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SYNOPSIS

Time varyingelectromagnetic field, produced
by electrodes or coils with configuration that has
2 central axis and azimuthal and axial periodicities,
is analyzed in general. As special cases of such
a4 configuration, many types of electromagnetic fields,
such as helical type, line cusp type and mirror type
are found, Many configurations of electromagnetic
fields used for plasma heating can be reduced to
these special cases.

Ion motions, rf power absorption and other
cooperative phenemena of plasma in the helical type
field and the picket fence field are investigated.

It can be found that these rf fields are suitable for
ion cyclotron heating of plasma, when a strong axial
magnetic field is externally imposed. If the plasma
density is considerably higher, circularly polarized
fields rotating in the same sense as would ions are
shielded by the reacting ion currents. Reversely
polarized field , however, penetrateginto the plasma
without considerable change in its magnitude. The
peak of the rf power absorption curve drawn as a
function of the external magnetic field or the =zf
frequency is expected to shift from the corresponding
jon cyclotron resonance position, when the plasma

is beam-like. This theoretically predicted shift



was experimentally verified by using a plasma
generator "Heliotron-B". The helical type field
was attempted and could raise electron temperature
up to 7 x 10° °K in helium discharge.

Ion cyclotron waves with nonaxis /mmetric modes
are generally analyzed, where an ion beam is flowing.
A boundary condition, that a cylindrical plasma is
coaxially immersed in a cylindrical sheet current
and has a vacuum clearance with the sheet, is taken
into account, The resulting inner field, the ion
current, the electron current are also discussed.

As special cases of this general mode, dispersion
relations for axisymmetric mode given by Stix or
for nonaxisymmetric mode without axial ion current
given by Bernstein and Trehan are found.

It can be found that momentum transfer of ions
to neutral molecules causes a broadening of the
absorption curve of ion cyclotron resonance, Rf
field penetration and power dissipation in slightly
ionized gas are also analyzed under the boundary
condition of a cylindrical configuration. Experimentally,
this broadening could be verified. Some collision
frequencies for different conditions wer determined.

Bxperiments on theion cyclotron heating of plasma
was made by using the Heliotron-B device. The plasma

generated by a Joule heating was supplied with rf

il



power of 100 kilowatts, and ion cyclotron waves was
excited in a rf coil region and then damped in the
slopes of the Heliotron magnetic field. As a result,
ion temperature could be raised up to 4 x 105 k.

Electron temperature was insensible to this heating.
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PREFACE

The successful release and utilization of the
nuclear fusion energy of deuterium will serve the
human being an inexhaustible energy source. In order
to realize this controlled fusion reaction, we must
first investigate the generation of deuterium plasma
of extremely high temperature, Many procedures to
get such a plasma may be considered. One of them
is that, in the first stage, deuterium gas 1s brought
to a fully ionized plasma and then heated and confined
in a strong magnetic vessel, The heating method in
th}s case, of course, much concerns the confining
field itself. A plasma generator named "Heliotron-B"
of KyotoUniversity belongs to this type. "Ion cyclotron
heating" is one of the heating methods applicable to
the confining field of the Heliotron-B device.

This thesis is the record of the investigation
of ion cylotron heating of plasma, which was carried
out by the author as a member of Kyoto University
High Temperature Plasma Researching System called
"Helicon Project".

1t should be noted that Gauss units are used
throughout this thesis, except for a description of
electric currents in the magnetic coils of the device.
Because it is convenient to the treatment of plasma

behaviours, such as phase velocity, plasma density,



and wave length of spectral line,
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I High Freyuency Coil for Plasma Heating

1.1 Introduction

hany configurations of time varying electromagnetic
field for plasma heating have been proposed and applied
to experimental devices. However, it seems that such
configurations have not been generally analyzed. Diffi-
culties of general treatment of these fields may be due
to the fact that the configuration of field for plasms
heating must concern itself with the configuration of
magnetic field for plasma confinement. DBehaviours of
plasma induced by the heating field, such as charge
separation, must also be taken into account.

If it is able to find the common properties between
the configurations of field for plasma heating and those
for plasma confinement, then the way of the general
trectment will be revealed. These common properties
essentially originate from human nature and technical
facilities, since human kind lives in three dimensional
space and can make things only of three dimensional
geometry., Furthermore, it should be remembered that
plasma under fusion reaction must be confined in a
bounded volume with = closed surface, as torus, ellip-
soid, spheroid, wheel limniscoid, ete. Generally these
have geometrically three axes. From the viewpoint of

engineering, configurations with an axis are easy to



: realized. Therefore it should be concluded that we
13t deal with the configuration which has at least one
tis,

In fact, most of the devices for plasma experiment
wve a configuration with an axis or more. For instance,

2)

1
sellarators of Princeton University and Heliotron ‘of

roto University are of race-track shape and have two
tes, Mirror machines, as DCXB)of Oak Ridge, FELIX4)OI
‘RL, ete., have a central axis. As far as the small
:ction of a torus or race-track is concerned, its
mfiguration may be regarded as that with an axis.

Un the basis of the above mentioned facts, configu-
itions with a central axis are dealt with in this
laptegaj Electric field for plasma heating may be
lassified into two types according to their production
ichanism; one is electrostatic field and the other
1duced field., However, in many practical cases, both
/jpes of fields coexist and produce a complicated
mfiguration,

In the next section 1.2, we deal with electrostatic
iteld with a central axis. And electric field induced
y time varying magnetic field will be discussed in a
2ction 1.%3. Combined field of both types is also
2alt with in a section 1.4.

Since relatively low freyuency field is of interest

1 the case of magnetic pumping or ion cyclotron heating



of plasma, displacement current is neglected in the
analyses through these sections. As the special case
of this general configuration, many types of electro-
magnetic fields, such as helical type, line cusp type
and mirror type, are found. any configurations of
electromagnetic fields used for plasma heating can be

reduced to these special cases.

1.2 Electric Field Produced by Electrodes

In order to treat thne problem generally, we consider
time varying electric field in vacuum produced by electrodes
with the configuration that has a central axis and azi-
rmuthal and axial periodicities. Let us assume that the
frequency of the field is sufficiently low enough for
displacement current to be neglected. In other words,
we treat the case in which the characteristic length
of the machine under consideration is very short in
comparison with the electromagnetic wuve length with
that frequency, Whence, the problem can be reduced to

solve the Laplacian equation:
vée = o, (1-1)

under given conditions, where ¢ is a scalar electric
potential. KElectric field ® can be obtained from the

potential ¢ by using the relation as



E = Vb, (1-2)
Since we are interested 171 configurations with an
axis, it is suitable to use cylindrical co-ordinates
(ry, 6, 2z). Biuation (1-1) is expressed in cylindrical

co-ordinates as

12,28y, At a—z‘i . (1-3)

r or ar r é e

To solve the above equation, we shall seek the tolution

such as
$ = R(r)#(9)2(2)1(1). (1-4)

Here F(Q) and Z(z) are periodic functions of & and z,
respectively, and f(t) is a function of time t. There-

fore we can express Z(z) by means of a Fourier series:
Z(z) =2 Zy=2 “cycos(ykz) B dysin(ykz\f . (1-5)

Substituting equations (1-4) and (1-5) into equation

(1-3), we have

eo 2\
1 2R 2. 2 RZy 3°F ; 1
FZ, E—— + 228 1 Pxp 2L = 0. (1-6)
%[ r ar x r2 392

From the fact that eguation (1-6) must be held for

any value of z, we obtain



R(r) =} | Anlnlvie) + BK, (viez) | (1-7)

and

=r ]

F(A) :%JPncos nd + Q, 5in .ﬂS} , (1-8)
where In and Kn are the modified Bessel functions of the
first kind and of_second kind, respectively, and An’

e~

Bn, Pn and Qn are constants which should be determined
from bouncary conditions., On the other hand, a parti-

cular solution of eguation (1-%) is found to be

q> = f(t){ellog r+ oe,0 + e3zl . (1-9)
Again €11 ezand e3 are constants, Thus we get the

general solution of equation (1-3%):

g = mws K 17
JP f(t)[ellog r o+ e29 + €5z +Zz ic,/coa(vkz) + dpeinlyka) %X

Vi
(P coenf+ Qsinnd) (a1 (vir) + Bk (Peo)l].  (1-10)

The snalytical procedures introducing eyuestion (1-10)
was first developed by Uo?) He adopted this method so
as to analyze the static magnetic field such &s the
lleliotron field,

Imposing following boundary conditions on equation

(1-10), that is,



|E| is finite at r=0

(1-11)
EI" = O W:’lel’l 1‘19+sz - mTT., m=0,l,2ylao L]
we obtain finally
- +c-=l€9‘ i
¢a = f(t)L?5z +;zéaAnwln(Vkr)81n(n9 +L/kr)] . (1=12)
Substituting equation (1-12) into egquation (1-2),
obtain the expressions of the electric field
i '
E, = t)kz‘ ZVAIIV n (ykr)sin(nl + vkz), "
Vien Ml i
By = t)l%$ $n 1 (Vkr)cos(n@ + pvkz) L (1-13)
¥ o ’ e
E, = -f(t)fe - 1‘:}: §‘,xA Lo (Vkr)co.:;(n8+/kz)]

v=-co n=0

Needless to say, each constant in equation (1-13) should
be determined from boundary conditions. However, these

boundary conditions are much concerned with the configu-
ration of electrodes in a given special case. ''herefore,
let us consider several special cases in following small

sections.

1.2.1 Case that n=0 and p =1

The condition n=0 corresponds to an axisymmetric

configuration. When n=0, equations (1-12) and (1-1%)



become

+

o
b = £(t)[eqz + ) A, T (Vkr)sin(pke)] (1-14)
V=—o0 -
and
E, = —f(t)k;?PAoﬂll(Vkr)sin(VKZ),
Eg = O, (1-15)
~ +ca
E, = *f(t)LEB + kﬂSVAoVIo(VkT)COS(Vij}'
y=—eo

Cleurly equation (1-15) gives exact solutions of any
diven configuration of axisymmetric field,

Un the other hand, the approximate field expressions
of the configuration of electrodes shown in Pig. 1-1 are

found, by putting p=1, to be

$ = 1(t)|egz + A I (kr)sin (kz)|, (1-16)
B, = -f£(%) kA _,1y(kr)sin(kz),

Ey = 0, (1-17)
B, = —f(t)[e3 + kAollo(kr)cos(kz)].

If the potential diference between neighbouring electrodes
where r=r_ isrto when t=t_, the constant A , is determined

to be



P

ol ~ 2f(tg)1o(xro)

Furthermore, the conaition

2x
[
J B._d_ =0
Z Z
4]

introduces

Thus under these condiftions, we have

1 £(4) L Ger)
P ‘i ﬂ—t—O—T k¢‘0 I_‘;)W Sln(kz) y

Eg = 0, (1-18)
£ o b EB g L j
z 2 f(?Ej 0 Ioikroi cos(kz).
|
_T__f + —
(°
Fig., 1-1 Configuration of ring electrodes when

n=0 and =1,



It is clarified from equztion (1-18) that, when #O is
constant, the axial field on the z-axis decreases as

1
Forr decreases.

0

This field configuration is the same as linezar
accelerators for hesavy ions. If an external magnetic
field is present parallel to the z-axis, one may expect
the axial accelerstion of charged particles along the
magnetic lines of force. However, all particles are not
always in phase with the electric field. ©Some particle
may be subject to a trapping similar to that in longi-
tudinal electrostatic plasma oscillations,

Some trizsls to adopt this kind of accelsration had
been done by K. Watanabe and his coworkers (1963)62
Their experimental device had a discharge tube of =a
eight-figure shape, which consisted of ring electrodes
of Alminium and insulator rings of epoxi-regin. The
external magnetic field was energized by the currents
in coils set around the discharge tube. As a result,
a rotational tremsform would be acheived as Stellarator
machines. But, unfortunately, they could not have fully
ionized gases at high temperature inside the discharge
tube,

One more example of the configuration of this type
ig also seen in a L-C resonant circuit shown in Fig, 1-2a.
Voltage between the terminals of the inductive coil

T3
causes a electric field inside the coil. Stix's coil



for ion cyclotron heating as shown in Fig.l-2b generates
similar electric field inside the coil, which dameges

the excitation of ion cyclotron waves.

-
o
- -
.
C
(] £
C:: ©- —‘
Coil Coil
(&) (b)
Pig, 1-2 Potential difference OCcurrhgin a resonance
circuit,

(a) Ordinary induction coil
(b) Exciting coil of ion cyclotron waves

1.2.2 Case that ¥=1 and kz-0

This case corresponds to the situation that electrodes
are set parallel to the axis at a constant interval where
r=r and their potential are periodic in the azimuthal
direetion,

In a region of small kr, equations (1-12) and (1-13%)

are put in the form, approxim.tely, as

10



= £(%) e,z + gin , I
B £(4) ¥ .
B = = A = sin n6 ,
" 2,0l N 4y )
|
o) n n-1
By = =£{4) Y& o ~2E _ son e | L (1-20)
nz nl oB(y 1)) ‘
EZ = -63' )

Under the condition that the potential difference

between the neighbouring electrodes is ¢O when t=t

and only the terms where n=m in equations (1-19) and

(1-20) are taken into account, we get

G £(t) "

¢ = - E ?(t—oy ( ro) sin moe , (1—21)
) mdP £(t) m—1 _
'E‘r — E_I:(i 7 toj [ i—o) §in me , )

md) m-1
e _ Yo £(E)
By = 55 ¥t T (T ©os me , o (1-22)
8] O o
E_= 0,
Z

These eguations give approximately the electric field ot
the configuration of electrodes shown in Fig. 1-3. It
vecomes evident from eguation (1-22) that an increase

of m is associated with a large decreanse in the eiectric

11



The dlrectlonb of the fiela ig
pdrpenaloular to the a4Xlig, gg that Some pdrpendlouldr
acceleratlons of Chargeg Particleg s
When

Megnetio fielg exist
A& trig; to trap bParticleg in g S1imilgy fielgq has
been made by 1 Suitg and hig

Y D)
. —-
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Pig 1=z Configuration Of bar e ectrodes When
D=m gny kzsQ, Here mM=3 nq e g hown
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Fig. 1-4 Configuration of helical electrodes when
n=m and =1, Here m=4 case 1is shown.

Whence approximate formulae of equations (1-12) and

(1-1%) are

¢ = f(t)[}iz + Amllm(kr)sin(mﬁ + kzi} (1-23%)
E, = ~f(t)KAmlIm'(kr)sin(m9 + kz),
Eg = -f(t)%Amllm(kr)cos(mB + kz), (1-24)

e

B

i_, kr IS
—f(t),g3 + kAmIm(KI)cou(mB + kZ)Y

]

Under the condition that, when t:to and z=0,

(pe o - d;) - 'fu

(2p+1) S:E%(Zp)

(p: integer)
13



we have

ki
L o= fit% =T Tk —T o "(kr)sin(mb+kz) .,
Eg = ffizi ?I:?ﬁro) % Im(kr)cos(m5+kz), (1-2%5)
_f(1) Mo
Ez = f(to) 5T (kr )I (kr)cos(mh+kz).

Especially, when m=1, equation (1-25) becomes

f(t) m#o

EI‘ = m;)—y ﬁ;(—oy Sil’l(e+k2),
kb,
Eg = ffizg T (k) cos(f+kz), (1-26)
¥E =20
A

Equation (1-26) indicates that this field is a circularly
polarized travelling field,

1f we adopt complex co-ordinates perpendicular to
the z-axis and assume that f(t) varies sinusoidally with
time, then we can express the field by, instead of

¢quation (1-26),
B o= (olWF, o-iwty ilkz-e) (1-27)

where E =8+ iEg.

14




Tt becomes evident from equation (1-27) that this
configuration of electrodes (i.e. m=1 mode) produces

an effective field to heat charged particles by means

of cyclotron resonance under the existence of an exter-
nally applied magnetic field. Discussions oif the heatin
oy @uch afieldis to be given in detail in the next
chapter, Also the last chapter is devoted to describe

an experiment of this field.

1.5 Induced Electric Field

When magnetic configuration are given beforehand,
induced electric field can be found from Maxwell's
eyuations, We shall analyze here the electric field
induced by current flows whose configurations are
similar to those of electrodes discussed in the previous
section., Wamely its configuration has a central axis
and periodicities in both the axial and the azimuthal
directions, k, Uo analized static magnetic fields
which have similar configurations as will be discussed
here, We are now interested in field with time varia-
tion, the freyuency of which is sufficiently low so
that displacement current can be neglected. Therefore,
we can apply his method to the anal;ses of the magnetic
field. Neglecting a displacement current, we have

Maxwell's eyuationsas

15



¥V x © = 0 (1-28)
v+*B = 0 (1-29)

Thus we can express B in terms of a scalar potential

¥, that is,

T o= V. (1-30)

Substituting equation (1-30) into eyuation (1-28), we

obtain
ver = o, (1-31)

whicn is to be solved unaer given boundary conditions.
The same procedure as in the previous section

yields the general solution of equation (1-31). Tnis

solution is written in the cylindrical co-ordinates in

the form:

o
Il

+go x
i t)kf}:mnpln' (Vkr)sin(nf + v kz),

r V=00 h=0
Boe = f(t)%‘gfmnplnwkr)cos(nﬁ +vkz), \,(1—32)
L osa =D \

o
|

A —c3 2 1
- f(t)Le1+ kE EAHVIH(Vkr)cos(nQ +ykz)! !

p=-on I

Where Anr and e; are determined from boundary conditions.
Induceda electric field is readily obtained by using a

haxwell's equation:

16



v x B = - EE,
at

o=

(1-33)

Unce a configuration of currents is given, the constant
in equation (1-32) are determined and then the analysis
of induced electric field is straigntforward. Therefor
in following small sections let us consider the several
special configurations of currents and the correspondin

electric fields.

1%l Axisymmetric Configuration (n=0, p=1)

The condition n=0 means an axisymmetric configu-

ration. In this case, equation (1-3%2) becomes

+oo
B = f(t)1gzuﬁovll(ukr)sin(wkz),

y=-oo

0, (1-34)

o
=)
1]

B, =mi%]+E§VA0VIOQVkr)COS(sz)] ]

Y==p0

The magnetic field produced by current flows as shown

in Fig. 1-5 is approximately expressed in the form, by

taking p=1,
L, = £f(t) kAolll(kr)sin(kz),
bg = Os [ (1—55)
2 l
B, = £(t) %3+ ka (T (kr)cos(kz) . )

17



Strictly spesking, e uation (1-35) expresses the field
configuration such that neighbouring ring currents are
mutually opposite in their directions and arranged
periodically along the z-axis. (heedless to say,
eyuation (1-%5) is also valid for the case that all
currents are flowing in the same direction.)

lLet the coil interval be a, the radius of the coils
b and the ratio of the lsrger current to the opposite
neighbouring smeller current A. Then we can determine
k, ejand A_, in equation (1-35). Many special configu-
rations are found, according as different values of A

and a/b.

wagnetic lines of force

Fig., 1-5 Configuration of axisymmetric currents.

18



When the currents vary with time as Tf(t), we can
determine the constants in equation (1-35) in terms

of », a and b, Thus we obtain

2

B = - nbl
By, = KA q = = (sl-se)(1+1), (1-36)
2
e, = g--b—a% (8+8,) (1), (1-37)
where
3 3
S, = a3 1 4 b3 1 e .
B da [ 2 3
(1+ —2)
\ 4a2
(1-38)
2
S, = +
2 (1 bzf’
+ —
o2

Equations (1-36) and (1-37) were introduced by K. Uo,
Some configurations have circles N. L. (i.e. neutral
line),at which magnetic field vanishes. Let the position

of N. L. be at (ro, (2n+l)a), then we have

S.+3
il Ba
S s v~ (1-39)

(R L]

In terms of the above constants, eyuation (1-35) is

rewritten to be
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B = i by D Il(kr) sin(kz),
Be = 0, (1-40)
B, = £{4) Bel:IO(krO) + Io(kr)cos(kz)].

Whence, eqguation (1-3%33%) yields an induced electric

field as

oy

r

- krIO(krD) + Il(kr)cos(szL (1-41)

no|

A number of irduced field configurations of our interest
can be derived from equation (1-41) for different A and

a/b.

(i) Case that A= 82/3l

@ WO

'ig. 1-6 Configuration of axisymmetric currenﬁ?when)¥zrg_‘

Current

hﬁﬂnetlc lines
of force

s

20 .



Whence, I (kr )=1. The magnetic field in this case
is as shown in Fig, 1-6. N. L. is reduced to a point
on the axis. The induced electric field is expressed
by B
Eg = -f' (%) E% [%kr + I, (k) cos(kz)J (1-42)

(ll) Case that }'\.:1 {Plcl{e-t Fel’lce type)
From equation (1-37), e;must vanish. Hence we have

B
By = ~f'(1t) E% T,(kr) cos(kz). (1-43)

The magnetic field of this configuration may be regarded
as & series of linecusps which are arranged along the
z—-axis, Fig. 1-7 shows the magnetic lines of force in

this case.

-I cggrent
® ® | ®

Magnetic line
of force

® ®

tr)

ig. 1-7 Configuration of :ixisymmetric currents when
A=,
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The induced electric field is perpendicular to the
axis and periodic along the axis. Therefore, this field
has been applied to a $3asma heating of ion cyclotron
resonance., otix (1958) used this m=o mode field to
excite ion cyclotron waves, In this thesis, the experi-
ment of plasma heating by this field is to be described

in a latter chapter,

(iii) Case that »<1

When A is suitable value less than 1, so-called
Heliotron type is found, whose magnetic lines of force
were shown in Fig. 1-5. Also the expression describing
the induced field were given by equation (1-41).

No application of this type of field have been tried
up to the present, but projected by Mohri and his collabo-
rators in order to heat plasma by adiabatic compression.
Let Bz at kz=2nn be BO when t:tO, then we obtain another

expression for equation (1-41) as

BoTo Io(kro) 1 o1 Il(kr)

Bg = -£'(t)— I+1_(kr,) kroLﬁkr * T;TE?;)COS(kZ)]'

(1-44)

To clarify the dependence of Eg on kr and kz, a term in

equation (1-44):

Io(kro) 1 r1 I,(kr) .
T (ke ] kr, | skr + T;TE?;T_ cos(kz)i .
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is shown graphically in Fig. 1-8 as a function of kr

for different kg when kr0= %.

o RZ=)
R
’I -
Q I i H=—> kI
AN
<
_I__ X

Fig. 1-8 Radial and axial veristions of the azimuthal
electric field when n=0 and KrO:n/E.

(iv) Case that A=0 (hirror type)
This case corresponds to a corrugated magnetic field,

Wkence the induced electric field is given by

B 1 85,48,
By = -£' (%) Eg [5 Si_L; kr + Il{kr)cos(kz)J. (1-45)

9)

For instance, u+S ( a plasma pinch machine) belongs to

this type.
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1.%.2 Line Cusp Configuration

Next let us investigate the configuration that
current flows are parallel to the axis with azimuthal
periodicity and neighbouring currentsare opposite in
their direction, Yhis type corresponds to the case
that i=1 and kz»0. If only a region near the axis is
concerned, an approximzte expression of the magnetic

field is readily obtained to be

o kUA i -

B, = f(t = L r - sin(n@),
™ 2 (Yl-'l)l- ]
w k™A |

_ nl -1 i _
By f(t)Z‘;_—_—zﬁ(n—l)! # cos(nf), | (1-46)
|
BZ = f(t)e, .

The magnetic field with a configuration as shown

in Fig. 1-9 can be given approximately by

B o= #{4) g ™1 sin(mg),

Br = £(t) C -1 cos(mf), (1-47)

where
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Combination of (1-47) and (1-3%%) yields

~

B, = -£'(%) ﬁ% r™ cos (mf) (1-48)
where e=0 case is only considered.

Heating and confinement of plasma by tnis field
have been tried by B. M, Little and W, E, Quinﬁujkf
University of California. They have adopted a m=3
configuration (so-called Hexapole field), where e in
equation (1-47) is not zero. This configuration has
a s?iigzation effect for plasma, that is, so-called
mininum B configuration. However their experimental
results were not always as what might have been expected,
On the other hand, Kondgtléroposed a method for trapping
plasma by a similar type of field, any experiment on

his proposal has not been made,

1

Fig, 1-9 Line cusp configuration of currents when

=
m=53.
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1.%:3 Helical Type Configuration

Here we consider the configuration which is achieved
by twisting the current flows around the axis as shown
in FPig. 1-9. This mugnetic field is expressed by
equation (1-%2).

Let us consider the configuration as shown in Fig.
1-10. Again this type is approximately described, when

n=m and Y=1, Once we know the axial magnetic field g%

a given point and time as

Il
<

B =3B where &me + kz
r

| -

then we can obtain the approximate expressions of the

i (1-49)

I

Il
ot

magnetic field

£(4) Iplkr)
BI‘ = m{;y BO mk—roy Sln(ﬂle %+ kZ)

(1) m Im(kr)
By = EHE) By T (k7,0 cos(mb + kz) (1-50)
z fltoi 0 Im(kroi cos(mf + kz)

Combination of equations (1-50) and (1-33) yields an
approximate expression of the induced field near axis

as
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B mr m+ 1

Er = - —(—_t;)y E'g 4_(I]]TO:|.T (%“) Sin(me+k2),

o

B, (m2)r m+1
. _ (1) Bo 0 (x 1gT)
By = - ?T%oj == ey (?E) cos(mf+kz), (1-51)
; B m
LZ = %T%i% E% {%;) cos(mf+kz)

Under another condition such as

Bg = BO where {m + kz =
i g . (1-52)
= to

L

equation (1-51) can be rewritten to be

2

B kr m+1
. £114) “o 0 T X
E =-3 - (=) gin(m9+kz),
r f(toi c 4(m+l r,
' (m+2)kr m+l
Ep = - ﬁ(it; EE TR (r cos(mY+kz), (1-5%)
£f'{t) Bs To H

0 - _0 o (r 6
B = fTEST = (PO) cos(mb+kz).

Needless to say, equation (1-51) can be reduced to
the approximate formula of eguation (1-43%) when m=0.
slso equstion (1-5%) is able to be reduced to equation

(1-48) when k=0.



From equation (1-51) or (1-52), it becomes evident
that all directional components of the electric field
are finite and the axial electric field becomes dominant
at small r, especially when k is smell, Provided that
an external magnetic field is applied parallel to the
axis, and heating of electrons in plasma 1s desired,
this axial field may desirably work for this purpose.
Because electrons stick to the magnetie lines of force
and eusily move along the lines, ‘Therefore, this configu-
ration will be applicable to a preheating of plasma.

In contrast to this effect, the axial field will lead

to a trapping of charged particles in the potential

wall of the field. ILhus accelerations of charged particles
perpendicular to the mazgnetic field have to be followed

by charge separation, since electrons of small mass

would cansel the charge separation unless the trapping

does not take place. In this case, plasma neutrality

is no longer retained and undesirsble co-operative
phenomena for plasma confinement may arise,

Also it is a noticeable characterictic of the
field that the induced electric field becomes very weak
when m is sufficiently large. 1If a combined type of
electrostatic and induced fields is set up, the induced
field in the case with large m will be negligible fre-

quently comparedwith the electrostatic field.
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I

Fig. 1-10 Configuration of helical currents when m=4.

1.4 Combined Electric PField

Electrostatic and induced electric fields described
in sections 1.2 and 1.3 coexist frequently in practical
devices, The configurations shown in Fig, 1-2 are
examples, Here we investigate another example.

Let us consider a resonant circuit of L-C as shown
in Fig., 1-11a. Resultant fields are an electrostatic
field in the diametral direction and an induced field
in the axial direction. As described in the section 1,3.2
the induced field with large m is very weak near the
axis. OUn the other hand, the electrostatic field is not
negligible, since the field corresponds the case when

m=1 in eguation (1-22).
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Furthermore, twisting the conducting bar as shown
in Fig. 1-11b, we have a combined helical electric field
thut is described by eguations (1-26) and (1-51) for
electrostatic and induced electric fields, respectively.
It is to be explained in the next chapter that this
configuration of field is suitable and applicable to
an ion ecyclotron heating of plasma with-a finite m mode.
A, Mohri and 8. Hayashi (1964)13L6de the experiment on
such a heatingof plasma. kany other combined fields may

be considered, but these fields have not been used yet

for plasma heating, except several cases.

Condenser

B
I

Coil‘

Fig. 1-11 Resonant circuits producing a combined field.
(a) Line cusp type
(b) Helical type
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11. Particle lreatment of Ion Cyclotron

Heating of Flasma

2.1 Introduction

A time varying electric field perpendicular to a
strong static magnetic field can directly accelerate
ions of plasma at or near their ion cyclotron freguency,
This mechanism is similar to the acceleration in orainary
cyclotron accelerators. It is considereu that this
heating of ions would be one of the most prominent methods:
to 1aice quickly ion temperature from zero to an appro-
priate reacting temperature for fusion. In this chapter,
this ion cyclotron heating will be discussed theoretically
trom a microscopic point of view,

Tenuous plasma at a sufficiently high temperature
may be regarded ag a collisionless plasma. K. M. Watson
demonstrated the equivalence of the Boltzman eguation in
the absence of collisions and the particle oirbit theorem
within the accuracy of the adiabatic theorem. Therefore,
we can deal with the mechanism ty means of particle
oLbits in the field.

Lecessary properties of the electric field for ion

cyclotron heuting are as follows.

(i) The field has no azial component, if statlic mugnetic

field is imposed along the axis.

(ii) Ite perpendicular components are p-riodic along Lt
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axis, 'This condition comes from the requirement
that space charge neutrality of plasma is maintairned
under the heating, so as to make the heating

efficiency high.

Appropriate configurations of electric field for the
aubove stated conaitions should be picked out from those
¢iven in the chapter I, The electric fields given by
eyuation (1-4%) and (1-26) are found to be suitable for
this purpose, becaude of their simple configuration and
easy realization in practice. One 1is a Picket fence
type of the incuced electric field and another a helical
type of the electrostatic field.

It is convenient to rewrite the above fields

cccording to a complex notation:
£ = EI’ + 1E8' (2-.1.)

Then we obtain for the Picket Fence type field

T

€ = (g,e™% + g 7% sin(ka). (2-2)

sAnu for the helical type field we may write

E — (E+el‘Ut + gpe—lwt) e—iﬁeikz' (2_3)

In equation. (2-2) and (2-3), we decomposed the field
into two components, each of which revolves with time
on o circle at a given point. A term e 0% expresses

a circularly polalized field in the same senge as ion
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cyclotron gyration. Therefore, thic term much contritutes
to the ion cyclotron heating as seen below., Needlews to
say, in the absence of plasma reaction (i.e. in vacuum

field), &, should be equal to g .

+
Meny analyses of the ion cyclotron heating by the

field given by equation (2-2) were reported%4)15)16%ut

the heating by the helical type field given by eguation
(2-2) has not been discussed up to the present. This
helical field will be discussed in the next section 2.2,
where frequency spectra of energy flux ejected from a
hecting region zre to be discussed in detail in comparison
with those in the case of the Picket Tence fiela. Through
this comparison, it will be found that a remarkable dif-
ference between the freguency epectra of energy flux in
both cases is present, Also it will be revealed that
these wpectra have a kind of Doppler shift when the
velocity distribution is shifted Maxwellian. This

result could be confirmed experimentally by the auther

as described in a cChapter VII., Thus we can have a method
to determine the macroscopic velocity of anion beam from
the measurement of this Doppler shift., In a section 2,3%,
the frequency spectra of energy flux in the case of the

Picket rence field ere to be given,

2.2 Jlon Cyclotron Heating by the Helical Field

In this section, the ion cyclotron heating by the
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helical field expressed by eyuation (2-3) will be dealt
with., “The physical situation under consideration is as
folluws, 4An infinitely long cylindrical plasma 1is
confined in a strong stotic magnetic field ﬁo parallel

to its axis (the z-axis). A small oscillating electric
field expressea by eguation (2-3) is superimpocged on a
finite heating section of the cylinder. In this heating
region, ions feels the electric field as they travel
purallel to the z-axis with their thermal velocity. If
the freguency of oscillation is near the ion cyclotron
frequency, so-called ion cyclotron heating will be
achieved and their velocity perpendicular to the z-axis
will increase. On the other hand, the parallel velocity
component will not be changed, since the accelerating
field has no parallel component, Such ion motions will
give rise to large ioncurrents and then the oscillation
in the ionic charge density.. Un the contrary, electrons
are sticked to the magnetic lines of force, and can move
lreely along the lines in consequence of their small mascg.
Therefore, electric neutrality of plasma will be retained
by such a neutrszlization effect of electron flow, provided
that the ogcillation of the ionic charge separation is
periodic along the z-axis. This is the res.on why ve muut
use an axially periodic electric field for accelerating.
The electron flows will produce induced fields. This
suggests that we must treat the situation by & self-

consistent method.
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Consequently, in the next small section 2.2.1, let
an electric field be ascsumed given, and the resulting
ion behaviours are founa. An energy flux ejected from
the heating region is also introduced. ©Section 2,2.2 is
devotéd to give physical picture of the properties of
the energy flux. An energy flux szveraged over velocity
space, which was calcurated by a digital computer, is
also given in a section 2.2.%. 1In a section 2.2.4.
co-operative phenomena will be discussed by means of a
self-consistent method. Finally, it should be noted
that the analytical method applied in this section is
the same in several points as that developed by A.Lenard
and R. Kulsrud}4) They dealt with the case of the

%

Picket rence Type.

2.2.1 Ion Motion

Ls above stated, the electric field for acceleration
of ions is assumed given as the equation (2-%). The basic
equation to be solved is a familiar equation of motion of

a particle of charge q and mass M in a region in an

*
They analyzed only the case of the ordinary haxwellian

distribution of ionic wvelocity.
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electric field B and a magnetic field B. This is
- . T s
M- g (E+ = wxB ), (2-4)

where W and ¢ are the velocities of the particle and
light, respectively.
for the sake of simplification of the analysis, we

shall make four approximations:

(i) We neglect the oscillating component of magnetic
field so that B = ﬁo = const., which is parallel
to the z-axis.

(ii) We assume electrical neutrality, which may be
achieved by freely movable electrons along the
magnetic lines of force, if the resulting pheno-
nena are periodic in the z-axis,.

(iii) We neglect the variation of the transverse
electric field over the Larmor radius of the
iomn.

(iv) We neglect the axial electric field. That is,

E, = 0. - 25
We are now interested IN the field with
frequency near the ion cyclotron frequency,
so electron inertia can be neglected and then
electrons cansel the axial field by their free
motions along the magnetic lines of force,
In other words, equation (2-5) corresponds to

an approximation as
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m{electron mass) &
¥(ion mass)

1. (2-6)

We assume a finite heating section, where the
accelerating field is working., This heating region

m..y be expressed by

“L<z4L . (27}

= =

We also assume that the length of the heating region is
an integer times as large as the axial wave length of
the accelerating field.

Then, we note

L =2
¥ (2-8)

N : integer

where k is the same notation as used in equation (2-3%).
Combination of equations (2-4) and (2-5) yields,in

our approximations,

dw

(el

£ = 0. (2-9)

According to the approximation (iii), it is no longer
necesgary to consider the radial and the azimuthal
variation of the accelerating field in equation (2-4).
It is convenient to rewrite the velocity of
particle W in the complex formula, likewise in

eyuation (2-%); that is,
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B . (2-10)
W-Wr-l-lwe.

Then equation (2-4) can be rewritten by

dw_ _ 4 (2-11)
dat L lwfl\N = wE -
where
aB, . . : .
U = o (ion cyclotron angular freguency).

The general solution of eguation (2-11) ig readily
obtained by using a Laplace transformation, If t, is
the incident time of the particle into the heating

region, then the solution is

t w.(s-t)
+MS 115

im. (t-1T
% ds &(s)e

1)
w(t) = w(tl)e )
. (2-12)
In order to carry out the integration in equation V0105,
the axial position z of the particle in gquestion need to
be expressed as a function of t. Equation (2-9) now yields

this relation

z(t) =+ w_ (-1

i ) + L

1
{ B-17%)

Wy = %W (w,>0),

where the upper (lower) sign corresponus to ions
moving in the directions of increasing (decreasing) z.
With this transformation, the solution (2-12) then

becomes
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iwi(t—t int

w, () = Wi(tl>e

) -i8
1 Nt £ €
U [ER

+ —
3t ikwo
—ilw,+w) (Ltz — it
*eik(Liz) " & )} g8 hh
- w + —
0 T
w5 wikwo

_i(wi'_m)(l'iZ)
}
Yo s] . (2-14)

The first term on the right hand side of equation (2-12)

-
teilk(LiZ) — B

(or equation (2-14) ) represents the undisturbed cyclotron
gyration, whereas fthe second represents the increase in
velocity due to the acceleration. If we consider the
mean ion velocity averaged over the phass between the
randomly incoming particle and the accelierating field,
this first term vanishes. The second term on the right
hand side of equation (2-14) may be decomposed into two
iwt —imt.

terms; one including e and the other e If the

frequency of the accelerating field is near the cyclotron
frequency, the term including e_lwt becomes predominant,

Therefore, near ion cyclotron resonance, the mean

velocity W: may be given approximately by

-if . )
) ag _e (_l)h e—lmt y
W\ = e = =
+ il 0y wtkwo ‘
ikui—w){LiZ)
eilkl:LiZ) - e 1‘NO ! . (2_15)

Next let us consider the energy gain W of the ion
at the exit end of the heating section. This is obtained

from equation (2-15), which becomes
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. =

z . 2 ;
Y ngg_‘ sin“ ("N—5 )
- 2 + Mk2W02 w4 —w 2
(1+ )
kwo

Equation (2-16) can introduce apenergy flux ejected from
the end of the heating section. ‘his energy flux may he
regarded as the energy flow, carried out by ions moving
patallel to the axis, per unit time per unit area, If

E.F. denotes the energy flux, we obtain

b.&.+ = n.w_W

1zt W, -
- 1 2(nI\s )
2n q25_2 X kwo
=2 ] w.=-u y2 (2-17)
Mk “w (1L + i )
kw &

where n; is the number density of ions. Physical
meznings brought out from eguation (2-17) will be given
in the next small section.

Equation (2-17) denotes only the energy flux
cairied out by ions of a mono-energy. In practice,
however, ionic velocity is distributed. Lhus we must
consider a mean energy flux averaged over ionic
velocities. If we assume the shifted (or drifted)
maxwellian distribution of ionic velocity, this

normalized distribution function is writted by

40



YL , (2-18)

_ ﬂ2kT
VT B lu N

u : beam velocity,

k : Boltzmann constant,

An energy dissipation per unit time per unit area
from the heating region may also be defined by the

relation

E.D. = 1< E.F. > +[<CE.F,_ 5| ; (2-19)

where < x> denotes to average x over velocity space.

From equations (2-17) and (2-18), we find

> w5 =W (wz-u)z
o0 q2 2 4o 5in“(nN ) i
6w i€ - z UL
E.D. = ?:——§——— == g dwz. (2-20)
nk“V,, i\ 2
T Zoo lwz‘(1+ -_E-VG;)

In order to carry out the integration in equation (2-20)
by & digital computer, we rewrite the integrand in a
non-dimensional form, and we get

2n.q25 2 120 5in®(nnd) fe (32
e J‘ S ~(L=4)
h P o

Inak =V, 5 (1+ &

5. 8.
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where

wi—u:
Ky T &
(2-22)
_u -y,
Vo &

The parumeter & indicates the deviation in velocity
distribution from the ordinary Maxwellian distribution
(i.e. u=0). Accordingly, we can get frequency spectra
01 the energy aissipation for different £ . In the
cection 2.2.%, this frequency spectra, whichare computed
numerically by a electronic digital computer KDC-1 of
Kyoto University, are to be given.

Next let us give the average transverse ion
velocity over the longitudinal ionic velocities. This
average transverse velocity at any given point in the
heating section is derived from the equations (2-15)
und (2-18), according to the relation

(o]

<wy = % f(WZJ (W: + Wj)dwz. (2-23)

=

After some algebra, we have

- s ~ig .
W, + W= e Wt ase o —1yN
ilu . u)i—u,t 2
kwoi( kwo) —H

W.—w . : b
7 ikz N 4w, —o Y ¥
[—Ewge (-1)7 - e ity

‘ u)i—HJ

o e E__ ] ! _,\Z_-!
' kWO COQ{(mi m)WO + bln{(wi u)w ;J 5 (2-24 .
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Ihen we find, under the condition u = O,

-1
4E_° _dut o Wt
(W) = —o—— € I(kz; ) 3
- MVTK = kVI
where
242
I(kz,a) = 2-28l&) [ . [eikz = =il
ifm g X -1

—ixnlisg(a) ‘
e 3

!

w.—w
)
o = N

kVT

sg(u) : sign of o .

(2-25)

cos xka + % sin xkz;‘] dx ,

(2-26)

In the section 2.2.4, co-operative phenomena,

induced by the mean ion velocity (wy in equation

(2-25), will be discussed.

24242 Physical Picture of the Energy Flux of
Mono-enzrgy lons

When the energy flux of mono—-energy ions,
by equation (2-17), is contemplated in detail,
physical pictures of ion cyclotron heating may
clarified, Therefore, let us examine egquation

in this small section.

Taking the term of plus sign in equation (2-17),
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we have

5 W, -u
2 2 sin“( nll———
2n. ki :
op, - it & 2 (2-27)
K mkzw w.-w 2
¢ (1 + k{ )
Vo
2 2
: 2
_ engyE_ sin“(nla') (2-28)
Mk WO (1+ar)2
2ning-— a‘sinz(nNa')
= = 5 , (2-29)
lik ( w ;-0 ) (1+a"
W —u
where a! =
kw

Yhe prime of o' is employed to distinguish o' from «
in equation (2-22).

Ik W is assumed constant, the frequency
spectrum of E.F., is found from the consideration of

behaviours of a term in equation (2-28), which is

sin®(nlia') = Y(g') (2-%0)
(l+a92
Readily, we find
Y(a') = 0 (minimum value) , when a':-? (2-31)

(s : integer bubs # -N)

n2N2
¥} = (maximum values), (2-%2)

AN (o 1)2 + ]

when tan(nNe") = nl(a' + 1), (2-33%)
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Wher o is large, roots of equation (2-3%%) are given
approximately by

s + 1 ,
o = T (2-34)

and ¢ = -1 is also a root. As a result, we can trace
the variation of Y(«') with o' as shown in Fig. 2-1,
“his curve is the frequency spectrum for mono-energy

ions, which is just to be obtained.

Y(a') n2y2

4.2 1.2 . X 1 42 _qud
1 i 1 T 1 T 1 1+ 1+N. 1+

Fig.2-1 Y(«') as a function of a'.

It should be noted that the spectrum shown in
Pig., 2-1 is remarkably different from the spectrum in
the accelerating field expressed by equation (2-2).
Y(g') in fig., 2-1 has a mpaximum value where o« = -1,

*
On the other hand, the spectrum in the field of the

In this case, spectrum is given by

2 2 -
x 4 2nf1£—- sindnﬁa‘
ey = Mk 2 - 2,2
e Ve (1-g' =)
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Picket Fence type has two identical muxima where
o = x1.

From the curve in Pig. 2-1, we may say that this
spectrum has a fine structurs, which underliesin the
envelope shown by a dashed line. If the beam velocity
is slightly distributed by‘AWD, according as

AW,

1
172 ;ETLZN , (2-35)

We can only observe the spectrum similar to the dashed
line,

In practice, this dushed line may be verified from
the measurement of power absorption of plasma under
Joule (or Ohmic) heating with high accelerating field.
In high accelerating field, ions will become beamlike
as well as electrons. Therefore, we can determine the
beam velosity by measuring the shift of the absorption
peak from the ion cyclotron freguency. This method can
ve applied in the case of the Picket fence field.

Again return to equation (2-27) (or(2-%0) ), and
let us examine the physical picture of this fire
structure. The frequency that ions feel in the heating

region 1s

g = wn - kw

Therefore the beal frequency between g and w; is

given by
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oy = wp e~ vy = (o - dwg) - oy

Substituting equation (2-%1) into the stove equation, we

have

s + 1
oy = SN (2-76)

when E,F.+ vanishes, 'he transit time through the

heating cection is also given by

%, = 2L . 2nh
t WO kwo

Thus we have the relation

£y = (s+N)§i . {2-37}

From equation (2-%27), it is clarified th:t the transit
time begomes integer times as large as the psriod of the
beat, when BE.F. vanishes. Intuitively, this fact may

be explained as follows,

Particle may be accelerated in phase with the
field at a moment, but,in the next instance ,deaccele- -
rated out of phase. This process is periodic with
the beat frequency Wy Pig. 2-2 is given for

explaining this phenomenen schematically.

Heating region

en
Wh

Pig. 2-2 wschematic explanation of the
fine structure of Y(a').
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sinaly let us consider extreme casSes and explain the
result intuitively.
(i) E.F._ > 0 as a'-> o0 .
This case is decomposed into two extreme cases,
(a) w_ =0

o}
whence there is no out flow from the

,
heating region.
(b) w » oo
At high frequency, ions can not follow
the field, due to their mass inertia.
(ii) B.¥¢.-> 0 as a' = O,
This case is also decomposed into three.
(a) Wy 7 o0
, whence the transite time become gzero,
that is equivalent to the nonexistence
of the accelerating field.
(b) k- o0
This corresponds to the zero wave length,
so there is no heating field.
(e) wy =

This case is included in the o' = % case,
2oy Frequency bSpectra of the Gnergy Flux for

Distriouted Ion Velocities

In order to exsmine the dependence of the energy
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dissipation E.D. in equation (2-21) oﬁ‘parameters o
andé, the integration in this equation was carried out
numerically by using an electronic digital computer
KDC-1 of Kyoto University.

For convenience' sake, we define

+00

Sinz(nN
1({1’ 5) =g
|s| (1+

~—

~(5-6)° as, (2-38)

2

nir|e|R

- oo

where o and § are given by equation (2-22). If I(«a,§ )
is calculuted for different values of o and for a given
§+ a freyuency spectrum of E.D., will be obtained as a
function of «. This process gives a number of spectra
for different 4.

A comparatively accurate result was obtained by
uoing an integration method of Simpson's rule* in the
case that §=0, where the integration was made to an

accuracy of an absolute value of 0.01

* rerer to KDC-1 Manual of Kyoto University, Vol. 3,

p. 68; Routine No. ¢ 1 1-002
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The numerical yglues computed in this way are shown in

Lable 2-1.
Table 2-1 I(ax,0) for different «
o I(C(,O) 24 I((X,O')
5.0 2.19 x 1005 -1.2  4.3715 x 107
~4.8 2.45 ¥ 10_% -1.0  6.6175 x 107
-4 .6 2.64 X 10_5 -0.8 99,4758 x 101
4.4 .32 x 10_5 -0.6  1.27655 x 107
—4.2  3.46 x 1075 ~0.4  1.60864 . 10y
~4.0 4,18 x 1073 ~0.2  1.Y2488 x 10
-3.8 4.3%0 % 10 -0 0]
3.6 4.78 x 105 +0.2  1.92488 x 107
=%, 4 6. 57 X lO__2 +0.4 1.60864 x lOL
-%.2  6.92  x 1077 +0.6  1,27355 & 107
-3.0 8,99 x 1073 +0.8  9.4703 x.10°
-2.8  1.206 x 1073 +1.0  6.5693 x 10,
—2.6 1.666 x lO_l +1,2 4.345% x 100
-2.4 2.449 x 1073 +1.4 2.7534 x 107
-2.2  3.857 x 107 +1.6  1.6910 x 10/
Dy H s Bt i s
116 16949 x 10° +2.2  3.790 x 10+
_-D ) O - . B} —1
-1.4 2.7684 x 10 +2.4 2.405 % 10

However, Simpson's method in this case tekes long
time for the calculation of I(a«, &). Therefore, it is
more sulitable to use Legendre-uauss 16 point* m=thod
for the computation, in order to see the shapes of the
frequency spectra for different S . <Lhis computed
results are given in rig. 2-%. TIrom the results, we
can obtain the following information ;
(i) When £= 0, E.D. becomes maximum where a io

equal to sbout zero. Namely, if the velocity

distribution is the ordinary .axwellian, the

News of Blectronic Computer Laboratory of syoto
Univ., l'o.l, subroutire Ho.: I1-007A
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most efficient heating may be achieved when

© o= vy

(ii) wach spectrum for a given &, has only
a peak, which should be compared with the case
of the Picket Fence field,

(iii) In the region of high value of & , the
corresponding peak of E,D, is situated near
the position where & = a(i.e. mi—w=ku).

In addition to this property, the shzpe of
the spectrum becomes to resemble the dashed
line shown in tig, 2.1. Needless to say,
these properties of the spectrum are due fo
the physical situation that the macroscopic
velocity of ions becomes so high that plasma
can be regarded as a beam of charged perticle.
Therefore, if plasma is beamlike, we can
determine the beam velocity and its direction
from the measurement of the shift of the

E.D, peak. This method will become a useful
one to decide a ion beam energy, since we
have only a few method for determing the ion

energy of high temperature placsma.
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2.2:4 Penetration of the Accelerating Field into

FPlesma

Next we shall examine the cooperative phenomena
of the plasma ss a whole, especially the penetration
of the accelerating field. The ion motion induced by
the oscillatirg field produces ion currents perpendicular
To the axial direction, as shown in the small section
2.2.1, The resulting ion charge fluctuations are
reutralized by electron motion along the magnetic lines
of force, owing to the negligibly small mess of electrons
compared with ion mass., These oscillating currents
induce an oscillating electric field by induction.
Hence, we must solve the phenomena by a self-consistent
method.

axwell's equations without displacement current

are
TxB=227, (2-39)
@xﬁz—%%%, (2-40)

where 7 is the current density in the plasma. In our
approximation, ¥ x B should vanish in vacuum. The
field in vacuum, which is expressed by the form of
equation (2-3), is solenoidal but not irrotutional.
This originates in that we have neglected the axial

component of the accelerating field compared with other
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laEz aEz
two components, but = —— and Sy are not negligible

raf
BE@ aEr
compared with e and 57 - Therefore, a compensating

term § must be introduced into equation (2-40) in this

case, which is in complex form
5.+ i8¢ = 2&.k cos wt elkﬁz_g), (2-41)

where we have used the relation E+=£L=EO in vacuum,
In cylindrical coordinates, equations (2-39) and

(2-40) are expressed by

1 iﬁé ) ?EE = Sk
r 30 3z ¢ r
2B aB
_r __ 2 _ 4m
az °2r ¢ Iy (2-42)
3B
13 17 4%
and
B aE9 N ;_aBr
32 r c 2t
;‘...E_I.‘-f S = ._..J:EE)_
3z 1 76 T T o 3% (2-43)
13 (wmy -1 iﬁl A iﬁﬁ
r ar 8 r 36 c 3 .

where we have introduced the compensating term 8.
From equations (2-1) and (2-3), we readily get the

relation
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and {2-44)

Combining equations (2-41) to (2-44), finally we have

3Q

rla _ 2% , ¢ 412y (2-45)
Lr dr Cr T 9z .2 3t . !
- a2 385y 4n Y

o J % T 3z L2 9t . (2-46)

As described in the next chapter, the contribution
of electron flow to the transverse current is negligible.
Then fthe transverse current is expressed by equation
(2-25). Lenard and Kulsrud14) showed that I(kz, o)
given by equation (2-26) hus an oscillatory behaviour

with the approximate wavelength 2n/k. Therefore,
I(kz, «) = I_eikz
is gualitatively an approximate form. Then we get

dz_ i(kz-&)e-imt

L= Wk 1-° (2-47)

The transverse current components are obtained by

ucing above eguation and they are
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A = qn;Redw>
= MkV {Rei i(kzie)I_l_cosmiﬁlmig_ei(kz_'a)I_}Sinm‘t]
(2-48)
J__e = gqn. Im<wy
qzn.r ! ikkz—g) ] i(kz-9), 1
- Mkv;theIE_e {513&t+1m12 e 1 COSmt]
(2-49)

Similarly, we have

ErzBe{}E++EL)ei(kZ_B)Jcoswt—lm{r€+-5;)ei(kzreijsinmt,

(2-50)

Y(gJr & )el(kZ 6) 51nwt+ImL(E +e )el(kz—e)]cosmt,
(2-51)

s _~2xRelg et (2~ ]cosut, (2-52)
i(kz-9) |cosut. (2-53)

Se=2kIm g e

We can now rewrite equations (2-45) and (2-46) in terms
of g, and £ . FEach equation is divided into two parts;
one varying with sinwt and the other with coswt. Thus
we obtain four equations for the complex amplitudes £

and € . These equations are
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(2 L k%)Re(g,+2 ) + 2k°Re(g ) = SIm(2_1_), (2-54)
(£ L_k®)Re(-¢,+2_) =—CRele I ), (2-55)
a°_1.° 2
(=% )In(e,+e ) - 2k°Im(g)) =-(Re(e I ), (2-56)
dr
a° .2
(—5-k)Re(g,-&_) =-{Im(g_I_), (2-57)
dr
where
dnn 2w
¢ = 9_2 (2-58)
MkVTc

In complex form, equations (2-54) to (2-57) are written

as
(% %E_kz)(gi+g_) + QkERe(go) = -irg 1I_, (2-59)
a° .2 2, : :
(E;§_k )(g¥-g ) + 2k iIm(g,) = i¢e I_ , (2-60)

where x* denotes the conjugate of x. As assumptions
Im(Eb)=O and k>0 do not violate the generality of
equations (2-59) and (2-60), we shall solve the equations
under these assumptions.

The field eguations in vacuum can be get by setting

{=0, and their solutions are found to be
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%V v -kr (2-61)

£}y —&_ 7= %° ’
exV + gl = 2€, . (2-62)

In order to distinguish the quantities in vacuum from
those in plasma, we affix superscripts v and p to the
symbols in vacuum and plasma, respectively. If
krp(,l, we can express the general solutions of
equations (2-59) and (2-60) in terms of power series
of kr. These solutions can be found =zfter some

calculations jand they are

= 2,1 o s o 3
g¥p=a+ ajT + §(a—s ) (kr)“+ T?[? w>: E_(k )
Geessasgas " anrn & ’
(2-63)
igl_
eP - p - ajr + -%—Sl(b..go)_ - b}(kr)2
ifI_ a
+ I—%(—E-P kzu)-k—l(kr)z.. "bnrn+n ’
(2-64)

where

. = 1 M2 s J -
Somi1™  Tm(zmeD) X (2w Dagy o+ (2m-1) (K°-17T )by |
for m21,

1 2 o '
Bop™ 2m(2m217[3 mayy ot (m-1) (k ‘J%I—)b2m—zl

for m_2_2, (2—65)

‘ _ ! 2 2 . :
By 1= EETEEITT[k (2m-1)ayy, o+ (2m1) (K°-1LT )by, |
formz1,

1 .2 : 2 s -
0= EET?E:TTLF (m-i)azm_2+(m—l)(k —1gI_)b2m_2J
for mz 2,
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The constants a, a1, b and c, are determined from
boundary conditions, Next we shall derive the boundary
equations so as to determine the constants., From

haxwell's equations, we have

A(F.B) = o0, (2-66)
-AF x B) = £ TF°, (2-67)
a(? xE) =0, (2-68)
A(ZD) =0, (2-69)

where 9°and D are the surface current and the electric
displacement. A(x) denotes the change of some quantity
¥ across the plasma surface. Since there is rno mass
flow across the interface, a magneto-hydrodynamic

equation

yields 3 x % =0, (2-70)

in the approximation of the first order. From
equations (2-66) to (2-70), we finally get the first

order boundary equations as

- v
2By _ 2%

22 DT (2-71)
2By 2B

a2 BT ; (2-72)
Eé) e E‘é , (2=15)
P - v >

D. =D, , (2-74)
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at r:rp, where we have used equation (2-42).

From equation (2-51), we have

2P \
2B - o i{kg— ot 1
__g = kkﬁ%{ +£p)e 1{kz 3>icoawt—1m\(£fﬂEg)el( @ 8%51nm ]
(2-75)
2B,
and likewise —— 1is expressed., Then equation (2-71)
is written by
Re(eP+eP) = Rele+e’) , (2-76)
Im(e; P_gP) = Im(eg) VB ¥ 5 (2-77)
In complex form, above equations become
Eip - EE = E‘-*!—v + gi’ = 250 s (2-78)
where we have used equation (2-62). Analogously,
the boundary conditions (2-72) and (2-73) cen be
expressed in terms of £} and £_ as
d (_xP__P » . -kr
exP? - gP —g#V - gV = ¢ . (2-80)

In order to derive the electric displacement i ?
the ion currents, induced by the field component
varying with time as elmt, must be taken into account.

This current ?+ is given in complex form by
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g & 4d s k. I(kz;B)e-iBeiwt 5 (2-81)
T

b= v, . (2-82)

The term I(kz;B) may be approximately expressed by

I(kzy ) = I, e™¥2

similarly to equation (2-47). Thus the induced current

T is given by

no

: h
dpt 1dg = MV k

[E?;I-l_eiwt . Etl_e—imt]ei(kz—ﬁ) . (2-83)

The electric displacement T includes the vacuum dis-
placement and the plasma current according to the

relation

B=F+ 4nfdat . (2-84)

Combination of equations (2-3), (2-83%) and (2-84)
yields the displacement current in complex form

: ; 2 ; ; :
: -iwty, . t —iwt kz—--
Dr+1I%=[ﬁsfelwt+gfe e )+1Q02(—étl g10Ty ghy 10 )Jel( =

5 +
(2-85)

Thus the last boundary equation (2-74) is expressed by

gxPrx + gP1_=0, (2-86)
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where we have used equation (2-78)., This relation
implies there is no radial current at the interface.
In the case of zero plasma density, equation (2-86)
is no longer valid, but equation (2-80) acts as a
substitute for this equation.

The constants a, s b and ¢, can be determined
from these four boundary equations (2-78), (2-79),
(2-80) and (2-86). PFinally we can write down the

solutions as

exP= g [1+ & +0(1-gx?rd) £ (r ) (kr)+(Fr &) (r) %40 (k) 3} |

(2-87)

“xofe)?] (5 g

e = g, {1 - & +&(kr ) (kr) = § f(ker)

and
erV = g (14 £e7ET) (2-89)
gV =g (1 -t (2-90)
where
L
2 pikavTcz : (2-91)
R 1 S A G R )5
G =
1 - kzrg + K P_v E(l+ 2n)k ro 1 ;v (2-92)
4nniq2 15
by = (——m——— : ion plasma frequency, (2-93)
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£ I¥
E = xP SEF at r=r, when n;z0 , (2-94)
g
=1 when n;=0, (2-94)"
P (2-95)

When n; tends to zero, § vanishes and then
£+ p—gr —e =EO- Needless to say, this implies
the vacuum field. In the central region of the plasma,
the field is approximstely given by

Eip B 50%1 + 2+ 7(1 - £x re)l (2-96)
EE_—,EO( l"‘E). (2“97)

Generally K is small quantity in the cyclotron resonance
statemi+q3ﬂmi—mLTherefore, il erKJ_(i.e. the case
of long axial wavelength), eguations (2-96) and (2-97)

approximately become

8_tp = 250(1 - K) , (2-98)
P ~ 2501{. (2-'99)
That is l&ipi» Isfl i (2-100)

The polarized field in the same sense as the ion
gyration becomes very small in this case. As seen
from equations (2-26), I _(kz,B) approaches I_(kz,a)

as kV; tends to infinity; namely, ‘I | approaches |1_\.
These facts mean that the axial wavelength of the
heating field, g%, should be appropriately short in
order to heat the plasma efficiently by this configu-
ration of field. This is the reason why axially

periodic hesting fields are used for ion cyclotron

heating of plasms. 63



2.5 Ion Cyclotron Heating by the Picket HFence Field

The ion cyclotron heating by the Picket rence
field expressed by equation (2-2) will be treated in
this section. = The analytical proceses isg alike to
that adopted in the section 2.2, so that only the results
are given here,

We make the same approximations as in the section
2.2 and then solve the equation of motion (2-4). The
mean velocity and mean energy flux averaged over all
phase of incoming ions will be derived. Averaging
these gquantities over distributed velocities of ions,
we have the energy dissipation from the heating region

and the averaged ion velocity in this case.
2.5:1 Ton. Motion and Physical Ficture

After some algebra, we get the mean energy flux of
mono-energy ions, which is, in the similar notations

in the gection 2.2,

Yy
. i® ey sin“nhg'
E.F, = 5 (2-101)
+ Mk2WO (l—a‘z)2
where
W, —w
o' = —
kwo

then we get the averaged energy dissipation from the

heating section, wnich is
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2. 2 B8 petion B iall
w D o HYE. .f sin Ly ~(s-8)% as, (2-102)
2y Lo I8l (1-a2)2
Vrlik Vs
where
w.,-—w '
1 = 0 |
KV, 1
:
dos )
VT = 5 .

Bguation(2-101) corresponds to eguation (2-28) and
equation(2-102) to equation (2-21).

Now let us consider the physical picture introduced
frow equation (2-101). Similarly to the section 2.2, we
have a curve of the frequency spectrum 0ij.F+_E0r

1
convenience sake, we define

Y(cx') 1 Sin2(ﬁNG')

’ (2-103
(1—&'2)2 )

which again corresponds to equation (2-30). ''hen we

find
Y(ax') = 0, when a = % (s : integer but #+1),
2.2
N
Y(g') = & ~ , When
n2N2(1—u'2)2 + da'”
) . nN(l—a'E)
tan (nla") = —~ggr .

As & results, we have the fregquency =pectrum ofE.F+ as

shown in +ig. 2-4.
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Fig. 2- Y(a') as a function of o' .

It is worth while noting that this Irequency spectrum has

two identical maxima where o = + 1. On the other

hand, the spectrum in the case of the helical field

has only a maximum. ''his situation may be expleined

as rollows.
A particle traveling in the heating region feels
two frequencies at the same time; one is due to
the 1ielu approaching to the perticle (or w‘:w+KwO)
and another due to the field going away from the
particle (or w‘:m—kwo). In other words, the
particle feels two cuifted rrequenciec on account
of a Doppler effect. 1If W, 1s comewhat distributed
by A W according as

Ly

1 i
v K1 ?
0

then the frequency spueetrun has no longer fine structure
~nd it cuope becomes =like to the envelope shown in

cig. 2-4,

66



2 B Frequency Spectra of the Energy rflux for

Distributed Ion Velocities

Again, we shall see the frequency dependence of

the energy dissipation from the heating region.

ror

this sake, we shall examine a term in equation (2-102)

LKJSin2(TEN%) '__(S_é)Z
I(ets &) = —5, e ds. (2-104)
. [s’ (1-0®)
Computed values of I(x, &) by KDi-1 are given in
fig. 2-5 for aifferent values of « and & . Consequent-
ly, we can get information as follows.
(i) for large & , the corresponding peak of I(wa, &)

(or w.D.) is situated near the position where

o=t & (i.e. w = mi+ku). In this case,

the

shape of the spectrum tends to resemble to the

dashed line in 1ig, 2-4, Therefore we can also

determine the beam velocity of plasma, in

a

gimilar way described in the section 2,2.3.

{ii) 1r'or large &, the spectrum tends to have

double

peaks on both the negative and the positive

sidesof «. This point is different from the

case of the helical field.

(iii) he heating efficiency, wuich corresponds to

I(a, & ), rapidly decreasesas § becomeslarger,
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I(o.&) as & function of a for different & in the case of
the Ficket rfence type field.
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LI T Penetration of the Accelerating Field into

Plasma

This problem is considerably simple in comparison
with the case ol the helical field, since the field
configuration is axisymmetric and conseguently its
boundary condition 1is simple, There is only an azimu-
thal electric component at the boundary, so that the
connection of the displacement as expressed by
equation (2-69) is no longer reguired. Furthermore,
differential field equations in the first order
approximation are in simple form. Lenard and Kulsrud

analyzed the radial dependence of the field and found

g2P = 0,4, (25), (2-105)

erP+ P = 51(kz,a)e_ , (2-106)

g’ = oqod; (ikr), (2-107)
eV v o_

=57 vg¥ = 0. (2-108)

where

2 I - 2
& ol = 2 ,

7 : defined by eqguation (2-91),

w.-uw
i1

I(kz,a)=_§§giql{§; o .
ifn .

’ L
=i

;8

S i - NéNnixsg(a)Sin e

27

1 - x°
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If we consider the extreme case 2I& 1, we get to

a good approximation

g =-& (2-109)
In this case the two circularly polarized electric
field components have about the same amplitude. Above

relation implies
EP <« EP (2-110)
r ]
In the opposite case of sufficiently high density,
*p _ P -
€5 =71E (2-111)

This shows that the component rotating in the opposite
sense of ion gyration is predominant. In this case the
circularly polarized field component rotating in the

same sense as would ions becomes very small and ,as a

result, the heating efficiency is low.
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IT1I Theory of lonaxisymmetric Oscillation
of Flasma near Ion Cyclotron Freyuency

in +n External khagnetic Field

% 1 Introduction

. 17
After Alfven's discovery )of magnetohydrodynamic

waver in 1942, many types of plasma oscillations have
been found theoretically and also verified experimentally,
In such waves, so-called in cyclotron wives were found
useful for plasma heating by Stix {1957)182 since then
muny investigations have been done on these waves. As
stated in the chapter]I, the direct heating of ions with
the ion cyclotron resonance tends to be less efficient
as plasma density increases, which is due to the shield-
ing of accelerating field by the inductive ion currents,
On the other hand, in such high density plasma, ion
cyclotron waves can naturally exist and be resonantly
excited by externally applied currents surrounding the
plasma. The ion cyclotron wave, excited in wuch a way,
may propagate along the magnetic lines of force through
a region where the magnetic field decreases slowly in
the direection of the wave propagation. In thiv region,
the phise velocity of the wave will become clower and
viower and finally wubjects to cyclotron damping, which
it a kind of phase mixing, As a result, the ozcillation
cnergy will be converted imo rndom energy of iong (i.e.

theim:l energy). This ig tne heating mechisnicm,
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8tix and his cdlaborators verified experimentally

tuic thermalization mechanism by using Model B-65

19) 20) .
Stellarator and Model B-66 Stellarator . Wilcox
and hicd coworkerﬁlébserved the c,clotron damping of a
torsional Alfvén wave. However, these theoretical and
experimental results were ornly concerning axisymmetric
modes of tue wwves, except for Pernstein and lrehan's
theoretical workgz} This reason is that there are
lying many difficulties to solve nonaxisymmetric modes.
Bernstein and Trehan found & way to obtain the dispersion
relation of nonaxisymmetric modes of ion cyclotron waves,
Neverthless, they treated the case without beam current,
and did not give the detail physicil picture of the
waves,

In this chapter, nonaxisymmetric modes with an ionic
beam current are to be generally analyzed by expanding
the Bernstein and Trehan's analytical method. Further-
more, detail discussions of the physical picture and
the bounuary situation oi the waves are also to be
given. Yhe dispercion relation will be derived in a
section %.2., 'whe physical pictures, such sy ion current,
electron motion and plasma neutr: lity, are also discussed
in a section %.%., Discussiors of bounded plasma ouci-
llution: are to be done in a section %.4. Finally, in
a vection 3.5, uwpplication to plasma heating is to be

brieflly expluined.
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Since relatively low freyuency oscillations are

of interest for ion heating, we stall simplify the

analysis with following approximations through this

chapter,

(1)

(ii)

(iii)

(iv)

(v)

Uscillation freguency w is sufficiently low
compared with electron plasma frequency mpe
and electron cyclotron freguecncy W That is,

w2 (¢ mpeg , B2 (3-1)

e

Electron mass m can be neglected in comparison

with ion mass ik, That is,

B gk 1 (3-2)

We assume electrical neutrality in ecuilibrium
state.

Plasma is so tenuous that interparticle collisi
is negligible and that particles interact each
otner through long range electromengetic inter-
actions. g
We rneglect tne plasma pressure, but a beamlike
motion p:rallel tc the axis is assumed. FPlacsma
with Maxwellian distribution of ions may be
regerded as a ensemble of infinite number of
jon beems. Therefore, we can exvdnd our conclo
of an ion beum $o plasma with distributed ions

after some investigations,
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7,2 Derivation of Dispersion Relation

Dituations discussed in this section are schemati-
cally shown in Fig. 3-1.

In equilibrium state, an external static magnetic
field ﬁo is imposed parallel to the z-axis of c¢cylindrical
co-ordinates(r, ©, z). An infintely long cylindrical
uniform plasme is selt up cowxially with the z-axis.

The plasme pressure is assumed zero, but a beam of ions
with velocity U is flowing parallel to the z-axis, A
variety of boundary conditions muy be considered, but

tiese problem will be discussed again in the section 3.4,

Fig. 3-1 Schematic drawing of plasma situation,

First-order perturbations from the ecuilibrium
situats ) 5 ol - ki j =¥ ¥
situation are considered. 3B, E, and v are the first-
order perturbed guuntities of magnetic field, electric
field, current and me.: mass velocity, respectively,

In the next small gection, basic eguations valid
for this situation are to be derived. Dispersion
relations of gejeral or special cases are both disccussed

in the remuining vmall sections.
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Tl I Basic Equationg

The macroscopic cuantities are determined by the
transport equations of kinetic theory . In the
approximations stated above, we have a linealized
equation for ions

>

avy

Z.e
- i 1-» 1> -
B & (u-ﬁﬁ’i = —-m—(ﬁ + -é-u>~ ﬁ + —G—ViK go). (3-3)

For electrons, we get

—
-5 = — (B + SV % ﬁo). (3-4)

Where suffices i1 and e correspond to ion and electron,
respectively, and Zie and e are the charges of an ion and
an electron. Equations (3-3) and (3-4) must be solved

together with kaxwell's eguations:

vXT3’=f'~%(ZT+3O), (3-5)

v.B = 0, (3-6)

VxE=- % %%, (3-7)

V-E = 4nd, (3-8)
where

T = niZie?. - nee? t‘nee(? - 78), (7=1)
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1 (3-10)

g ¥ i —

n. v, n_m
(? - 1 1 e ve — _;'?’ )
- M+ - i
1’1l nem 1

and n. and n, are number densities of the ion and the

electron, respectively. There is a relation in equili-

brium state as

(3-11)

We have neglected the displacement current, since we

are interested only in low frequency oscillations.
To obtain the dispersion relation, we derive some
convenient formulae from above eguations., vombination

of e, uations (3-3%) and (%-4) gives

5 =% + = (= + ﬁ)ﬁ + E{E—(uxﬁ+vixﬁo) + Eyexﬁoj
e
3’%%@ i %ge% ﬁol (3-12)
G)) :g% = (303)31 = -g‘;:jXﬁo + %:TO‘&_]?O . (3_13)

where we have adopted the approximation expressed by

relation (3-2), and 8 is the mass density of plasma,

which is
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o
I
=

M. (3-14)

-

—
Yrom the definition of J, we get

o o 1

Substituting equation (3-15) into equation (3-13),

1incily we have

drug,” o3 = B+ 3V x ﬁo - cneéj x EO - 4o (jo'ﬁ)v’
' (3-16)
where 5
wpef - iﬁﬁg_ (electron plaswa frequency).

When o (¢ w o and kugw,, (k: wave number), equation

e

(3-16) can be rewritten as

= 1> = 1 - %5
E o+ =V X ﬁo - oo e T x Ly = 0. (3-17)

This is a linealized equ=tion of ths generulized Ohm's
lav when an ion beam is flowing.

Bquations (3-13%), (3-17) and wexwell's eguation:
cre the buiic equations for solving the problem. Also
it should be noted that equation (3%-17) showss the non-
eiiste nece of the electric field parallel to the externnl

mignetic Lfield,
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Zaiy 2 Dispersion Relation of Nonaxisymmetric lkode

ln order to obtuin the Jlispersion relation, we
follow a normal mode analysis similar to that of Lerstein
and Trehan, though the situation in this case is different
from in their case. We assume that variations of all
yuantities conform to a form exp%i(m§¢+ kg ~ mtﬂ.

Combination of equations (3-7) and (3-17) yields

g—§=vX%¥XBO_E§]——eE—J}{ﬁO;. {3_‘]'8)

Furthermore, differentiating equation (3-18) with respect

to t, then we get

25 oF
20 _ 9 . [5v 1 a3
i ¥ x {at X ﬁo = ns 3% x B }. (3-19)

Using equations (%-1%) and (%-5), we find that equation

(3=19) becomes

w® i AL AL 0=KU (i 2y A e
- KZ] =7 x [t(VXﬁ)xz; XZ+1% '(@xﬁ)xz} 4 —iﬁﬁ‘],
/ i d A=

where we have assumed that the contribution of the
electron motion to trunsverse plasma cuvrrent is negli-

gible compared with that of the ion motion. Also wy
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is whe ion cyclotron freguency and A is defined as

4ng 1 (3"’?1)

whicu is the velocity of Alfven wave,
Esch component of equation (3-20) is readily found

to be

r-component:

(kg EE)B = ik(kQ*— miu)b —itkji + m(kﬁ* ﬂi&)gB
= T BTN e T -2 e
A A A
{3-22)
g -component:
2 w.u w.u
2_ O y@m. o _4 TR (¥ Ly 2 L Dy
(k°- Az)BG = —ik(ka A2)5r+\\k9+ ﬂQ)w + k(B .
(3-2%)
z-component:
2 2 2 W .U
2 .1 2 w” m\, _ [, . iyl . 2 \n
e gsE gz Bt U - e ) SRR,
B .U N
i rgr- —1)R 1 . 23lp
11_(k9* Az)r + k(r + pr)Jbr :
(3-24)

w—ku

where R* = , and the term exp{i(mﬂ+k5—~c)}in

.
i

supressced.
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From equations (%-22), (3-23) and (3-24), we bhave,

after some algebra,

. I
=i, m 2 - e Z -
By = ag? [2 e(r-k*)B, + K(P-G)—Z |, (3-25)
7
1 m o, D 29"z _
B, = C Jm (hr) exp i(mf+ kxz - 0t), ( 5_27)
where
2 2.2
h2 == = E———-———kzu R (3'—28)
FP-G
w.u
G = kb* - —L=
a2’
P o2 vl (3-29)
w-knu
¥ = W . 3
i

~

wha Jois the Bessel Function of the mth order. C is
an arbitrary multiplicative constant, Equation (3-28)
is the vo-called dispersion relation to be solved, and

we can rewrite it as
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%]
(%5
e
o

(%= 25) 0 - (ane )2
W2 A A
B 2 O.u (3-28)"
ko- 2 o (kox - —5)°
A A

Radial wave number h is determined from boundary condi-
tions, about which we shsll discusse in the section 3%.4.
Unce we know C and h, the ftransverse components will
be easily determined from the equations (3-25) and
(3-26), Consequently, other fields, such as E_, and Eg,
are also obtainable, by using appropriate relations
between & and B.

If we assume u=0, then the resulting dispersion
formula agrees with that obtained by S5tix or Bernstein

and Trehan, which is

2
A2

n® = - - (3-30)
k2 B g§ _ kQQE
A
or, in another notations,
, 2 2 4 4 4
Q4 _ QE(EKNC + k 04) + k 04
02h _ bl UJpi UJpi Pt
- = 2 ] 2 2 \5 34-)
o] & [}
UJpl gdc.(l e k Cé_) _ It CO
W, w_ L
pi Pl

where
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e}
1]
Sl

4n2262n
Bus = ———%r——i (ion Plasma frequency). (3%-32)

1t should be noted that the radizl wave number h has

1o relation with the azimuthal wave number m.

el D Oscilletion near Ion Cyclotron Frequency

Let us congider the case that the oscillation

.o—wm

freqguency is near ion cyclotron freguency, or w =

.

i
Purthermore, we assume that the plasma density is tenuous

enough to satisfy the relation

W . 2 w e

i pi F
= = <1, (3-33%)
k2A2 kECa

Relation (%-%3%) means that the ion plasma frequency is
very low compared with the frequency of an electromagnetic
wave with wavelength of 2n/k.

Equation (3-30) may be rewritten in =znother form

e

1 Wit o, w? m2
Fle = ke ===® = () = ===l - sp=ge=p=l. (3=5)
< i r‘:I & 2 ? 2 2
w kA" Ak A (k"+h“)
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Under the condition given by equation (%-%3), above

equgtion becomes, approximately,

2 2

e R e ey (3-35)
i A k" A“(k+h°)

This is the dispersion relation of the ion cyeclotron
wonve with an ion beem,

We have, instead of equation (3-35),

. 2 ,1/2
B g B 2 i |
L - 21 - (ko £ 0y 0 - ‘-*—2-(5-%?%)(1- —=5) | ]
) 0y pp2p2 l A® k%+h k“u
R Y
Ak®  k%+h (3-36)
Therefore, if we assume k real and
2
o Ui, 42 _X%4n®
Lo} (o] - r
1K 2k¢+h2 . (3=37)

then o becomes complex, Namely, the wave growse or

damps with time, This phenomenepmay be consider-d as

& kind of beam instability. However, eguation (%-21)
indicatrs that, in dilute plasms, the velocity of

slfven weve A in very fast., Consequently, the condition
F equation {3-%7) may be impossible to be reslizca in
practice., Hor example, ions of tenuous plasws wder

Joule nenting (or Ohmie hesting) will not be. acceloruled
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enough to setisfy cquation (3-%7), due to their large
mese inertia. In contrast to this ion motion, electrons
will get high speed and finzlly grow up to runaway
electrons, Yyuwtion (%-35) may be also applied to the
plusma with a much shifted ion distribution, since it
cun be regarded as a beamlike plosma,

When u=0, equation (3-35) may be expressed by

[§}] 2 w 2
2 2 i i =
w = W (1 - - ), (3-:‘8)
or
w 2 (0] ?
. mjz(l - B - E ). (%-%9)

o k2 02(k2+h2)

This agrees with Stix's result for m=0 mode . When

w, tends to w, the axial wave number k (the axial wave
length 2n/k) approuch to infinite (zero). And then

the wave vanishes, so that the kinetic energy of the
wave is converted into the thermul encrgy of the plasma,
This mecuanism mny be called "uwzgnetic Beach" 23%
becaute it has analogy tu the collupse of Ocvean waves

running up on a beach,

2.4 Dispercion Relations in Uther Special Ca=es

(1) When h=0, equsation (%-3%4) becomes

{ "7)—!.}1._])




kgueation (%-40) represents the dispersion relction
of one dimensionel case., Jerger, lewcomb, lawson,
Prieman, Kulsrud and lenard (1958)24)had already obtsined
the dispersion relation in this case, but it is some-
what difrerent in form from eyuation (3-40), However,

we can easily show that they are both the same in our

approximetions. Ltor large k, we have the relation

czkg e mi2 - mp12

by using relation (3-33). Then equation (%-40) may be

rewritten to bhe

2

w - ku =+ w, il +
1‘ LL'|2 _ (02k2+ mPiQ) ’

where we have asoumed w = Oy Then we can readily find

2 2y 12 2 w - ku

& o~ w
w - c k —Upi E}-ku-{,wi'o' (4])

Wren meny icn benms are flowing, equation (2-41) may be

modified au

2. . ‘
% 2. 9 o i“{m_kuﬂ) i
e R E— =0, (3-42)
~ -k - W
S w l{us I 1

Byuation (2%-42) is just the dispersion r¢cition obtained
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(ii)

(iii)

( iw)

by Berger et al,

When h#0, a similar formula is also derived.

Finally, equation (3-35) is written to be

2
2 2.2 ” i h ~
- ¢k - " —————w — ku &t w.——="7 = 0
= ¥ Pl Ilj-klliu.vi ! 12{k2+h2)}

When w {{ w5 and u=0, then equation (%-3%4) becomes

2 2

1
(1 - 5—=)(1 - = ) = 0.
2 i ey

Conseyuently, we have

w® = A%k (3-44)
and

(3-45)

Bquation (3-44) is the dispsrsion relation found

LT)

by AlLfvén (1942). Also eguation (3-43%) is the

dicpursion relation of the extra ordinary hydro-
mugnetic waves, which was derived by Astr6m25)

(1950).

When w ¢ W wna u#z0, a term mizu/k}x2 in eguation
(%-%4) becomes dominant compared with ku. Hence,

s¢ get, by solving 9° in equation (3%-34),
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. 2 w. u
2 2. P k™+h il
wS = A°KS(] - ) (%-46)
ne kept
and
5 . 2.2
’ W .
0f = A%(k% p9) (1 v 5 L, (3-47)
nc kA

1n this caese, the velocity of Alfvén vave becomes
faster, whereas that of the extra ordinery wave slower,
These racts come of the distorsion of the megnetic

k3 9 - -2
field by the current JD— niZieu.

o Fhysical FPicture

It gives detail informaztion about phnysical circum-
stances inside the plasma to investigate the field, the
ion currents, the electron motion, etc. Therefore, in
tnis scetion, we shall discuss behavious of these guan-

tites in the waves.
7o T Electric Hield

Substituting equations (3%-25), (3-26) and (3-27)
into equation (3%3-7), we get easily the electric field

in the plasma, wnich is

- _ . _UJ_ _Tg ) i _._:.1_'
bg = -1y 3 2 Q‘r“(b )D N L ),)tl ’
Fr=k~G
\ | p 2 i‘:? |
= o s —__._. = (1 [ { { = . { —4 63
By = - e 7707 Fk(P-69)B +G(P-k")—7F | e
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In order %o examine the sense of the field rotation,

we calculate iEr/Eg . We then have

mk(F-6Z)J_(nr) + G(F-k2)hrd (nr)

1 - — (3-49)
i mG ( F-k )Jm(hr) + k(#-G )hI‘Jm(hr)
or n(k+ ) (F=kG)J_ - G(F-%x2)hrd__ ., (hr)
_ m - m+ 1 = {%=50)
m(k+G)(b—kb)Jm - k(F-G )her+l(hr)

These relations are valid for the general case. If
we consider Alfveén wave and the case u=0, we get, from

equation (3%3-44) and (3%-49),

. (3-51)

For the ion cyclotron waves, equation (3-49) is approxi-

=:w%ely reduced to the form

brd_ . (hr) b '
- rd ., (hr) - ;E hTJm(hr)
By h?
her+l(hr) + £§ md
or
& —[1 + -l—“—; (1 - %‘9%)1 (3-53)
k T g ) WL g
where the condition u=0 iu ugrin ascumed.
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Therefore, the electric field in the plasma is generslly
elliptically polarized., Also the sense of the field
rotation depends on the sign in the brackets of equation
(%-53%)., TFor lurge k, the field may rotates around the
magnetic field in the same sense as that of the ion

Larmar gyration, This is clerified as follows.

If we consider the particle velocity W of an ion
immersed in the magnetic field ﬁo’ the equation of

motion is

aw _ %1% o5 o
gt = ¢ WX 5o
iwt

If ¥ varies with time as e ' then we have

) (3-54)
ana a = ll'i

For the axisymmetric mode of the ion cyclotron waves,

the polarization is expressed by, from e uation (3-53),

- 2
B R Sl (3-55)
1°
. L 8)
which agrees with 5tix's result.
P Dl Ton Motion
Ordered motion of ions may ve regarded ag the mus:



motion of plasma, so that v obtained from eqguations
(3-1%) and (3-17) will indicate the macroscopic ion
motion.

Hlliminating J from ejuations (3-13) and (7-17),

we get, after some calculations,

1|t

- ~ i =3 i - A
v X z + ﬁ—(m-ku)v - okuv + uz x
i e 0

where we have made use of equetion (5—10}, Each

component of equation (3-56) gives the relatiomn:

r-component:

B cE
. rw=Ku ku 8 T
(=8 Ay 4oy - fu o+ —F = 0 (3-56-1)
Wy w T &) BO Bo
G-component:
B cE
cw—k k (&
s 1{2673,— EB)W? - Ezu +—5-=0 (3-56-2)
i e o 0

Combination of above two equations yields

. 1 C (s u - R
Ve ® TToa? B |19 rBg ¢ (Be-i@rEL)) L (3-57)
I N P = .
vr J___&J)i-'g j\-O [(Q L))r"i'll.lB)C + (EI*E;._—JEI‘)-}} . {B_bb)
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where we have neglected 2— to -, Then we find that
e
the macroscopic mass velocity (

;r ion velocity) becomes
extremely large when @* is near one.

Next let us consider the rotation of the velocity
vector. For the sake of this purpose, we consider

in/Vé , which is obtained to be

iE iB
T i g \u
iv Lo B b E9{1+Q* BB
e = 158 S - (3-58)
T - g Flanghl
B r ©
While we heve the relations:
iE iB
B, =% ana 5 =-- ,
3 ] T

which ere derived from equations (3-7) and (3-17).

Then we get finally

iE
T g*ljr
_..Vr B }_'19
- iE (3-59
Vg g = b, 3-59)
By

il
1 - o
_];-‘_IE:— 9 (
7 o 1Er 3-60)
Bg
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“When w is close to w; and u=0, the macroscopic
ion velocity rotates circularly in the same sense as
would the ions., It should be emphasized that the fact
above stated is valid for any finite m mode. #or m=0
mode, Stix also derived the same formula as ecuation

(3-60).

Next,we shall discuss the ion current in the wave,
liultiplying the unit vector 2z vectorically to both

sides of equation (3-13), we get

-
B
=2 . =2 A L .
= - - -
Jy iQ (niziev X 2) + B, Jo o (3-61)
where
— ~ A
dp = dJr+ Jdy0

For the cyclotron wave for sufficiently tenuous
plasma, Q* is close to one. Whence e;uation (3-59)

pecomes

=1, (3-62)

From the above relation, equation (3-61) is reuwritten

to be

u). (%-63)



Thus we can say that the transverse component of the

plasmz current is mainly carried by the ions. The
B
cecond term ﬁLu in the parenthesis of equetion (3-63)
0

indicates the transverse bend of the ion beam in
consequence of the oscillating magnetic field per-

pendicular to the axis, as shown in Fig, 3-2,

Magnetic lines of force ped

Fig. 3-2 Transverse bend of an ion beam due to the
oscillating magnetic field in the wave.

Be Dt 3 Electron Motion

T"ransverse motion of the electron is = drift,

which is given by

> x B Ex?k
v = g —p =RO=—p— (%-64)
el B2 BO
Then the resulting electron current is
J = -n_ec Ex?%
el e Bo
= - eB LY ("E'QI’ -6). (3-b5)
0 T
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From eguations (%-56-1) and (3-7), we have finally

:'LVr
Er/BO L* v, + 1 ]
—_——— = - = (3-66)
Ve /c (1+ &) -

The numerator on the right nand side of equation (3-66)

is rewritten to be

iv
pr—L 4 1 =
® 2 ) : 5
(i—%*)[—m(k+6)i£—kG)J (hr)+G(F-k )hrJ l(hr)]
(L- Q*)[m(K+G)\b hu)J ] [c(F %) %% FC “2ﬂher+l(hr]
(%3-67)

where we have made use of equations (3-50) and (3-59),.

For the ion cyclotron waves without the beam,

equation (3-66) becomes, after some algebra,
EI‘/BO ) -[ miz IR y
%’/o CLa%k? k242 }
ltp( n” )Jd_(hr) + nrd (hr)
k2+h? mn 7 m+1
_ll;Q m-2 - ?kz )2]J \hr)+—E§iﬁghIJm+l(hr)

k“+h* k™+h

(3-68)
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Therefore, combinztion of equs=tions (3-65), (3-66) and
(3-68) yields the transverse current of electrons., If
we consider only the azimuthal component, equetion

(3-65) gives

B_o Br/n,

d . = h & - =mn@e=
e B

-\’-8 ) (. -j— E' 'I) )

Er/ﬁ

where - has been already given by equation(3-68).
6/c

Especially for large k (resonm:nt state and m=0 mode),

equation (3-69) may be simplified as

(,‘J2 w 8

~ i
Vv, ¥ -n_e -5
2,2

1
— v
K2 € e 4%

Theretore, it becomes evident that, in the case of the
ion cyclotron wave, the contribution of the electron
motion t2 the transverse current is very small comparad

w-
witn thet cf the ion motion, since —§1§ is very smsll,
ATk

For the cace tnat m=0 and u=0, e cau readily find

U.I.2 1?
T = n et B = e e S (3-71)
= fj 3 . el = o
e 1. I ACKE L A2k2 Ly

. N
(JiL:transverse ion current)
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If the displacement current is negligible,it can be
concluded that the charge accumulation arising from the
transverse ion current is neutralized by the electron

current parallel to the magnetic field.

AN

4 Bounded Flaema Oscillations

In the sections %.2 and %.%, the radial wave number
h has heen assumed given for proper boundary conditions.
However, the radial modes are rnot indispensable for
investigating bounded plasma oscillations. In this
section, we shall discuss nonaxisymmetric oscillations
of bounded plasma for several different boundary situa-
tions., To treat the problem generally. first we consider
the plasma which 1s immersed in a cylindrical current
sheet and has a vacuum clearance between the plasme

and the sheet. Fig. 3-% shows this configuration.

Current sheet

Vacuum

Fig. 3-3 Boundary situation of plasma.
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Flasm oscillations in this general case will be
tr.ated in a scction 3.4.1. If the vacuum clearince
degencrates, we have a plasma wave guide discussed in
. section %3.4.2., In a section %.4.3%, we consider o
configuration without the current sneet, which is c:lled
natural oscillutione, sernstein and Lreuzn treated
ncnaxisymmetric netural oscillations without the bewm,
but this generel configuration to be discussed nere

has 1ot been trewted un to the present,
3.4.1 General Configuration

Again the normal mode anelysis is applied to
fellowing discussicns, so thet we assume thzt all
guantities in eduestion vary as exp i(mg+kz-ot). Let
the radii of the plasma and thne current sheet rp and
r,, respectively, as shown in Pig., 3-3%. lhe surface
current of the pleasma is denotea by J* and the sheet
current by J®,

We neglect the displacement current, so that
the vacuum field may be similarly treated sz in ihe
chapter I. Then we can easily show that each magnetic

field is e¢pproximately expresced == follows,

Tor r_ ¢ W .
: Te% T BY = ksk!(kr)
m ,
outer regsi ] .
( zion) B Amg (e |
C T T rvm ’ (3=T72)
=W _ [ -
DZ = 140 .L\.]_l_l( kr ) %
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r v )

For rp(r(rs, B, = k[LE%(kr)+QKﬁ(kri],
vacuum clearance v _ im . 3 "
(va ' By = & [;Im(kf)+QKm(k:ﬂ , L (3-73)
region)

BY = ik[LI_ (kr)+QK (kr)] .

For r(rp,

(plasma region)

p -1 i 2y aP : 2 ZBIZ)J
S (3-74)
2BP

Bp = — L [..IB k(F Gg)Bp % U(F—kz _Z , or(3—25)
,2 2ni r oY & ]
Pe=-k"G ~ (3-27)

J
wP _
BZ = CJm(hr).

Where we have suppressed s term exp i(mB+kz-ot), and
we have used superscripts p, v and w to indizate the
guantitico referring to the plasma, the vacuum clear-
ance and the outer vacuum region, respectively.
Constants 5, L, Q@ and U should ne related each other
through boundury conditions, We shall next derive
the boundary eguations ., rfrom Laxwell's eguations,

we have

-3 A -‘;-\
and A (T = 435 (o 2555 (3-76)




Also the muznetic pressure balance at the interface
gives the relation

s B

L.‘.(gi") = 0, (I':I'p) (3—?7)

Where A(X) denotes the change of some quantity X across

the surface. 1he linearized forms of these equations are

P _ -
52 = 87, (r=r) (3-78)
D ' =
P g¥, (z=r) (3-79)
By = By (r=ry) v3-80)
and
By -0 -85 (rery) (3-81)

or -{Bv—Bg = ix 5

The constants S, L, @ and C can be determined
from the combination of the field equations (3-72)
to (%-74) and the bouncary equations (3%-78) to (3-81),

After some straightforward reductions, we get finally

4nr

W § S L= ;
§ =i 2 ofia(ke,) - ¥ Ky (kr,)] .

dnr, o
= 3 = t
L=1— JgKm(krS),

il
|

4Ty o r
T s ;
Q=-1—— Jg Km(krs)ﬁ,
F
8o 4an Jskgﬁmams) L i
- |

3 ] V- ~ 1 -
c 0 Jm(hrp) nKkarp: klme hrp' y
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where
] _ . '
H Im(krp) k;plm(krp)

Y =
HoKp(kr) - ke K (ke)) (3-83)
, J!'(hr )
H = ——5—s [a(s-k)G + (r=6%)nr 22 (3-84)
PE_K“G P gi(pr ) -
m P
Thue we can write down tue magnetic fleld in each
region, and they are
- w8 - , o
Tor v, ¢ T, By = il krs[lalkrs) - Yhé(krsﬂ hm(kr),

mr

W R
By = - ———(;m(kr = inm(krsﬂ Km(kr). (3-85)
BY = %%kr T kr ) — YK!(kr ﬂ K_(kr)
% 2 | o m S m E
fop rp< r{ L
BY = iNSkr_K' (kr ) (T'(kr) - ¥ K'(kr)
7 s m = R 1] ’ m iy
v gMy .-
Bg = -i"—= K!(kr )11 (kr) - ¥ Km(kr)], (%-86)
oV s " | RPT ;
B, = ~Nkr K (kr ) [T (kr) - ¥ & (kp) |,
for rd¥_,
, kr X (kr )
BP — ¥ - - J(hr)
2 (hl ) HE ol Kr ) - kT hmtk ) L3
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4nj;

where N o= = , (%-88)

and we have again suppresced the term exp i(me+kz-wvt).
Eiuations (3-85), (3-20) and (%-d7) give tue complete
solution for steady state excitation. The electric
field in each region is readily obtiined from kaxwell's
equition (i.e. rot B=-38/c3t) and equetions (3-85) 1o

3-87).

3.4.2 vylindrical Plasma Waveguide

Natural wave modes inside a conducting cylinder
are discussed in this small section, Natural waves
mean the osciilations without any external exciting
current. Outi:ide the completely conducting cylinder,
there are no oscillating field. lhen we can set 2"=0
for DT, but this solution is somewhat complicated
still, For simplicity, we shall consider the case

rs=rp {i.e. the completely filled plasma weaveguide),

whence
HI (kr_)-kr I'(kr_)
B, = —Nskr.LI'(KT.}— L= e K'(kr‘flh (kr)
' sbm s gk (xr J-kr K'(kr )™ 5 W
m 8 pm g
= . (3-49)

The ¢olution ot above equation is given by
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H =0
or J'(hr )

n(P-%x2)G + k(F-G%)hr 28 =0 , (%-90)
Pg (hr )

where we have used equation (3%-84) and the fact that
hh(krp) is finite wren krp=0.

For the axisymmetric mode (i.e. m=0 mode), the
result is very simple, which is

J&(hrp) = Jl{hr ) = 0. (3-91)

This gives infinite number of discrete h as the roots,
which are all the radial wave number.

On the other hend, for the ion cyclotron waves,
equation (3%-90) is also transformed to a simple one,

which is given by

hrs nr+l(hr ) = —-m EE (3-92)
Jm(hrs) 12
™ 2
whoere we have used the approximation that <§1
A k
and assumed u=0. The right hand side of equation

(Z-92) is very small in this case, so that the roots

ure approximately given by an eguation

Iy 1 (BT ) =0 (3-93)
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leedless to say, equation (3-92) may ve reduced to

equation (%-91) wnen m=0, because Jy = -dy.

544.73 Vacuum Boundary

Natural modes of a plasma cylinder surrounded by
vacuum can be examined by =etting J%=0. The condition

that BP hae = finite value when d4°=0 leads to the re-

lation
J'(hr ) kr_K'(kr )
_EE_E_E[m(F—kz)G+k(F—G2)hr 0 E—lz P
PE-k“G Ip{Bry) £plkr )
(2-94)

where we have used equation (3%-84) and (3-87). Equation
(%2-94) gives infinite number of the radial wave number

h, so that thic eguation may be called "characteri.tic

egqus tion". When u=0, eguation (3-94) becomes
k2 UJ2 2 m2 2.2 hr 3-“'1(‘]{1' )
. o+ (k- k0 )R-
2 w52 2 4 A A m' *Tp
(k“~=5) “-0¥k
A krEn'(kr ) (
. : 3-95)
hm(klp) :

which is in agreement with Lernstein and Trehan's
result,

Por the axisymmetric ion cyclotron wave, equation
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(3-95) can be reduced to

Jilhr ) - %5(kr )
hJO(hrpi khcfkrpj .

Thic is zlso rewritten as

! it (k
herl(hrp) krpl ( rEl

Try R e, \3-361

P

where we have uged the relations as

J.(2) ~d, (2], Kplz) = -k (3),
Jl(b‘:} K {Z)

o Kylz) = —Kj(2)- —5— .

J,(2)

Ji(z)+ =

26)
Equation (3-96) is in agreement with Stix's result,

3.5 Application of Ion Cyclotron Waves to Plasma

Heatinz

It has been shown in the chapter I1I that the
efficiency of the direct ion cyclotron heating of
plasma falls away as the plasma density increases.

On the contrary, ion cyclotron waves are apt to be
excited in such a nhigh density. 1f there is a damping
mechanism of the waves, we can heat plasma through two

stages as follows. At first, we excite ion cyclotron
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waves in a heating section. This execitation can be
made with high efficiency, since the mass velocity

in the waves becomes extremely high as 8% tends to
unity as seen in equations (3-57) and (3%-58), In the
next stage, these excited waves are caused to damp by

a damping mechanism. Thus the energy consumed by the
excitation of ion cyclotron waves is finally converted
into the thermal energy of plasma.

Many damping mechanisms of ion cyclotron waves (or
hydromagnetic waves) may be considered, but the most
effective are so-called "phase mixing" and "cyclotron
damping", ©Possible radial and axial wave numbers h
and k of the bounded waves are determined by the
characteristic equation (3-90) for the configuration
of a cylindrical wave guide or (3-94) for the configu-
ration with a vacuum boundary. Therefore, there occur
many waves with the same frequency. These waves are
not excited equally, but the wave of the mode closest
to resonant condition may be predominantly excited.

In other words, one predominant wave corresponds to an
ion beam. The expressions for Vs and Vg, given by
equations (3-57) and (3-58) indicate the occurence of
this resonant excitation. If there are a number of
ion beams in the plasma, many predominant waves may

be excited. In the heating region, these waves are

forced to be in phase., Generally predominant waves
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correcponding to different beam velocities have
different phase velocities. Therefore, as the waves
propagate away from the heating region, these waves
may become out of phase with each other; that is to
say, a phase mixing occurs. This phase mixing gives
rise to the conversion of the ordered motion of ions
into random motion (or the wave energy into thermal
energy of ions).

There are also configurations of coil for exciting
only a hydromagnetic wave. For instance, Stix's coil
excites plasma waves with a fixed axial wavelength.
Similar phase mixing can also be expected even in such
a case, analogously to Landan damping27). This mecha-
nism is named "c¢cyclotron damping". If the ion
cyclotron wave, excited in the heating region, falls
in a region where many beams are near resonsance, its
phase velocity becomes very slow compared with the
thermal motion of ions parallel to the propagating
direction (i.e. the axial direction). This situation
can be seen in the dispersion relation (3-28)' for
general case or (%-40) for infinite radial wavelength.
Trie wave form is randomized by the parallel motion
of ions and consequently the wave disappears or be
thermalized. From the microscopic point of view, this
mechanism is regarded as a cyclotron resonance

ab.orption of icns feeling the wave field at their
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own cyclotron frequencies. This damping is much
effectively accomplished with damping length shorter
than a wavelength, Daws0n24)and Stixl())derived the
demping length for axisymmetric mode.

The Heliotron-B device is equipped with a
exciting coil of Stix's type. Excited ion cyelotron
waves in this coil region are expected to be damped
with the cyclotron damping at the slope of the
Hellotron magnetic field, experiments on which will

be described in a chapter VIIT,
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Iv Ion Cyclotron kesonance with Collision

kelaxation

4.1 Introduction

In the chupters II and 111, plasma consisting
of one kind of ions snd electrons was considered,
so that their momentum transfer to another kind of
ions was not necessary to be taken into account.
However, the fusion reactions between triton and
deuteron (I-D reaction) can easily take place compared
with deuteron-deuteron reaction (U-D reaction), since
the T-D cross section has its peak at the deuteron
energy of 100 keV, whereas the D-D cross section at
2 MeV, 1If we consider a plasma under the D-T fusion
reaction, the momentum transfer must be taken into
account. but this momentum transfer has & velocity
dependence as w_2 at extremely high temperature. This
fect makes it somewhat difficult to treat the problem,
since the Boltzmann eguation can not be linearlized
in this case.

On the other hend, a weakly ionigzed gas governed
by constant mean free time hypothesis has a linear
dependence of the moment transfer on particle velocity.
Then the boltzmann equation will be approximaztely linear-
lized. Furthermore, this kind of gas may be regarded

&8 & simple model of high temperuture plasma with
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collision relaxation. This case is to be analyzed
in this chapter.

Cyclotron resonance with relaxation was first
investigated by Dresselhaus, Kip and Kittel 8)t0
determine tue effective mass of electrons or holes
in semiconductor. They observed that there are many
electrons with different effective mass in germanium
at 4°K and discussed the structures of the valence
band of germanium and silicon. TIon Cyclotron Kesonance
in a weakly ionized gas has many similar points to
the cyclotron resonance in solid, except for applied
freguencies, When the mass is known, so-called relaxa-
tion time (i.e. collision time) of the particle may
be determined.

The mechenism of the ion cyclotron resonance with
collision relaxation igs described as follows. Suppose
& weakly ionized gas is placed in an externally applied
strong magnetic field and a rf electric field perpen-
dicular to the magnetic field, the freguency of which
is near the ion cyclotron frequency. 'The ions are
resonantly accelerated, and then they collide with
tlie molecules of thne gas and loss tuneir energy con-
sequently.

If we sweep the rf freguency or tue megnetic
field vtrength, then we have an absorption curve of

the ion cyclotron resonunce, the peak of wuich is
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near the cyclotron frequency. As shown in & section
4.4, the half-width of this resonant absorption curve
depends on the momentum collision' frequency between

the ions and the molecules. lherefore, we can deter-
mine tne momentum collision frequency from the half-29) 0)
width. This method was proposed by the autker (1961) A
and will become zn important one to determine the
collision cros. cections between ions =nd molecules,
cspecially at low energy. Because Born's approximation
methodis invalid for the case of low energy ions and
also an experimental ion beam injection method becomes
very difficult at low beam energy. <The dependence of
the half-width on collision frequencyTJ could be
experimentally verified as described in the next chapter
v,

After the auther's investigations, Wobschall,
Graham and Malone (1963)31)carried out similar experi-
ments in detail and determined the collision cross
sections N2+ and Ar' in their parent gases.

In this chapter, we treat tue case as the rf
electric field for the cyclotron resonance is induced
by a solenoidal sneet current flowing azimuthally and
a weakly ionized gas cylinder is co-axially immersed.

An external strong mugnetic field is imposed parallel
to its axis. Wobsuall et al used tre electrostatic

field produced by two plane electrodes, but this
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configuraticn mukes the phenomena in plasma very
complicated, since the sheath formation on the plate
will pley & dominent role in the case. Therefore, it
may e prudent to avoidsucha configuration and adopt
the axisymmetric induced field,

We derive the energy dissipection of tne electric
field by the ion cyclotron resonunce in a section 4.2.
Then the penetration of the rf field into the plasma
will be discussed in a section 4.3%. 'lhe proposed
method to determine the collision cross section is

to be described in the chapter 4.4.

4.2 Energy Dissipation into Gas under Jon Cyclotron

Heating

The physical situation under consideration is as
follows., M infinitely long cylindricsl slightly ionized
gas 1is ilmmersed in a strong static field go parallel
to its axis (the z-axis). Kkf solenoidal current flows
co-axially with the gas column and induces an azimuthal
rf electric field. There is a vacuum gap (or clearsnce)
between the current sheet and the gas column. 'The
fields have no variation in the axial direction. This
configuration is shown in Fig. 4-1.

The induced field in the plasms is generally di-
flferent from the vacuum field,due to plasma reactione.

'hiv problem is to be discussed in the next section.
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current sheet

— ——
il |

— — . — -

Fig, 4-1 Boundary situation of plasma.

In this section, the electric field is assumed given
and the resulting ionic bepaviocurs will be investigated
self-consistently in the next section. ‘the electric

field may be expressed by complex notation as

m
Il

E, + iBg (4-1)

Il
m
@

+
m
o)

int —1mt- (4-2)

Yhis expression is similar to that used in the chapter

wt

II. A term e ! expresses a circularly polarized

field in the gume senue as the ion cyclotron gyration
3 g i dwE ) . ]

and another term e in the opposite sense. As no
axial dependence of fields is assumed, so g, and £

gre Irunctions oi only the radial digtance r. Further-

more, it chould be noted that the axial component of

the electric field dovs not exivt in this configuration
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of the sheet current.
For the sake of simplification, we shall make

several approximationsas follows,

i) We neglect the oscillating component of the
magnetic field so that B = B,% (2: an unit vector
in the z-direction ). l

ii) We neglect the variation of the transverse
electric field over the Larmor radius of the
ion.

iii) The momentum transfer from the ions to the
molecules of the gas is proportional to the

velocity of the ioms. That is,

P. = V7V, (4-3)

where ?in,is the rate of transfer of momentum

(per cm’

per sec) from the ions to the gas
molecules and Vv is the macroscopic velocity
of an ensemble of ions.

iv) We neglect the gravitational force and the
pressure gradient of the plasma. And also we

neglect the radial diffusion of the charged

particles.

The basic equation for the ions in these appro-
ximations is given by

=2 1= A -
= 4 = = =
= M(E + SV X Boz) va ‘ (4-4)

A b
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In our complex co-ordinates, equation (4-4) can be

rewritten to be

2V : -4 -
= & ilmi B pm}v = € (4-5)
where
v = v, + ivy (4-6)

and wy is the ion cyclotron angular frequency.
Equation (4-6) can be readily solved by using Laplace

transformation and then we get

Pt -iw.t - s _

_ m 1 0 q + :
v=e e v, - : + =
[ + Mfszi+m7+vm 1(wi—m)+qn£
g £+ej.lﬂt J—e—imt
* Nl[l(mi+w)+],) 1((1) —w)+1)m _J , (4'“f)

where vf is the initisl velocity. Therefore, the

steady solution of equation (4-5) vecomes

iwt —i
s e = elmt

_g [ S+ - _
V=u Ile F0)7V, + mi-wwm 1 : (4-8)

In steady state, the input power and the energy
loss due to collisions are balanced each other, that

18 similar to the case of rain drops falling down
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through the atmosphere. At the beginning, a rain drop
is accelerated by the gravitational force and then
finelly its speed becomes constant, when the input
power from the gravitational force becomes ejual to
the drop's work against air friction force., There-
fore, the input power from the gravitational force

in steady state is mg.v, where m, g and v are the
mass of the rain drop, the gravitational acceleration
and the velocity, respectively. Analogously to this
rain drop model, we can determine the energy dissi-

pation rate (or absorption rate), which is

E.D. = n.v.F , (4-9)

— 5 .
where F is a force acting on the ion. This is also

rewritten as

E.D. = ni(vr F_+ vg Fg)
= niRe(v . %), (4-10)
where
f =108, + iFy (4-11)

and X* denotes the conjugete of X,

f* is algo expressed in terms of £ given in eguation
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(4-2) and then we have

f* = geg*
= qler eIt agx 10 (4-12)
Thus we get
% QE 1 * ( ) +")1+E *{ —i(lﬂ +m)lei2mtJ
e iy 2[?+£+ &h—l @y et e\ Vn iy

+(mi+w)

* o

LE E*hn — 3 Dl—w& +ETE*1V —(m w) i2mtJ]
Vo +{w, —w) |

(4-13)
Taking time average of E.D., then we have
e 2 2
- n.q V. r {E ‘ |EJ
_ 1 1 + N = N -
et = M LP2 +(w +m)2 ' P2 + (w —m)gJ k)
m i m i

which is the root mean square of the dissipstion power
into the plasma per cm3 per sec¢, If gi and EE are
cons tant and Lﬁ is small, the second term in the
braket of eguation (4-14) becomes dominant when ww s,

Then the absorption curve (or the line shape) becomes

Lorentzian.
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The induced ion current J is also obtained in

complex form as

j n;qv
2 iw
I
M 1(mi+w}+pm

t

1l

where

J = Jl + iJe .

s e—imt

i(mi—m)+vm ] , (4-15)

4,3 P-netretion of RPF Field into Plasma

We shall consider the radial variations of E,

and = in both the plasma and the vacuum gap and discuss

the penetrazion of the rf field into the plasma for

difrerent coces.

The fields under consideration are all axisy-

mmetric and axially invariable.

Therefore,Maxwell's

equation: without displacement current become 1in

cylindrical co-ordinates

Q= JI' 3
) aBZ 4n
ar ¢ ‘@ y
1 2 v o 4n
¥ or Wyl =554,

(4-16-1)

(4-16-2)

(4-16-3%)



and ,aB

0= i;% , (4-17-1)
2B¢
2%
2B
1.2 __1°%% 17—
T 2(EBp) = - 5 5% (4-17-3)

where we have assumed that E_=0. Bquations (4-16)
1
c

oo
L—i-,bdb

and (4-17) correspond to VxE= i% Jand VxE = -

respectively, Then we have, from equations (4-16-2)

and (4-17-3),

aJQ
> T

-

27l 2 (x8g) ] = o (4-18)
(8]

2ri.r B°r

Also we have

Since no constant current flow parallel to the z-axis

is considered, then we get

J =0. (4-19)

Electron drift induced by the rf-field is negligible

compared with the ion velocity, ae described in the
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chapter 111, Also we have assumed that there is no
radial ditfusion, Therefore, it is reasonable that
the radial current Jr in the plasma, if it flows, is
mainly carried by the radial motion of the ions.
Also the azimuthal current JB is in the same manner,
The radiul current may be obtained from eguation

(4-15) and it becomes

Jr = kel j)
n q2
By 1 ] ) .
= — [1535 {he(E+d+)CObmt - Im(t+d+)51nmt}
_ {he(i d_)coset + Im(=—d-)sinut
la_f° o o }] ’
(4-20)
where

1

Bqu:tion (4-16-1) is valid at any time, so that we

have from equation {4-20)

Tgﬁﬁﬂymhe(£+)+(Ji+w)1m(7+)7+ ldﬂg[VmLe(i~)+(wi—m)lm(8-)]
= - ._

and
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- 77 r‘r’mlm(g*")‘("‘i”’)%(a*)] !
dyl 7

id'lig[,?mjm(E_)—(wj—:n}Re(E_)]:: 0. (4-2%3)

1n complex form, equotions (4-22) and (4-2%) become

5

2 z .
Qm +(wi—w) o F l(wj+m) =¥ -
E_= - "3 5 T T2 3 T G3lw.- oo (4-24)
= tm.+m)2 b L w)
m i
Thigs relation gives the ratio of ©_ totj; in the plasma

region.
In an extreme case 9m=0 (i.e.collisionless plasma),

equation (4-24) becomes

UJ__-[—LU . *
£E_=—— &, o
w7 . (4-25)
i
Thus &€_ will be very small if wEw g In other words,

the circularly polarized field in the same sense as

the ion gyration can not penetrate into the plasma

and only the oppositely polarizcod field exists in the
plasma region. As seen in the chapter 11, both the
polarized fields can penetrate into the plasma, if

the field is periodic in the axial direction. This

is the reason why the axially periodic field is adopted

for ion cyclotron heating of plasma.
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In another extreme case Vmeoq equation (4-24)

becomes

E. = =6™ (4-26)

Infinite Vm implies that the ions cannot move and
regidly stick to the gas, which may be regarded as
solid in this case. Therefore, this state is equi-
valent to vacuum, since the ions do not react against
the field., Equation (4-26) shows that g, and =_ are
of the same crder, that should be emphasized.

Next we shall discuss the radial variations of
€, @nd £ . From equation (4-15), the azimuthal

+
comporent of the current J is found to be

Jg = Im(j)
2
n.q< -
=4 T _1 fIm(€4+dy)cos wt + Re(€4+d+)sinot!
M ;]d l2 [ ;
+
+ \ 1\2 %lm(i_d_)cosmt - Be(&-d_)sinwtk]
d_
(4-27)
where dy are again given by equation (4-21). The

syimuthal component of the electric field is also

obtained from equation (4-2), which is

Eg = Im(g)

1

Re(é £ )sinet + Im(€4+e_)c0sut, (4-28)

\l
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Combination of equations (4-18), (4-27) and (4-28)

yields the relations

1 2w 1 1 T “1
D|Re(g, -2 ) |= v S-25|- —5 Im(g_ 4, )- ——5 Im(g_d-) |,
F 477 | pi - P My ]dJL ,
(4-29)
= i : -1 o 1 . 7
D[Iﬂl(t++?_)_! = \upi E‘-)-é 7—'._-11._”‘\' J\i-:{-f:+d+)— —2— Im(.‘._d.ﬂJri "
@ | U4 .d—.
(4-20)
where
_4ld _
b= drle dr r} (4-31)

In complex form, equations (4-29) und (4-%0) are expressed

a8

Furthermore , equation (4-%2) is rewritten, by using

relation (4-24), to be

O
I'(ai) = k__}c_}
=l
or o
d g * de* 2
+ ] 4+ b 1l \s
4 =1 I
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where

2 : })m - iw
s 7 Vi = ilow,+w) (4-34)
2 prg ie
b® = (32 Vm —j(wi+w) A (4—35)
Thus we have
e* = £ J.(2 1) (4
+ 0 1 = T 1 \ —36)

where £, iz a multiplicative constant and determined
from the boundary conditions.
On the other hand, €% in vacuum is found by putting

wpi:O, and then we have the equation

del
~aF - ¥ = 0, (4-37)

as}
—
2

==

dr

This solution is readily found to be

_ 1 ,_
Ef = &r+ & ¢ . (4-38)

In order to distinguish the field in the plasma
region from that in the outer vacuum region, we shall
use tne superscriptsp and v in bellow discussions as
in the chapter III. The boundary conditions, which

determine the constants 50, £ and 62, are described
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in this axisymmetric configuration as follows.

At r=r

p

Eg = 7F . (4-39)

ag?  asy

E}ﬂ - a;ﬁ (4-40)
and at rp=rg

dBy )

3?9 = ﬂﬂ% I8 cosut. (4-41)

Where we have assumed thet the sheel current varies
(=

with time as J§ ginwt (per cm). B is also expressed,

instead of equation (4-28), in the form
Eg = —-Im(€¥-£_)cosut 4 Ke(€4-2_)sinut. (4-42)

Therefore, eguutions (4-39) und (4-40) imply that
(€%-%_) and its radial derivalive should be continuous
at r=rp, In the plasma, we hLive already introduced

the relation

p* e "p — 2.;:_{']*
S €. =88 (4-43)
- N .
In the vecuum gap, a° is 2 as above stated. ‘'herefore
we have
v _ e V¥
g, E. =5 (4-44)
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Thus we get, instead of equations (4-39) and (4-40),

2.p* *
ae? = 2} at T=Ty (4-45)
and
d o P k.3 d v’* .
H?Laiif ) = 23;(€+ ) at =T (4-46)

1f the gas is assumed slightly ionized, gr will be
very small, Then Jl(gr) is nearly equal to gr. In
this case, we can easily determine 50 and 52 in terms

of 81 as

g =L_&. , B = O (4-47)

Combinetion of equations (4-38), (4-41), (4-42) and

(4-44) yields the relations

_2In(gy) = 428 35,

N

C

S
“8 . (4-48)

Finally we get the solution as
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p
e = ()", (4-49)
21o P¥
e? = (1-a%)g; , (4-50)
p* 2nw 8 _2r _
g; =1 5 g — (4-51)
c 8
for r (1?(rs .
E-:-] = Eif —1 g’l‘% Jg & (4-52)
C .

It is worth while noting that Ef and Ef'are both purely
imaginary; that is, there is only the azimuthal electric
field.

1f tne plasma is collisionless, a2 becomes 1 and

we find
£?=0,
P _ v
g1 = By

at the intersurface of the plasma and the vacuum gap.
As the electromagnetic energy density in the vacuum
side is twice times as much as the electric energy

density, so the electromagnetic energy in vacuum side
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becomes just the electric energy density as one passes
through the intersurface from the vacuum region.
Generally, the €+ field penetrates the plasma
without considerable change, independently of the ion
density. On the contrary, the £ field is also un-
changed for sufficiently low ion density but is reduced

by a large factor for high ion density.

4.4 Absorption Curve and Determination of Momentum

Collision Freguency

In this section we shall investigate the energy
dissipation due to the cyclotron resonaunce, by using
the result in the previous sections. Then a method
to determine momentum collision frequency 1is to be
proposed.

First we shall obtain theenergy absprption per
unit lengtn of the cylinder. from equation (4-24) we

obtain

2] —(1)514'{1] 2) +L1) IZ—_’
V2 (e ire)? (4-53)

[24

Then the dissipation power given by equation (4-14)

Rl e

2 - 9 2 0 n
nu . \r i T Y s Y & = vy & :'-‘i ‘
u‘l 753 r2 {Dm4u +“”i) pmmi}pmw {l (Q~_m1+‘ *”pL
- 9 {

4 7 2 2] 5] -
c P - s 2
(Dm+! m+\mi+mj Dm+(“ +w}1@ & u

(4-54)
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where we have used equations (4-34), (4-51) and (4-53).
Thus we can derive the dissipation power per umit
length of the cylinder E.D.U. from the integration
of equation (4-54) with rsspect to r from 0 to Ly

Then we get

~

T TG 8 Hfﬂj (J )Exf¥l) +u :'J»»f’i:) _J Ly 1DU"2[1+(DL ui*mz)i_q.- Emc J‘
. \U Y {L+(m'+ﬂw } {b tlw, 4o 7{m+Lw -u)

:Jm

(4-55)

where we have assumed that mp§ (or the ion density)
is constant in the plasma region,

If we draw a curve of E.D.U. as a function of u,
this curve will have a peak near the ion cyclotron
fregquency ;. Also the half-width of the peak has g
relation to the ion-moclecule momentum collision frequency
v,» according to equation (4-55). Therefore, if we can
practically observe this absorption curve for a given
partially ionized gas, then we can determiHE'fm under
the situation from the half-width.

The frequency dependence of E.D.U. given by
equation (4-55) is rather complicated, but it is sim-
plified for slightly ionized gas. Because, in this
case 't F is the same ps|¢pF and then we can use the
relation given by equation (4-14) in place of (4-55).

Furtnermore, if Y is relatively small compared with
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o., the second term in the bracketSof equation (4-14)
i
becomes predominent and the absorption curve will be

of a lLolentzian shape. Then, the Half-width Awe is

given by
&‘J! = \)m . (4_561
This relation is shown in Fig., 4-Z-a.
E. D, E.D.
200 2ABq
T \
i B
1 res o B,

a (b)
FPig. 4-2 Absorption curve of ion cyclotron resonance,

(a) Frequency sweeping.

{(b) Magnetic field sweeping.
I1f we sweep the static magnetic field instead of ihe
frequency sweeping, the half-width of the absorption

curve as a function of BO is also given by

. Ym g _.
Lbo = "5 Fres . (4-57)
where Neeia (4-58)
L = —==
res q
In =zuch a manner, we can experimentally determine ~ .

Such experiment was carried out by the suthor s&

described in the next chapter.
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v Experiment on Ion Cyclotron Resonance

with Collision Kelaxation

5.1 Introduction

As explained in the previous chapter, the line
broadening of the absorption curve of ion cyclotron
resonance in a slightly ionized gas is mainly caused
by the collision relaxation of ions with neutral gas
molecules, Experiments described in this chapter wers
caurried out so as to verify the dependence of the half-
width on neutral molecule dernsity and determine the
momentum collision frequencies for different gas pressures,

iany e.periments on ion cyclotron heating of plasma
have been reported, but those which had pure aim to
determine the collision frequency were regtricted to
only experiments by the authegcnand by Wobschall uraham
and Malone?l)ﬁlso Dubovoi, rfhvets and OvchinnikOV‘Bz)
ybserved the dependence of the line broadening on gas
pressure in their experiment of ion cyclotron resonance
in dense plasma, though they made experiment on plasma
heating.

It is mainly attributable to the difficulty of
detection of the ubsorption curve that there have been
only a few reports concerning this problem, Becuase
the resonance signal is so weak aznd noisy that we

muct begin with the development of detecting method.
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The zuthor, and Wobshall and his coworkers succeeded
in the improvement on the signal to noise ratio by
combining a phace-sensitive detector and a narrow

band amplifier. This technique was much obliged to
the development of nuclear magnetic resonance spectro-
meters,

Also it should be noted tnat Kelly, largenau and

-
r

BrownBJ)had investigated electron cyclotron resonance
for determining collision cross sections for low-
energy electrons from the theoretical and experimental
points of view. In this case, the frequency of electric
field is in a microwave region and then theé technique
is of course quite different from that of the ion i
cyclotron resonance.

In the next section 5.2, several detecting methods
of the absorption power and the results by them will -
be described. ZEspecially, the regult on the collision
broadened curve observed by an autodyne oscillator
method is to be given and discussed in detall in the

subsequent section 5.3,

D el Detecting lethods for Collision Broadened Lines

of Ion Cyclotron Resonance

In order to obtain the absorption curve of ion
cyclotron resonance in a slightly ionized gas, two
me thods may be considered; thut is, a magnetic field
sweeping metuod and a frequency sweeping method, us
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explained in the section 4.4, Technically, the former
method is rather simple but physically the latter is
more suitable, since there are apprerensions of the
change in physical plasma situation during the magnetic
field sweeping. wethods described in this chapter
belong to the type of the field sweeping., The reason
ig wecribed to the difficulty to make a high gain
detector for the frequercy sweeping. OUn tue contrary,
a8 explained in a chapter VII, a freguency sweeping
method could be adopted to measure the exciting power
absorption of ion cyclotron waves in the Heliotron-B
device, because the plasma density in the device was
relutively high (lolg/cmz) and a Franklin oscillator
could be used.

The pladma and its container for the measurenent

of collision freyuency should have properties as follows,

(i) The plasma muet be quiescent as much as possible,
since plasme noise has direct influence upon
the 5/N ratio of signals,

(ii) “The plusma should be pure. For the sake, it is
necesvary to diminish the outgas from its gas
contulner or discharge electrodes.

(iii) The coutniner must be vufficiently large compared
“ith the Larmo:r radius snd the mean free path of
ion:s, and otherwice the apparent collision fre-

ueney would be decided by the wcale of the
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container.
(iv) Currents in the plasma parallel to the magnetic

field are desired to be very small,

Several detecting methods tried by the author will

be described in following small sections,

Seds Combination of a lagnetic Field Modulation

and a Lock-In Amplifier.

The foundation of this method may be found in the
technique of the detection of nuclear magnetic resonance,
though there lies some differences between them. lLuclear
magnetic resonance can be caused wpen the tfjajtion
energy of the nuclei in a magnetiec field between energy
levels becomes equal to the guantum energy of an applied
electromagnetic radiation. This relation may be written
as

U-ﬂN_HO

: (5-1)

hy =

or

ony = VH) = og (5-2)

where I and u are the spin number and the magnetic
moment of the nuclei, BN is a constant called the
nuclear magneton, HD the magnetic field strength,

h Plank's constant and V the frequency. Also ¥ is
known as the gyromagnetic ratio. o given by eguation

(5-2) is classically understood to be the precession
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angular frequency of the nuclear magnet,

Then we

can find the correspondence of the nuclear magnetic

revonance with the ion cyclotron resonance,

That is,

the precession angular freyuency Dy corresponds to

the ion cyclotron anguler frequency Wy

to of the ions,.

q_
iC

muay be schematiceally shown

tion (5-2)
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and, on the contrary, the accelerstion by the ion

cyclotron resonunce 1is continuous, as seen in Fig. 5-1.
Nuclear mugnetic resonance spectrometers are

ordinarily of a field modulation type. 1If an oscillating

magnetic tield of small amplitude is imposed parallel

to the stutic magnetic field and only a signal of the

modulation frequency is detected, then the differential

curve of an abiorption sign«l can be obtuined, through

a phase-sensitive detector (Lock-in amplifier) as

explained in Fig, 5-2.

;
(Tire

—Absorption curve

,\f‘\/\‘ -Dignal

| | ] } i |
T I T
-3 -2 -1 0 1 2
_PFieid
modulation
Differentinl curve
Fig.5-¢ Abvorption curve wnd its dil'terential curve
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In this case, the S/N ratio can be much improved,
owing to a narrow-band amplifier and a phase-sensitive
detector. 'This method is also available to ion
cyclotron resonance spectrometers, if some attentions
are paid.

The practical detecting apparatus tried by the
author is shown in Fig. 5-3. A discharge tube(8 cm
long and 3 cm in diameter) was mounted in the gap of
poles of an electromagnet and i1ts axis was parallel
to the magnetic field. A rf work coil wound around
the discharge tube formed the L-C tuning circuit of
an autodyne oscillator, the circuit of which was the
same as nuclear magnetic resonance spectrometer and
will be again described in detail in the next section
5.%. A compensating rf coil was connected in series
with the rf work coil and compensated the modulated
magnetic flux passing through the rf work coil.
Therefore, no signal should come from the autodyne
oscillator, as far as the cyclotron resonance absorp-
tion did not occur. 1Ihe ion cyclotron resonance
absorption of plasma gave rise to the decrease of
the oscillation level of the oscillator. The signal
of ths change in the level was modulated due to the
magnetic field modulation and spproximately proportional
to the derivative of the absorption curve, which could

e checked by using a dammy load instead of plasma.
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The signal from the oscillator was amplified by
a pre—amplifier and then put in a Lock—in amplifier
through a narrow-band amplifier of the modulation
frequency (80 cps), the gain. of which was 60 db.
The AC wign:) was converted into DU signal by the
Lock-in amplifier and finally recorded by a pen recorder.

The wpacial homogeneity of the magnetic field was 10—5
over the plasm: region, fince the magnet had been

made tor amelectron spin resonance spectrometer, If
the main Ztatic magnetic field was swept, then a
difierential absorption curve would be recorded.

Fig. 5-4 shows wn example of the differentisal
absorption curves obtained in such a manner, Here,
the gus used was helium and the ions being subjected
to ion cyclotron resonance were singly ionized helium
atoms (He®), which were produced by discharge of 100
mA. The pressure of gas was 1.6 x 10_1 Torr, that
wits mewsured by a Macleod gauge. he corresponding
ordinnry ubsorption curve could be obtained from
the graphical integration of this differential curve,
which is shown in rig, 5-5, This is an wusorption
curve ol the ion cyclotron resonance with collision
reluzution, The curve is much broadencd due to He' -
molecule collisions and ite hall-width is about 600
gausses, Then the momentum collision frequency is

about 7 x 10° per second in the case,.
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This detecting method is supposed to be the most
relizble one, since the S/N ratio is very large as
ceen in Fig. 5-4. However, long use of this electro-
magnet was impossible unfortunately, for it should be
u.ed for its original purpose. For the reason only a
few results could be obtained by this method. WNever-
thless, it became evident that rf power absorption
of a slightly ionized plasme hkas its peak near the
ion cyelotron freyuerncy and the shape of the line is
such as expected theoretically in the previous chapter

IV.

5.2 R Direct wmeasurement of the Oscillation Level

of Autodyne Oscillator

The direct meusurement of oscillation level
of the autodyne oscillator no longer needs the magnetic
field modulation, though its S/N ratio becomes somewhat
inferior to that of the modulation method. Therefore,
the apparatus for it will be more simple,

Detail discussions of the apparatus and the
results by this method are again to be given in the

section 5. 3.

5.2 % Detection of Emitted Light Intensity

If radio frequency discharge in a strong magnetic
field is caused by an azimuthal electric field and its

frequency is near the cyclotron frequency of ionized
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particles in their parent gas, the ions will be
resonantly accelerated snd will contribute to the
ionization of the gas molecules. 1hen, we may observed
this ionization effect of the ion cyclotron resonance
from the measurement of light intensity radiated from
the ionized gas., Also it will be observed that this
effect is affected by the collision relaxation between
the ions and the molecules.

In order to verify this effect, a simple experi-
ment was carried out by using an apparatus as shown
in Pig. 9-6. A discharge tube of Pyrex glass (40 cm
long and 4 cm in diumeter) was inserted in a solenoidal
coil (50 em long and 9 cm in inner diameter) co-axially
with ite axis. Around the discharge tube, a rf wcrk
coil was wound and induced an azimuthal rf electric
field. Rf power was feeded through a mdching network
from a continuously working oscillator, the power and
the frequency of which were 300 watts and 10 Megacycles
per second. The magnetic coil was energized by a
condenser bank of energy 40 kilojoule. “The resulting
magnetic field strength was 1,17 x 104 gausses of
maximum, The total emitted light was led through a
optical pipe of plastics and then detected by a
photomultiplier RCA6%42 , Since the homogeneity of
the magnetic field was + 2% over the plasma region,

then the line width of the light intensity variation
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as a function of the magnetic field strength would
be expected to be observed, if the cyclotron resonance
effect was present.

Experimental procedure was as follows. Illydrogen
gas at pressure of 1077 Torr was first put in the dis-
churge tube and then the rf discharge produced plasma.
hext, the condenser bank energyzed the mugnetic coil
with en ignitron switeh. In such a manner, time
variations of the light intensity could be observed with
a synchroscope, Namely, the variation of the light
intensity could be observed as a function of the magnetic
field strength.

An example of the results is shown in Fig. 5-7.

The light intensity inereased quickly at the beginning
of the magnetic field rise and then decreased slowly.
Again it increased as the magnetic field was decaying.
During this variation, two small peaks could be observed,
which are indicated by arrows in the figure. These

pe«ks corresponded exactly to the magnetic field where
proton cyclotron fregquency was equal to the rf frequency.
tlowever, these peaks became very broad 10 minutes

alter from the start of discharge, as seen in the second
oscillogrum of the figure. “This may be explained

as thut outgussing from the tube wall raised the inner
gus density grudually and, as & result , so-called

collision broadening of the peak was caused. Though
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the light was pink at the beginning, it became white
10 minutes after. 'This also suggested the outgas of
impurities.

Iheretore, it might be concluded that the ion
cyclotron recsonance nffects the ionization mechanism of
the azimuthal rf discharge and the resulting variation
of ligﬁt intentity is dependent upon ion-molecule

collision frequency.

5.2.4 Other Detecting llethods
Otlier tried deleeting methodsfor the measurement

of the absorption curve were as follows.

(1) Q-meter

By measuring the Q value of tue rf coil wound
around the discharge tube, the absorption curves can
be obtained. In practice, the resonant absorption
zould be detected . However, the dip of Q value due
to the iOp cyclotron resonance was very small and so

unavailable for determining collicion frequency.

(ii) Franklin Type Uscill:itor

A franklin type oscillutor was ulso tried,
instead of the rutodyne oscillator, This os=cillator
has a pure sinusoidal wave form und cannccver the
wide rfeuuency range with little variation ol power.

Ihese vhiaracteristicy make it pousible to sdopt &

frequuncy plotting., Therefore, this circuit was
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applied for observing ion cylotron waves of plasma
in the Heliotron-B device, as described in the chapter

VII.

5.3 Collision Broadened Absorption Curve and lkomentum

Collision Frequency

In this section, collision broadened absorption
curves and momentum collision frequencies obtained by
the autodyne oscillator method will be given for

different gas pressures,
7 I Experimental Apparatus

A discharge tube was inserted in the gap of pole
pieces of a electromagnet, A rf coil wound around the
discharge tube formed the L-C tuning circuit of an
autodyne oscillator and induced an azimuthal electric
field, so that the configuration of the field for
acceleration became as discussed in the chapter IV.

The power absorption of this rf field could be detected
by measuring the variations of the oscillation level
of the autodyne oscillator., The detail explanation of

each part of the apparatus is as follows,

(i) "The electromagnet

The gap and tne diameter of the pole pieces was
10 cm and 25 cm, respectively. 'he available tcunning
range of its field strength waes from 800 to 5400 gausses,

4

The field uniformity was less than 10 ' in the discharge
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region,
(ii) ‘'he discharge tube and the rf coil

Pig., 5-9 shows the gectional diagrams of the
discherge tube of Pyrex glass. It was 9 cm in length
and % cm in diazmeter. The discharge was caused between
a copper plate anode and a hot cathod coated with
barium oxide, The rf coil was wound around the dis-
charge tube and a mica cushion was interposed between
them for good fitting.

Ihe arrangement of the discharge tube and the
electromagnet is shown in Fig, 5-8., And its photo-
graph is also given in Fig. 5-10. WFig. 5-11 shows

the photograph ol the diucharge tube.

(1iii) The detecting circuit

The circuit of the autodyne oscillator used is
shown in Fig. 5-12, The frequency could be determined
by zdjusting the capacity of the main variable con-
denser, The rf work coil was connected to the osci=
llator with a co-axial cable hG 63/U0 of 1.5 m length,
owing to its low capacitance as 30 pF/m, Variatioos
of the oscillating level was detected by measuring
the voltage of a terminal denoted by B in lig. 5-12,
Approximate proportionality of the variation to the
cppharent power loss could be verified by using a
demmy load resistance, Frequency shift due to the

plasma reaction was negli%ible, if the plasma ion
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Fig. 5-10 Photograph of the discharge tube mounted in the
gap of poles of the electromagnet.

Fig.5-11 Photograph of the discharge tube for the
detection of ion cyclotron resonance.
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density was very low. In this case, the frequency
shift was within 10“3. The oscillation power was

about 10 milliwatts.
5.%.2 Obtsrined Reuults

An example of the variation of the oscillation
level obtained in such o w:y is shown in Fig. 5-13,
when the gas uused wan hydrogen :nd the objective ion
was proton. ‘'the dip of the level is certainly due
to the proton cyclotron rvsonance absorption, since
the peak of the dip exuctly corresponds to the magnetic
field where the proton cyelotron frequenecy is equal
to that of the rf field. 1f only the magnitude of
the dip is considered, then one vuan get a absorption
curve of the proton cyclotron resonance.

In order to get the precsure dependence of the
line width, a series of experiments were carried out
for the proton cyclotron re:on:nce in hydrogen gas
moleculus, Typical results obtained are shown in
Fig., Y-14. The width of the dip of the oscillation
level clearly depends on the presuure of the parent
gas hydrogen, The width becomes wider as the pressure
increases. Thi: dependence is such =z predicted
theoretically in the chapter IV, If normalized
absorption curves are drawn, this dependence will
be more clarified. rig. 5-15 vhows these normalized

absorption curves for different gas pressures, where
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the discharge current was retained constant to be
130 mA.

Thus proton's momentum collision frequency with
hydrogen molecules H, can be determined from the half-
width of the absorption curve as shown in Pig. 5-15,
by using the reiation (4-57). PFig. 5-16 shows the

calculated results in such a way,.
s Ba Discussion of the hkesults

A8 shown in PMig., 5-16, the collision freguency
obtained is nearly constant at lower gas pressure than

2.8 x 1072

Torr, but, beyond this pressure, it may be
proportional to gas pressure (refer to dotted line in
Pig, 5-16). This deviation from the proportionality
between the collision freguency and the gas pressure
has been obdgerved in the case of electron cyclotron
resonance by kKelly, largenau and BIOW33 or by Dod034)
This anticipated result below a pressure is perhaps
due to the increase of the mean free path of protons,
outgas from the tube wall, the rise of the proton
temperature or invalidity of the relation (4-57).

If the mean free path and the mecn free time of
protons are assumed to be the distance between the
electrodes and the reverse of the constant collision
frequency in Fig. 5-16, respectively, then the result-
ing proton energy should be about 6 eV. This magni-

tude of the energy may be attainable with DC accele-
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ration in the megnetic field direction by the electric
field for discharge. Therefore, when the pressure is
low and the discharge field is high (or at high E/p),
protons will be accelerated by the DC field without
collisions up to the energy of 6 eV and will directly
inpact the cathod. Then the apparent collision fre-
quency will be measured to be about 2.4 x 10° /sec.
This ig an explanation.

In these experiments the gas pressure w:s measured
just before the discharge, so no contributions of the
gas attaching on the tube wall and the outgas from it
in the dischorge were taken into account. Then the
outgas might raise the molecule density and, in the
result, the collision freyuency might be as shown in
fig., 5-1l6,

Therefore, to discuss in detail, the more precise
experiment must be carried out without DC electric

field and ocutgss.
5.4 Conclusion

The experiments described in this chapter made
it clear that the collision fregyuency of ions with
molecules reaslly affects the hulf-width of the ab-
sorption curve of ion cyclotron resonance, as predicted
theoretically. Also the collision freyuencies for

different hydrogen gas pressures could be determined

for protons. This method for determing the collision
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frequency of ions with gas molecules is applicable to
any kind of ions and gas. However to determine precisely
the collision fregquency, one must use a plasma without LC

electric field and outgas,
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VI BExperiment on Joule Heating of Plasma

in the Heliotron-1I device

ol invroduction

In 1958 Uo proposed the Heliotron as a device
for confining plasma and heating it to thermonuclear
temperature and lroject Helicon wus organized to
investigute and con=truct the Heliotron. Since that
time the Heliotron-A ond the Heliotron-B have been
constructed and operated at Kyoto University. 'The
lieliotron-A was destroyed unfortunutely in 1959, due
to thne lack of rigidity of its discharge tube of
ceramic. Next the Heliotron-B was congtructed in 1960,
wince thien the experiment on the Joule heating has
been carried out. Tue parts for the ion cyclotron
heating was eguipped in 1962, and the excitation of
thie ion eyclotron waves and their thermalizetion have
been also investigated,.

It should be noted thut the experiments described
in this chdpter were done in collaboration with Uo,
Itateini, wohri, Oshiysma, Kato, Kuvo. Ishii and Ariga
unaer whe ulrection of Hayashi. llowever, the description
of theoe experiments will contribute to the clear
apprehersiion of the experiment on the ion cyeclotron
beating of plusma in the teliotron-U deviece, whieh

iz to be deseribed in the chuptor VII and VITII, For



the sake the Joule heating of plasma in the Heliotron-B
device will be briefly described in this chapter.

The lleliotron-B device has a magnetic field for
confining the plasma called "Heliotron magnetic field",
The roncept of the field will be given in a next section
6.2, In course of the experiments, it became evident
that this Heliotron-Ii device has several constructive
defects, such as the irregularity of the coil interval,
the luck of the accelerating field uniformity for Joule
heating end the evil vertical magnetic field produced
by the Joule heating windings. &fforts to remove theuve
defects have been made as much as possible, For instsance,
g correcting winding for the Joule hewting windings
wes tried as described in a section 6.%. Neverthless,
complete improvement on them was found impossible in
practice, so that a new device Heliotron-C is now under
construction. In a section 6.3%, the Heliotron-b device
and its experimental procedure are to be explained,.

The results of the Joule heating are given in a section
6.4.
6.2 Heliotron Frinciples

The magnetic field used for the Heliotron-B was
a4 So-called Heliotron magnetic field, as shown in Fig.
1-5, If these coils are wound around the dischi.rge
tube and the N.L. (i.e. neutral line) is present in

the tube, churged particles in the tuve may be clousified
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into two ensembles according to the characteristics
of the magnetic lines of force, to which they stick.
In the region near the tube axis, the magnetic lines
of force undulate along the axis without crossing the
tube wall, whercs: those mne:r the tube wall, namely
outside the W.L. surface (the surf:ce consisting of
tne lines of force intersee¢ting the N.L,), cross the
tube wall. Therefore, if the maugnetic field is suffi-
ciently strong, choarged psrticles inside the N,L,
surfzce cun move zlong the lines of force without
impacting the tube well., Un the other hand, particles
outside the N.L. surfeace also run nlong the lines of
force but finally touch the tube will, Thus, it may
be expected that we can gener-te the discharge only

in the region inside the N.L. surface, if an axial
electric field is imposed., In other words, the N.L.
may act as a substitute for an aperture limiter eguipped
in a Stellaratog5gf Princeton University. The other
distinctive charucteristics of the Heliotron magnetic

field are as follows.

(1) The charge sepnaration of the plasma due to the
curvature arifts of particles cun be eliminated
by the a@zimuthal drifts of the particles in the
undulated fieid. This effect was verified from
the culculation with an electronic digital computer

; - 6
by Amano, uwurakami and UchiB ) (1964).
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(ii) It is possible to heat the plasma by the thermali-
zation of the ion cyclotron waves by using the
beach effect at many slopes of the undulation of
the Heliotron field. This thermalization effect
was experimentelly verified by the author as des-—
cribhed in the chapter VIII,

(iii) By the existence of the circular cusp (N.L.)
series inside the tube wall, we can satisfy the
necessary condition for equilibrium of the plasma

under the magnet hydrodynamical assumptions.

On the contrary, the defects of the Heliotron field
may be
(i) The particles may be lost from the N.L,
(ii) ©Plasma oscillations may be apt to occur with the
wavelength of the interval (or the axial period)

of the Heliotron field,

However, the former fault will be overcome under the

Joule heating, since the resultant plasma current produces
an azimuthal magnetic field and, as a result, the N.L.
becomes no longer the cusp.

The Heliotron-B device has the shape of a race-track.
Therefore, the magnetic lines of force near the tube axis
close themselves, If an electric field is induced parallel
to the tube uxis, the resulting plasma current can flow
along the magnetic lines of force and forms the plasma

column inside the N.L. surface. Ilonization and preliminary
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heating of gas in the Heliotron are accomplished by
making a local rf discharge in the tube., Such ionized
particles diffuse along the lines of force and finally
the gas in the tube becomes a weakly ionized conducting
gas, The Joule heating field is next imposed so as to
ionize fully the gas and to heat electrons in the plasma,
Plasma instabilities, which may occur in the Heliotron,
are not completely known, owing to the complexity of the
field, Rotation of the plasma column around the tube
axis may arise from the driving force generated by the
vector product of the plasma current and the magnetic
field. ©Some observations of these instabilities or osci-
llations will be explained in the section 6.4. As the
conductivity of the plasma rises rapidly with temperature,
so the heating rate of the dJoule heating decreases.
Furthermore, instability of Kulskal type7%ay arise with
large plasma current. Therefore, the temperature, that

can be achieved by ohmic heating, is upper-bounded.

6.3 Heliotron-B device and Bxperimental Procedure

The description in this section is concerning only
the Joule heating of plasma in the Heliotron-B device.

Lhe Heiotron-B has the shape of a race-track., Hig.
8-2 in the chapter VIII is its photograph, and its plane
figure is also shown in Fig, 6-1, ‘'he discharge tube
is mede of stainless steel of 2 mm thickness :na insulated

by a ceramic (Zirconia) tube at one of the two linear
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legs of the race track shape, This ceramic break
prevents the discharge tube from short-circuiting the
heating transformer on the secondary side and provides
a convenient section for the ion cyclotron heating.
The torus radius of its curved part is 31.2 cm and the
total axial length 2.96 m., ‘'he inner diameter of the
discharge tube is 8.4 cm at the linear parts and 7.5
cm at the curved parts, The positive and the negative
coils, which produce the Heliotron magnetic field, are
supported by the gun metal supportors fixed on the
angle—-irons. The Joule heating windings which induce
the accelerating field for the Joule heating dr¢ wound
outside the gun metal supportors along the tube axis.
Nine viewing ports for observation are also installed,
Pulsed confining magnetic field . > used in the
Heliotron-B. Energy storage for this field is obtained

from & capacitor bank of 6.4 x 104

Joules., This
switching is performed by ignitrons M1-1200. Subseguent
to the initial breakdown rf discharge, ionization is
completed and the plasma is heated by means of a

unidirectional axial electric field induced by the
currents in the Joule heating windings. Y"This heating
current is also generated by the discharge of a
condenser bank of 2 x 104 joules, The capacities and
the charging voltagesof condensers for the magnetic
field and the Joule heating are decided according

to the purpose of experiment. Fig.6-2 shows the dis-

& ; ;
chrging circuit of the condenser banks.
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Fig. 6-2 Circuit for charging and discharging the
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Fig. 6-3 Relative time scales of axial magnetic confining
field and voltage externally applied to the
Heliotron-B,
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The relative time-scale and-sequence of the magnetic

field confining, rf preheating and the Joule heating
is shown in Fig. 6-3. Maximum current in the magnetic
coil is about 500 amperes, and that in the Joule heating
winding =zbout 1.8 x 10* amperes, Slightly before the
peak of the magnetic field current, the preheating rf
field (10 megacycle. 1 kilowatt x 1 millisecond) is
imposed, When the confining magnetic field becomes
maximum, the Joule heating field is applied and produces
a fully ionized gas at high electron temperature in
the discherge tube, As described in the section 6.5,
a collection winding for tne Joule heating windings is
also equipped to compensate the vertical field produced
by the Joule heating windings. This correction winding
is connected parallel to the Joule heating windings.

A neutral gas is let flow in the discharge tube
through a contrellable needle valve or a paradium lezak,
wﬂ%eas a 4" oil diffusion pump is also continuously
working, Therefore, the internal gas pressure is
settled with the balancing between the gas inflow and

& to

the pumping-out speed and its range is from 10~
1074 rorr, Helium, Hydrogen and Deuterium are used.
Tre vacuum obtainable is usually around 1072 Torr.
The pressure is measured with an ionization gauge for

high vacuum and a pirany gauge for relatively high

pressure,
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The instantanuous Joule hexting field is inf=zrrez
from the voltage of the one turn loop along the tube
uxis. The plasma current is measured by means of
movable Rogowski coils (toroidally wound pick up loops
encircling the plasma) or fixed Rogowski coils, the
output from which is electrically integrated.

Electron temperature is inferred from the relative
strengths of related singlet and triplet lines in the
neutral helium spectra, which is again to be discussed
in the chapter VI1I. Wagnetic probes, Langmuir probes
and a streak cuamera are also used for investigating
oscillations and instabilities of the plasma., BElectron
density may ve inferred from the phase-shift of a
trunsmitted millimeter microwave beam, but this micro-
wave method was not available to these experiments.
‘‘herefore, accurate electron density could not be measured
unfortunately and only the results obtained from Langmuir
probes uncertainly gave the density.

Ion temper: ture was measured by the author with
a plane grating optical spectrometer, details of which
will be described in tne chapter VIII. This tempersture
could be inferred from Doppler broadening of spectral
lines of ionized iwmpurities.

An arrangement of these measuring upparatus and
the Heliotron-bB is schematically shown in Fig. 6-4.

The outline of tune Heliotron-u and diagnoutic instru-

ments i: given in Table 6-1.
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Tz=ble 6-1

lieliotron-B

Outline cof the Heliotron-B and

diagnostic instruments

Megnetic coil

Joule heating coil

Discharge tube

vucuum system

Condenser bank
Accelerating field
Mugnetic field

(on tube axis)

normal coil: 167 turns 503 .
reverse coil: 84 turns pairs

10, 20, 30, 60 turns changeable

race track type, stainless made
linear part: 50 cm, B
radius of curvature: 312 mm ,
ceramic section: %%0 mm,

11 obserbing ports: 40 mm®

Liquid oxygen trap + 4" o0il diffu-
sion pump + rotary pump

1.4 x 10° ppP, 84 kJ
1.5 V/em at max.

max: 5,000 gausses
min: 500 zsusses

Diagnostic Instruments

Physical quantities or
behaviours to be measured

Movable Rogowski coil
Langmuir double probe

Vagnetic probe

Current density (J)
Electron density (Te)

Plasma oscillations

Louble prium spectrometer Electron temperature

Hilger qualtz spectrometer Impurities

Small qualtz spectrometer curvey of impurities

Plane Crating spectrometer lon temperature

Streak camers

Flasma oscillations




6.4 Experimental kesults

In this section typical experimental observations
of plasma behaviours under the Joule heating are
cummeriged., Frincipal variables were the confining
field, the Joule heating field (0.7 to 1.5 V/em), and

— -1
the initial gas pressure (10 5 to 10

Torr). Jases
used were hydrogen and helium, The following discussion
in this section referg to the operation without the
correction for the Joule heating windings unless other-

wise stated.

6.4.1 Total Plasma Current

As described in the section 6.5, the total plasma
current was much ffected with the confining field
vonfiguration and the correction for the Joule heating
windings. The current rise, however, had little relation
with the latter, since the vertical magnetic field due
to the Joule primary current was weak still during the
currcnt rise, Un the other hand, the current after its
rise depeznded on the Joule heating primary current.

Rogowski coils encircling the plasma column were
inserted in the dicchurge tube from the viewing ports
and picked up the azimuthal magnetic field produced by
the total placma current. Thercrore, the plasma current
was inferyed Lrom the electronical integration of the
hogowski coil wignal.

Upon application of the Joule hesting field, the

170



growth rate of the plasma current depended on the

neating field strength and the confining magnetic

field strength. Iigs, 6-5 to 6-7 show representative

cases for hydrogen discharge. Tor helium discharge

Figs. 6-8 to 6-10 are also given., The plasma current

in each case was measured at the port 1 in Fig. 6-4

and the correction winding did not work. PFrom these

experiments, following facts became evident.

(i) In weak confining field, zs shown in Fig. 6-5 or 6-8,
(a) the current could grow only in high heating field;
(b) the first peak of the current was low in its value

and irreproducible;

(c) the second peak of the current was relatively
high in low heating field, but, in high heating
field, it became ratner lower and decayed more
rapidly from its peak as indicated with an arrow
in Fig. 6-5.

(ii) In strong coufining field, as shown in Fig. 6-7

or 6-10,

(a) the current could grow in relatively low heating
field;

(t) its first peak value was also large even in low
heating field and the reproducibility of pesak
value was fairly good;

(c) the second peak decayed more slowly than in uwesk

confining field.
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Phe facts (a) in both cases mey be ascribed to break
down conditions for discharge, which are governed by
the balance of diffusion and production of charged
particles. Other facts (b) may be due to the confining
effect of the field. <The phenomena intimated by (c)
implies there muy be a instability like Kruskal in-
stability or other causes, Afterwards, this was found
tc be due to the vertical magnetic field produced by
the primary current for the Joule heating. This magnetic
field is perpendicular (vertical) to the torus plane
and bends the magnetic lines of force to the tube wall,
Consequently, particles moving along the lines of force
impact the tule surface, especially where the confining
field is weak, This leads to the inflow of the current
into the stainless tube., The rapid decay of the second
peak of the current may originate in such a inflow of
current., Detail discussions of the vertical field

will be again given in the section 6.5,
6.4.2 Average Current-Density Distribution

Movable Rogowski coils were used to measure the
plasma current distribution. As shown in Fig. 6-17%,
the coil wes wound around a vinyl tube of 3 mm diameter
wnd inserted in a ring glass tube, whose inner and
outer radii were 10 and 17 mm, 'the glass tube is fixed
at the end of the movable probe holder. 'lhe measuring

ports were 1 to 6 in Mig. 6-4.
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A representative result obtained is shown in
fig, 6-11, The measuring position was at the port 1.
In this figure Fi represents the average current density
in the region of the aperture of the Rogowski coil,

The magnetic field intensity on the tube axis was 5000
gausses unaer the positive coil and 800 gausses under
the negative coil. The movable Logowski coil inserted
into the plusrma region detected the current passing
through the aperture of the coil container.

"he maximum value of the current density was near
the tube axis and decreased with the radius r. Finally
the current density became zero near the position r=20 mm,
There was no current signal in the outer region from
r>~20 mm. 'Therefore, the real current-density distri-
bution can be represented by the broken lines in fig,
6-11.

The average current-density distribution in the
toroidal solenoid field is as shown in fig. 6-12. The
curves show that the current flux existed even in the
vicinity of the tube wall,

such tendency of the current-density distribution
could be observed in the case with the correction for
the vertical field. Therefore, it may be concluded
that the concentration of the plasma current near the
axis 1s an important characteristic of the Heliotron

field.
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6.4.%3 Plasma Temperature

rlectren temperature of the plasma Te was deter—
mined from the relative strengths of reluted singlet
(4922 E) and triplet (4713 E) lines in the neutral
helium spectra. 'Ihis measuring technigque will be ex-
plained in the chapter VIII.

The maximum value of the electron temperature
was about 5 x 105°K under the Joule heating. Time
variations of the electron temperature measured at s
port much depended on the direction of the plasma
current snd the magnetic field strength, even under
working of the correction winding. This might be due
to the lack of uniformity of the Joule heating field.

The ion temperature of the plasma was determined
from the Doppler broadening of a singly ionized carbon
line ( 4267 &). A plane grating spectrometer (8 ﬁ/mm)
wes used and line widths were inferred from the photo-
graphs of line images. However, this technique was
difficult and only the time-integrated value could be
known,

he ion temperature under the Joule heating was

1 x 10°% or less.
6.4.4 Spectra of Impurities

In order to verify the spaciwl confinement of

the plasma in the Heliotron magnetic field, the
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impurity lines in the spectra from the plasma were
investigated.

Many impurity lines could be observed, such as
011, 01II, NII, CI, CII, CIII, FeII, Crll and inIi,
"he spectral lines of 0, N, and ¢ are supposed to
originate from the impurities in the gas or in the
cackflow of vapour from the oil diffusion pump, whereas
the lines of Fe, Cr, and Mn from the wall material.

When the correction winding worked, intensities
of these impurity lines from wall material could be
reduced, Similarly, the outgas detected byan ioni-
zation gauge was reduced in this case.

Therefore, the existence of the lines of Fe, Cr
and Mn might be due to the intersections of the magnetic
lines of force within the N.L. surface with the tube
wall, These intersections would be caused with the
bend of the lines of force by the vertical field or
the irregurality of the coil interval.

Impurity lines emitted from the plasma in the
toroidal solenoid field discharge were stronger in
intensity than in the Heliotron magnetic field. This
fact may be interpreted in terms of the current dis-
tribution in the discharge tube; that is to say, high
energy electrons are apt to bombard the tube wall in
the solenoid field compared with in the Heliotron

field.
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6.5 Correction for the Toroidel Joule Heating

Windings

The Joule heating windings wound around a toroidal
discharge tube as shown in fig, 6-14 hud been adopted
in the Heliotron-A. It is generally believed that
such sorts of windings would generate a good coupling
between the currents in the windings (i.e. primary
currents) and the plasma current (i.e. secondary current),

However,it was found there is an inevitable defect
of the field deformation in the Heliotron field: the
currents flowing with a certain curvature in the toroidal
windings produce a magnetic field perpendicular to the
plane of the torus(vertical field} This point has
been overlooked, since, in the case of a straight
cylinder, the sheet currents flowing parallel to its
axis produce no magnetic field inside the cylinder.

The vector force generated as the vector product
of the plasma current and the transverse field pushes
the plasma column to the discharge tube and disturbs
the equilibrium conditions of plasma confinement.

Fig, 6-16(a) shows the magnetic lines of force
produced by the currents flowing with the same magni-
tude in each winding. ‘“1nis result was obtained by an
axially symmetric megnetic field simulator382 The dots
in the figure denote the cross section of the Joule

heating windings and tie solid lines are the magnetic
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Cross section A-A

Fig.6-14 Schematic diagram of the toroidal Joule heating windings.

T~
_.—’/
Correction windings

Fig, 6-15 Configuration of correction windings applied to
Joule heating windings of a race-track shape.
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Fig.6-16 EKesults of the axially symmetric magnetic field simulator.
(2) without correction winding .
(b) with correction winding which is shown by point C
in this figure,.



lines of force. For example, under the condition that
Ko=%0 cm, D=25% cm and the total ampere turns of the
currents is 1.5 x 105, the field on the tube axis
becomes 1.2 x lO‘5 gausses,
To avoid the defect of this curvature effect,
several méthods msy be considered.
(i) To add the suxiliary compensating current to the
uniform configuration of the primary currents.
This method was adopted in the Heliotron-B.
(ii) To use a proper distribution of primary currents
such that the vertical field wvanishes,
(iii) To adopt iron-cores instead of the windings on
the toroidal discharge tube. 'This method is
adopted in the Heliotron-C, which is now under

construction.

The correction winding in the case (i) is shown
45 the point C in Fig. 6-16 (b), and the current in it
should flow with appropriate magnitude in the same
direction as the primary currents, _It can be found
that there exists a region where the transverse field
vanishes, but in all region within the discharge tube
the field can not be cancelled out.

If the discharge tube has a race-track type as
the device Heliotron-B, the configuration of such a
correction winding becomes somewhat complicated und

should be shaped like a dumb-bell, Thkis configuration
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cdopted in the Heliotron-P is shown in Fig, 6-15,
In practice, the shape was decided by the experimentsal
procedures, and as the final result the maugnetic flux
density of the transverse field could be reduced

lesu than 10 gausses over the discharge region.
6.5.1 Effect on Impurities

Experiments on plasma confinement and heating
with the lHeliotron-E showed that this correction wind-
ing works very effectively and contacts of the plasma
with the tube wall resulting from the vertical field
becomes slight compared with the case without the
correction.

In practice, spectral lines of impurities could
become weak with the correction, due to the diminution
of the contacts of the plasma with the tube wall. Fig.
6-17 shows the microphotometric trace of the spectro-
graph taken wvith the doyble—prism spectrometer, when
the correction winding wid not work. OUn the other heand,
Pig, 6-18 shows the case with the correction., In both
cases, a mixture of hydrogen and helium wes used and
their pressure components werel.Tx 1072 Torr {HE) and
5% 1074 Torr (He). On comparison, imﬁﬁrity lines
without the correction turned out to be more and stronger
thun tho:ie with the correction. such a tendency wasg

ohserved in all cases.
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Fig. 6-18 Microphotometric trace of the spectrograph
of plasma under the Joule heating. The correction
winding is working.

s il .
po=l.?x10 )TOrrkH2)+5x10 qTorrtHe),Ele_o V/cm.
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Fig., 6-19 Line profiles of HB and Hr under the Joule

heating.. The correcting winding is not
working.
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Fig. 6-20 Line profiles of Hy and H, under the Joule
heating. The correcting winding is working.

pori.Txlo-aTorr‘H2)+5x10_”TorrtHe),ﬁJ:l.uV/cm.
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6.95.2 bBffect on Outgas

Another remerkable effect of the correction for
the Joule windings could be seen in the outgas from
the tube wall.

1f a plenty of outgas of hydrogen flows into the
plasme region, then the plasma density will increase
and lines of Balmer series will be broadened due to
btark effect.

Even for an initial gas pressure, the widths of
MB aund H} lines in the case without the correction
became considerably broader than in the case with the
correction. Figs. 6-19 and 6-20 show examples of
them, Of course, this effect was fairly dependent
upon the antecedents of the discharge, After many

discharges, the outgas would become imperceptible.
6.6 Conclusion

In the Heliotron magnetic field, the hot plasma
current is concentrated in the central region of the
discharge tube. Therefore, the neutral lines (the N.L.)
may be regarded as aperture limiters of the plasma,.

The correction winding for the Joule heating wind-
ings works very effectively to reduce impurites and
the current inflow into the stainless tube. lHowever,
perfect correction can not be expected by this correct-

ing method.
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The Joule heating in the Heliotron field can
raise the electron temperature of plasma to fairly
high temperature (5 x IOSOK) but cannot raise the
jon temperuture sufficiently.
many oscillations of plasma are apt to be generated,

but detail discussions on them cannot be made because

of the constructive defects of the Heliotron-B device.
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VII Experiment on Ion Cyclotron Absorption

of Plasma in the Heliotron-B device

Wil Introduction

In this chapter, experiments on excitation of
ion cyclotron waves and single-particle ion cyclotron
resonance are to be described.

Ion cyclotron waves with an axisymmetric mode
was first observed by Stix and his Coworkers?) (1958)
by using the 1-65 Stellarator of Princeton University.
They came to this conclusion from an asymmetry of rf
absorption curves of plasma. Afterward, they gave
direct evidenégn(l960) for the existence of these waves
by measuring the rf field of the waves in plasma excited
by &an induction coil, which was energized at 11,5 Nc
with approximately 200 kilowatts of rf power. Duvovoi,
Shvets and Ovchinnikov (1959)52)observed the plasma
loading of an induction coil due to ion cyclotron
resonance, where the plasma was not highly ionized. )
Bakaev, Zaleskii, Mazarov, Ukrainskii and Torok(1962?9
observed the generation and absorption of ion cyclotron
Waves in a moving plasmoid ejected from a plasma gun.,
Bakaev et al also observed a Doppler effect occuring
from the plasmoid velocity. The author (1963§Ogound

from the mewsurement of rf power absorvtion that there

appear many beams of ions in the plasma under the Joule
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heating in the Heliotron-B, by using such a Doppler
shift.

Plasma under the Joule heating may have beam-1like
ions and, as a result , the ion cyclotron absorption
may be shifted in frequency from the ion cyclotron
frequency due to a Doppler effect, as predicted in the
chapter II or III. Since the plasma density in the
Heliotron-B is attainable to considerably higher value
than in the Stellarators of Princeton University, the
rf absorption resulting from the excitation of ion
cyclotron waves is expected to be clearly distinguished
from the single-particle cyclotron resonance absorption.
This separation between both absorptions will give a
clear evidence for the existence of ion cyclotron waves
in plasma.

The experiment described herein was made so as to
get basic and preliminary information on the ion cyclotron
heating of plasma in the Heliotron-B. For this purposé,
the following subjects were investigated.

(i) The existence of ion oyclotron waves
(ii) The distribution of ion velocity

(1iii) The efficiency for exciting ion cyclotron waves

The plasma to be excited with ion cyclotron waves was
generated by the Joule heating. Tne existence of the
ion cyclotron waves may be inferred from the rf absorption

curves, from which beam velocities of ions may be also
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determined,

A frequency sweeping method was adopted to get
such rf absorption curves, so that properties of plasma
were never disturbed during the observation. On the
contrary, magnetic sweeping methods adopted by Stix
or Duvovoi are apt to change the plasma property itself,
since it is generally much dependent of the confining
field.

In the subsequent section 7.2, the experimental

apparatus will be explained. BExperimental results
are also given in a section 7.3. The major conclusion
drawn from these results will be summarized in a

section 7.4,
7.2 Experimental Procedure

A rf coil for exciting ion cyclotron waves was
installed to the Heliotron-B after some investigations
of the Joule heating of plasma, The Heliotron-B with
this exciting rf coil is shown in Fig. 6-4 with a
simplified drawing. The rf coil was set on the ceramic
break at one straight leg of the race track tube. The
magnetic coil in this section was renewed to make uni-
form magnetic field. Fig. 7-1 shows the sectional
diagram of these renovated parts. A detecting circuit
of the rf power absorption due to the execitation of the
waves 18 connected to the rf coil. Detail explanation

of each part Is=: given as follows,
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rig. 7-1 Sectional diagram of the ion ecyeclotron heating section of

the Heliotron-E device.
in the axial direction.

Also shown is the magnetic field strength



Tul.l Rf coil and Magnetic Field

The rf coil is wound around the zircon ceramic
tube, which was inserted for preventing a short-
circuiting the stainless tube under the Joule heating.
The rf coil is made of a gold-plated copper lod of
8 mm in diameter, and it shapes so that the azimuthal
direction of the rf current alternates every 1 1/2
turns at the axial interval of 6 cm, as shown in Fig,
T7-1. Thus, the coil imposes an axially periodic
perturbation on plasma over a range of two wave lengths
of 24 cm, The hot rf lead is connected to the centre
tap of the coil, and two ends of the coll are connected
to_a grounded tube, which forms a co-axial line with
the hot rf lead. Aninsulator between the hot lead
and the outer tube is made of polyethylene and helps
to prevent arcing at the high voltage up to 50 kilo-
wutts. Tne rf coil is enclosed with a-.-stainless tube
of thickness 2 mm for rf shielding.

In order to excite a simple axisymmetric ion
cyclotron waves, the magnetic field in the rf coil
region is desired to be uniform, The magnetic coils
for this sake were designed with the axially symmetric
magnetic field simu]atogﬁgnd their shapes and positions
were determined as shown in rig. 7-1. The coils of
2 mm copper wire are impregnated with Epoxi regin.

These coils are connected in series with the other
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Heliotron magnetic coils. The uniformity of the
magnetic field in the rf coil region is within + 2%.
This uniform magnetic field smoothly continues the
Heliotron magnetic field as shown in Pig. 7-1.

Excited ion cyclotron waves in the rf coil region
propagate along the axis into the corrugated magnetic
field of the Heliotron and disappear due to the phase
maxing (or magnetic beach effect), as explained in the
chapter 1II. In other words, the oscillating energy
of the waves is converted into thermal energy of plasma,
The ratio of the minimum value of the Heliotron magnetic
field to the uniform field strength in the rf coil region
iéﬁéggﬁgﬁﬁ. so that ion cyclotron waves in considerably
higher density of plasma can be thermalized. This is
one of distinctive characteristics of the Heliotron
field.

Fig. 7-2 shows a photograph of the assembly of the
rf coil, the ceramic tube, the magnetic coil and shield-
ing stainless tube. Fig. 7-3 shows a close up of the
rf coil wound around the ceramic tube, A photograph
of the heating section attached to the Heliotron-B
device is shown in Fig. 7-4, where the Joule heating

windings are not installed.
ity & Detecting Method of the KF Absorption of Plasma

As stated in the introduction, the detecting method

of rf absorption of plasma in this experiment belongs

197



