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ABSTRACT
The problems of controllability and optimal control for a wide

class of nonlinear stochastic lumped parameter systems and linear
distributed parameter systems with stochastic coefficients are studied
in the framework of stochastic calculas and functional analysis.

The purpose of this dissertation is to give mathematical developments
for the theory of controllability and optimal control.

This dissertation is divided into two major parts. Part 1 is
devoted to the theory of stochastic controllability and the methods
of generating the practical control signal for nonlinear stochastic
lumped parameter systems described by the Itg-stochastic differential
equation, and Part 2 to give the new mathematical models of distrib-
uted parameter systems with stochastic coefficients and to study the
optimal control and controllability problems.

In Part 1, defining the stochastic controllability, based on
notions from stochastic Lyapunov stability theory, sufficient condi-
tions and/or necessary and sufficient conditions are studied. Part 1
is divided into three categories: +the first is to establish the
new definitions of stochastic controllability, the second to
derive the new conditions for the stochastic controllability by
using the Lyapunov function 1like approach, and the third concerned
with finding the feasible method of generating the practical control
signal which transfers the system state to the neighborhood of a given
point for stochastic nonlinear lumped parameter systems within the
preassigned time interwval.

In Part 2, establishing the mathematical models of distributed
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parameter systems with stochastic coefficients with the aid of the
theory of functional analysis, the optimal distributed control, opti-
mal boundary control and controllability problems are solved for
various types of stochastic distributed parameter systems. Part 2
is divided mainly into four categories: the first is concerned with
the mathematical aspects of the newly established system models, the
second the optimal distributed control problem, the third the opti-
mal boundary control one and the final the stochastic controllability
for stochastic distributed parameter systems with stochastic coeffi-
cients.

Throughout Parts 1 and 2, various kinds of numerical computa-

tions are performed in order to show the feasible computer implemen-

tation.



GENERAL NoTATION

According to many published researches in the field of the
stochastic systems, the most familiar symbolic conventions are used.
In Part 1, we use the standard notations, referring to the well-known
stochastic system theory. On the other hand, symbols used in Part 2
are basically due to those appearing in the Lions' excellent book
"Optimal Control of Systems Governed by Partial Differential Equations".
Consequently, it shoud be noted that there happen many cases in Parts
1 and 2 where the same symbol has different meanings. For example, in
spite of the fact that the symbol T expresses the time interval [to,
tf] in Part 1, this is turned into the open time interval Jto,tf[
in Part 2, Furthermore, the symbol x is the n-diminsional state
vector in Part 1 but, in Part 2, this denotes the spatial variable.
The symbol u(t) denotes the m-dimensional control vector in Part 1
and the infinite dimensional state variable in Part 2, respectively.
In order to avoid confusion, the mathematical preliminaries in Parts
1 and 2 involve respectively clear definitions of all the symbols so
that the reader can carefully follow the symbolic conventions in
Parts 1 and 2.

In Chapter n, Section n.m,the theorems, conditions and hypotheses
are indexed by n.m.k. When we refer to such a Condition (Theorem,

Hypothesis)-n.m.k, we sometimes designate it by C (T,H)-n.m.k.
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GENERAL INTRODUCTION

One of the most challenging areas in the field of modern system
theory is the optimal state estimation and control taking into
account the fact that the system exhibits varlous kinds of nonline-
arities and operates in the random environments. From this point of
view, 1t is the opinion of great majority of researchers in the
field that the following two important aspects in the dynamical cha-
racteristics of systems and the nature of environment must be devel-
oped as fundamental studies: (1) The first aspect in considering the
dynamical characteristics of systems is that actual systems are not
linear. In fact, we may see many nonlinear characteristics in
practical systems such as saturation, relay and ete. .There are
no general methods for the analysis and synthesis of nonlinear
systems., It is, in fact, only a trick of semantics which causes
one to assume that there is .any unity at all in the field. (2) The
second which comes up in considering nonlinear systems is the fact
that actual behaviors are usually random due to changes of environ-
ment and/or system parameters.

The method of organization of this thesis consists of two parts:
In Part 1, the stochastic controllability problem is studied for non-
linear stochastic lumped parameter systems, In analogy with the con-
cept of deterministic controllability, new definitions of stochastic
controllability are estabilshed corresponding to various kinds
of stochastic measures, By using the Lyapunov function like approach,
sufficient conditions and/or necessary conditions are derived for the

stochastic controllability. Finally, for the purpose of showing
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roles of stochastic controllability theorems in practical
applications, a feasible algorithm is established for finding the
generating method of the practical control signal which transfers

the system state to a neighborhood of the given terminal point within
the preassigned control time interval, including various kinds of
numerical examples. In Part 2, our attention is focused on distrib-
uted parameter systems with stochastic coefficients contained in the
partial differential operators. Within the framework of functional
analysis, distributed parameter systems with the Markov chain and
white Gaussian coefficlents are respectively well modeled by the
stochastic evolution equation in Hilbert spaces, The first half of
Part 2 1s concerned with the optimal distributed and boundary control
problems. The optimal distributed and boundary control signals for
the parabolic and hyperbolic type systems are derived by the Dynamic
Programming and Stochastic Maximum Principle, respectively. The
remainder is devoted to the extension of the theory of stochastic
controllability established in Part 1 to the case of distributed
parameter systems with white Gaussian coefficients by using the

Lyapunov function like approach in Hilbert space.



PART 1
CONTROLLABILITY AND CONTROL
FOR
NONLINEAR STOCHASTIC LUMPED PARAMETER

SYSTEMS
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CHAPTER 1. INTRODUCTION

One of the important problems that arise often in control system
1s to answer a question: is it possible to find the conprol signal
so as to transfer the system state to the desired one within the
preassigned final time? This belongs to the context of controlla-
bility. The controllability concept of a class of deterministic
system is introduced in order to answer the question: Does any con-
trol policy exist that will permit the desired terminal state to
be achieved? If we can give an affirmative answer, then the system
considered is said to be controllable. For deterministic linear
systems, since the system trajectry can be determined provided that
the initial state is given, it is easy to examine whether a control-
lable control signal exists or not. However, recognizing that many
physical systems exhibit various kinds of nonlinearities and operate
in random environment, the system considered is reasonably modeled
by a class of nonlinear differential equations and the system state
becomes a stochastic process. For stochastic systems, because of
the existence of random perturbations, the exact trajectory of sto-
chastic system is not available in advance. For this reason, in order
to extend the concept of deterministic controllability to the sto-
chastic version, we must introduce a new measure to evaluate stochas-
tic system behaviors. With random circumstance, a possible analog
to the controllability problem is to transfer the initial state to
a target state within the final time under a prescribed probability
or mean square sense. The most important consideration of sto-

chastic controllability is that " In what stochastic sense is the
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system state guaranteed to be at the desired state?", while the
deterministic system state is perfectly guaranteed.

Furthermore, due to nonlinearities of system dynamics, the target
region relates strongly to the states of the system and the preas-
signed time interval. Thus, it is important to investigate the ex-
plicit relation between the initial region and the desired target
one with some help of probability appraisal. To do this, first of
all the computational algorithm should be established for realizing
the control signal for nonlinear stochastic systems whose states can

be transferred to the desired target region.

1l.1. Historical Background

For convenience of the present description, the historical back-
grounds are separately retrospected in two versions; one is the
controllability of deterministic systems and the other is its

stochastic version.

1.1.A. Controllability and optimal control of

deterministic systems

The optimal control problem for deterministic systems has been
discussed for many years and various optimization techniques related
to some performance criterion have been developed by many investiga-~-
tors,[B1] [B2] [D1]. According to the development of optimization
theory, the basic problem in control theory was generated by Kalman,
(K11, [K2], with the terminology of the controllability. During the
past decade, the controllability theory for deterministic linear
systems has already been established including an extensive princi-

ple of duality between observability and controllability, [K3], [Ku4].
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In analogy with the concept of controllability for linear systems,
Lee and Markus studied the local controllability of nonlinear systems
in the nelghborhood of the critical point, and discussed the exist-
ence of optimal controls, [L1], [M1], [M2]. The global control-
lability for nonlinear systems was investigated by Hermes [H1]. The
mutual relation between global controllability and local one was also
studied by Davison [D1] and Lukes [L2]. Using the Grownwall's
inequality, Aronsson studied the bang-bang controllability theorems,

[Al]. In recent advance of the Lie algebra theory of vector fields,

various types of global controllability conditions for a class of

nonlinear systems were investigated by Brockett [B3], Haynes [H2],

Hirshorn [H3], and many other researchers.

On the other hand, from the practical point of view, by using
the Lyapunov stability approach [L3], the practical controllability
theory for nonlinear systems was presented with the method of con-
structing the practical control signal and the explicit relation
between the initilal state and the nonlinearity of system dynamics,

[Gg1].

1.1.B. Controllability and optimal control of

stochastic systems

According to the theoretical development of stochastic differ-
ential equation [I1], the deterministic control theory was extended
to the stochastic control version mainly in the field of linear opti-
mal control problems, i.e., Dynamic programming technique has been
applied to linear stochastic systems for quadratic performance

criterion, [W1]. For nonlinear stochastic systems, various kinds of

optimization téchniques have been discussed by Kushner, [K5], [K6],



SO [T

Flemming, [F1]1,[F2] and Stratonovich,[S1]. Despite the increasing
interest in controllability problem, little interest has been shown
in stochastic controllability of nonlinear systems. Aoki, [A2] and
Connors, [C1],[C2] studied the stochastic controllability in the mean-
square sense for linear discrete systems with the aid of Dynamic
programming concept. By using the same approch as Connors, Bertsekas
discussed the stochastic controllability problem for nonlinear dy-
namical systems, [B4]. In [B4] he obtained for one speclal case that
the unknown disturbances of system dynamics belong to the known
bounded set. Applying It®-Dynkin's formula, the stochastic controlla-
bility of nonlinear systems was discussed by Gershwin, [G2]. The
results of Gershwin are direct extensions of deterministic nonlinear
controllability theorems,[Gl] to stochastic ones. In spite of his
success in stochastic nonlinear controllability theorem, the relation
between the preassigned target state and the stochastic appraisal of
achleving the target state is not explicitly studied.

Recently, taking into account both the preassigned desired tar-
get state and finite time interval, the concepts of complete con-
trollability and e-controllability were established. Sufficient
conditions were given for a general class of nonlinear stochastic
systems, [52],[S3]. The motivation stated in [S2] is somewhat similar
to that in [B4], [D2] and [K7]. However in addition to mathematical
characteristics of stochastic e-controllability of nonlinear dynamical
systems, a number of qualitative studies have been de&eloped, regard-
ing the hitting probability which guarantees a given system state be
transferred into the desired target domain within the preassigned

terminal time. The proposed technique in [S2] is applicable to the

study of the stochastic observability, [S41,[S5],[S6] and furthermore
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the mutual relation between stochastic observability and stochastic

controllability, [S3].

1.2. Problem Statement

We consider the problem of the stochastic controllability for
a class of nonlinegr stochastic dynamical systems and derive the
control signal which transfers the given initial state to the desired
target domain within the preassigned terminal time. A dynamical sys-
tem under consideration is described by the n-dimensional vector

nonlinear differential eguation:

ax(t,0) = £(t,x,u) + G(t,x)y(t,w)
(1.2,2) | 9€

x(tg) = %x¢
In Eq.(1.2.1), x(t,w) is an n-dimensional vector stochastic process
representing state variable, f(t,x,u) and G(t,x) are respectively an
n-vector and an nxp-matrix nonlinear functions, y(t,w) 1s a p-vector
white Gaussian noise, and u(t,x) is an m-dimensional control vector
where nzm.

We assume that the system state can completely be observed. As

will be pointed out in Chap. 2, the system model (1.2.1) is mathe~

matically formal because of the existence of white Gaussian noise

term. According to the theory of stochastic differential equation
[I1],[S1], we rewrite Eq.(1l.,2.1) by the stochastic differential equa-

tion of Ito—type:+

dx(t,w) = f(t,x,u)dt + G(t,x)aw(t)
(1.2.2)
X(to) = XO

The revised term due to the existence of state dependent noise term
is neglected, [W2].
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where w(t) is a p-vector Brownian motion process.
Important aspects in stochastic controllability are as
follows:
(4) The system state x(t) is completely observed.
(1i) Only a finite time control interval [to,th is considered.

(iii) A set of the initial states 1s preassigned.

(iV) Sets of the desired target domain are preassigned in some

stochastic sense.

The aspect (iii) is highly important with respect to the con-
trollability for nonlinear systems because this aspect keeps in touch
with inherent characteritics of nonlinearities i.e., input dependence.
It is thus desirable to know the relation between the region of in-
itial sets which can be transfered to the desired target domain and
the nonlinearity of system dynamics. The problem of "What stochastic
sense can we adopt?" depends on the situation of system designers.

In this thesis, we adop% two stochastic sense i1.e., the mean square

sense and in probability one.

1.3. Summary of Part 1

Description in Part 1 is outlined in the sequel. 1In Chapter
2, some of general fundamental works required in the context of con-
trollability are reviewed as mathematical preliminaries. The math-
ematical model of the system is also established by the theory of
Itd stochastic differential equations with the Itd stochastic
calculas. In Chapter 3, new definitions of stochastic controllability
are given. As the stochastic sense of controllability we adopt first

in the mean square sense and next in probability sense. From the
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mathematical point of view, the concept of e-controllability is
first introduced and extended to the complete controllability.
Furthermore the mutual relations between the mean square sense
and in probability one, and between e-controllability and
complete one are also discussed. Applylng the stochastic
Lyapunov stabllity theory, [K8], sufficient conditions for sto-
chastic controllability for a general class of nonlinear systems are
demonstrated, and choosing the quadratic Lyapunov function, €x-
plicit sufficient conditions for stochastic controllability reflect-
ing precisely nonlinearites of system dynamics are also given. For
linear systems, it is found that sufficient conditions for nonlinear
systems fall into necessary and sufficient conditions for linear
systems with showing the explicit relation between stochastic con-
trollability and deterministic one. Chapter 5 is devoted to an
algorithm of deriving the control signal which transfers the given
initial state to the preassigned desired target domain in the sense
of stochastic hitting problem including numerical examples for the
purpose of interpreting the general theory.

The remainder of Part 1 is devoted to the discussion of the
summary of results and to the suggestions of possibility of showing
the duality theorem for stochastic controllability and stochastic

observability.
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CHAPTER 2. MATHEMATICAL PRELIMINARIES

2.1. Symbolic Conventions and Basic Definitions

Let R(n) denote an n-dimensional Euclidean space. If x is an
element of R(n) (xeR(n)), then x' denotes the transpose of the
vector x with the norm || x || = x'x. Similarly. if M is a matrix,
then M' denotes its transpose with the norm || M||2 = tr.[M'M].
According to the standard notation and terminology, lower case letters
a,b and c¢,..,6 denote column vectors with i-th real components aj bi
and Ciseres Capital letters A,B and C,... denote matrices with

.., respectively. Certain algebraic

elements ay b.. and s

J’ "1 J°
quantities such as algebras, fields, etc. are expressed by F,Y,...etc.

We collect some of standard knowledges of the probability theory.

Probability space: Let P be a probability measure on @, where §
denotes the set of all events. Let F be the smallest oc-algebra of
subsets of Q. The triplet (Q,F,P) is called a probability space.

Random variable: A real-valued function x(w) (weQ) defined on Q is

called a random variable if, for every Borel set B in the Euclidean
space R(nz the set {w; x(w)eB} is in F.
Expectation: If x(+) is integrable on Q, then the expectation of x,

denoted by E{x}. is given by

E{x} = [ xdP

Conditional expectation: Let C be a Borel field with CcF and let x(+)

be integrable on Q. The conditional expectation of x relative to
\

\
C, denoted by E{x|C}, is a random variable such that
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fodP = jAE{xlc}dP

for all AeC.
Stochastic process: A stochastic process {x(t,w), tostStf} is a
family of random variables, with a real parameter t and defined on

the probability space (Q,F,P).

For economy of description, we omit to write the symbol w in the
sequel because no confusion will result,
When a probability statement is true almost sure on @ or true
with probability 1, then the abbreviation a.s. or w.p.l is used. A
limit in the mean square sense 1s denoted by 1l.i.m.
The principal symbols used here are listed below:
t:Time variable, particularly present time
t,:The initial time at which control action starts
t.:A preassigned terminal time
x(t) :An n-dimensional vector stochastic process
representing the system state xeR(n)
u(t,=):An m-dimensional control vector taking its value
in a convex compact subset UcR(m)
w(t):A p-dimensional standard Brownian motion process

f(t,x):An n-dimensional vector-valued nonlinear function

G(t,x):An nxp dimensional parameter matrix whose

components depend on t and x

2.2. Stochastic Differential Equation of ItG-type

In this section we summarize important properties of the solution

process of ItO-stochastic differential equations [I1],[W3]. Important
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phases of the relation between system dynamics and Ito-stochastic
differential equation will be stated in the next section.
2.2.1. Itd-stochastic integral: Before describing the precise
statement of Itd-equation, we need the following definition of Ito-
stochastic integral.
[Definition-2.2.1] (ItG-stochastic integral)
Let w(t) be a scalar standard Brownian motion process, and let
¢(t,w) be a scalar function such that
(i) ¢ = {¢(t’w)}tzto is measurable to Ft’ where Ft is a minimum

o-algebra generated by {w(t)} .
tztg

t
(11) B || 0(t,0) [[%a } < = .

The stochastic integral I(¢) is defined by

(2.2:1) I(4)(t) IEO $(s,0)au(s)

n-1
1im [ ¢(t Py )(W(t ,w) = W(t 3‘”))
n->« igo i ¢ i+l i

+ 0t ,0) (w(t,w) - wit,w))] a.s.

The generalized definition of ItO-stochastic integral for the
vector valued Brownian motion process is easily obtained from the

definition-2.2.1 (see Watanabe [W3])

[Proposition 2.2.1]: Let I(4)(t) be the Itd-stochastic integral
defined by Eq.(2.2.1). Then we have the following properties;
(1) I(¢)(tq) = O
(1i) For any t and s, (tOSS<t), we have
(2.2.2) E{ I(¢)(t) - I(9)(s)|F } = 0 a.s.

and
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(2.2.3) E((T()(t) - T(8) ()% Fg} = BUE ¢2(r,0)ar|F ) a5,

2.2.2. ItO-stochastic differential equation: Let {w(t)}t>t be a
=+0
p-dimensional Brownian motion process defined on (Q,F,P).

Consider the following integral equation;

1 v
(2.2.4) x(t) = x(ty) + ItO f(s,x(s))ds + fto G(s,x(s))dw(s)
<HES
for to_t_tf
It is well-known that, with the following conditions, there exists a

unique continuous solution satisfying Eqg.(2.2.4).

(C=2.2.1) There exists a positive constant K such that

1’

(2.2.5) || £{5,x) H2 3 IIG(t,X)|[2 <KL+ | x H2) for any xer (1)

and any t.

(C-2.2.2) f(+,*) and G(:,+) satisfy a uniformly Lipschitz condition,

that is, for any t and any xl,xzsR(n)

(2.2.6) || £(t,x) = £(t,%p) [1Z + || G(t,x1) - G(t,x,) ||2

2
= K2HX1 - X5 || £

A stochastic process {X(t)}tZto

called an ItO-process with respect to the Brownian motion process

which satisfies Eqg.(2.2.4) is

{w(t)}tzto .

[Proposition 2.2.2]: Let {x(t)}t>to be the solution process of

Eq.(2.2.4). Then, {x(t)}t>t has the following properties;
=to

2
(1) If the initial condition satisfies E{|| x(ty)|| ™ ¢ » for

m21l, we have for any t,
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(2.2.7) E{| x(t) [|Z™} < =.

(ii) x(t) is sample continuous w.p.l.

(iii) x(t) is a Markov process.

In remainder of this section, the analytic tool of studying the
control problem will be presented. From the definition and propositions
mentioned above, the Tto's stochastic differential rule (so called

"Ito-calculus" ) is directly derived.

2.2.3. Ito-stochastic differential rule: Let x(t) be the solution
of Eq.(2.2.4) and let V(t,x(t)) be a scalar-valued real function,
which i1s continuously differentiable in x. Then the continuous

stochastic process V(t,x(t)) becomes an ItG-process and satisfies;

(2.2:.8) V(o xlt)) = V(tO,X(tO))

t
_ I [ aV(s,x(s)) | f,(s,x(s))av(s,x(s))
to 9s 9x

V(s,x(s))

09X

+ Etr.[G'<s,x(s)>§;[ J'G(s,x(s))]11ds

2

L 1'G(s,x(s))dw(s) w.p.l

" 90X

A Jt aV(s,x(s))
0

2.2.4, Ito-Dynkin's formula: From Eq.(2.2.8), the averaged value of
V(t,x(t)) conditioned by x(to), satisfies the following equation:

_ t
(2.2.9) EXO{V(t,x)} = Vty,%,) = Exo{fto Lv(s,x) ds},

where L(:) is the differential generator,

(2.2.10) L(-) = g%é)+ f'(s,x)géé) * %’tr‘[G'(S,X)%E[aé%l]'G(s,x)]
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In this section a brief summary has been given of the It6-theory
of stochastic differential equations and this will be one of main

analytical tools for studying the stochastic control problem.

2.3. Mathematical Modeles of Dynamical Systems

Guided by the well known state space representation concept, the
dynamics of an important class of dynamical systems can be described

by a nonlinear vector differential equation,

d ét, )
(2.3.1) S

x(to,w) = xo(w) 3

]

F(t,x(t,w),u(t)) + G(t,x(t,w))y(t,w),

where f(t,x,u) is an n-vector-valued nonlinear function, u(t) is an
m-vector control signal to be specified later, and y(t,w) is a p-
vector system noise.

From the fact that the spectral density of the physical system
noise has the finite frequency domain, the model of system nolise must
be identified by the colored noise. However, by introducing the
shaping filter technique, the situation of colored noise is easily
converted into that of white noise case. Then, we assume that y(t,w)
is a p-vector white Gaussian noise process wilth zero mean and covariance

martix
(2.3.2) E{y(t,w)y'(s,w)} = I8(t - 8)

Noting that the white noise process {Y(t,w)}t>to has a delta
correlation, Eq.(2.3.1) has no mathematically precise meaning.

Recalling the white Gaussian noise related to [G3],[S7],[H4]

(2.3.3) w(t) = [} ¥(s,u)ds,
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Eq.(2.3.1) can be integrated and replaced by the following

integral equation;
b €
(2.3.4) x(t) = x4 + ftof(s,x,u)ds + ftOG(s,x)dw(s)

Extending the conditions (C-2.2.1) and (G=2.2:2) £06 Eq.(2.3.4),
it is fairly stated that Eq.(2.3.4) has a unique continuous solution,

if the following conditions are satisfied,

(C-2.3.1) There exists a positive constant K3 such that, for any

(n)y,

xeR(n) and any ueU (convex closed subset of R

2 2 2
(2.3.5) || £Ce,x,w |17+ 16t [1F < k@ + (1= 1%+ Tull®
for any ts[to,tfl

(c-2.3.2) f(-,*,*) and G(*,-) satisfy a uniformly Lipschitz
eR(n) and uq,u

condition, that is, for any xl,x eU,

2 2

(2.3.6) || £(t,xq,u;) = £(E,xp,u,) |2 + |2|G(t,xl) ~ B(b.xy) |2
2
SKL;(HX]_'XZH +||u1'u2H ) )

for any te[to,tfj .

With the statement mentioned above, we formally write Eq.(2.3.4) by

dx(t) Pl sxsu)dl + GlEx)aAW(E)

(2.3.7)

x(to) be

0*

Then, in what follows, we adopt Eq.(2.3.4) as the mathematical

model of dynamical systems.

Remark: For a general class of control problems, the restriction of
the nonlinear function f(t,x,u) cannot always be satisfied in the

Lipschitz condition (C-2.3.2). (For example, in the case where u(t)
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becomes the Bang-Bang form.) However, it has been proved that,
with the condition (C-2.3.1), Eq.(2.3.4) has an only one weak

solution, w.p.l. (For details, see Refs.[W3] and [B5])
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CHAPTER 3. DEFINITIONS OF STOCHASTIC CONTROLLABILITY FOR

NONLINEAR LUMPED PARAMETER SYSTEMS

3.1. Introductory Remarks

In deterministic dynamical systems, the concept of controllability
may roughly be stated as the answer for the basic question, "Can the
initial state of a dynamical system under consideration be transferred
to any desired state within a preassigned time interval by some control
operation?" For stochastic dynamical systems, the concept of stochastic
controllability becomes different from that of deterministic
controllability. That is, the most important difference is to show,
"With what stochastic sense can the initial state be transferred to
the desired state?"

In this chapter, valuable definitions of stochastic controllability
wlll be presented. First we adopt the "mean square sense" as the
stochastic measure, and then the concept of controllability in

probability is introduced towards useful applications.

3.2. Definitions of Stochastic Controllability

Before presenting precise definitions of stochastic controllability,
the admissible control class must be defined. Noting that the
considered dynamical system is nonlinear, the admissible control class

is defined, which includes the feed-back control low.

Admissible Control Class: Let Ft be the o-algebra generated by the

solution process {X(t)}tz of Eq.(2.3.7). We denote the admissible

to
control class Uad by
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m " '
Uy = {u(t,x)eR( ), and is F_ measurable for t(toststf)
T 2
and E{[tg [| uCt,x) || dt} < =}

In analogy with the concept of deterministic controllability,
definitions of stochastic controllability are listed below;
[Definition-3.2.1](e-controllability in the mean square sense)

An initial state x, of the system is said to be stochastically

0
e-controllable in the mean square sense with respect to the specified
target domain e(tf,xo) within the time interval [to,tfj, if there

exists a control u(t,x)eUad such that
E. (|| x(tp) [1°} = e(tp,xg)
X f = faQs #

[Definition-3.2.2](Complete controllability in the mean square sense)
The system under consideration is said to be completely controllable
in the mean square sense within the time interval [to,th, if there

(n)

exists a control u(t,x)eUa such that for any >0, and any erXOCR-

d
(szO and Xy denotes the uniformly bounded subset in R(n))

2
B, Ul x(en) 1) s e

In the definitions -3.2.1 and =~3.2.2 , as a representative of
measures corresponding to the expression, "stochastic measure", the
mean square sense, EXO{llx(tf)||2} < € was reasonably taken into
account from the mathematical viewpoint. For convenience of practical
treatments, we slightly modified the above definitions by using the

"another stochastic measure", that is, "in probability".
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[Definition-3.2.3](e-controllability in probability)
An initial state xo of the system 1s said to be stochastically
e-controllablé. in probability p, in the normed square sense, with

respect to a specified target domain with the norm Y€ within the

time interval [to,tfj, if there exists a control u(t,x)eUad such that

Pr{llx(tf)ll2 z e x(ty) = xg} = 1 - o(ts,%p)

where 0<p<l1
[Definition-3.2.4](Complete controllability in probability)
The system under consideration is said to be completely controlla-
ble in probability p, with respect to a specified target domain
with the norm ve, within the time interval [to,th, if there exists
a control u(t,x)eUad such that, for any €>0, any p(0<p<l) and any

erXOcR(n)(xon)
Pr{llx(tf)]|2 2 e| x(ty) = x5} < 1 - p.

Mutual relation between definitions -3.2.1 y “302ed » T32:3 4

and -3.2.4 can be easily obtained, i.e.,

1) If the system under consideration is completely controllable in the
mean square sense, then the initial state of the system is e-
controllable in the mean square sense. In other words, the definition
-3.2.2 includes the definition-3.2.1

2) If the system under consideration is completely controllable in
probability, then the initial state Xg of the system is e-
controllable in probability. In other words, the definition-3.2.14
includes the definition-3.2,3

3) If the system under consideration is completely controllable in the

mean square sense, then the system is completely controllable in
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probability. In other words, definition-3.2.4 ineludes the
definition-3.2.2.

From the relations (1) to (3) and noting that the conditions
based on the mean square sense are involved in those in probability,
we may find that the stochastic measure " in the mean square sense "
plays an important role to study the stochastic structure of dynamical
systems in the version of stochastic controllability from the mathe-
matical point of view, while the stochastic measure " in probability "
shows various kinds of advantages for the purpose of generating the
control signal, because the concept of " in probability " directly
relates to the sample behavior. Furthermore, from the conclusion that
the conditions for complete controllability are involved in those for
g-controllability, the definition of complete controllability requires
the stronger conditions than those of e-controllability with respect
to the system dynamics, in particulary, its nonlinearity. However,
from the fact that the definition of e-controllability depends on
the initial state Xq and the terminal time tf, we can show the explicit
relation between the initial state Xq and the system nonlinearity,
that is, if the e-controllability is adopted, we may find the control-
lable region with respect to both the initial state and the desired
target domain. In Chap. 5, the hitting problem as one of applications

of the e-controllability in probability will be discussed.
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CHAPTER 4. CONDITIONS ON CONTROLLABILITY FOR

NONLINEAR LUMPED PARAMETER SYSTEMS

4.1 Introductory Remarks

In this chapter, according to the new definitions of stochastic
controllability introduced in the previous chapter, various sufficient
conditions of stochastic controllability for a general class of sto-
chastic nonlinear lumped parameter systems are first derived by using
the Lyapunov-like approach [K8],[G2]. Furthermore, concrete forms of
valuable sufficient conditions for semi-linear stochastic lumped param-
eter systems are also demonstrated. In order to compare the stochastic
controllability theory with the deterministic one, sufficient conditions
for stochastic nonlinear systems are shown to fall into the necessary
and sufficient conditions in the case of stochastic linear systems.

Finally, the relation is investigated between stochastic
controllability theory and deterministic controllability one [G2],

for nonlinear systems.

4.2, Stochastic Controllability Theorems

In this section, the dynamical system Eq.(2.3.7) is considered
and the mathematical development follows on the basis of discussions

in Sec.2.3, Chap.2, that is

dx(t) = f(t,x(t),ult,x))dt + G(t,x)dw(t)

(h.2.1)
x(to) = Xq,
The following theorem gives sufficient conditions for e-
controllability in probability.
[Theorem—M.E.1](s-controllability in probability): The initial state

Xy of the system(4.2.1) is e-controllable in probability p(tf,xo)
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with respect to the terminal state ve, within the time interval
[to,th, if the following conditions are satisfied;

(Condition-4.2,1) In the time interval [to,tf], a scalar function
V(t,x) is defined and has bounded continuous first and second
derivatives with respect to every component of x and a first
derivative with respect to t.

(Condition-4,2,2) V(t,x) satisfies the terminal and initial
conditions for gilven p and € ,

(4.2.2) V(tf,x) > i XX
and

(h.2.3) V(tg,x(tg)) < (1 - p(tf,xo))§

(Condition-4.2.3) A control u(t,x)eUad exists such that, along the
trajectory obtained by the solution of Eg.(l4,2.1), the following
inequality holds,

(h.2.4) Lv(t,x) = 0,
where L(-) is the differential generator defined in Sec.2.2, Chap.2,

such that

(2.5 () = L v oo, wEL « Lerter (6,0 ae, 0 1.

Proof: Using Conditions-4.2.1 and-4.2.3, and applying the It0-Dynkin's
formula defined by Eq.(2.2.9) in Sec.2.2,Chap.2, we have

(4.2.6) E{V(tr,x(tp))|x(ty) = X} = V(tg,xq)

= E{ftg Lv(s,x)ds|x(tgy) = x5} < 0 .
It follows that
(h.2.7) E{V(tp,x(tp))[x(ty) = x5} < V(tg,xq5) .

Equation(4.2.7) implies that
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V(tg,x
(4.2.8) Pr{V(t,,x(t,)) 2 Alx(ty) = xg} s ___Qxfnl

From Condition-4.2.2 and replacing A=e/a, we obtain
o

(4.2.9) Prix'(t)x(ty) = e|x(ty) = xg} < gV(tg,x%g)

From Eq.(4.2.3), the inequality (4.2.9) becomes

(4.2.10) Pr{|| x(t,) ||® 2 elx(tg) = x5} s 1 - p(tgs%,)

The proof has been completed.

[Corollary-4.2.1]1(e-controllability in the mean square sense): If
in Theorem-4.2.1, in stead of Eq.(4.2.3), the initial condition X,
satisfies for given ¢

(4.2.11) aV(to,xo) < e ,
the initial condition X becomes e-controllable in the mean square

sense,
The proof can be carried out similarly as that of Theorem-4.2.1
In order to compare the sufficient conditions stated in Teorem-

4.2.1 with conditions for linear stochastic systems, we shall consider
a class of linear systems determined by
ax(t)

(4.2.12)
x(to)

A(t)x(t)dt + B(t)u(t,x)dt + x(t)o(t)dw(t)

g
where B(t) is an nxm parameter matrix and o(t) is a p-dimensional row
vector.

Regarding the e€- controllability in probability of the system
(4.2.12), the following theorem is useful.

[Theorem-4,2.2](e-controllability in probability): The initial state

of the system (4.2.12) is e-controllable in probability p(tf,xo)
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with respect to the terminal state with the norm /e, within the time

interval [to,tf], if the following conditions are satisfied:
(Condition-4.2.4) There exists a bounded, symmetric and positive

definite P(t) defined in the time interval [to,tfj, which satisfies

dp(t)
(4 o2.413) at + A'(E)P(t) + P(t)A(t) - P(t)B(t)B'(t)P(%)

+ tr.[o"(t)a(t)IP(t) = 0 ,

with the terminal condition (a>0)

(4.2.14) P(tf) = I/a .

(Condition-4.2.5) The initial state x, of the system (4.2.2) and the

0
initial condition P(to) defined by Egs(4.2.13) and (4.2.14) satisfies

(4.2.15) xOvP(tO)xo < (1 - p(tf,xo))i , for given p and €.

Proof: Let a scalar function V(t,x) be
(4.2.16) V(t,x) = x'"(£)P(t)x(t).
Suppose that relations (4.2.4), (4.2.5) and (4.2.12) hold and noting

that, in this case, the differential generator L(+) is given by

(4.2.17) L(+) = 3%%1 + [A(t)x + B(t)u(t,x)]'a;;)

+ Lor. [ixo(e) 1 Ixo(e) 11

and choosing u(t,x) = —%B‘(t)P(t)x, we have

(4.2.18) LV(t,x) = x'[%(t—) + A'(£)P(t) + P(£)A(t) - P(t)B(t)B'(t)P(t)

+ tr.[o'(t)o(t)IP(t)Ix
Applying Condition-4.2.4 to Eq.(4.2.18), it follows that
(4.2.19) LV(t,x) = 0

Then, from Condition-4.2.5, all conditions stated in Theorem-4.2.1 are
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satisfied. The proof has been completed.

[Corollary-L4.2.2](Complete controllability in probability): The
system (4.2,12) is completely controllable in probability, if the

following condition is satisfied:

n
(Condition-4.2.6) There exists a positive definite matrix W(to,tf)

such that
N A ten n -1
(4.2.20) W(t ,b.) = [[tgé(tf,s)B(s)B'(s)@'(tf,s)ds]

where, for tzs

a¥(t,s)
ot

1
(4.2.21) [A(t) + 5tr.[c'(t)o(t)]mt,s)

and
L4V}

(h.2.22) ®(s,s) = I .

Proof: For an arbitraly constant a>0, define
Ao t =1~
(4.2.23) P(t) = 8" (tp,0)[a + [ T8(6,5)B(s)B ()8 (tp,5)ds] (00,

It 1s easy to show that P(t) is a solution of Eq.(4.2.13) with the
same terminal condition as given by Eq.(4.2.14). Through the proof af
Theorem-4.2.2, for any Xy,€ and p, we must show Eq.(4.2.15). Then, from
Egs.(4.2.20) and (4.2.23), for any a>0 we have
N =1 -1
(h.2.28) x,'8" (tp,t )l + W W0 ) E(tf,to)xo
N ny
< xO'E'(tf,to)w(to,tf)@(tf,to)xo .
From Condition-4.2.6 and noting that o is an arbitrary constant, we
can choose o such that
(4.2.2 e W i
$2.25) X, 0 (tf,tO)W(to,tf)¢(tf,t0)xo < (1-p)esa,

for any Xgs € and p. The proof has been completed.
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Theorem-4.2.2 and Corollary-4.2.2 may easily be extended to the
following theorem giving conditions for the complete controllability

in the mean square sense.

[Theorem-4.2.3](Complete controllability in the mean square sense):
The system (4.2.12) is completely controllable in the mean square
sense, if and only if the following conditlon is satisfied;

(Condition-4.,2.7) There exists a positive defihite matrix W(to,tf)

such that

(H.2.26) Wt ,t.) [iEg¢(tf,s)B(s)B'(s)¢v(tf,s)dsj'l

where for t=2s

(h.2.27) 2E28) _ peyece,s)
and

(4.2.28) o(s,s) = I.

Proof: (Sufficiency) Define
A te -1
(4,2,29) P(5) = @' (bp,t)[a + [toé(tf,s)B(s)B'(s)@'(tf,s)dsj o(te,t),

where o is an arbitrary positive constant.

According to the results of Theorem-4.2.2 and Eq.(4.2.29), define
(4:2:30) V{tsx)= exp[—]EO[c'(s)o(s)]ds]x'P(t)x.

It is easily shown that P(t) defined by Eq.(4.2.29) satisfies the

following differential equation,

dpr(t)

4,2.31
( 31la) =

+ A'(t)P(t) + P(t)A(t) - P(t)B(t)B'(t)P(t) = 0
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with the terminal condition
(4.2.31b) P(tf) = I/a .

Suppose that, for the preassigned terminal time t a control signal

f,
is
(4.2.32) u(t,x)= -2B'(£)P(t)x .

By using the same approach as that in Theorem-4.2.2, we have
t dprP(t ,
(4.2.33) LV(6,x) = expl-f, tr.[o"(s)o(s)Mas]x'L %ﬁﬁ_l + A (£)P(t)
+ P(t)A(t) - P(£)B(t)B'(£)P(t) + tr.[o'(t)o(t)]P(t)]x

- exp[—fzotr.[c'(s)c(s)]ds]tr.[o'(t)c(t)]x'P(t)x

dp(t)

+ A'(t)P(t)
at

= exp[—[EOtr.[o'(s)c(s)]dSJX'[

+ P(t)A(t) - P(£)B(t)B'(t)P(t)]x .
From Eq.(4.2.31a), it follows that
(4.2.34) Lv(t,x) = 0 .

Applying the It®-Dynkin's formula, we have

i SE g 2 _ - )
(4.2.35) exp[-ftoo (s)o(s)dasI=E{|] x(te) || [x(ty) = X0l = xg'P(t)x,
From Eq.(4.2.29), the initial condition P(to) becomes

t -
(4.2.36) P(tg) = &' (tp,t)[a + ftg¢(tf,s)B(s)B'(s)@'(tf,s)ds] l@(tf,tOL

Noting that w(to,tf) is a positive definite matrix from Condition-
4.,2.7, for any erXOcR(n), we have

(4.2.37) XO‘P(tO)xO < xO'Q'(tf,to)w(to,tf)¢(tf,to)x0.

Then, Eq.(4.2.35) becomes
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2
(4,2.38) E{|| x(tf) | |x(to) = g

} < a-exp[fzgc'(s)c(s)ds]
xx' 0 (tp,t)W(t,tp) (st )x ) > O (a>0).

Bearing in mind that o is an arbitrary positive constant and that W

is positive definite, we can choose a such that, for any €>0,

002 595 s-exp[—fzgtr.[o'(s)o(s)]ds]

Xg 0" (testg)W(tg,ta)0(tp,t0)%,

From Egs(4.2.38) and (4.2.39), we have
2
(h.2.40) E{[] x(tp) [|7]x(ty) = x5} < e.
Then, we find that Condition-4.2.7 is a sufficient condition of

complete controllability in the mean square sense.

The next step is to show the necessity version of the proof.
(Necessity) From Eq.(4.2.12), we can easily show that the averaged

process E{x(t)|x(ty)=x3} conditioned by Xy satisfles

aE{x(t) |x(ty)=x,}

= A(L)E{x(t) [x(tq)=xq}
dt
(4,.2.41)

+ B(t)E{u(t,x) | x(ty)=xq}

E{x(to)lx(t0)=xo} = X

Now suppose that Condition-4.2.7 is not satisfied and the averaged
control E{u(t,x)|x(t0)=xo} is an arbitrary element of Rcm). Then,
from the deterministic controllability theory [K1], Condition-4.2.7
1s a necessary and sufficient condition of deterministic controllability
for the averaged system(4.2.41). 1In the version of necessity, as we

assume that Condition-4.2.7 is not satisfied, that is, the averaged

system (4.2.41) is not controllable, there exists some positive constant
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m)
8§, such that, for any E{u(t,x)lx(to)=x0}eR( .

2
(h.2.42) || E{x(tp) [x(t)=xp} || = & > 0.
By using ‘the Schwartz's inequality, it follows that
2
(4.2.43) EBO||x(t0) [1%]x(sg)=xo} 2 || E{x(ty) |x(tg)=xs} I° 2 & > 0.
Then, Eq.(4.2.43) means that, if Condition-4,2.7 is not satisfied,
the system (4.2.12)is not completely controllable in the mean square

sense. The necessity versilon of the proof has been completed.

Theorem-4.2.3 may be extended to the following nonlinear stochastic

lumped parameter system:

[A(t)x(t) + h(t,x)]dt + B(t)u(t,x)dt + x(t)o(t)dw(t)

(42,44 | )

x(to) = Xg,
where h(t,x) is an n-dimensional vector valued nonlinear function.
[Theorem-4,2.4](Complete controllability in the mean square sense):+
The system (4.2.44) is completely controllable in the mean square
sense, 1f in addition to Condition-4.2.7 stated in Theorem-4.2.3
(or Condition-4.2.6) the following condition is satisfied;
(Condition-4.,2.8) A nonlinear function h(t,x) satisfies
(4.2.45) B(t)q(t,x) + h(t,x) = -p(x)R(t)x ,
where q(t,x) is an m-dimensional vector valued nonlinear function
for te[to,tfj, p(x) is a nonnegative scalar-valued function and R(t)
is an nxn matrix such that
(L.2.46) P(t)R(t) + R'(£)P(t) > 0, for ¥teltg,tel,
where P(t) is defined by Eq.(4.2.31) (or Eq.(4.2.22)).
Proof: Let a scalar function V(t,x) be given by Eq.(4.2.30). Suppose

that, for the preassigned terminal time te, a control signal u(t,x) is

t+ It is obvious that if the conditions of Theorem-4.2.4 are satisfied,
the system (4.2.44) is completely controllable in probability.
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1
(4.2.47) u(t,x) = -3B'(£)P(t)x + a(t,x).

Using the relations (4.2.4), (4.2.5) and (4.2.44) and noting that,

in this case, the differential generator L is given by

(+) ()

]
(4.2.48) L(+) = + [A(t)x + B(t)u(t,x) + h(t,X)]'—g——
X

+ ow, [Lxale) T Ly e (63 17
2 93X 93X .

we have

drP(t)

dt
+ P(tJA(E) - P(E)B(E)BY¥(E)P(t) Ix

. t
(4.2.49) LV(t,x) = exp[-/totr.[o'(s)o(s)]ds]x'[ + A'(£)P(t)

+ 2exp[-[totr.[o'(s)c(s)]dst'P(t)[B(t)q(t,x)
+ hltsx)] s

Applying Eq.(4.2.31) and Condition-4.2.8 to Eq.(4.2.49), it follows

that

(4.2.50) LV(t,x) = -exp[-fgotr.[o'(s)o(s)]ds]p(x)x'[P(t)R(t)

+ RY(t)P(E) Jx < O,

The proof has been completed.

Instead of Condition-4.2,8, the following condition is considered

with respect to the nonlinear function h(t,x).

[Corollary-4.2,.3] The system (4.2.44) is completely controllable in
the mean square sense, if Condition-4.2.7 and the following condition
hold:

(Condition-4.2.9) There exists a constant u such that B(t,x)<u/2,
where B(t,x) is a scalar function given by h(t,x) = B(t,x)x.

Proof: We shall suppose that
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1
(4.2.51) u(t,x) = -—=B'(£)P(t)x ,
2

where P{t) is defined by Eq.(4.2.31). Define

(4.2.52) V(t,x) 2 exp[—fzo(u + tr.[o'(s)o(s)])ds]x'P(£)x. .
From Eqs(4.2.31) and (4.2.48), we have

(4.2.53) LV(t,x) = exp[—fto(u +tr.[o'(s)o(s)1)ds]

x{2x'P(t)h(t,x) - ux'P(t)x}.

Applying Condition-4.2.9 to the equality (4.2.53), we have
(4,2.54) LV(t,x) <0 .

The proof has been completed.

[Corollary-4.2.4] The system(4.2.44) 1is completely controllable in
the mean square sense, if Condition-4,2.7 and the following condition
hold:

(Condition-4.2.10) There exists a scalar function y(t,x) and a vector
valued function q(t,x) such that

(4.2.55) B(t)g(t,x) + n(t,x) = v(t,x)x .
and

(4.2.56) y(t,x) =< ; .

Proof: Let the control signal u(t,x) be given by Eq.(4.2.47) and

define the scalar function V(t,x) by Eq.(4.2.52).

From Condition-4.2.10, we have the inequality (4.2.54). The proof

has been completed.

4,3, Stochastic Uncontrollability Theorem

In this section, a theorem is presented, stating sufficient
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conditions of uncontrollability with probability one for the following

dynamical system ,

dx(t) = f(t,x,u)dt + G(t,x)dw(t)

(4.3.1)

x(to) = X5 o

[Theorem-4.3.1] If the scalar function exists satisfying the
following conditions:

(Condition-4,3.1) Within the time interval [to,tf), the scalar
function V(t,x) has bounded continuous first and second derivatives
with respect to every component of x and a first derivative with
respect to t and V(t,x) > 0 for any xeR(n)nand x=0.

(Condition-4.3.2) V(t,x) satisfies, for any ueR(m)T s

(4.3.2) LV(t,x) < 0,
where L(+) is the differential generator defined by Eq.(4.2.5).

(Condition-4.3.3) For all continuous n-vector functions a(t) such

that %igfa(t) =0,

(4.3.3) 1lim V(t,a(t)) = = ,
t-te
then the system(4.3.1) is not stochastically controllable with
probability one, that is, Pr{lim || x(t)]|2 z 0]x(ty)=xy} = 1.
tate 0

Proof: From Condition-4.3.2, it is easy to show that [K8],

V(to,xo)

(4.3.4) Pr{ sup V(t,x) 2 A|x(t0)=x0} <
t05t<°° }\

On the other hand, the following relation is obvious:

(4.3.5) Pr{ sup V(t,x) = A|x(ty)=x4}
tost<tf
< Pr{ sup V(t,x) = A|x(to)=x0}
tost<m .

+ In this chapter, we don't restrict the admissible control class and

m)

in the sequel assume the control signal takes any value in R
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From Egs.(4.3.4) and (4.3.5),it follows that
V(to,xo)
(4.3.6) Pr { su V(t,x) 2 A|x(t, )=x.} € ————
5 s€<t 0 0
0 f
The inequality (4.3.6) can be written as

(4.3.7) Pr{ 1lim V(t,x) < w]x(t0)=xo} =1 5
trt o

Consequently, from Condition-4.3.4, we have

(4.3.8) Pr{ lim || x(¢) |[%= o]x(ty)=xy} = L.
t"tf

This completes the proor.
[Example-4.3]: Consider the system given by

(4.3.9) dax(t) = Ax(t)dt + Bx(t)u(t,x)dt + h(x)dt +x(t)odw(t)

where
{ a ¢
(4.3.10) A =
b d | s
0 s
(4.3.11) B = W
=& 0 N
3
X1
(4.3.12) h(x) = 5
X2
and

(4.3.13) o = [e,f].

-1
Letting V(x)=(x§ + xg) , then we have

(4.3.18)  Lv(x) = (x2 + x3)73((3? + 3r2 - 2a)xs + (62 + 6£2 - 2a
2 2
- 2d)xlxg + (3e2 + 3f - 2d)xg - 2(b + c)(xi + xg)
XXXy = 2xi - 2xg} .
Consequently, if

2 2)

(4.3.15) 3(e“ + f < 2a, 3(e2 + f2) <2d, b = ¢ ,
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then we have LV(x)iO. The system is thus not stochastically

controllable with probability one.

4.4, Relation between Stochastic Controllability and Deterministic

Controllability

In this section, the influence of random perturbation on the
controllability of nonlinear systems is considered. It is sufficient
to establish the relation between sufficient conditions for stochastic
controllability presented here and those for deterministic controlla-

bility stated in [G1].

EESEl = P(tsx5u)
(b.4,1) | dt
X(to) = XO %

[Theorem-4,4,1](Deterministic Controllability)[Gl]: If a scalar

function V(t,x) exists with the following properties:
avV(t,x Vg x
(t,x) amdl (t,x%)

axX ot

(Condition-4.4,1) exist for all x and all te

[tgste)e
(Condition-4.4,2) For all continuous, n-dimensional vector functions

a(t) such that 1im a(f) # 0, lim V(t,a(t)) = =,
t*tf t*tf

(Condition-4.4,3) A control u(t,x) exists such that, along the
trajectory obtained by the solution of Eq.(4.4.1), for all te[to,tf)
the following inequality holds:

vt 4x) IVt s %) AV (t,x)

(b.4.2) = + ' (t,X,u)—— < M < » ,
d¢ ot 3 x

then the system (4.4.,1) is controllable in the deterministic sense,

that is, lim x(t) = 0.
t+tf

Proof: For all telty,tp), we have the identity,



= 3L =

t av(s,x)
(4.4.3) V(b,x) = V(t_,x_) + j TS s
0°° 0 ty ds
The inequality (4.4.2) implies
(b.4.4) vVv(t,x) < V(to,xo) + M(t—to).
Taking limits of both sides of Eq.(4.4.4), we have

(4.4.5) %i%fV(t,x) < V(to,xo) + M(tp - tg) < =

Condition-4.4.3 implies that 1im x(t) = 0 and the theorem 1s proved.
>ty
The following theorem stated the precise relation between Theorem-
4,2,1(e-controllability in probability) and Theorem-4.4,1(Deterministic
controllability).
[Theorem-4.4.,2] If the system (4.4.1) 1s controllable in the sense
of Theorem-4,4.1, and if there exists an nxp matrix G(t,x) and a

quadratic scalar function V(t,x) such that

(u.4.6) V(LX) AV(E,X) £ (t,x,u) 2V (Es%)
at ot 9X
1 3 AV(t,x)
< -=tr.[G'(t,x) —(—————)'G(t,x)]
2 9X X

>

then the system described by Eq.(4.2.1) 1s e-controllable in proba-
bility in the sense of Theorem-4.2.1.

Proof: From Eq.(4.4,6), it follows that

aV(t,x) aV(t,x) 1 3 av(t,
(boyy7)y 77 & f'(t,x,u)_____f_ + _tr.[G'(t,x)__(__i__fi)'G(t,x)]
ot 29X 2] 9% 9Xx
£ 0

Hence

(4.4.8) LV(t,x) < 0 .
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Let the terminal time of deterministic systems denoted by tg

which corresponds to the symbol t_, in Theorem-4.4,1[G1l], As shown

£

in Fig.4.4.1, taking the e-controllable region into account, the

terminal time of stochastic systems t, defined by the Sec.4.2 is

f

considered to be

d s
(4.4.9) to -6 1t3,

where ¢ 1s an arbitrary, and this can be determined by preassigning

the controllable region.

From Eq.(4.2.2), set as
2

=g |l
(4L,4.10) a = £

V(t?.,x) ;

Deterministic process
Stochastic process

w.pp

/
!
1

i

\

\

Ty

_JL_31?
<<——Interval for stochastic system ————==

<&

lk=—— Interval for deterministic system ——— =

d s
Fig. 4.4.1 Relation between te. and tg
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Since, from Eq.(4.4.6),

t?dV(s,x)

(1811 V33 = Vibguxg) + [ T as < V(b ) < = s

tg ds

the value of a is nonzero. Thus the conditions in Theorem-4.2.1 hold

and the proof has been completed.

The explicit relation between complete controllability in the

mean square sense

is listed in Table-4.4.1.

and deterministic controllability for linear systems

Table 4.4.1 Comparision of stochastic controllability
and deterministic controllability for

linear systems.

|

Deterministic Controllability

Stochastic Controllability

System. dynamilcs

x(t)  A(t)x(t) + B(t)u(t)

x(to) Xy

A(t)x(t)dt + B(t)u(t,x)dt
+ x(t)o(t)aw(t)

X0

ax(t)

x(to)

Necessary and

t
J f<I>(tf,s)B(s)B'(s)¢'(tf,s)ds>0
g

t
j f¢(tf,s)B(s)B'(s)¢'(tf,s)ds>0
to

sufficient
condition
96(t,s) 99(t,s
— 2" = A(t)e(t,s) 2Bltss) A(t)e(t,s)
3t 3 t
o(s,s) = I ¥(s,s) - I
Control signal open-loop / feed-back feed~back

From Theorem-4.4.1[G1], we can easilyobtain the same sufficient

conditions as stated in Theorem-4.2.4, Corollary-4.2.3 and Corollary-

b.2.4 for the following deterministic nonlinear system,



= 37 =

dx(t) = A(t)x(t) + h(t’x) + B(t)u(t,X)
(4.4,12) | at
x(tg) = x,

4,5, Examples for Nonlinear Controllable Systems

In this section, consider the 2-dimensional nonlinear stochastic
systems with constant coefficients,

ax(t)

Ax(t)dt + h(x)dt + Bu(t,x)dt + x(t)odw(t)
(4.5.1)

x(to) = Xy s
where the matrices A and B are respectively assumed to satisfy
Condition-4.2.7. Then, if the nonlinear term h(x) 1s vanished, the
system (4.5.1) is completely controllable in the mean square sense.
[Example-4.5.1] Consider the following forms of nonlinear function

h(x) and coefficient matrix B given by

0
(4.5.2) h(x) =| 5
and

(4.5.3) B =
0

3

respectively. In this case, choosing the q(t,x)-function stated in
Condition-4.2.8 of Theorem-4.2.4 by

p 2
(4.5.1) q(t,x) = -x1°%5 ,

we have

21 %1
(4.5.5) Ba(t,x) + hi(x) = -x,
X.2 .
Then, we may find

(4.5.6) p(x) = xg > 0
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and

(4,5.7) E=1.

From Egs.(4.5.6) and (L4.5.7), Condition-4.2.8 is satisfied. Hence it
is apparent that the system (4,5,1) is completely controllable in the

mean square sense and in probability.

[Example-4.5.2] Consider the following nonlinear function h(x) with
the same coefficient matrix B as in Eq.(4.5.3),
0
(4.5.8) h(x) =
—x2(tanh(x2) + 1){.
Choosing the q(t,x) function as

(4.5.9) q(t,x) = —xl(tanh(x2) + 1),

we have

(4.5.10) Bq(t,x) + h(x) = —(tanh(x2) + 1) 1
X5 |-
It follows that R(t) =1 and
(4.5.11) p(x) = (tanh(x,) + 1) 2 O.
Then, from Eq.(4.5.11), all conditions stated in Theorem-4.2.4 are

satisfied.

[Example-4.5.3] With the same coefficient matrix B as in Example-

b,5.1, the following nonlinear function is considered,

X
1
1)
X2.

(4.5,12) n(x) = tanh(x

It is apparent that the nonlinear function h(x) given by Eq.(4.5.12)
satisfies Condition-4.2.9 in Corollary-4.2.3, that is, in this case,
we find

(4.5.13) B(t,x) = tanh(xl) < 1,
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Then, the system (4.5.1) with the nonlinear function h(x) defined by

(4.5.12) is completely controllable in the mean square sense and in

probability.

4,6, Discussions and Summary

In analogy with the deterministic version of deterministic con-
trollability, the stochastic complete controllability and the stochas-
tic e-controllability have respectivrly been defined and necessary
and /or sufficient conditions for stochatic controllability defined
here have also been exploited including comparative discussion on
mutual relations between those two controllability concepts. Four
theorems of the above mentioned stochastic controllability were estab-
lished which gave the sufficient conditions for nonlinear stochastic
systems and the necessary and sufficient condition for linear stochas-
tic systems. Furthermore, a uncontrollability theorem w.p.l has been
presented, showing sufficient conditions for nonlinear stochastic
systems. In order to show the influence of system noise disturbances
to the stochastic controllability, a theorem has also been established
stating the relation between the stochastic controllability and deter-
ministic one, by introducing Lyapunov like function approach.

For the purpose of better understanding, three examples of
completely controllable nonlinear systems in the mean square sense

were demonstrated.
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CHAPTER 5. APPLICATION OF STOCHASTIC CONTROLLABILITY THEOREM TO

PRACTICAL CONTROL PROBLEM

5.1, Introductory Remarks

From the stochastic complete controllability theorems given in
Chap.l4, Sec.4.2, we may learn that there exists some control signal
which transfers the initial state into the arbitrary small target
region with the norm ve. However, different from deterministic
systems, we have to examine the problem "Can we generate an exact
control signal which transfers the initial system state to the desired
target domain?". The e-controllability theorems stated in Chap.l,
Sec.4.2 give the profitable answer for the above mentioned problem.

In this chapter, from the notion of deterministic reachability[D2],

the stochastic hitting problem of control systems is discussed.

5.2. Hitting Problem for Nonlinear Lumped Parameter Systems

In this section, for the purpose of better understanding, the

system dynamics 1s limitted to

dx(t) A(t)x(t)dt + h(t,x)dt + B(t)u(t,x)dt + x(t)o(t)dw(t)

(5.2.72)

x(tgy) = xg,
Stochastic Hitting Problem: We assume that the a priori given
parameters are the initial condition X0 the terminal time tf and the
target domain e. Furthermore, the hitting probability p, defined by
(5.2.2) o = Pr{|| x(t) ||° < elx(tg)=x,) ,

is preassigned. The stochastic hitting problem is to generate a
control signal which transfers the initial state X, into the desired

target domain with the radious ve at the terminal time te with a

hitting probability larger than p given by Eg.(5.2.2).
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Recalling the results given in Theorem-4.2.4, if the system
(5.2.1) is completely controllable in the mean square sense, we may
find that there exists a control signal satisfying the stochastic
hitting problem. Then, from the relation between complete controlla-
bility in the mean square sense and e-controllability in probability,
the results of Theorem-4,2,4 are applicable to the hitting problem.

Under the assumption that "The considered system (5.2.1) is
completely controllable in the mean square sense.", we discuss how
to design the practical control signal which satisfies the hitting
problem.

With Theorems-4.2.1, -U4,2.2 and the assumption that the system
(5.2.1) 1is completely controllable in the mean square sense, we choose
the control signal,

(5.2.3) u(t,x) = - %B%t)?(t)x + a(t,x),

where

dB(t) 4 Av(£)P(t) + P(t)A(t) — P(t)B(t)B'(t)P(t)
dt
(5.2.4) + tr.[o'(t)a(t)]P(t) = 0O

P(t = I/a

)
and where the value of o must be determined so as to satisfy the
hitting problem.

From the results of Theorems-4.2.1, -4.2.2 and -4.2.4, we have

(5:2.5) xO'P(tO)x0 < (1 - p)g

It should be noted that the control function u(t,x) determined by Eq.
(5.2.3) depends on P(t) whose terminal state is given by a choice of
a. Consequentry, the value of o may be determined in terms of the

values p,X(,€ and tf, satisfying the inequality (5.2.5).
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(With the completely controllable assumption, it is obvious that

there exists the value of o which satisfies Eq.(5.2.5).)

Use of the following graphical procedure is practical and
convenient in determing the value of «a.

(i) Given the initial state xo,the target domain € and the terminal

time tf.

(i1) Compute the solution process P(t) of Eq.(5.2.4) with the various
terminal values of o and obtain the initial value of P(to).
(iii) Compute the value of p which satisfies

(5.2.6) p =1 = %xO'P(tO)xo

and drow the relation between p and o with the value of tf as

the parameter.

The procedure stated above will be applied to practical examples

In Sec.5.3

5.3. Numerical Examples

In this section, we shall consider the 2-dimensional stochastic
system whose sample path is determined by

i 5 33 dx(t) = Ax(t)dt + h(x)dt + Bu(t,x)dt + x(t)odw(t)
e x(to) =X, -
[Example-5.3.1] We set all parameters of Eq.(5.3.1) as:

r

-1 0
(5.3.2) A=

| -1 -2

[1
(5.3.3) B =

0
(5.3.4) o = [0.6 0.6]
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and

(5:3.5) h(x)

L]

From Eq.(5.2.3) in Sec.5.2, the control is chosen as

1
— 2
(5:3464 ult,x) = _E(pll(t)xl + p12(t)xg) - X )X0 s
where
B (B) Bapkt)
(5.3.7) P(t) =| 11 12

t
p21( ) p22(t)

and from Eq.(5.2.4), each element is obtained by solving the following

differential equations;

-1

. _ 2
(5.3.8) p, (t) = 1.28p (%) - 2p () = p ,(£)" = 0, py(t) = a

1.2
(5.3.9) p12(t) - 2.28p12(t) ~ p22(t) - pll(t)plg(t) = 0, pl2(tf) =0
and
° 2 _ =1
(5.3.,10) p22(t) - 2.28p22(t) - p(8)° =0, p22(tf) = q .
From Egs.(5.3.2) and (5.3.3), we have

2.

(5.3.11) rank[B, AB]

Egs.(5.3.11) and (5.3.5) imply that the system (5.3.1) is completely

controllable in the mean square sense, that is, there exists a value
of o which satisfies the hitting problem.
Following the general procedure mentioned in Section 5.2, the
values of p and o can be determined by the following manner:
(1) Set the initial state variables as, for instance, xl(0)=x2(0)
= 10 and the circle with the radius /€ = /0.8 as the target

domain, where tO = 0,
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1.0
t4=1.0
P t¢=0.9 £€=0.8
=0.8 X1(0)=10
=0.7
"3 X2(0)=10
[}
'
]
1
i
0 0.005 0.008 0.010 0.015
04
Fig. 5.3.1 Relation between p and o in Example-5.3.1
(11) Preassign the value of t. as t, = 1.0 .  Solve the differ-

ential equations (5.3.8), (5.3.9) and (5.3.10) simultaneously
and obtain the initial values pll(O), p12(0) and p22(0) with
respect to the various values of a.

(iii) Applying the relation between o and

p,,(0) p.,(0)

(5.3.12) P(0) =| 11 12

p2l(0) p22(0)

to the equality

=i = E !
(5+3:23) p= 1 %5 P(to)x0 s
the relation between p and o is obtained.

Figure 5.3.1 shows the relation between p and o with the value

of tf as a parameter. Thus, the value of o may easily be found in
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£=0.8
087 X1(O):1 0
X2(0)=10
I ]
0 15 20
t¢

Fig. 5.3.2 Relation between p and tf in Example-5.3.1

terms of the hitting probability p. For convenience of discussions

the relation between p and t_, is shown in Fig. 5.3.2 with the value

f
of o as a parameter.

By using Eq.(5.3.6) , the controllable regions are determined
on the (xl,xz)—plane as shown by the shaded area in Fig. 5.3.3 with
the value of o as a parameter, in Fig. 5.3.4 with the value of p as
a parameter, in Fig. 5.3.5 with the value of € as a parameter and in
Fig. 5.3.6 with the value of te as a parameter.

A variety of sample runs is simulated. The results presented
below are representative of the simulation experiments. In all
experiments, the simulation procedure followed by the method in [S8]
with a constant partition time 0.001ls. The result of a sample
trajectory of the system (5.3.1) driven by the control signal (5.3.6)

is shown in Fig. 5.3.7 where the value of p and o are, respectively,
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Fig. 5.3.3 Controllable region with the value of o as
a parameter in Example-5.3.1
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on=0:001 1.2
tf=1.0sec - 1.0

0.8

0.6

Fig.

30

5.3.5 Controllable region with the value of € as
a parameter in Example-5.3.1

X1
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40 -
P =0.5
X2
€=0.8
a=0.001
30
1.0
20 - 0-9
0.8
0k t=0.7
W/ l 1
0 10 20 30

X1

Fig. 5.3.6 Controllable region with the value of te as
a parameter in Example-5.3.1
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‘o —
. P=0.5
X2 Nonlinear system €=0.8
Controliable region t=1.0 sec
»r a=0.001
(ujn,z%”, o1 see
0.1 sec
°r Uncontrolled
7/ Controlled ., process
) process \ 1 0.2 sec
/ 2
10 . /
0.3 sec
0.5 sec
o 1 ' 1 7 -
©°}/075ec - 10 20 0.5 sec %0 50 50
Target |domain X

Fig. 5.3.7 Sample trajectories of nonlinear systems in
Example-5.3.1 (e-controllable initial state)

0.5 and 0,001. From this result, we may find that a trajectory
whose initial state was (25,25) reached the target domain with the

radius ve = /0.8 within the preassigned time t_. = 1.0s. Thus the

f
initial state (25,25) is e-controllable with probability 0.5. Al-
though it 1s difficult to examine the e-controllability with proba-
bility 0.5, many simulation experiments brought corrobolating results.
From Fig.5.3.8, it is apparent that both the initial state (26,7) and
(2,26) are not controllable. If h(x) = 0, then the following control

is adopted
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“or Nonlinear system

X2

Controllable region

40

X1

Fig. 5.3.8 Sample trajectories of nonlinear systems in
Example-5.3.1 (e~-uncontrollable initial states)

1
(5.3.14) u(t,x) = ——(pll(t)xl * Py, (t)x)),
2

where both pll(t) and p12<t) are the solutions to Egs.(5.3.8) and
(5.3.9). Two sample runs are shown of linear systems with controlla-
ble initial states (25,25) and (10,10) driven by the control signal
u(t,x) given by Eq.(5.3.14) in Fig.5.3.9. In Fig.5.3.10, two sample

runs are shown in the case of e-uncontrollable initial states (2,26)

and (26,7), respectively.
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Linear system
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A/
(25.25) /

(10.10)
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X1

Fig. 5.3.9 Sample trajectories of linear systems in

Example-5.3.1 (e-controllable initial states)
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Linear system

Lo
X2
56 Controllable region
(2 26) 0.3sec
10
Target domain

JAR) r—% ]

0.9sec \J/ 10 e 0 40
4,, ' Xi
0.6 sec

Fi

g. 5.3.10 Sample trajectories of linear systems in
Example-5.3.1 (e-uncontrollable initial states)
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L Controllable region

%470.7 sec . 10 20 30 40
Target |domain X

Fig. 5.3.11 Sample trajectories of nonlinear systems in
Example-5.3.2

[Example-5.3.2] Consider once again the system given by Eqg.(5.3.1),
where all parameters are the same as in Example-5.3.1 but

0
(5.3.15) h(x) =
- x2(tanh(x2) + 1) .

where pll(t) and p12(t) are respectively determined by solving Egs.
{5.3.8) and (5.3.9).

A result of the digital simulation studies is shown in Pig.5.3.11s
The principal purpose of this experiment is to show the influence of

the preassigned control interval tf on the e-controllability. Two
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sample trajectories are shown with the same initial state (25,25)
and P(0.5) = I/0.001, where p = 0.5, € = 0.8 and a = 0.001. In the

case where tf = 0.5sec, the initial state was not controllable.

5.4. Discussions and Summary

With the aid of e-controllability theorems in probability pres-
ented in Chap.4, the stochastic hitting problem has been formulated,
guaranteeing a transfer of a system state into the target domain
within the preassigned terminal time tf. In Secs.5.2 and 5.3, the
computer aided numerical algorithm for generating the exact control
signal has also been presented with a wide variety of digital simula-
tion studles.

The proposed approach in this chapter gilves a feasible way to
solve the 1lnequality constrained control problem, that is, to find

the control signal which satisfies the following constraint, for the

preassigned function M(t),
2 ¥
(5.4.1) E {]|x(e) ||} = M(t) , for telty,t.l
Xo 0 f

In order to solve the problem mentioned above, using the same control

signal as in Eq.(5.2.3), we have

xA"P(% )xo
(5.4.2) E_{]] x(¢) 115y « 00790

0 TR

where ||P’(t)|lmin denotes the minimal eigenvalue of P(t). Then, with
the aid of the numerical algorithm presented in this chapter, we can

easily find the value of a which satisfies
Xo'P(tO)XO -
(BalaB) —se——r— g W] , for telby.b.l
f
[12Ce) |l

min
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In this chapter, for the purpose of better understanding, the con-
sidered system is assumed to be completely controllable in the mean

square sense. However, the algorithm stated in Sec.5.2 is applica-

ble for the dynamical systems which are completely controllable in

the mean square sense or not. However the numerical method of
determing the controllable region of initial states presented in

numerical examples gives the powerful tool to generate a practical

control signal.
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CHAPTER 6. CONCLUSIONS

6.1. Discussions
It is well known that, in linear deterministic systems, there
is an interesting principle of the duality between the controllability
and observability. In stochastic systems we can examine the rela-
tion between the stochastic controllability and stochastic observa-
bility. For example, consider the following dynamical systems;
x(t) = £(t,x)
(6.1.1)
dy(t) = h(t,x)dt + R(t)dw(t).
The problem of stochastic observability, which has already been defined
by the auther [S3],[S4],(S85],[S6] and [A2], for the system described
by Eq.(6.1.1), can be solved by using the same approach presented as
in Part I. For linear stochastic systems, the duality like relation
has also been obtained in [S3].
Although Part I will contribute to the study of stochastic control-
lability for nonlinear systems, the study of stochastic controllability

under noisy observations will be one of the topics of current reserches.

6.2. Concluding Remarks

New definitions of the e-controllability and the complete control-
lability has, in Part I, been established for a general class of
nonlinear stochastic systems. Theorems were also stated giving suf-
ficient conditions and/or necessary and sufficient conditions for
the stochastic complete controllability. In particular, influences
of nonlinearities exhibited in stochastic systems on the stochastic

controllability have been exploited by the stochastic Lyapunov func-
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tion-like approach. However, we pause for a moment to remark that

a large body of stochastic controllability results depends on a choise
of the V(t,x) function based on a type of nonlinearities as in the
deterministic situation.

We shall close Part I by discussing briefly some results on a
rather significant probrem of stochastic controllability theory.
Which of all the controllability concepts we have mentioned is most
useful, or most significant? Thilis must depend on the problem on a
possibility of establishing a feasible algorithm for generating the
control signal which transfers the initial system to the target
domain within the preassigned time interval. From this point of
views, the stochastic e-controlability concept may be concluded as a
useful concept in connection with the hitting probrem described in

Chap. 5.



PART 2
OPTIMAL CONTROL AND CONTROLLABILITY
FOR

STOCHASTIC DISTRIBUTED PARAMETER SYSTEMS
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CHAPTER 1, INTRODUCTION

In view of the recent trend of rapidly advanced technology in
particular, industrial, biological environmental and social sciences,
it is more adequate that partial differential equations are introduced
to describe the dynamical behaviors of system rather than ordinary
differential equations. In practical problems, one or more coeffi-
cients of distributed parameter systems are random because measurement
of physical properties of the system considered intrinsically exhibits
various kinds of uncertainties. Thus, in order to solve problems of
finding the optimal control and controllability of stochastic dis-
tributed parameter systems, our attention should be placed on a general
class of stochastic partial differential equations whose differential
operator contains random coefficients. Considering the distributed
parameter systems modeled by a stochastic differential equation of
Parabolic type and Hyperbolic type, in Part 2, the optimal control
and controllability problems are solved by using the notion of the
well-known function space analysis, where statistics of random coef-
ficients are considered to be the Markov chain process and the white
Gaussian noise process.

The main body of Part 2 is concerned with the distributed optimal
control, the boundary optimal control and controllability of stochastic
distributed parameter systems.

1.1, Historical Background

The historical background is divided into the following two

aspects.
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1.1.1. Optimal Control

A valuable work for distributed parameter systems was initiated
by Butkovskii [B6]. His work was concentrated on problem formulation
and the derivation of a maximum principle for a certain class of dis-
tributed parameter systems governed by a set of nonlinear integral
equations. Subsequently, Brogan [B7] and Wang [W4] studied in detail
the optimal control problem with various performance indices. Recent-
ly, using the function space representation technique, Lions [L4] de-
veloped a general discussion of various aspects of optimal control
of linear deterministic distributed parameter systems with the aid of
variational inequality. In analogy with the stochastic lumped parame-
ter systems, significant contributions to the stochastic distributed
parameter systems were made by Kushner [K9] and Tzafestas [T1]. 1In
both [K9] and [T1], only the additive noise disturbances were considered
and very complex calculations were demanded. From the recent advance
of semi-group and generalized function theory [Y1],[K10],[K11],[G3],
Balakrishnan [B8], Bensoussan [B9]+[B11] and Curtain [C3],[C4] have
been succeeded in establishing the total theory of optimal control and
estimation problem for stochastic distributed parameter systems with
additive noise disturbances. However, in the excellent works by
Bensoussan and Curtain, the randomness of coefficients in the partial
differential operator was not considered., For a class of stochastic
distributed parameter systems with random coefficients, first Boyce
challenged to study the stochastic properties of solution process
behaviours by introducing the honest and dishonest methods [B12] and
Tsokos [T2] and Sunahara [S9] discussed about the optimal control

problem with the aid of random eigenvalue problems. In these works,
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the randomness of coefficients was restricted to the class of ran-
dom constants. Recently, Sunahara and the author made an effort to
formulate the mathematical system with stochastically varying coef-
ficients and studied various types of optimal control problems,

[S10] ~ [s15],[P1].

1.1.2. Controllability Problem

For the deterministic controllability problem of distributed
parameter systems, first, Wang has established in analogy with the
well-known Kalman’s theory,[W4]. However, since the fundamental
solution stemmed by the semigroup associated with the system operator
can not easily be obtained, it is difficult to examine the controlla-
bility conditions by Wang. Fattorinii considered another controlla-
bility definition and obtained the necessary and sufficient condition
for complete controllability with the aid of spectral representation
theory, [F3Iv[F5],[T3]. Recently, many investigators pay their atten-
tions to generalize the Fattorinii's works. Russell [R1]v[R4] and
Trigianii [T4]v[T6] have studied for various types of deterministic
distributed parameter systems. For stochastic distributed pa-
rameter systems, Sunahara and the author [S16] presented a new defi-
nition of stochastic controllability and obtained the sufficient con-
ditions for nonlinear stochastic distributed parameter systems with

additive noise disturbances.

1.2. Problem Considered

In Part 2, we consider problems of optimal control and con-

trollability for a class of distributed parameter systems with sto-

chastic coefficients.
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The dynamic behaviour of a large number of distributed parame-
ter systems can be described by the following two types of stochastic
partial differential equations:

i) Parabolic type
__a__auég £) + A(t,x,w;D)ult,x) = B(t,x)f(t,x)
for (t,x)eTxG
(1.2.1)
u(to,x) = uo(x) for xeG

- n
B (t,x;Dx)u(t,x) = gj(t,x) for (t,x)eTx3G and j = 1,2,"‘5

J

ii) Hyperbolic type
3%v(t,x)
S VAL,X) + A(t,x,m;DX)v(t,x) = Bilt ;%) (% yx)
L for (t,x)eTxG

(1.2.2)
v(to,x) = vo(x) for xeG

J
In EgsJ(1.2.1) and (1.2.2), the operator A(t,x,w;Dx) contains the sto-

n
B (t,x;Dx)v(t,x) = gj(t,x) for (t£,x)eTx3G and J = 1,2,---5

chastic coefficients whose principal part is of order n,

/2

{Bj(t,X;Dx)}le are deterministic boundary operators and f(t,x) and
{gj(t’X)}jZ{z are respectively distributed and boundary control
signals.

Characterizing the stochastic coefficients by Markov chain and
white Gaussian process, Egs(1l.2.1) and (1.2.2) are represented as
stochastic evolution equations in the Hilbert space. In Part 2, we
consider the following three important problems, i.e.,

(1) Optimal distributed control problem
(2) Optimal boundary control problem

and

(3) Stochastic controllability problem.
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1.3. Summary of Contents

For the purpose of studying tne optimal control problem, first
the precise mathematical model of dynamic systems is formulated by
knowledge of function space representation. The optimal control
problems and stochastic controllability problems are discussed in view
of various kinds of stochastic coefficients and related informa-
tion.

Part two 1s outlined as follows:

In Chap.2, establishing the operator valued stochastic integral,
the precise mathmatical model of dynamical systems 1is costructed on
the well-known Sobolev spaces.

In Chap.3, the optimal control for the system with Markov chain
coefficients is first derived under sample information of stochastic
coefficients., Secondly, introducing the stochastic eigenvalue problem,
the suboptimal control scheme is exploited without sample information
of stochastic coefficients.

Chapter 4 contains the boundary optimal control for distributed
parameter systems with Markov chain coefficients. From the Green’s
formula, the infulence of boundary control to the interior domain of
state variable is precisely investigated.

In Chap.5, for systems of Parabolic type with white Gaussian
noise coefficients, the optimal control problem under quadratic per-
formance criteria is studied by using the dynamic programming approach,
and various kinds of numerical examples are also demonstrated.

In Chap.6, by invoking Maximum principle, the optimal control
under perfect and noisy observations for systems of Hyperbolic type

with white Gaussian noise coefficients is derived.
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Chapter 7 involves the general theory of boundary optimal con-
trol for systems of Parabolic type with white Gaussian noise coef-

ficients. Corresponding to the boundary operators, the optimal

boundary control gain is obtained associated with various types of
operator Riccati equations. In the final section, giving precise form
of boundary operators, i.e., Dirichlet, Neumann and mixed type bound-
ary conditions, the exact optimal boundary controls are shown by an
numerical example.

In Chap.8, in analogy with the results of Part 1, the new
definitions of stochastic controllability are presented. Suf-
ficient conditions of stochastic controllability are derived for
systems of Parabolic type with white Gaussian noise coefficients.
Using the eigenvalue expansion method, easily checked conditions

are also demonstrated.
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CHAPTER 2. MATHEMATICAL PRELIMINARIES

2.1, Basic Definitions and Symbolic Conventions

In order to study the optimal control of distributed parameter
systems, it may not be allowed to bypass the basic knowldge of the
functional analisis. Consequently, several important results estab-
lished already in the framework of functional analysis, are summarized,
including related symbolic conventions.

Let G be an arbitrary open set in R(n)

(x={x9,%,,**x }eCG, dx=
dxl~dx2---dxn) and 3G be the boundary of G. Dg denotes a linear

partial differential operator on G such that

o)
p _ 3l

(2:1:1) DX =
3

axpl---axpn
1 n

where |p|= p; + p, **°°t p,

2
We need the following background knowledges of the well-known

Sobolev space,[L5].

(1) L2(G)—Spaces: We denote by LZ(G) the space of (classes of) func-

tions u which are square integrable on G, i.e., measurable and

/2

1
(2.1.2) = ( IG w? dx ) < w

ITall 2 q)

We shall often set as
2
(2.1.3) L (G) = H(G).
It is a classical result that L2(G) is a Hilbert Space for the

scalar product,
(2.1.4) (u,v)L2(G) = IG u(x)v(x) dx ,

associated with the norm (2.1.2).
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i .
(2) Hm(G)—Spaces: Let m be an integer = 1. Briefly speaking the

Sobolev space H(G) of order m on G is defined by
. m ¥
(2.1.5) H (G) = {u] D;u ¢ 1°(G) for o , |a|sm},

We provide H"(G) with the norm:

1/2

(2.2.6) [lullm @ (% | m”D uIIL (G)) '
aS

[Proposition 2.1]: With the norm (2:1:5)5 H™(G) 1s a Hilbert space,

the scalar product of two elements u,v e H™(@) belng given by

(2.0+7) %) =) (D u va) 2 ;

H2 (@) la}<m L°(@)

Remark 2.1.1: 1If m1>m>0, we have the strict inclusions
ml m 2
(2.1.8) H *(G) < H (G) « L (G) = H(G) .

s Tt
(3) H (3G)-Spaces : Let Sj, j=1,2,++ev be a family of open bounded

(n)

sets in R , covering 3G, such that, for each j, there exists

an infinitely differentiable mapping

x >y, (x)

wj '

of 8, » 1={y| y={y ,yn}, ly*|<1, -1<y <1 } such that ¥y has an

d
inverse

-1
y > Uy (y)
which is also an infinitely differentiable mapping of 1 - ej,

wj mapping ejnG > ﬂ+= {y] yer7, yn>0 }.

T The hypothesis "m is an integer" is not essential. For the
definition of Non-Integer order Sobolev space, see Ref.[L5].

Tt We assume that the boundary 3G of G is a (n-1) dimension
- al
infinitely differentiable variety. G being locally on one side of
G. (i.e. we consider G a variety with boundary of class C%.)
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Furthermore,let the following compatibility conditions hold:
atii ejneiz¢, there exists an infinitely differentiable homeomorph-
ism Jij of wi(einej) onto wj(einej), with positive Jacobian, such
that

¥
¢j(X) = Jij(wi(X)) X € einej

Let {aj} be a partition of unity on 3G having the properties:
aj e D(3G)= space of infinitely differentiable functions on 3G,
aj with compact support in ej”Bstzlaj=1 on 9G.

If u is a function on 3G, then we decompose

(aju)

u =
J

I~ <
=

and define
w;(aju)(y',o) = (aju>(¢31<y',o)), y' e fnly =0}

Since uj has compact support in 3Gn6,, the function w;(a u) has

J

compact support in fn{y =0} and therefore we may also consider
n
w;(aju) to be defined in R;') by extending it to zero out of

ﬂn{yn=0}. A mapping

u > w;(a.u)

J
1 (n-1)
is a continuous linear mapping of L (8G)-~L (Ry, ), of D(3G)~
D(R;?_l)) and extends by continuity to a continuous linear mapping

of D'(BG)+D'(R§?—1)).

Now, we define

(n-1)

(2.1.9) HS(aG) = {ul,w;(aju) € HS(Ry, 1, d=l B,%wwy }

which is valid for any real s,
S (n"l)
By invoking the local charactor of H (Ry' ), we see that
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the definition of (2.1.9) is independent of the choice of the
system of local maps {ej,wj} and of the partition of unity {aj}.

We may take the norm

s * |2 )1/2
< LI )

which, of course, depends on the system {ej,wj,aj}. We easily

(2.1.10) ||u ”HS(aG)

verify that with Eq.(2.1.10), HS(BG) is a Hilbert space and that
the different norms (2.1,10) with respect to aj are equivalent,

(4) Hg(G)-Spaces: Since the mapping
{aJu | 0s< 1 }
> <j<g-—
RPN J<s-3

vanishes on D(G) and is a surjection of

S=j——
#%(e) » mH 2 2(36),
0<j<s-=
39u =g
where -5 = normal j-order derivative on 3G, orilented toward the
v
il

injector of G, it follows that, if s>§ s, the space D(G) is not
dense 1in HS(G). In general, we shall set:

(2.1.11) HS(G) = closure of D(g) in HS(G).

(5) H-S(G)—Spaces: For any real s>0, we define

(2.1.12) H °(6) = dual of Hy(G),

™

and furthermore if m is a positive integer, then every fcH (G)

may, in non-unique fashion, be represented by

2
(2.1.13) f = pPr f eL°(Q) .
$1anxe * Tpt (@

For convenience of the present description, the principal symbols
used here are listed below:

t: time variable, particulary present time



- 69 -
T: open time interval, ]to,tf[
u(t,x), v(t,x): scalar functions representing the state variable
of the system, respectively

L(X;Y): family of bounded linear mappings from X to Y

the inner product and the norm in the space "*",
respectively
(*): adjoint of (+)
We shall consider a topological probability space (Q,F,P;Ft)
where F is the minimal oc-algebra of Borel sets of @, P the stochastic

measure defined on Q and {Ft} the monotone increasing and right

tzg
0
continuous family of sub-Borel sets of F. For the purpose of studying
the stochastic process, based on the notion of field, we need the
following new concepts of Hilbert spaces.

Let X and Y be two Sobolev spaces.

2
(6) L (Q,P3;X)-Spaces: In analogy with the definition of LZ(G) space,

we define
2 2

(2.1.14) L (2,P;X) = {u| E{[|u]|y}<=}.

(7 L2(T;L2(Q,P;Y))-Spaces: From Eq.(2.1.14), we define
2 ?(0312(2,851)) = tustu(t)}, . | [ B[ u(s) | at<m }
(2.2,18) L (T3l (§,P; = {u={u( patg I u &

(8) L2(Q,P;X|Ft)—Spaces: The space of functions u(t) is denoted by
L2(Q,P;X|Ft), whose elements belong to L2(Q,P;X) and furthermore
Ft—measurable.

(9) L2(T;L2(Q,P;Y)|Ft)—Spaces: All functions u(t) are elements of

L(T;L2(2,P;Y)) and F -measurable.

2.2. Mathematical Models of Stochastic Distributed Parameter Systems

In analogy with the lumped parameter system, a class of the
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physical systems 1s modeled by the stochastic partial differential
equations with additive noise disterbances fc3],[B10],[K9]. For
nonlinear stochastic distributed parameter systems with additive
noise, Sunahara and the author established the matnematical model
in Hilbert space with the aid of the method of functional analysis,
[816].

In this chapter, we concentrate our attention on more practical
distributed parameter systems, that is, stochastic distributed pa-
rameter systems with stochastic coefficlents.

i) Paraboliec type: Consider a distributed parameter system described
by
du(t,x)
(2.2.1la) —m— + A(t,x,w;Dx)u(t,x) = 0 for (t,x)e TG
with the inigzal condition,
(2.2.1b) u(to,x) = uo(x) for x ¢ G
and the boundary conditions

(2.2.1c) Bj(t,x;DX)u(t,x) = 0, for (t,x) e Tx3G and j=1’2’...’2
2

where Bj(t,x;Dx) 1s a deterministic boundary operater and A(t,x,w;Dx)
is a linear elliptic partial differential operator with stochastic
coefficients such that

M
(2.2.2)  A(t,x,u3D,) = A (t,%,0;D ) + As(t,x,w;Dx)
where

M M
(2.2.3) A (t,x,w3D.) = J a4 (t,x,w0)D"
X [p|irs®s X
|p|=sn

and

(2.2.4) A®(t,x,w3D,) = N . p
L |§|53 21p) (£, 30w ) (£)D)
2

M
and where alpl(t,x,w) (Ilpl=1,2,+++,n) are right continuous and almost
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sure uniformly bounded Markov chain processes and ﬁlpl(t) (|lpl=1,2,--
-,g) are white Gaussian processes. In order to guarantee the exist-
ence and uniqueness of the solution process to Eq.(2.2.1), we need
the following hypotheses.

(Hypothesis-2.2.1): anl(t,x,w) (lpl= 1,24,°++,n) are right continu-
ous Markov chain fields in t.

(Hypothesis-2.2.2): anl(t’X> (lpl= 1,2,---,2) are deterministic

and sufficiently smooth functions in t and x.2

(Hypothesis-2.2.3): wlpl(t) (lpl= 1,2,---,2) are mutually independ-
ent standard Brownian motion processes.

(Hypothesis-2.2.4): The Brownian motion processes w pI(’c) (Ipl=ls24

n
---,E) are independent of the Markov chain processes aM

p| (E2%50)

(lpl= 1425%°=;n):
I B
Guided by the notion of Sobolev spaces, H2(G) and H 2(G), we
.l..

shall denote VEPy n -
(2.2.5) V = H§(G) or Hg(G) < V < H2(G)
and V' is the dual of V. PFurthermore, according to definitions stated
in the previous section, we summarize two spaces which are useful to

define a new operator valued stochastic integral,

o] 2

{ V={v(t)}t>t Iv(t)eLz(T;Lz(Q,P;V)IF ), v(t) is a t-
=to

step function on T and fTE{||V(s)||V}ds <M}

T If the boundary conditions {Bj(t,x;DX)}3213 are stable,[L5], we

n/2 n/2 . .
set V=H (@) }i.e. Hy (@) contains the boundary conditions

0 n/? n/2 n/2
{BJ-(t,x;Dx)}J.=1 ), and on the other hand, we set Hj cVe H (G).
The precise selection of the space V will be shown in numerical
examples,
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(2) Liar(Q,P;HIFt)

{ Vﬁ{V(t)}t . ' ¥(t) is measurable relative to Fy for
zTg

e

all teT, E{llv(t)llz} < » and E{ ?r(t)|FT }=v(1)
for t > 1 }

By the knowledge of Sobolev spaces mentioned previously, we can
formulate the precise mathematical description of considered dynamical
systems. Before stating the detailed concept, the operator valued
stochastic integral is defined.

2 -
[Definition-2.2.1]: For v (t) e Lo, (T;L°(,P;V)|F, ), we define
nt step £

i n'-1
A
(2:2.6) J dAS(s,w)[vn'(s)] = Z ) nanl(t,x)Divn'(ti,x)[wlpl(ti+1)
ty i=lp|<5

s p
- wlpl(ti)] +|g|sna|p|(t’X)Dan'(tn"x)[wlpl(t)

- Wlpl(tn')] :

The following proposition i1s a direct consequence of the strong
measurability of all elements of L2(T;L2(Q,P;V)|Ft).
[Proposition 2.2.1]: If v(t) is an element of L(T;L2(0,P;V)|F,),
there exlsts a subsequence Vn,(t) € Lgtep(T;Lz(Q,P;V)IFt), n'= 1,2,
*+*+ such that for any [alsg and any z e L2(Q,P;V),
(2.2.7) 1im [EOE{(Dzv(s) - Dyv ,(s),z)ﬁ}ds = 0.

# ¥ n

From Proposition 2.2.1, we have the following definition:

[Definition-2.2.2]: The stochastic integral ftodAs(s,w)[v(s)] is

, 2 2
defined by the mapping from v ¢ L°(T;L (Q,P;V)IFt) to Li

ar(Q,P;C(T;

HIFt)), as follows :

t
(2.2.8) jZOdAS(t,w)[v(s)] =n}3E/tOdAs(s,m)[vn'<s)] .
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From Definition-2.2.2, we obtain the following proposition,

[Proposition 2.2.2]: For t>t, it follows that

t s T 5
(2.2.9) E{ftOdA (s,w)[v(s)]|FT} = [tOdA (s,w)[v(s)],
and

G
(2.2.10) E{([todAS(S,w)[V(s)],IZ a8 (s,0)[v(s) D) )
0

t s p s

) n(alpl(S,X)va(s,x),aI

t
0 S—
l_pl o

(s,x)Dpv(s,x)) ds}
pl X H

t - A~
s
E{[tO(A (s)v(s),A%(s)v(s))ds} .
For convenience of descriptions we set
2 Ipl
AS p 2
AW (8) =1 (-1)  pP(a¥  (t,x))D°(e) € L(V;V') .
x lpl X
Ipl<
The Proposition 2.2.2 can easily be obtained from Definition-
2a2sls
For the purpose of describing the existence and uniqueness theo-
rem for the dynamical system considered, we need the condition for
. . . M s
the partial differential operators A (t,x,w;DX) and A (t,x,w;DX),
i.e., the so-called stochastic Coercivity condition. We assume that
M M
A (t,w) = A (t,x,w;DX) e L(V3;V'") w.p.1l .
Coercivity condition 2.2.1: TFor any v e V, and all t ¢ T, there

exists a positive constant a such that

2
M AS 2
(2.2.11) 2<A (t,w)v,v> = <A (t)v,v> 2 al| v ”V w.p.1l,

where <-,+> denotes the duality between V and V'.
According to the new operator valued stochastic integral in

Definition-2.2.2, the existence and uniqueness of solution u(t) to
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Eq.(2.2.,1) is stated in the following theorem.
[Theorem-2.2.1]: Under the Coercivity condition-2.2.1, Eq.(2.2.1)

can be rewritten by,
t M t ]
(2.2.12) u(t) + ftOA (s,w)u(s)ds + /todA (s,w)lu(s)] = Uy, 2.s.

Furthermore, Eq.(2.2.12) has a unique solution with the initial

condition u(to) = Uy € H, such that
2 2 =
(2.2.13) u e L(q,p;L5(T;v)) o LO(Q,P;C(T;H)),

and we have the energy inequality which will be useful to prove the

stochastic property of the solution u(t),
2 t 2 2
(2.2.14) E{|[u(t) [|4} + aftoE{IIu(s)l|V}ds < E{||u(0)||H}.

Proof will be shown in Appendix-A.

i1) Hyperbolic type: We shall consider a physical system described

by
3ot &)
(2.2.15a) ‘;;5—___ + A(t,x,w;DX)v(t,x) = 0, fov (t,%) e TxE

with the initial and boundary conditions

(2.2.15b) v(to,x) = vo(x) for x ¢ G

(2:2.15¢) v(to,x) = Vo(x) for x ¢ G
and

n
(2.2.154d) BJ(t,x,;Dx)v(t,x) = 0, for (t,x) e Tx3G and j=l,2,---,5,

n
where Bj(t,x,DX) (j=1,2,---,5) are deterministic boundary operators
and A(t,x,w;Dx) is a linear elliptic partial differential operator
such that

D s
(2.2.16) A(t,x,w;DX) = A (t,x;DX) + A (t,x,w;DX)

where



D D
(2.2.17) A (t,x5D.) =§ a _ (t,x)p°?
X p X

and

2.2.18) AS(t,x,w;D.) = S " p
( ) (t,x,w X) alpl(t,x)wlpl(t)Dx

l

We need the following hypotheses on the above mentioned opera-

lsﬂ
2

tors.

(Hypothesis-2.2.5): aDp (t,x) (lpl= 1,2,++,n) are sufficiently

smooth deterministic functions in t and x, and differentiable
in t and x.
(Hypothesis-2.2.6): The operator defined by Eq.(2.2.18) satisfies
the Hypotheses-2.2.2 and -2.2.3,
As in the Parabolic type model, we shall work with the Sobolev

2 n/2
spaces, Hn/ (G) and H / (G). Let V and V' be respectivelyff

o . .
(@) or Hg(a) c V ¢ H2(G)

o s

(2,2.19) VvV =H
and
(2.2.20) V' = dual of V .

Guided by the notion of Sobolev spaces V and V', Definition-
2.2.2 and Hypothesis-2.2.6, it is easily found that the following

stochastic integral is defined:

£ - A £ s p
(2.2.21) [tOdA (s,w)lv(s)] = ft0|g|s§ aIpFS’X)va(S’X)dW|p|(S)

¥ i2) 2
for v € L™ (T;L (Q,P;V)lFt)

and

+ For convenience of the description, we assume the principal
part of AD(t,x;Dx) is symmetric.
tT See comments in pp.71.
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t v
(2.2.22) E{(ftodAs(S,w)[V(S)],ftodAS(S,w)EV(S)])H}

a E{IEO(KS(s)v<s>,Ks(s>v(s>)Hds},

We shall further assume that
D ¥
(2.2.23) AP(t) = AP(£,x3D,) € L(V;V') for "t e T
and

2
% | 2
(2.2.24) A?t)= I (-1 pIDp(anl(t,x)) Di e L(V;V') .

<= X
|p|<3
In order to support the existence and uniqueness of the solution

process v(t), the following Coercivity conditions are useful.

(1)

Coercivity condition 2.2.2: There exist a1>0 and BleR such
that
D ¥ ¥
(2.2.25a) <A (t)v,v> + el||v ||H > alllv ||V , for veV and teT,
and furthermore yl>0 s
2 t

D
(2.2.25b) <A (t)v,v> = Yl||v IIV
, : (1)
Coercivity condition 2.2.3: There exist azeR (a2>0) and Y2>O such
that
(2.2.26) [ ||2 < <K52(t) > < s ¥ ¥
o 2 a |l vlly < V,v> < Y2||v||V , for veV and 'teT.
For convenience of theoretical development, Eq.(2.2.15) is rep-
resented by the vector notation in the following theorem.

[Theorem-2.2.2]: With Coercivity conditions-2.2.2 and -2.2.3, Eq.(

2.2.15) can be rewritten by
t t
(2.2.21) 2(t) + [y K(s)zta)as + ai®(s,0)[2()] = 2, a.s.,
0

where z(t)=[v(t), v(t)]' and

D 'D °
+ A"(t) denotes } a 7 (t,x)Di and we assume AD(t)eL(V;V‘).
plsn
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15 0 . :
(2.2,28) J dXs(s,w)[z(s)] = | ¢ AD(t) _ [ ] J
o ftodAS(S,w)[v<s)ﬂ AY(t) O

.
3

Furthermore, Eq.(2.2.27) has a unique solution with the initial con-
dition z(to) = ZOeVXH such that
2 = 2 -
(2.2.29) z e L (Q,Py C(T;¥)) x T (Q,P3 C(T:H)) .

Proof will be demonstrated in Appendix-B.

2.3. Mathematical Models of Dynamical Systems

In this section, several types of mathematical models for the
dynamical systems to be controlled are established:

i) Parabolic type systems with stochastic coefficients

[Definition-2.3.1](System Zl) Markov chain coefficients model with

distributed control signals

Let u(t,x) be a scalar process of dynamical system given by

M
(2.3.1) X4 e, x05D)ult,x) = B(6,1)£(E,%), for (£,x)eTxa

with the initial condition u(to,x) = uo(x) for xeG and the boundary

conditions B (T yx; D Ju(t,x) = 0 for (t, x)eTXBG and j= 1,2, "°,2 .
For the partlal differential operator A (tyx;wsD ) with Markov

chain coefficients, Coercivity condition-2.2.1 in Sec.2.2 is

considered.

(Condition-2.3.1) The control signal f(t,x) takes the value in a

convex subset U of a fixed Hilbert space, that is, E{le|f(s)||§ds}

< o
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(Condition-2.3.2) B(t,x) is restricted as follows:
(2.3.2) B(t) = B(t,x) ¢ L (TsL(UsH)})

With Theorem-2.2.1, the dynamical system (2.3.1) is represented

-'-
by
du(t) 4+ AM(t,w)u(t) = B(t)f(t) , for teT
(2.3.3) Iy| dt
ulty) = yy

in the spaces V,H and V'.
[Definition-2.3.2](System 22) Markov chain coefficients model with

boundary control signals

Let u(t,x) be a solution process of dynamical system given by

(2.3.4a) 35%%151 * AM(t,x,w;Dx)u(t,X) = 0, for (t,x)eTxG
with the initial condition u(to,x) = uo(x) for xeG and the boundary
conditions
(2.3.4p) Bj(t,x;DX)u(t,x) = gj(t,x), for (t,x)eTx3G and j= 1,2,--,2,
where gj(t,x) (3= l,2,---,£) are boundary control signals.

Coercivity condition-2.2.1 for the partial differential
operator AM(t,x,w;Dx) is considered:
(Condition-2.3.3) The boundary controls gj(t,x) (j= 1,2,---,%)
belong to L2(T;w), where 1
-n.-%

N ) n n
(2.3.5) W= 0 L°(Q,P;H J "(3G)) for j= 1,2,+++,7 and nJSn—l .
J

+ As Eq.(2.3.1) does not contain the partial differential operator
with Gaussian coefficients, the differential equation form Eqg.(2.3.3)
has the precise mathematical meaning.
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(i) Natural Boundary Condition Case [order{B,(t)}zn/2+1 for any jJ

i
From Theorem-2.2,1, Eg.(2.3.4) can be represented by

dulg) MMt 0ult) = 0, for ter
(2.3.6a) 22 dt sw)u ) ) or €
u(to) = u,

with the boundary conditions Bj(t)u(t)|3G= gj(t) (j=1,2,+++,n/2) in
the spaces H,V and V'.
(ii) Stable (Mixed) Boundary Condition Case [See Ref.[L5]]

In this case, the solution of system 22 is considered as a weak

solution of the corresponding stochastic equation;

1 1
*
(2.3.60) I, | f Pluce), 1= 2+ A" (e,0vrat = (uy, vity)) -
%o
n/2 te M
-1 J (g,.(t), T.(t,w)V),,dt
o iy J oG
j=1 to
%
for any Velw| YeH (G) and B;(t)y = 0 on 3G for j=1,2,++,n/2}, peC(T;H) 1
%
and w(tf) = 0 and where {T?(t,w)}?ii is selected as the system {Bj(t),
T?(t,w)}?éi becomes a Dirichlet system. (The precise form of

{T?(t,w)}?ﬁi will be shown in Chap. 4 with the aid of Green's formula.)

[Definition-2.3.3](System 23) White Gaussian coefficients model with

distributed control signals

Let u(t,x) be a scalar process determined by

du(t,x)

(2:.3.7) —r + [AD(t,x;DX) + As(t,x,m;Dx)]u(t,x) = B x)f(esx)
for (t,x)eTxG ,

with the initial condition u(to,x) = uo(x) for xeG and the boundary

conditions Bj(t,x;DX)u(t,x) = 0, for (t,x)eTx3G and j= l,2,~'~,§,

where the partial differential operators AD(t,x;DX) and As(t,x,w;DX)

are defined by Egs.(2.2.17) and (2.2.18) respectively.

T T denotes the closure of T, i.e. T = [tgstel.
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D, 4,0 . )
In stead of AM(t,x,w;DX), the operators A" (t)=A (t,x,DX)eL(V,V )

gl

i 3 isf
and I (t) associated with As(t,x,m,DX) are assumed to sat v

Coercivity condition-2.2.1 and furthermore f(t,x) and B(t,x) to satis-

fy Conditions -2.3.1 and -2.3.2, respectively.
Theorem-2.2.1 guarantees that, with the precise mathematical

meaning, for teT, Eq.(2.3.7) can be represented by

t
(2.3.8) 1.1 u(t) + J° aP(s)u(s)ds +  ar®(s,0)[u(s)]
| to to

3l

=u + ijB(s)f(s)ds ,

in the spaces V,H and V',

[Definition-2.3.4](System 24) White Gaussian noise coefficients model

with boundary control signals

Let u(t,x) be a scalar process of dynamical systems given by

du(t,x)
ot

(2.3.9a) + [AP(6,%30) + A% (t,x,03D,) Ju(t,x) = 0

for (t,x)eTxG ,
with the initial condition u(to,x) = uo(x), for xeG and the bounda-
ry conditions :
(2.3.9b) Bj(t,x;Dx)u(t,x) = gj(t,x), for (t,x)eTx3G and j= 1,2,-0,2
where gj(t,x) (J= 1,2,---,2) are boundary control signals.
For the operators AD(t,x;DX) and As(t,x,w;Dx), Coereivity
condition stated in Definition-2.3.3 is considered and for the bounda-

n
ry control signals gj(t,x) (J= 1,2,+++,3), Condition-2.3.3 is assumed.

(i) Natural Boundary Condition Case forder{BJ(t)}zn/2+l for any jJ
With the same procedure as in Definition-2.3,3, we can rewrite

Eq.(2.3.9) by the following stochastic evolution equation built



w B

on the spaces V,H and V\;
t t
2Ps)uts)as + J dA®(s,w)[u(s)]

(2.3.10a) }, | uCe) + f
0 o

£
= Uy, for teT,

with the boundary conditions Bj(t)u(t) = gj(t) (I=1 ;250w /2 )

(ii) Stable Boundary Condition Case [ order{B,(t)}s<n/2 for any jJ

J
In this case, the weak solution to ], is defined by

i t
(2.3.300) 3, | £ ace), £ - B+ 2 0)eDas
t
’ e s¥
+ f (u(t), aaS*(t,w)[p])
45
0
n/2 tf
= (ueg)s wleg)) + I [ gy (0). By 0)u yqat
j=1 tO
for any ye{y | veH"(G) and B;(t)w = 0 on 3G for j=1,2,¢++,n/2},

n/?2

77 is a subset of a
J=1

veC(T;H) and w(tf) = 0 and where {@J(t)}
*

Dirichlet system {8](t), %j(t)}?ii.

(iii) Mixed Boundary Condition Case

As is mentioned in Definition-2.3.2, a weak solution must be

considered. The precise formulation is demonstrated in Appendix C.

Furthermore from Definitions-2.3.1 to -2.3.4, we can define the
dynamical systems with both Markov chain and white Gaussian noise

coefficients, which are called here mixed coefficients model.

[Definition-2.3.5](System 25) Mixed coefficients model with distri-

buted control signals.

Let u(t,x) be a scalar stochastic process represented by
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. t 5
(2.3.11) Zg| u(t) + ft A (s,w)u(s)ds + ]t dA” (s,w)[u(s)]
0 0

= o, IZOB(s)f(s)ds 3

in the spaces V,H and V',

For Eq.(2.3.11), Coercivity condition-2.2.1 and Conditions-2.3.1
and -2.3.2 are considered:
Equation (2.3.11) with Conditions-2.2.1, =-2.3.1 and -2.3.2 is speci-
fied by ZIg.

[Definition-2.3.6](System 26) Mixed coefficients model with boundary

control signals (Natural Boundary Condition Case)

Let u(t,x) be a scalar stochastic process represented by

t
(2.3:12) Z6| u(t) + ]: AM(s,w)u(s)ds + f dAs(s,w)[u(s)J = u

0 to .

with the bounda:y conditions Bj(t)u(t)laG= gj(t) E 1,2,...,2) in
the spaces V,H,W and V', where Coercivity condition-2.2.1 and Con-
dition-2.3.3 are considered. Equation (2.3.12) with Conditions=-2.
2.1 and -2.3.3 is specified by 26° In this model, the boundary con-

n/2 "
trol signals {gj(t,x)}J=1 are contained in the space L2(T;L2(Q,P;W)),

ii) Hyperbolic type systems with stochastic coefficients
As we may easily observe from the theoretical development in
the preceding section, it is almost impossible to assert precisely the

exlstence and uniqueness of a solution process to Hyperbolic type partial

differential equation with stochastic coefficients in the partial
differential operator whose statistics of stochastic coefficients
are specified by Markov chain process., Regarding the mathematical

version mentioned above, we are limited ourselves to consider a dis-
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tributed parameter system modeled by the stochastic partial differ-
ential equation of Hyperbolic type with white Gaussian nolse coef-

fieients.

[Definition-2.3.7](System I7) White Gaussian noise coefficients model

with distributed control signals

Let v(t,x) be a scalar stochastic process given by

2
a7v(t,x) | [AD(t,x;DX) + As(t,x,w;DX)JV(t,X) = B(t,x)f(t,x)

(2.3.13)
2t 2

for (t,x)eTxG
with the initial conditions V(to,x)=v0(x) and ;(to,x)=;0(x), for
xeG@ and the boundary conditions Bj(t,x;Dx)v(t,x)=O (j=1,2,°,n/2),
where the partial differential operators AD(t,x;Dx) and As(t,x,w;Dx)
are defined by Egs.(2.2.17) and (2.2.18), respectively.
Considering Coercivity conditions 2.2.2 and 2.2.3, and Condi-
tions-2.3.1 and-2.3.2, Theorem-2.2.2 allows us to write BEq.(2.313)

in the form,

(2.3.14) 2

v
S ae) + thXD<s)z<s)ds n f};odks(s,w)[z(s)]

t'\l
=z + ft B(s)f(s)ds
0

0

in the spaces, VxH, VxV and V', where all terms of the left hand side
of Eq.(2.3.14) are determined by Egs.(2.2.28) and (2.2.29) and, fur-

thermore,

t o A (T [ 0 ]
(2.3.15) [y B(s)f(s)ds = | [B(s)7(s)|%
0
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[Definition-2.3.8](System 28) White Gaussian noise coefficients model

with boundary control signals (Natural Boundary Control Case)

Let v(t,x) be a scalar stochastic process given by

2
3%v(t,
(.5, 18ay L TeERRS 14D (6, x;D,) + A(t,x,u3D ) Iv(t,x) = 0,

ot
for (t,x)eTxG

and the initial conditions v(tg,x)=v,(x) and v(tq,x)=vy(x), for xG

and the boundary conditions
(2.3.16b) Bj(t,x;Dx)v(t,x) = g5(t,x) , for (t,x)eTx3G and j=l,2,--,g

where gj(t,x) (j=l,2,~~~,g) are boundary control signals which satis-
fy Condition-2.3.3 in Sec.2.3. From Coercivity conditions-2.3.1
and-2.3.2, Eq.(2.3.16) can be rewritten by the following stochastic

Y
evolution equation built on the spaces VxH, VxH, W and V',
t ap t g
(2.3.17) Ig| =z(t) + [tOA (s)z(s)ds + ]tOdA (s,w)lz(s)] = zy , for tel

with the boundary conditions Bj(t)v(t)=gj(t) (j=l,2,'°',g) .
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CHAPTER 3., THE OPTIMAL CONTROL FOR DISTRIBUTED PARAMETER

SYSTEMS WITH MARKOV CHAIN COEFFICIENTS

3.1. Introductory Remarks

Various aspects of the problem of determining the optimal control
for stochastic linear distributed parameter systems have been treated
with some degree of success. However, many physical examples of dis-
tributed parameter systems in engineering,biological and environmental
sciences require to consider uncertainties of system parameters. In
such problems, from the differential operator with stochastic coef-
ficients, there arises a difficulty in finding stochastic properties
of a solution process to the partial differential equation. Given
the mathematical description of the system and stochastic properties

of system parameters, it is desired to determine precisely or ap-

proximately the stochastic properties of the system state. In this
chapter, a type of finite Markov chain processes is introduced to de-
scribe the stochastic property of system coefficients. Even though
this is a more general form than the system treated in [S9] and

great difficulty would be encountered in handling certain problem of
estimating the system behaviour, it 1s not necessary for making any
further restriction on the mathematical model of the system.

In Sec. 3.2, we shall begin with the mathematical model of sys-
tem parameters considered here which is specified by Markov chain with
finite stages. Preassigning the transition probability of Markov
chain process, the original partial differential equation is con-
verted into the equation of stochastic evolution equation in the

Sobolev spaces stated in Definition-2.3.1. In Sec. 3.3, the differ-
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ential rule which plays an important role to study the optimal con-
trol problem is derived from the process determined by the solution
of a partial differential equatlon with Markov chain coefficients.
Section 3.4 is devoted to the derivation of optimal control given in
terms of a known sample value of the stochastic system parameter.

In practice, since the exact information of system parameters may not
be obtained, it may be desirable to generate the suboptimal control
on the information of parameter estimate and the entire past of the
generated suboptimal control signal, In Sec.3.5, with. the three
basic assumptions on the eigenvalues and eigenfunctilons reflecting
stochastic properties of system parameters, the computational algo-
rithm of the suboptimal control is shown. As an illustrative example,
the suboptimal control scheme is considered for a class of stochas-
tic distributed parameter systems modeled by the one-dimensional

heat equation with a Markov chain coefficient in Sec.3.6.

3.2. Model Formulation and Problem Statement

Let the state variable u(t,x) of a stochastic distributed pa-
rameter system be determined by

du(t,x) M
(3.2.1a) T3¢+ A (t,x,w3D )ult,x) = B(t,x)f(t,x)

for (t,x) e TxG
with the initial condition
(3.2.1b) u(to,x) = ug(x) for x ¢ G

and the boundary conditions

(3.2.1¢) B, (t,x;D)u(t,x) = 0 for (t,x) e Tx3G and j= 1,2,--~,g ,

n
where Bj(t’X;Dx) (j= l,2,~--,§) are deterministic boundary operators
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and A (t,x,w,DX) is the partial differential operator as is defined

in Definition-2.3.1,

M M
(3.2.2) A (t,X,wiDX) =) al |
jpjsn 1P

In Eq.(3.2.2), we assume that the coefficients a?pl(t,x,w) (lpl= 1,

p
(t,x,w)Dx 5

2,*++,n) are modeled by the right-continuous Markov chain processes
with finite stages defined on (Q,F,P). Associated with a?pl(t,x,w),

we shall define two vectors,
M M M
(3:2+3) o{byxyw) = [al(t,x,w),ag(t,x,m),---,an(t,x,w)]'

and
(3.2.4) M= [al(X),az(x),-'°,an(X)]'

where "'" expresses the transpose as usual and where
i i i
(3.2.5) o (x) = [a3(x),a5(x), 2222 (x)]

and a?(x) (i= 1,2,°°*,m, j= 1,2,°++,n) are assumed to be sufficiently
smooth functions. By two kinds of vectors a(t,x,w) and M defined above,
realizations are right-continuous piecewlse-constant functions over

T defined on the probability space (Q,F,P) and those are elements of

the vector process M. We denote realizations of a(t,x,w) at time t

and t + At by aj(x) and ak(x) (j,k= 1,2,+++,n) respectively. Thus,

for a sufficiently small At,

(3.2.6) P_[ a(t+dt,x,w) = ak(x) | a(t,x,w) = aj(x) ]

qjk(t)At + o(At), for j = k

1+ g ()bt + o(at)
i

where the initial probability is P_[ a(to,x,w) = aj(x) ] = Py
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A1l realizations ui(x) (i= 1,2,*++,n) of a(t,x,w) are assumed

to satisfy Coercivity condition-2.2.1, 1.e.,
M 2 ¥ ¥
(3.2.7) <Aj(t)v,v> 2 al[v ][y for 've Vand 1 (i= 1,2,+++,m)

where AM(t) = I at (x)Dp e LEV VY )«
N

Based on the conditions of Definition 2.3.1, Eq.(3.2.1) can be

rewritten by the following equation of random evolution in the spaces

V,H and V';
du(t) + AM(t,w)u(t) = B(t)f(t) for teT
dt
(3.2.8) 1,
u(to) = u,

Before considering the cost functional, we must describe the
precise statement of admissible control class.
Admissible Control Class: We denote the admissible control class
wad, if all elements of wad satisfy the following conditions:

M M
i) f(t) is Fi-measurable for all teT, where Ft is a o-algebra gener-

ated by {u(s)} and {a(t,x,w)} si.e.,
szto SZtO

(3.2.9) Fg = of u(s), a(s,x,w), tossst }.Jr
o, 2
i1) £ ¢ L (Q,P;L (T;U)), where U is a convex subset of H.

Consider the quadratic cost functional
(3.2.10) L(t,x,f) = (M(t)u(t),u(t))H + (Q(t)f(t),f(t))H

where M(t) and Q(t) are bounded semipositive and positive self adjoint
operators, respectively. The problem is to find the feedback opti-

o
mal control £ (t) in such a way that the functional

M
T If F. becomes o{u(s), t,<s<t},i.e., the exact information of system
parameters is lacked, tge optimal control problem is fallen into the
version of suboptimal control.(See Sec.3.4§
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t

) i
(3.2.11) J(f) = E{fto L(t,x,u) dt| ult)) = u, altg,x,0) = ag(x)}

becomes minimal with respect to fewa

d

3.3. Differential Rule for Quadratic Functional

To simplify the mathematical derivation, without loss of gener-
ality, set f(t) = 0 in Eq.(3.2.8) and define the quadratic functional

v(t,u,0) by

(3.3.1) ¥(t,u,0) = (u(t),P(6,0)u(t))
where P(t,o) 1s a bounded operator from V to V w.p.l which depends
on both time t and the realization of a(t,x,w).

Let realizations of u(t) and a(t,x,w) be u(t) and ai(x),respec—
tively. An expression of the differential rule associated with the quad-
ratic functional V(t,u,a) defined by Eq.(3.3.1) is obtained in the
following theorem.

[Theorem-3.3.1]: With the conditions of Definition-2.3.1, the follow-
ing limit exists and this is given by
E{V(t+6,u,0) [ult)=u,alt,x,0)=0; (1)} = V(t,u,0,)

(3.3.2) 1im
§->0 S

- @ IE () + e, (OF @D, - Al OTE OT - HOTA 0

" M
where the superscript "x" denotes the conjugate and Pi(t) and Ai(t)

are respectively defined by

(3.3.3) B, (8) = B(2(t,0) alt,x,0)=a, (X))

and

M i
E{A (t,w) | alt,x,w)=0;(x)} = ) al

(3.3.4) A3 (t) |
p|sn

|(x)Dp

p X
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Proof: From Egs.(3.2.8) and (3.3.1), it follows that

du(t) dp(t,a)
(3.3.5) V(t+§ ,u,a) = <u(t) + §,[P(t,0) + —o—6](ult)
du(t)
+ §)>
dt
dP (t50)

V(t,u,a) + (u(t),[——— Jult))y
dt

~ 2<aM(t,w)ult) ,P(t,a)ult)>s + o(8)

Noting that the time evolution of a(t,x,w) is independent of

the system state u(t), we have

(3.3.6) E{V(t+8,u,0)|ult)=u, al(t,x,w)=a,} - V(t,u,0,)
_ dP(t,a) _
= (u,[E{—— |a(t,x,w)=a, }]u)

at 1777H

- LAl )BT + <E (0 T,AN(6)T>18 + o(8).

The conditional expectation in the right hand side of Eqg.(3.3.6) is

dP(t,w) 1
(3.3.7) E{——— | o(t,x,w)=a,} = 1lim =[E{P(t+6§,a)| al(t,x,w)=a }
o i §+0 & i
- E{P(t,a)lu(t,x,w)=ai}] .

Recalling Eq.(3.2.6), it follows that

(3.3.8) E{P(t+6,a)|a(t,x,w)=ai}
m'\/
= zlPk(t+6)Pr{ u(t+é,x,w)=ak(x) | a(t,x,w)=ai(x) }

k
m

n ¥}
= Pi(t+6) +k;lPk(t+6)qik(t)6 + o(8)

Substituting Eq.(3.3.8) into Eg.(3.3.7), we obtain
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dP(t,a) d?i(t) m
(3.3.9) E{—EE_"__ l u(t,x,w)=ai(x) } = — +kzlPk(t)q

ik(t) *
With the results (3.3.6) and (3.3.9), the proof has been completed.

3.4, Derivation of Optimal Control

The optimal control problem will be solved by using the method
of dynamic programming. For Eq.(3.2.11), define the functional
v(t,a,w) by

g
(3.4.1) ¥(t,o,w) = min E{f "L(s,u,f) ds|F
t t
feWad

Then, from Eq.(3.2.9), it is apparent that

t
(3.4.2) V(t,o,w) = min E{f fL(s,u,f) ds|u(t)=u, olt,x,w)=a,}
feW t =
ad

Since Theorem-3.3.1 may be assumed to extend to the case where
f(t)=0, we shall write a bounded operator N(t,a) for P{(t,a) in
Eq.(3.3.1) and apply Theorem-3.3.1 to find the optimal control.

Bearing Eq.(3.3.1) in mind, we have
(3.4.3)  V(t,o,w) = (u,l(tHu)y

where

(3.4.4) m(t) = E{N(t,0,w)|al(t,x,w)=ay}

and NM(t,a,w) is a stochastic operator depending on a. From Eq.(3.4.2%
by applying the principie of optimality and by Theorem-3.3.1, the

following basic equation is derived;
. m

(3.4.5) min [M(E)T, ), + (@(E)E,0), + (G, 0T (8) + Tag, (O, (0 1Dy
“Yaa
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_ o~ - A — M e
- <AY(H)T,IL (0)W> - <T(£)U,A5(£)T>

°» % N - -
F (T, ()BEIE) + (£,BX ()T, (6)T), ] = 0,
The optimal control is thus given by
=1 & -
(3.4.6) £2(t) = - Q@ (£)BY(£)M, (£)T

provided that a(t,x,w) = ai(x) (i= 1,2,++-,m), where II;(t) satisfies

(3.4.72) I, (8) - (I (6) - (0)alCe) - T, ()B(e) THEIB ()1 (8)

m ~
+ M(t) +kzlqik(t)nk(t) =0
and

(3.4.7p) Hi(tf) =0

We now obtain the equation for the kernel ;i(t,x,y) of ﬁi(t) by
using the Schwartz Kernel-Theorem [L47.

In Eq.(3.4.7a), assuming that Q(t) = cI, where ¢ is a constant
and I an identity mapping, the version of éii%%4541l yilelds that

aﬂi(t,x,y)

(3.4.8a) - (A¥*<x;DX) + Af*(y;Dy)>ni(t,x,y>

at

- 2] m, (t,%x,2)B(t,z)B(t,z), (t,z,y)dz
CG ik ul
z

m A
+ m(t,x,y) +kzlqik(t)ﬂk(t,X,y) =0 ,
for (t,x,y) e T,XGXxGy s

with the terminal condition
(3.4.8b) ni(tf,x,y) = 0, for (x,y) e GXXGy

and the boundary conditions,
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(3.4.8¢c) Cj(t,x;DX)ﬁi(t,x,y) O, for (B,x;y) & Txagxxey

0

1

(3.4.8a) Cj(t,y;Dy)ﬂi(t,x,y)

where {Cj}?éi is an adjoint boundary system of {Bj}

, for (t,x,y) e TXGy*80,y

n/2

=1 and ni(t,x,y)

= ni(t,y,x) .

3.5. Estimate for Markov Chain Process and Suboptimal Control Scheme

As shown in the previous section, in order to generate the op-
timal control f°(t) given by Egs.(3.4.6) and (3.4.7), it is required
to introduce a relization ai(x) of a(t,x,w) which is a set of the
stochastic coefficients in the differential operator AM(t,w). Unfor-
tunately, it is,in practice, seldom possible to measure precisely
realizations of stochastic coefficients. In this section, an approx-
imate method is developed for a sample estimate of Markov chain pro--
cess under the past value of the state variable u(t,x) and control
signal fo(t). For this purpose, mathematical aspects of stochastic
eigenvalues and eigenfunctions are first developed by invoking the
knowledge of stochastic eigenvalue problems.

3.5.1. Stochastic Eigenvalues and Model of Markov Chain Processes

For convenience of discussions, suppose that the uncertainty of

coefficients contained in AM(t,w) depends only on t, i.e.,

M _ M
(3.5.1) A (t,w) = ) a‘p!

(t,w)DP
pl=n x
We need the following assumptions:
(A-3.5.1): The Hilbert space V is separable. Then the orthonormal
basis of H may be made up with elements of V. We denote these by ¢l’

¢23
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(A-3,5.2); There exists a seguence { Ai(t,w);¢i5 i= 1,2,+++} of
stochastic eigenvalues and deterministic eigenyectors such that,

for any regular function ¥,

(3.5.2a) (A" (t,000,,9) = (4 (£,0)0;,0)y

(3.5.2b) (C.(t)d, ) =0
J "2

(A-3.5.3): The relation between stochastic eigenvalues Ai(t,w) and

Markov chain coefficients in AM(t,w) is linear. Thus

(3.5.3) A;(E,0) = X (6) + ug' (BIN(E,0)

where Xi(t) is a scalar deterministic function, ui(t) is a r-dimen-
sional vector (r<n) and N(t,w) corresponds to the Markov chain coef-
ficients a¥p|(t,w),([817j)

(A-3.5.4): For all teT, the eigenvalues Xi(t,w) has the following

relations;
(3.5.4) O<Al(t,w)sx2(t,w)s---s lim Ai(t,w)= © a.s.
1500
With the assumptions (A-3.5.1) to (A-3.5.4), the weak solution

to Eq.(3.2.8) is given by

(3.5.5) u(t) =i§lhi(t,w)¢i

and E{Ilu(t)||§| u(ty)=uy} < =, where
(3.5.6) h,(t,0) = (u(t),o,)y

From (A-3.5,3), 1t can easily be seen that the hi(t,w)—process is

determined by
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dhi(t,w) -
(3.5.72) —gg—— + X;(£)h,; (t,0) + by "N (E,0)hy (E,0) = £, (%)

and
(3.5.70) hy (tgsw)= (ulty),e,)y

where f,(t) = (B(£)£°(t),0;)y .

3.5.2 Observations of Markov Chain Coefficients
Since the solution given by Eq.(3.5.5) is computed in terms of

deterministic eigenvalues ¢j’ e+o+ and ¢

¢j+%,¢j+2%, j+(r—1)$ in such a

way that the rxr matrix,

v(t) ]!

e 1 | ' o ]
(3.5.8) wu(t) = [ uj(t),uj+$(t),uj+2a(t),' SMig (pa1)m

Y]
becomes positive definite, where m denotes the multiplicity of eigen---
values. From the given information u(t,x) and fo(t,x), the observa-

tion data are acquired in the form,

(3.5.9) () = [y, (6),5 ,2(8) 0o,y gy (o))"

and

(3.5.10) F(t) = [F(3),5,,p(8) s o¥ 4 (pogym(8) D

where
(3.5.11) yj+r$(t) = (Gu(t,x)¢j+rg(x)dx
and

(3.5.12) ., ™t)

O
J4rm fGB(t,x)f (t,x)¢j+r$(x)dx

From Eq.(3.5.7a), it is easy to show that the y(t)-process is a so-
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g

lution to the differential equation,

_ - . N
(3.5.13) ki + D(E)y(e) + y(E)u(eIN(t,w)} = y(t) ,
dt
where _ .
Xj(t) 0 . e e . 0
? }\j_l_r'\Jn(t). 0O o« ¢« o 0
(3.5.14) A(t) =| - 0 . :
¢ . &
° ° no 0 AJ+(r—l)$(t)
and
[ (t) 0 e o o o 0 /]
73
? y +%(?) 0 « « «0
(3.5.15) y(t) =| - 0 2 :
. . . 0
. . ‘
L’ ° o S

Furthermore, the deterministic elgenfunctions ¢J+$ may be chosen in
such a way that y(t) becomes invertible. Consequently, from Eq.(3.5.

13), it follows that

vel g dy(t) - ~
(3.5.16) N(t,w) = u (£)y ~(£)1 - ¥ - AMe)y(e) + y(e) } .
Let the time interval Jtg,tp[ be discretized by t0<tl<t2<,°",

<tk<---tn = tf. In the right hand side of Eg.(3.5.16), we shall set
t as tk 1 and try to compute Eq.(3.5.16). An assumption that, for

a sufficiently small interval Atk = tk - tk 12 we set as

dy(t) v(ty) = y(t_q)
(3.5.17) g K-l

at
Atk
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allows us to compute Eq.(3.5.16) in an approximated form expressed

by

-1
CRP LA TRy

(3.5.18) )

U -y(ty) +y(e, 1) - a5, (6, _Iy(t,

Atk

& -
- y(t, D3 = W),

-I.

By computing N(tk), the following decision is made at time ty

(3.5.19) N(t,w) = N,

- ) - 2 _ 2
if [N(ty) - N, | = min. {|N(t,) - Nyl 5 INCty) - N, |,
2

ey [N(E) = N | )

where |+| denotes the Euclidean norm.

3.5.3 Configuration of Suboptimal Control Scheme

In this section, by using the estimation method of Markov chailn
coefficients, in what follows, the suboptimal control scheme is pro-
posed.

i) With the terminal condition (3.4.7b), the gain operator equations
defined by Eq.(3.4.7a) for all i are a priori solved by using
the digital computer.

ii) By using the estimation method of Markov chain process stated in
Sec. 3.5.2, we can obtain the approximated value for the reali-
zation of a(t,x,w) as ﬁi'

iii)If from the above mentioned decision rule, we obtain the approxi-
mated value ﬁi for the realization of a(t,x,w), we take the gain
operator Hi(t) at every time t, (k= 1,2,++¢) .

The configuration of the suboptimal control system 1s shown in

Fig. 3.:5:l
t+ At initial time t=t0, we assume that the information of N(to,m)
is given.
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;——-Markov chain N(t,w)

System Dynamics

du ult)
== = Bf
< t A(t,w)u
f
—Controller
-1 *x_ — T /
f(t) = - Q B I,u
o L - Decision Mechanism
N(t) = N, _
(t) 5 1
Riccati equations
m
l— i —l

Fig. 3.5.1 Configuration of the suboptimal control system

3.6. An Illustrative Example

Consider the one dimensional heat equation:

2
32u(t,
(3.6.1a) 228X ey 4 g(t)a(t,w)}_f_(?i) = b(£)£(t,x)
9X

for (byx) e Tx]0,1[

with the initial and boundary conditions
(3.6.1b) u(to,x) = uo(x) = sinznx . for x ¢ J0,1[
and

(3.8.18) ulty0) = ult,;1)

1l
(<)
v

for teT ,

where a(t,w) is a Markov chain coefficient with finite states whose
stochastic behavior is specified by
qjk(t)At + o(At) for j=k

(3.6.2a) Pr{a(t+At,w)=ak| a(t,w)=aJ } o=
1+ qjj(t)At + o(At)
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and

(3.6.2b) Pr{ a(to,w)=aj} = pj.

In this example, choosing V = Hé(G), from Coercivity condition-2.2.1,

we assume that, for all j= 1,2,+++,m and teT, the following inequality

holds:
(3:6:3) alt) & g(t)aj >0

The guadratic cost functional is preassigned by

e 7 2
(3.6.4) J(f) = B{f 5 [u(t,x) + £°(t,x)] dxat | ulty,x)=sinmx,
0
a(to,w)=aj}

Using Eq.(3.4.6), the optimal feedback control £°(t) minimizing Eq.

(3.6.4) is obtained in the form,
1

(3.6.5) £9%(t,x) = —f b(t)%j(t,x,y)ﬁ(t,y)dy
0

where from Egq.(3.4.7), the Hi(t)—process is determined by
~ 2 2
3 (6 5 Xs ) 9 3 P
77T 4 qalt) + g(t)a b —5 + =5 )T (E,%,y)
J the dy J

(3.6.6)
3t

= b2(t)féﬂj(t,x,z)nj(t,z,y)dz + 8(x-y)

+
k

Ie~—3

ﬂk(t:x’Y)qjk(t) =0, (j= 1’2,-..’m)
1

with the terminal and boundary conditions

(3.6.6b) ﬂj(tf,x,y) =
and
(3.6.60) 7, (t,x,7) = 7, (6,%,9) -0

at x=0,x=1 at y=0,y=1
vel0,1[ xe]0,1[
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Taking into account the result in Sec.3.5, in this example, it
is easily seen that a(t,w)=N(t,w). Furthermore, it is a simple exer-
cise to show that the deterministic eigenfunction and eigenvalues are
respectively given by
(3.6.7) ¢,(x) = Y2sin(imnx)
and
(3.6.8) A, (t,w) = -(am?(alt) + g(t)N(t,w))

Noting the assumption that the multiplicity of eigenvalues is
limited to only one, we choose one eigenfunction in Eq.(3.6.7). The

following observation data y(t) and y(t)‘can thus be obtained by

dlf
(3:6:9) (&) /5[ u(t,x)sinmxdx
0

and

1
(3.6.10) y(t) /E( b(t)r(t,x)sinrxdx ,

0
respectively. From Egs(3.6.9) and (3.6.10), the estimate of reali-
zations of the Markov chain coefficients Nk=ak is performed by
1
6117 T = -
(55,10} B = — e v ) - vy
k k-1 k-1

+ Atk{nza(tk_l)y(tkul) - y(t, )31

We set the four stages for the Markov chain process a(t,w) =
N(t,w) as N1=—2,—1,1 and 2 and the transition matrix Q=[qij] is

assumed to be
-4 T 2
1 -3 1
(3.6.12) ¢ = 2 1 =5
. 1 2

=
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Fig. 3.6.2 A sample run of the system state u(t,x)
without control

Simulation experiments follow the following steps:
Step 1: Equation (3.6.6a) is simulated on a digital computer and
solved together with Egs.(3.6.6b) and (3.6.6c).
Step 2: By using Egs. (3.6.9) and (3.6.11), the observation data
sequences y(tk) and §(tk) are respectively generated and these are
used for computing Nk by Eq.(3.6.11). The estimate of realizations
of the Markov chain coefficient is performed by using the values of

Nk at time tk. Based on the estimate for Ni’ one of the control gain
%j(t,x,y) (j= 1,2,+++,m) is selected and the suboptimal control sig-
nal £°(t) is generated by Eq.(3.6.5). The state variable u(t,x) is
simultaneously obtained by solving Eq.(3.6.1la) with Egs. (3.6.1b) and
(3.6.1c) and £o(t).

Throughout the simulation experiments, parameter values were set

as a(t)=3, g(t)=1 and b(t)=5. The partitioned time interval and spa-
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Fig. 3.6.3 A sample run of the system state u(t,x)
with suboptimal control

tial variables were taken to be Atk= 0.0001 and Ax= 0.05 respectively.
Among them, Fig. 3.6.2 shows a representative of system state runs
u(t,x) without control and,in Fig. 3.6.3, the u(t,x)-run derived by
the suboptimal control is plotted. In this experiment, the true value

of N(t,w) is exactly same as Nk

3.7- Discussions and Summary

In this chapter, the optimal control problem for the distributed
parameter systems with Markov chain coefficients has been studied for
two types of observed information, i.e., F¥={u(s,x), a(s,x,w), tys
s<t } and Ft={u(s,x), tossst}.

The estimate for the true value of Markov chain coefficients

introduced in Sec. 3.5 represents only one procedure for generating

the suboptimal control signal associated. Although this technique is
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in fact, feasible to realize our final goal in the version of subopti- -
mal control, its usefulness for particular applications must be com-
pared with alternatives that may be considered by other observation
mechanism,

The method presented here is directly applicaple with a slight
modification to solve the problem of assuming a linear relation
petween tne stocnastic system coefficients and the stochastic eigen-

value.



- 104 -

CHAPTER 4, THE OPTIMAL BOUNDARY CONTROL FOR DISTRIBUTED

PARAMETER SYSTEMS WITH MARKOV CHAIN COEFFICIENTS

4.,1. Introductory Remarks

It is well-known that, in the optimal control problem for
distributed parameter systems, it 1s a more practical and applicable
situation that control inputs are applied at the boundary of the
spatial reagion than distributed control inputs stated in Chap.3.

In this chapter,we study the optimal boundary control problem for
distributed parameter systems with Markov chain coefficients. As
mentioned in the previous chapter 3, if a realization of Markov chain
coefficients is not precisely known, we must adopt the suboptimal
control version with an estimation mechanism for the true value of
stochastic coefficients. Then, in this chapter, the stochastic
eigenvalue problem is introduced in advance.

In Sec.l4.2, the mathematical model of the system with boundary
control signals is re-formulated with the aid of the stochastic
eigenvalue problem., By using the Green's formula, the differential
rule stated in Sec.3.3 of Chap.3 1is extended to the case of the sys-
tem with boundary inputs, and the infulence of boundary inputs to
the interior domain of the system state is investigated in Sec.4.3.
Section 4.4 is devoted to derive the optimal and suboptimal bounda-
ry control with the estimation scheme of the true value of Markov

chaln coefficients.

4.2, Model Formulation and Stochastic Eigenvalue Problem

Consider a dynamical system described by
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du(t,x)
(4.2.1a) - -+ A (t,x,0;D Ju(t,x) = 0, for (t,x) e TxG
with the initial condition
(4.2.1b) u(ty,x) = ug(x) , for x e G

and the boundary conditions
(4.2.1c) Bj(t;Dx)u(t,X) = gj(t’x) , for (t,x)e Tx3G and j=1,2,+++,n,

In this chapter, for the purpose of better understanding of the prob-

(1) M
lem, we assume that G is a open domain of R and the operators A (

n
t,x,w3;D,) and {Bj(t;DX)}j=l are self-adjoint, i.e.,
n
M A M 2p
(4.2.2) A"(t,x,uw;D,) = anzp(t,w)Dx
p_.
and
o 2h

A
(4.2.3) Bj(t;Dx) =h20bj,2h(t)Dx , for x ¢ G and j=1,2,*++,n

M
where azp(t,m)(p= 0,1,2,**+*,n) are Markov chain processes as defined
in Sec.3.2 1in the previous chapter, and the deterministic operator
{Bj}j=g is assumed to be a Dirichlet system of order n on 3G. As
we assume the boundary controls gj(t,x) (j=1,2,¢++,n) satisfy Condi-
tion-2.3.3 in Sec.2.3 of Chap.2, from the results of Definition-2.3.2
in Sec.2.3 of Chap.2, we define the solution process u to Eg.(4.2.1)
as the unique element in L2(Q;L2(T;H)) such that
' e Y, M«
(u.z.ua)z2 | (u(t), [ - =+ A (t,w)ypl)dt = (ugs p(ty)) +
k& B (e A
+ ] f (g5 (t), Ty(t,0)¥) 2 56yt
j=1 to
for any ye{y| WeHzn(G) and B;(t)w=0 on 3G for j=1,2,+++,n},peC(T;H)

and w(tf)=0 and where
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n i+j-1
M _ M * 2k-1
(4.2.4p) %j(t,w) -izjkzl an; (65000053 oy 5D%
* + o g _ B & .
and where G 53 _oy) j satisfies D _iélaZn,iBi(t’Dx)'

In order to examine the relation between the boundary control
signal and the system state u(t), we introduce the stochastic eigen-
value problem. From the results of Sec.3.5 of Chap.3, we need the
following assumptions;

(A-4.2.1): The Hilbert space H2n is separable.Then, the orthonormal

2n
basis of H may be made up with elements of H™. We denote these by

¢1:¢2,"'-
(A-U4,2.2): There exists a sequence {Ai(t,w),¢i; i= 1,2,¢+°} of
stochastic eigenvalues and deterministic eigenvectors such that, for

any regular function ¢,
M* d
(4.2.5a) (A (t,w)¢i,¢)H = (Ai(t’w)¢i’w)H

and
(4.2.5p) (C, (¢t ) =0
where,in this chapter, from Eq.(4.2.3) it 1s easily found that {Bj}
={C,} for j= 1,2,***,n

g d
(A-4.2.3): The relation between stochastic eigenvalues {Ai(t,w)}jzl

M
and Markov chain coefficients in A (t,w) is linear. Thus

a vd
(4.2.6) g (t,u) = X;(6) + uf'(6)N(E,0),

n
where Ai(t) is a scalar deterministic function, u?(t) is a r-dimen-
i

sional vector (rs<2n) and N(t,w) corresponds to the Markov chain co-
. M
efficients azp(t,w)(p=0,l,~--,n), Ai(t,w) satisfies Assumption

(A-3.5.4) in Sec.3.5 of Chap.3.

b
1,9,k
n+l-1, 7=1,2,+++} of stochastic eigenvalues for same ¢j defined by

(A-4.2.4): There exists a sequence {X p =l B s gny K12, 5%,
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Eg.(4.2.5) such that,

n i+l-1

M *
n+tl-1 B
LR R LRI
2k-1

where gk(Dx) = DX and a22i—2k),l is a deterministic function

which satisfies
2k _ T« _
(4.2.8) DL 'Z£1a2n,231(t’Dx)

1
(A-4.2.5): The stochastic eigenvalue A? 3 k(t,w) can be rewritten astf

b b Jsl
Py ; = . % .

(4.2.9) AZ,J,k(t,w) AZ,J,k(t) “Z,g,k(t)N(t’w) ,

vb . e s . bt .
where A, . ,(t) is a scalar deterministic function, and u; . ,(t) is

Ladsk Ls .5

a r-dimensional vector function.

Before constructing the weak solution of the system equation (4.
2.4), we need the following lemma.
(Lemma-4.2.1]: For any ucczn(a) and ve{ &; gecgn(ﬁ) Bj(t;Dx)g=O,

for j= 1,2,**+,n }, we have

(4.2.10) (AM(t,m)u,V)H = (u,AM*(t,w)V)H

n ? i%l—l M - N (D)%)
- (85 (t ;D )y a,.(t,w)a, . S, (D Jv
Zzl z % 157 kel L (212-2K) ;1 K x L2(8G)
2k-1

n
where Sk(Dx) = DX

+ It is evident from Egs.(4.2.6) and (4.2.7) that AZ g k(t,w)
3 3

satisfies Eq.(4.2.9).
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Proof: Integrating by parts, we have

Mx*

(4.2.11) (A"(E,0)u,v)y = (WA (6,0)v)y

n 27 ; k-1

M k-1, 6 _2i-k
+ ] 2y (t,w) § (-1)7 (D u,D_ V) »
1=1 k=1 L & L7(23G).
v
On the other hand, from the definition of the operator Sk(Dx)’ it
v}

is easy to find that {B (£;D,),B,(t;3D,),*,B (t3D,),S8,(D ),ee,

N
Sn(D )} is a Dirichlet system. Then, for Os<ksn-1, we have
X
S
(. 212) Dx —z£1a2k:181(t’DX)

and
2k+1

N
(4.2.13) Dx = Sk+l(Dx)

The second term of the right hand side of Eq.(4.2.11) becomes

noy 2% k-1 21-k k-1
(4.2.14) ] a,.(t,0) ] (-1) (D u,D v)
=1 k=1 X

2
& L (3G)
n 7 - -
M 2k-1 21-2k 2k~-1
= -z azi(t,w)[ Z (=1 (D u,D v) o
z 2k'-2 94-2k'+1 2k'=2
+ Z (-1) (D * DPD) v) 5
k'=1 x 2 L(5G)

Noting that v is an element of { ¢; geczn(ﬁ), BJ(t;DX)g=o for j=1,

2,**+,n on 3G}, we have

n 2k'=2 27-2k'+1  gk'-2
(4.2,15) § (-1) (Dx u,D v) 5 =
k'=1 X L°(a3@)

Then,from Egs, (4.2.12) and (4,2.13), Eq.(4.2.14) becomes

0.
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n ] 2k-1 24-2k 2k-1
(4.2.16) 3 agi(t,w) T (1) (2%, pE ,
=1 k=1 X X L°(9G)

2k-1 1=-k+1

ooy 7
) zlaZi(t’w)kgl(—l) ( Z *(2i- 2k),1 Z

(t3D )u,
S (D V) 5
L7(3G)

1-1 E-l M *
(B,(t3D,)u, a,.(t,w)ar,.,
LA Pt iEre1-1 21V (27-2k),1

X o]
Il 4
—

XS (D )v) o
I (aG)

The proof has been completed.
[Theorem-4.2.1]: From the Assumptlons (A-4,2.1) to (A-4.2.5), and

Lemma-4.2.1, the weak solution of Eq.(4.2.4) becomes

(4.2.17) u(t) = ] hi(t,w)éy ,
i=1

where the Fourier coefficients {hi(t,x)} satisfy,

dh; (t,w) 4 n n+tl-7,
1 + XL (0)n, (¢,0) - L 32,4 (0B g (8)
dt
n nt+l-17 5
(4.2.18) + [h (t, w)u (t) - 21 Z gZ,i,k(t)uZ,i,k(t)]N(t’w) =0

hy (tgw) = (ultg), ),

Proof: The variational form of Eq.(4.2.4) is

du(t)
’iH

+ (A" (6,0)ult) 0,y = 0.
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By using the Green's formula [L5] and Lemma-4.2.1, Eq.(4.2.19)

becomes
du(t) My
(4.2.20) ( ” ¢1)H + (u(t),A (t,w)¢i)H
n n i+l-17 M
_Zzl(BZ(t;Dx)u(t),iZZkzl a2i(t’w)a(2l-2k),l
Ny
x3. (D_)¢.) =0
k'Ux ¢1 LZ(BG)

From the Assumptions (A-4.2.1) and (A-4.2.2), we have

N ® dhi(t,w) ® e w)e.)
(4.2.21) (ig __EE__—— $y205) ¥ (izlhi(t,w)¢i, j(tswded,
n n i+l-1 M s ( ) ) 0
- D -
Zgl( s X),lzlkzl 152902007 01,1 5P L2(30)

By using the orthogonality of eigenvector, and the assumption

(A-b4.2.4), hj(t,w) satisfies,

(hoz.zzy S950 2o, (b,0) = § T AR (ewe o (8)= o
at J J 1=1k=1  adsK 1,3,k

Then, from the assumptions (A-4.2.3) and (A-4.2.5), it 1s easily

found that Eq.(4.2.21) can be rewritten as Eq.(4.2.18). The proof

has been completed.

4,3, Differential Rule for Quadratic Functional

In this section, with the aid of stochastic eigenvalue problem,

we assume N(t,w) is a set of Markov cnain coefficlents defined

by Eq.(4.2.6) and has the same transition probability low as stated

in 3ec.3.2 of Chap.3.
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Define the quadratic functional V{t,u,N) by
A
(4.3.1) V(t,u,N) = (u(t),P(t,N)u(t))H

where P(t,N) is a bounded operater from H to H, w.p.l. For conven-
ience of the present description, for any yeH, the following partial

differential operators are assumed to be constructed;

Max ~nd
(1.3.2) (& (£)oy 0 = (j(e)e )

H
(4.3.3) (G;(t)¢j,w)H= (U?'(t)Ni¢j,w)H
Ny n+l—Zmb,
(4.3.4) (Bz(t)¢j,W)L2(aG) = (k=1 Az,j’k(t)gk(Dx)¢j,¢)L2(aG)
and
1x n+l-17 b "~
(4.3.5) (H] (t)¢j,¢)L2(aG) = (kzl uz,j’kNiSk(DX)¢j,¢)L2(aG)

where Ni denotes the i-th stage of the Markov chain N(t,w).
[Theorem-4.3.1]: With the conditions of Definition-2.3.2 in Sec.2.3

of Chap.2, the following limit exists and this is given by

E{V(t+6,u,N) |u(t)=u, N(t,w)=N,} - V(t,E,Ni)

(4.3.6) 1lim

§-+0 s

- N
= (u, (B, (8) - A" (6) + 6, () IP, (£)
N M* * " * m v _
- ([a () + Gi(t)]Pi(t)) + kZlqij(t)Pk(tnu)H
n _ VK 1x
+Z§l{(E{g(t,x)|u(t)=u,N(t,m)=Ni},[BZ(t) - H; (£)]

P ()T 8 16y IE, (8)
xpi(t)u)L2( + ([B(¢) - Hy (€)1, (%),

9G)

E{g(t,X) |u(t)='ﬁ,N(t,w)=Ni})L2(aé)
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where P.(t) is defined by
(4.3.7) P (t) = E{P(£,N)[N(t,w)=N]}

Remark-4,3.7: Without using the stochastic eigenvalue problem, the

g o

differential rule for quadratic functional can be reduced for the
general form of system dynamics with boundary inputs. Detailed
discussions will be stated in Chap.7.

Remark-4.3.2: In spite of the fact that the considered boundary
operators are deterministic, the influence of the boundary controls
to the interior domain of the system state is perturbed by the Markov
chain coefficients. From this fact, the term H%*(t) appears in Eq.
(4.3.6)

Proof: From Eq.(4.2.17), Eq.(4.3.1) can be rewritten as

oo e o]

where pij(t,N) is defined by
4,3, £ = ;
( 3 9) Pij( ,N) (‘bi:P(t:N)q)J)H.

By using the same procedure as in Sec.3.3 of Chap.3 and noting that

the hi(t,w)-process satisfles Eq.(4.2,18), we have

(4.3.10) E{V(t+s,u,N)|u(t)=E,N(t,w)=Ni} - V(t,E,Ni)

o IN(t,w)=N;}T ( 18 RSN
LI TP e it t,w)=N,}u) § + h s {-[x, (%)
dt 1%y ir=1 i'¢i' lekzl : J(
dl
+ M Ni]E{ka(t,N)|N(t,w)=Ni} - E{pjk(t,N)IN(t,w)=Ni}

(6.5 Y B ¢_.).).8

e(e) + ud'n )
J uJ j] q)j- kzr=1 1t 1'"H'H
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n n+l-17 L
£ 1T (]

BTtk =1 1v=lE{gZ,i',k‘t)|u(t)=u’ N(Ew)=Ny 1oy 4 5

oo o f\,b b'
jzlkzl{xz,j’k,(t) - uz’j’k,(t)Ni}E{pij(t,N)]N(t,w)=Ni}
(0., 1 W RS
x¢. (¢, , h,,¢,,).).8 + ( h.,¢
FE ey BRI U gty 47eg E

2 '\’b bl
jzlkZiE{pij(t,N)|N(t,w)—Ni}[XZ,k,k,(t) - uZ,k,k'(t)NiJ

x¢j(¢k,ZZ=lE{gZ,Z,,k,(t)lu(t)=a, N(t,w)=N;}o,,)y)y0
+ 0(6) 5
where izlﬁi¢i = (H,¢i)H .

From Eq.(3.3.7) in Sec.3.3 of Chap.3 and Eq.(4.2.7), we have

v
m
(4.3.11) E{EE%ELElIN(t,w)=Ni} = dZi(t) + kzlﬁk(t)qik(t)
and
n+l-71 o _ 2 % ab
(4.3.12) k2=1 (izzlE{gZ,i.kxt)|u(t)=u,N(t,w)=Ni}¢i,j£1kzl{kz,j’k(t)

b o T B
= uz,j,k&t)Ni}E{pjk(t,N)IN(t,w)—Ni}¢i(¢k,Zz=th,¢zr)H)H

(Blgy (6,0 [u(t)=8, N(t,w=Ny), ] (B1(t) - HI* ()4,

J 1E{pjk(t,N)|N(t,w)=Ni}(¢j,ﬁ)H) 5

L°(3G)

(E{gz(t,x)|u(t)=a:N(t>w)=Ni}’[B; - H%*(t)]%i(t)a)LQ(aG)'
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With the results of Egs.(4.3.11) and (4.3.12) and the relations be-
tween operators and eigenvalue defined by Egs. (4.3.2), (4.3.3), (4.3.

4y and (4.3.5), it follows that

(4.3.13) E{v(t+8,u,N)[ult)=u, N(t,w)=N,} - v(t,a,Ni)
d%i(t)
at

Mx* *
= (u,l - XM ) + Gi(t)]?i(t)

(e + (0 TE N * + T quo(6)F, (£) W8
- i i g Lk Kk H

[(ELg(t,x) [u(t)=T, N(t,w)=N,},[E](t) - H*(£)]
l

1
— * ix —
x%i(t)u)Lg(aG) + ([BJ(t) - Hj (t)?i(t)u,

E{g(t,x)|u(t)=E,N(t,w)=Ni}) 5 1§ + o($)
L°(23G)

The proof has been completed.

4.4. Derivation of Optimal and Suboptimal Boundary Controls

4.4.1. Optimal Boundary Control

We define the following admissble control class WZd by

b -
(4.4.1) wad = {gj; gje L2(T;W), gj(t) is Ff—measurable atthe present

time t for j= 1,2,*++,n} ,

where W-space is defined by Eq.(2.3.5) in Sec.2.3 of Chap.2, and Fr

is the o-algebra generated by the random variables u(s) and N(s,w) for

tossst.

Consider the guadratic cost functional

n
(4.4.2) L(t,u,g) = (M(t)ult),ult)), + (Q,(t)g, (t),g,(t))
H 121 Lt L2 0
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where M(t) and {Qz(t)}1=? are bounded semipositive and positive self
adjoint operators, respectively. The problem is to find the feed-

back optimal boundary controls {gg(t)}1=§ in such a way that the func-

tional

t
(4.4.3) J(g(t)) = E{f

i Ll s g) dt|u(to)=u
T

0
becomes minimal with respect to {gz(t)}z=? € WZd -

0° N(to,w)=N0 }

In this case, by using the same approach as stated in Sec.3.4 of
Chap.3, and the result of Theorem-4.3.1, the following basic equation

of optimal boundary control is derived;

n S
(h.5.4) min [(MCE)U,u)y + Zzl(QZ(t)gZ(w,gZ(t))Lz( + (u, 1y (e)

gewad 3G)

- ™) + el o) Im (6) - (CH™E) + af(e) dm (e

+

Il ~

k

~ _ n " 1% ~ _
1qik(t)ﬂk(t)]u)H + Zzl(gz,[%z(t) - H) (t)]Hi(t)u)L2

(3G)

TR - YT, (6) L) 1=0
+ t) - . N = 0
71 l z = L L2(3G)

With vector notation, Eq.(L4.L4.4) becomes

(4.4.5) mip CGE, 01, (8) - (™ (e) + 6} ()M, (6) - (CA™ (o) + 6}(e)]
gewad

~ % m G — P
xni(t)) + kZlqik(t)nk(t)]u)H + (M(t)u,u)H

- £ + (g (£), 8 (0T, (£)W)
+ (g (1) ,d(t)el ))LZ(BG) g ; (80T 124 565

+ (TR () g (8),Ty) = 0
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where a(t) and E(t) are the following n-dimensional vector operators,

Q. (t) 0

(nu.6) Fe) = | O %)

O e - O

QO ecoveces Qn(t)

* * ix * ix * ix i
(h.7) ¥Ee) = [BI(6) - HIT(6),B5(e) - HT(e), e - BIC) - HIT(E)]
and
(4. 4.8) glt) = [gl(t),g2(t),°°°,gn(t)]'
and where ﬁ?(t) denotes the operator,

(4.4.9) ﬁ?(t) - f %i<t,x,y>(.)dy, for xcG_ and yedG

3G y
y

The optimal boundary control go(t) is given by

(4.4.10) g°(t) = =& MOV (L ()T , for N(t,w)=N,

where for i= 1,2,**-,m, Hi(t) satisfies

(h..112) T (0) - DX (o) + ol (), (6) - (T (o) + 6] (6)Im, (6))*

m ~ A A
|* * =1 ul b -
FMe) 4 ) ag ()M (8) - (M (eNTQTHET (L (8) = 0

with the terminal condition,

(4.4.11p) ni(tf) = 0

4. 4,2, Observation of Markov Chain Coefficients and Suboptimal Control
As shown in the previous section in Sec.3.5 of Chap.3, for the

purpose of generating the optimal boundary control go(t) given by Egs.

(4.4.10) and (4.4.11), it is required to obtain a realization N, of

the N(t,w) process. By using the same procedure as in the Sec.3.5

of Chap.3 and the result of Theorem-4.2.1, we can construct the ob-

servation mechanism of Markov chailn coefficients.

By using the same approach of Sec.3.5 of Cha.3, we select
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the deterministic eigenfunctions ¢ ", eee and ¢ in
& J’¢j+m ¢j+2rf\ﬁ’ j+(r-1)m
such a way that rxr matrices _
'\;
)\J(t) O R ?
O \/(t) .
(h.4.12) X4 = | - J+m . .
. 0
Vg
0 0 Aj+(r—1)g(tj—
v b ]
Z .3, (t) § oueasiss i nviiaeges ?
vb
° T RN .
i e . g
(L.4.13) AZ,k = : -. :
. . 0
b
L ° I SR RALY
—d _ e
(b.b,14) uw = [ (t),u (t), +(r l)m(t)]
and
b _ b! b .
(4.4,15) Wy T [“z,J, (t), uw+ (t), My (- l)m k(t)]

v
become positive definite, where m denotes the multiplicity of

eigenvalues. From the given information u(t,x) and g°(t,x), the

observation data are acquired in the form,

R - E), t),eee,y t) 1"
(4.4.16) y(t&) [yJ_( ) yj+%( ) +(r- l)ﬁ( )]
and

4.4, 17) t) = t), t),eee, v (8)]0
8170 2y (8 = Lo % 0 ey
where

= k= 0,1,2,+%+,r-1

(L.4,18) yj+k%(t> s u(t,x)¢j+k%(x)dx , for 5 r

and
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n
(4.4.19) =z (t) = (ng(t,x)S(D§)¢j+Z%(x)dx ,for Z=O,l,",r—l.

'
s Jtimsk

From Eq.(4.2.21) in Sec.4.2, it is easy to show that the y(t)-process

is a solution to the r-dimensional vector ordinary differential equa-

tion,
(u.1.20) TP + 7% (6) - E ngl‘l o B
dt l=1k=1 = &
+ Iye)nd - zglzii_zzzaki?,k]N(t’w) = 6,
where

(4.4.21) y(¢)

. . 0
0 - A O yj+(r_l)?ﬁ(t)
b —
and
T,ga®) 0 e
; “2,5+m,k %) :
(h.4.22) 2, = | :
. . 0
LO . . . . e . . O ZZ,j+(1"—l)'I\r’1,k(2

Consequently, from Eq.(4.4.20), it follows that

2

n n+l-7_

(4.4.23) N(t,0) = ()% - 7 7 z, 3@ .17
1=1k=1  LekTDK
§ dy (t) " n n+tl-17 B
U= - My - Zzlkzl A k% ,kd L

Let the time interval ]to,tf[ be discretized by to<tl<t2<--o<tk<



- 119 -

--<tn=tf, where the time interval Atk=tk—tk_1 is assumed to be suffi-

ciently small. Then, we set as

vyt -yt )

e

(4.4, ouy (L)
dt
Atk

Equation (4.4.23) is approximately computed from Eq.(4.4.28) as
nn+l-7_

- —d —b
(4-4.25) Glo BE ) = § T 7 (g D) (e )

-1

{[ - +d
- yle) +yle, )1/t - [ (vt )
n n+l-17
<0 n o
- Zzlkzl Az’k(tk_l)zz’k(tk_l)]} = W(t))

By computing ﬁ(tk) at time tkf’ the following decision is made;

(4.4.26) N(t,w) = N,

e T 2 R 2 = 2
if IN(tk) =Ny |~ = mln{IN(tk) - N | INCt, ) - N, |

° e e
3

2
= 2
IN(t, ) - N[}

where denotes the Euclidean norm.
From the decision mechanism defined by Eq.(4.4.26), we can con-

struct the suboptimal control proposed in Sec.3.5 of Chap.3.

4.5, Discussions and Summary

In this chapter., the suboptimal boundary control problem has
been studied with the aid of the stochastic eigenvalue problem. The
estimation procedure for Markov chain coefficients is the same as
those defined by Sec.3.5 of Chap.3. However, since the randomness
of Markov chain coefficients strongly affects the boundary control

signal, the estimation mechanism given by Egs.(4.4.25) and (4.4.26)

t At the initial time t=t

we assume that the information J(to,w)
is given.

01
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becomes complexed.

Without using the stochastic eigenvalue problem, the stochastic
differential rule and the optimal boundary control can be derived from
the well-known Green's formula. The general form of optimal boundary
control for the stochastic partial differential equation with white

Gaussian noise coefficients will be presented in Chap.7.
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CHAPTER 5. THE OPTIMAL CONTROL FOR DISTRIBUTED PARAMETER

SYSTEMS GOVERNED BY PARABOLIC EQUATIONS WITH WHITE

GAUSSTIAN NOISE COEFFICIENTS

5.1. Introductory Remarks

In Chaps. 3 and 4, we identify the stochastic charactor of random
coefficients with Markov chain process with finite stages. The
Markov chain assumption is easily applicable to various kinds of
physical systems with random coefficients without considering the
precise modeling of random coefficients. On the other hand, the state
variable of the system dynamics with Markov chain coefficients is
out of the framework of the theory of Markov process. From this
fact, we must construct the estimation mechanism of Markov chain
processes.

Based on the fact that there are also many physical examples
whose uncertainties of random coefficients can be well modeled by the
white Gaussian noise, in this chapter, the mathematical model of the
system considered is given in a form of partial differential equation
of parabolic type whose differential operator contains the white
Gaussian noise.

In Section 5.2, the formulation of the system model considered
here is reviewed within the framework of the functional analysis.

In Section 5.3, a differential rule in Hilbert space is derived which
plays an important role to determine the optimal control. The optimal
control low is derived within the framework of dynamic programming
under the criterion that a quadratic cost functional becomes minimal

in Sec.5.4. Section 5 is devoted to show two examples for the purpose
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of interpreting the general theory.

5.2. Review of Mathematical Model and Problem Statement

We shall consider a dynamical system described by

du(t,x)

(5.2.1a) * [AD(t,X;DX) + As(t,x,w;DX)]u(t,x) = B(t,x)f(t,x)

at
for (t,x) e TxG

with the initial condition,
(5.2.1b) u(to,x) = uo(x), for xeG

and the boundary conditions,

n

(5.2.1c) Bj(t,X;DX)u(t,X) =0, for (t,x)eTx3G, and j=1,2,~--,5
D s n/2
where we assume the operators A (t,x;Dx), A (t,x,03D,), {Bj(t,x;DX}j=l

and B(t,x) satisfy the conditions described in Definition-2.3.4 in
Sec.2.3 of Chap.2.

From the Definition-2.2.2 in Sec.2 of Chap.2, the stochastic
integral is constructed by the partial differential operator with
white Gaussian coefficients As(t,x,w;DX). Then, for teT, Eq.(5.2.1)

can be represented by
t D 5z

(5.2.2) T3 | u(t) + [ A (s)u(s)ds + [ da®(s,w)lu(s)]
0 to

= ug + [EOB(s)f(s)ds

in the spaces V, H and V'.(For detail, see Chap.2.)

In Eq.(5.2.2), the control signal is an element of the admissible

control class W_ ..
ad

Admissible Control Class: We denote the admissible control class W 4’
a

if all elements of Wa satisfy

d
1) f(t) is Ft—measurable for all teT, where F. is a o-algebra gen-



erated by {u(S)}sz
(5.2.3) Fe = ol u(s) ; t,ssst}

c & 2
ii) feLz(Q,P;L (T;U)), where U is a convex subset of H.

In this chapter, the quadratic cost is given by
(5.2.4) L(t,u,f) = (u(t),M(t)u(t))H + (f(t),N(t)f(t))H

where M(t) and N(t) are bounded semipositive and positive definite
and self adjoint operators, respectively. The problem is to find

the optimal feedback control in such a way that

G
f
(5.2.5) J(£) = E{I L(t,u,f)dtlu(t0)=uo}
t0
becomes minimal with respect to fewad.

5.3. Differential Rule for Quadratic Functional

Define the quadratic functional V(t,u) by
(5.3.1) v(t,u) = (u(t),P(t)u(t))H 5

where P(t) is a deterministic symmetric bounded operator.
[Theorem-5.3.1]: With the conditions of Definition-2.3.3 in Sec.2.3

of Chap.2, we have
tf ° Dx D
(5.3.2) V(t,u) - V(tg,ug) = [t <u(s),[P(s) - A" (s)P(s) - P(s)A (s)
0
te
+ ASM(9)P(e)A% (8) ula)sde  + 2L (B(s)£(s),P(s)u(s)) ds
0

(tf
+ 2| (aa®(s,w)lu(s),B(s)uls))y -
Jto
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D :
Proof: Let V, [el,e2,~--,emJ and Am(t) be defined by

I}

v _.D
L <AT(E)(#),e ey,
i=1

(5.3.3) AD(t)

where e:.L is an orthonormal basis of H.

Furthermore, define

S A m s
(5.3.4) dA (t,w) = iZl(dA (t,0)(+)se ) ey

and

t~18

(5,3.5) us.. = (Upses) e. .
Om i=1 0 i’H .

We can approximate the stochastic equation (5.2.2) by

t t
(5.3.6) u (t) + JtoAi(S)um(S)dS f [t dA;(s,w)[um(s)]
25
=u + | (B(s)f(s))mds
to
where
£ (t n
{5:3:7) J (B(s)f(s)) ds = (B(s)f(s),e;) e.ds .
ty m Jtoizl 174%4

By using the solution process um(t) of Eq.(5.3.6), we approximate

the quadratic functional by
(5.3.8) V(t,u (6)) = (u (£),P(6)u (£)) .

Noting that Eq.(5.3.6) is an ordinary differential equation of Ito-

type [I1] and applying the Ito-stochastic differential rule, we have
T
(5.3.9) v(t,u (t)) - V(t,,u

sup (8)) = 7(tg, ERCRORICOIMCIP

|'
Om) = j .
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= 2<Ag(s)um(s),P(s)um(s)> + (um(s),A;*(S)P(S)XZ(s)um(s))H

+ 2((B(s)f(s))m,P(s)um(s))H}ds
b s
. 2ft (482 (s ,0) [u, (5)1,B(s)u_(s))y -
0
From the results of Appendix-A, passing to the limit, it follows

that

t L]
(5.3.10) v(t,u) - V(to,uo) = f <u(s),[P(s) - AD*(s)P(s) = P(s)AD(s)
%o
. . t
+ A% (s)P(s)A%(s) Ju(s)>ds + 2[ (B(s)£(s),P(s)u(s))yds
t
0

t
v 2" (ar%(s,0)[uls) 1,P(s)uls))y, -
t
0
The proof has been completed.

5.4. Derivation of Optimal Control

The optimal control problem is solved by using the method of
dynamic programming.
For Eq.(5.2.5), define a minimal cost functional,
(5.4.1) v(t,u) = min E{[ L(s,u,f)ds | u(t)=u }
feW t
ad
Bearing in mind the feedback optimal control, the minimal cost

functional V(t,u) is defined,+
(5.4.2) v(t,u) = (u,M(tlu)y

Applying the principle of optimality to the cost functional and using

Theorem-5.3.1, the following basic equation is derived,

The justification of Eq.(5.4.2 ) will be demonstrated in Chap.6 by using
the stochastic maximum principle.
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(5.4.3)  min (@M)W, + (£06),N(E)E(6))y + <T,00Ce) - AP (e)m(t)
feW
ad

- n(t)a (L) + KS*(t)H(t)KS(t)]E > + (B(t)f(t),n(t)H)H
+ (U,M(£)B(E)F(E))y) = O
Minimization in the left-hand side of Eq.(5.4.3) with respect to f

gives the optimal control
(5.4.4) £°®t) = - NHE)BH ()T
where T(t) satisfies the following operator Riccati equation,

(5.4.5a) ﬁ(t) - D oymee) - me)aPe) + ASF(e)m(£)AS(¢)

+ M(t) - T(8)B(EIN"L(£)B*(£)M(t) = 0

with the terminal condition,
(5.4.5p) H(tf) =0

For the purpose of application to the practical control problem,
the control signal and the associated gain operator equation are re-
written in the original form.

In Eq.(5.4.4), assuming that N(t)= cI, where ¢ is a constant and
I an identity mapping, the version of fo(t,x) ylelds
(5.4.6) £2(t,x) = - ;B (t,x)]Gy(t,x,y)ﬁ(t,y)dy
where m(t,x,y) is a kernel of the operator II(t), which satisfies for

(t,x,y)sTXGxXGy’

M am(t,x,
(501.7a) 2T(Es%sY)
ot

- (AP (e,x3D,) + AP (6,300 mlE,x,y)

- %JG “(t,X,Z)B(t,Z)B*(t,Z)ﬁ(t,z,y)dz
V4

+ A7 (6,y;D )% (6, x5D ) w(t,x,y) + m(t,x,y) = 0
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with the terminal condition,
(5.4.70) ﬂ(tf,x,y) = 0, for (x,y)eGXXGy

and the boundary conditions,

(5.4.7¢) Cj(t,x;Dx)n(t,x,y) 0 , for (t,x,y)eTxaGXXGy and j=1,2,--,

(5.4.74) Cj(t,y;Dy)n(t,x,y) 0, for (t,x,y)eTXGxxaGy and j=1,2,--,

2 . ;
where {Cj}?él is an adjoint boundary system of {Bj}?:i and w(t,x,y)
= m(t,y,X).

5.5. Digital Simulation Studies and Illustrative Examples

In this section, first we shall consider the one dimensional

stochastic heat equation.

[Example-5.5.1] Consider the following system of parabolic type de-
seribed by,
sult,x) 32u(t,x) su(t,x)

(5.5.18) ——— 4+ a,(t)——— + a,(t)In(t,0)——— = b(t)£(t,X)

at 8x2 X

for (t,x)eTxG=]0,1[
with the initial condition,
(5:5.1b) u(to,x) = uo(x) , for xeG
and the boundary condition,
(5.5.1c) u(t,0) = u(t,l) =0 ,
where n(t,w) is a white Gaussian noise with zero mean and unit vari-

ance. From the Coercivity condition-2.2.1 in Sec.2.2 of Chap.2,

setting as V = Hé(G), the deterministic coefficients a2(t) and al(t)

are assumed to satisfy

(5.5.2) 2a,(t) + as(t) < 0 ,for “teT ,

where (*) denotes the closure of (-).
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For instance, consider a particle which is belng transferred in
a moving stream. If a particle is heavy, i.e., the ratio of its
density to that of the density of the fluid is much less than unity,
gravitational forces play an important role in its transport, and we
may consider a random field which is expressed by the term of
al(t)n(t,w)égizizl. From the fact mentioned above, its randomness in
the coefficient of dW(tsX) oxnipits the force field.

9X
In this example, we can easily find

D B 2
(5.5.3) A7 (t) = a2(t)DX
and

(5.5.4) AS(t)

L
al(t)DX
The quadratic functional is preassigned by

Eerl. 3 2
(5.5.5) J(£) = E{f f (06,00 + £2(t, %) Jaxdt [ulty,x)=a, (x))
LT
By using the results of Sec.5.4, the optimal feedback control fo(t)
is obtained;
o : =
(5.5.6) f(t,x) = - f b(t)w(t,x,y)ult,y)dy
0

where, from Eq.(5.4.7), the kernel m(t,x,y) is determined by

am(t,x,y) 32 32 , 9
(5.5.72) ———— - a,(t)(—5 + —x)m(t,x,5) + a(t)—u(t,x,y)
ot ax oy 9x 3y

1
+ 8(x-y) - b2(t)foﬂ(t,x,z)ﬂ(t,z,y)dy =0 ,

for (t,x,y)eTx]0,1[xJ0,1[
with the terminal condition,
(5:5:7b) ﬂ(tf,x,y) =0, for (x,y)el0,1[x]J0,1[

and the boundary conditions for teT
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(5+5-TE) Wit 29} = m(t,x,y) = 0.
at x=0 or 1 at y=0 or 1
ye]O,l[ Xejojl[
[Example-5.5.2] We shall consider a somewhat artificial but impor-
tant class of the U4-th order system of parabolic type described by
Il
du(t,x) 3l %) aeu(t,x)

(5.5.8a) ———— + a, (t)———  + (a.(t) + c(t t,
ot 4 ax ™ %2 B 9x2

= b(t)f(t,x) , for (t,x)eTxG=70,1[ ,

with the initial condition,
(5.5.8b) u(to,x) & uo(x) , for xeG
and the boundary conditions,

(5.5.8¢) u(t,x) = 0, for (t,x)eTxaG

2
(5.5.84) 37 u(t,x)

5 =0 , for (t,x) Tx3G
9x

where n(t,w) is a white Gaussian noise process with zero mean and unit

variance, and au(t), a2(t), c(t) and b(t) are scalar functions, respec-

tively. Furthermore, from Coercivity condition-2.,2.1 in Sec.2.2 of

1 2
Chap.2, setting V=Hp(G)nH (G), it is assumed that
(5.5.9) 2au(t) = cg(t) > 0 and a2(t) <0, for ¥teT

It follows that

(5.5.10) AP(t)

4 2
a“(t)Dx + a2(t)Dx
and

(5.5.11) AS(t)

2
C(t)Dx
In this example, the cost functional is given by Eq.{(5.5.5).

From the results of Sec.5.4, the optimal control fo(t,x) is given by
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1
(5.5 15 £708 %) = -fob(t>n(t,x,y>ﬁ(t,y)dy

where m(t,x,y) satisfies
i
am(t,x,y) 3" 3

- oy (6) (—p + —p)m(t,x,y)
3t BREEE T 4

(5.5.13a)

32 32 aun(t,x,y)

2
= 8s (B (—— + — Vb ,x,y) * e (k)
: 8x2 3y2 3x23y2

1
+ §(x-y) - b2(t)f w(t,x,z)n(t,z,y)dz = 0 ,
0

for (t,x,y)eTx]0,1[x]0,1[
with the terminal condition
(5.5.13b) n(tf,x,y) =0, for (x,y)el0,1[x]0,1[

and the boundary conditions,

(5.5.13¢) w(t,x,y) = m1(t,x,y) =0
at x=0 or 1 at y=0 or 1
ye]0,1[ x€]0,1[
2 2
(5.5.13d) 3 m(t,x,¥) ) °m(t,x,y) .
3%° at x=0 or 1 ay° at y=0 or 1
Yéjo,l[ XE]O,l[

In this example, Eq.(5.5.8) was simulated on a digital computer
and the optimal control fo(t,x) was determined by Eq.(5.5.12) with
the solution to Eqg.(5.5.13). A wide variety of sample runs was simu-
lated. The results presented below are representative of simulation
experiments. In all experiments, the values of ay, a5, C and b were

respectively set as au=0.002, a,=-0.1, ¢=0.015 and b=0.5. The initial

2
condition (5.5.8b) was given by uo(x)=sin2ﬂx. Throughout the experi-

ments, the partitioned time interval and spatial variable were taken
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Fig. 5.5.1 A sample run of the system state u(t,x)
without control

-4
as At=2,5x10 and Ax=0.05. respectively.
Figure 5.5.1 shows a representative of sample runs of the system
without control. A sample run of the system deriven by the optimal

control signal fo(t,x) is shown in Fig.5.5.2.

5.6. Discussions and Summary

In this chapter, the optimal control problem for distributed
parameter systems governed by Parabolic equation with white Gaussian
noise coefficients has been stidied. First, establishing the stochas--
tic differential rule in Hilbert spaces, the optimal feedback
control was derived by using the well-known dynamic programming

approach. Although, in illustrative examples, the simulated control
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A sample run of the system state u(t,x)
with optimal control.

signals are spatially distributed, the theory presented here may be

applicable to the case of point wise controlers,i.e., B(t)(-) =

!GG(x-a)(-)dx.

/
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CHAPTER 6., THE OPTIMAL CONTROL FOR DISTRIBUTED PARAMETER

SYSTEMS GOVERNED BY HYPERBOLIC EQUATION WITH WHITE
GAUSSIAN COEFFICIENTS

6.1. Introductory Remarks

In the preceding chapters, the distributed parameter system has
been considered modeled by a general class of stochastic partial dif-
ferential equation of Parabolic type. However, in practice, we may
find that many physical systems can be described by a class of par-
tial differential equation of Hyperbolic type. For a wave travel-
ling in a random mediam and a vibration of prismatic bar with a ran-
domly varying axial compressive force, the second derivative term
with respect to time variable must be taken into account the system
dynamics, which we briefly call the Hyperbolic system. In particular,
a stochastic Hyperbolic system is receiving considerable attention
in the field of the structure response analysis of building subjected
to the earthquake force. As mentioned in Chap.2, by invoking the
theory of stochastic evolution equation, the original Hyperbolic sys-
tem is represented by the two dimensional stochastic equation in
Hilbert space, and the method for deriving the optimal control pre-
sented in the previous chapters is directly extended to Hyperbolic
case.

In Sec.6.2, the mathematical model of Hyperbolic system is
given and the associated differential rule is also derived. By
using the stochastic maximum principle and the decoupling theory,
the optimal feedback control is derived under the quadratic cost

functional in Sec.6.3. Section 6.4 is devoted to show the possibili-
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ty of finding the optimal control under noisy observations.

6.2. Review of Mathematical Model and Stochastic Differential Rule

Let the state variable v(t,x) of a stochastic distributed pa-

rameter system satisfy

2
(6.2.1a) 2 v(t,x) , [AD(t,x;Dx) + A%(t,x,03D ) Jvt,x) = B(t,x)f(t,x)
ot

for (t,x)eTxG
with the initial conditions,

(6.2.1b) V(to,x) = vo(x) 5 for xeG

(6.2.1c) %(to,x) = eo(x) : for xeG

and the boundary conditions,

(6.2.14) Bj(t,X;Dx)v(t,x) 0, for (t,x)eTx3G and j=1,2,---,r2—1

where Bj(t,x;DX) (j=1,2,--,g) are deterministic boundary operators,
AD(t,x;Dx) is the deterministic partial differential operator which
satisfies Coercivity condition-2.2.2, and As(t,s,m;Dx) is the partial
differential operator with white Gaussian coefficients whose variance
operator satisfies Coercivity condition-2.2.3.

From Theorem-2.2.2, Eq.(6.2.1) can be rewritten as the two dimen-

sional stochastic evolution equation,

t t

kD(s)z(s)ds + J dXS(S,w)[Z(S)]

(6.2.2) .| =z(t) + (
7 (>
0

£o

t
=z, + f B(s)f(s)ds ,
%
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where z(t)=[v(t),v(t)] ,

0 -1
(6.2.3) AP(t) = 5
A7(t) 0

t

Vg t . '
(6.2.4) dA”(s,w)[z(s))l =[O0 , J dA(s,w)[v(s)] ]
s y

and

t £
(6.2.5) [ Blsyr{e)ds = [ 6 , [ B(s)f(syds 1
%o L

Noting that the system 27 contains the stochastic integral term
given by Eqg.(6.2.4), the stochastic differential rule for the quad-
ratic functional can be easily derived.

[Theorem-6.2.1]: Define
(6.2.6) v(t,z) = [ z(t), Qlt)z(t) Iy
where Q(t) is a 2x2 dimensional deterministic bounded self-adjoint

operator, and [$1, Q(t)$2]H denotes
(6.2.7) [hy» Q0T 0y = (01, @ (0)02)y + W3, Quy(t)¥d)y
+apl, a6+ <ud, ay (E)vy
ror §,=0v, v21" ana $,=[v3, v31'
With the conditions of Definition-2.3.7, we have

t
(6.2.8) V(t,2) - V(ty,z) = [ [2(s). (&(s) - KP*(s)als) - a(s) K (s)
t
0

¢ 6%%(5)0(s)6% (8))2(s) Jyds



_]_36_

t
¥ 2J [B(s)f(s), Q(s)z(s)lyds
t
0
(t
Ya
" 2J [aA®(s,w)[z(s), Q(s)z(s) ]y »
to
where
(6.2.9) [2(t), G*(£)Q(6)G(8)z(t) Iy = (v(£), A%*(£)Q,, (8)A(E)v(t)),
Proof: By using the same approach as in the proof of Theorem-5.3.1,

we first assume Sobolev space V is separable. Then, the orthonormal

basis of H can be made up with element of V. We denote these by e

e2’00..
D 1
Let Vm=[e1,e2,'°-,emJ, Am(t)eL(Vm,Vm) and
Vg iy s
(6.2.10) dAm(t,m)['] =i£1(dA (t,w)[+], ei)Hei.

Then, the system I, can be approximated by

7

t t

Xi(s)zm(s)ds + { dX;(S,w)[Zm(S)J

(6.2.11) z_(t) + J
o

o

t
-z + ft [B(s)£(s)] ds
m m 0
where z =[i§1(v0,e.)Hei, igl(éo,ei)Hei]', Zm(t)=LZi(t)’ Zi(t)]'
m

o 0 1E10 084 )yey

(6.2.12) A_(t) =

Lfﬁ(t) 0

N
(6.2.13) ak(t,w)lz (£)] = [ 0 , aAS(t,0)[z1(£)10"

and

m 1]
(6-2.14) [B(O)2(6)] = [ 0, 5, (B(EIE(E); e, )e, ]
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By using the solution process zm(t) to Eq.(6.2.11), the quadrat-

ic functional given by Eq.(6.2.6) is also approximated by
(6.2.15) V(t,zm(t)) = [zm(t), Q(t)zm(t)]H .

From the fact that the Sobolev space Vm is finite dimensional,

Eq.(6.2.11) is an ordinary differential equation of Ité-type. Then,

we have
T
(6.2.16) ¥(t,2,(t)) = V(ty,z, ) = ft [z,(s), [4(s) - XD*(s)a(s)
0
- Q(s)K () + 62%()Q()85(s) 1z, (s) s
rt N
+ 2Jt [IB(s)f(s) ] , Q(s)z (s)] ds
0
t g
+ 2[t (aA (s,w)lz (s)], Q(s)z (s)],
0
where
0 0
(6.2.17) GS(t) = mo
" 1L (A%(E) (), e)e, 0

From Eq.(6.2.16), passing to the limit (mo), we can derive

Eq.(6.2.8). The proof has thus been completed.

6.3. Derivation of Optimal Control (Stochastic Maximum Principle)

In this section, consider the following quadratic cost:
(6.3.1) L(t,v,f) = 2(M(t)v(t), v(£))y + (N(EIE(E), £(£))y ,

where M(t) and N(t) are deterministic bounded semipositive and pos-



_138_

itive definite self-adjoint operators, respectively, and v(t) is a
solution process to Eq.(6.2.1), i.e., v(t) is the first component of
z(t)-process. The problem is to find the optimal feedback control
in such a way that the functional,

te
(6.3.2) J(f) = E{f L(t,v,f)dt},
t

0
becomes minimal with respect to fewad, where wad denotes the follow-
ing admissible control class,
Admissible Control Class:

i) f(t) is Ft—measurable for all teT, where Ft is a o-algebra with

respect to which {v(s), v(s)} becomes measurable for szto,i.e.,

o{[v(s), %(s)]'; t.<s<t}

o{z(s); tossst}

(6.5.3) Ft 0

id) feLZ(Q,P;L2([tO,th;U)), where U is a convex subset of VxH
For the purpose of theoretical developments, the cost functional
is rewritten in the following form with the aid of the representation

of the system 27,

(6.3.4) L(t,v,f) = L(t,z,£)

= LMee)z(e), z(6) ], + RONCE)E(E), £(t))
2 > H ke > H

where
M(t) 0
(6.3.5) M(t) =

Then, the optimal control problem at hand is converted into that of

finding the control so as to minimizing the new functional 3
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t
N f’\;

(6.3.6) J(f) = E{ L(t,z,f)dt}

%

0
becomes minimal with respect to_fewad.
By using the variational inequality theorem[L4 ], we can easily

find that it is necessary and sufficient that £ is the optimal con-

trol which satisfies

(6.3.7) (83(£%), £ - €% 50 ., ¢
« 3 5 g 2 3 or all fewad

where 6(+) denotes the Gateaux-differential in L2([t0,tf];U)-

In this chapter. we set
t
f N
(6.3.8) E{J ([M(t)z(t), Z(t;f - fO)JH
t
0
+ (N(£)£O(t), f£(t) - £9(t)))dt} = 0, for all P,

0y
where z(t;f - f°) satisfies

t t
(6.3.9) 2(t;f - £°) + f ¥0(s)5(s;f - £0)as + [_ aXS(s,w)[5(s:f - £9)7

oy %

t
- I B(s)(f(s) - £9%s))ds
%o

Let us now introduce $(t) as the solution of stochastic adjoint system

equation+
% Cenps, =+ b
(6.3.10) ¢(t) + J A" (s)¢d(s)ds = - f M(s)z(s)ds
© t
(f, s ths* > s
+ J MN(s)dA®(s,w)[z(s)] + f G° " (s)I(s)G"(s)z(s)ds ,
T t

t The precise meaning of adjoint system is given by Ref.[Bl3].
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> >
where, with a 2x2 dimensional operator I(t), ¢(t)=[¢l(t), ¢2(t)J,
>
and $(t)=M(t)z(t).
Define
>
(6.3.11) V(t,z) = [o(t),z(t)]y .
Using the stochastic differential rule given in Theorem-6.2.1,

Eq.(6.3.11) becomes

(6.3.12) BLIF(t),2(t 38 = £y} - BLL(6),E(kg;T - £0) Ip)

tf n AV fo)
= -~ E{ [(M(t)z(t),z(t;f = F )]Hdt}
o
te
+ E{[ [o(E),B(£) (£(t) - £7(8)) I dt}.
tg ’
. v
Noting that, from Egs(6.3.9) and (6.3.10), $(tf)=0 and z(tO;f - £9)
=0, Eq.(6.3.12) becomes
te
n Y fo)
(6.3.13) E{J (M(t)z(t),z(t;f - F )]Hdt}
t
0

te
- E{J [6(5),BCE)(£(t) = £2(£)) ] at).
o
From Eq.(6.3.13), Eq.(6.3.8) is rewritten as

te
(6.3.14) E{[ ([o(£),B(E)(£(8) - £°(6)) ],

o

+ (N(£)£O(t),f(t) - f°(t))H)dt} 2 0 for all feW,

Noting that

(6.3.15) [3(6),B(6)((8) - £9(6D) ]y = (0,(5),B(6)(£() - £2(£))

q "
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it follows that

te
(6.3.16) E{J (B™(t),(t) + N(£)£°(),0(¢) - £9(t)) At} = 0

to

for all fewad y

Since all elements of W,4 are Ft measurable, Eq.(6.3.16) can be re-
written as

=
(6:3:17) E{J (B*(t)E{¢2(t)|Ft} + N(t)£O(t),f(t) - fo(t))Hdt} >0

o

for all fewad.

Then, the optimal control is given by
(6.3.18) £2(t) = = NTT(£)B*(£)E{6,(t) |F(}

In order to generate the optimal control signal, the condition-
al expectation E{¢2(t)|Ft} must be calculated. Noting that the Prop-

osition 2.2.2 of stochastic integral,

rtf
v
(6.3.19) E{ dAS(s,w)[z(s)]|Ft} = 0
)t
and
g
> N
(6.3.20) E{| T(s)dA®(s,w)[z(s)]|F.} =0,
Jt
we have
dz, (1) ) _
(6.3.21a) _°__ ¥z (1) = - Beow Ly v (1), (0)
dt

(6.3.21b) z (t) = z(t)

and

~

d$t(T)
(6.3.22a) =

dt

W% (03, (1) = - M0z (1) - B (OT0E (D2 (1)
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(6.3.22b) $t(t) = 3(t) with $t<tf) =0,

where we denote

(6.3.23) £,(1) 2 E{z(1)|F)
and

(6.3.24) (1) L EG(0IFY = [ELo (D |F },ELo, (D FIT .

~

From Eq.(6.3.10), we have $t(T) = H(T)Et(T). Then it is easy to show

>
that N(t) satisfies,

(6.3.25a) 9%%11 - ¥* (o) fir) - T(1)AP(1) + M(1)

0 0
+ GM(OT(OE (1) - (D) L. JE =0
0 B(T)N " (t)B (1)

with the terminal condition,
(6.3.25b) ﬁ(tf) =0 .
Therefore, the optimal control signal fo(t) becomes

(6.3.26) £°(t) = - N_l(t)B*(t)[H2l(t)zl(t) + T, ()2, (8) ]

where H21(t) and H22(t) are elements of the 2x2 dimensional operator

I(t), which satisfy

. Dx* D
(6.3.27) nll(t) - A (t)H2l(t) = ng(t)A (t) + M(t)

+ KS*(t)n22(t)ES(t) - Hl2(t)B(t)N_1(t)B*(t)Hzl(t) =0

. D —l *
(6.3.28) H12(t) - A (t)H22(t) + Hll(t) = Hl2(t)B(t)N (t)B (t)H22(t)

=0
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and
(6.3.29) Hyp(t) + Typ(t) + My (8) = Myp(£)BCEINT (6)B* (£),,(8) = O
with the terminal conditions
(6.3.30) M (o) = My,(8.) = M (te) = Myp(tye) = 0 .

Remark 6.3: The Riccati equation given by Eq.(6.3.27) has not been
studied except for the case of losing the term AS*(t)sz(t)As(t) by
Lions [L5]. However, with the aid of computer calculation, we can

solve the operator Riccati equation (6.3.24), and construct the feed-

back control.

6.4. On the Optimal Control under Noisy Observations

In this chapter, in order to derive the optimal control, a use
is made of the method of stochastic maximum principle. Different
from the dynamic programming approach, the stochastic maximum princi-
ple demands the complex calculation to derive the explicit feedback
control gain. In spite of this fact, an e?tension to the control
problem under noisy observation is possible.

From the results of the previous section 6.3., in order to design
the optimal feedback control, we must obtain the information about
Zl(t) and z2(t)-processes. From the practical point of view, there
are many situations that only the v(t) process information is obtained,

and furthermore we must consider
(6.4.1) dy(t) = J h(t,x)v(t,x)dxdt + R(t)de(t) ,
G

where e (t) denotes the observation noise, which 1s assumed to be

modeled by the Brownian motion process independent of the white
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noise coefficients.

Based on the o-algebra Fyt=0{y(s);tossst} with respect to which
y(s) (tOSSstf) becomes measurable, consider the optimal control prob-
lem that the functional defined by Eq.(6.3v1) becomes minimal with

respect to fewgd, where wz is an admissible control class. In this

d

case we assume all elements of wzd are Fy- measurable. Applying the
4
stochastic maximum principle, we have from Eq.(6.3.17),

e

(6.4.2) E{{ (B*(£)ELs,(£) [F_ } + N(£)£2(t), £(t) - £°(£))ghat 2 0
It

t
0 y
for all fewad
where ¢2(t) satisfies Eq.(6.3.10). Then, the optimal control under

noisy observations becomes
(6.4.3) £(t) = - N_l(t)B*(t)E{¢2(t)|F }
Vg

Using the same approach stated in Sec.6.3, we may find that the cal-
culation of the conditional expectation of ¢2(t) is equivalent to
calculate the minimal variance estimate E{z(t)le }. Hence, the
stochastic maximum principle shows that if the minimal variance
estimate E{z(t)[Fyt} is obtained, we can construct the optimal con-
trol signal under noisy observations. The estimation problem is out

of consideration. (For estimation problem for distributed parameter

systems with stochastic coefficients, please refer Refs.[S12] and [S14].)

6.5. Discussions and Summary

In this chapter, based on the stochastic maximum principle, the
method has been developed for finding the optimal control for the
Hyperbolic type partial differential equation with white Gaussian

noise coefficients. Comparing with the dynamic programming approach



- 145 -

the stochastic maximum principle requires the complex calculation to
derive the optimal control. However, an extention is straightforward
to the version of the optimal control under noisy observations. The
optimal state estimate and control are performed by using the suffi-

cient statistics, E{z(t)|Fy} in the configuration of feedback control

t
system,

The construction of the minimal variance estimation mechanism

becomes difficult problem because of uncertainties exhibited in co-
efficients. The Radon-Nikodym theorem in the Hilbert space, [D3],

[Bluj plays a key role to explore the estimation problem.
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CHAPTER 7. THE OPTIMAL BOUNDARY CONTROL FOR DISTRIBUTED
PARAMETER SYSTEMS OF PARABOLIC TYPE WITH WHITE

GAUSSIAN NOISE COEFFICIENTS

7.1. Introductory Remarks

Considering the control problem of distributed parameter systems,
the boundary control problem is a peculiar one of distributed param-
eter systems. Such a problem does not have an analogy with a class
of ordinary differential equations. Because of the randomness of
coefficients in the partial differential operator modeled by the
white Gaussian noise process, the influence of the boundary control
to the interior domain of the spatially distributed state variable
becomes random. As mentioned in Chap.l4, the boundary control is
being perturbed by stochastic coefficients contained in the par-
tial differential operator and transmitted to the interior domain of
the system state. Generalizing the well-known Green's formula to the
case of partial differential operator with stochastic coefficients,
the aspect mentioned above is figured out. The purpose of this chap-
ter is to find the optimal boundary control for the distributed param-
eter systems with white Gaussian noise coefficients circumventing
difficulties due to the stochastic eigenvalue problem.

In Section 7.2, the mathematical model of the system considered
here is given through a new definition of stochastic integral defined
in Sec.2.2. The differential rule given in Chap.5, in Sec.7.3., is ex-
tended to the process determined by the solution process to the par-
tial differential equation with white Gaussian noise coefficients

and with boundary inputs. Furthermore, by using the Green's formula,
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the influence of boundary inputs to the interior domain of the solu-
tion process is investigated for various types of boundary conditions.
Section 7.4 is devoted to the optimal boundary control in a form of
depending the stochastic coefficients with the aid of dynamic pro-
gramming approach. In Section 7.5, the optimal control strategy de-
veloped in Sec.7.4 is shown for a class of stochastic distributed
parameter systems. Finally., in order to examine contributions of the
boundary control to the interior domain of the system, results of sim-

ulation experiments are demonstrated.

7.2. Review of Mathematical Model

Consider a dynamical system described by

(7.2.1a) 39-,%L’Q + [AD(t,x3D ) + AS(t,x,u5D,) Ju(t,x) = O

for (t,x)eTxG ,

with the initial condition,

(7.2.1b) u(to,x) = uo(x) . for xeG

and the boundary conditions,
(7.2.1c) Bj(t,x;Dx)u(t,x) = g;(t,x) , for (t,x)eTxdG and j=1,2,--,521-,

where Bj(t,x;DX) (j=l,2,-'°,%) are deterministic boundary operators
and AD(t,x;DX) and As(t,x,w;Dx) are deterministic and stochastic
partial differential operators which satisfy Coercivity condition-
2.2.1, respectively and boundary control signals gj(t,x) (j=1,2,--,%)
are elements of admissible control class WZd'

Admissible Control Class: We denote the admissible control class

b

wad

, if all elements of Wzd satisfy the following conditions:
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i) gj(t) is Ft—measurable for all teT, where Fi 1s a c-algebra

T wiBie
generated by {u(s)}tZS s

>t ?

(7.2.2) F = of{u(s); tgss<t}.

ny
ii) gjeLZ(T; Ub), where Uy 1s a convex subset of W = 9L2(Q,P;

Hn'nj'%(aG)) for j=1,2,°",g, nJSn—l.
From Theorem-2.2.1 and Definition-2.3.4, Eq.(7.2.1) can be

rewritten as
¥ t
(7.2.3) 24| u(t) + J AD(s)u(s)ds + J aa®(s,w)fu(s)] = ug
o By for teT
with Bj(t)u(t)=gj(t) on Tx3G. From now on, in order to treat the
stable and mixed types of boundary conditions, we formally assume

that ueL2(Q,P;L2(T;Van(G))) . (The precise treatment of weak

solution is shown in Appendix-C.)

7.3. Stochastic Differential Rule and Green's Formula

Theorem-5.3.1 in Chap.5 may easily be extended to the boundary
control class. Our principal purpose in this section 1s to examine
contributions of boundary inputs to the 1interior domaln of the solu-
tion process. The following theorem states the Itg-Dynkin's formula
in Hilbert space.

[Theorem=7.3.1]: Define the quadratic functional,
(7.3.1) 7(t,u) & (u(t), P(t)ult))y »

where P(t) 1s a deterministic bounded self-adjoint operator and is
differentiable 1n t.

It follows that
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t

(7.3.2) E{r(t,u)|uls)=u,} - v(s,u ) = E{J AV(T,u)dT|u(s)=HS}
s

2

where A is the differential generator such that
drP(t) D
(7.3.3) AvV(t,u) = (u(t), at 'u(t))H - (A7 (t)u(t), P(t)u(t))H

- (u(t), PR (Eue)), + (AS(e)ule), PEIA%(B)ule)), .

Proof; By using the same approach as in Theorem-5.3.1, Eq.(7.3.2)
can easlly be obtained. In this section, the intuitive proof is
presented.

Formally we write
(7.3.8)  au(t) = - AP(t)u(t)at - aas(t,w)lult)] .

Noting that

(7.3.5) dv(t,u) (u(t+dt), P(t+dt)u(t+dt))H - (u(t), P(t)u(t))H

[}

(u(t),dP(t)u(t))H + (du(t), P(t)u(t))H
+ (u(t), P(t)du(t)), + (du(t), P(t)u(t))y + oldt) ,
and taking into consideration that the order of dAS(t,w) is equal to

1
(at) /2, from Proposition 2.2.2, we have

(7.3.6) av(t,u) = (u(t), dP(t)u(t))y ~ (AP(t)ulelat, P(t)ule))y
(A8 (t,w)[u(t)], P()ult))y - (ut), P()AP(t)ule)at)y
- (u(t), P(t)dA®(t,w)[ult) Dy

- (aAS(t,0)[ult)], P(£)dAS(t,w)[ult)])y + oldt) .

1/2, the

From Eq.(7.3.6),neglecting higher order terms than (at)

following equality is formally obtained,
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E{v(t+dt,u)|u(t)=0,} - E{v(t,u)|ult)=u}

(7.3.7) 1lim
at-+0 at

E{av(t,u)|ult)=u.}

= 1im
dt~>0 at
= Et(u(e), T8y - (aP(e)uce), P(slue)),
dt

- (u(t), P6)AP(e)ule))y

+ (A%(6)ule), P(6IAS(B)u(e)) |u(e)=T, 1.
Thus, the proof has been completed.
In Thecrem-7.3.1, boundary controls in Eq.(7.2.1) are not ap-
peared explicitly in Eq.(7.3.3). In order to study the boundary
optimal controls, the following corollary is useful.

[Corollary-7.3.1]: Using the Green's formula, Eq.(7.3.3) becomes

(7.3.8) wv(e,w) = (u(e), T u(e)), - (ulo), A" (£)R(E)ule)),

(Sj(t)u(t), T (t)pP(t)ult)) ,
J L°(58@)

-

j=1

+ (u(t), XS*(t)P(t)KS<t>u(t>)H ~ LulE), P(t)AD(t)u(t))H

n/2

+ ] (G, (t)ult), Hj(t)'P(t)u(t)) >

j=1 9 L°(36)

n§2 n§2
¥ (G, (tl)ult), E, ()P (£)G (t)ult s
P Ade Jk p Gyl Bl ))L2(8G)

where the symbol Pb(t) denotes

(7.3.9) Py(t) = J p(t,x,y)(-)dy ,
3Gy
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and where p(t,x,y) is the kernel of the operator P(t). 1In Eq.(7.3.8),
Sj(t)’ Tj(t) and Gj(t) are partial differential operators formally
defined on 3G. The system {Sj(t)}jzn is a Dirichlet system of order
n on 9G and the system {Tj(t)}j=2 becomes the adjoint system of
{sj(t)}j=§ relative to the operator AD(t). Furthermore, {Gj(t)}?:i
is one of subsets of a Dirichlet system of order n/2 on 3G, and

n/2 n/2

n/2
{H. ()« )},”  and {5, (t)+( )} are boundary systems which

depend on the determination of the system {Gj(t)}, 1
J=
Proof: Since a complete mathematical generality 1s not the object of

this section, we assume the spacial domain G is Rl. The following
results can easily be extended to the case of the n-dimensional
Euclidean domain. (See Ref.[L 5], for more details) For any ¢ and ¢
eHn(G), by integrating by parts, the second term of the right hand
side of Eq.(7.3.3) becomes

D _ D 1
(7.3.10)  (A7(E)4, P(OIWy = (] aj(t, 0000, P(EIV),

i 1D
=i§n(¢, (-1)"D 2y (£,X)P(E)W)

e O j-13-1p
+ D > (‘l) D (t, )P(t)w)
J'En ,J‘Zl( x ¢ x F100eR 1.2(3G)
Dx
= (¢, A (£)P(£)V)y
non 5.1 i-j+1 1-j+1 D
D , (=1) D a,(t,x)P(t)y) .
+J'£l izj( x O % + L2 (36)

Noting that {%j(t)}j—? ig a Dirichlet system, we can always

express the partial differential operator Di for any J by the linear

n
combinations of {Th(t)}3=l' (See Ref.[L5]) Then, in the Corollary-
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7.3.1, choosing the operator Sj(t) such that

= (pd~? 1 1 (t,%)
(7.3.11) (85(6)0, T (0)0) 5 (DY "¢, RS

1-J+1,1-J+1 D
3G) i=j3 Ux

) s
12 (36)
we have

D
(7.3.12)  (A%(6)6, P(6IW), = (6, A T(EIP(EIV),

n

+ ] (5,(6)e, T (£)P(EIW) , .
§=1 o J L<(3G)
By using a similar method mentioned above, we obtain

A ”s _ S h s h
(7.3.13)  (A%(t)¢, P(EIAT(E)¥)y = hén/z(ah(t,x)Dx¢, P(t)ay (t,5)Dg¥)

h h g s h
= o t,y)D
hén/2(¢, (=1)7D,a, (£, x)P(E)sp (8,7)D W)y

=1 J-1 g s h
+ (D To, (-1 T TS (e, 0P (6)ad (8,10
th/z le x h h Y7 12 (s0)
= (6, AS*(£)P(6)A°(6)¥)y,
n/2 n/2 h-j 3-F j-l

+) ) (D ¢, (-1) D (t x)P(t)a (s y)D V) .2
j=1 h=j X (aG)

Noting that the operator P(t) can be expressed by
(7.3.14) P(t) = J p(t,x,y)(+)dy ,
G

from the second term of the right hand side of Eq.(7.3.13), Db
integrating by parts with respect to y, it follows that

n/2 n/2  p_j fl =1 4.
(7.3.15) } 1} (D, J¢, (—1)J D’ Di lai(t,x)P(t)aﬁ(t,Y)th)

j=1 h=1 X L2(5G)
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n/2 n/2 - J ) g
‘le hg (D G(-l)J Di- aﬁ(t,x)(—l)hD?aﬁ(t,y)p(t,x,y)
xydy )
L2(2G)
nfg nfg -1, [ J-lp3-1p3-1 k-
+ (o} (-1)7 56, %) Z (-1) Tkl
J=1 h=j 3G ’x
Xas(t,y)p(t,x;y)Dh'kwdy) .
b y L2(3a)
Defining,
e
o, (v) & Dy
1’1/2 th
Hy(£)-P(t) & J th( -1) D, B ap(t, X)D ap (t,¥)p(t,x,y) (+)dy
G
k+1
GRS B G D WAL PLICT YO
and
% — L k+1 k+1
E. . (t)+P (t) & (t,D_)K t,D
15 P f Lana, ) ket (P (50y)

xp(t,x,y)(-)dy ,

from Egs(7.3.13), (7.3.14) and (7.3.15), we have

(7.3.16)  (A%(0)0, P(IRS(EDW)y = (o, A" (0)RB(ED0)

n/2
+ 1 (G, (), H (t)P(t)y)
j=1 J J L2(3G)

n§2 n/2
+ (G,(t)o, 2. (t)-P _(£)G (t .
j=1 kzl gl 2y, NBI0E, GG, & )w)LZ(BG)

The proof has been completed.
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If concrete forms of the boundary operators defined by Eq.(7.2.lc)
are given, then we can easily find the relation between the abstract-
ly defined operators Sj(t), Tj(t) and Gj(t), and boundary operators
{Bj(t)}?ii given in Eq.(7.2.1c) from Corollary-7.3.1l. However, in
this chapter, because of the fact that boundary operators given in
Eq.(7.2.1lc) are abstract fashions, the relation between the operators
appearing in Eq.(7.3.8) can not precisely be discussed. Roughly
speaking, we can only say that some of g, (t) (j=1,2,---,§) are equal
to boundary operators {Bj(t)}?ii, and furthermore there are many cases

such that

. n/2 n/2
i) All of {Gj(t)}j=l are equal to boundary operators {Bj(t)}j=l'

/2
=7, ¢

. 2 .
iii) Any of {Gj(t)}?él is not equal to boundary operators {Bj(t)}?:i.

11) Some of {Gj(t)}?:i are equal to some of {Bj(t)}?

In the following corollary, the most interesting situation is

n/2 n/2
j=1 are equal to some of {Bj(t)}j=l.

considered, that is, some of {Gj(t)}
n/2
[Corollary-7.3.2]: With boundary operators {Bj(t)}j=1 given by Eq.

2
(7.2.1c) and their adjoint operators {Cj(t)}?él, operators {Sj(t)}j=?

n
and {Tj(t)}J=1 are assumed to be represented respectively byT

(7.3.17) {Sj(t)}3=2 {-Bl(t),-B2(t),"°,-B£(t),§l(t),§2(t), ,gn(t)}
2 2
and

n n n, n
(7.3.18) {Tj(t)}j=l {Tl(t),TZ(t),---,Tg(t),Cl(t),Cz(t),---,CE(t)}.

2 2

Futhermore we assume the system {Gj(t)}?:i relative to the operator

+ D

2
The concrete forms of operators {gj(t)}?=l and {%j(t)}?:l will be

shown in examples in Sec.7.5.
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ﬁsﬁt) becomes

n/2 _
(7.3.19) {Gj(t)}j=l = (B (t),B,(8),+,B,(t),0 (€),a,(t) 0 0, t(t)}'

2
Equation (7.3.8) can be changed into

(7.3.20) AV(t,w) = (u(t), [%t—) - aD*(eyp(s) - p(t)aP(k)

+ B3 (e)P(6)BP(£) Jult))y

n/2
+ ) (g, (), ()P(6)uls))

J=i1 2

L (36)
n/2

- § B, (elute), 8 bpinctiule)) ,
i= J J L

1

J (3G)

4
+ ) (g,(t), H (£)-P(t)u(t))
521 % J 12(30)
n/2

+ ) (ay_g(t), Hj(t)-P(t)u(t))

L 2
+ 11 (g5(0), 2y (8) Ry (B)gy (8D) o

j=1 k=1 (3G)
P () (t) (t)ult))
(t), .. (t)-P (% u
+j£l I R b R 12 (36)
&3 i (t)u(t) (t)+P (t)g, (t))
) t), =, .
+j££+l kzl(aJ_z o 1 b Bk 2 50
n/2 n/2
. (t)P (t (t)ult))
+jZ£+l kzz+1(aj'£(t)u(t)’ gl P P g IEN 2
Proof: From Eqs(7.3.17) to (7.3.19), we have
n
. 3. sS.(t)ult), T,(£)P(t)ult))
(7.3.21) [ (s;(00u(). T, Lol oy
= ¥ (t)p(t)ult))
jzl (B;(e)ult), Ty(t) (t)u -
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n/2
+ ] 3 (emle), c5(0)R(EIule)) 5
321 J L°(3G)

n/2
.3.22 G.(t)u(t), H.(t)+P(t)ul(t))
(7322 jgl( g J 12 (58)

£
=3 (B, (t)ult), Hj(t)-P(t)u(t)) >

j=1 L°(23G)
n ( (t)ult) (t)-P(t)ult))
+ . (e ult), H,(t) u
i§z+1 e A J 12 (3G)
and
) n§2 nZZ( (tlult) (£) P, (£)G (£)ult))
(7.3.23 G,(8)ule), 25, (¢ t u
j=1 k=1 Sk 12 (36
L
= 2 (B, (£)ult), 25, (£) Py (£)B, (t)ult)) 2
=1 k=1 L°(3G)
; ngz (B.(t)ult) (g)=B (1) (t)ult))
s B.(t)ult), B, (£)-P (t thult
jzl kerl 0 o k-t L2 (30)
n/2 £
+ ) 1 (u _p(Bhult), E5, (£) <P (£)B (£)ult)) ,
j=L+1 k=1 L (3G)
" n§2 (o, ,(t)ult) K (E) =P (£) (thult))
+ t)ult), E t P t o tiult
j££+l k=g+1 9% ~ 12(26)’

From Egs.(7.3.21) to (7.3.23) and Corollary-7.3.1, the differential

generator defined by Eq.(7.3.3) is rewritten by

[dP(t)

Dx D
It - ATT(t)P(t) - P(t)AT(L)

(7.3.24) AvV(t,u) = (u(t),

+ BPF () P(e)A%(6) Jule))y
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Then, notin

proof has Db
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n/2
+ ] (B, (t)ult), %j(t)P(t)u(t))

331 L2(aG)
_an(g.(t)u(t) C.(t)P(t)u(t))
j=1 e L2 (36)
2
+ ) (B.(t)ult), H.(t)+P(t)ult))
j=1 J L2 (36)
n/2
+j££+l(aj_£(t)u(t), Hj(t)'P(t))Lz(aG)
L ¢
+j£1 kzl(Bj(t)u(t), Ejk(t)-Pb(t)Bk(t)u(t))Lg(aG)
£ n/2
+jzl kZ£+1(Bj(t)u(t)‘ Ejk(t).Pb(t)qk'z(t)u(t))L2(aG)
n/2 £
+j££+l kzl(uj_z(t)u(t), Ejk'Pb(t)ak—K(t)u(t))LZ(aG)
n/2 n/2
Lo k§£+l(aj_£(t)u(t), Ejk(t)-Pb(t)ak_ﬂ(t)u(t))Lz(aG).

g that Bj(t,x;Dx)u(t,x) = gj(t,x) (j=1,2,+++,n/2), the

een completed.

7.4. Derivation of Optimal Boundary Control

Consider the following quadratic cost functional,

(7.4.1) L(¢t

where P(t)

and R(t) an

,u,g) = (u(t), P(t)u(t))H + (g(t), R(t)g(t)) 5
L°(3G)

is a bounded semi-positive definite self-adjoint operator

d g(t) denote



3.

0 By(e)
(7.4.2) R(t) =| : ., .

O .-cq-oqaooﬁn/g(t)
and
(7.4.3) glt) = [gl(t),g2(t),°'°,gg(t)] 5

2

where {ﬁi(t)}gii are bounded positive definite self-adjoint operators,

and {gi(t)}géi are boundary control signals. The problem is to find

the feedback optimal boundary control signal go(t) in such a way that
the functional
te
(7.4.4) J(g) = E{{ L(t,u,g)dt| ulty)=uyl
i
0
becomes minimal with respect to gewzd.
In this case, from the results of Chaps.3, 4 and 5, we may find

the minimal cost functional V(t,ﬁt) is expressed by
(7.4.5) V(t,ut) = (ut, H(t)ﬁt)H-

From Eq.(7.4.5), by applying the principle of optimality and by Corol-
lary-7.3.2, the following basic equation of optimal boundary control

is derived,

(7.4.6) min [(T , P(O)U )y + (g(t), R(t)glt)) ,

g 12(5a)
+(F, (B 2P omee) - neo)aPe) + ASF(e)n(e)A%(e)m,)y
M . (6), €. (6IM(6)T) 1% y
+ g.(t), t)I(t)T - (T.(t)u,, S,(e)n(t)u,)

j=1 9 J t'12(96) j=1 9 LA Y1125



- 159 -

2
+ ) (g.(t), H . (t)+I(t)u,)
j=1 J J 12 (80)
n§2
+ (a, ,(£)T,, H, . T
sten a5 _p U, J(t) H(t)ut)Lz(BG)

L 2
* 1o 1 (gy(e), 25 (6) M (£)g () ,
0

J=L &=l L°(3G)
§ n§2
+ (g.(t), 2. (t)-I (¢t
288, g g; Jk( )T ( )ak—ﬂ(t)ut)L2(aG)
n§2 £
+ (a. B =, .
Lot kgl oy _p(E)T, &y, (8) Hb(t)gk(t))Lz(BG)
n/2 n§2
+ (a, ,(t)u., E., (t)I (t t0u = 0
jZ£+1 Lo JUys B3y ()T (£)oy o )ut)L2(3G>]
or in a vector form
(7.4.7) min [(m_, P(t)u_ ), + (glt), R(t)glt))
o £ t’H 12 (5a)
ge ad
— an(t) D Dx *
+ (T, [_EE_' = A7 (H)IlE) ~ (B () (E))

+ B3 () (A3 (6)m(£)) " 1T )y

v 2lelt), HOTWT,) 5 - 2S©F, W) ,
L

(3G) (3G)

2(Kg(t), H(£)n(e)u + 2(Qa(t)u,, H(H)m(L)T)
+ 2(Kg(t) L) ut)Lz(aG) U 692 s
+ (Kg(t), E(t)m (£)Kg(t))
¢ b E 2050y

+ (Ke(6), SOML(DGOT) 5

+ (QG(t)u,, E(t)m, (t)rg(t))
Q U b g 1258
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+ (Qale)u,, E(,t)nb(_t),QG(tﬁt)‘Lz(BG)] =0,

where C(t), S(t), T(t), H(t), G(t) and E(t) are the following %-—di—

mensional vectors and %X% matrix operators, whose components are bound-

ary partial differential operators, respectively,

(7:4.8) ©C(t)

[cl(t), c2(t),---, Cg(t)]
)

n V) v 1
(7.4.9) T(t) [Tl(t), T2(t).°'°, Tn(t)]

no

(7.4.10) 8(t)

047 n n, 1
[Sl(t), S2(t), , S_(t)]

n
2
(7.4.11) H(t) = [Hl(t)-( 1o Halhlol J,mns, Hg(t)'( )]
? _
gll(t).( ) Elz(t).( Yeeeooanonanes Eig(t).( )
= = 2
:Zl(t)'( ) Eyn(t)= () .
(7.4.12) =(t) = :
Egl(t).( ) ....................... EQ E(t).( )
| 2 2 2 _ |
and

(7.4.13) a(t)

[B1(t), By(£), e+ ,Bp(t) 0y (8),0,(t) = " 0 I,(t):l'

1N
n.n ‘
and K and Q are respectively §X§ square matrices,
P

T 0 0
01 .
JEET

(7.4.1Ua) K = Qeeee 01

|o
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and
0
0 0
(7.4.14p) q = 0
0 1 0+¢-0
01 [l n 2
. - 0lf2 ~
0..-01
— n
> -2

From Eq.(7.4.7), it follows that
(7.4.15) miab [({R(t) + K*E(t)nb(t)K}g(t) + {T(t)M(t) + K'H(t)N(t)
E<%aqa
+ K*E(6)N, (£)Q6(E) i, {R(t) + K*E(6)M, (£)K}LL{R(%)

+ KTE(0)I, (£)Kg(t) + {T(£)N(t) + K*H(t)I(t)

+ K*2(¢)1_(£)Qa(t) 3T, 1)
b L2 s0)

({T(e)m(t) + K"H(£)N(t) + K*2(¢)M (£)Q6(t) }u,,

{R(t) + K*E(t)nb(t)K}'1

x {T(£)N(t) + K'H(t)I(t) + K*E(t)nb(t)QG(t)}ﬁt) s
LE(36G)

- 2(8(t)u_, c(e)m(e)u,. )
i v 2t an)

+ 2(Qa(t)T,, H(t)N(t)u,)
t t LZ(BG)

+ (QG(t)u,, E(t)nb(t)QG(t)Et)L2(aG)

+ (Et,

{dtﬂf) - AP ome) - P emen”

+ BS7(6) (A (e)m(e)) ™ + P(£)}W )] = 0

Then, noting that the first term of the left hand side of Eq.(7.4.15)
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is a quadratic form, the optimal boundary control g®(t) is gilven by

(7.4.16) go(t) = —-{R(t) + K*E(t)Hb(t)K}_l{T(t)H(t) + K*H(t)H(t)

+ K*E(£)T, (£)QG(t) g
where, for "¢<HP(G) and "weH™(G), N(t) satisfies

(7.4.17) (9, {ngil - AP eyme) - (al*e)mee))*

+ AS* () (AS*(t)m(e))* + P(t)}0),
- ({T(6)N(E) + K'H(E)N(t) + K'E(£)W, (£)QE(t)}9,
{R(t) + K*E(t)Hb(t)K}—l

x {T(t)M(t) + K'H(E)T(t) + K*2(£)M (£)Qa(E) 1) ,
L°(3G)

- 2(8(t)¢, c(t)m(e)v) 5 + 2(QG(t) e, H(E)H(L)Y) 5
Le(3G) L7(3G)

+ (QG(t) ¢, E(E)My(£)QG(t)y) 5 =0
L(3G)

with the terminal condition

(7.4.18) (¢, I(t¥) = O.

7.5. Illustrative Examples

In this section, the explicit form of the optimal boundary con-
trol is shown for the one dimensional stochastic heat equation with
the non-homogeneous Dirichlet and Neumann conditions.
[Example-7.5.1]: (Non-homogeneous Dirichlet condition)

Consider the same equation as Example-5.5.1 in Sec.5.5 of Chap.

5; that is,
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2
(7.5.1a) 2ultax) o o ()27u(E,X) o o (yn(y,,)2ultax) o g
at 3%2 1 -

for (t,x)eTxa(Jtq,tp[x]0,1[)

with the initial condition

(7.5.1b) u(to,x) = uo(x) for xeG

and the boundary condition

(7.5.1c) u(t,x) = g(t,x) for (t,x)eTx3G

where g(t,x) is a boundary control input and n(t,w) is a white
Gaussian noise with zero mean and unit variance, which denotes the

random velocity of the moving rod in the x-direction. From
Coersivity condition-2.2.1, the deterministic coefficients a,(t) and

aj(t) are assumed to satisfy
(7.5.2) 2a,(t) + a5(t) <0 for “teT,

In this example, we can easily find

2

(7.5.3) A(6) = a,(8)D}
As 1

(7.5.4) A°(t) = a (£)D,

and, for xedG, the boundary operator B(t) can be rewritten by

0
(7.5.5) B(t) = b, -

2
Using the Green's formula, for any ¢eH (G), we have

(7.5.6)  (aP(t)e, (eI, = (6, AT (EIN(E)0)y

1 0 e 1
+ (Dy0, a,(8)Dy (£)4) (D38, 2 (ORI 5

(3a) G)
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Noting that the boundary operator of the system considered here is
B(t)=Di, it is sufficient to choose another boundary operator S(t)

defined by Eq.(7.4.9) as follows:

1

v
(7.5.7) S(¢) = Dy .

From Egqs(7.5.5) and (7.5.7), we can easily choose boundary operators

4V}
C(t) and T(t) defined by Eqgs(7.4.8) and (7.4.10) such that

0
(7.5.8) C(t) = az(t)Dx
and

% N
(7.5.9) T(t) = az(t)DX )

Then, Eq.(7.5.6) can be rewritten by

(7.5.10) (aP(£)e, M) o)y = (6, AP*(EIM(E) )y

P8, SO , - (B(E)e, TOM(EIE) , .
L°(3G) L=(3G)

Furthermore, for any ¢eH2(G), we have the following relation’

(7.5.11) (A%(6) ¢, T(E)AS(£) o)y = (o, AS(LIM(£)A (1) )y

0 0 1
* (Dyhs 8 (00D (IDI(EIO) 5

0 0 0 0
* (Dyds ay()Dye (OB (6ID0) 5

In this example, for xedG, boundary operators defined by Eqs(7.4.12)
and (7.4.13) become

T In this section we use the symbol

n_m _ n.m
Dnyn(t)¢ = GDXDyn(t,x,y)¢dy-
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(7.5.12) @a(t)

B(t) = D

(7.5.13) a(t)

]
o

(7.5.14a) H(t)-m(t)

ai(t)[GD;ﬂ(t,X,Y)(')dy
and

(7.5.14p) =5(t)-I(t)

ai(t)I T(t,x,y)(+)dy -

oG

Then, Eq.(7.5.11) can be rewitten in the form,

(7.5.15)  (A°(t)e, MEIRS(£)o)y = (o, AS™(0)M(E)A®(8) o)y
+ (B(£), H(t)-I(t)9) ,

L7(3G)

+ (B(t)¢, E(t)-Hb(t)B(t)¢) 2( )
LE(9G

From Egs.(7.5.11) and (7.5.15), the matrices K and Q defined by Eq.(
7.4.14) are K=1 and Q=0, respectively.

Considering the relation between boundary operators in Corollary-
7.3.2 and those of the system considered in this example, the optimal

boundary control given by Eq.(7.4.16) is obtained to be

(7.5.16) g°(t) = = {R(t) + E(£)-M ()3 H(F(6)N(e) + H(E) (1)},

and furthermore, from Eq.(7.4.17). for ¥4,yeH2(G), N(t) satisfies

(7.5.172) (¢, {ZEL - aP*(6)m(e) - (AP*(e)m(e))* + AS*(6) (AS*(e)m(e))*
<B(6) )y - ((T(EITN() + H(E)-M(t)}o,

{R(t) + 2(8) T (£) ) HEEIM(E) + B(E) MBI 1) ,
° ° 12(36)
- 2(8(t) , C(eHmt)y) , =0
L°(23aG)
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with the terminal condition,
(7.5.170) (¢, H(tf)w)H =0

By using the kernel theorem, the optimal control g®(t) given by

Eq.(7.5.16) can be expressed by the original notation,

1 _
(7.5.18) g°(t,x) = - [r_l(t,X,y){ a2(t)§£££4X4£lﬁ£(z)dzjz;é
0 oy

where r_l(t,x,y) is the kernel of the inverse operator R_l(t), and
the kernel equation of the operator 1I(t) defined by Eg.(7.5.17) be-

comes

(7.5.19a) w = a2(t){82'”(tsX:Y) % 82v(tsx,Y)}
9t

9x2 8y2
2 e am(t,x,z
¢ a2 2TEET) 4 pis,x,y) - [a,(6) 2025021
9x9y 0Zq

- z.=1_2.=]
xp l(t,zl,zg)a2(t)aﬂ(t’z2’y)] 2 ] 1 = 0
0z Z2=0 Zl:o
2

with the terminal and boundary conditions,

(7.5.19b) ﬂ(tf,x,y) =0, for (X,y)erXGy

and
(7.5,192) wlg,®,%) = 05 for (t,x,y)nganxGy
(7.5.19d) n(t,x,y) = 0, for (t,x,y)eTxGxxaGy ,

where p(t,x,y) denotes the kernel of the operator P(t),

In the Dirichlet boundary condition, the terms Z(t)-N (t) and
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Fig. 7.5.1 A sample run of the system state u(t,x)
with homogenious boundary in Example-7.5.1

H(t)-N(t) become zero from the boundary condition of the kernel
m(t,x,y) of M(t), i.e., Eqs.(7.5.19¢c) and (7.5.194d).

In simulation studies, Eq.(7.5.1) was simulated on a digital
computer and the control gain 7n(t,x,y) was determined in advance by
solving Eq.(7.5.19) with the help of the implicit formura of differ-
ence method. Then, the optimal boundary control go(t) was given by
Eq.(7.5.18) with the control gain m(t,x,y). The results presented
below are representatives of simulation experiments. In all experi-
ments, the value of a1 and a, were respectively set as al=—0.5, a2=
0.9. The initial condition (7.5.1b) was given by uo(x)=13.56x(/§f?
z; - 0,5)2 - V2.75) and P(t) and R(t) were respectively given by

1

(7.5.20) P(t) = [ p(t,x,y)(-)dy = ( 35eXp(—2((x—o.5)2+(y—0-5)2))(-)dy
0 0
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Fig. 7.5.2 A sample run of the system state u(t,x)
with optimal boundary control in Example-7.5.1

(7.5.21) R(0,0)=1, R(0,1)=R(1,0)=0, R(1,1)=1

Throughout the experiments, the partitioned time interval and spacial
variable were set as At=0.0001 and Ax=0.1, respectively.

Figure-7.5.1 shows a representative of sample runs of the system
with homogenious boundary (g(t,x)=0). A sample run of the system de-
riven by the optimal boundary control signal go(t,x) is shown in Fig.
-7.5.2. In order to show the difference between the controlled pro-
cess and the uncontrolled process, the system state u(t,x) at the

fixed spatial points is shown in Fig.-7.5.3.
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[ G(t, ) : sample run of the system
without control

u(t, ): sample run of the controlled system

10

G(t,05)
05 .\. ! e .\‘_‘,.\\"" .\\ " .. “ U(t,O.S)

~T \ . LN i
AN DTk N(E03)

TOUA o

) \. N \ \‘_u(tloz)

Vo oNA . oy
Lo, u(t03)

0 - U N ‘
.01 02 ‘\.‘., \\ '03 Time

s

“W(t,0.2)

Fig. 7.5.3 Sample runs of the system state u(t,x)
at the fixed spacial points in Example-7.5.1

[Example-7.5.2]:(Non-homogeneous Neumann condition)
Consider the Neumann problem in stead of Dirichlet condition (7.
5.1c) in the same system as in Example-7.5.1. (In this example we

choose V=H1(G).)

(7.5.22) Eﬁéglil = g(t,x) , For (t,x)eTx3G

Noting that the boundary operator of the system considered here 1is

0

- By using the same pro-

4V
B(t)=Di, it is sufficient to choose S(t)=D
cedure as in Example-7.5.1, a concrete form of boundary operators c(t),

v
T(t), G(t), H(t) and E(t) can be shown by

v 0
(7:45:23) Tlg) = —az(t)Dx s
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20y els)

- 170 -

i
_a2(t)DX K

a(t) =D

25) G(t) 2

.26a) H(t)-m(t) = ai(t){ D;w(t,x,Y)(°)dy

G

26D) E(t)-T, () = ai(t)[ m(t,%,5)(+)dy .
oG

Then, from Egs.(7.5.6) and (7.5.11) for v¢eH2(G), we have

27)  (AP(e)e, ME)e)y = (6, ADT(EINCE) )y

- (B(£)o, TOIM(E)0) 5  + (S84, CBIM(E)O) ,
L7 (3G) L™ (36G)

28)  (B%(t)¢, M(EIAS()9)y = (¢, AT (£IM(LIAS(£)¢)y

+ (o(t)¢, H(t)TI(t)d) 5
L°(3G)

+ (a(t)e, E(t)-Hb(t)a(t)¢) 2( - .
L™(3

Then, Eqgs(7.4.14) and (7.5.28) yield that K=0 and Q=1, and, from Eq.

(7.4.16), we have

(725

29) g°(t) = - R’l(t)c(t)n(t)ﬁt ,

where we may find from Eq.(7.4.17) that, for v¢,weH2(G), I(t) satisfies

(7.5.30) (s, {%%le - AP (om(e) - AP m(e))* ¢ ASF(e) (AS*(e)m(e))”

N P
* Bial by ~ dR{aymla), B CRCITIRIN 5
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- 2(8(t)¢, C(LIM(EIY) , t 2(alt) ¢, H(E)-T(t)y) ,
L™ (23a) 2 (3G)

+ (a(t)e, 2(t)- I, (t)alt)y) 5 =0
L™(3G)

with the terminal condition,
(7.5.31) (¢, Mty

With the aid of the kernel theorem, the original form of optimal

control go(t) can be expressed by
1
- e} _ -1 — y=1
(T=5.32) B (£:8) = [¥F (x40 a2(t)ﬂ(t,y,z)ut(2)dzly=o %
0
where

2
(7.5.33) amlt,x,y) _ a2(t){a W(téx,Y) d w(t2x,xl} # (t)ﬁ_ﬂiﬁiﬁill

at 9% 3y 9x9y

+ p(t,x,y) - [az(t)ﬂ(t,x,z )[r_l(t,zl,zz)

22=l Zl=0

xa2(t)ﬂ(t,z2 ,Y) JZ2=OJZ1=0 =
with the terminal condition,

(7.5.34) mw(te,x,y) = 0, for (x,y)eG,¥G,

and the boundary conditions,

(7.5.35a) az(t)gﬂéglfill + ai(t)§1§§L5LXl =0, for (t,x,y)eTxaGYXGx

(7.5.35b) a (t)—ﬂiﬁl}i&l + a) (t)éﬂi&i}ill-= 0 ; for (t,X,y)ETXGXXBGy

and

(7.5.36) m(t,x,y) = 0 , for (t,x,y)eTxdG, x3G
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In the Neumann boundary condition, it should be noted that the
randomness of the coefficients causes the boundary conditions (7:5.35)
and (7.5.36).

In the following example, we obtain the interesting result where
the control signal directly depends on random coefficients of the par-
tial differential operator.

[Example-7.5.3]: We shall consider a somewhat artificial but impor-

tant class of the 4-th order system of parabolic type described by

b 2
(7.5.37) BEE 4 o () 2L B 4 (2 () + eem(e,un L~ 0,

for (t,x)eTxG (]to,thXJO,l[)
with the initial condition,
(7.5.38) ulty,x) = uy(x) , for xeG ,

and the boundary conditions,

du(t,x)

(7.5.39) by 15x = g(t,x) ,

and

du(t,x) + 5 83u(t,x)

3,1 Bx 3’3 3X3

(7.5.40) b = 0 for (t,x)eTx3G ,

where bl’fté’3zo, and g(t,x) is a boundary input, and n(t,w) is a white
Guassian process with unit variance and zero mean, and au(t), a2(t)
and c(t) are scalar functions, respectively. Furthermore, from

Coercivity condition-2.2.1 in Sec. 2,2 of Chap. 2, it is assumed

that

(7.5.41) 2a,(t) - c2(t) > 0, for “teT.
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From Eq,(7.5.37), we find that

(7.5.42) AD(t)

4 2
au(t)DX + az(t)Dx .

(7.5.32) AS(t) = o(t)D?

x ?
and, for xe?3G ,

(7.5.L44) B, (t) = bl,lDi ,

and

(7.5.45) B, (t) = b3’1Di t b3,3Di ,

from which we have

1
(7.5.46) D

and
(7.5.47) Di = Y3,332(t) + Y3’lBl(t) , for (t,x)eTx3q ,

where

1 1 'b3,l
(7.5.48)  v1 ;= —— ., ¥3,3= — andy3 = —— .
’ b1,1 b33 7 b3 3°by 1

Using the Green's formula and Eq.(7.5.48), for ¥¢€H4(G)’ we have
(7.5.49)  (AP(t)e, M(8)o)y = (8, AP (D)M(E) o)y

3 0
+ (DX¢, a“(t)DXH(t)¢)L2(aG)

~ (B, (£)¢, v sa,(£)Dim(t)¢)
2 3,39 X L2(3G)

- (By(t) 5 ((yg q2,(e) + Yl,laZ(t))Di % Yl,lau(t)Di)



= LT4 =

1 0 5
xIT(t) ) + (D ¢,(a,(t)D) + a,(£)DI)N(t)¢) .
L2(3G) 54 2 b'd 4 X L2(3G)

From Corollary-T7.4.2 and Eq.(7.5.49), we can define another set of
boundary operators,

Y _ * * 0 * 2
(7.5.50a) Tl<t) —-(Y3,1a4(t) + Yl’lag(t))DX = Yl,laq(t)DX ,

(7.5.500) F,(t) == a,(+)Dy ,

and from Egs.7.5.46) and (7.5.47), we set

(7.5.51a) 1 =D

0ne e
|
WM O

(7.5.51b) S, =D

- 1_ 3
(7.5.52a) C€y(t) ==-a,(t)Dy = a,(£)D; ,
and

(7.5.520) C,(t) =-a, (£)D .

Consequently, from Egs(7.5.49) to (7.5.52), for v¢5H4(G), we have

(7.5.53)  (AP(t)¢, M(£Ie)y = (6, A*(EIM(E) o)y

+ (§1¢, C,()m(E) o) 5

Yy
+ (8,9, C,(£)T(t)9)
2 2 L2(3G) L°(23G)

A "
- (By(0), TON(D)6) 5 = (By (0, T (OIN(EI0) 5 .

(3G) (38)

The term (As(t)¢,n(t)ﬁs(t)¢)H can also be represented by the

Green's formula in the form

(7.5.54)  (A%(t)e, M(E)AS(6)a), = (o, ASM(OIM(£)IAS(£) o)y

1 0 2
+ (D.d, c(t)Dc(t)DSM(t)¢)
x x y 7,20 36
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1 0 0 1
D
+ (D ¢, C(t)DxC(t)DyHb(t)Dy¢)L2(aG)

1 0 1 0
D ¢, c(t)D_c(t)D I
(D ¢, c(t) <c(t) g b(t)Dy¢>L2(aG)

0 1 2
(D_¢, c(t)D_c(t)D T(t)d)
X Xc y L2(3G)

0 1 0 1
(Dx¢, c(t)Dxc(t)DyHb(t)Dy¢)L2(aG)

-+

0 1 1 0
(Dy#, e(E)Dge(8IDyT, (6)D8) 5

In this example, the concrete forms of boundary operators defined by

Eq.(7.3.19), become

il
1D

b
st X

(7.5.55a) Gy (t) = By(t)

D

1
0
(7.5.55b)  Go(t) = a1(t) -

>

(7.5.56a) H,(t)-N(t) = Yi,lc2<t)[ Din(t,x,y><-)dy

G

(7.5.56b) H,(t)-T(t) =-c2<t)J DyDZm(t,x,¥)(+)dy
G

and

I

L+k o
(7.5.560) £, (£)+T (£) = (-1 e*(6)y ) <t>JaGDZ Ip¥

-1
x Py mt,x,y)()dy,

From Egs(7.5.55) and (7.5.56), Eq(7.5.54) can be rewritten by
(7.5.57)  (AS(t)¢, M(£)AS(E)9), = (4, AS* (6)M(£)A(£)0)

B.(t)¢, H (t)-I(t)d)
+ l( )o, Hy +Broay
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+ (o, (£)0, Hz(t)‘ﬂ(t)¢)

L2(3G)
+ (By(t)9, Ell(t)'Hb<t)Bl(t)¢)L2(aG>
+ (B (t)9, 512(t)-nb(t)al(t)¢)L2(aG)
+ (a (89, 521(t)'Hb(t)Bl(t)¢)L2(aG)
+ (o (t)9, Ezz(t).Hb(t)al(t)¢)L2(aG) ]

Then, from Egs(7.5.54) to (7.5.57), it is easy to show that

1 0 0 0
(7.5.58) K = and Q =
0 0] 0 1

By using the boundary operators (7.5.5) and (7.5.6), the optimal
boundary control defined by Eqs(7.4.16) and (7.4.17) becomes

-1 v
(7.5.59) g°(t) = = {R(E) + E5(£)+My(8)} (T, (£)M(t) + Hy(t)-N(t)

+ 512(t)-Hb(t)al(t)}ﬁt 5

M
where, for v¢,weH (G), I(t) satisfies

an(t) _

(7.5.60) (9, 17 AP me) - P + A% (6) (AST (6)m(e)3

+ P I)y - (P (0)I(E) + Hy(t)T(e)

-1
+ Elz(t)-nb(t)al(t)}¢, {R(t) + Eqq(£)-m (¢)}
x{¥l(t)n(t) + Hy(t)eT(t) + 512(t)-nb(t)al(t)}w)L2

(3G)

- 2(8.¢, € (t)I(L)y) - 2(8,9, C,(£)NI(t)y)
17 12 (3a) 2" "2 £2(5a)
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t (o (£)¢, {H,(£)-m(t) + 522(‘0)'Hb(t)ul(t)}w)L2(3G)_

with the terminal condition,
(7.5.61) (¢, M(t)y) =0 .
Equation (7.5.59) can be expressed by the following kernel
equation,
i
(7.5.62) g°(t,x) = [e(t,X,y){ {(Yg,lau(t) + Yi,lag(t))ﬂ(t,y,2>
0
" %1 (t,y,2)
+ Yl 1au(t)__._2i)_
’ 5y
2 y=1
- vy lcz(t)E_ILELXLEl}E(t,Z)dZ] _
> 2 y—O
9z
where e(t,x,y) is the kernel of the inverse operator E(t),
y=1
(7.5.63) E(t) = [e(t,x,y) ()] g
and for v¢5Hu(G), E(t) satisfies the following relation:
(7.5.64) (¢, (R(t) + E,,(t)IL (£))IE(L)¢) = (¢, ¢)
11 b 1.2 (36) 12(3G)
and the kernel n(t,x,y) of the operator I(t) satisfies
4 b 2 2
am(t,x,y) 0 3 a4 3
.5.65) Shzefads o g (t)( + Ym(t,x,y) - a,(t)( + )
(7.5.65 3t M E;E E;E 2 3x2  ay2

y
xm(t,x,y) + c2(t)§—1£§¢§§Xl + p(t,x,y)
9x "~ 9y

- [0 =(v5 g3, (8) + v j2,(£)) m(t,%,21)

azﬂ(t,x,zl) 2(t)82n(t,x,zl)
B Yl,lau(t)_‘”?—— * Yl:lc 3Z2
BZl T,
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XLe(t,z1922X-(y3,lau(t) F Yl,laz(t)>"(t’z2’y)

aaﬂ(t,z ,Y) a2ﬂ(t,z ,y) z2,=1 z_=1
- ¥y, ay () £ 5y 18 H——— 1, e0)zim0 = O
> 325 > 9y 2 1

with the terminal condition,
(7.5.66) ﬂ(tf,x,y) =0
and the boundary conditions,

m(t,x,y) =0

(7.5.67) for (t,x,y)eTxaGXXGy
2
3Tm(t,x,y) _ 0
9X
and

m(t,x,y) =0

(7.5.68) for (t,x,y)eTXGxxaGy
azﬂ(tzxzy) -0
2
oy

where p(t,x,y) is the following integral kernel of P(t),
1

(7.5.69) P(t) = [p(t,x,y)(-)dy
0

It should be noted that the terms Elz(t)°Hb(t), H2(t)-H(t) and
522(t)-Hb(t) in Egs(7.5.59) and (7.5.60) become zero, respectively,

due to the boundary conditions (7.5.67) and (7.5.68) of n(t,x,y).
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7.6. Discussions and Summary

In this chapter, the optimal boundary control problem for a
general class of partial differential equation of Parabolic type with
white Gaussian noise coefficients has been solved by using the dynamic
programming approach and the well-known Green's formula.

The results obtained in this chapter, can easily be extended to
the case of Hyperbolic equation,i.e., System 28 in Definition-2.3.8
of Sec.2.3 of Chap.2, by using the stochastic differential rule given
in Chap.6. In order to study the boundary control problem, it should
be noted that the influence of boundary control to the interior domain

of the system state is disturbed by the randomness of coefficients.
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CHAPTER 8. CONTROLLABILITY FOR STOCHASTIC DISTRIBUTED PARAMETER
SYSTEMS GOVERNED BY THE PARTIAL DIFFERENTIAL

EQUATION OF PARABOLIC TYPE

8.1. Introductory Remarks

In analogy with lumped parameter systems, the controllability
problem for distributed parameter systems has, up to the present
time, been studied by many researchers. [W4], [S16]1,[T4],[R2].
Comparing with the lumped parameter systems, it is difficult to
check conditions of the controllability for distributed parameter
systems because of the infinite dimension of system states.
Recently, by using the generalized canonical representation technique,
Triggiani derived the easy-to-check conditions for deterministic
distributed parameter systems. For stochastic distributed parameter
systems, Sunahara and the author present sufficient conditions of
stochastic controllability for distributed parameter systems with
additive noise disturbances by using the same procedure as stated in
Part 1,[S2].

In this chapter, we pay an attension to the stochastic control-
lability problem for distributed parameter systems with white Gaussian
noise coefficients. (The stochastic controllability for distributed
parameter systems with additive noise disturbances is included in
the case of this chapter.)

In Section 8.2, first of all, the mathematical model of system
dynamics is given by a form of evolution equation in the Sobolev
spaces, and two definitions for the stochastic controllability are
presented in analogy with the lumped parameter systems. In Section

8.3, four theorems are stated, giving sufficient conditions, which
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are useful to check the stochastic controllability. Section 8.4 is
devoted to show two examples for the purpose of verifying the suffi-
cient conditions obtained in Sec.8.3. Furthermore, in the third

example, the boundary controllability is also examined.

8.2. System Model and Definitions of Stochastic Controllability

Consider the following stochastic evolution equation in the

spaces V,H and V'

T t
(8.2.1) Z3| u(t) + J AD(s)u(s)ds + [ aAS (s,w)[u(s)]
T
= u(to) + J B(s)f(s)ds,
to

where the conditions for the operators AD(t) and dAs(t,w) are the
same as those stated in Chap.5, B(t) is a linear operator from U

t control

(Some Hilbert space) to H and f(t) is a Ft—measurable
signal which is an element of U.

As mentioned in Part 1, in order to study the stochastic control-
lability, we must consider the following two important items:
i) What stochastic measure shall we adopt?
ii) How to construct an exact control signal.

In this chapter, for convenience of discussions, the following
definitions are first stated:
[Definition-8.2.1](Stochastic e—controllability)++

An initial state uy of the system I, is said to be stochastically

e-controllable in probability p with respect to the specified target

i F. denotes the o-algebra generated by the u(s) process for tyssst.

tt Tne definition of Controllability in this chapter is the same as
the stochastic controllability in probability. For convenience
of descriptions, we omit, in the sequel, to write the term "in

probability".
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domain € within the time interva1.5=[t0,tfj, if there exists a

control signal fewadJr such that
8 prf flulte) |2 2 € | ultg)=u, }s 1 -
( .2.2) r ”U. £ H— 0 0 P

where 0<p<l.
[Definition-8.2.2](Stochastic Controllability)

An initial state ug of the system 23 is said to be stochastically
controllable within the time interval—f, if the inequality (8.2.2)
holds for any €>0 and any p, where 0<p<l.

Remark-8.2.1: If the system considered 1s stochastically controllable,

then the system becomes stochastic e-controllable.

8.3. Sufficient Conditions of Stochastic Controllability

In this section, a theorem is first stated, giving sufficient
conditions for the stochastic e-controllability.
[(Theorem-8.3.1](Stochastic e-Controllability): An initial state ug

of the system 23, is stochastically e-controllable in probability

p, with respect to the specified target domain € within the time

interval'T; if the following conditions are satisfied:
(Condition-8.3.1) There exists a partial differential operator K(t)

such that, for any weHn(G) and any symmetric positive operator Q

(8.3.13 14, XS*(t)Q(t)XS(t)w)H < (v, [K*(t)Q(t) + QUEIK(E) Jy)
for YteT,
where AP(t) - K(t) satisfies Coercivity condition-2.2.1.0"
(Condition-8.3.2) For the given initial state ug and the preasigned

parameters €,p, there exists a positive constant ay>0 such that

T The symbol wad denotes the admissible control class defined in Chap.5.
See Eq.(8.3.3) of Condition-8.3.2.
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te
(8.3.2) (e(tp,tduy, [agl + J @(t o, t)B(£)B*(£)0* (t,t)at]™"
to
€
x@(tf,t)uo)H < af(l - p) 4
where, for t>s,
36(t,s) 5
(8.3.3) ———— = -(A"(t) - K(t))o(t,s) and &(s,s) = I.
at

Proof: Define

te -1
(8.3.4) P(t) = ¢ (tp,t)lapl + ¢(tf,s)B(s)B*(s)@*(tf,s)ds]

t

XQ(tf,t) v

From Eq.(8.3.4), we can easily find that P(t) satisfies

(8.3.5) B(t) - (AP(t) - K(£))*P(¢) - P(£)(aD(t) - K(t)) -
- P(t)B(t)B*(t)P(t) = 0 ,
with the terminal condition P(tf) = I/ap.
Setting f(t) = - %B*(t)P(t)u(t) and applying the stochastic
differential rule stated in Theorem-5.3.1 in Sec.5.3 of Chap.5, we

have
(8.3.6) E{(ultg), P(tplulte))ylulty)=ugl - (ug, Pltglugly

tf )

< E{J (u(s), [P(s) - (AD(S) - K(s))*P(s) -
to

- P(s)(aP(s) - K(s)) - P(s)B(s)B*(s)P(s)]

u(s))Hdsl ulty)=ug} = 0.

From Eqg.(8.3.4), the initial state P(t,) becomes

te _
(8.3.7) B(tg) = ¢ (epstgdlagl + | 2(t,5)B(s)B*(s)8™ (t,8)ds] ™"
/to
X®(tf,to)_
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From Egs.(8.3.6), (8.3.7) and Condition-8.3.2, we have

(8.3.8) E{(u(tp), P(tplulte))y | ulty)=uyl

te
% -1
s (8(tpstgluys Lapl + I @(tf,s)B(s)B*(s)Q (tp58)ds]
o
x®(t _,t Ju.)
e £2°0°7°0°H
Saﬁ.’l—p).

Using the terminal condition P(tf)=I/af, Eq.(8.3.8) becomes

2
(8.3.9) E{ Ilu(tf) HHIu(tO)=uO} < e(l - p)

Equation (8.3.9) implies that
2
(8.3.10) Pr{||u(tf)||H 2 e | ulty)=uyl <1 -p,

The proof has been completed.
Theorem-8.3.1 1s easily extended to the following stochastic

controllability.

[Theorem-8.3.2](Stochastic controllability): In addition to

Condition-8.3.1, the initial state uq of the system 23 is stochas-
tically controllable within the time interval T, if the following
condition is satisfied,

(Condition-8.3.3) For the given initial state Uy there exists a

constant M such that
te )
* * E
(8.3.11) (@(tf,to)uo, [,t ¢(tf,s)B(s)B (s)d (tf,s)ds] ¢(tf,t0)uO)H
0

<M.
1
Proof: With Eq.(8.3.4), setting f(t)=-5B*(t)P(t)u(t) and applying

Condition-8.3.1, we obtain,

(8.3.12) E{(u(tf), P(tf)u(tf))H ] u(t0)=uo} < (ups P(to)uo)H
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tr
< (@(tf,to)uo, [apI + { <I>(tf,s)B(s)B*(s)<I>*('cf,s)ds:|_1
T
te 0 xe(tostoduy)
< (@(tf,to)uo,[J <I>(tf,s)B(s)B*(s)<b*(tf,to)ds]'lutf’to)uo)H
to

Using Condition-8.3.3, it follows that
(843ud3) E{(u(ty), P(tf)u(tf))H} < M,

Since M does not depend on ap, We can choose Op such that, for Ve>0

and vp (0<p<1),
(8.3.14)  E{(u(to), ultp))yl ultd=ug} < e(1 - p).

The proof has been completed.

In the following theorem, we assume that the control signal is
an element of Hn/Z(G) for each teT.
[Theorem-8.3.3](Stochastic controllability): The initial condition

u, of the system I, is stochastically controllable within the time

0 3
interval T, if the following conditions are satisfied,

v
(Condition-8.3.4) There exists a constant M>0 such that, for the

given initial state Uy s
Y tf * ’\’* —l’%
(8.3.15) (¥(tp,todugs L[| B(tp,s)B(s)B ()07 (tp,8)d8] "d(tp,t)uy)y
Yg
Y
<M,
where, for t>s,

O\
30 (t,
(8.3.16) __E__ii = - AD(t)é(t,S) and ®(s,s) = I .

ot
(Condition-8.3.5) For ¥yeH (y=0), the operator B(t) satisfies

(8.3.17) (¢, B(£)B (£)¥)y = O for ¥teT
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Proof: Define, for ¥a>0

t
* ik * * -1
(8.3.18) %(t) =3 (tf,t)[al + [ E(tf,s)B(s)B (s)% (tf,s)ds]
%
x%(tf,t) .

Then, it can easily be shown that

aB(t)
dt

(8.3.19) - () - PPy - Be)Be)B (0)F() = 0,

n
with the terminal condition P(tf) = I/a. Since, from Condition-8.

3.5, for u(t)=0, we have
(8.3.20) (u(t), E(t)B(t)B*(£)B(t)u(t)) = 0 ,

we set

(u(t), A" (6)B(£)AS(t)ult))y

1,
(8.3.21) f(t) = - >B (6)B(t)u(t)[1 + ]

(u(t). Be)IBEIB (0B (E)ult))y

By using the same approach as in Theorem-8.3.1, we have

(8.3.22) E{(u(ty), Bleplutte)), lultg)=ug} = (ug, Fltglug),
tf %

E(| (u(s), [F(s) - A" (s)¥(s) - B(s)a (s)
)to

- B(s)B(s)B"(s)F(s) Ju(s))yds |ulty)=uy)
=0

Using Condition-8.3.4 and the terminal condition %(tf) = I/a, it
follows that

(8.3.23) E( Ju(ty) |I2]ule)=ug) = off .

. . . A"
Noting that ais an arbitrary positive constant and M does not depend
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on a, for any €>0 and any p (0<p<l), we have
2 =

(8.3.24) E{Hu(tf)HH Iu(to) uo} < e(1-p)

The proof has been completed.

The conditions stated in Theorem-8.3.1 can not be easily checked
without the aid of computer. If the explicit forms of evolution oper- -
ators ¢ and ¥ are obtained, the conditions stated in Theorems-8.3.2
and -8.3.3 can be examined. Then, setting some restrictions on the
operators B(t) and AD(t), we obtain the following theorem, giving
easily checked sufficient conditions for the stochastic controlla-
bility.

[Theorem-8.3.4](Stochastic controllability)h: We assume that B(t)=

b(x)+*I (identity operator). The initial state u, of the system I

0
is stochastically controllable within the time interval Ei if the

3

following conditions are satisfied:

(Condition-8.3.6) There exists a sequence {Ai,¢i; i=1,2,+++} of the
eigenvalues and eigenfunctions such that

(4] (AD(t)¢i, Vg = (?i¢i, y) for “veH .

(ii) 0<X1<X2<---<Xi<--~<%;gxi=w

(iii) {¢i; j=1,2,+++} is complete orthonormal in H.

(Condition-8.3.7) Bijé(¢i, BB*¢J.)H can be partitioned in a form of
= 5
(8.3.25) By, %i ;

which satisfies gi #z 0 for all i.

(Condition-8.3.8) The initial condition satisfies

(8.3.26a) gi(uo, ¢i)H > 0 for all i

T i i Pért 1, i.e.the stochastic controllability
s mentioned 1n s Lc
ﬁiegiem contains the stochastic ge-controllability theorem, we
consider only problem of stochastic controllability.
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or

(8.3.26b) gi(ua, ¢i) for all i

g <0
Proof: Since the proof is similar to that of Theorem-8.3.3, from
Condition-8.3.7, we may show only that there exists a constant M
satisfying Condition-8.3.4. From Condition-8.3.6 the fundamental
solution % relative to AD(t) is expressed by

—X (& —S)¢ (¢ )

(8.3.27) ¥(tp,s) 5, e

1

Using Eq.(8.3.27), for weR(%(tf,t))+ we have

e

—l f *y %
(8.3.28) (v, W(tp,50)0)y & (b, ¥ L8, >ft ¥t ,,0)BB F (£ ,8)ds

0
*=1
"t 0,00 W)y

fr. e Xy (s-to)y L, 0)50%s

]

[}
. -
ct

v

1 t v
f o A:(s-t,) 2
_____E_{f ;£.eM105700 8, (v, ¢,)4as)

Ty = Yy "%y
N
) 1 § e*i(tf - to) _ lg 5
tp - g (132} T 1(vs 001%.
i
If ¢ satisfies Condition-8.3.7, we have
X (tamtg)
(8.3.29) (W, Wit ,tq)0)y 2 ___2%52 g I 0% I SRR
£270 H 3 i{ 2
t, - t, i=1 N
£ 0 A
g
Xe (6 oot
1 ) 3 =
- 1 a2l 0 Lyzgy g2,
t,-t, 1 1 X i
f 0 i
Since from Eq.(8.3.28) it may be observed that the operator W(tf,to)

-{.
R(+) denotes the range space of the operator ()
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is positive definite, it follows that

-1 t *Yy % -
(8.3.30)  (ug, W (tp,todugly = (uy, & (tf,to)[[ (60,588 " (1 ,,5)a817F

o
. 4 x%(tf’to)uo)H
- i |y, 112
Xi(tp - tg) Yo
m%n gi(e - i 0’- Ly8

i

In
=

The proof has been completed.

8.4. Examples of Stochastic Controllability

8.4.1. Evamples of Stochastic Controllability with Distributed Input.

[Example-8.4.1] A somewhat artificial but typical example is consid-
ered. The mathematical model is given by the one-dimensional parabol-

ic partial differential equation with white Gaussian noise coefficient,

4 2
(8.4.1a) ult,x) ., dult,x) o0 yault,x) [ §(x-y) £(t,y)dy ,
ot 4 3}(Ll 3x2 G

for (t,x)eTxG=]0,1[

with the initial condition,

(8.4.1b) ulty,x) = uglx) ¢ L7(&) a.s.
and the boundary conditions,

(8.4.1¢c) wu(t,0)=u(t,l)= 0 , for teT

and

2 2
(8.4.1a) 2 “ét’X) =2 u(g,x) =0, for tel ,
dx -1 oy x=0
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1 2
where a) and ¢ are constants which satisfy ay - 5 ¢© > 0 and n(t,w) is

a white Gaussian noise with zero mean and unit variance.

D

The partial differential operaors A and A® are regpectively

expressed by

4
D ]
(8.}4.2) A = au__.r
9X
and
~ G
(8.4,3) AS = e
axz .
Noting that B(t) = fGG(X-y)( )dy, from g,(8.3.1) we have
n
120
(8.4,4) K(t) = 2c = .

From Eq.(8.3.3), the evolution operator @(tf,to) becomes
(o]

n
(8.4.5) 8(tg,50) = [ expl =(im) (ay = 562 (tg = 1503050y, 0 )y

where ¢; = V2sin{imnx)

From Egs.(8.3.11) and (8.4.5), it follows that
t
f

(8.4.6) 2% (tp,ty)L ¢(tf,t)¢*(tf,t)dt]_l¢(t t
J

i 0)

4 1

@ 2(im) (a, - =)

= 2
= 1 4 65 (0y55°)

exp{2(j_1r)u(a)4 - %02)(’0f - to)} -1

H-

From the fact that quL”(G), Eq.(8.4.6) yields
te
8.4.7) (e(t,.,t.) [} e BB*o* -1
(8.4, pat)ugs test)BBT O (b, t)dt] @(tf,to)uo)H <M.
to
Therefore, since Conditions-8.3.1 and -8.3.3 are satisfied, the

initial condition ug of the system Eq.(8.5.1) is stochastically

controllable in the time interval T.
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[Example-8.4.,2] Consider the following heat equation

du(t,x) _— Bzu(t,x)
ot 2

ul(t,x)

(8.4.8a) + cn(t,w) = §(x - v)f(t,x)

3x2 X
for (t,x)eTxG=]0,1[

together with the initial and boundary conditions,
(8.4.8p) u(ty,x) = 2sin(2mx)cos(mx) , for xe]O,1[
and
(8.4.8¢) wu(t,0) = u(t,1) =0 , for telT ,
where n(t,w) is the white Gaussian noise with zero mean and unit
variance, which denotes the random velocity of a fluid medium in
the heat conduction.

From Coercivity condition-2.2.1 in Sec.2.2 of Chap.2, it

is assumed that

8.4 L2 .o
+ = < .
(8.4.9) a, 2c
Since the partial differential operator AD and A® are respectively
given by
(8.4.10) AP —232
o b = a
28x
and
" 3
(8.4.11) A% = ¢
X

the eigenfunction satisfied in Condition-8.3.6 becomes

(8.4.12) ¢i(x) = /2sin(imx) , for i=1,2,°+*"

In this example, noting that B = §(x - v), then, from Condition-8.3.7 ...

B.. becomes
1]

(8.4.13) B.. = (¢, B2¢j)H = V2sin(ivm)sin(jvm)

ij
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From Eq.(8.4.13), if v is an irrational number in G, then Condition-
8.3.7 is satisfied. From the fact that the initial condition u(to,x)

can be expanded by

(8.4,14) u(to,x) = sin(mx) + sin(3wx) ,
if the irrational number v satisfies
(8.4.,15) O<v<£ s §<v<1 4

3

then, Condition-8.3.8 is satisfied, i.e., the initial condition ug

given by Eq.(8.4.8b) is stchastically controllable.

8.4.2, An Example of Stochastic Controllability with Boundary Input

In the following example, the results obtained in Sec.8.3 are
extended to the boundary controllability.
[Example-8.4.3] Consider once again the heat equation given by the

previous example-8.4.2,

2
2 t, du(t,x
(8.4.16a) 298X 4 p PO S L
ot 2
9x 9x

for (t,x)eTxG=]0,1[ ,

with the initial condition,
(8.4,16b) u(to,x) = ug , for xe]O,1[,
and the boundary condition,

(8.4.160) L) _ p(p) | gpq E0)

s, an e = M, TOF GT ,
where f(t) is a boundary control and parameters in Eq.(8.4.16) are
assumed to be same as in Example-8.14.2.
In this example, denoting
2
D
(8.4.17) A = a 3__

23x2



- 193 -

and

~

(8.4.18) AS = 2%
%

we can construct an evolution operator %(t,s) such that
n b 2
(8.4.19) &(t,s) = ) exp{-(im) ay(t = s)}p,(955°), »
=1 +HH

with the homogeneous Neumann condition, where ¢i(x) = yZcos (inx).

In order to examine the stochastic controllability, using the

same procedure as in Theorem-8.3.4, for ng(B(tf,to)), we have

tr
(8.4.20)  (; W(t_,t)¥) = (v, $ *(t_,t)0| BI¥(tp,s)IB[S(tp,s)Ids]
3 . 3 f’ 0 H ] f’ O f’ f,

o

x?ﬁ-l(tf’to)w)H )

where

J4.21) B[8(t.,s)] = $(t.,s)
(8.4.21) B[¥(t,,s)] eS)|

ak

e~ 8

L \2 i .
lexp{—(lﬂ) a2(tf - s)}/?cos(1n)(¢i, )H .

Equation (8.4.20) becomes
t
f

o (in)2a2(s - to)/§ -
(8.4,22) (¢, W(t.,t V) = [} e cos(im
270 H It 1=1
0
x(65, V) 1%4s
1 w /2 (iﬂ)zaz(tf - tg)

— [ ] —{
tf - toi=l(iﬂ)

- 1}

xcos (1m) (4,5 ), 1%

If ¢ satisfies (cos(im)) (¥, ¢i)H < 0 for all i (or (cos(im)) (v, ¢i)H

> 0 for all i), then it follows that
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> 1 2 2 _ _ 2
(8.4.23) (, W(t,tp)v), 2 s ;u{exp(w a,(ty = tg)) = 1HI vl .
0

Consequentry, if u, satisfies (cos(iw))(u0,¢i)H < 0 for all i (or

(cos(in))(uo,q)i)H > 0 for all i), we have

te = Ty 5

S gl

-1
(8.4.24) (u,, W "(t.,t )u,y) <
q £270° 707y Eg{exp(n2a2(tf - to)) - 1}
2

Hence, the initial condition ug becomes stochastically controllable,

8.5. Discussions and Summary

In this chapter, according to the definitions of both the stocha-
stic e-controllability and the stochastic controllability, four theo-
rems have been developed, which give sufficient conditions. As men-
tioned in Part 1, one of significant defferences between the determi-
nistic thory of controllability and stochastic one is the fact that
the control signal must be obtained in a concrete form, which transfer
the given initial state to the desired target domain, because of the
randomness of the system state caused by the stochastic coefficients.
From this fact, in order to show explicit conditions of the stochastic
controllability for distributed parameter systems without the computer
implementation, the controllable initial state accompanies with some-
what severely restricted conditions. However, if the graphical pro-
cedure of hitting problem mentioned in Chap.5 of Part 1 is introduced,
a wide class of stochastically controllable initial states derived by
milder conditions stated in Theorem-8.3.3 can be examined.

For stochastic distributed parameter systems with the additive
noise disturbances, Condition-8.3.1 is always satisfied. Then, from

the results of Part 1, checking Conditions-8.3.2 or -8.3.3, the stocha-
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stic controllability problem can be examined (See ref.[S16]).
The controllability problem for Hyperbolic systems with white
Gaussian coefficients is easily investigated from the same method

as described in this chapter.
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9. Conclusions _

9.1. Concluding Remarks

In Part 2, chracterizing the randomness of coefficients by white
Gaussian process and Markov chain process, the mathematical models
of distributed parameter systems with stochastic coefficients have
been formulated on the well-known Sobolev spaces. Furthermore, two
types of stochastic partial differential equations governed by Par-
abolic and Hyperbolic types were considered in order to establish
the common precedure to find the optimal control of stochastic sys-
tems which will hopefully be of a generalized mathematical model of
physically existing systems.

By using the Dynamic programming and Maximum principle ap-
proches, the optimal distributed and boundary control signals were
derived. It should be emphasized that the boundary control signal
depends on the randomness of coefficients and then the optimal
boundary control becomes complicated.

For the system with white Gaussian noise coefficients, the op-
timal control problem can be solved, because of Markov property
of the state space. However, in the case of Markov chain coeffi-
cients, we can only obtain the sub-optimal control signal from the
information of the state variable with the aid of stochastic eigen-
value problem. The proposed methods in Part 2 will contribute to
obtain a feasible solution to the practical design of feedback con-

trol for stochastic distributed parameter systems.

9.2. Discussions

The optimal control problem for systems with the mixed coeffi-

clents given by Definitions-2.3.5 and =-2.3.6 in Sec.2.3 of Chap.?2
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was not discussed in this thesis. From the results given in Chap. 3,
it is easily found that the optimal control signal for the mixed
coefficients type can not be attained without the information about
the Markov chain coefficients. However, the stochastic eigenvalue
problem proposed in Chap.3 suggests us to construct the approximation
method of generating the sub-optimal control signal with the aid of
the estimation theory for Poisson process,[S6],[S171.

Furthermore, there are many cases where coefficients in a
system operator have the random property in the spatial variable Xx.
How to characterize the randomness for the spatial reagion and how

to formulate the mathematical model are further problems.
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APPENDIX A. (Proof of Theorem-2.2.1)
We assume the Soboley space V is separable. [Let €585, e e

be an orthonormal basis of H. Let Vm=[el,e2,!--,emJ and define the
approximated operators by

m

(A-1) Ax(t,w) =izl<AM(t,w)(-), e;>ey
and
(A-2) dAS(t,w)[+] = ?(dAs<t )+ )
= mttsw —i=1 LW s ei Hei

From Coercivity condition-2.2.1, we may find
M 1
(A-3) Am(t,w) € L(Vm;Vm ) w.p.1l

Using Ag(t,w) and dA;(t,m), we can approximate Eg.(2.2.1) by

te bp
(=) up(e) + [ s, whu (s)as + [ Cantts, 0 tug(e)) = ugy
to £o
where
m m
(A-5) Uom =i£l(uo, ei)Hei 5 iZl(uo, ei)Hei > uy in H as moe
From Proposition 2.2.2, it follows that
& t
(a6) BAC[ and(s ) lug(e)], [ annts ) tuy() Dy
0 0
m t
= E{ ( S D 2
121 [lplgn/z to(alpl(t’X)Dxum(S)’ ®3 g p [ ()17
t
_ o8 s
= E{JtO(Am(S)um(s), Am(s)um(s))Hds}

A

£t *
E{J (As(s)um(s), As(s)um(s))Hds}

%o
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t
: ’\52
= 5([ <R ()u (), u_(a)ds)
£ m m
Q
Noting that Eq.(A<4) is an m-dimensional ordinary Ita-stochastic

equation and using the well-known stochastic calculas, we have

(a-7) 2B u_(e) | 2 + E{ft aMs,w)u (), u_(s)>ds)

0
T
1 = 2 ‘
- EE{[t (A;(s)um(s), A;(s)um(s))Hds} - %E{H uOmlﬁ b
0
From the inequality (A-6). Eq.(A-7) becomes
T
(4-8)  ZE(|l u (t)[| 3} + E{ft[<AM(s,w)um(s), u (s)>
0
1 As2 } < lE{ 2}
= 5<A” (s)u (s), u (s)>Jas} < SE{|| ugpyll 43-

Using Coercivity condition-2.2.1, we have
iF
(a-9) E{|l u (£)]] 2} + aB{[ |l u ()] 2as} < E{|| u.|| 23
m H t m v - Om'" m
0

From Eq.(A-9), there exist some constants C, and C, independent of m

such that
2 ¥
(a-10) E{]l u ()] 4} = C; , for "teT
and
te ,
(A-11) E{[ Ilum(s)H yast = ¢,

t
0
From Egs.(A-10) and (A-11), it is easily shown that we can ex-

. 2 D
tract a subsequence u, + u in L°(Q,P;L°(T;V)). Then, let e be

an arbitrary but fixed element of the basis. For m2i, we have
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t
(a-12) (u (t), eily - (Wops e )y t Jt<AM(s,w)um(s), e, >ds
0

t
+ J (dAS(s,m)[um(s)J, e;dy = 0,
t

0
and passing to the limit, we have
tom
(A<13) (u(t), ei)H - (uo, ei)H + Jt <A (s,w)u(s), e,;>ds
0

t
+ J (aa®(s,w)lu(s)], e,)y = 0 ,
i’H
%o
from which it follows that there exists a solution which belongs to

the class
2 2 o 2
(A<14) L(Q,P;L°(T;V)INL (T3L°(Q,P3H))

Furthermore, from the weak convergence of u, > u, we obtain the ener-

gy inequality

8 & 2 2
(a-15) E(|| u(t)]| 23 + aE{J Il uts) |l 2853 < BC]| ugll 2)
t
0
On the other hand, from Eq,(A<4), we have

(A-16) || u_ ()] 2 ©
= il u O )| gt i <A7(s,wlu (s), u_(s)>ds
0

¢, A

- %ft (ASCsdup(s), AS(sduy (8))yas = Ll uy || 2
0

t

+ ) (and s, w () Do)y

0
Using Coercivity condition-2.2,1, it follows that

(4-17)  2E{sup| u_(£)]| 2} + aE{jtfllu ()] 2as}
2 teT m- H to m A% s

t
< E{|uy || 2) + E{iu§|[t (aa3 (s ,0) ()7, u (s)), ]},
€
0
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Applying the martingale inequality[P1], we have for some C.>0

3
t
(A-18) E{suplf (ar= s T €s37, u (53|}
teT tO L 1 um ° H
1 2 te 2
< getoupll u (02 ) + c3E{[ton u ()| 2as)

From Egs.(A-11) and (A-18), (A-17) becomes

2
(A-19) E{sup]| u ()| gl <€, for some Cy>0 .
tel
The inequality (A-19) implies that

(A-20) u € L2(Q,P;C(T;H)).

Consequently, we can show that

(A-21) wu e LZ(Q,P;C(T;H)).
Now suppose that there exist two solutions ul(t) and u2(t)

which satisfy Eq.(2.2.1) with the same initial condition u Defin-

0
v A 1 2 . Y ]
ing u(t) £ u (t) - u“(t), it is easy to show that u(t) also satisfies
Eq.(2.2.1) with zero initial condition. Then, from Eg.(A-15) we have
E{Ilﬁ(t)[|§} = 0. This shows that Eq.(2.2,1) has a unique solution.

Thus proof has been completed.
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APPENDIX B, (Proof of Theorem~2,2,2)

As in Appendix A, let €1:€55 % syttt be a basis of V. We con-

sider
. m L3 &
(B-1) vy, = iZl(vo, ei)Hei Vom ~ Vo 1D Has m»
and
m
(B=2) v = v > v, in Vas m » «

om izl(vo’ei)Hei om ~ Vo
By using the same approximation procedure as in Appendix A, we can

define an approximation solution zm(t) of Eq.(2.2.27) by

t
(B-3) zm(t) + Jt Kz(s)zm(s)ds + It dK;(s,w)[zm(s)] = Zog»
0 0
where
(B-1) 25 = [Vgps Vol
0 o

(B-5) XP(t) =

m Ag(t) 0

and

(B-6)  akS(t,w)lz ()] = [ 0, aAd(t,u)[v, ()11

Noting that zm(t) is a solution to an ordinary Ito stochastic

equation and using the stochastic caluculus, we obtain
i

(B-1) EAlzy(6), 2y(0) I} + 280] K (512,08, 2 (s)1y08)

to

T
[Gm(s)zm(s), Gm(s)zm(s)]Hds}.

0]

T See Eq.(6.2.9) for definition of the operator Gs(t)

= E{[ZOm’ ZOmJH} + E{Jt
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Noting that the definition of inner product [-,-JH, Eq.(B-7) becomes

- 2 . 2 , » ‘
(B-8) E{|l v (0)[l g} + EL|| v ()|l 5} = EL]| vl ﬁ} + E{|| v0m|ﬁ }

& t
+ 2E{Jt0(vm(s), vp(s))yds} - 2E{Jt (Aﬁ(s)vm(s), Gm(s))Hds}
0

t A ~
; 2E{[t (RS (s)v_(s), AS(s)v,(s))yds) .

0
From Egs.(B-1) and (B-6), it follows that

(-9) Bl v_(©)[I 5} + BUL (0 lIFY s B vyl 23 + Bl o)l 22

& . t
(Vm(s), vm(s))Hds} = 2E{J

+ 2E{J
0 to

<AD(s)vm(s), %m(s)>ds}
1

t a2
+ E{J <A (s)v_(s), v _(s)>ds},
m m
£
0
From the relations

5

(B 10) 2ft (v (s), vp(s))yds = || vm(t)llﬁ - vggll ; ,
0

and

t
. D
(B-11) =~ 2[t <AD(s)vm(s), vm(s)>ds = <A (tO)VOm, Vom”

0 t

D D
- aPlerv (B, (0> + [ APy, vy(e)>as,
0
the inequalilty (B-9) becomes

(B-12) E{llém(t)ﬂ i} + E{<AD(t)vm(t), v (£)>} < E{ll%Omlli}

2
<k (s)vm(s), Vm(S)>dS}
0

v
D
+ E{<A (to)vOm, v0m>} + E{Jt

+ E{J <iP(s)v_(s), vy(s)>ds) .
to
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.l.
From Coercivity conditions -2.2.2 and ~2.2.3, we have

: 2
Vom!l 7}

(8-13) Bl ¥ ()11 23 + agBLl v ()1 §} < B

t
+ U vogll )+ B vyll (o)1l Gas)

0
t

2
+ E{[ Yol v_(s)]] 2as}
t
0
For some positive constants C, and C,, the inequality (B-13) becomes

(B1t) E(I ¥ (]I 23 + BLU v () 1 §3 = Cq LB Jg, 2y + BL| vl 91

t
+ 0y T8l o) 1 51+ B vy(a) ] 0.

Setting as

(B-15) Y (%) 4 E{||%m(t)n ﬁ} + E{Ilvm(t)l|$} :

it follows that
t

(B-16) ¥ _(£) s 0¥ (tg) + C2Jt Y (s)ds .
0

From Gronwall's inequality, we have
(B-17) ¥ _(£)sM = constant independedt of m, for ¥ eT

The inequality (B-16) yields that there exist subsequences Y T in
2 2 . LI 2 2
LE(T;L°(0,P;V)) and v > ¥ in L°(T;L°(Q,P3H)).

Furthermore, from Eg.(B-3), we easily obtain

T From Eq.(2.2.25a), we can easily find that there exists ¥>0

satisfying Eq.(B-13).
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(B-18) Ef{sup|| ¥ () [P} + E{sup|| v _(t)|F}
ter T b teg n I

e 2 Eoi 2
< 0T8I ¥ plfd + BUIvy 523 + cpm(] Ol G011 2
0
E s
t[dAm(s,w)[Zm(S)],zm(S)]Hl} .
0
Using the martingale inequality, it follows that

+ v (6)] 21ae} + E{su$|f
te

{5
(B-19) E{igglft[dA;(s,w)[zm(s)], 2 (5) Iy}

< #{sup|| v_(s) |} + C.E{ tf|| (s) | 2as}
-6 teg m h 370 V' S/ oS
0
From the inequalities (B-17) and (B-19)., (B-18) becomes

(B~20) 2E?zgg” Gm(t)lﬁ} + E{zgg]|vm(t)|€} <M,

where M2 is independent of m.
Consequently, we also have z ¢ LZ(Q,P;C(T}V))XLZ(Q,P;C(T;H)).
The remainder part of this proof is the same as in Appendix-A.

Thus proof has been completed.
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APPENDIX C, (Weak Solution of System zu)
1) Stable Boundary Condition Case

Let €585, "€ +++ be an orthonormal basis of H made up

m’Sm+l’
* *

with elements of D(APYY) = {y| veH™ (@) and Bj¥=0 on 3G for j=1,2,:",
n/2}. We take y(x,t) = ¢(t)e, where $eC1(T) and ¢(t.)=0. From
Eq.(2.3.10b), we introduce the following finite dimensional approx-
imation system

m
(c-1) u™t) & ] vy, (bley

i=1

where
t
(C-2a) yi(t) + ? [ (ek, AD*(s)ei)Hyk(s)ds
k=1 tO
3 % n§2ft ey KS?S)e )y, (8)dw.(s)
k<1510 ¢ J 170k J
n/2 ¢t
= y3(ty) +j£l[t0(gj(8)’ %J(s)ei)LZ(aG)ds

and

(C-2b) AS(s) = aS(s,x)DP
] p%ij J ¥

From Eq.(C-1), we have the following system in the sense of Eq.(2.3.

10b):

& n/2 ¢t a
(c-3) u™(t) + f AD(s)um(s)ds + ) J AS (s)u™(s)aw. (s)

g M j=1'+¢ Jm J

0 0

n/2 t
= u + r m(s)ds,
Om jzl g &3

where



— BT =

m
(c-4) aP(s)(+) = J (v, aP%(s)e )
m kzl k Hek
g _ ] s
(6-5) Kfp() = 1 oy B5lode e,
and

m
m _
(c-6) gl(s) kél(gjcs) % (s)e,) £ 5y °k *

For the system (C-3), by using the Tto's formula defined by Pardoux[P1],
it follows that

t
(c-7) ELl ™t ]| 53 + E{[ [2<aP(s)u™(s), uWM(s)>
b0
n/2 A
- 1 (AJ(s)u'(s), A§<s>um<s)>Hst}
J=1
t
< By Il 23 + 22E{j ((s), u"(s))as) .
0

On the other hand, we introduce the following system:

2
m & n/ s
(C-8) =z (t) + f [A (s) - ? ) A ?S)A (s)12™(s)ds
to j=1
n/2(t i
= uOm * jzlftogj(S)ds

NS

’\l .
with the boundary condition Bj(t)zm(t)=0 on Tx3G for j=1,2,¢¢-,

From Eq.(C-8), it is easy to show that

v
(c-9) E{] ™)l 5} + E{f [2<aP(s)2™(s), EM(s)>
&
0
/2 A ~
T GB3¥s), A3(9)EM(s) )y las)
521

= E{]| u

t
om!! H} + 22 E{Jt (gj(S), 'Em(S))Hds} .

0
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Consequently, with the ald of comparison theorem, we have
m 2 vm 2
(c-10) E{|| " (&)l g} = ELIl 2 o) [l g}

Then, in the remainder half, we must show that

t
(Cc-11) E{J f[[Em(t)ll Edt} < M (M is independent of m)
t
0
From (C-10) and (C-11), we get
tf m 2 tf m 2
(Cc-12) E{I [| u (t)IIHdt} < E{ || z (t)I|Hdt} <M
t t
0
From the fact that there exists an analytic semigroup @(t,s)
~ ~
with the infinitesimal generator A (t) - % Zj=§/2A§?t)A§(t) whose
domain is D(AD)» Then, the solution to Eg.(C-8) becomes
v n/2t -
(c-13) z(t) = e(t,t duy, + ) f ®(t,s)g,(s)ds .
m W2 3
j=1 tO
By using the well-known semigroup property and reversing the order

of integration, 1t is easy to show that, K>0,

to n/20t 0 5
(C-14) E{J 1) f o(t,s)g, (s)ds|| zat}
ty J=1't, J

n/2 (s 2
<k 3 mt] Fl g ) 2an)
SETEE J

Then, noting that g ¢ 12(9,P3L2(T;12(3G))), we have

% &
(C-15) E{f I o™ || ﬁdt} < E{f fll%m(t)llﬁdt} <M
t t

(C-15) implies that we can extract a subsequence W™ > U in
2 2
L7 (Q,P;L°(T;H)) weakly. By using the same procedure mentioned in

Appendix-A, we may show that u e LQ(Q,P;L2(T;H)).
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2) Mixed Boundary Condition Case

In this appendix, we restrict ourselyes to the following simple

but interesting mixed boundary condition

n
L FH-L-1
(C-16) {Bj(t)}j=1 = {(3/3v) }j=l
and
n/?2 %+j'l n/2
(C-17) {B;(£)};_ 47 = {(3/3v) Yoo o

where v is the exterior normal derivative on 3G and we further assume
n
- <
(c-18) £ <7 .

By using Green's formula, it is easy to show that the adjoint
s 2 B2
boundary condition of {Bj(t>}j=l becomes {Cj(t)}j=%—£—1

. /2
_ n-£-j -
= {(3/3v) }j=2 o1

= 0 on Tx3G for j=1,2,<++,n/2, there exists a boundary system

Then, for any wleHn/z(G), ¢2€Hn(G) and Cj(t)w2

" 2
{T; . n () }. 5, 1;s sSuch that
J+—2‘—£ J—2£—-2—'+1

n/2 e n/2n %
(c—19)j£1<Aj<t>wl, Y (npl,jZlAj (£)¥,)y

%

j=28-3+1 L2(3G)

% _
[Theorem-C]: For any WED(AD ), veC(T;H) and w(tf)=0, we define the

following weak sense solution:

t

t 3 D* n/2ff /\s
(C-20) [tf(u(t), - 5% + AT (E))ydt + jzl tO(u(t), Aj?t)w)Hdwj(t)
0
5 f e (8), Ton ()W) dws (£)
+j£2z— o+l Jto B0 Tyt - 2050y
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n/2ct
= (ugs W60y + _f f ey (o), ¥, 0rw)
J=1 to

dt
L2(3G)
If,in addition to the conditions of Theorem-<2,2.1, Eq.(C-18) is
satisfied,there exists a unique weak solution ueLZ(Q,P;LZ(T;H)) to
Eq.(C-20).

Proof: By using the same approach as mentioned in stable condition

case, the approximated system to Eq.(C-20) is given by

t n/2-t ¢,
(c-21) u™(t) + J Ag(s)um(s)ds + 7 J A% (s)u™(s)aw,(s)
0 0
n/2
8 m vm
‘ J=§/2—£+1fto[AJm(S)u (s) + ¥s)Taw (s
n/2
= u, + f gf(s)ds ,
o jzl ty 9
where
(c-22) gNs) = ? ( T
R L L I
m
m -—
(0-23) g5(s) = ] (g;(s), i )e) 2 56y5k

D N
and Am(s) and A?m(s) are defined by Egs.(C-4) and (C-5), respectively.

Then, by using the Ito's formula, we have

t
(C-24) E{]| um(t)” ﬁ} + E{f [2<AD(s)um(s), WM(s)>
t
0
n/z"'e AS m AS m
- JZI (A3 ()u(s), AZ(s)u"(s))y

n/2

S m wm ~s m wm
Jzn/g_z+§(AJ(S)u (s) + g5(s), Ay(s)u’(s) + g5(s))y}las}
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5 n§2 5 -
< E{|| uOm” H} + 2 E{J (gj(s), um(s))Hds}
J=1 t
Furhtermore, it follows that, for any €>0 and some C(e)>o,
Il
(c-25) 2[(A7(s)u™(s), g](s))yl

<ell a0l g + ce) I o) Il

From Eq.(C-25), we have

t
(c-26) E{|| u™(t) || 2} + E{f [2<a”(s)u"(s), uM(s)>
t
0

n/
+ (1+e) |
1 j=n/2-£+1

2 ~ ~
) (A3 (s)u"(s), AS(s)u"(s))y1as)

n/2 t n n
- c(s)E{f (g™(s), g™s)). ds}
j=n/2-2+1 t. 9 J H

2
< E{luy Il §

n/2 17 - -
}+ 2] E{J (g.(s), u (s))Hds}
=1 ¢, Y

On the other hand, we introduce the following system:

% n/Z—Z n/2 A A~
(0-21) P(e) + [ 1aP(s) - O+ (140) | )R T5)A% () 12M(s) as
Ty J=1 j=n/2-2+1 Y
AT t
+ nZ /Ciei[ gM(s)aw, (s)
j:n/2—£+l to J J
n§2ft 7
= + .(S)dS .
Yom 4Ly tOgJ

v
with the boundary condition Bj(t)zm(t)=0 on Tx3G for j=1,2,***,n/2.

As is mentioned in the stable condition case, from the well-known
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comparison theorem, we haye
m 2 v 2
(c-28) E{|| u"(e) [l g} < BLIIE ] )
Choosing € as a sufficiently small constant such that there exists

an analytic semigroup @ECt,s) with the infinitesimal generator AD(t)—
n/2-2 n/2

%( Y+ (1+e) ) )K??t)xé(t) whose domain is D(AD), Eq,(C-27)
j=1 j=n/2-£+1 9 J
becomes
— n/2 (t -
(C-29) z (t) = o_(t,t )uy + '21 ftQE(t,s)gj(s)ds
B 0

n/2 _ t o
- /C(eif o (t,s)gm(s)dw.(s) .
Jj=n/2-L+1 & J J

L)

By using the semigroup property, it follows that, for K1>0,

t t
(C-30) E{J fH ft @e(t,s)g?(s)dwj(s)llﬁdt}
0

s

£, /b
pig v 2
= B
{ft ft ||¢€(t,s)gj(s)|hdsdt}

0 ~0
n
tf . _2order{TJ+n/2q£}+l
<KE{J f & = =] n ()| 2, as}
< xpetf 7 a2, 0
0 “Q
"
Noting that max order{T. }<£-1, we have from Eq,(C-18)
n/2-£+1< j<n/2 Jtn/2-L7 ="
(c-31) order{Tj+n/2_£} 1o L1
= - n =1
Consequently, it follows that for,K.>0,

2

t t t
(c-32) E{I £ [ vm 2 J £ 2
tOH tO<I>€(t,s)gj(s)dwj(s)|IHdt} < K,E{ tOIlgj(t)llL2 G)dt}
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Then, we can easily show that e ue LZQQ,P5L2(T5H)) weakly, by

using the same approach as in Appendix-A.

The proof has been completed.
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