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Qualitative Analysis of 4-rod RFQ Resonators
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The 4-rod RFQ resonator is simulated by a resonant circuit based on the four-conductor shielded
transmission line (4CGSTL). The normal mode analysis for TEM waves is applied to a certain model
structure. The mathematical derivations of the normal modes propagating in the 4CSTL and their physical
interpretation are described. Some examples to reconstruct the RFQ fields from the results of the normal
mode analysis are in good agreement with the 3-D calculations by MAFIA code.
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1. INTRODUCTION

Many different configurations of the so-called 4-rod Radio-Frequency Quadrupole (RFQ)
have been constructed for the linear accelerators'™®). The 4-rod RFQ resonator consists of four
longitudinal electrodes connected with a tank by supporting posts as shown in Fig. 1.

dl~4—,6~8,10~14,21,23,26,28,39-46), but there is no

Some equivalent circuits have been develope
general method proposed to study any configurations of the 4-rod RFQ resonators. This
circumstance makes their comparative analysis difficult and impedes an optimal selection of their
configuration at the given conditions. In this paper we will present a generalized modeling
approach which can be applied for a wide family of the 4-rod RFQ resonators.

Our method is the usual approach for modeling of a microwave-transmission system as an
equivalent circuit which is composed of sections of uniform transmission lines jointed together
through coupling networks.  The representation with equivalent circuit is helpful to understand
intuitively the resonator. It allows to predict their behavior and leads to systematic design,

study, and testing®”*®).

Fig. 1. General concept of the 4-rod RFQ resonator: 1 is a quadrupole electrode;
2 is a tank; 3 is an electrode-supporting post.
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Qualitative Analysis of 4-rod RFQ Resonators

Our approach can be considered as an extension of the conventional transmission line theory
based on the concepts of distributed parameters. In this case, a real 3-D electrodynamics
problem is reduced to an equivalent-circuit problem. So far, all studies had made some specific
assumptions which came from only the particular geometry of each investigated resonator. Our
method includes some numerical calculations of 2-D problems to study 3-D problems without any
specific assumptions within 2-D problem. It allows to extend the abilities of the equivalent-
circuits modeling to the application such as to study the 4-rod RFQ.

#9,50) which consists of four-

The 4-rod RFQ resonator can be simulated by a resonant circuit
conductor shielded transmission lines (4CGSTL) loaded by sets of the impedance corresponding to
the transverse supports (Fig. 2). It is assumed that only TEM waves propagate along all
conductors of the resonant circuit. The standing waves defining the mode of the resonance
oscillation is the superposition of the waveguide modes propagating on the transmission lines.
This interrelation between the resonance and waveguide modes characterizes a resonance mode
through the corresponding waveguide modes. For example, the accelerating system for electron
linac can be treated as a sequence of small cavities with TMo, waveguide.modes. The Alvarez
structure, the Four-vane RFQ resonator and Double-H-resonator can be represented as single
cavities based on the TMy1, TEq:, TE;; waveguide modes, respectivelyl’m.

In order to study the 4-rod RFQ resonators, we should consider in detail the behavior of the
corresponding waveguide of the 4CSTL. In this case we have used conceptions of the normal
TEM modes propagating in the multi-conductor transmission line system. It is shown that
purely mathematically derived normal propagating modes have clear physical interpretations.
Some qualitative results based on the normal TEM mode analysis for the 4-rod RFQ resonators
are presented in this paper. It is demonstrated how a field of the resonator can be reconstructed
by a normal mode combination.

In section 2 a review of constructions of the 4-rod RFQ resonators is presented. The
general behaviors of the multi-conductor TEM transmission lines are described in section 3.
The method of normal TEM modes in the 4CSTL is presented in section 4.  The fifth section is
devoted to the qualitative considerations of the 4-rod resonators based on our method.
Examples of the transformation from the 4CSTL to 4-rod RFQ resonators are given. The
examples of resonators have different normal mode contents. The results are compared with the
3-D calculations by MAFIA code.

2. THE 4-ROD RFQ RESONATOR AS A CAVITY WITH THE TEM WAVES

Although the 4-rod RFQ resonator contains only two kinds of principal elements : electrodes
and posts, there can be a lot of configurations. The longitudinal profile is usually uniform, but
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Fig. 2. The equivalent circuit of the 4-rod RFQ resonator.
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Split-Coaxial Resonator (SCR) with “spear-shaped beams” is an example of the non-uniform
case. The transverse cross-section of the electrodes can have a simple round geometry or a
~ complicated one with various vane-like shapes. The different kinds of the supporting posts
(straight, triangular and cylindrical stems or spiral supports) have been designed.

In this paper we will treat the 4-rod RFQ resonators as cavities with TEM waves, using
transmission line theory. Similar approaches were separately applied to drift-tube resonators””

and for RFQ resonators™*7#1012:4041) * fere we will develop a general procedure according to

. . . 4 o
our previous studies presented in Refs.*%50 63),

The basic condition for our approach is an
assumption that only TEM waves propagate along all conductors. Simulating the 4-rod RFQ
by equivalent circuit in Fig. 2 we will assume that the characteristics of resonators are determined
by the 4CSTL with TEM standing wave.

The well-known condition for propagation of only TEM waves requires that the transverse
physical dimensions of the 4CSTL must be much less than the wavelength 1. In our case it can
be formulated as R/AKI, where the tank radius R plays a role of such transverse physical
dimension. The relation between R/A and A of existing 4-rod RFQ resonators is shown in Fig. 3.
The above condition seems to be satisfied in the existing 4-rod RFQ resonators. )

All resonators presented in Fig. 3 are grouped in the following several types : 1) split-coaxial
resonators (SCR) with spear-shaped beams' 122 9) one module SCR with round rods’?Y ; 3)
4-rod RFQ with spiral supports™'®?% ; 4) the “In-line stems 4-rod RFQ” L1013 (the connection

points of all rods with the tank are located at the same longitudinal position) ; 5) the “Alternate

1 1 i | 1
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I @ SCR (spear-shaped beams)
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Fig. 3. Theratio of the tank radius R to the wavelength A for the different RFQ resonators :
1) Double H [1] ; 2) 4-vane H [1]; 3) SCR (spear-shaped beams) [1, 11, 12, 23] ; 4)
SCR (one-module with round rods) [7, 21] ; 5) 7) 4-rod RFQ (spiral supports) {9,
16, 29]; 6) 4-rod RFQ (In-line straight stems) [1,10,13]; 7) 4-rod RFQ (alternate
straight stems) [17, 18, 20, 24, 28, 37] ; 8) a 4-rod and 4-vane H hybrid [33, 34, 36] ;
9) 4-rod RFQ (variable energy) [22, 25].
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stems 4-rod RFQ”1718:20.2628.37) (¢ ch set of opposing rods is connected to the tank at the middle
of the successive supports of the other set of rods) ; 6) Variable energy 4-rod RFQ?2% ; 7) a 4-rod
and 4-vane H hybrid®®*%%)  Also in Fig. 3 we show parameters for two main types of H-
resonators in which non-TEM waves with longitudinal field component, namely H (TE) waves,
can arise in the case of R/A2>0.1. As shown in Fig. 3, all types of the Four-rod RFQ resonators
in meter waveband satisfy condition R/A<0.1. At the value of R/A=0.1 there is a border
between TEM (4-rod RFQ) resonators and H (TE)-resonators except some kind of resonators in
decimetric waveband, where a possible alternative for H-resonators can be considered. Under
these conditions, we can recognize the main limitation of presented modeling method. For some
cases the method may give correct quantitative and qualitative results, but for other cases it
becomes only a qualitative model. It depends on the order of difference between an ideal TEM
field and a real 3-D field in the resonator. But main purpose of the present work is not get

numerical results but qualitative study.

3., DESCRIPTION OF TEM WAVES IN THE 4CSTL

In this section we will introduce some features of a mathematical description of the TEM
wave propagation in the 4CSTL. The general behaviors of the TEM waves have been described
in many monographs on RF elecfrodynamics, for example in Refs. 64-66. According to their
definition, the TEM waves have only transverse components of electric and magnetic fields and
propagate at the velocity of light in medium (vacuum in the case of the 4CSTL).

In the case of TEM waves, a uniform wave equation which describes propagating
characteristics of waveguide systems is reduced to the two-dimensional Laplace equation. Asa
result, the transverse fields of TEM waves are obtained from two-dimensional static equations
and their longitudinal distributions are described by the telegraph equations. Thus, all the
static field techniques are at our disposal in treatment of TEM waves. - Because the transverse
electric and magnetic fields are perpendicular between each other at everywhere and the ratio of
their amplitudes is equal to the intrinsic impedance of free space v o/ &g , they are interconnected
and each of them can be defined through each other. Hence, only the electrostatic problem is
enough to be solved.

The propagation of TEM waves is described by the well-known telegraph equations®*9.
The point by point derivation of them for the multi-conductor transmission line is presented, for

example, in Ref. 66. For our case these equations can be derived from the consideration of the

Fig. 4. Schematic representation for the distributed parameters of the 4CGSTL.
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elementary section of the 4CSTL with the length Az, which are shown in figure 4 together with its
equivalent circuit. The telegraph equations are formulated for the complex amplitudes of
voltage and current on the conductors of the 4GSTL. These amplitudes are expressed as the
integrals of the TEM wave fields. They depend on only the longitudinal coordinate z. For the
n-th conductor (the shield corresponds to n=0) the integrals are taken along the some paths /,
and /', which are located in a transverse plane of the 4CSTL:

U,,=~f1347, I= fﬁ'zﬁ W
Iy

.

The examples of these paths l; and ly” for 2-nd conductor are shown in Fig. 4. Maxwell’s
equations are reduced to the system of the differential equations with U, and Z, as the functions of
z. This system is usually called as the telegraph equations. It consists of 2N differential
equations for N-conductor transmission line, while the shield is the (N+1)-th conductor. For
example, the simplest case of N=1 with 2 equations corresponds to the coaxial transmission line.
The case of N=4 with 8 equations corresponds to the four-conductor shielded transmission line.

For the 4CSTL this system can be written in the following matrix form:

d .. , d . . .
d—zllUll—*zw-HLlHllll, -‘}lelll——zw'llﬁlHlUll, @)
Ly Lyg Lys Lis Bt Pz Pis Pra ‘3:k=[3'ki
where [IL||= Loy Lyg Lgs Loy , llﬁll: Bo1 Pz Pos Poa , for i+,
L31 L32 L33 L34 ﬂBl ﬁ32 ﬂ33 ﬂ34 'k:Lk‘
41 Lag Lys Lay 41 Paz Bz Paa
lol=1uy, ..., U4]T and ||i||=[f1, ...,i4]T are 4-dimensional vectors of voltage and current,
respectively ; w- is the angular frequency ; #=—1. The sign T designates a transpose matrix.

The matrices ||[J’|| and ||L|| are 4 X 4-dimensional real square symmetric matrices. Their
elements are the coefficients of the electrostatic induction and magnetostatic inductivity,
respectively. The total definition of these coefficients is presented in Ref. 70-73. They can be
obtained from corresponding electrostatic and magnetostatic problems for systems of N
conductors.

The matrix ”[J’H expresses the total charges on the conductors @y, Qo, ..., Qv= ||Q_|| in terms
of their potentials ¢y, ¢, ...,¢N=H¢H, ie.

Il =lAll-llgll. (3)

While the coefficients of like index, as f3; are known as coefficients of capacity’®

(capacitance or the self-capacitance in Ref. 71) and of unlike index as coefficients of induction or

the mutual capacitance. The Sy are always positive (G >0), but §; are negative (5= :<0).

The matrix ||L|| expresses the magnetic fluxes surrounding the conductors ¢;, ¢y, ..., dn in
terms of their currents I, Iy, ..., Iy, i€
Il @ll=IIL|l-|l1l. (4)

The coefficients of like index, as L;, are known as the self-inductance and the coefficients of
unlike index L; as the mutual inductance.
In. this paper we consider only the symmetric four-conductor shielded transmission lines.

Because these transmission lines have four conductors, their cross-sections have the rotational
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symmetry for 90°. It means the followings : 1) all four conductors have identical cross-sections ;
2) the cross-section of the shield has the rotational symmetry for 90° (for example, a circle, a
square, an octagon and so on) ; 3) conductors are located symmetrically relative to the center of
symmetry of the shield. Then, there are the following additional relations between matrix
coefficients for the symmetric 4CSTL, which are graphically illustrated by equivalent circuit of
the 4CSTL in figure 4:

Bi1=Boo=Pss=Pas=Ps, L11=Lys=Ls3=Lyy=L,,
Bo=Bes=Bsa=P1a=0s, L19=Laz=Lss=L1s=Ly, %)
Brs=[4=f, Liz=Lu=L,

The substitution of (5) into the telegraph equations (2) transfers them to the next form :

U, L, Ly L. Ly BB B 5] UL
4 U, — i Ly L, Ly L, =i B Ba B B | qQ (6)
dz |Us L Ly L, L, BB B 35 | |Us

Us o Lo Ly Ly, s Be B Bl LU

The common solution of system (6) for voltage and current can be expressed in terms of their
boundary values at z=0. It consists of two waves traveling in opposite directions and can be

written in the following matrix form (see for example, [69]):

Ul =exp (—1G11-2)-NUZ4l +exp ([1G11-2)- 1T 5 )
17l =exp (= I611"2)- IE23]l +exp (IGI-2)- 1E=4 5
where- ||Gll=V|IL||] ﬂ|| is a square symmetric matrix. Their elements are the coefficients of
propagation and ||GHT=V Il /3’||||L|| . The plus sign designates a forward wave and the minus
corresponds to backward one.

This solution of the telegraph equations describes the longitudinal distributions of voltage
and current and they correspond to the electric and magnetic fields of the TEM waves. The
transverse pictures of these fields are defined by two-dimensional (2D) Laplace equations with
boundary conditions determined by the voltage and current values at a given cross-section. As
it is followed from above expressions, the voltage and current on every conductor of the

_transmission line depend on the voltage and current on the rest conductors. In general case, it
means that the ratios of voltage and current between conductors change along the 4CSTL and the
boundary conditions at every cross-sections will be different. Consequently, the 2D-problems
also will be different for each cross-section and the transverse pictures of the TEM waves will
depend on longitudinal position along transmission line. In such case it is necessary to solve
Laplace equations for every cross-section and further procedures will become a numerical one.

This causes difficulties for qualitative interpretations.

4. NORMAL MODES OF THE 4CSTL

4.1 Mathematical derivation
In order to eliminate the difficulties coming from the longitudinal dependence of 2-D
problems we use the normal mode analysis technique for TL. Originally, this method was

64~69)

developed for the high-voltage multi-conductor transmission lines In a particular case of
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the 2-conductor transmission lines this procedure are widely applied to study RF devices working
on two coupled transmission lines (directional couplers, filters, amplifiers, slow-waves
transmission systems and so on). The simplest variant of normal mode technique for two
coupled lines was also adapted to study the 4-rod RFQ at the assumption in which two opposite
electrodes are treated as a single conductor®”:#%30:60:61,63,74)

to the 4-rod RFQ more adequately, we have extended this method to the 4CSTL. This makes it
49,50,63) o

Because the 4CSTL corresponds

possible to generalize the consideration for the 4-rod RFQ. In the previous papers
have already presented such extension shortly. In this paper we describe the normal mode
analysis technique developed for the 4CSTL in detail.

The normal mode technique introduces a concept of so-called normal TEM waves (or
modes), which are also characterized by some voltage ||:ﬂ| and current || 7;]] The voltage and
current of these normal modes are some combinations of voltage |U|| and current ||f]| of original
TEM waves. In a transmission line system with N conductors there are N normal TEM modes
of propagation. Thus, there are four modes in the 4CGSTL. Any field of original TEM waves is
expressed by the superposition of these normal modes.

Mathematically, the problem of a definition of normal modes corresponds to the calculation

|64’66), which converts the square matrices ||[J’|| and ||L|| of the

of the so-called modal matrix ”M |
initial system (4) into the diagonal form. The modal matrix ||M H is composed of eigenvectors
(or modal column) “V” of conversed matrixes  which correspond to their eigenvalues (or
characteristic roots). Let {g designates the eigenvalue of i /J’|| and { of [IL]]. Due to the
matrices ||[3’|| and ||L|| are the commutative ones, i.e. H[3H”L||=HL||H/3||, they have the same
eigenvectors and modal matrix [Mll. The eigenvectors vl satisfy to the both following

equations :

LIV =glvIl,  HBl-IVIi=g v (8)

The characteristic roots are derived from characteristic equations for matrices I [J’H and
Ll -

det (IL{ = & [IVI)=0, det (I8l — &g llEIl)=0, 9)

where ||E|| is the unit matrix. Both these equations resulf in the similar fourth order algebraic
equations with respect to the characteristic roots. Their decisions are expressed as the
followings :
Coi=Lo 2L+ Le; §ro=L,—2Ly+ Lo §o5=La—Le; §ea=La— L,
$pr=But 2Bt Be; Lpe=Pu— 2B+ Bes Ss=FBa—Bes Gor=FB—f5

Substitution of these eigenvalues into the equations (8) defines the eigenvectors il and,

(10)

hence, the modal matrix ||[M]:

1 1 1 1

1 -1 1-1]

291 1 -1 -1
1 —1—1 1

Ml =

As ||M|lis a symmetric matrix, it satisfies to the folloWing relations :

Im)| "= limll = =lmll, [|pall-lpgll"=]|pall imal = = NED (12)
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Besides the matrix (M| [, the normalized matrix IID|| [691 should be defined for convenience
of physical interpretation of the normal modes. We have defined it in the following form :

1/2 0 0 0O 000
0100 o100 .
D|= , Ipl~'= pl-Ipl~'=|E 13
DIl 010 DIl 0010 (Ipl-ipl = =lEl) (13)
0 001 001

In order to transfer from the telegraph equations for original TEM waves (6) to ones for the
normal modes we should follow to the methodology in Refs. 66, 69. Let’s insert into right-hand
sides of equations (6) the factors ||MH||M||T= ||E|| and ||D||||D|| = |lE|| one after other:

diHUH= —iw|IL{-IMI-[DI-1DI " Il 1A,
Z

dizllill=—iw-llﬁll‘llMH-IlDll‘I-IIDII‘IIMIIT-IIUII

Then, multiply both sides of the voltage equation by factor \|DI|-||a1 I” and the current
equation by factor 1721 . 4l

d : _ .
5 DI IMIT1U]= =ie DI Iaal ™ IL D] -ID I~ Il ™1

(14)
d _ , _ _ .
2 121 Il Ml = =il Dl = IM N8l ia D~ -l ™ Ul
The equations (14) can be written in the short form :
d d
&l = — il L2 9 — il == — - | &
2 ell=—io ALzl ligll=—ie g1 1, (15)
where  [lgl=IDI-IMITT,  7ll=1DI~"la] "I,
&1/40 0 0
0 &20 0
L?|=|p|- M " L|l-lim|-IIDll=
2= DIl |a (™I -Imll-IDl=] - 0 &0 |
0 0 0 &
4t 0 0 0
- - 0 & 0 0
=|p|l~ - IMT - IM - Ipl| = 22
I =Dl Iaa ol p) == | 0 0
0 0 0 &a

and the elements{z,, ..., {24 and &g, ..., {1 are defined by formulae (10).
As the result, the system of telegraph equations (6) consisting of 8 (2 X N) coupled equations
is reduced to four independent systems. Each of these systems contains the two simplest

telegraph equations for each normal mode:

1-st mode : 2-th mode :
d . . d . .
d—zfl=—iw'L£'vl ';erz=—iw'13213'7/2

>

A ioRé | e iwBe
a’zm_ lwﬁll 1 dzﬂz iwBs3&y
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3-th mode: 4-th mode :

d . . d . .

‘Tzfﬁs =—iwLi3ns d_za: —iw L ns

h 1Y , (16)
. . D« - ps

dz_m: _lw'ﬁsz'fs _dz = —iwPBia&y

Each of four systems given by (16) can be solved as a usual telegraph equation for one-
conductor (or coaxial) transmission line. From (16) the second order differential equations

describing the voltage wave propagation of every normal wave can be derived:
2
S _ gD
dZZ (‘;",— Yi 'f}, l—l, ,4-, where— Yi—w 'Li," it (17)

Taking into account that the TEM waves propagate at the velocity of light v, all constants of
propagation ¥; should be the same and be equal to the wave number k=w/v, i.e. ;=k. This

means that coefficients I and [ are interconnected by the relation
1
LE =
= (18)
Using this relation the solution for normal modes is expressed in the matrix form as:
[18l=114ll-cos (k) +[|Bl-sin (k2), (19)
ll7ll =i-v | B2l 1= ll4llsin (k2)+ [1Bll-cos (k2)},

||A|| and ||B || are vectors of constant coefficients defined by boundary conditions.
Finally, the solution for the full field of the 4CGSTL can be obtained from the results for
normal modes (19). The expressions for voltage and current of an original TEM wave through

the normal modes can be derived from relations (15) in the following form:

1 1 1
; e L2 —1 1 =1
Ull=|Mll-Ilp 1, [— . ,
loll=ml-IlplI =1 &l 2ly 1 -1 - &l
-1 =1 1
/72 1 1 1
. a1 /2 =1 1 —1],.
=MDl 7ll=— . 20
1£l=(Ia]l- DI}l 7l 2 i 1 —1 -1 IE7l » (20)
/2 —1 —1 1

4.2 Physical interpretations of TEM modes
Let’s consider the meanings of introduced normal mode parameters. The relations (15) for

normal mode voltage and currents are

E=1/4(01+ Uy + Us+ Uy) m=(h+L+I+1,)

é2=1/2'(U1.—U2+U3—U4)' n=12(L—L+L—1L)
&E=1/2(Th+Uy—Us— U,y  ps=1/2(L,+I,—I—1)
&=1/2:(U1—Uy—Us+ Us) m=1/2(—Ih—L+1)

(21)

To obtain the conditions for existence of only a single mode, we should put voltage and
currents of any others to be equal zero. For example, for the first mode it means that =4&=

&=0and 7s=m=7y,=0at any z. Their substitution in (21} will give that voltage and current
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of TEM wave are identical on all conductors, 1.e UIEUQEUgEU4EU and ) =hL=hL=L=1
The voltage and current of the first normal mode are & =U and 7,=4-1. The similar procedure
can be applied for other modes. - The voltage and current of normal modes in the absence of any
other mode components are connected with the voltage and current of original TEM waves in the

following way :

c‘:}]:U, UEU15025U3EU4 l &ZQU, UEU15_025U3E“U4
77.124‘1., j5115j25j35j4 772:21, I'EI.IE—‘I.QEIZ;E_I.‘; ’
e . : (22)
&E=2U, UsU,=U,=—Us=—U,

77'3:2'1., 1511 —=—j25 “‘1.35 _j4

&ZQU, UEUIE_UQE_U3§U4
77-4=2'1, jEle—jQE—j3Ej4

From these relations, we may define the ways of connections of the conductors of the 4CSTL
for each mode under the condition that any other mode components are absent. Every mode
propagates along all conductors of TL making up the so-called modal channel. The top row of
figure 5 illustrates the modal channels of the 4CSTL graphically. Every modal channel of the
4CSTL can be considered as simple transmission line system with two conductors, one of them
with a direct current and other with a reversed one.

The mathematically derived relations (22) express the practically important fact that the
ratio between voltage and current on the conductors for every mode do not change along TL. 1t
allows to use for every mode the same mathematical means as the usual one-conductor TL (for
example, coaxial or non-shielded two-conductor TL). That is, in order to determine the TEM

fields, it is necessary to carry out two procedures for every mode. First one is calculation of

Fig. 5. Normal TEM modes in the 4CSTL. The lst, 2nd, 3rd and 4th modes correspond to
figures a), b), ¢} and d), respectively. The top row is the modal channels” of the 4CSTL,
the middle is the 2-D problems for definition of distributed capacitance, the bottom is the
E-line patterns.
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distributed parameters. They are derived from the 2-D problems, which correspond to every
mode channel. The second step is the determination of longitudinal dependence which is
derived from the solutions of the corresponding telegraph equations (16).

The every modal channel of the 4CSTL shown in the top row of figure 5 is characterized by
the distributed capacitance C; and inductance L;; The two-dimensional electrostatic problems
with definition of capacitance C; are presented in the middle row of figure 5. These distributed
parameters C; and L; are equal to the corresponding diagonal elements of matrices || /J‘D || and
”LD ||, respectively :

—pD_ _ _op_ St 1
Ci=Bi=4Ln=4(BT2B15) LI‘LII—T—Z'(La'l'QLb"'Lc)
C=pn=(p=F—2B+5 —7Dee g _

Cy=pB8=Ltm=P—P. ; Ly=Lyp={2=L,—2L,+L, (23)

oD Ly=L3={s=L,— L,

04—[342_&?/34_—/311_[3[ L4—:L4€}):§L4=La_lfc

Using the formulae (3) and (4) it is easy to check these relations (23). The capacitance C;

. is defined to be a capacitor. The first terminal of this capacitor corresponds to the four central
conductors of the 4CSTL connected together. The second terminal correspond to the shield of
the 4CSTL. The capacity is the ratio of the charge Q on one terminal to the potential difference
U of between them. The charge Q is the sum of the four equal charges Q, of four conductors of
the 4CSTL, i.e. Q=4-Q,, while they have the same potential /. Using (3) the charge on the one
central conductor Q; is expressed as Q1=(f,+28,+3,)-U. Hence, the capacitance C; becomes
Ci=4(L+2B8+5).

The inductance L; is defined as an inductivity of a single conductor. This conductor

corresponds to the four central conductors of the 4CSTL connected together surrounded by the

- shield of the 4CSTL. The inductivity is the ratio of the flux @ surrounding this conductor to its
current /. This current 7 is the sum of the four equal currents /; of four conductors of the
4CSTL, i.e. I=4-I;, while they are surrounded by the same magnetic fluxes @. Using (4) the
magnetic fluxes @ surrounding any central conductor is expressed as @= (L, +2L,+L;)1/4.
Hence, the inductance L; becomes L;=(L,+2Ly+L)/4.

The similar considerations may be carried out for other modes. Because of the
interconnection of the electric and magnetic fields, there is the relation (18), which couples the
distributed capacitance C; and the distributed inductance L;. This means that it is enough to
calculate only the distributed capacitance C;. The distributed inductance L; can be obtained by
the relation (18).

The bottom row of Figure 5 illustrates the E-line patterns of normal TEM modes in the
4CSTL. It shows clear the physical meaning of each mode. The first mode can be named as
the coaxial, because it corresponds to the usual CTL with four-wire central conductor. The
second mode is a quadrupole one. It creates the original RFQ fields and therefore, their
longitudinal distribution will determine the voltage flatness in RFQ-channel. The third and
fourth modes are two dipole modes. The directions of their fields are perpendicular to each
other.

If we accept the usual approximation that the current flowing on the real 4CSTL with losses
are the same as in the ideal 4CSTL without lois=s§}s, the total power loss P becomes the simple sum
of the partial loss of every mode P;, i.e. P=i§lPi. Only the second mode has useful field for
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RFQ. In view point of power loss the rest modes can be considered as “parasitic” ones.
However, the non-quadrupole modes may be responsible for some other properties of the
resonator. For example, the presence of coaxial mode determine a very flat field of the
“Alternate stems 4-rod RFQ” resonator with a small tank diameter. Moreover, these non-
quadrupole modes also may contribute some additional corrections in beam dynamics.

Although the coaxial mode does not penetrate the accelerating channel, but it makes some
potential difference between the axis of RFQ channel and the resonator tank. This fact should
be taken into consideration for design of an matching sections. For example, it was shown in
Ref. 8 for the SCR that the electrode shapes must be modified essentially. In the case of the SCR
the existence of such potential difference is obvious even without the present normal mode
concept. However, there are some constructions of 4-rod RFQ in Refs. 5, 9, 10, 13, where the
existence of such voltage is not so clear. In these cases, using the normal mode analysis, we may
detect the presence of coaxial mode which creates undesirable potential difference in a matching
area. It can help to find the best ways for construction of a matching section of the 4-rod RFQ.

The simple constructive design of structure can be reached when the presence of the weak
dipole fields is allowed'®?739  In contrary of coaxial mode, the dipole modes may influence
on beam dynamics in a regular part of RFQ channel. Their fields should be added to an original
RFQ field, because they may cause both resonant and non-resonant interactions with particles of
beams and therefore, can distort the stable particle motion. It is useful to know the conditions
for existence of non-quadrupole modes in order to evaluate their affects or to find means to
suppress them.

At first the normal mode analysis was introduced only to eliminate the mathematical
difficulties. However, the practical importance of the normal modes has increased by the fact
that the normal modes have clear physical interpretations. The knowledge of the mode contents
of total field in the 4CSTL can be useful for calculations of both efficiencies of 4-rod RFQ

resonators and the beam dynamics in their RFQ-channel.

5. THE PROPAGATING MODE CONTENTS OF CAVITY MODES

In the indefinite 4CSTL, the normal TEM modes can propagate with any amplitudes at any
frequencies. But if the conductors of the 4CSTL will be loaded by some impedance, this system
becomes a resonance circuit with several resonance modes at a discrete set of frequencies, while
the TEM wave of each resonance mode is a superposition of the propagating normal TEM modes of
the 4CSTL. The amplitudes of these field components depend on the configurations of
resonators. A resonance mode of a 4-rod RFQ resonator can be described by a combination of
the corresponding normal TEM modes.  Such combination can distinguish a type of a resonator.
Some cases of the mode combination in the 4CSTL and corresponding 4-rod RFQ resonators are
discussed in the following sections. This approximate method is compared with field patterns
obtained from the exact solution of Maxwell’s equations which was made by us using the 3-D
MAFIA code”.

5.1 4-rod resonators on the base of a single TEM projmgating mode.

At the beginning, the simplest case is considered when the cavity mode is formed by a single
normal mode. Let’s consider the standing waves produced by every normal mode. They can
be excited in the corresponding modal channels of the 4CSTL presented in Fig. 5. They are
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Fig. 6. a) the voltage distribution of the standing waves produced by every normal mode in
the 4CSTL; b) half-wave 4-rod resonator; c) quarter-wavelength 4-rod RFQ

resonator.

usual standing waves of a simple TL with voltage and current nodes shifted exactly by a quarter
wavelength. Then, we cut the 4CSTL between two voltage nodes. The Fig. 6, a represents the
voltage distribution in such section for every mode. This section becomes a resonance circuit,
which corresponds to half-wave 4-rod resonator (Fig. 6,b). Note, this resonator is a single
example where present method decides the 3-D electrodynamics problem exactly.

The half-wave 4-rod resonator has four main resonant modes and each of them is produced
by a single normal propagating mode. Because they have the same resonance conditions
expressed as [=A/2, their resonant frequencies coincide. ~All cavity modes are confluent and we
cannot see them separately on the field patterns produced by MAFIA code. This resonator has
no practical interest. But cutting of it into two pieces makes the quarter-wavelength 4-rod RFQ
resonator (Fig. 6,¢). In this case, almost all modes are separated and their fields drawn by
MAFTA-code are illustrated in fiigure 7.

The Fig. 7, a presents E-lines and B-lines of the cavity modes at the transverse cross-section
of A/4-resonator at z=1/2. These field patterns are in good agreement with the corresponding
TEM propagating normal modes which were given already in Fig. 5. The transverse field
patterns of resonator are the same almost at all values of z. The exception is only a narrow
region near the open ends of electrodes at 2=/, where the E-lines have dominant longitudinal
components. The fields at transverse cross-section at z=/ are shown in Fig. 7,b. The fields of
quadrupole cavity mode in axial planes of A/4-resonator are given in Fig. 7,c. It illustrates that
the fields have mainly transverse components.

It is seen that the fields have the transverse E and B components corresponding TEM waves

and are distributed along z-axis in the same manner as fields of usual coaxial A/4-resonator, the
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z=1/2;b) the fields in the transverse cross-section at z=1; c¢) The fields of quadrupole
cavity mode in axial planes X0Z and CC'.
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one end of which is terminated by a short circuit and the other by loading capacity. Hence, the
resonance conditions of this 4-rod A/4-resonator are determined by the same way as the case of its
coaxial analogue, namely cig(kl)=k-C'/C;, where Ci and C! are the distributed capacitance (see
Fig. 5) and loading capacities, respectively, for the i-th normal mode. The Fig. 7, ¢ explains by
example the difference of C; for unlike modes. Under the influence of the loading capacity, the
resonance frequencies of cavity modes are reduced from the resonant frequency fi4=¢/4{ of an
ideal case where the loading is absent.

Thus, there is the mode separation for the case of A/4-resonator in comparison with 1/2-
resonator. It is predetermined by the different values of the ratios C/C;. The mode separation
can reach up to several percents for the reasonable geometry of resonators at the open end areas.
For example, for A/4-resonator presented in Fig. 6, c, where its length, the tank diameter, the
electrode diameters and the gap width at open ends are 0.2m, 0.1 m, 0.0l m and 0.0l m,
respectively, the fi/s-value becomes to be 375 MHz. The calculated frequencies by MAFIA-
code are 332 MHz (the difference from fj,4 is 11%), 366 MHz (2.5%) and 373 MHz (0.5%) for
coaxial, dipole and quadrupole modes, respectively. The results show that quadrupole cavity
mode is insensitive to the loading capacity.

Because of the sinusoidal change of the longitudinal voltage distribution, the quarupole fields
of the given A/4-resonator is essentially non-uniform along resonator axis. This is not practical
without modification. The modification is similar to drift-tube structures of the Sloan-Lawrence
type on twin-line. The non-uniformity of the voltage distribution is reduced by “bending the

#5259 " The Fig. 8 shows the results of such modification of 1/2-resonator (Fig.

low voltage parts
6,b) into one-section of 4-rod resonator. The generalization of the one-section makes the
indefinite multi-sectional resonator. It is seen how the electrodes in “low voltage parts” of 1/2-
resonator transform into the electrode-supporting posts of multi-sectional resonator. According
to longitudinal positions of supporting posts, this resonator is called the 4-rod RFQ resonator
with “In-line stems”.

The “bending” procedure is mechanically looked as cutting of the low voltage parts of
electrodes with the arrangement of the supporting posts at the cutting points. With equivalent

circuits, it may be treated as a connection of some equivalent impedance of the supporting posts

The normal modes in the "In-line stem 4-rod RFQ"

One-section 4-rod coaxial quadrupole two dipole modes
A/2-resonator U U U
U ,3 /2,4 ,3 /2,4

The indefinite
multi-sectional
"In-line stem
4-rod RFQ
resonator"

Fig. 8. The normal modes in the one section of the 4-rod A/2-resonator and view the
multi-sectional “In-line stem 4-rod RFQ” resonator.
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to the input impedance of the i-th conductor of the 4CSTL. In order to preserve the voltage and
current distribution in the 4CSTL, this equivalent impedance of the supporting posts should be
matched with the impedance of the 4CSTL. The input impedance of i-th conductor is defined as
ZP=U/I. When only a singe normal mode exists in the 4CSTL, the input impedance of all
conductors are the same functions on z according to the relations (21) and (19), i.e.
Z8=U(z)/1(z)=Z"(z). For matching, the input impedance of every supporting post Z." has to
correspond to the function Z*(z). But practically, it is impossible to make the supporting post to
have an arbitrary given absolute values of Zin, They may be made as mechanically identical
ones with the same the Z"-values. This means that these identical supporting posts should be
installed at the same z. _
As the results, in the case of 4-rod resonator with single normal modes, the supporting post
should be identical and should have in-line arrangement. The shape and configuration of the
supporting posts do not influence on mode contents of the cavity modes. Only numerical
characteristics of resonators depend on their shapes. The supporting posts can be realized in
many configurations. They are based on different systems of conductors, which can produce
input impedance with an inductive nature. They range from the simplest straight stems to
spiral supports. Probably, it is possible to make the supporting posts on the base of the so-called

poly-coaxial resonators’®.

It may be a competitor with spiral supports because of mechanical
strengths. Similar construction of support is applied in the drift-tube resonator with two-coaxial
support’”.

If above conditions of impedance matching is not satisfied, the operating RFQ mode of 4-rod
RFQ resonator will contain an additional non-quadrupole normal modes. Practically, there can
be two cases. First case corresponds to the 4-rod RFQ with indentical supporting posts, which
are not arranged “In-line”. 1In the second case the supporting posts have no the rotational
symmetry for 90°. The presence of non-quadrupole normal modes requires the special

consideration for each case.

5.2 4-rod resonators on the basis of a combination of TEM modes.
5.2.1 Dipole modes combinations

As the examples of the mode combinations, the cases with only the dipole modes are used,
because the graphical presentation in such cases is very clear and simple. It is explained by the
fact that the distributed parameters of two dipole modes are the same.

Fig. 9 shows the dipole mode combination when two dipole modes with equal amplitudes are
summed in-phase. Because the distributed parameters are identical, their voltage and current
have the same amplitudes. The left side of the Fig. 9, a shows the initial voltage and current
distributions on all conductors of the 4CSTL which correspond exactly to the half-periods of sine
and cosine curves, respectively. The results of their summation are given on the right side of the
Fig. 9,a. Below it, the resulting resonator corresponding to the shaded A/4-section of the
4CSTL is shown. -

In this case, one pair of electrodes is excited in opposite phases as two A/4-vibrators. The
other pair has no current and voltage at any z. Hence, it is not necessary to connect the ends of
the non-excited pair of the conductors to the cavity tank.

Fig. 9, b shows the potential signs and the current directions of the electrodes together with

field lines at different cross-sections of this resonator. They were derived using the above
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Fig. 9. The cophased superposition of the dipole modes: a) the voltage and current
distributions of dipole modes, the voltage and current distributions of the summed TEM
wave and the resulting resonator; b) The potential signs and current directions at
different cross-sections of the resulting resonator.

our method shown in Fig, 9,b. The ratio of the maximum value of the field strength to the value
at the middle of the resonator is obtained from sinusoidal distribution to be 0.707 in present
method. The corresponding ratio for E-fields is equal to 0.71 (=0.67/0.95) and for B-fields 0.72
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Fig. 11. The superposition of the dipole propagating modes shifted by A/4 relative to each other:
a) the voltage and current distributions of dipole modes, the voltage and current

distributions of the summed TEM wave and the resulting resonator; b) The potential
signs and current directions at different cross-sections of the resulting resonator.

(=1.8/2.5) in the case of MAFIA calculation. Thus, our graphical consideration has coincided
with 3-D MAFIA-results.

Fig. 11 shows another dipole mode combination when two dipole modes with equal
amplitudes are summed in a A/4 phase shift. The left side of the Fig. 11,a shows the initial
voltage and current distributions on all conductors of the 4CSTL which correspond exactly to the
half-periods of sine or cosine curves. The results of their summation are given on the right side
of the Fig. 11,a. Below it a schematically drawing of the resulting resonator corresponding to
the shaded A/4-section of the 4CSTL is shown.

In this case, all electrodes are excited as four A/4-vibrators and the system consists of two

Z—0 z=l/2

.............

Fig. 12. The field patterns calculated by MAFIA-codeé for the superposition of the dipole modes
shown in Fig. 11.
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pairs of the opposing electrodes with the same zero-boundary conditions (/=0, U=0). Each
pair of the opposing electrodes is exited in opposite phases. The both ends of each pair must be
connected to the tank in similar way (see Fig. 11,a). This type of the cavity mode exist in the
one-section A/4-resonator with the alternate arrangement of connections between rods and the
tank (Fig. 13,a).

Fig. 11, b shows the potential signs and the current directions of the electrodes together with
field lines at different cross-sections of this resonator. They are derived using the above

distributions in Fig. 11,a. Because voltage of the 4th mode is equal to zero at the middle of the
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Fig. 13. The mode superposition which corresponds to the “Alternate stems 4-rod
RFQ”resonator: a) The views of the one-section A/4 resonator and the
indefinite multi-sectional resonator ; b) The superposition of the quadrupole
and coaxial propagating modes shifted by A/4 relative each to other; ¢) The
transverse planes of the 4CSTL with zero boundary conditions and resulting
resonators for o-mode and m-mode.

resonator, the electric field here comes from only the 3rd mode. The magnetic field at z=1/2 is
defined only by the 4th mode from the similar reason. The corresponding field patterns
calculated by MAFIA-code are shown in Fig. 12. These pictures are in good agreement with
ones in Fig, 11,b.

Thus, our graphical consideration can predicate and explain the dipole cavity mode of the 4-
rod resonator. The presented examples illustrate also that the current and voltage of
propagating modes may be non-zero at open and shorted ends of conductors, respectively. The
boundary conditions require the zero values only for corresponding voltage and current of
original field.

5.2.2 Combinations with quadrupole mode

Now we consider the mode combinations with participant of the quadrupole mode.
Because of the difference of distributed parameters between quadrupole mode and any another, it
is impossible to get the figures of mode combinations without any calculations as it is done for
above cases of dipole modes. To define the voltage and current distributions, we should find the
constant coefficients in the solutions (19). They can be derived using zero boundary conditions.
In this paper we have omitted the details of these calculations. The results are expressed
graphically for qualitative consideration.
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A practically important case of the mode combination which corresponds to the one-section
of the “Alternate stems 4-rod RFQ resonator” shown in Fig. 13, a is presented in Fig. 13,b.
This is the superposition of the standing waves of coaxial and quadrulpole TEM modes shifted
along longitudinal direction by A/4, while the voltage amplitude of coaxial mode is larger than
the quadrupole mode by factor 2(C)/ Cy)'"2, where C) and Cj are distributed capacitance of the
coaxial and quadrupole modes, respectively.

As shown in Fig. 13, b, there is a set of transverse planes perpendicular to the z-axis of the
4CSTL in which either voltage or current on each conductor of the 4CSTL is equal to zero (Fig.
13,c). In these planes, the conductors with zero voltage can be connected to the shield and the
conductors with zero current can be cut to open-circuits. The segments between neighboring
planes are resonant circuits corresponding to the one-section of the “Alternate stems 4-rod RFQ”
resonator. The short segment with length A(A<A/4) corresponds to z-mode relative to
neighboring rods (RFQ operating mode) and the longer one with length 1/2— A corresponds to
0-mode (in-phase neighboring rods). The sum of the lengths of 7 and 0 mode segments is equal

0 —1/2 151
(m-mode = z
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Fig. 14. The potential signs and current directions at different: cross-sections of the
resulting resonators shown in Fig. 13,c: a) z~mode; b) o-mode.
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to exactly /2. It should be noted, that the difference of the segment length from A/2 is caused
by the difference of the wave impedance between coaxial and quadrupole modes.

In contrast to the quadropole and coaxial mode combination, the above discussed
combinations of two dipole modes, which have exactly the same wave impedance, result in the
equal segment lengths A=A2A/4. The dipole resonator modes with the same frequencies are
degenerative. Two combinations of coaxial and quadrupole normal TEM modes correspond to
7 and 0 resonator modes and others correspond to different combinations of two dipole modes.
For the unit section with length / it can be obtained that f,+ fo=2f;, where fx, fo and f; are
frequencies of w-mode, 0-mode and dipole modes, respectively, while f;= (v/4{), where v is
velocity of light.

Fig. 14 shows the potential signs and the current directions of the electrodes together with
field lines at different cross-sections of this resonator for 7 and 0 resonator modes. They are
derived using the above distributions in Fig. 13;b,c. The corresponding field patterns
calculated by MAFIA-code are shown in Fig. 15,a,b. These figures are in agreement with the
results of our theory. At the cross-sections corresponding to the middle of the resonator for both
modes, we can see the typical patterns of the propagating normal modes.

At open ends of electrodes the currents of two propagating modes have non-zero values.
They are compensated and the summed current is equal to zero. Because the current of modes
are distributed in the transverse cross-section by different ways, the power losses are non-zero at

the open ends of electrodes. This situation is in contrast to the usual case (for example, coaxial
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Fig. 15. The field patterns calculated by MAFIA-code for superposition of the quadrupole
and coaxial modes shown in Fig. 13 and Fig.14: a) z-mode; b) o-mode.

resonator or above resonators based on a single mode) in which the power loss at the open end of
electrodes is zero.

The cophased superposition of coaxial and qudrupole TEM modes with the same voltage
amplitudes results in the A/4-resonator as shown in Fig. 16,a. One pair of the electrodes has the
zero (as shield) potential and the other one has the voltage distribution which is sinusoidally
increasing along z-direction. The results from MAFIA calculations for this resonator are shown
in Fig. 16,b. They agree with our consideration. The combination of this A/4-resonator with

the “Alternate stems 4-rod RFQ” resonator causes a modified resonator, which has an initial part

Quadrupole Coaxial The cophased Ald-
mode mode superposition | resonator
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Fig. 16. The cophased superposition of the quadrupole and coaxial modes: a) the present
method ; b) The field patterns calculated by MAFIA-code.

with increasing RFQ voltage®”. This initial part can be used as a matching section which is free

from undesirable longitudinal fields and has no complicated electrode configuration.
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