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The K-shell ionization probabilities in = decay have been calculated for 185W and 203Hg using
the relativistic Hartree-Fock wave functions. The effect of the indistinguishability of two electrons
in the final state is taken into consideration. The calculated results are compared with the
experimental data and other theoretical predictions.
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I. INTRODUCTION

The B~ decay is ordinally considered as a pure nuclear process due to the weak
interaction by which a § particle and an antineutrino are emitted simultaneously.
However, the atomic nucleus is in general surrounded by orbital electrons and there
is a small probability that these electrons take part in the nuclear process. This is well
known as one of the higher-order processes in nuclear § decay and takes place by
three different mechanisms; excitation (shakeup) and ionization (shakeoff) of atomic
electrons due to rearrangement of the electron clound caused by the sudden change in
nuclear charge, and ionization of the atomic electron by the Coulomb interaction
between 8 particle and the orbital electron (direct collision).

Since the first theoretical prediction of this process by Feinberg? and Migdal® in
1941, many theoretical and expreimental studies have been reported.® Especially in
recent vyears a large amount of the experiments have been made for K-shell vacancy
production probabilities in g~ decay. It is believed that the most dominant mechanism for
K-vacancy production accompanying B~ decay is the shakeoff process and that other
mechanisms play a minor role. However, comparison of the recent experimental data
with the theoretical predictions for the K-shell shakeoff probabilities with the relativistic
hydrogenic wave functions has shown that the theory underpredicts the experimental
values.®

We have pointed out® that the existence of other clectrons in the atom increases
the K-shell ionization probabilities and improves the agreement between theory and
experiment. This is due to reduction of the effective nuclear charge seen by the
K-shell electron concerned. The calculations have been made using the K-shell wave
functions in the complex atom proposed by Greenland and Irvine.® This model has
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been extended to include the effect of the indistinguishability between two electrons in
the final continuum state (8- particle and emitted K-shell electron).” The calculated
results agree well with the hydrogenic model corrected for the many-electron effect,®
but are systematically smaller than the recent experimental data. This means that there
still remains the discrepancy between theory and experiment.

It should be noted, however, that the K-shell shakeoff process arises from the imper-
fect-wave-function overlap between the initial and final atomic states and is very
sensitive to the choice of atomic wave functions. The Greenland-Irvine (G-I) wave
function is an approximate wave function based on the nonrelativistic Hartree-Fock-
Slater calculations of Herman and Skillman.® It is desirable to perform calculations for
K-shell ionization probabilities in - decay using more realistic wave functions.

In the present work, the K-electron shakeoff probabilities accompanying §- decay
have been calculated for W and “BHg using the relativistic Hartree-Fock wave
function for the K-shell electron. Both the effect of the phase-space sharing among
three leptons (8 particle, antineutrino, and emitted K-shell electron) and the exchange
effect of two continuum electrons in the final state have been taken into account. The
calculated results are compared with the previous theoretical calculations and with the

experimental data.

II. THEORETICAL MODEL

When three leptons are ejected simultaneously, the differential K-electron shakeoff
probability in 8~ decay for emission of two electrons with the total energies W; and W,

is given by

2
wi(Wyy Wy) dAWd W, =S | My 3P+ 0~ (P Q) ™)
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where

P=|M,Wp PF(Z+1, W S(Wo, Wex—W:1—Wy),
Q=|M,(Wy |2F(Z+1, W)S(W,, Wx—Wi—W,).

Z is the atomic number of the parent nuclide, G the coupling constant of the weak
interaction, p, and p, the mementa of two emitted electrons, My the energy-independent
part of the nuclear matrix element, M, (W) the atomic matrix elemtnt for ejection of
K-shell electron with the total energy W, S(W,, W,) the shape factor for S-particle
energy W, and antineutrino energy W,, and F(Z, W;) the Fermi function for Z and
W, The maximum energy available for K-electron ejection is given by Wx=W,+1-—Bx
where W, is the transition energy of 8 decay and By is the K-shell binding energy of
the daughter atom. Throughout the present work the relativistic units are used (i=m,=
c=1).
On the other hand, the probability for ordinary 8 decay is expressed as

2 W,
Py=-T L My 15" SOW,, Wo W) F(Z1, W) (Wa W) 0, ,d W, (2)

2r®
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where p, is the momentum of the 8 particle corresponding to W,
From Egs. (1) and (2), the total K-shell shakeoff probability per g~ decay is given
by

Py= "LSWK dWlSWK_Wl wx(W1, Wp)dW.. (3
Py 1

. ATOMIC MATRIX ELEMENT

The atomic matrix element in Eq. (1) is defined by imperfect wave-function
overlap:

MA:<¢f(Z+13 W) I¢1(Z) K) >> ( 4)

where ¢;(Z, K) is the wave function of a K-shell electron of the parent atom and
¢(Z+1, W) is the continuum wave function of the total energy W in the Coulomb
field of the daughter atom.

For the K-shell electron, we use the relativistic Hartree-Fock wave function in the
Roothaan type.”? In the relativistic Hartree-Fock-Roothaan (RHFR) model, the radial
parts of the wave function for each orbital are expanded in terms of the Slater-type
orbitals with nonintegral principal quantum number:

o) =B EPp(1), (50)

f) =~ 60,0, (5b)

where g(r) and f(r)k are the large and small parts of the radial wave functions, and
&P and &P are the expansion coefficients. The Slater-type orbital is written by

9u(9) = ()" HAT Q0 1)y o, (6)
where ['(x) is the gamma function, and
n' =n-+ (g2 — 22", n=0, 1, 2, «eeeer . (7)

Here & is the x-quantum number of the orbital and a is the fine structure constant.
The values of the expansion coefficients and the orbital exponents are determined by
the variational method so as to give the lowest stationary value for the energy and to
satisfy the virial theorem for the energy.

On the other hand, the ejected electrons are expressed by the continuum-state -
solution of the Dirac equation with a central potential V(r), which is determined by
the inner- and outer-screening method. In this approximation, V(r) is given by the
sum of the Coulomb potential for the effective nuclear charge Z,,=Z—0.3 and the
difference between the measured K-shell binding energy and the idesl binding energy
calculated from the hydrogenic model. According to Hock,'® the potential thus obtained
is a good approximation to the relativistic Hartree-Fock-Slater potential calculated by
Ly et al'V in the vicinity of the K-shell radius. Then the continuum wave function is
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the same as that in the hydrogenic model given in the text book of Rose!® with
modification of the nuclear charge and the kinetic energy.

The final expression for the atomic matrix element for ejection of the electron with
total energy W in the present model is written by

W1
2w

_I_[_I/%__l_]m‘?N(n)f,(,l)L(_)(n)}i (8)

M=Cli(Z=1)" 5 N e ro

where

LB () = (— "o (p 47" +n-+1)
(G +NFa+y +n+1, ¢+ 1+ + 10
A=/ W) F(r+y" +n+ 1, ¢ +0327 + 1w 3, (9)

C=(—1 r+r'+li 7y/2 ]’( ! L
(=) gy TG D |

N =[5 (y+14+2n—-1)])77

with (=aZ, y'=[1—a?(Z+ DO u=2p/(p—i0), v=20/(p—1L), y=a(Z+-1)W/p. The .
function F(a, b3 ¢; x) is the Gauss-type hypergeometric fnction.

1IV. NUMERICAL RESULTS AND DISCUSSION

We have calculated the K-electron shakeoff probabilities per 8 decay for 8l and
w3 ]g {rom Eq. (3) by the use of the atomic matrix element given in Eq. (8). The
nuclear transition energy and the K-shell binding enrgy of the daughter atom are taken
from the tables prepared by Lederer and Shirley.!® All the calculations in the present
work have been made on the FACOM M-200 computer of the Data Processing Center
of Kyoto University.

In order to test the atomic matrix element in Eq. (8), the K-electron shakeoff
probabilities have been calculated in the sudden approximation. In this approximation,
the K-electron shakeoff process is assumed to occur in two step: g decay takes place
as the first step and the K-shell electron emission is caused by the sudden change in
the nuclear charge. The shakeoff probability is independent of the energy of 8 decay.
Then the differential probability for emission of the electron with total energy W can
be written by

P(W)dW:%IMdlszdW. (10)

The calculated values of P(W) dW for gHg are plotted in Fig. 1 against the
kinetic energy of the ejected electron. For comparison, the values with the hydrogenic
wave function and those with the G-I wave function are also shown in the figure. It is
interesting to note that the G-I wave function gives the probability in satisfactory
agreement with the RHFR vaues in the low-energy region, while at high energies the
G-1 curve approaches to the hydrogenic values.
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Table I. Comparison of the K-shell shakeoff probabilities in
the sudden approximation

Probability (x1074)

uW soeflg
Hydrogenic 1.81 1,70
G-1 2.38 2.15
RHFR 2.12. 2.03
Carlson et al.® 2.25 2.10

® Ref. 14.

The total K-shell ionization probability per f decay in the sudden approximation
can be obtained by numerical integration of Eq. (10) with respect to W from 1 to oo,
The results are listed in Table I and compared with the values of the hydrogenic
model, those of the G-I model, and the calculated values of Carlson ot al.!¥ In the
model of Carlson ef al.,'¥ the probability is expressed in terms of overlap integrals
between the bound-state wave functions only and the calculations have been performed
with the relativistic Hartree-Fock-Slater wave functions. Therefore their values contain
the contributions from the shakeup process and may be called the K-hole production
probability.

It can be secen from the table that the present values are in good agreement with
the values of Carlson et al. This fact indicates the validity of the present model. It is
also reasonable that the present values are slightly smaller than the values of Carlson
et al., because the latter contain the contributions from the shakeup process. At the
same time this means that the shakeup process plays a minor role in the K-hole
" production in § decay. The G-I model gives somewhat larger values than the results of
Carlson ¢f al. and the present model, but is in fair agreement with both values. This
is due to the fact that as can be seen in Fig. 1 the G-I model yields the K-shakeoff
probability in agreement with the RHFR values in the low-energy region, where the
dominant contribution to the total probablity comes from. The main source of the error
in the present model is attributed to the lack of orthogonality for the wave functions,
becuase we use the different atomic potentils for the initial and final states. In order to
estimate this effect, we have performed the similar calculations for the same atom by
using the atomic matrix element <{¢;(Z, W) [¢;(Z, K) >. The calculated results indicate
that the error due to lack of orthogonality is less than 3% for %W and 59 for 20%Hg,

The final results for the K-shakeoff probabilities per 8 decay, including the effects
of phase-space sharing and of the electron exchange are shown in Table IT and com-
pared with the recent experimental data. For comparison, the values of the hydrogenic
model, those with the G-I wave functions, and the recent.theoretical predictions of
Law and Suzuki'® are listed in the table.

The present results are slightly higher than the G-I values, but these two values
are in satisfactory agreement with each other. This can be expected from the agreement
between both models in Fig. 1 and Table I. It is also clear from the table that the
many-electron effect plays an important role in the K-electron shakeoff probability.
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Fig. 1. The differential K-electron shakeoff probability of gHg
for ‘emission of the electron with total energy W.

Table II. Comparison of the calculated K-shell shakeoff probabilities
per 8~ decay with the experimental data (X 107%)

H/w BHg
Hydrogenic 0. 383 0.0623
G-1 0.473 0. 0843
RHFR 0.492 0. 0957
OFDS® 0.78 0.13
Experiment 1. 040, 3» 0. 1140, 0359
1.0£0.29 0. 1540. 0452

2 Law and Suzuki (Ref. 15)

» Campbell and Law (Ref. 16)

© Hansen and Parthasaradhi (Ref. 17)
9 Bond ef al. (Ref. 18)

® Thibaud et al. (Ref. 19)
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However, the present values still somewhat smaller than the experimental data. Especially
for 18574/, the calculated value is about a factor of 2 smaller than the measured values.

Recently Law and Suzuki'® proposed a new model which is in good agreement
with the experimental data. They used the optimized Dirac-Fock-Slater (ODFS) wave
functions?® and took into account the existence of the K-shell vacancy in the final state
(the reaxed-orbital approximation). In their model, the K-shell vacancy produced by
emission of the K-shell electron is considered to play an important role and the final
atomic configuration is expressed as a doubly ionized ion, instead of a singly ionized
atom in the ordinary frozen-orbital approximation. After p~ decay, the atomic number
of the nucleus changes by one unit and the final atom has a vacancy in the outermost
shell. The atomic potential for the final state is calculated for this state in the frozen-
orbital approximation. In the relaxed-orbital approximation, an additional XK-shell
vacancy Is introduced in the final atomic configuration and the final continuum wave
function is calculated for this atomic potential.

It is easily seen that this approximation increases the K-shell ionization probability
in the case of 8~ decay and improves agreement with the experimental values, In
general, K-electron shakeoff probability is proportional to the square of change in the
effective nuclear charge.? If we use the Slater screening constant,?® the effective
nuclear charge for the K-shell electron in the ordinary atom can be written by Z-0.3.
In the case of the frozen-orbital approximation, only the nuclear charge increases by one
unit and the effective nuclear charge for the final state is Z40.7. The difference in
the effective nuclear charge is equal to one. On the other hand, in the relaxed-orbital
approximation the effective charge for the K-shell electron in the final state is given by
Z+1, and the change in the effective nuclear charge is equal to 1.3. This fact- means
that the K-electron shakeoff probability in the relaxed-orbital approximation is 1. 69 times
larger than the corresponding value in the frozen-orbital approximation. Multiplying
this factor to the RHFR values in Table II, we obtain 8.31X107% for 5}/ and 1.62X
10~5 for %°Hg. These values are in good agreement with the experimental results.

However, for the case of K-electron shakeoff process in $* decay the situation
becomes conirary. In the relaxed-orbital approximation, the effective charge for the
final state is Z-1 and the shakeoff probability is 0.49 times of that in the frozen-orbital
approximation. This leads to the theoretical prediction considerably smaller than the
experimental values. Practically the ODFS value for 8* decay of ®Cu calculated by Law
and Suzuki!® is 5.80% 104, which is a factor of 2 smaller than two experimental values
(13.2 4 0.8) -10-* by Schupp and Freedman?® and (13:3 + 1.1).10-* by Scott.?®
Furthermore, in the relaxed-orbital approximation the shakeoff probability for g+ decay
of ®Cu, Px(#*), is smaller than that for 8- decay of the same nuclide, Px(~), while
in the frozen-orbital approximation the former is slightly larger than the latter. The
experimental result for the ratio of Px(f*)/Px(f) in ®Cu is 1.19+0.08,* and is in
favor of the frozen-orbital approximation. These facts suggest that the agreement
between the ODFS value and experiment for 8- is fortuitous.

In the previous work,®” we have pointed out that the possible reasons for the
discrepancy between theory and experiment can be ascribed to the existence of
mechanisms other than the shakeoff process. Agreement between the RHFR values and
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the values of Carlson ef al.!* in Table I indicates the smallness of the contribution from
the shakeoff process. '

Another possible mechanism is the direct-collision (DC) process. According to the
simple estimation of Feinberg,” the contribution from this process is small, except for the
case of very small transition energy. Intemann®® made the nonrelativistic calculations for
the DC process by the use of Coulomb Green function method and found that the
contribution from this process is only about 12—15% of the total K-shell ionization
probability.

On the other hand, we have shown?® that the DC process is equivalent to internal
conversion of the internal bremsstrahlung radiation accompanying g~ decay and estimated
the probability based on some simplifying approximations. The obtained results indicate
that the DC probability is comparable to the shakeoff probability and the sum of these
two probabilities agrees well with the recent experimental values. Batkin ef al.?” have
calculated the K-shell internal ionization probabilities during p- decay in the unified
model, including both shakeoff and DC processes. In their model, the calculations of
the DC process is made in the manner similar to the method used by Intemann.
However, their conclusion is opposite to the results of Intemann. The DC contribution
is significant and amounts to 509 of the total ionization probability for 47Pm and 23Hg.

In conclusion, we have calculated the K-electron shakeoff probabilities in p~ decay
by the use of the relativistic Hartree-Fock wave functions. The calculated results are
in good agreement with the 'previous values obtained with the Greenland-Irvine wave
functions. The theoretical predictions are still systematically smaller than the recent
experimental data. The reason for the difference between the present theoretical
calculations and the relaxed-orbital approximation is discussed. In order to clarify the
discrepancy between theory and experiment, the relative contribution from the direct-
collision process should be examined more carefully. The discrepancy between two
calculations for the direct-collision process indicates that further theoretical studies on
this protes is needed. More experimental data for the K-shakeoff probabilities in g*
decay are also useful.
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