
G(α)

i j cos(δi − δ j)

+B(α)
i j sin(δi − δ j)

}
. (7)

The parameter G(α)
ii denotes the internal impedance of Gi for

index α, and similarly for G(α)
i j and B(α)

i j . Here Vα denotes an

open subspace of S 5 × R5 whose elements are the rotor an-
gle positions δ1, . . . , δ5 and rotor speed deviationω1, . . . , ω5.
The subspace is called chart [14], [16]. The collection of
charts, V =

⋃
α∈Q

Vα, is also called atlas [14], [16]. Each chart

is associated with a flow fα : Vα → R10, defined by the clas-
sical model (1) indexed by α ∈ Q. Thus the swing dynamics
of G1–G5 are described by a family of flows, { fα}α∈Q, de-
fined on the atlas V .

Third, the control schemes of protection operation
are described using switching between flows. Consider
the control schemes in Sect. 3.3. Vc denotes an open
subspace of R8 whose elements are the internal states
(x11, x21, . . . , x14, x24)T. The variables (x1i, x2i) represent the
states for CBi. Eqs. (3) and (5) define a flow fc : Vα × Vc →
R

8. The reason that Vα is here contained in the definition of
fc is that Eq. (3) has the input current I which is a function of
rotor angle positions (δ1, . . . , δ5) ∈ Vα. Then, by referring
to [16], for each α ∈ Q we have a collection of functions
hβα : Vα × Vc → {0, 1} indexed by β. As points flow across
a chart, the threshold functions hβα monitor whether a tran-
sition to a (possibly) new chart should occur at that instant.
When the function hβα becomes unity, the trajectory switches
to a chart described by the index β. The concrete description
of hβα is given by the discrete outputs zcb1, . . . , zcb4 in Eq. (5).
Switching between charts occurs via mappings T βα with do-
mains in Vα and ranges in Vβ. It is assumed in our modeling
that there is no reset of variables, in other words, T βα is the
identity mapping.

Thus, we can describe the interaction between swing
dynamics and protection operation using a hybrid dynamical
system as the following collection H:

H = (Q,Vα, fα, h
β
α,T βα ,Vc, fc). (8)

Here it is worth mentioning that H is re-formulated as a
hybrid automaton [17], [27]. Q is the set of finite discrete
states, and Vα × Vc the set of continuous states. fα and fc
represent the continuous dynamics (vectorfields) defined by
Eqs. (1), (3) and (5), and T βα the reset function [27] or, in
our modeling, mapping between different discrete states. hβα
is regarded as a guard condition [27] for discrete evolution
that determines whether mapping T βα should occur. Hence
verification algorithms and tools for hybrid automaton are
applicable to our hybrid model for the cascading outage.

4. Analysis of the Cascading Outage

This section analyzes the hybrid dynamical system H. Ta-
ble 1 shows the configuration and parameter setting in six-
machine power system model that are used for numerical
simulations. They are based on the data [7]. It is sup-
posed that there is no control equipment of synchronous ma-
chines such as AVR (Automatic Voltage Regulator) and PSS
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Table 1 Configuration and parameter setting of six-machine power
system model.

VA base Pb 2000 MW
Voltage base 400 kV
System frequency fs 50 Hz
Machine rating Pri of Gi i = 1 500 MW

i = 2 2000 MW
i = 3, 4 1000 MW
i = 5 200 GW

Per-unit inertia constant Hi i = 1, . . . , 5 5 s
of Gi
Damping coefficient di of Gi i = 1, . . . , 5 0.05
Mechanical input power pmi i = 1 0.2
to Gi i = 2 0.95

i = 3 0.45
i = 4 0.35
i = 5 1.25

Terminal voltage Ei of Gi i = 1, . . . , 5 1
Line inductance 0.9 mH/km
of π-equivalent circuit model
Line resistance 0Ω/km
Line capacitance 0 F/km
Transformer impedance 0.15
Constant active power flow i = 1 0.2
to load Li i = 2 0.95

i = 3 0.45
i = 4 0.35
i = 5 1.25

Constant reactive power flow i = 1, . . . , 5 0
to load Li
Parameters of ITAP 1.03
overcurrent relay K 16

xTDS 1
circuit breaker τ 0.1 s

xtr 1

(Power System Stabilizer), and that there is also no LRT
(Load Ratio control Transformer) with machine buses. This
section shows that the hybrid dynamical system reproduces
the propagation of outages in Fig. 1 and provides dynamical
features of the propagation.

4.1 Numerical Experiment

This section performs numerical simulations for swing dy-
namics and protection operation in six-machine power sys-
tem model. The bus voltages are fixed through power flow
calculation. Steady state conditions of rotor angle position
δi (i = 1, . . . , 5) are also determined through the calcula-
tion and are used as the initial condition δi(t = 0 s). By
putting the initial condition ωi(0 s) = 0 (i = 1, . . . , 5), it is
possible to start numerical simulations from the steady state
conditions. The initial conditions of internal states (x1i, x2i)
(i = 1, . . . , 4) are also fixed at (x1i(0 s), x2i(0 s)) = (0, 0).
The parameters G(α)

ii , G(α)
i j , and B(α)

i j for each α ∈ Q are also
determined through the power flow calculation. It is here
supposed that each machine is in the steady state condition
at t < 0 s, that a three-phase fault occurs at point F near G2
bus at t = 0 s, and that the fault is removed at t = tc. tc
corresponds to the fault duration.

Figure 4 shows time responses of rotor angle posi-

Fig. 4 Swing dynamics and protection operation in six-machine power
system model. (a) Rotor angle position δi; (b) Rotor speed deviation ωi;
(c) internal state x1i of overcurrent relays; (d) internal state x2i of circuit
breakers; (e) discrete output xoci of overcurrent relays; (f) discrete output
zcbi of circuit breakers.

tion δi, rotor speed deviation ωi, internal states (x1i, x2i)
and discrete outputs (zoci, zcbi) for protection operation. The
figure is for fault duration tc = 0.112 s ≈ 5.6 cycles of
a 50-Hz sine wave. A cascade of line trips is observed:
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Fig. 5 Switching of flows governing the cascading outage in Fig. 4. fα denotes the flow described
by the classical model (1) indexed by α, and S βα the switching points at which the system’s state is
transferred from fα to fβ. (a) f1234; (b) f134; (c) f14; and (d) f1. Each flow is drawn with its projection
onto δ2 − ω2 plane.

CB2 (t = 0.112 s) → CB3 (0.688 s) → CB4 (1.631 s) →
CB1 (3.133 s). The lines CB1–CB4 do not exist in the sys-
tem model, and finally all the machines lose synchronism
with the infinite bus. This propagation of outages repro-
duced is consistent with the data in Sect. 2. The occurrence
of propagation is dependent on the fault duration tc, which
is analyzed in the next subsection. On the other hand, the
numerical swings for rotor speed deviation ωi in Fig. 4 are
at most 3 rad/s ≈ 0.5 Hz × 2π and are not consistent with
the data. This is because the data in Fig. 2 is measured at
the large machine G5, and the places where it is measured
in Fig. 1 are different from machines G1–G4 in Fig. 2.

4.2 Dynamical Studies

This subsection investigates the relationship between cas-
cading outage and switching of flows. Thereby it is shown
that the internal dynamics of protection operation play an
important role in the cascading outage.

4.2.1 Switching of Flows Produces the Cascading Outage

Sequential portraits of the flow described by the classical
model (1) are presented. Since the flows are defined on the
atlas V with high dimensions, it is hard to visualize all the
flow components. This subsection hence focuses on the flow
that is obtained by varying the fault duration tc in a given
range [0 s, T ]. T corresponds to the maximum duration.

Figure 5 shows trajectories of the hybrid dynamical
system for T = 0.112 s. The trajectories are obtained by
numerical integration of the classical model (1) for several
values of tc in [0 s, T ], and they are projected onto δ2 − ω2

plane. The right arc starting from (δ2, ω2) ≈ (0.52, 0), de-
noted by the mark ‘+,’ shows the starting points of trajec-
tories on flow f1234. fα denotes the flow described by the
classical model (1) indexed by α. S βα, denoted by the mark
‘�,’ shows the set of switching points at which the system’s
state is transferred from fα to fβ. The trajectories, denoted
by the solid lines in Fig. 5, contain no switching of flows and
converge to a stable equilibrium point on f1234. On the other
hand, the trajectories, denoted by the dotted lines in Fig. 5,
contain at least one switching of flows. After the system’s
state is transferred from f1234 to f134, most of the trajectories
converge to a stable equilibrium point on f134. Here there is
one trajectory in Fig. 5 for which the system’s state is fur-
ther transferred from f134, to f14, and to f1. The sequence
of switching points is S 134

1234 → S 14
134 → S 1

14 → S 0
1. The

trajectory finally diverges on flow f0 and corresponds to the
cascading outage in Fig. 4.

The set of switching points S 123
1234 is decomposed into

two disconnected parts. Figure 6 shows time responses of
internal states x12 of overcurrent relay and x22 of circuit
breaker. The fault duration tc is for (a) 0.086 s, (b) 0.09825 s,
(c) 0.105 s, and (d) 0.112 s. The difference of each of (a)–(c)
is based on the behavior of internal states x12 and x22 after
the onset of fault clearing, t = tc. In (a), x12 of overcur-



SUSUKI et al.: HYBRID MODEL FOR CASCADING OUTAGE IN A POWER SYSTEM
877

Fig. 6 Time responses of internal states x12 of the overcurrent relay and
x22 of the circuit breaker of line CB2: (a) 0.086 s, (b) 0.09825 s, (c) 0.105 s,
and (d) 0.112 s.

rent relay does not reach the threshold value x12 = 1. In
(b), x12 reaches the threshold value x12 = 1 after t = tc and,
however, x22 of circuit breaker does not reach the threshold
value x22 = 1. In (c), x12 reaches 1 after t = tc, and x22 also
reaches 1. That is, these corresponding trajectories stay on
f1234 in (a) and (b) infinite period and in (c) a finite period.
On the other hand, the difference between (d) and each of
(a)–(c) is based on the behavior of x22 before the onset of
fault clearing. In (a)–(c), x22 does not reach its threshold
before t = tc. (d) corresponds to the case in Fig. 4 and indi-
cates that x12 reaches 1 at t = tc. This implies that in Figs. 5
and 6(d), the system’s state at t = tc is immediately transi-
tioned from f1234 to f123. The difference between the onsets
of switching results in the disconnection of S 123

1234.
From these numerical results, it is said that the cas-

cading outage in Fig. 4 is produced as a result of the inter-
play between the flows describing swing dynamics of syn-
chronous machines and their switching depending on the
control schemes of protection operation.

4.2.2 Relay Internal Dynamics are Needed for the Cascad-
ing Outage

The control schemes of protection operation used here in-
clude internal dynamics, in other words, dynamic control
laws described by Eqs. (3) and (5) with discrete outputs. The
existence of internal dynamics is different from mathemat-
ical models of distance relays [28]–[30]. Next we consider
the effect of internal dynamics in protection operation on the
cascading outage in Fig. 4.

Fig. 7 Effect of internal dynamics in protection operation on the cascad-
ing outage in Fig. 4. (a) shows the flow f1234 on which the points I(2)

1234
satisfying I2(δ1, . . . , δ5) = ITAP are plotted. The flow itself is identical to
that in Fig. 5(a). (b) shows trajectories in the case that the switching of
flows from f1234 to f134 occurs on I(2)

1234.

Figure 7(a) shows the flow f1234 on which the points
I(2)
1234 satisfying I2(δ1, . . . , δ5) = ITAP are plotted with the

mark ‘×.’ The flow itself is identical to that in Fig. 5(a). The
gap between I(2)

1234 and S 134
1234 along trajectories is caused by

the internal dynamics. The main aim of the present analysis
is to investigate whether the gap is needed for the cascad-
ing outage in Fig. 4. Figure 7(b) shows trajectories in the
case that the switching of flows from f1234 to f134 occurs on
I(2)
1234. The trajectories converge to a stable equilibrium point

on f134 and do not therefore show any cascading outage like
that in Fig. 4. This fact indicates that the internal dynamics
of protection operation are needed for the cascading outage
in Fig. 4.

4.2.3 The Relay Parameter ITAP Affects the Cascading
Outage

The control schemes of protection operation have several
parameters which are available as design and control ob-
jects. For modeling, it is necessary to estimate whether the
cascading outage is observed for wide range of the param-
eters, in other words, whether it is robust to the change of
parameters. Here we vary the parameter ITAP of the thresh-
old value in overcurrent relays, because it directly affects the
switching mechanisms of flows as noted below.

Figure 8 shows the flow f1234 with (a) ITAP = 1.00 and
(b) ITAP = 1.05. The flow with ITAP = 1.03 is shown in
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Fig. 8 Effect of the parameter ITAP in overcurrent relays on the cascading
outage in Fig. 4: (a) ITAP = 1.00 and (b) ITAP = 1.05. Each flow is drown
with its projection onto δ2 − ω2 plane.

Fig. 5. The parameter change of ITAP affects the position of
I(2)
1234 directly and that of S 123

1234 indirectly. The flow itself is
almost invariant although the internal dynamics depend on
ITAP. These figures show trajectories that contain the switch-
ing of flows from f1234 to f134. This implies that the occur-
rence of outages similar to that in Fig. 4 persists against the
change of the parameter ITAP. Moreover, the area covered
by the trajectories which include at least one switching de-
creases as ITAP increases. This implies that the cascading
outage can be avoided by appropriate tuning of relays such
as adaptive relays [31].

From these numerical results, it is clear that the cas-
cading outage scenario in Fig. 4 is affected by the switching
rules of protection operation.

5. Summary and Remarks

We developed and analyzed a hybrid dynamical system as
a mathematical model of cascading outage in a power sys-
tem. The developed model consists of a family of flows de-
scribing swing dynamics of synchronous machines and their
switching rules describing protection operation. This pa-
per referred to data on a cascading outage in the September
2003 blackout in Italy and provided the hybrid dynamical
system H by which propagation of outages reproduced was
consistent with the data. The analysis of hybrid dynamical
system in Sect. 4 indicates that switching of flows produces
the cascading outage, and thus the protection operation with
internal dynamics plays an important role in the cascading
outage. The contribution here is the dynamical analysis of

the cascading outage in a real power system from a view-
point of hybrid dynamical systems. We close this paper with
a few remarks of related and future work.

Modeling of power system dynamics via hybrid dy-
namical systems is not a new approach. A hybrid automa-
ton is used in [10], [18] for modeling of power systems
which considers transformer tap positions and relay inter-
nal states. A hybrid input/output automaton is adopted in
[19] for an analysis of power transmission system. Previ-
ous work makes it possible to formulate hybrid dynamics
of power systems. A hybrid dynamical system was used in
[13] for modeling cascading failures of networked systems.
The difference between the model in [13] and the developed
hybrid model is that the hybrid model can explicitly con-
sider discontinuous protection control to cause the cascad-
ing outage. This makes it clear that the cascading outage is
produced by the switching of flows based on the protection
mechanism.

Many research topics may follow the present study on
cascading outages in power systems. We have two main
goals: to derive minimal models of cascading outages that
enable reproduction of their real data and prediction of their
occurrence, and to use the model for designing controllers
or operation algorithms that reduce cascading outages. For
modeling goal, since real cascading outages are complicated
as mentioned in Sect. 2, the developed model here is not
enough to reproduce entire dynamics of the real outage. It
is observed in real outages that voltage decrease induces un-
desirable actions of protection and can become a trigger of
cascading outages. Detailed models with voltage dynamics
are hence needed and will enable reproduction of the entire
dynamics. For design goal, it is inevitable to clarify the ben-
efit of mathematical formulation using the hybrid dynami-
cal system. This paper cannot indicate the effectiveness of
hybrid system representation H in comparison with conven-
tional models. This point becomes significant for charac-
terizing the relationship between performance of controllers
based on the hybrid model and conventional ones.
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