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Abstract

Recent advances in very large scale integration (VLSI) technology have
made it possible to realize larger and more sophisticated logic circuits.
Today, it is hard to design logic circuits efficiently and correctly without
using computer-aided design (CAD) systems. However, with the growth
of the scale of VLSI, CAD systems have revealed their problem of in-
creasing time and space for computation.

In this thesis, three topics concerning Boolean function manipulation
are discussed in order to solve very large problems in CAD of digital
systems. One is on high-speed generation of prime implicants of a given
Boolean function. It has been studied by many researchers as the first
step of two level logic minimization, which is one of the most classi-
cal and yet very important problem in CAD. The other two topics are
on Boolean function manipulation based on ordered binary-decision di-
agrams (OBDDs), or simply Binary-Decision Diagram (BDD). BDD is
a graph representation of Boolean functions proposed by Akers and de-
veloped by Bryant. BDDs have excellent properties which are useful to
solve CAD problems symbolically, including that (1)BDD is a canonical
representation of Boolean function, (2)Boolean operation is performed in
time proportional to the size of BDD, using two hash tables, (3)size of
BDDs is not large for many Boolean functions found in digital designs,
etc. Boolean function manipulators based on Shared BDDs (SBDDs), or
multirooted BDDs, implemented on workstations are appreciated their
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ii Abstract

usefulness in CAD systems.

In chapter 2, high-speed algorithms for generating prime implicants of
a given Boolean function are discussed, and the use of a vector super-
computer is proposed. The proposed algorithms are based on the con-
sensus expansion presented by Tison. The proposed algorithins are nn-
plemented efficiently on vector supercomputers by performing consensus
expansion in breadth-first manner, and employing truth table represen-
tation of Boolean functions and map representation of a set of prime im-
plicants. Table look-up technique is also employed to reduce the consen-
sus expausion stages. The proposed algorithins are implemented on the
vector supercomputer FACOM VP-400E at the I{yoto University Data
Processing Center and compared with several other algorithms. For ex-
ample, by the consensus expansion method with table look-up, all prime
implicants of randomly generated 18-variable Boolean functions are gen-
erated in about 1.4 seconds on the average. As an application of the
proposed algorithm, we will show the results related to the number of
prime implicants of Boolean functions. We will show that Igarashi’s con-
jecture on the maximum number of n-variable Boolean functions is true
for n = 5 and 6, 1. e., the maximum number of prime implicants of 5- and
6-variable Boolean functions are 32 and 92, respectively.

In chapter 3 and chapter 4, algorithms for manipulating SBDDs are
discussed in order to manipulate very large SBDDs which cannot be ina-
nipulated on conventional workstations, and the use of hbreadth-first al-
gorithm is proposed. The breadth-first algorithm consists of two parts:
an expansion phase and a reduction phase. In the expansion phase, new
nodes sufficient to represent the resultant Boolean function are generated
in a breadth-first manner from the root-node toward leaf-nodes. In the
reduction phase, the nodes generated in the expansion phase are checked

in a breadth-first manner from nodes nearby leaf-nodes toward the root-
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node.

In chapter 3, a high-speed algorithm for manipulating SBDDs which is
suitable for vector supercomputers is proposed. Breadth-first algorithm is
employed to vectorize manipulation, and actually almost all steps are vec-
torized, including hash table access which 1s efficiently vectorized using
high-speed vector indirect store instruction of a vector supercomputer
HITAC S-820/80. A Boolean function manipulator based on the pro-
posed algorithin is implemented on the HITAC S-820/80 at the University
of Tokyo, and experiments of constructing the SBDDs representing the
Boolean functions of all the primary outputs and nets froin a circuit de-
scription chosen from ISCAS’85 are performed. From these experiments,
the vector acceleration ratio on the S-820/80 is 5.3 to 27.8. Compared
with the results on the workstation Sun3/60 by Minato et al., our results
are up to 130 times faster in the best case. In addition, as an example of
applications of developed SBDD manipulator, a design verification sys-
tem based on computation tree logic (CTL) model checker is implemented

and the experimental results are shown.

In chapter 4, the use of secondary memory is discussed in order to
manipulate SBDDs which are too large to be stored within main memory.
In order to avoid random accesses to the secondary memory, level-by-level
manipulation of Shared Quasi-reduced BDDs (SQBDDs) upon a breadth-
first algorithm is employed. The use of garbage collection with shiding
type compaction is also introduced to reduce page faults in succeeding
manipulation. A Boolean function manipulator based on the proposed
algorithm is implemented and evaluated on the workstation Sun SPARC
Station 10 with G4 megabyte main memory and a one gigabyte hard disk
drive connected via SCSI-2 standard interface. More than 50 million
nodes can be allocated within one gigabyte virtual memory space, and

as a result, an SQBDD with more than 12 million nodes representing all
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the primary outputs of a 15-bit multiplier is constructed from a circuit
description in about 5.6 hours. If the conventional SBDD manipulator is
used instead, it is estimated that it would take about 1,900 hours. So we
can say that our manipulator achieved about 330 times improvement in
elapsed time. Furthermore, we made experiments using semiconductor
extended storage instead of hard disk, and showed that the required time

for the 15-bit multiplier is reduced to about 2.2 hours.
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Chapter 1

Introduction

1.1 Background

Recent advances in very large scale integration (VLSI) technology have
made it possible to realize larger and more sophisticated logic circuits.
Today, it is hard to design logic circuits efficiently and correctly without
using computer-aided design (CAD) systemns. However, with the growth
of the scale of VLSI, CAD systems have revealed their problem of in-

creasing time and space for computation.

Among many steps of designing hardware, logic minimization is one
of the most classical and yet very nmportant problem. Two level logic
minimization is the most basic problem in logic minimization. It is useful
to optimize combinational circuit, and today it 1s very important to realize
programunable logic array (PLA). Quine showed that the minimum two
level formula can be derived from a set of prime implicants of a given
Boolean function[Qui55]. McCluskey proposed a method that consists of
two steps; (1)Generate all prime implicants of a given Boolean function,
and (2)derive a minimumn cover of the given Boolean function by the
prime implicants[McC56]. Since the so-called Quine-McCluskey method

was presented, various algorithms for generating all prime implicants of
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2 1. Introduction

a given Boolean function which are suited to computer processing have
been proposed.

Nelson showed that when a product-of-suns representation of a Boolean
function is expanded to a suin-of-products representation by means of the
distributive law (A(B 4+ C) = AB + AC) and some other primitive laws,
all prime implicants of a given Boolean function are generated with, pos-
sibly, some non-prime implicants[Nel54]. Slagle et al. proposed a method
for generating prime implicants from a product-of-sums representation by
means of tree search[SCL70]. IKambayashi et al. proposed the clause selec-
tion method by combining Nelson's theory and Slagle’s method, in which
the searched tree is smaller than that of the Slagle’s method[KOY79).

Tison showed that all prime implicants of a given Boolean function can
be generated by consensus expansion[Tis67]. The consensus expansion is
based on the following equation which holds for any Boolean function f :

f=mif(xi=0)+2if(xi=1)+ f(z: = 0)f(z: = 1)
where z; is a Boolean variable in f. Using the equation repeatedly for ev-
ery variable, f is expanded in a ternary tree fashion, and consequently, its
all implicants are generated. In order to use the consensus expansion for
generating all prime implicants, the removal of the generated non-prime
implicants or the prevention of the generation of non-prime implicants
is necessary. Morreale proposed an algorithm in which the generation of
non-prime implicants is prevented by means of tagging functions[Mor70].

Thus, various methods for generating all prime implicants have been
proposed. However, generating all primme implicants is intrinsically very
time and space consuining, and it was difficult to generate all prime imn-
plicants of a Boolean function with more than a dozen or so variables.
The computation time and the required memory space increase exponen-
tially to the nuuber of variables. There are n-variable Boolean functions

which have O(3"/n) prime implicants[DF59].
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Recentry, Kagatani et al. proposed the use of vector supercomputers
for generating prime implicants, and presented two high-speed vector al-
gorithms, called the variable-oriented expansion method which is based
on the clause selection method and the ternary tree expansion method
which is based on the consensus expansion method[{ag87]. A vector su-
percomputer is a highly pipelined supercomputer which is primarily used
for large scale scientific and cugineering computation. It yields more than
a giga floating operations per second (GFLOPS) of computation power hy
executing uniforin operations on array structured data. In order to sup-
port large-scale computation, it has a large iain memory unit (usually
a hundred mega bytes or more) and powerful load/store pipelines. The
use of vector supercomputers for non-numerical applications had been

proposed, including logic simulation by Ishiura et al.[IYY87]

Another important step of designing hardware is design verification.
There are two methods for design verification; logic simulation and formal
verification. Logic simulation is a method to detect design errors by
simulating the behavior of a designed circuit for an input sequence. Logic
sitnulation is now widely used for design verification, however, it has a
problem that there may still be undetected errors even if simulation has
finished successfully, because it is difficult to simulate a logic circuit for
its all possible input sequences. To overcome this problern, formal design

verification have been studied in recent years.

Formal design verification is to show the correctness of a designed
logic circuit with respect to its specification of the circuit based on a
formal system. Among several approaches for formal design verification,
symbolic simulation and symbolic model checking has been proved their
usefulness by many researchers in recent years. The performance of both
sytbolic simulation and syibolic inodel checking owes to Boolean func-

tion manipulator based on ordered binary-decision diagrams (OBDD), or
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simply Binary-Decision Diagram (BDD), that is one of representations of
Boolean functions.

Various representations of Boolean functions have been proposed, in-
cluding truth table, Boolean formula, cube representation, etc. For exam-
ple, truth table is the most siimple representation and suitable for vector
processing, but it takes O(2") space and time to construct the represen-
tation for an n-variable Boolean function. On the other hand, Boolean
formula has advantages such as easy operation and relatively small space

to store, but tautology check or equivalence check is very difficult.

BDD is a graph representation of Boolean functions proposed by Akers
[Ake78] and developed by Bryant[Bry86]. A BDD is a directed acyclic
graph with two leaf (terminal) nodes labeled by 0 and 1. Every non-
terminal node is labeled by a Boolean variable and has two outgoing edges
labeled by 0 and 1. No Boolean variable appears more than once in every
path of a BDD, and the variables appear in a fixed order in all the paths
of a BDD. A BDD is defined as the graph obtained from binary decision
tree by removing all redundant nodes and non-unique nodes (but one).
BDDs have excellent properties which are useful to solve CAD problems
symbolically, including (1)BDD is a canonical representation of Boolean
function, (2)Boolean operation is performed in time proportional to the
size of BDD, using two hash tables, (3)size of BDDs is not large for many
Boolean functions found in digital designs, etc.

At present, subroutine packages, called Boolean function manipulators,
based on Shared BDD (SBDD), or multirooted BDD, are implemented
on workstations which support primary operations of Boolean function
manipulation. Several techniques for implementation of Boolean function
manipulators are proposed in order to reduce the time and the storage
for manipulation, such as various attributed edges, automatic garbage

collection, and so on. Variable ordering of BDD has also been studied
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by many researchers to reduce the size of BDD. SBDD based Boolean
function manipulators are now widely utilized in various applications of
CAD systeins, not only formal design verification, but also test genera-
tion, logic synthesis and so on, and even the use for other combinatorial
probleins has been studied.

Thus, Boolean function manipulators based on SBDDs implemented
on workstations are appreciated their usefulness in CAD systems. How-
ever, according to the recent progress of the VLSI technology, it is re-
quired to manipulate larger and larger scale Boolean functions, which
will exceed the computational power of workstations. In order to fulfill
this requirement, the use of parallel machines or connection machines is

studied.

1.2 Outline of the Thesis

In this thesis, three topics concerning Boolean function manipulation are
discussed in order to solve very large problems in CAD of digital systems.

In chapter 2, high-speed algorithms for generating prime implicants of
a given Boolean function are discussed, and the use of vector supercom-
puter is proposed. The proposed algorithms are based on the consensus
expansion. The proposed algorithins are iinplemented efficiently on vector
supercomputers by performing consensus expansion in breadth-first man-
ner, and emploving truth table representation of Boolean functions and
map representation of a set of prime implicants. Table look-up technicue
is also employed to reduce the consensus expansion stages. The pro-
posed algorithms are implemented on the vector supercomputer FACOM
VP-400E at the Kyoto University Data Processing Center and compared
with several other algorithis. For example, by the consensus expansion

method with table look-up, all prime implicants of randownly generated
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18-variable Boolean functions are generated in about 1.4 seconds on the
average. As an application of the proposed algorithm, we will show the
results related to the nmwunber of prime implicants of Boolean functions.
We will show that the Igarashi’s conjecture on the maximum number of

n-variable Boolean functions is true for n = 5 and 6.

In chapter 3 and chapter 4, algorithins for manipulating SBDDs are
discussed in order to manipulate very large SBDDs which cannot be 1ma-
nipulated by conventional workstations, and the use of breadth-first al-
gorithm is proposed. The breadth-first algorithin consists of two parts;
an expansion phase and a reduction phase. In the expansion phase, new
nodes sufficient to represent the resultant Boolean function are generated
in a breadth-first manner from the root-node toward leaf-nodes. In the
reduction phase, the nodes generated in the expansion phase are checked
in a breadth-first manner from nodes nearby leaf-nodes toward the root-
node.

In chapter 3, a high-speed algorithm for manipulating SBDDs which is
suitable for vector supercomputers is proposed. Breadth-first algorithm is
employed to vectorize manipulation, and actually almost all steps are vec-
torized, including hash table access which is efficiently vectorized using
high-speed vector indirect store instruction of a vector supercomputer
HITAC S5-820/80. A Boolean function manipulator based on the pro-
posed algorithm is implemented on the HITAC S-820/80 at the Univer-
sity of Tokyo, and experiments of constructing the SBDDs representing
the Boolean functions of all the primary outputs and nets from a circuit
description chosen from ISCAS’85 [BF85] are performed. From these ex-
periments, the vector acceleration ratio on the S-820/80 is 5.3 to 27.8.
Compared with the results on the workstation Sun3/60 by Minato et
al.[MIY90], our results are up to 130 times faster in the best case. In ad-

dition, as an example of applications of developed SBDD manipulator, a
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design verification system based on computation tree logic (CTL) model
checker is implemented and the experimental results are shown.

In chapter 4, the use of secondary memory is discussed in order to
manipulate SBDDs which are too large to be stored within main memory.
In order to avoid randowm accesses to the secondary memory, level-by-level
manipulation of Shared Quasi-reduced BDDs (SQBDDs) upon a breadth-
first algoritlun is employed. The use of garbage collection with sliding
type compaction is also introduced to reduce page faults in succeeding
manipulation. A Boolean function manipulator based on the proposed
algorithm is imnplemented and evaluated on the workstation Sun SPARC
Station 10 with 64 megabyte main memory and a one gigabyte hard disk
drive connected via SCSI-2 standard interface. More than 50 million
nodes can be allocated within one gigabyte virtual memory space, and
as a result, an SQBDD with more than 12 million nodes representing all
the primary outputs of a 15-bit multiplier is constructed from a circuit
description in about 5.6 hours. If the conventional SBDD manipulator is
used instead, it is estimated that it would take about 1,900 hours. So we
can say that our manipulator achieved about 330 times improvement in
clapsed time. Furthermore, we made experiments using semiconductor
extended storage instead of hard disk, and showed that the required time
for the 15-bit multiplier is reduced to about 2.2 hours.

In chapter 5, the conclusion of this thesis and future problems are

stated.
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Chapter 2

Vector Algorithms for Generating
Prime Implicants

2.1 Introduction

Generation of all prime implicants of a given Boolean function is a funda-
mental task in two-level logic minimization[Qui55, McC56, Pet60] which
is an important process in logic design and logic synthesis. Various stud-
ies have been made on this subject, and many algorithms snitable for
computer processing have been proposed[Nel54, SCL70, Mor70, Tis67,
KOY79]. However, since the subject is intrinsically very time and space
consuming, it is difficult to generate all prime implicants of a Boolean
function with more than a dozen or so variables by means of these meth-
ods on conventional scalar processors. The computation time and the
required mermory space increase exponentially to the number of vari-
ables. There are n-variable Boolean functions which have O(3"/n) prime
imph'cants[DF -’39]. For example, there are 16-variable Boolean functions
which have more than two million prime implicants[Iga79].

In this chapter, the use of vector supercomputers for generating all
prime implicants of a given Boolean function is considered. Several vector
supercomputers have been developed for large-scale computation. They

9



1o 2. Vector Algorithms for Generating Prime Implicants

are used mainly for numerical computations, but can be also used effi-
ciently for non-numerical computations such as logic simulation[IYY87].
The function pipelines which support bit-wise logical operations on a
word and the load/store pipelines which support various access modes

are useful for non-numnerical computations.

In this chapter, two high-speed vector algorithms, called the consen-
sus expansion method with table look-up and the Morreale method with
table look-up, are proposed. These algorithms are based on the consen-
sus expansion|TisG7], and effective data structure and a table look-up
technique are introduced in the implementation. In addition to these
high-speed algorithms, another algorithin, called the extended consensus
expansion method with table look-up, is also proposed in order to gen-
erate all prime implicants of a Boolean function of more variables within
the limited main memory space. They are implemented on the vector su-
percomputer FACOM VP-400E at the Kyoto University Data Processing
Center and compared with several other algorithms including two for-
merly proposed vector algorithins[I[{ag87]. We show that by means of the
new algorithms, the generation of all prime implicants of a given Boolean
function can be performed in much higher speed with a high accelera-
tion ratio. For example, by the consensus expansion method with table
look-up, all prime implicants of randomly generated 18-variable Boolean

functions are generated in about 1.4 seconds on the average.

In the next section, several terms relating to Boolean functions will
be defined and an overview of algorithins for generating prime implicants
will be made. The new vector algorithms will be proposed in section 3, 4
and 5. In section 6, evaluation and discussions will he made. In section 7,
it will be shown that the maximum number of prime implicants of 5- and
6-variable Boolean functions are 32 and 92, respectively. These results are
obtained by the experiments using the developed program based on the
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consensus expansion mwethod with table look-up. Section 8 will appear as

a conclusion.

2.2 Preliminaries

2.2.1 Boolean Function and Prime Implicant

A Boolean variable, denoted by z;, is a variable which assumes a binary
value 0 or 1. A literal l; for a variable x; is either x; or ¥; (the cowplement
of ;). An n-variable Boolean function, denoted by f(xy,...,x,) or simply
f, is a mapping from {0, 1}" to {0,1}. In the following, a Boolean variahle
and a Boolean function are sometimes simply referred to as a variable and
a function, respectively.

A logical product of literals where literals appear at most once for
each variable is called a product term. Similarly, a sum term is defined.
A product term p is independent of a variable x;, if p contains no literal
of a variable ;. A minterm is a product term which consists of literals
of all Boolean variables.

When a sum of product terms represents a Boolean function, it is called
a sum-of-products representation of the function. Similarly, a product-of-
sums representation of a function is defined.

We say that a Boolean function f #mplies another Boolean function g,
when every combination of values of the variables which satisfies f =1
also satisfies ¢ = 1. The implication relation is similarly defined for
product terms.

An implicant of a Boolean function f is a product termn which implies
f. A minterm, which is an implicant of a Boolean function f, is simply
called a minterm of f. A prime implicant of a Boolean function f is
defined as an implicant of f that implies no other implicant of f. An

implicant of a function f is called a non-prime implicant of f, when it is
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not a prime implicant.

f(z; = 0) is an (n — 1)-variable function f(xy,...,2i—1,0,Zir1, .-« 2g)
obtained from an n-variable function f by fixing z; to 0, where z; is a
variable in f. Similarly, f(x; = 1) is defined. A Boolean function f is
independent of a variable v, if f(x; = 0) = f(a; = 1) for all combinations
of values of all variables except ;.

We denote the logical product of f(r; = 0) and f(x; = 1) by f(2; = *).

2.2.2 Conventional Algorithms for Generating Prime Impli-
cants

Various algorithms for generating all prime implicants of a Boolean func-
tion which are suited to computer processing have been proposed. They
can be classified in three types: the Quine-McCluskey method, algorithms
based on the expansion of a product-of-sums representation and ones
based on the consensus expaunsion.

In the Quine-McCluskey method[Qui55, McC56], adjacent implicants
are combined exhaustively in a systematic inanner using tables of impli-
cants.

Nelson showed that when a product-of-suins representation of a Boolean
function is expanded to a sum-of-products representation by means of
the distributive law (A(B 4+ C) = AB + AC) and some other primi-
tive laws. all prime implicants of a given Boolean function are generated
with, possibly, sonie non-prime implicants[Nel54]. Slagle et al. proposed
a method for generating prime implicants from a product-of-sums repre-
sentation hy means of tree search[SCL70]. Kambayashi et al. proposed
the clause selection method by combining Nelson’s theory and Slagle’s
method. in which the searched tree is smaller than that of the Slagle’s
method[IKOYT79]. Recently, the author’s colleague developed a vector al-

gorithm called the variable-oriented expansion method based on the same
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idea, and showed that the computation time on the vector supercomputer
is improved[I{ag87].

Tison showed that all prime nnplicants of a given Boolean function can
e generated by consensus expansion[Tis67]). The consensus expansion is

based on the following equation which holds for any Boolean function f :
f = flep= 0y 4 2 Hz; = 1)+ flzy=12)

where x; is a Boolean variable in f. Using the equation repeatedly for ev-
ery variable, f is expanded in a ternary tree fashion, and consequently, its
all implicants are generated. In order to use the consensus expansion for
generating all prime implicants, the removal of the generated non-prime
implicants or the prevention of the generation of non-prime implicants
is necessary. Morreale proposed an algorithin (we call it the Morreale
method) in which the generation of non-prime implicants is prevented
by means of tagging functions[Mor70]. Recently, the author’s colleague
developed the ternary tree expansion method (we call it the consensus
expansion method with pointers in this thesis), in which pointers are in-
troduced for the removal of non-prime implicants[IKag87].

The three new vector algorithms proposed in this chapter are based

on the consensus expansion.

2.2.3 Vector Supercomputer

A vector supercomputer is a highly pipelined supercomputer which is
primarily used for large scale scientific and engincering computation. It
has, in addition to a conventional processing unit (a scalar unit), several
function pipelines and vector registers (a vector unit). It yields more than
GFLOPS (Giga FLoating Operations Per Second) of computation power
hy executing uniform operations on array structured data. In order to
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support large-scale computation, it has a large main meimory unit (usually
a hundred mega bytes or more) and powerful load/store pipelines.

In addition, vector supercomputers have many advanced features in
order to make it versatile enough to be used in a wide range of applica-
tions. For exawple, vector supercomputers such as the FACOM VIP-400E
at the Kyoto University and HITAC S-820/80 at the University of Tokyo

provides the following vector operations.

(1) Element-wise Vector Operations
Vector supercomputers can handle integer and logical data as well
as floating-point data by function pipelines. For example, integer
arithimetic operations, bit-wise (32 bits per word) logical operations
and logical shift operations can be vectorized.

(2) Conditional Vector Operations
The above operations can be masked by conditions, i. e., operations
work only on elements which satisfy a specified condition. For ex-
ample, the following program is vectorized by this function.

DO 10 I=1,N
IF (IM(I).EQ.0) IA(I)=IB(I)+IC(I)
10 CONTINUE

(3) Constant Stridden Vector Access and List Vector Access
Vector supercomputers provide constant stridden vector access and
indirect memory access (referred to as list vector access) as well as
configuous vector access. For example, the following program is

vectorized hy constant stridden vector access;

DD 20 I=1,N,K
IACI)=IB(I)+IC(I)
20 CONTINUE
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and the following program is vectorized by list vector access:

DO 30 I=1,N
IA(I)=IB(IL(I))
30 CONTINUE

(4) Compress operations
Compress operation, which constructs new vector IA from vector
IB by collecting elements which satisfy a specified condition, can he

vectorized. An example program for compress operation is as follows.

K=0
DO 40 I=1,N
IF (IM(I).EQ.0) THEN
K=K+1
IA(K)=IB(I)
ENDIF
40 CONTINUE

Discussions in the following sections are common to all vector supercomn-
puters which have above four features.

In order to utilize vector supercomputers efficiently, we must tune up
the coding schemes and/or modify the basic algorithms so that our pro-
grawns are suitable for vector processing. The features of the programs

required for efficient vector processing are

(1) high wectorization ratio, i. e., almost all operations in the programn

should be processed by a vector unit.

(2) long vector length, i. e., sufficiently many elements should be pro-

cessed simultaneously.
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2.3 Consensus Expansion Method with Table Look-
Up

2.3.1 Algorithm

In the consensus expansion method with table look-up, a systematic pro-
ceclure to remove non-prime implicants is introduced. Assuming that all
prime implicants of every m-variable Boolean function are known for a
certain m (> 0), following algorithin generates all prime implicants of a
given n-variable Boolean function fyizen (n > m). F; and P; (m < i < n)
are a set of Boolean functions and a set of product terms, respectively.

[Algorithm 1]
Input: fiven(21,...,2,) : an n-variable Boolean function

Output: P, : the set of all prime implicants of fgiyen

1. EI = {fgiven}

(a set with only one element function)

2. for k = n downto m + 1 do
Feoy = {75 f(ze = 0), 24 f (2 = 1), f(2i = #)|f € Fy}

3. Pyp={all prime implicants of f|f € F,, }
(Note that f € F), is the logical product of a product term, say p,
with at most (n—m) literals and an im-variable function, say f . A set
of all prime implicants of f is easily obtained as the logical product

of p and every prime implicants of f.)

4. for k=m+1ton do
Let P be the set of all product terms of Pi_; each of which either

(a) independent of xy, or
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(b) dependent on xj and there is not such product term in Pi_; that
is obtained by removing the literal of x; fromn the representation
of it.

In step 2, the consensus expansion on fj;,e, is performed for the (n—m)
variables. In every consensus expansion, the number of elements of the
set. is increased by at most three times, and the maximum number of
elements of F), i1s 3"7". In step 3, the set, P,, whose each element
is a prime implicant of a function in F,,, is obtained. P, includes all
prime implicants of fi..n as well as, possibly, the greater part of the non-
prime implicants. In step 4, all non-prime implicants in Fp, are removed
systematically, and the set P,, which includes only all prime implicants
of fyiven, is obtained.

We will show the correctness of Algorithm 1.

[Lemma 1]
Let f be a k-variable Boolean function, and z; a Boolean variable (1 <
i < k). A product term p is a prime implicant of f, if and only if one of

the following statements is true.
1. pis a prime implicant of f(x; = *).
2. pis a prime implicant of #; f(x; = 0), and does not imply f(z; = *).
3. p is a prime implicant of x;f(.r; = 1), and does not imply f(z; = *)
A proof of Lemma 1 will appear in appendix.

[Lemma 2]
Let f be a Boolean function, p a prime implicant of f, and g a Boolean
function which implies f. p implies g if and only if p is an implicant of

g. If p is an implicant of g, p is a primne implicant of g.
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Lemma 2 is obvious.

[Theorem 1]

P, obtained by Algorithin 1 is a set of all prime implicants of fsivens
(proof JAsswning that P._;={all prime imnplicants of f|f € Fi_; } (m <
k < n), it follows from Lemma 1 and Lemna 2 that Py={all prime
implicants of f|f € F }. O

2.3.2 Data Structure

In step 2, each function f in F} is represented as

f=pflae,...,x1)

where p is a product terin L,, - -+ Lyyy and L; € {77, 7;, 1} (k+1 <7 < n).
In order to implement efficiently on vector supercomputers, we represent
every f by a truth table, i. e., a 2f-bit sequence. (We assume that f.,
is also represented by a truth table.) The truth table for f can be repre-
sented using 26=5 words, because a word consists of 32 b= 25) bits. Each
word stores a truth table for the 5 variables, x5,...,2;, which is a part
of the truth table for f corresponding to a certain combination of values
of the k — 5 variables, xy,...,25. The adopted data structure for f’s of
F}. i1s shown in Figure 2.1. The product termw p = L,,--+ L4y for every
f € F} is represented by an integer according to the following formula

and stored in a word
n

z riai—l

i=kt1
where r; takes 0 or 1 or 2 accordingly as L; is &7 or z; or 1. Since there
are at most 3" % functions in Fy, (28> 4 1)3"* words are sufficient to
represent Fj. In addition, it is possible to implement step 2 so as to reuse
the space for F} to the space for Fj_,. Hence (2™ 4+ 1)3"~™ words are

sufficient to implement step 2.
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2k=53m=k words for 3"+ f’s

K—_—\ﬂ_r
2k-5words

for an f

Figure 2.1: Data Structure of Fj

In step 3, a read-only table is introduced to give all prime implicants
of arbitrary me-variable Boolean function. Table look-up is efficiently
implemented on vector supercomputers using list vector access. Because
the number of all m-variable Boolean function is 22", we let m be 4
considering the size of the table which have to be stored within main
memory. It is true that a large space is required for this table, but the
required space for step 2 is considerably saved choosing large m.

In step 3 and step 4, we use a 3"-bit sequence to represent (candidates
of) the prime implicants of an n-variable Boolean function. We call it a
map representation of prime implicants. Every bit in the sequence corre-
sponds to a product term of n variables, and is 1 when the corresponding
product term is (a candidate of) a prime implicant of the function. To

b words to represent each Py where

simplify the processing, we use 3"~
only 3% = 27 bits are used in each word. The 27 product terms corre-
sponding to a word are the same except the literals for r3, 22 and ;.
We arrange the words in the sequence so that each path in step 4 can be
performed by a linear scan on . The word corresponding to a product
terin L, -+ Ly is in the (3, ;31 + 1)st location, where r; takes 0 or 1
or 2 accordingly as L; is ¥; or z; or 1. The data structure for P} is shown
in Figure 2.2. It is also possible to implement step 4 so as to reusce the

space for Pe_; to the space for P, hence the required space for step 4 1S
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33 words

1 word

e 1

5 bits 27 bits

(unused)

Figure 2.2: Data Structure of P

3"~3 words.

The constant stridden vector access is useful in step 2 and step 4, and
the indirectly addressed access is useful in step 3. The function pipelines
which support bit-wise logical operations on a word are useful through
the whole processing. Therefore, Algorithmn 1 is expected to be highly
vectorized.

The required memory space is proportional to 3". It is reasonable
because there are n-variable Boolean functions which have O(3" /n) prime
implicants[DF59]. For example. generation of all prime implicants of 18-
variable Boolean function is performed within 100 megabytes.

In order to estimate the computation time, let us consider the ref-
erences of memory. In step 2, the munber of references of memory is
proportional to the size of F},. In step 3, table references are at most
3n — m times. In step 4. 3"-bit space is scanned (n — m) times. There-
fore, step 4 is the most time consuming, and the computation time of
Algorithin 1 is O((n —m)3"). Cowmpared to the case that the table is not

used (i. e., choosing m=0), the tabhle which gives all priine implicants of
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all m-variable Boolean function enables us n/(n — m) times speed up.

2.4 Morreale Method with Table Look-Up

2.4.1 Algorithm

In the Morreale method with table look-up, the Morreale method[Mor70]
is modified so that the table look-up technique can be introduced. Follow-
ing algorithin generates all primne implicants of a given Boolean function,
assuming that, for a certain m (> 0), all prime implicants of every m-
variable Boolean function are known. [f, ¢1,...,g;] is a tuple of Boolean
functions f, g1, .... gj. Tk (in <k < n) and P are a set of tuples and a

set of product terins, respectively.

[Algorithm 2]
Input: fyiven(®1,...,2,) : an n-variable Boolean function

Output: P, : the set of all prime implicants of fyiven

L T, = {[fgiven]}

(a set with only one element which is a tuple of only one Boolean

function)

2. for k = n downto m + 1 do
Tior = {[f(tr = #)y (e = )y, ik = %)),
[Tif (e = 0),Txgi(zk = 0), ..., Trgj(xr = 0), fax = *)],
[tef(re = 1), megiae = 1), ... angi(ve = 1), f
| [fs915- -0 95) € T}

3. P = {all prime implicants of f which are prime implicants of

neither gy, ..., nor g; | [f,o1,---.9;] € Tw]}
(Note that fin [f,g1,...,9;] € T is the logical product of a product,

term, say p, with at most (7 —m) literals and an m-variable function.
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say f. A set of all prime implicants of f is easily obtained as the
logical product of p and every primne implicants of f. In the same
way, a set of all prime implicants of ¢;’s (1 < 7 < j)is easily obtained.)

The generation of non-prime implicants is prevented by using the tag-
ging functions g;’s. In step 2, fyiyen is decomposed to m-variable functions
by the consensus expansion and, at the same time, the tagging functions
are generated. Consequently, the set T),, of tuples of functions, is ob-
tained. In step 3, the set, P, is obtained. Each clement of P is a prime
implicant of the function f but is a prime implicant of neither of the
functions gy, ... , nor g; where [f, g1,...,¢;] is in F,,. P includes all prime
implicants of f .., but nothing else. The process for removing non-prime
implicants is not necessary.

Algorithm 2 includes the Morreale method by choosing m = 0.

We will show the correctness of Algorithm 2.

[Lemma 3]

Let f be a k-variable Boolean function and gy, ...and g; (j > 0) be k-
variable Boolean functions which implies f, and z; be a Boolean variable
(1 << k). pisa prime implicant of f which implies neither gy, ...nor

gj, if and only if
1. pis a prime implicant of f(x; = %) which implies neither ¢,(z; = *),
..., nor g;(x; = %), or
2. pis a prune mnplicant of 75 f(x; = 0) which implies neither T5g;(z; =
0}y . . .o Tigjlaes =10) nor flzy= %), or
3. pis a prime implicant of x; f(x; = 1) which implies neither z;g,(x; =
L}y « vey 2igila; = 1) nor fzi= %).
A proof of Lemma 3 will appear in appendix. Note that Lema 3
implies Lemma 1 by choosing j = 0.
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(n —k+1)25-°3"=% words for 3"* tuples

S

ffl:—k

—_—
(n — k + 1)2*=° words for a tuple

Figure 2.3: Data Structure of 7,

[Theorem 2]
P obtained by Algorithm 2 is a set of all prime implicants of fyiven.

(proof )JApply Lemna 2 and Lema 3 to every expansion of step 2 in
Algorithm 2. a

2.4.2 Data Structure

Data structure for Algorithm 2 is basically the same as that for Algorithm
1. The data structure for T} can be implemented as the (n — k + 1)-
ple of the data structure for F; mentioned in previous section. We
regard [flaz = #),q1{zvi = #),....02 = %)] as [fleg = 2}, 01(3 =
*),...,g;(z¢ = %), 0] in order to introduce uniform data structure. There-
fore, the required space for Ty is ((n — k + 1)2k — 5 4 1)3"* words. The
adopted data structure for T} is shown in Figure 2.3. In addition, it 1s
possible to implement step 2 so as to reuse the space for T} to the space for
Ti—y. Hence ((rn—1m41)2"=541)3"""™ words are sufficient to implement
step 2.

P is obtained by calculating the logical product of the table content
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referred to by f and the logical negations of those referred to by gi's
(1 <i < n—4)for every tuple [f, g1y« .., gn-a] in Fy. The data structuire
adopted for P and the table is the same as in Algorithm 1. Therefore the
size of PP is 3"* words.

Various functions of a vector supercomputer can be effectively used,
and Algorithm 2 is expected to be highly vectorized.

The required memory space to generate all prime implicants of arbi-
trary 18-variable Boolean functions is about 169 Mbytes.

In order to estimate the computation time, let us consider the ref-
erences of mewmory. In step 2, the nuber of references of memory is
proportional to the size of T,,. In step 3, table references are at imost
(n—=m+1)3n — m times. Therefore, the computation time of Algorithm
2 is O((n — m)3"). Compared to the case that the table is not used
(i. e.. choosing m=0), the table which gives all primne implicants of all

m-variable Boolean function enables us n/(n — n) times speed up.

2.5 Extended Consensus Expansion Method with
Table Look-Up

Instead of using look-up table to obtain all primme implicants of an m-
variable Boolean function in step 3 of Algorithm 1 or 2. it is possible
to use a program which generates all prime implicants of an in-variable
Boolean function. Let ns consider the use of Algorithm 1 for the ‘look-up
table” for Algorithun 2. In the following, we denote mn’s in Algorithm 1
and 2 by my and iny. respectively, to distinguish them.

The consensus expansion method with table look-up is a high-speed al-
gorithm suitable for vector supercomputer. However, its ability is limited
by required memory space. During step 4, whole set of (candidates of)

prime nnplicants should be held on the main memory. On the other hand,
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the removal of non-prime implicants is not necessary in Algorithmn 2, and
every tuple in T;,, can be processed sequentially. That is, Algorithm 2
can be implemented if only there is the space for T, and the space to ob-
tain (applying Algorithm 1) all prime implicants of ms-variable Boolean
fanctions i just one tuple in T,,,. This approach enables us to enjoy
the high-speed of Algorithmm 1 for generating all prime implicants of a
Boolcan function with larger nmunber of variables within limited memory
space.

It is clear from Lemma 2 that the set of prime implicants of tagging
functions used in step 3 may include non-prime implicants. In other
word, step 4 of Algorithmn 1 can be omitted for generating a set of prime
implicants of tagging functions of Algorithmn 2.

The required memory space for this method, called the extended con-

sensus expansion method with table look-up, is as follows;
e For T, ((n—my+ 1)2™273 4 1)3"™ words.
e For Algorithm 1 called by Algorithm 2, O(3™2).

Therefore, when n is not much larger than m,, the required memory
space for this method is O(3™). In other words, this method enables us
to generate all prime implicants of an n-variable Boolean function within
only the memory space required for generating all primne implicants of
an 1my-variable Boolean function by Algorithin 1, where n is just a little
larger than 1ns.

In order to estitnate the computation time, let us consider the ref-
erences of memory. In step 2, the number of references of memory is
proportional to the size of T,,,. In step 3, Algorithin 1 is called to obtain
priwe implicants of 3" ™2 fs and (n —my)3"~™ tagging functions. The
number of memory references of Algorithm 1 for an my-variable Boolean

function is O((mq — m;)3™2). For tagging functions, step 4 may be omit-
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ted, and the nunber of memory references of Algorithm 1 is reduced
to O(3"+~™ ). Therefore, the number of memory references in step 3 of
Algorithmn 2 is O((mg — m)3" 4+ (n — mg)3"™).

2.6 Implementation and Evaluation

2.6.1 Implementation

The methods proposed in sections 2.3, 2.4 and 2.5 are coded in Fortran77
and nnplemented on FACOM VP-400E at the ILyoto University Data
Processing Center. We call the program CE/T, M/T and ECE/T. respec-
tively. Following techuigues are adopted for iimplementation of CE/T.

1. In step 2, inconsistency in Fy, 1. e., the f whose corresponding f is 0
for every combination of values of the variables, can be eliminated,
because they have no implicants. Since it is not so efficient to check
such f's in Fi's for b > 5, we check f's in only F;. The check can bhe
performed by examining whether the word expressing the f is zero.

The vector compress function is effectively used for the climination.

2. The last expansion in step 2, i. e., the expansion for x5, and the
table look-up for obtaining all prime implicants of 4-variable Boolean
functions in step 3 are combined. The contents of the tahle indexed
by the lower and the upper half-word of the corresponding f are
referred to for f(as = 0) and f(r5 = 1) respectively, where f € F.
For f(xs = *), the content indexed by the logical product of the two
half-words is referred to. Each referenced content is stored at the
correct location in P, using the integer representation of p as an

index.

3. In order to reduce the bank confliction of memory references, four

copies of the table are prepared and used one after another. About
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800 kilowords are required for the four tables.

4. Two adjacent iteration steps in step 4 are paired into one iteration

step so as to accelerate the computation speed (loop unrolling).

All of the above techniques are also adopted for ECE/T, and (1) and
(2) of the above techniques are adopted for M/T. For CE/T and M/T.
4 is chosen as m. and for ECE/T, 4 and 18 are chosen as 1y and 1o,

respectively.

2.6.2 Evaluation

Figure 2.4, 2.5 and 2.6 show the benchmark result of the programs CE/T,
M/T and ECE/T, respectively, on the FACOM VP-400E. Experiments
for CE/T and M/T are performed for 12- to 18-variable Boolean func-
tions, and experiments for ECE/T are performed for 19- and 20-variable
Boolean functions. Every cross designates average computation time for
10 Boolean functions of the same number of variables and truth table
density. (Truth table deusity is the ratio of 1's in the truth table.) The
truth tables of the functions are generated randomly based on Leher’s
linear congruence method using RANU2 in the scientific subroutine li-
brary SSL-II[Fuj80]. (The Boolean functions for the truth table density
0/16 and 16/16 are unique, which are called inconsistency and tautology,
respectively.)

The computation time by CE/T is not much affected by the truth table
density. The average computation tiine is about 2.3 msec for 12-variable
functions, and about 1.4 sec for 18-variable functions. The computation
tiwe by M/T deeply depends on the truth table density. due to the num-
ber of table references in step 3 which are affected by the elimination of
the tuples with inconsistency. The average computation timne is about

9.7 mscc for 12-variable functions, and about 5.3 sec for 18-variable func-
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Figure 2.4: Average Computation Time of the Consensus Expansion
Method with Table Look-up
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tions. The average computation time by ECE/T is about 15.8 sec for

20-variable functions.

For comparison, the Quine-McCluskey method and the Morreale method
are also implemented on the VP-400E. We call the programs QM and M,
respectively. Figure 2.7 shows the comparison of the computation time.
Each dot indicates average computation time for 150 Boolean functions
of the same number of variables (10 functions for each of 15 kinds of truth
table density). The average computation time for 12-variable functions
by a program based on the clause selection method (CS), that by one
based on the variable-oriented expansion method ( VOE) and that by one
based on the consensus expansion method with pointers (CE/P) are also
designated in the figure, which were evaluated on FACOM VI-200 by
[Kagatani et al.[I[{ag87].

Table 2.1 shows comparison of the vector acceleration ratio, i. e., (CPU
time using scalar unit only) / (CPU time enabling vector unit). As the
table indicates, the acceleration ratio of CE/T is very high. In this ta-
ble, computation time of V-wversions, i. e., programs coded to be suited
for vector execution, are compared. However, it is confirmed by other
experiments that S-versions, programs suitable for scalar execution, are
at most 20% faster than the corresponding V-versions in scalar execution
for these algorithins except the M (the Morreale method) whose S-version
is about 2.7 times faster than the V-version.

Table 2.2 shows the required memory size for CE/T, M/T and ECE/T.
This table represents the total size of declared fortran array size, and do
not. incliude the space for scalar variables or machine codes.

The developed programs are portable, and easily implemented on an-
other vector supercomputer HITAC S-820/80 at the University of Tokyo
without loss of efficiency. By the similar experiments to the VP-400E,

the average computation time on S-820/80 for 18-variable functions by
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Table 2.1: Comparison of Vector Acceleration Ratio

Program | n | Processor CPU Time (msec) Vector Acceleration
Scalar (S) | Vector (V) Ratio (S/V)

CE/T 12 | VP-400E 33.3 2.31 14.42
M/T |12 | VP-400E 65.9 9.69 6.81
M 12 | VP-400E 571.4 47.5 12.03
QM |10 | VP-400E 5,187 523 9.92
VOE 12| VP-200 10,851 1,186 9.15
CE/P |12| VP-200 10,579 1,183 8.94
CS 12| VP-200 46,750 32.009 1.46

Table 2.2: Required Memory Size (kilobytes)

n | CE/T| M/T|ECE/T
12| 3,242 948 s
13| 3,434 1,332 —
14| 4,011 2,537 —
15| 5,744 | 6,304 -
16 | 10,940 | 18,068 -
17 | 26,529 | 54,743 —
18 | 73,296 | 168,920 —
19 — — | 73,296
20 — — | 73,296
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CE/T is about 0.4 sec. This program is also efficient on conventional
scalar processors; for example, the average computation time on the pro-
cessors such as FACOM M-360R or ACOS-850/8 for 12-variable functions
by CE/T is about 0.2 sec.

2.6.3 Discussions

As Figure 2.7 indicates, programs based on the proposed methods are
faster than the programs based on the conventional methods. Especially,
CE/T is the fastest, and is about 20 times as fast as M which is the
fastest among the programs based on previous algorithins. As Table 2.1
indicates, the programs based on the proposed methods achieves high
vector acceleration ratio. As estimated in the previous sections, Figure 2.7
indicates that the computation time of CE/T, M/T and ECE/T increases
approximately 3 times per variable. As Table 2.2 shows, ECE/T recalizes
the speediness of CE/T within the limited memory space.

In QM, each operation is simple and hence the acceleration ratio is
high. However, the computation time is large due to so many opera-
tions. CS and VOE, as well as CE/P, are not so efficient because of the
complex data structure. It is difficult to find effective data structure for
representing the logical sum of product-of-sums’ or the logical product of
sum-of-products’ which appears during the expansion. Thus, the algo-
rithms based on the consensus expaunsion are the most suited to vector
processing awong the three types of algorithms. The truth table repre-
sentation of a function and the bit-sequence representation of (candidates
of ) prime nmplicants are effective.

The table look-up teclhmique is also effective to reduce the computa-
tion time and the required memory space. The difference in performance
between the M/T and M is due to the data structure and the use of the

table look-up technique. (The table of about 800 Kilobytes saves hun-
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dreds of Megabytes of mewmory space required for the expansion process
for the last 4 variables.)

M/T, as well as M, can be used for the generation of all prime impli-
cants of an incompletely specified Boolean function, i. e., a function with
don’t cares, with a slight modification[Mor70]. We can also generate all
prime implicants of such a function using CE/T twice.

Using the developed program ECE/T with my = 18, prime implicants
of a Boolean function with even 22 or more variables can be generated
within the wain memory of the VP-400E at the I\yoto University. For
furthermore variables, the required space for the step 2 becowe dominant.
In such case, we can execute sequentially not only step 3 but also step 2
to reduce the required space for step 2.

We implemented the step 3 of Algorithm 1 by table look-up. It is pos-
sible by adding special vector instruction (e. g. a vector instruction which
computes all prime implicants of given 5-variable Boolean functions) to

make Algorithmn 1 faster.

2.7 Application for the Study on the Number of

Prime Implicants

Related to the two-level logic minimization, various studies on the num-
ber of prime implicants of Boolean functions have been made. The
best known lower bound on the maximumn munber of prime implicants
of n-variable Boolean functions is O(3"/n) presented by Igarashi[lga79].
Igarashi conjectured that his lower bound is optimal. The best known
upper bound on the maximum number of prime implicants of n-variable
Boolean functions is O(3"//n) presented by Chandra et al.[CM78]. The
average number of prime implicants of n-variable Boolean functions is

studied by Cobhamn et al. and Mileto et al.[CFN62, MP64].
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In this section, we will make an experimental study on the number
of prime implicants of Boolean functions by weans of the developed pro-
gram. First, we will present the maximum number of prime implicants of
5-variable Boolean functions obtained by examining the number of prime
implicants of every 5-variable Boolean functions exhaustively. Next, we
will show the maximum number of prime implicants of 6-variabhle Boolean
functions using the result obtained by the above experiment. The ob-
tained value, 32 and 92, of the maximum munber of prime implicants of
respectively 5- and 6-variable Boolean functions are equal to the Igarashi’s
lower bound. We also present some other results related to the number

of prime implicants.

2.7.1 Maximum Number of the Prime Implicants of 5-Variable
Boolean Functions

It has been not clear whether Igarashi’s lower bound[Iga79] is tight or
not, even for n = 5. To solve this open problem, we first examined the
number of all 5-variable Boolean functions. Using high-speed program for
generating all pritne implicants based on the consensus expansion method
with table look-up, the experiment is performed on a computer ACOS-
850/8 at the Integrated Media Environment Experimental Laboratory of
IKyoto University.

Table 2.3 shows the result of this experiment. This table represents
the nmber of Boolean functions with m minterms and p prime impli-
cants. From the observation of this table, there are 16 5-variable Boolean
functions with 32 prime implicants, and there is no 5-variable Boolean
fanctions with more than 32 prime implicants. This value, 32, is equal to
the Igarashi’s lower bound for n = 5. The 16 5-variable Boolean functions
with 32 prime implicants are equivalent up to the negation of the vari-

ables. This table also indicates the average number of prime implicants
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for every nunber of minterms.

2.7.2 Maximum Number of the Prime Implicants of 6-Variable
Logic Functions

Since there are 2°! 6-variable Boolean functions, it is unfeasible to examn-
ine the number of prime implicants of all 6-variable Boolean functions, as
could he performed for 5-variable Boolean functions. We will determine
the maxinnun number of prime implicants of 6-variable Boolean functions
by applying Lemma 1 to the results of the experiinents on 5-variable func-
tions.

Now it has been determined that the maximum number of prime im-

plicants of 5-variable Boolean functions is 32, following corollary holds.

[Corollary 1]
If there exists a G-variable Boolean function f which has N prime impli-
cants, the numbers of prime implicants of both f(xs = 0) and f(xg = 1)
are more than or equal to (N — 64).
(proof JThe numbers of prime implicants of f(xs = ), Tgf(rs = 0), and
vef(xg = 1) are at most 32. From Lemma 1, the sum of the numbers of
prime implicants of above three 5-variable Boolean functions should be
more than or equal to V. O
From Corollary 1, we can conclude that, in order to find out all 6-
variable Boolean functions with N or more prime implicants, it is suffi-
cient to examine all 6-variable Boolean functions which can be synthesized
as Tgg+xgh, where g and h are 5-variable Boolean functious with (N —64)
or more prime implicants.
Since Igarashi showed that there are G-variable Boolean functions with

92 prime implicants[Iga79], we made an experiment for N = 92 as follows:

1. Generate a set of all 5-variable Boolean functions with 28 (= 92—-64)
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Table 2.3: Correlation of the Number of Primne Implicants and the Nuin-
ber of Minterms of 5-Variable Boolean Functions

number of
minterms 1 2 3 4 5 6 T 8
number of
prime implicants
________________________ B e e e e
0 | 0 [} 0 0 0 0 ] )
1 | 32 80 0 80 0 0 0 40
2 | 0 416 2080 1720 2240 2720 480 640
3 0 0 2880 22400 34400 37680 58240 32480
4 ] o [} 11760 134880 289440 340960 553620
5 0 0 0 o 29856 527232 1400640 1793440
6 0 0 (4] 0 (o] 49120 1507392 4539520
7 0 0 0 0 0 0 58144 3512960
8 0 0 o] 1] o] (4] 0 85600
9 4] o (4] 0 (1] [s] o (]
10 0 o 0 0 (] o 0 <]
11 | 0 0 0 0 0 0 0 0
12 | 0 0 0 0 o 0 0 0
13 | Q 0 (4] o (] [+] o ]
14 4] 0 1] o (1] 1] 0 ]
15 o 0 [4] 0 (V] (4] Y] o
16 0 0 [¢] 0 (o} 0 0 0
17 0 1] 0 0 0 0 0 0
18 4] 0 (] 0 (] ] 0 0
19 o 4] (4] o [+] (4] 4] o
20 [} 0 0 0 0 [ 0 0
21 0 0 [} 0 o 0 0 ¢}
22 Q0 0 0 0 [} 0 0 0
23 Q 0 0 o "] 1] 0 o]
24 0 0 [} 0 0 [} 0 0
25 0 0 o 0 [v] (4] 0 0
26 0 0 [¢] 0 0 0 0 0
27 0 0 0 0 0 0 0 0
28 0 0 0 0 0 o 0 0
29 L] 0 ] 0 (4] 4] Q 0
30 ] 0 0 0 o] 4] 0 o]
31 0 0 0 0 ¢} 0 0 0
32 ] 0 e .0 . 0 0
average number of
prime implicants | 1,000 1.839 2.581 3.275 3.955 4.643 5.346 6,065
number of
minterms 9 10 11 12 13 14 15 i6
number of
prime implicants
0 0 0 0 0 o ] 0 0
1 0 0 0 0 0 0 0 10
2 960 1440 320 480 0 240 Q 20
3 21600 16800 28800 20960 10560 10080 4320 2720
L 453760 317840 191040 265160 269120 136640 136160 77940
5 3019840 3028992 2383904 1334720 1424160 1654800 208864 832480
6 6164960 10697440 12196064 10623384 6033760 4999920 6028800 3394544
7 10866240 15328320 26670400 33307072 31141920 18292880 12545920 14710240
8 7223200 20436480 30006080 49797040 66370400 65059200 38383520 23202650
9 297280 13476640 31314240 48911680 74061920 101446880 103669280 59398720

10 960 1190848 22335296 40663776 67244800 93328640 123617600 130077424

11 4] 17280 3750816 31227584 47555680 77110400 102839680 126269920
12 1] 160 144800 8874584 35339360 51810240 74909920 97298000
13 0 [+] 2720 T38400 15319840 33071520 49648960 64488960
14 0 ] 0 28000 2426400 18713040 28388640 39352000
15§ 0 0 0 0 172320 5121120 16216384 22747296
16 0 [+] o 0 3360 646240 6804800 11295914
17 0 0 0 0 0 33120 1464640 5620160
18 0 0 0 0 o 640 146240 1936000
19 0 0 0 o o 0 8960 330400
20 0 0 0 0 0 0 32 42560
21 0 0 0 0 0 0 0 2432
22 ] 0 0 0 0 0 0 0
23 0 o 0 0 0 ] 0 0
24 0 0 0 0 o o] 0 0
25 0 (o] ] 0 ] ] 0 0
26 0 0 0 ] o 4] 0 0
27 0 0 0 0 0 0 0 0
28 0 0 0 0 0 0 0 0
29 0 0 0 0 0 o 0 0
30 0 0 0 o 0 4] 0 0
3t o o ] 0 ] ] 0 0
32 0 o 0 0 o 0 0 0

average number of |
prime implicants I 6.792 7.515 8.222 8.902 9.544 10.1486 10.709 11.237
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Table 2.3: Correlation of the Number of Pritne Inplicants and the Num-
ber of Minterius of 5-Variable Boolean Functions (Continued)

number of
minterms 17 i8 12 20 21 22 23 24
number of

prime implicants
0 0 [¢] [¢] 0 0 Q 0 [}
0 0 [¢] 0 0 Q [¢] [+]
2 160 320 0 240 0 0 0 40
3 1920 1040 3520 1840 2880 1920 480 120
4 35520 35120 6400 16960 9600 14240 13120 6620
S 561920 261120 226720 72680 52384 22880 31680 31280
6 2989920 2113920 1054400 777280 336640 148064 28960 43280
i TBTT120 6626720 4721440 2388400 1613760 727760 325760 24400
8 25892320 12984080 9911040 6790440 3280960 2174560 903520 407200
9 32469440 33615280 15822720 11183680 6794720 2915200 1811040 725700
10 71507744 36402080 33774240 14097936 9784800 5006720 2013440 979000

l
11 i 129824640 67315520 33058720 26944320 9796224 6501280 2670080 1122240
|

12 113637440 106442960 49773440 24982720 16346560 5903040 3168800 997760
13 TT722400 88843040 72811040 28932080 16153120 6908560 3046880 1150720
14 48699040 S$4775040 60053600 40730720 13788000 8696160 2328960 1106720
15 27329920 31244480 34250080 35241504 17457120 5887584 2923200 872640
16 14643552 16297680 17384160 19149760 17574784 5746304 2732160 607100
17 7411264 8068800 8308960 8848480 9903360 6461280 1564800 7532380
18 3175040 3800800 3683680 3491840 4214240 4617520 1616000 596520
19 1465440 1646720 1520960 1364640 1281280 2018720 1515200 311680
20 382880 629440 658080 493120 431264 568752 917760 306400
21 81280 235360 231840 178080 143200 136320 317600 238880
22 12800 71600 70720 79040 37920 41760 95040 154880
23 960 19520 30400 15680 15040 9440 17280 53600
24 0 4480 10080 6520 4000 3200 6240 20640
25 0 480 6080 1184 2272 320 0 7200
26 1] 4] 960 2560 0 640 800 [¢]
27 4] [¢] 320 480 Y] (1] 0 3z0
28 (4] [+] [¢] 640 ] (1] ] 80
29 (4] 0 (4] ] 320 (0] 0 Q
30 (4] 0 [¢] 16 ] o 0 Q
3 [4] 0 [+] 0 a2 (1] 0 o]
32 ] 0 ] o o _____ 16 _-__9_ _9
average number of
prime implicants | 11.736 12.211 12.659 13.067 13.411 13.653 13.750 13.662
number of
minterms 25 26 27 28 29 a0 a1 32
numbar of
prime implicants
__________________ 3 n - e e e T e == A
0 I 0 0 0 0 0 o] 0
1 0 0 0 0 0 d] 0 1
2 0 0 0 0 0 0 0 Q
3 320 480 0 80 0 o] 0 0
4 0 1120 1920 240 320 80 0 0
5 24160 1280 320 2360 o 160 32 0
6 1 32320 31840 2880 80 1280 ] 0 0
T 32000 20640 21760 160 (1] 0 Le]
a8 ar2so 11280 7520 8880 "] 160 0 0
9 289280 26800 4800 2880 480 (4] 0 0
10 388320 135776 4480 0 1600 (o] 0 0
11 383840 128160 38432 880 ] (1] 0 0
12 393440 128800 36800 3400 0 0 0 0
13 355200 76960 21440 7520 o 80 0 0
14 291040 97920 17120 3840 320 o] 0 0
15 257600 55200 13184 3200 o] 0 0
16 228320 55840 12960 0 960 0 0 [}
17 180640 33920 1280 0 0 0 0 0
i8 120000 24640 4800 1360 0 (4] L] (4]
19 107520 20480 4800 960 0 L] o] e}
20 90784 23520 3840 120 ] 16 0 0
21 57280 10560 640 0 o 0 0 0
22 35680 7840 960 o 0 (4] 0 (]
23 29280 6080 160 0 0 L] 0 o]
24 17280 2320 960 (1} o 4] 1] o]
25 8640 2304 320 o 0 Q 0 0
26 4000 1600 i} ] 0 0 0 0
27 1280 480 0 0 [¢] 0 0 0
28 320 0 0 0 [¢] ] 0 0
29 0 320 0 0 ] ] 0 o]
ao a2 o (o] o 0 0 (o]
31 o a2 o (o] (4] o 0 0
az 0 ] 0 0 - [ I o o 0

average number of |
prime implicants | 13.372 12.886 12.218 11.309 9.903 7.581 5.000 1.000
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or more priine implicants, say Fy (Cartesian of Fj is 1808).

2. Examine the nmumber of prime implicants of all 6-variable Boolean
functions synthesized by two 5-variable Boolean functions out of Fj.
We used the same program and computer as used for 5-variable func-
tions to examine the number of pritne implicants of every Boolean
function.

Frow the experiment, there are 32 6-variable Boolean functions with 92
prime implicants, and there is no 6-variable Boolean functions with more
than 92 prime implicants. This value, 92, is also equal to the Igarashi’s
lower hound for n = 6. The 32 G-variable Boolean functions with 92

pritne implicants are equivalent up to the negation of the variables.

2.7.3 The Number of Prime Implicants of Boolean Functions
of 7 or More Variables

From Lemuna 1, we can observe that the following corollary holds.

[Corollary 2]
The maximum number of prime implicants of n-variable Boolean func-
tions do not exceed three times of the wmaximumn munber of prime impli-
cants of (n — 1)-variable Boolcan functions.

From Corollary 2 and the fact that the maximmun nwunber of prime
inplicants of 6-variable Boolean functions is 92, we can obtain the trivial

"% on the maximum nmunber of n-variable Boolean

upper bound 92 -3
functions, where n > 6. Table 2.4 shows this upper hound compared
with the Igarashi’s lower bound and the upper bound of Chandra et al.
Our upper bound is better than that of Chandra et al. up to 43.

At last, Figure 2.8 shows the average number of prime implicants of

8- to 20-variable Boolean functions obtained experiinentally. This result
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11

Table 2.4: Upper and Lower Bounds of the maximum Number of Prime

Implicants of n-variable Boolean Functions

_ Lower Bound by | Upper Bound by | Upper Bound of
" [garashi Chandra et al. This Thesis
4 13 32 13
5 32 80 32
6 92 240 92
7 218 672 276
8 576 1,792 828
9 1,698 5,376 2,484
10 4,300 15,360 7,452
20 1.33 x 10 6.35 x 10° 4.40 x 10°
30 5.55 x 1012 3.15 x 109 2.60 x 1017
40 1.62 x 108 153 % 1018
50 8.46 x 10% 9.06 x 10
0(3"/n) 03"/ /) 0(3")
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Number of
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Figure 2.8: Average Number of Prime Implicants of 8- to 20-Variable
Boolean Functions
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is obtained by the experiments in section 2.6. From this figure, we can
observe that the average nwunber of prime immplicants increases exponen-
tially for the number of variable, and for every number of variables, the
average nuinber of prime implicants rises to the peak where the truth

table density is very high.

2.8 Conclusion

In this chapter, three vector algorithis for generating all prime impli-
cants of a given Boolean function have been proposed, and the required
time and space for an arbitrary n-variable Boolean function have heen
shown. We have also shown that the proposed algorithms are much faster
than any other conventional algorithm by benchmark results on a vector
supercomputer FACOM VP-400E. It has been shown that the generation
of prime implicants can be performed efficiently on a vector supercom-
puter by developing good vector algorithins and introducing effective data
structure and a table look-up technique in their implementation.

As an application of the proposed algorithi, we have shown the results
related to the munber of prine implicants of Boolean functions. We have
shown that Igarashi’s conjecture on the maximum number of n-variable

Boolean functions is true for n = 5 and 6.
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Chapter 3

Vector Algorithms for Manipulating
Binary-Decision Diagrams

3.1 Introduction

Recent progress of semiconductor technologies has enabled us to realize
larger and more sophisticated logic circuits. Today, it is almost imnpossible
to design logic circuits efficiently and correctly without using computer-
aided design (CAD) systems. However, with the growth of the scale of
VLSI, CAD systems have revealed its problem of increasing time and
storage for computation.

In such CAD systems as design verification, test generation or logic
synthesis, the major part of computation is, or can he reduced to, the
manipulation of Boolean functions. A typical process of Boolean function

manipulation in CAD systeins are as follows:

(1) Input the description of a given instance, then encode the descrip-
tion into Boolean functions and represent them by an internal data

structure of the systein.
(2) Cowmpnte Boolean operations such as NOT, AND, OR and EXOR.

(3) Obtain the results of comparison (i. e., equivalence check) of two

45
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Boolean functions or of substitution of 0 or 1 for variables of a

Boolean function.
Primary operations in the above Boolean function manipulation are
(A) the unary operation for a Boolean function, 1. ¢., NOT,
(B) binary operations for Boolean functions, such as AND, OR and EXOR,
(C) comparison of two Boolean functions, and
(D) substitution of 0 or 1 for a variable of a Boolean function.

The efficiency of such Boolean function manipulation is closely con-
nected with the internal representation of Boolean functions. For exain-
ple, using truth tables as a representation of Boolean functions, (A), (B)
and (C) require time proportional to 2" for any n-variable Boolean func-
tion, while using Boolean forimulas as a representation of Boolean func-
tions, (C) is very difficult in general. Various representations of Boolean
functions have heen proposed for efficient Boolean function manipulation.
Ordered Binary-Decision Diagram (OBDD), or simply Binary-Decision
Diagram (BDD), is a graph representation of Boolean functions proposed
by Akers[Ake78] and developed by Bryant[Bry86]. BDDs have excellent
properties which makes (C) very easy and (A), (B) and (D) feasible in
many practical cases.

At present, subroutine packages, called Boolean function manipulators,
based on Shared Binary-Decision Diagrain (SBDD), or multirooted BDD,
are implemented on workstations which support primary operations of
Boolean function manipulation of CAD systewns. Several techniques for
implementation of Boolean function manipulators based on SBDDs are
proposed in order to reduce time and storage for manipulation, such
as two kinds of hash tables[Bry86] and various attributed edges[MIY90,
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BRBY0]. These manipulators are now widely utilized in various applica-
tions such as design verification[FFIS88, IDY90], test generation[CB89],
logic synthesis[SYMF90] and so ouw.

Thus Boolean function manipulators based on SBDDs implemented on
workstations are proven useful in CAD systems. However, according to
the recent progress of the VLSI technology, it is required to manipulate
larger and larger scale Boolean functions, which will exceed the compu-
tational power of workstations. In order to satisfy this requirement, the
use of parallel machines or connection machines are studied[ILC90]. In
this chapter, an algorithm suitable for vector supercomputers is proposed.
The proposed algorithm is hased on so-called breadth-first manipulation
to utilize the high performance of vector supercomputers, while the con-
ventional algorithius for workstations are based on depth-first manipu-
lation. The proposed breadth-first algorithm consists of two parts; an
expansion phase and a reduction phase. In the expansion phase, new
nodes sufficient to represent the resultant Boolean function are gencrated
in a breadth-first manner from the root-node toward leaf-nodes. In the
reduction phase, the nodes generated in the expansion phase are checked
in a breadth-first manner from nodes nearby leaf-nodes toward the root-
node. A modified algorithm which can manage efficiently SBDDs with

output inverters, a kind of attributed edges, is also considered.

A Boolean function manipulator based on the proposed algorithin is
implemented on the vector supercomnputer HITAC S-820/80 at the Uni-
versity of Tokyo, and the results of the evaluations are shown in this
chapter. From the experiments of constructing the SBDDs representing
the Boolean functions of all the primary outputs and nets from a circuit
description chosen from ISCAS'85 [BF85], the vector acceleration ratio
on the S-820/80 is 5.3 to 27.8. Our manipulator on the S-820/80 is faster
than that of Minato et al. on the workstation Sun3/60[MIY90] by up to
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(a) A Shared Binary-Decision Diagram (b) Binary Dccision Trees

Figure 3.1: Binary Decision Trees and a Shared Binary-Decision Diagram

130 times. In addition, as an example of applications of SBDDs, a design
verification system based on computation tree logic (CTL) model checker
is implemented and the experimental results are shown in this chapter.

In the following section, basic explanation on SBDDs and additional
explanation on a vector supercomputer will be described. In section 3, a
new algorithm will be proposed. In section 4, experimental results of the
Boolean function manipulator will be shown. In section 5, an application
to CTL model checker will be described. Section 6 will provide some
concluding remarks.

3.2 Preliminaries

3.2.1 Shared Binary-Decision Diagram (SBDD)

An Ordered Binary-Decision Diagram (OBDD), or simply a Binary-
Decision Diagram (BDD), is a directed acyclic graph which represents
a Boolean function[Ake78, Bry86]. A Shared Binary-Decision Diagram
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(SBDD) is a multirooted directed acyclic graph which represents multiple
Boolean functions[MIY90, BRB90]. An example of an SBDD is shown in
Figure 3.1 (a). This graph represents four Boolean functions correspond-
ing to four root-edges. The node (vertex) pointed to by a root-edge of a
Boolean function is referred to as the root-node of the Boolean function.
There are (at wost) two terminal nodes, leaf-nodes, which are labeled by 0
and 1. Every non-terminal node, or simply node, is labeled by a Boolean
variable. Every node has exactly two outgoing cdges (arcs). They are
labeled by ‘0" and '1°. They are called 0 edge and "1 edge, respectively.

An SBDD is defined as the graph obtained from binary decision trees
representing Boolean functions (Figure 3.1 (b)) by repeating the following

transformations until they are not applicable.
(a) To share isomorphic sub-graphs.

(b) To delete every node both of whose 0" edge and "1’ edge point to

the same node.

Note that no Boolean variable appears more than once in every path
of an SBDD. and the variables appear in a fixed order in all the paths of
an SBDD. An integer number, called lewvel, is assigned to every Boolean
variable with respect to the ordering of the variables in an SBDD. This
assignment corresponds to the ordering so that a variable nearer to the
leaf-nodes has a smaller munber. We denote the variable with level i as
.

Also note that there is no node which has either of the following prop-

erty;
o A redundant node: A node whose '0" edge is the same as its "1’ edge.

o Non-unique nodes: A node whose '0’ edge and "1” edge are equivalent

to respective those of another node of the samme level.
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Xo# X1 Xo+ X

Figure 3.2: Output Inverters

SBDDs have following excellent properties:

e Canonical, i. e., there are no two root-edges of a graph which point
to the different nodes and yet represent the same Boolean function.
The equivalence of two Boolean functions represented by an SBDD
can be tested simply by comparing the root-edges corresponding to

the functions.
e The size of the graph is small for many practical Boolean functions.

e The manipulations for various operations on Boolean functions rep-
resented by an SBDD can he performed in time proportional to the
number of the nodes of the graph[Bry86].

In order to reduce the number of nodes and/or the time for manipu-
lation of an SBDD, various attributed edges are proposed, such as output
inverters, input inverters, variable shifters, and so on[MIY90, BRB90].
Among them, output inverter is effective in realizing high-speed SBDD
manipulation, which is the aim of this chapter. Output inverter is the

attribute indicating to complement the Boolean function of the subgraph
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pointed to by the edge (Figure 3.2). Employing this attribute, the num-
her of nodes of SBDDs can be reduced to a half in the best case, NOT
operations can be executed without traversing the graph and whether
two given Boolean functions are complement to each other or not can
be exainined without traversing the graph. Abuse of output inverters
break the important property of SBDDs giving unique representations of
Boolean functions. The following limitations are placed in order to keep
this property:

(A) Output inverters must not be used in "0’ edges, i. e., output inverters

are used only in "1 edges or in the root-edges.

(B) The leaf-node must be unique. In this thesis, only 0 is used as the
leaf-node.

3.2.2 Conventional Algorithm for Manipulating SBDDs

The principal tasks of Boolean function manipulators are

(A) the unary operation for a Boolean function, i. e., NOT,

(B) binary operations for Boolean functions, such as AND. OR and EXOR,
(C) comparison of two Boolean functions, and

(D) substitution of 0 or 1 for a variable of a Boolean function.

If the Boolean functions are represented by an SBDD, (C) can be
achieved ouly by comparing two root-edges of the given functions, and
(A) is also easily realizable if output inverters are employed. In this
section. the conventional algorithms for (B) and (D) are described. In
addition, another operation shift of variables is described. (An operation

over BDD to perfori (B) is often called APPLY.)
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f h=AND (f, g)

Figure 3.3: Conventional Recursive Algorithm

Binary Operations

For example, let us consider a conventional recursive algorithm[MIY90,
BRB90] for generating the graph that represents the Boolean function
h=AND(f, g), where f and g are Boolean functions represented by a given
SBDD with two root-edges e; and e,. We denote the levels of the root-
nodes of f and g as Ly and Lg, and let Lj, = maxz(Ly, Ly). Recall defini-
tions of f(x; = 0) and f(a; = 1) appeared in section 2.2. We will denote
them simply fo and fi, respectively, if z; is obvious from context.

[A Conventional Depth-First Algorithm for AND]
Examine the given two root-edges e; and e,, and execute one of the

following statements:

(1) If e; and/or e, point(s) to the leaf-node 0, then return the edge
pointing to the leaf-node 0.

(2) If es (ey) points to the leaf-node 1, then return e, (ey).
(3) If ey = ey, then return ey.

(4) Otherwise, compute the root-edges of h(zy, = 0) = AND (f(z1, =
0),9(zz, = 0)) and h(zy, = 1) = AND (flzL, = 1),9(zr, = 1)),
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1(X,=0)
(X 35=1, %35=0) -

(X 45=0, X55=0)

Figure 3.4: Effect of the Operation-Result-Table

recursively using this same algorithm. Then examine the obtained
root-edges of h(zy, = 0) and h(z;, = 1) and execute either of the

following statements.

(4.1) If h(zy, = 0) = h(zy, = 1), then return the root-edge of h(zx,, =
0).

(4.2) If there exists a node whose level is L and whose '0’ edge and
'1’ edge point to the root-node of hg and h,, respectively, then

return the edge pointing to this node.

(4.3) Otherwise, generate a new root-node for i whose level is L, and
whose '0’ edge and ’1’ edge point to the root-node of h(zy, =
0) and h(z, = 1), respectively (Figure 3.3). Return the edge

pointing to this new node.

For (4.2) of the above algorithm, a hash table, node-table, is introduced.
It manages all the nodes of the graph. The keys of the node-table are the
level, ’0’ edge and ’1’ edge of a node.

Another hash table (or may be hash-based cache), called an operation-
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result-table is introduced to avoid repetition of the same operations. The
keys of the operation-result-table are a Boolean operator (e. g. AND)
and given two root-edges. Every timme when (4) of the above algorithm
is completed, the result is registered to this table. The time for ex-
ecuting (4) is saved if the result is found in this table before execut-
mg the statement (4). This table is important especially when there
are many reconvergences in the sub-graphs of the given functions. A
siuple exawuple is shown in Figure 3.4. Let us consider the case of
computing AND(f,g). According to the above algorithin, one must ob-
tain AND(f(xys = 0),¢) and AND(f(w3s = 1),g). In order to obtain
AND(f(x35s = 0),g), both AND(f(235 = 0,233 = 0),g) and AND(f(z35 =
0,233 = 1), g) are required, while in order to obtain AND(f(x3s = 1),9),
both AND(f(x3s = 1,233 = 0),g) and AND(f(wx3s = 1,233 = 1),¢) are
required. Because f(x35 = 0,233 = 0) is equal to f(z3 = 1,253 = 0),
the result of AND(f(z35 = 0,243 = 0),¢) can be reused as the result for
AND( f(x35 = 1,243 = 0), g) if the operation-result-table is introduced.
The other binary operations such as OR or EXOR can be done in the

sarne way.

Substitution of 0 or 1 for a Variable

Substitution of 0 for a variable 2; of a Boolean function f, i. e., gener-
ation of an SBDD which represents Boolean function f(x; = 0) can be
done hy the following recursive algorithin. Generation of an SBDD which

represents Boolean function f(x; = 1) can be performed similarly.

[A Conventional Depth-First Algorithm for f(x; = 0)]
Examine the given root-edge ey, and execute either of the following state-

ments:

(1) If ey points to the leaf-node 0 (1), then return the edge pointing to
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the leaf-node 0 (1).
(2) If i > Ly, then return ey.

(3) If i = Ly, then return the edge pointing to the node pointed to by
the '0" edge of the root-edges of f.

(4) Otherwise, compute the root-edges of g(x,, = 0) = f(ay, = 0,2; =
0) and g(xy, = 1) = f(r,, = 1,2; = 0) recursively. Then examine
the obtained root-edges of g(x;, = 0) and g(xy, = 1) and execute

either of the following statements:

(4.1) If g(xy, = 0) = g(x, = 1), then return the root-edge of gz, =
0).

(4.2) If there exists a node whose level is Ly and whose 0" edge and
1" edge point to the root-node of gy and gy, respectively, then

return the edge pointing to this node.

(4.3) Otherwise, generate a new root-node for g whose level is L; and
whose 0" edge and '1" edge point to the root-node of g(rz, = 0)
and g(xy, = 1), respectively. Return the edge pointing to this

new node.

As the algorithm for AND, node-table and operation-result-table is used
for (4). The keys of the operation-result-table are a operation ("substitute

0" or "substitute 1) and a given root-cdge.

Shift of Variables

There are some applications (such as CTL model checker described in
section 3.5) which needs the operation of shifting all the subscripts of
variables of a given Boolean function, i. e., generation of an SBDD which

represents Boolean function f(2yqe, Toges -« Tuse) When positive constant
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c and the root-edge for the Boolean function f(x),xs,...,z,) are given.
This can be performed by the following recursive algorithin:

[A Conventional Depth-First Algorithm for Shift of Variables]
Examine the given root-edge es, and execute either of the following state-

ments:

(1) If e; points to the leaf-node 0 (1), then return the edge pointing to
the leaf-node 0 (1).

(2) Otherwise, compute the root-edges for g(iry, 40 = 0) = f(r14e, oy,

s UL —l4es U) and ﬂ('rf.,r+c = 1) = f(":l—H': Toter ~oor TLp—l14e 1)

recursively. Then examine the obtained root-edges of g(xp, 4. = 0)
and g(ap, 4. = 1) and execute either of the following statements:

(2.1) If g(xr,4c = 0) = g(x1,4. = 1), then return the root-edge of
g(-”:L;+c = 0).

(2.2) If there exists a node whose level is (L; + ¢) and whose "0’ edge
and 1" edge point to the root-node of gy and gy, respectively,
then return the edge pointing to this node.

(2.3) Otherwise, generate a new root-node for g whose level is (L;+c)
and whose "0’ edge and "1’ edge point to the root-node of g(xy, =
0) and g(xy, = 1), respectively.

As the algorithin for AND, node-table and operation-result-table is used
for (2). The keys of the operation-result-table are a operation (”shift of

variables” ). a given root-edge and a given value c.

3.2.3 High-Speed Vector Indirect Store

See also section 2.3 of chapter 2 for basic explanation of vector supercomm-
puters. In this section, a special feature of HITAC S-820/80 on which we

have developed our Boolean function manipulator is described.
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Vector supercomputer HITAC S-820/80 has a special vector instruc-
tion which enables us high-speed vector store in list vector access mode.

By normal vector indirect store instruction, it is guaranteed that the
latest store is valid at the location where confliction oceur. As illnstrated
in Figure 3.5 (a), B[2] will be 62 (not 23) and B[5] will be 91 (not 84)
after the normal vector indirect store instruction.

The special vector indirect store instruction of HITAC S-820/80 is
about 3 times faster than the normal vector indirect store instruction.
However, if there are confliction, it is guaranteed only that one of the
store is valid. For example in Figure 3.5 (b), it is not defined that B[2]
will be 23 or 68.

This special instruction is designed to be used when user know that
there is no confliction. For example, user can inform FORTRAN compiler
by statement

*VOPTION VIST

that the special instruction may be used in the succeeding DO loop. In this
chapter, we utilize this instruction for hash tabel access where conflictions

may be occur.

3.3 Breadth-First Vector Algorithm for Manipulat-
ing SBDDs

3.3.1 Basic Idea

As mentioned in the preceding section, the conventional algorithm for
managing SBDDs is based on a recursive procedure (or a depth-first op-
eration), which is not suitable for vector processing. In this section, a
breadth-first algorithm for managing SBDDs is proposed.

The proposed algorithm consists of two phases: an erpansion phase
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L[{1] L[2] L[3] L[4] L[5] L[6] L[7] LL8]

31258 |11]|2 |5 |7

A[1] A(2] A[3] A[4] A[5] A[6] A[7] A[8] DO 10 I=1,8
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\ 10 CONTINUE
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(a) Normal Vector Indirect Store

L[1] L(2] L(3] L[4] L(5] L[6] L[7] L[8]
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: T DO 10 I=1,8
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\ 10 CONTINUE

B[1] B(2] B[3] B[4] B[5] B[6] B[7] B[8] B[9]B[10]B[11]B[12]

(b) High-Speed Vector Indirect Store of HITAC S-820/80

Figure 3.5: Vector Indirect Store
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and a reduction phase. In the expansion phase, new nodes sufficient to
represent the resultant function are generated in a breadth-first manner
from the root-node toward the leaf-nodes. In the reduction phase. the
nodes generated in the expansion phase are checked and the redundant
nodes and the non-unique nodes are removed in a bhreadth-first manner
from the nodes nearby the leaf-nodes toward the root-node. The nodes
penerated in the expansion phase are called temporary nodes. while the

nodes which already exist are called permanent nodes.

3.3.2 Algorithm

In this section, the breadth-first algorithin for binary operation is de-
scribed. Other operations, i. e., substitution of 0 or 1 for a variable and

the shift of variables, are also implemented similarly.

Expansion Phase

An input for the expansion phase is a triple (op, ey, e,), where op is a
Boolean operator to be executed, such as AND, OR or EXOR, and ey and e,
are root-edges of argument Boolean functions represented by an SBDD.
This triple is referred to as a requirement. A requirewent (op, f. g) re-
quires to compute the root-edge for the resultant function of op(f,g).
During processing a requirement, new requirements are generated for
computing the operations between sub-functions or sub-sub-functions ...
of the argument functions. Actually a requirement corresponds to a pro-
cedure call in the depth-first algorithm. A queue called a requirement
queue is introduced to manage these requirements, which makes our pro-
cedure breadth-first. (The procedure would be deptlh-first if a stack is
used instead of the queue.)

For a given requirement (op, €y, €g), a new root-node is not always
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generated. A new node should not he generated if a node representing
the result of op(f, g) already exists. For example, if the result of op(f, g)
is found trivially (the cases (1) (3) in the algorithm in the depth-first
algorithm), or found by looking up the operation-result-table, a new node
is not generated. In these cases, the judgement can be performed imme-
diately from ey and e,. However, in general, there are cases where the
existence of the root-node of op( f, g) cannot be determined until the whole
graph for the sub-functions of op(f,¢g) is constructed. In this breadth-
first algorithm, a temporary node is generated in such cases. Whetler the
temporary node is actually essential or not is examined in the reduction
phase.

Following procedure is the expansion phase. Initially, the requirement

queue is empty, and there is no temporary node.

[Expansion Phase of Binary Operations]
Put a given requirement (op, ey, ¢,) to the requirement ¢ueue and repeat
the following operations for every requirement in the queue until the

queue bhecomes empty.

(1) If the root-node representing the result of op(f,g) is trivial, then

return the edge pointing to the node.

(2) If the root-node representing the result of op(f,g) is found in the

operation-result-table, then return the edge found in the table.

(3) Otherwise, generate a new temporary node and return the edge
pointing to the temporary node. At the same time, register the
edge pointing to the temnporary node to the operation-result-table as
the result of op(f, g) and put new requirements (op, e fus €g,) and (op,
ef,. €g,) to the requirement queue, whose result will he ()’ edge and

17 edge, respectively, of this temporary node.
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Note that the temporary nodes must be registered to the operation-
result-table in the expansion phase in order to avoid repetition of the
same operation (recall the example of Figure 3.4). On the other hand.
the registration to the node-table is done in the reduction phase.

Also note that the total munber of requirements processed in the above
procedure is exactly the same as the number of procedure calls in the
depth-first algoritlhun in section 3.2.2 and thus there is no serious increase
on the computation cost. The only drawback of our algorithin is the
increase of the storage required for temporary nodes.

This procedure is suitable for vector processing hecause of the following

reasons:

(1) High vectorization ratio. All of the repeated operations can be exe-

cuted by vector mstructions.

(2) Long vector length. All requirements existing in the queue can be
processed simultaneously.

List vector access is utilized in the whole operations of the expansion
phase by means of referring to the queue as a list vector. Trivial require-
ments and non-trivial requirements can be exclusively executed using
conditional vector operations. New requirements are put to the queue
using compress operations. Registration to the operation-result-table is

also vectorizable by the technique which will be stated in section 3.3.3.

Reduction Phase

There may be redundant nodes and non-unique nodes among the tem-
porary nodes generated in the expansion phase. The wain tasks of the
reduction phase are to find redundant nodes and non-unigque nodes and
to remove them. In our algorithm, these tasks are executed in a breadth-

first manner from the nodes nearby the leaf-nodes toward the root-node.
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In addition, temporary nodes which are neither the redundant nodes nor
the non-unique nodes are registered to the node-table.

In practice, the removal of the redundant nodes and the non-unique
nodes must be performed at the end of the reduction phase because there
are edges pointing to these nodes. In our algorithin, the nodes classified
as redundant nodes or non-unique nodes are marked as useless nodes.
Every useless node has a forwarding pointer to indicate the node that
takes the place of the useless node.

Following procedure is the reduction phase.

[Reduction Phase of Binary Operations]

Repeat the following operations while there are temnporary nodes.

(1) For every temporary node whose "0’ edge or "1’ edge point to a uscless
node, redirect the edge so as to point to the node pointed to by the

forwarding pointer of the useless node.

(2) For every temporary node both of whose ‘0’ edge and ’1’ edge are not
temporary nodes (i. e., permanent nodes or the leaf-nodes), execute

following statements:

(2.1) If its 0" edge and '1’ edge are the same, mark the node as a
uscless node, and set its forwarding pointer to point to the node
pointed to by its 07 edge.

(2.2) If there is a node which is equivalent to this node and registered
in the node-table, mark the temporary node as a useless node,
and set its forwarding pointer to point to the node which is

registered in the node-table.

(2.3) Otherwise, register the node to the node-table, and mark it as

permanent node.
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This procedure is also suitable for vector processing because all tem-
porary nodes whose "0’ edges and "1’ edges are not temporary nodes can
he processed simultaneously, and almost all operations are vectorizable.

Vectorization of registration to the node-table is discussed in section 3.3.3.

Example

Figure 3.6 illustrates the proposed algorithm via an example. This ex-
ample shows the process of AND operation whose argumments are Boolean
functions represented by the root-cdges e, and e, pointing to the nodes
n; and 1y, respectively, of the SBDD in Figure 3.6 (a). Here we de-
note a Boolean function whose root-node is ny by fr. For sinplicity, the
operation-result-table is assumed to be initially empty.

At the beginning of the expansion phase, the requirement (AND, e,
er,) is put to the requirement queue.

Because the result of the requirement (AND, ey, eg,) is not trivial
and not found in the operation-result-table, a new temporary node ns is
allocated as the root-node of the result of (AND, ey,, ey, ). The level of the
new node is max(Ly,, Ly,)=T. The edge fz pointing to the new node ng is
registered to the operation-result-table. The requirement (AND, ef.. € fa)
is degueued and the new requireinents (AND, €f(y.=0)s €fy(z7=0))=(AND,
es. €,) and (AND, €f,p=1)s €fy(rr=1))=(AND, €y, €y,), corresponding to
the ‘0" edge of ng and '1" edge of ny respectively, are put to the queue.

Similarly, two requirements (AND, ey, ey,) and (AND, ey, €y,) are pro-
cessed simultaneously (Figure 3.6 (b)). Now, there are four requirements
(AND, ey,. ey,). (AND, ey,. eg,), (AND. ey, ey,) aud (AND, ey,. ef,), corre-
sponding to the ‘0’ edge of ng, the ‘0" edge of nyg, the "1’ edge of rg and
the '1° edge of njg, respectively.

Now, the requirement (AND, ey,. ey,) corresponding to the ‘0" edge of

ng is processed. Because the result of the requirement is not trivial and
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Operation-Result-Table

operand 1

operand 2

operation

result

Node-Table
[m ng nz ne Nins na |

(a) An SBDD before Operation

Figure 3.6: Example of the Breadth-First Manipulation
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Operation-Result-Table
operand 1 |fs f7 fs
operand 2 |f, fa fa
operation |AND AND AND
result fi0 fa fo
Node-Table
Inv na nz Ne Nins na J

(b) The SBDD at the End of the 2nd Stage of the Expansion Phase

Figure 3.6: Example of the Breadth-First Manipulation (Continued)
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Operation-Result-Table
operand1 |fs {2 f7 fa fs f1
operand 2 |fy f4 fg fa fa fa
operation |AND AND AND AND AND AND
result f10 f12 f3 f11 fo 113
Node-Table
[n7 ns Nz ng nins n3 |

(c) The SBDD at the End of the 3rd Stage of the Expansion Phase

Figure 3.6: Example of the Breadth-First Manipulation (Continued)



3.3 Breadth-First Vector Algorithm for Manipulating SBDDs

Operation-Resuit-Table

operand1 |fs fp f7 f2 f3 fs f4
operand2 |fy f4 4 f1 14 f4 fa
operation |AND AND AND AND AND AND AND

result fio0 f12 s f14 f11 10 14

Node-Table
Inv N4 Nz ne hins n3 [

(d) The SBDD at the End of the Expansion Phase

Figure 3.6: Example of the Breadth-First Manipulation (Continued)
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Operation-Result-Table

operand 1

fs f2 f7 12 13 fs f1

operand 2

fa fq f4 f1 14 f4 14

operation

IAND AND AND AND AND AND AND

resuit

f10 12 fa 114 11 g 113

Node-Table

[n",- N13 N4 Ni4Ng N2 Ng Ng NINS5 N0 N3 N2 I

(e) The SBDD after Operation

Figure 3.6: Example of the Breadth-First Manipulation (Continued)
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not found in the operation-result-table, a new node nj; is generated and
is registered to the operation-result-table. Next, the requirement (AND,
efy €,) correspouding to the "0’ edge of njp is processed. Note that
this requirement is the same as one just processed. According to the
operation-result-table, the result of this requirement is f;;, so that the "0’
edge of nyg is directed to nj; instead of a new distinct temporary node.
For the other two requirements in the ¢ueune, new temporary nodes 7y,
and 3, respectively, are generated (Figure 3.6 (¢)). Six requirements
corresponding to ‘0" edges and 17 edges of three new temporary nodes
are put to the queue.

The result of the requirement (AND, 0, ey,) corresponding to the 0
edge of ny is trivial, i. e., 0, therefore, the '0” edge of n;, is directed to the
leaf-node 0. The result of the requircient (AND, ey, ey,) corresponding
to the 0" edge of nyy is trivial, i. e., fy, therefore, the '0" edge of nyy is
directed to ny. In the same way, the "1’ edge of ny; and the '1’ edge of
nyy are directed to n;. For the requirement (AND, ey,, ey, ) corresponding
the 0" edge of ny;, a new node ny4 is generated, and registered to the
operation-result-table. The '1" edge of 1y, is directed to ny4 according to
the operation-result-table.

There are two requirements corresponding to the '0’ edge and 1" edge
of nyy. They are both trivial. Figure 3.6 (d) shows the SBDD at the end

of the expansion phase.

Then the reduction phase begins. The temporary nodes both of whose
‘0" edges and '1’ edges are not temporary nodes are processed, 1. e., njy;
and 4 are processed. nyy is not redundant (i. e., the 0" edge of ny 1s
different from the '1' edge of ry,). But according to the node-table, there
is an isomorphic node, i. e., ny whose level, '0" edge and 1" edge are the
same as 1, therefore, ny; is marked as useless node and its forwarding

pointer is set to point to ny, and nyy is not registered to the node-table.
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In addition, the entry of the operation-result-table of fi; is modified to
f4. On the other hand, n,4 is not redundant nor isomorphic to any other
permanent nodes, therefore, registered to the node-table and marked as
permanent node.

Next, ny; and nyy are processed in the same way, and both of themn are
registered to the node-table and marked as permanent nodes.

Next, ng and nyo are processed (Before processing, their ‘0’ edges point-
ing to the uscless node 1y are redivected to ny according to the forwarding
poiuter).

Finally, ng is processed, and the result for the initial requirement is
the SBDD with the root-edge ey, (Figure 3.6 (e)). The useless node ny;

1s removed now.

3.3.3 Vectorization of Hash Table Access

The access to the operation-result-table m the expansion phase and the
access to the node-table in the reduction phase cannot be vectorized in a
straightforward manuer.

[f the expansion phase is vectorized in a straightforward wanner (i. e.,
refering to the operation-result-table simultaneously, generating a new
temporary nodes simultancously, then registering them to the operation-
result-table simultaneously). duplication of temporary nodes occur when
the same requirements are processed simultaneonsly. For examnple, con-
sider the third stage of the expansion phase of the example of Figure 3.6.
There are requirements correspounding to the '0" edge of ng and 0" edge
of nyp. The former requiremnent is the same as the latter one. They are
processed together in the next stage. When at first the operation-result-
table is referred to complyving with both requirements, the result is not
vet written. Therefore, new temporary nodes are generated complying

with the both requirements, which cause the duplication of the temporary
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nodes.

This can be avoided by checking the operation-result-table again just
after the registration to the operation-result-table. Those temporary
nodes are removed whose registration to the operation-result-table is
overwritten by the registration of another temporary node which is pro-
cessed simultaneously. If there are duplicated requirements, the regis-
trations to the operation-result-table conflict, hecause the values of the
hash function for these requirements are the same. After the registra-
tions to the operation-result-table, only the last registration is valid in
the entry of the table where the conflict occurred. In this way, by means
of the one-more check of the operation-result-table, all but one dupli-
cated temporary nodes can be removed. Note that the valid registration
in the entry of the table where the couflict occurred may be arhitrary
one of the registrations to this entry. This fact enables us to ewploy
the high-speed vector indirect store instruction of HITAC S-820/80. In
addition, the operation-result-table can be implemented as a hash-based
cache in practice[BRB90], therefore, the registrations and check can he
simply implemented.

In the case of the access to the node-table in the reduction phase,
the bhasic idea for vectorization is similar to the operation-result-table.
However, the node-table cannot be implemented as a hash-based cache:
the node-table must keep all the registered nodes. The node-table is
constructed by an array T of poinfers: every poiunter corresponds to a
value of hash function and points to the head of the linked list of the
registered nodes.

The sinmltancous references to the node-table according to the tempo-
rary nodes to be processed in a stage of the reduction phase are vectorized

as follows:

(1) Generate an array L of the pointers to the temporary nodes to be
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processed. Compute the value of the hash function for every tem-
porary nodes and copy the pointer in 7" to a work area p of the

teporary node.

(2) Check every p pointed to by L. If p is nil, then currently there is no
registered node which is equivalent to the temporary node. Remove

from L the pointers to these nodes.

(3) Refer to the permanent nodes pointed to by p’s pointed to hy L.
Check whether each permanent node is actually equivalent to the
temporary node. If so, the temporary node i1s marked with useless
node. and set its forwarding pointer to point to the permanent node
pointed to by p. If not, the temporary node and the permanent
node pointed to by p have, occasionally, the common value of the
hash function, but, in fact, distinct each other. For such temporary
nodes, update p’s by copying the link pointers of the permanent

nodes pointed to by p's.

(4) Remove from L the pointers to the useless nodes. Repeat from step

(2) until L become empty.

At first, the vector references to the 1st nodes in the linked lists are exe-
cuted. For the temporary nodes which accessed to the distinet permanent
nodes. the vector references to the 2und nodes in the linked lists are ex-
ecuted. and so forth. The removal of pointers from L is vectorized with
the vector compress operation.

The simultaneous registrations to the node-table and the siinultaneous

one-more check of the node-table are also vectorized in a similar way.
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Free nodes
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Tops of the avail lists

Figure 3.7: Multiple Avail Lists

3.3.4 Management of Free Nodes

As mentioned in the explanation of the reduction phase, the useless nodes
are removed from the graph at the end of the operation. In order to reuse
these nodes, the use of avail list is considered. There are well-known
efficient procedures for a node to be inserted to and deleted from the top
of a linked list. However, multiple nodes cannot be inserted to or deleted
from a linked list simultancously.

In order to vectorize the insertion and deletion of multiple nodes, we
introduce multiple avail lists. Instead of single pointer for the top of
an avail list, an array of 512 pointers for the tops of the 512 avail lists is
introduced (Figure 3.7). Initially, all the avail lists have the same number
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of the free nodes and the total number of the free nodes are set to the
variable # free. When n(< 512) free nodes are required, the top nodes in
the (mod(#free — n,512) + 1)th through (mod(# free — 1,512) + 1)th
avail lists are used, then # free is decreased by n. When more than 512
free nodes are required, the vector operations of the length (up to) 512
are repeated. The insertion of the multiple useless nodes is done by the
above steps backward. The number of the avail lists is chosen to be 512
because the length of the vector registers of the HITAC S-820/80 are 512.

This technique is also used in the process of the garbage collection
[BRB90]. Garbage collection collects the useless nodes in the graph ac-
cording to the 'free’ declarations by the application program. The nodes
used for the intermediate result of the application program can be reused

by means of the 'free’ declarations and the garbage collection.

3.3.5 Management of SBDDs with Output Inverters

In this section, a wethod for managing the SBDDs with output inverters
is described. As mentioned in section 3.2.1, various attributed edges are
proposed. The output inverters are efficient to reduce the time for ma-
nipulation. In the conventional recursive algorithm, the attributes of the
edge pointing to a new node can be easily determined using the result of
the recursive steps for its sub-functions. In the vector algorithin, suitable
methods for applying output inverters varies among the operations.

Under the limitations of the use of output inverters mentioned in sec-
tion 3.2.1, the following property holds. Methods described so far are
based on this property.

[Property 1] The output inverter is attached to the root-edge of f if

and only if the value of f is 1 when 0 is substituted to all the variables.
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Binary Operation

In the binary operations, the output inverters of the edges can be decided
without using the result of its sub-functions. Let us denote the existence
of the output inverter on edge e as oi(e), whose value 1s ¢rue if the output
inverter exists and false otherwise. From Property 1 and an equation (0,
0,...,0) =op(f(0,0,...,0),g(0,0, ..., 0)) where h = op(f, g) and op
is a binary operator such as AND, OR or EXOR, Property 2 follows.

[Property 2] oi(the root-edge of op(f,g)) = op(oi(the root-edge of f),
oi(the root-edge of g))

Based on Property 2, a method is proposed by which the output in-
verters are computed in every stage of the breadth-first operation in the
expansion phase and no more computation of output mverters is reqquired
in the reduction phase. The rules to be added to the expansion phase are

as follows:

o Attach an output inverter to the root-edge of op(ey, e,) iff op(oi(ey),
oi(e,)) is true.

e For the requirement (op, ey, €,,), attach an output inverter to the
root-edge e, (e,,) iff oi(es) (0i(ey)) is true.

e For the requirement (op, ey, e,,), attach an ontput inverter to the
root-edge ey, (e,,) iff oi(es) (oi(ey)) is different from oi(’1" edge of
the root-node of f (g)).

o Never attach an output inverter to the ‘0’ edge corresponding to the

recuuircinent (op, €y, €4,)-

o Attach an output inverter to the 1" edge corresponding to the re-
quircinent (op, ey, e, ) iff op(oi(ey,), oi(e,,)) is different frour op(vi(ey,).

ot(eg,))-
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Substitution of 0 and Shift of Variables

It is clear fromn Property 1, the output inverter of the root-edge of the
Boolean function f(x = 0) is the same as the output inverter of the root-
edge of Boolean function f. The output inverter of the root-edge of the
Boolean function f(ajpe, @o4e, ... 2nge) is also the same as the output
inverter of the root-edge of Boolean function f(x;,zs,....x,). Therefore,
there is no need to compute the output inverters during these operations.

Substitution of 1

The output inverter of the root-edge of the Boolean function f(z = 1)
cannot be decided only by the output inverter of the root-edge of Boolean
funetion f in general. For example, output inverter is not attached to the
root-edge of a Boolean function f=AND(x3, NOT(x;)) nor the root-edge of
f(x; = 1), while output inverter is attached to the root-edge of f(xy = 1)
(recall Property 1). Therefore, the output inverters must be computed

during the reduction phase of the breadth-first algorithm.

3.3.6 Parallelization Multiple Operations

If multiple requirements of Boolean operations are given siinultaneously,
then they can be processed together by putting them to the requirement
quene in the initialization of the expansion phase. This technique is
expected to extend the vector length of both the expansion phase and
the reduction phase, which will iimprove vector acceleration ratio.

In the case of such application as construction of an SBDD for a given
Boolean formula or a given circuit description, multiple operations can
be evaluated together whose maximun levels in the parse tree or in the

circuit diagram are the same[IxC90].
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Circuit #node | CPU time [msec] | Acceleration

Circuit size Scalar  Vector Ratio
In. Out. Nets, (S) (V) (S/V)

432 36 T 196 | 104,066 | 9,099 412 22.09

c499 41 32 243 65,671 | 2,585 163 15.86

¢880 6O 26 438 31,378 | 2,057 221 9.31

c1355 | 41 32 587 | 208,324 | 5,886 407 14.46
c1908 | 33 25 913 60,850 | 3,038 375 8.10
c3540 | 50 22 1719 1,029,210 | 74,834 2,692 27.80
c5315 [ 178 123 2485 48,353 | 5,151 970 5.31

Table 3.1: Experimental results

3.4 Implementation and Evaluation

3.4.1 Implementation

We implemented an SBDD manipulator based on the proposed algo-
rithin (inclnding output inverters) on the vector supercomputer HITAC
S-820/80 at the University of Tokyo. The program is coded in Fortran77.
Almost all inner DO loops of the prograin are vectorized.

The required storage is 7 words (28 bytes) for a permanent node ('0°
edge, "1’ edge and level etc. and the space for the node-table and the
operation-result-table) and the additional required temporary storage for
a temporary node is 5 words (20 bytes). Since we can use up to 256
megabyte main memory on the HITAC S-820/80 at the University of

Tokyo, we can manage an SBDD of wmore than 5 million nodes.
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3.4.2 Evaluation

Table 3.1 shows the benchmark results on the S-820/80. This table
shows the required CPU time for constructing the graph representing
the Boolean functions of all primary outputs and all nets from a circnit
description. For example, an SBDD for the circuit '¢432’ represents 203
Boolean functions (7 primary outputs and 196 nets). The benchmark cir-
cuits are chosen from ones in ISCAS'85 [BF85]. For the ordering of the
variables, the dynamic weight assigninent method[MIY90] is employed
(the computation time for the ordering is not contained in Table 3.1).
The wvector erecution time (V) is the requured CPU time using all fea-
tures of the S-820/80, while the scalar execution time (S) is the required
CPU time using only the conventional scalar processing unit of the S-
820/80. A source programn which is tuned for vectorization is used for
both scalar execution and vector execution (i. e., two ohject codes with
and without vector instructions are generated by the Fortran 77 compiler
of HITAC S-820/80). The wector acceleration ratio (S/V) is the ratio
of the scalar execution timne to the vector execution time. #node is the
number of the nodes of the SBDD representing the Boolean functions of
all primary outputs and all the nets.

From Table 3.1. we can see that 5.3 to 27.8 vector acceleration ratio
is gained. These results show how the program is suited for the vector
supercomputer. Especially, the circuits with large munber of nodes and
small number of variables, such as ¢432, ¢499, ¢1355 and ¢3540, are highly
accelerated. This i1s becanse the width of the SBDDs of such circuits are
very large. 1. e.. there are many nodes in every level of the graph, and the
vector length is very long on the average when such a graph is processed.

Compared with the results on the workstation Sun3/60 by Minato et
al.[MIY90], our results are 130 times faster in the best case. For example,

only 0.163 sec. and 0.407 sec. are required for ¢499 and ¢1355 respectively
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0 = AG(p,, = (AX(AXPz:)))

(a) An Example of CTL Formula

X1=0/21=1

x1=0/z1=0 x1=0/21=0
X1=1/21=1
X1=1/21=0 X1=1/z1=1
~ X1=1/z1=1
x1=0/z21=1

(b) An Example of Sequential Machine

Figure 3.8: An Example of CTL Formula and Sequential Machine

in Table 3.1, while 21.5 sec. and 51.4 scc., respectively, were required in
[MIY90] .

3.5 Application for CTL Model Checker

As an example of applications of the developed Boolean function manip-
ulator, a computation tree logic (CTL) model checker is implemented on
the vector supercomputer HITAC S-820/80.
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Figure 3.9: An Example of Kripke Structure

3.5.1 OQutline

CTL model checking is a formal method for design verification of finite
state machines such as sequential machines. Input for the model checker
is a CTL formula expressing the specification of the sequential machine
and a designed sequential machine. The model checker verifies whether a
designed sequential machine satisfies the specification or not by comput-
ing the truth-value of the CTL formula at the initial states of the I{ripke

structure corresponding to the designed sequential machine.
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Figure 3.8 illustrates an example of the CTL model checking. Fig-
ure 3.8 (a) 1s a CTL formula given as the specification of a sequential
machine. Figure 3.8 (b) is a state transition diagram of the given de-
signed sequential machine. A directed graph Figure 3.9 represents the
Kripke structwre corresponding to the sequential machine of Figure 3.8
(b). Every node of Figure 3.9 representing a state of the IXripke struc-
ture corresponds to an edge of Figure 3.8 (b). The truth-value of a CTL
formula is determined by a state of a IXripke structure. The CTL model
checker computes the truth-values of the CTL formula at the initial states
of the Kripke structure. If all these truth-values are true then the de-
signed sequential machine satisfies the specification.

CTL model checker has been iinplemented on workstations using Boolean
function manipulators based on SBDDs and its efficiency has been re-
ported [BCMD90]. In this chapter, the implementation of the CTL model
checker using the vectorized Boolean function manipulator is discussed

and the experimental results are shown.

3.5.2 Computational Tree Logic
Computational Tree Logic (CTL)[CES83] is a temporal logic. Let AP be

a set of atowmic propositions. CTL formulas arc inductively defined as

follows:
e If p € AP, then p is a CTL fornula.
e If 5y is a CTL formula, then so are -, EXy and EGy).
e If y and & are CTL formulas, then so are vV § and E[nué].

The semantics of CTL is defined over a Kripke structure K = (S, R, I),

where

e S is a non-empty finite set of states.
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e R C S x § is a total binary relation on S (i. e., for Vs € S, there
exists s' € S such that (s,s’) € R).

o I:5 — 247 is an interpretation function which labels each state

with a set of atomic propositions true at that state.

An infinite sequence of states m = spsy82. .. i1s called a path from sq if
(si,siy1) € R for Vi > 0. w(1) denotes the :—th state of the sequence 7 (i.
e, wlE) = 8;).

The truth-value of a CTL forimula is determined by a state of a I{ripke
structure and L', s |= 5 denotes that a CTL formula n holds at a state s
of a Kripke structure A. If there is no ambiguity, we will omit & and
just write as s = 1. The relation |= is recursively defined as follows:

eskE=p(e AP) iff p € I(s).
espkE-niff sfEn.
esEnviiffsEnors £

e s = EX iff there exists some next state s’ of s (i. e., (s,s') € R)
such that s" = .

e s |= EGn iff there exists some path 7 on I starting from the state
s such that 7(7) = n for Vi > 0.

e s = E[nUE] iff there exists some path 7 on i starting from the state
s such that 30 > 0, 7(z) € and 7(j) E npfor 0 < Vj < 1.

In addition to other Boolean operators such as conjunction (A), the

following abbreviations are often used:
e AXn=-EX-n.

o A[yUE] = ~(EG(n A =€) V E[(n A =€) U(=n A=E))).
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e AFn=-EG-.
o EFn = E[trueldn)].
e AGn=-EF-.

Intuitively, the first letters of temporal operators, A and E, represent
universal and existential path ¢uantifier, respectively. The other letters

of temporal operators represents:
e Xy represents that 5 holds at the next state;
e G represents that 5 holds at every state on the path:
o [y represents that » lholds at some state on the path:

o nl€ represents that & holds at some state and 1 holds always before

that state on the path.

3.5.3 Sequential Machines

A subset S of B" is represented by a characteristic function F' such that
F(s) =1 if and only if s € S.

Let 2;(1 < i < 1), y;(1 € j < m) be input variables and state vari-
ables, respectively. Let x and y he vectors x|, xg,...xp and yi, Y2, . - - Yo,
respectively.

A sequential machine with ! inputs, m state variables and n outputs

are given in the form of Boolean functions as follows:

e Transition functions:
filtx,y) (1 <j<m)

e Output functions:
z2(y) (1 < k < n) for Moore-type machines
(%) (1 € k < n) for Mealy-type machines
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In order to associate inputs and outputs of a sequential machine with
atomic propositions of the Kripke structure, p,, (1 < ¢ < [) and p,,
(1 € k < n) are used as atowmic propositions corresponding to r; and z
respectively. a; = 1 corresponds to p,. = true and so on. In addition,
Boolean function Fj,;(y) is introduced in order to represent the set of
initial states of the sequential machine, i. e., F},;(y)=1 iff state vector y

corresponds to an initial state.

3.5.4 Basic Algorithm

The algorithm shown in this section is based on [BCMD90].

Since the semantics of CTL is defined over Kripke structures, a given
sequential machine has to be transformed to a I{ripke structure for model
checking.

The set of states of a I<ripke structure is interpreted as the set of edges
of the state transition diagram of the sequential machine.

Let s be x#y, a concatenation of two vectors x and y. By introduc-
ing new vectors of variables x' = 2’y 2", ... 2y and ¥y = ¥,y Y
corresponding to x and y. s’ is defined to he x'#y'.

The IKripke structure Iy is represented by the following Boolean func-
tion F:

Fr(s's)= [I EqQuIv(y), fi(x,y))

0<j<m
This function means that Fj(s',s) = 1 if and only if (s,s') is an edge of
the IKripke structure obtained from the sequential machines.
Fu;.f is defined to be or(f(x; = 0), f(r; = 1)). 3x.f is defined to bhe
Jry.Jas. ... T f. VX f is defined similarly.

[Algorithm of CTL Model Checker]

e Iuput: a CTL formula # and Boolean functions representing the
sequential machine, f; (1 <7 <m), 2 (1 <k < n) and Fypy.
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e Output: good if the sequential machine satisfies  and bad otherwise.

(1) Construct a Boolean function representing a Kripke structure Fl.
Set FP:,(S) = i ot F},%(S) =5

(2) For each subformula ; of 8, compute a Boolean function £y, repre-
senting the set of states where #; holds as follows. The algorithin

runs in bottom up manner and finally computes Fy:

(a) If #; is an atomnic proposition, then return Fj,.

(¢
(d) If 6; is EXn, then return Fgy, as follows:
Fgxy(s) =3¢ AND(F,(s'), Fx(s',8))

)

(b) If ; is —n, then return NOT(F(s)).
) If 6; is n V £, then return OR(F)(s), F¢(s)).
)

(e) If §; is EGn, then return Fgeg, which is obtained as the fixed
point of the following sequence of functions, Ag, Ay, .. .:

AO(S) - R)(S)
Aii(s) = AND(A(s), 35 .AND(AL(S), Fr(s',5)))
(f) If 8, is E[nUE], then return Fgp,ye which is obtained as the fixed
point of the following sequence of functions, Ay, Ay,...:
Ao(s) = Fels)
AH_[(S) OR(;"—L(S),
Js". AND(Ai(s'), AND(F,(s), Fi(s',5))))

(3) If Vy. OR(NOT(Fiyit), Fy) = true then return good else return had.

3.5.5 Implicit Manipulation of Kripke Structure

Basic idea of this section is in [HHY92].
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The size of an SBDD representing Fy(s',s) = I1i<j<m EQUIV(Y;, fi(X,¥))
can be very large, even if the total size for f; is small. By the following
computation, the construction of SBDD representing Fj can be avoided.

The Boolean function Fj(s', s) is used only in the form: 3s’. AND(C(s'),
Fi(s',s)). This function can be calculated as follows:

[Algorithm for Js'.AND(C(s"), Fi(s',s))]
Obtain the (m+1) functions D; (i = 0,...,m) defined as follows. Return
D,.(s) as 3s'.AND(C(s'), Fi(s',s)):

Dy(s',s) = 3x'.C(s')

Df+1(y:‘+21 y:7+3! p ay:n! s) = OR(AND(DT'(?J:'H = 1), fiz1(s)),
AND(D;i(yiy, = 0),NOT(fir1(s))))
fori=0,1,...,m—1

Note that if D; is independent of y;,,, then D;y; = D;. Whether D;
depends on y;,; or not can be tested by checking equivalence of D; and
Di(y;y, = 0). Using this technique, large part of computation can be
reduced.

3.5.6 Implementation and Evaluation

The CTL model checker based on the above method was implemented on
the vector supercomputer HITAC S-820/80 at the University of Tokyo.
This programn utilizes the Boolean function manipulator proposed in this
chapter. An SBDD representing the Boolean function F(s') is obtained
from an SBDD representing F'(s) using the operation shift of variables.
The program is coded in Fortran 77.

The benchmark results are shown in Table 3.2. This table shows the
required CPU time for model checking. The vector execution time (V),

the scalar execution time (S) and the wector acceleration ratio (S/V) are
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Sequential | #node of CPU time Acceleration
Machine | Sequential [sec] Ratio
Machine |Scalar (S) Vector (V) (S/V)
padd2 186 4.25 0.78 5.44
padd4 359 12.70 1.91 6.66
padd8 741 55.77 6.74 8.27
padd12 1,171 155.00 16.53 9.38
padd16 1,649 386.66 36.09 10.71
calu2 628 18.48 1.83 10.08
calud 1,220 94.50 6.28 15.05
calu® 2,476 804.52 37.67 21.36
calul2 3,828 - - 157.40 —
calul6 5,276 — 665.02 —

Table 3.2: Experimental results

defined in section 3.4.2. The #node of sequential machine is the num-
ber of the nodes of SBDD representing the designed sequential machine.
Note that the maximun number of nodes required in the process of the
model checking is much greater than #node of sequential machine. The
sequential machines used for the benchmarks are pipelined CPU’s. All
results of the henchmarks are good, 1. e., every sequential machine satis-
fies the specification. Experiments of the scalar execution for benchmarks
'calul2’ and 'calul6’ was not performed hecause these jobs seemed to ex-
ceed the time limit of batch jobs of the University of Tokyo (3,600 sec.).

From Table 3.2, we can see that 5.4 to 21.4 vector acceleration ratio is
gained (the vector acceleration ratio of "calul2’ and ‘calul6’ is expected
to be larger). These figures show that the program is suited for the vec-
tor supercomputer. In particular, the model checking for the sequential
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machines represented by large number of nodes are highly accelerated.

3.6 Conclusion

In this chapter a vector algorithin for manipulating Boolean functions
based on SBDDs has been proposed. The proposed algorithm is based
on breadth-first manipulation to utilize the high performance of vector
supercoimputers.

The Boolean function manipulator based on the proposed algorithin is
developed on the vector supercomputer HITAC S-820/80 at the Univer-
sity of Tokyo and benchmark results are shown. The vector acceleration
ratio on the S-820/80 is 5.3 to 27.8. This manipulator on the S-820/80
is faster than that of Minato et al. on Sun3/60 up to 130 times. As an
application, this manipulator is utilized for CTL model checker.

Thus, the developed algorithm has been proven to be suitable for vector
supercomputers and the manipulator is proven to be faster than conven-
tional ones. The developed technique for Boolean function manipulation
is expected to be utilized for various applications of CAD systems such
as design verification, test generation, logic synthesis and so on which
support the design of VLSI whose scale and complexity arc increasing
rapidly.

Furthermore, there are many non-numerical computations other than
CAD systems which manipulate Boolean functions as given data or in-
termediate data. For such applications, Boolean function manipulators
based on SBDD may be utilized effectively. The results of this chapter,
therefore, also suggests that the vector supercomputers can be utilized

for various non-numerical computations using SBDDs,



Chapter 4

Algorithms for Manipulating
Binary-Decision Diagrams in
Secondary Memory

4.1 Introduction

As described in the previous chapter, Ordered Binary-Decision Diagrams
(OBDDs), or simply Binary-Decision Diagrams (BDDs), are excellent
graph representation of Boolean functions[Ake78, Bry86]. Efficient Boolean
function manipulators based on the Shared BDD (SBDD, a multirooted
BDD) representation have been developed[MIY90, BRB90], and they are
widely used in various applications in Computer-Aided Design (CAD) of
digital systerus.

At present, SBDD manipulators are, in inost cases, implemented on
workstations. The recent progress in VLSI technologies requires them
to manipulate larger-scale Boolean functions. The maximum size of the
SBDDs which can be manipulated on workstations is limited hy both
required time and required memory. In order to reduce the computation
time, the use of parallel machines or connection machines[IKC90] or the

use of vector supercomputers has been proposed. However, yet in many

89
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applications we have to give up to design large-scale circuits due to the
limitation of the size of main memory to store SBDDs rather than the
computation time. In order to reduce the size of SBDDs, attributed
edges have been proposed[MIY90, BRB90]. Variable ordering has been

also studiced by many rescarchers.

In this chapter, the use of secondary mewmory, such as hard disk drives
of workstations, is considered in order to manipulate very large SBDDs
which is too large to be stored within main memory. In contrast that
the conventional depth-first algorithin causes randoin access of memory,
the proposed method is intended to cause sequential access of memory.
The main idea of our wethod is level-by-level manipulation of Shared
Quasi-reduced BDDs (SQBDDs) npon a breadth-first algorithm. A set
of nodes and hash tables of one level are recalled from secondary memory
m one lot, then operations for the nodes of the level are performed within
main memory, and the results of the operations for the level are stored
to secondary memory all together. This algorithm is effective to reduce
the overhead due to access of secondary wmemory, because it requires
much fewer times to access secondary memory; every time a large data
block is transferred between main memory and secondary memory. In
addition, a garbage collection algorithm based on sliding type compaction

is introduced to reduce page faults in succeeding manipulation.

We nmplemented and evaluated the proposed method on a worksta-
tion Sun SPARC Station 10 with 64 megabyte main memory and a one
gigabyte hard disk drive connected via SCSI-2 standard interface. More
than 50 million nodes can be allocated within one gigabyte virtual mem-
ory space. and as a result an SQBDD with more than 12 million nodes
representing all primary outputs of a 15-bit multiplier was constructed
from a circuit description in about 5.6 hours. If the conventional SBDD

manipulator were used instead, it is estimated that it would take about
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1,900 hours, so we can say that our manipulator achieved about 330 times
improvement in elapsed time. Furthermore, we made experiments using
semniconductor extended storage instead of hard disk, and showed that
the required time for the 15-bit multiplier is reduced to about 2.2 hours.

In the following section, basic explanation on secondary memory and
inefficiency in using it for depth-first SBDD manipulator will be described.
See also section 2 of the previous chapter for basic explanation on SBDDs.
In section 3, a new method will be proposed. In section 4, experimental
results of the Boolean function manipulator will be shown. Section 5 will

provide some concluding remarks.

4.2 Preliminaries

4.2.1 Secondary Memory

Today, almost all general purpose computers have secondary memory
which have much larger capacity than main memory. In this paper, we as-
suine the following secondary mewory devices for workstations and show
experimnental results with themn.

Hard disk is one of nmgne‘t.ic memory devices. The transfer rate of the
hard disk drive used in experiments of section 4.4 is 10 megabytes per
second via SCSI-2 ANSI standard interface. The average access time of
the hard disk drive is 10 wmilliseconds. Semiconductor extended storage
is a secondary memory made of semiconductor memory devices, such as
DRAM’s. The transfer rate of the semiconductor extended memory unit
used in section 4.4 is 10 megabytes per second via SCSI-2 interface. The
average access time of the semiconductor extended storage unit is 0.3
milliseconds.

No matter which device is used, every transfer between ain memory

and secondary memory is performed by a block transfer of contiguous
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space. The minimum unit of transfer is called page. The page size defined
m the O. S. we will use in section 4.4 is 4096 bytes. In order to utilize
the maximumn transfer rate, every transferred page should be filled with
actually used data.

4.2.2 Problems in the Use of Secondary Memory with Depth-
First Algorithm

Now let us consider the use of secondary memory to enable manipulating
verv large SBDDs which are too large to store within main memory.

As mentioned in section 3.2.2, the conventional depth-first algorithm
for manipulating SBDDs is widely used on workstations. On the memory

access during the depth-first manipulation, following can be said;

e Access to nodes causes random access in some cases. In order to
avoid randoin access during the depth-first traversals of an SBDD,
adjacent nodes should be placed in neighborhood in memory space.
However, it is impossible if there are many nodes which have large

indegree.

e Access to the operation-result-table and the node-table causes ran-

dom access, becanse they are hash tables,

As mentioned in section 4.2.1, a transfer between main memory and
secondary memory is performed by a block transfer of contiguous space.
Even if the required data in a page is only one node (about 20 bytes)
or only one entry of the operation-result-table (about 12 bytes), a whole
page is transferred. and the transfer tume for the whole page (e. g. 4096
bytes) is required. It follows that secondary memory is not suitable to

store BDD when depth-first algorithin is employed.
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Figure 4.1: A Shared Quasi-reduced BDD (SQBDD) and SBDD

4.3 Breadth-First Algorithm for Manipulating SB-
DDs in Secondary Memory

4.3.1 Outline of the Proposed Method

In this section, we propose an efficient method for manipulating very
large SBDDs in secondary memory. The proposed method is based on the
breadth-first algorithm for manipulating diagrams level-by-level and the
data structure which explicitly classifies data according to levels. The set
of nodes of a level is stored in a contiguous space of secondary memory.
The operation-result-table and the node-table are also constructed for
every level.

To enable level-by-level manipulation, let us introduce Shared Quasi-
reduced BDDs (SQBDDs). An SQBDD is a representation of Boolean
functions using an acyclic directed graph. An example of an SQBDD is
shown in Figure 4.1 (a). This graph represents four Boolean functions
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1 g h=AND (f, g}

Figure 4.2: Expansion Phase of the Breadth-First Algorithm for Manip-
ulating SQBDDs

as represented by an SBDD in Figure 4.1 (b). There is no non-unique
node, but there are some redundant nodes in SQBDD. SQBDDs have
redundant nodes so as to hold the following property;

1

e Every '0’ edge and '1’ edge of a level i node points to either a level

(i — 1) node or a leaf-node.

¢ Root-nodes which are externally referred to by users have the com-
mon level, called level_maz, except the root-nodes which represent 0

or 1.

Note that there is no pseudo-leaf-node in SQBDDs, where pseudo-leaf-
node is a redundant node whose '0’ edge and ’1’ edge point to the same
leaf-node.

SQBDDs have the same excellent properties as SBDDs. SQBDDs are
canonical, and small in size for many practical Boolean functions.
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Figure 4.3: Reduction Phase of the Breadth-First Algorithm for Manip-
ulating SQBDDs

4.3.2 Algorithm

As described in the previous chapter, the breadth-first algorithm consists
of two phases; an ezpansion phase and a reduction phase. In the expan-
sion phase, temporary nodes that are sufficient to represent the resultant
function are generated in a breadth-first manner from the root-node to-
ward the leaf-nodes (Figure 4.2). In the reduction phase, the temporary
nodes generated in the expansion phase are checked and the redundant
nodes and the non-unique nodes are removed in a breadth-first manner
from the nodes nearby the lcaf-nodes toward the root-node (Figure 4.3).

We will show the algorithm which is modified for manipulating SQB-
DDs.

The Expansion Phase

An input for the expansion phase is a requirement, which is a triple (op,
e, €4), where op is a Boolean operator to be executed, and ey and e, are

root-edges of argument Boolean functions represented by an SQBDD. A
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requirement (op, ey, e,) requires to compute the root-edge of the resul-
tant function of op( f, g). During processing a requirement of level i, new
requirements of level (i — 1) are generated for computing the operations
between sub-functions of the argument functions. Similar to the previous
chapter, we introduce a requirement ¢uene in order to manage these re-
cuirements, making our procedure breadth-first, and the nodes generated
in the expansion phase are called temporary nodes, while the nodes which
already exist are called permanent nodes.

The following procedure is executed in the expansion phase. Initially,
a requirement queue is empty, and there is no temporary node.

[The Expansion Phase of the Breadth-First Algorithm]
(1) Put the given requirement (op, ey, €,) to the requirement cueue.
(2) lev = level max

(3) Execute one of (3.1), (3.2) or (3.3) for every requirement of level lev

in the requirement queue.

(3.1) If the root-node representing the result of op( f, ¢) is found triv-
ially, then attach the edge pointing to the node as the result of

the requirement.

(3.2) If the root-node representing the result of op( f, g) is found in the
operation-result-table, attach the edge that is found in the table

as the result of the requirement.

(3.3) Otherwise, generate a new temporary node of level lev and at-
tach the edge pointing to the temporary node as the result of
the requirement. At the same time, register the edge pointing
to the temporary node to the operation-result-table as the result

o 2p( f.g) and put new requirements of level (lev — 1), (op, e,
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eq,) and (op, ey,, e,, ), whose result will be 0’ edge and ’1’ edge,
respectively, of this temporary node, to the requirement queue.

(4) lev=1lev —1

(5) If the requirement ¢ueue is not empty, then go to (3).

The Reduction Phase

After the expansion phase is completed, there may be temporary nodes
which are pseudo-leaf-nodes or non-unique nodes. The main tasks in
the reduction phase are to find and remove such nodes. In addition,
temiporary nodes that are neither a pseudo-leaf-node nor a non-unique
node are registered to the node-table. In this algorithm, these tasks are
executed in a breadth-first manner from the nodes nearby the leaf-nodes
toward the root-node.

When a pseudo-leaf-node or a non-unique node of level 7 is removed, a
forwarding pointer is set to indicate the node that takes the place of the
removed node. When the '0° edge or "17 edge of a temporary node of level
(i 4+ 1) points to a removed node of level 7, the edge is redirected to point
to the node pointed to by the forwarding pointer of the removed node
before checking whether the temporary node of level (i + 1) is neither a
pseudo-leaf-node nor a non-unigue node. Forwarding pointers are stored
in the array which were used as the requirement queue in the expansion
phase.

The reduction phase is formalized as follows:
[The Reduction Phase of the Breadth-First Algorithm]
(1) lev =1

(2) Execute (2.1) - (2.4) for every temporary nodes of the level lev.
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(2.1) If its '0’ edge or '1’ edge points to a removed node, modify the
edge so as to point to the node pointed to by the forwarding
pointer of the removed node.

(2.2) If its '0" edge and 1" edge point to the same leaf-node, remove
the node, and set its forwarding pointer to point to the leaf-node.

(2.3) If there is an equivalent node registered in the node-table, remove
the temporary node, and set its forwarding pointer to point to

the node found in the node-table.

(2.4) Otherwise, register the node to the node-table, and change the

attribute of the node to “perinanent” from “temporary”.
(3) lev =lev+1

(4) If lev < level_max, then go to (2).

4.3.3 Data Structure

The above algorithin is effective for SQBDDs stored in secondary memory
if all the nodes of every level are stored together in a contiguous location in
secondary memory. Requirements of level ¢ can be solved in the expansion
phase ounly if the nodes of level 7 and level (7 — 1) are in main memory.
Temporary nodes of level ¢ can be checked in the reduction phase only
if nodes of level i and level (i — 1) are in main memory. In addition,
if the two hash tables are split up according to level, we need only one
operation-result-table at a time during the expansion phase and only one
node-table at a time during the reduction phase, and tables of other levels
can be swapped out to secondary memory.

The allocated secondary memory space for the set of nodes of every
level includes free nodes for generating new temporary nodes. While

there are free nodes of a level, the size of an array of the set of nodes of
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the level do not change, so the array of the level is stored again in the
same location of the secondary memory space as they were. If there is
no free nodes in the allocated memory space for the level when a new
temnporary node should be generated, garbage collection (see section 3.4)
is performed. If there are few nodes to be reeyeled anymore, then the total
number of the nodes of the level is increased by twice by allocating a new
location in the secondary memory space to store the new greater array for
the level. As described in [BRB90], the necessary size for the operation-
result-table and the node-table to keep the efficiency of the operation is
1/4 to the munber of nodes. When the total number of the nodes of a
level is updated, then the operation-result-table and the node-table of
the level are also increased in size, and all elements are re-hashed into
the larger tables. This incremental allocation strategy has the following

advantages in the use of secondary memory;

e The allocated spaces of secondary memory for levels are proportional
to number of nodes of the levels. It optimizes the utilization of the

space of the secondary mewory.

e The data density, i. e., the nmunber of the actually used nodes per
the nuuber of allocated nodes, is kept high during manipulation. It
is erucial to keep the data density to reduce the overhead of access

of secondary memory (recall section 2.3).

4.3.4 Garbage Collection

Let us consider the implementation of automatic garbage collection for
our SQBDD manipulator. Basic idea described in [BRB90] is applied,
but some other techniques are also introduced[Coh81]. Each node has a
reference count of the number of '0” edges and '1" edges that reference it (if
the node is not level_mazx) or the number of user formulas that reference
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it (if the node is level _maz). This count is maintained incrementally. A

node with a reference count of 0 is called dead.

When a user formula is freed, the reference count of its root-node
is decremented. If the renewed reference count of the root-node is 0,
the reference counts of its children should be recursively decremented.
However, decrementation of the children are not performed immunediately
in order to avoid extra access of secondary memory. Instead, dead root-
nodes are linked to a list, a dead list, of level_ma.x. Just before the step
(3) of the expansion phase of succeeding operation, the reference counts of
the nodes of level (lev — 1) which are referenced by the nodes in dead list
of level lev is decremented and those nodes whose reference count become
0 are linked to the dead list of level (lev—1). In this way, reference counts

are updated in breadth-first manner during the expansion phase.

When the array of the set of nodes of a level becowne full, a garbage
collection for the level is performed. Garbage collection consists of delet-
ing all entries of the hash tables of the level that reference dead nodes and
compacting all non-dead nodes of the level in one end of the array. Com-
paction is effective for reducing page faults in succeeding manipulation of
this level. Furthermore, we choose sliding type compaction, i. e., non-dead
nodes of the level are moved toward one end of the array without chang-
g their linecar order. Shding type compaction keeps those nodes which
has been defined in the same expansion phase placed in neighborhood
in the array. which seems to be the best way to minimize the random
access within a level. Compaction step of the garbage collection includes,
of course, redirection of several kinds of pointers. See [Coh81] for more

detail on sliding type compaction of garbage collection.

Sliding type compaction is also done in the reduction phase in order

to remove pseuco-leaf-nodes and non-unique nodes.
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4.4 Implementation and Evaluation

4.4.1 Implementation

We implemented the proposed method in C language on the worksta-
tion Sun SPARC Station 10 (36MHz, SunOS 4.1.3) with 64 megabyte
main memory. As the secondary memory, hard disk and semiconduc-
tor extended storage are emploved. Specifications of these devices are
described in section 4.2.1. Secondary memory space is allocated as the
swap area, which is used as the physical storage of the virtual mewory
space managed by the OS. We used the secondary memory devices trans-
parently under the memory management system of the OS. This is the
easiest inplementation of our method.

The required space per a node is 18.25 bytes, including the space for
the hash tables. Within one gigabyte virtual memory space, more than
50 million nodes can be allocated.

Minato et al. have proposed several attributed edges, including output
inverters, for the purpose of reducing the muuber of the nodes and/or
the time used for the manipulation of SBDDs[MIY90]. We employed the
output inverters.

If multiple requircments of Boolean operations are given simultane-
ously, then they can be processed together by putting them to the re-
quirement queue at the initial step of the expansion phase of the breadth-
first algorithin. This technique is effective for parallel implementation of
SBDD manipulators. becanse it extends the parallelismn of the process
[INC90]. This techuique is even more effective for our implementation to
use secondary memory, because it reduces the munber of cycles of the
expansion phase and the reduction phase. We employed this technicue.

We chose multipliers as benchmarks of our manipulator in order to

demonstrate manipulation of very large SQBDDs which is too large to be
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Table 4.1: Beclunark Results of our Manipulator

circuit #node in HD in §§
name #Hused  Fred. #alloc time (sec) time (sec)
elapsed CPU | elapsed CPU
multy 10,800 236 41,392 1.21 1.21 1.22 1.22
mult9 29.851 412 98,862 3.26 3.26 3.26 3.26
mult10 82,364 639 329,004 9.48 947 .49 9.48
mlt 11 227.655 1,083 869,674 28.69 28.68 28.74 28.69
mult 12 626,859 1,870 1,592,104 R0.7T8 R0.74 B0.8T &0.79
mult13 1,697,928 3,089 3,608,358 390.54 284.85 310.79 284.75
multld | 4,599,659 5,312 9,107,236 | 5,017.75 1,095.14 | 2,054.35 1,114.37
mult15 | 12,432,897 10,121 26,924,834 | 20,185.67 3,487.82 | §,190.48 3,730.47

stored in main wemory. (Standard benchmarks such as ISCAS’85 circuits
(except ¢6288) are too small in BDD size to use secondary meinory if ap-
propriate variable orderings are employed.) An SQBDD which represents
the Boolean functions of all primary outputs of an nnsigned multiplier is
constructed from its circuit description. The employed variable ordering
is
ag = bp_y >=ay >=by_a=ag > by_y == a,_1 > by

where a’s and b's are the multiplicand and the multiplier, respectively, and
ag and by are the LSB of them. This variable ordering requires relatively
small nmunber of nodes during construction of SQBDDs for multipliers

among several systematic variable orderings.

4.4.2 Experimental Results

Table 4.1 shows the experimental results of our manipulator with one
gigabyte secondary memory. This table shows required CPU time (time

spent by user plus time spent by system) and elapsed time for constructing



4 4 Implementation and Evaluation 103

Table 4.2: Bechmark Results of the Conventional Manipulator

circuit #node | within MM in HD in SS

name #used time (sec) time (sec) time (sec)
elapsed CPU elapsed CPU elapsed CPU

mult8 10,140 293 293 1,134.89 G2.85 367.56 61.50

mult9 28,833 4.27 427 3.417.84 114.24 T57.32 96.58

mult10 80,850 8.34 B33 | 12,254.06 323.05 | 2,061.25 193.39
multll 225,106 21.27 21.24 | 4726249 1,152.08 | 6,421.09 453.84
multl2 622,221 $69.29  69.22 | 158,026.52 3,882.65 | 19,271.27 1,257.62
multl3 | 1,689,752 (nnable) (not tried) 64,732.90 5,356.41

an SQBDD. Note that CPU time does not include idle time spent for
waiting for responses from secondary memory devices. The column ##used
shows the number of nodes of the final SQBDD which represents the
Boolean functions of all the primary outputs of a multiplicr. The coluinn
#red. shows the number of redundant nodes among them (Fused—red.
is the number of nodes of SBDDs). We can see that the number of
nodes of au SQBDD is almost the same as the nunber of nodes of an
SBDD. The column #alloc shows the nunber of allocated nodes, i. e.,
total size of the final arrays for the sets of nodes. The colmm m HD
and in SS shows the results of the experiments with the hard disk and
the semiconductor extended storage, respectively. Elapsed time is almost
the same as CPU time up to 12-bit multiplier. In fact, the experiments
of up to 12-hit multiplier required no physical I/O. This is because they
can be performed within 64 megabyte main memory. This is yet another
advantage of our implementation of incremental allocation and the use of
virtual memory space managed by OS. From Table 4.1, the elapsed time
for generating an SQBDD for a 15-bit multiplier is about 5.6 hours and

2.3 hours using the hard disk and the semiconductor extended storage,
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respectively.

Table 4.2 shows the experimental results of the conventional depth-
first algorithm. The manipulator used for these experinents is the SBDD
manipulator developed by Minato et al. which supports two kinds of at-
tributed edges, output inverters and input inverters[MIY90]. Their SBDD
manipulator does not support incremental allocation of mmemory space;
all the array space are allocated at the initialization process. The column
in HD and 7n SS shows the result using hard disk and semiconductor
extended storage, respectively. obtained by allocating (virtual) memory
space for 16,777,216 nodes (372 megabytes), that is probably the least
2’s power necessary to generate an SBDD for 15-bit nmltiplier in order
to estimnate the elapsed time for 15-bit multiplier (In fact, we could not
make the experiments for the multiplier of 14-bit or more, because they
take too long time). The colummn within MM shows the result obtained by
allocating only 24 megabyte memory space. From Table 4.2, the elapsed
time for generating an SBDD for a 12-bit multiplier using the conven-
tional cdepth-first manipulator is almost 2 days when the SBDD is stored
in hard disk.

4.4.3 Discussion

Figure 4.4 illustrates the results shown in Table 4.1 and Table 4.2.

By means of the conventional manipulator, elapsed tine for a 12-hit
multiplier is about 2,300 tines greater when the diagram is stored in hard
disk than when whole diagram is stored within the main memory. This
is unbearable.

From Figure 4.4, we can estimate that it takes about 2,000 seconds for
a 15-bit mmltiplier even when large enough main memory would he avail-
able. By means of our manipulator, elapsed time for a 15-bit multiplier

using hard disk is only about 10 tiines greater than the above estimation.
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It is also estimated from Figure 4.4 that it takes more than 2 months
for a 15-bit multiplier using the conventional manipulator and hard disk.
We can say that manipulator achieved 330 times iniprovemcnt on elapsed
time.

Using sewiconductor extended storage, clapsed time of the conven-
tional manipulator for a 12-bit multiplier is improved about 8.2 times
compared with using hard disk, but still unbearable. Elapsed time of our
manipulator for a 15-bit multiplier is improved about 2.5 times and is
only about 4.1 times greater than the estinated elapsed tie with large

enough main memory.

4.5 Conclusion

We have proposed an efficient method for manipulating very large SQB-
DDs in secondary memory and shown benchmark results. The developed
technique for SQBDD manipulation is expected to be utilized for various
CAD applications such as formal design verification, test generation, logic
synthesis and so on in order to enable us much larger and more complex
design which were not possible with the conventional SBDD manipula-

tors.



Chapter 5

Conclusions

In this thesis, three topics concerning Boolean function manipulation have
been discussed in order to solve very large problemns in CAD of digital
systems.

In chapter 2, high-speed algorithins for generating prime implicants
of a given Boolean function were discussed, and the use of vector su-
percoinputer was proposed. The proposed algorithis were based on the
consensus expansion. The proposed algorithins were nuplemented ef-
ficiently on vector supercomputers by performing consensus expansion
in breadth-first manner, and employing truth table representation of a
Boolean function and map representation of a set of prime implicants.
Table look-up technique was also employed to reduce the consensus ex-
pansion stages. The proposed algorithms were implemented on the vector
supercomputer FACOM VP-400E at the I{yoto University Data Process-
ing Center and compared with several other algorithms. For exainple, by
the consensus expansion method with table look-up, all prime implicants
of randomly generated 18-variable Boolean functions were generated in
about 1.4 seconds on the average.

As an application of the proposed algorithm, we have shown the results

related to the number of prime implicants of Boolean functions. We have

107
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shown that the Igarashi’s conjecture on the maximun munber of prime

5 and G, 1. e,

immplicants of n-variable Boolean functions is true for n =
the maxinmm munber of prime implicants of 5- and 6-variable Boolean
functions are 32 and 92, rcql)ectlvelv It is still open whcthel the Ig,a,rashl s

conjecture is true for n = 7 and heyond. Y b ea g

In chapter 3 and chapter 4, algorithms for manipulating SBDDs were
discussed in order to manipulate very large SBDDs which cannot be ma-
nipulated by conventional workstations, and the use of breadth-first al-
gorithm was proposed. The breadth-first algorithi consists of two parts:
an expansion phase and a reduction phase. In the expansion phase, new
nodes sufficient to represent the resultant Boolean function are generated
in a breadth-first wmanner from the root-node toward leaf nodes. In the
reduction phase, the nodes generated in the expansion phase are checked
in a breadth-first manner from nodes nearby leaf-nodes toward the root-

node.

In chapter 3, a high-speed algorithm for manipulating SBDDs which
is suitable for vector supercomputers was proposed. Breadth-first algo-
rithm was employed to vectorize manipulation, and actually almost all
steps were vectorized, including hash table access whiclh was éfﬁciently
vectorized using high-speed vector indirect store instruction of a vector
supercomputer HITAC S-820/80. A Boolean function manipulator hased
on the 1)101)050(1 algorithm was implemented on fhc HITAC 5-820/80) at
the University of Tokyo, and experiments of (Oll"aflll( ting the SBDDs
repreeentmg the Boolean functions of all the primary outputs and nets
from a cireuit description chosen from [SCAS’85 [BF85] were performed.
From these experiments, the vector accelération ratio on the S- 820/80
was 5.3 to 27.8. Compared with the results on the work station Sun3/60
by Minato et al.[MIY90], our results were up to 130 times faster in the

best case. In addition. as an example of applications of SBDDs, a’ design
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verification system based on computation tree logic (CTL) model checker

was implemented and the experimental results were shown.

In chapter 4, the use of sccondary memory was discussed in order to
manipulate SBDDs which were too large to be stored within main mein-
ory. In order to avoid random accesses to the secondary memory, level-
hy-level manipulation of Shared Quasi-reduced BDDs (SQBDDs) upon
a breadth-first algorithm was cmployed. The use of garbage collection
with sliding type compaction was also introduced to reduce page fanlts
in suceeeding manipulation. A Boolean function manipulator based on
the proposed algorithm was implemented and evaluated on the worksta-
tion Sun SPARC Station 10 with 64 megabyte main memory and a one
pigabyte hard disk drive connected via SCSI-2 standard nterface. As a
result an SQBDD with more than 12 million nodes representing all the
primary outputs of a 15-bit multiplier was constructed from a circuit de-
scription in about 5.6 hours. If the conventional SBDD manipulator is
used mstead, it is estimated that it would take about 1,900 hours, so we
can say that our manipulator achieved about 330 timmes improvement in
clapsed time.

The results in chapter 2 and 3 suggests that the use of vector super-
compnters is effective not only for numerical problems, but also for logical
and combinatorial problems. There are also many non-numerical com-
putations other than CAD systems. Some of the developed algorithins.
data structures and techniques seems nseful for such applications.

BDDs are now widely utilized in various areas, including design veri-
fication, test generation and logic synthesis for VLSI CAD, truth main-
tenance system of artificial intelligence, and some other mathematical
problems. BDD-based prime implicants generation has been also stud-
ied [CM92]). The developed Boolean function manipulators are expected

to he used for various BDD applications. Discovering new application
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areas of BDDs and improving the performance of Boolean function ina-
nipulators will provide a fruitful area of research for many years to come.
Especially, studies on computer architecture for Boolean function manip-
ulation seem challenging; mewory architecture and/or conununication of
processors are awd will be the central problemns. The proposed breadth-
first algorithm for manipulating SBDDs seemns useful for large and cow-

plex problems of Boolean functions to solve.
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Appendixes

Proof of Lemma 1

[Lemma 1]
Let f be a k-variable Boolean function. and x; a Boolean variable (1 <
i < k). A product term p is a prime implicant of f. if and only if one of

the following stateinents is true.
1. pis a prime implicant of f(r; = *).
2. pis a prine implicant of 77 f(x; = 0). and does not nnply f(z; = *).
3. pis a prime implicant of .r; f(r; = 1). and does not imply f(r; = )

(proof )It is clear that a prime implicant of f is an implicant of 75 f(r; = 0)
(vif(x; =1))if 7; (r;) appears in its representation. A prime implicant of
f which is independent of x; is an immplicant of f(.r; = ). Hence a primne
nuplicant of f is an nuplicant of at least one of 77 f(.r; = 0). »;f(r; = 1)
aund f(r; = *).

Suppose that there is an implicant of either T5f(x; = 0), x;f(2; = 1)
or f(a; = =) that is implied by a prime implicant of f. From the equation
f=7if(r;i=0)4+2;f(r; =1)+ f(r; = %), it follows that an implicant of
either T; f(r; = 0). a;f(.r; = 1) or f(r; = %) is an implicant of f. Hence
there is an implicant of f that is tmplied by another implicant of f.

which contradicts the definition of prime implicant; accordingly, a prime
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inplicant of f is a prime implicant of either 7 f(xz; = 0), 2;f(2; = 1) or
flai=x*).

A prime implicant of f(x; = *) is independent of x;, thus it does not
nnply both Tf(x; = 0) and 2;f(x; = 1). A prime implicant of either
Tif(zi = 0) or &;f(r; = 1) which is not a prime implicant of f is a non-
prine implicant of f. and the prime implicant of f which is implied by it

is obviously a prime implicant of f(x; = *). o

Proof of Lemma 3

[Lemma 3]

Let f be an k-variable Boolean function and g;. ...and g; (j > 0) be k-
variable Boolean functions which implies f, and r; be a Boolean variable
(1 <i< k). pisa prime implicant of f which implies neither g, ...nor

;. if and only if

1. pis a priwe implicant of f(x; = %) which implies neither g,(x; = %),

...y NOT gj(T; = *), or

2. pis a prime implicant of T f(x; = 0) which implies neither g, (=
0), ..., Tigj(x; = 0) nor f(x; = %), or

3. p is a prisne nmplicant of ; f(; = 1) which iplies neither g (2; =

1). ..., xigj{e; = 1) nor f(x; = *).

(proof JBy mathematical induction on j.
Case 1 : When j = 0, Lenuna 3 is equivalent to Lemnna 1.
Case 2 : Assume that Lemna 3 is true for j = j, > 0. On a Boolean

function. say g; 4. which implies f, it is obvious that
A JJI>+ ]

e a prime lmplicant of category (1) of the statement of Lemma 3 that

unplies gj, 41 implies g; 4 (x; = *), and
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e a prime implicant of category (2) ((3)) that implies g; 4+, implies
Tigjo+1(i = 0) (2igj,1(z: = 1)).

Hence Lewuuna 3 is also true for j = j, + 1. O
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