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Fluid dynamical limit of the Boltzmann equation I
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Abstract

The Boltzmann equation with a small external force is considered.
The singular limit of the solution is studied, when the mean free path
tends to zero. The macroscopic quantities (mass density, velocity and
temparature) associated with the solutions of the Boltzmann equation
converge to the solution of the compressible Euler equation with the
initial data obtained from that of the Bolzmann equation.

1 Introduction

Let t > 0 be the time, z € IR® the point and ¢ € IR* the velocity of the gas
particles. The change of distribution function f = f(t,z,£) is described by
the Bolzmann equation (B.1) :

aof 1
5 T VS tal) wef = QA Al t>0,
f|t=0 = fo(i’?yf) ) (1)
where ¢ € (0, 1] is the mean free path, a(z) = — 7 b(z) is an external force

and Q[ ] is the collision integral acting in the velocity space Rg :

QUra© =3 [ [ ale=nl8) { FE)aln)+ F)5(€)

3 xS?
~f(€) g(n) — f(n) g(§) } dndw ,
f=t—<tb-—nuw>w, weS?,

<E&E-nw>

T 2)

n"=n-<é—-nw>w, cosf =
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The microscopic conservative law holds (even for the complex variables ¢ and
neqq):

o, m) = 1 (mass) ,

o(¢,m)
&+7 = ¢£+n (momentum) ,

<l E>+<nn> = <E>+<nn> (energy) .

We refer the important properties of the operator @, ] :

1) QU f1=0 & f(&) = p(2n8)~2/2e =1/ (f > 0)
(11) Q[g,g@] = O y 3= e—|£{2/2 < ‘10(6) € {17 517 §2> 63; | 6 ‘2} )
(111) fﬂ?} Q[f) h] (6) {1> 61) 52) 63) l 5 lZ} dé = {O) O) 01 0) O} . (3)

From the distribution function f(t,z,&) we define the (macroscopic) fluid
dynamical quantities by

(i) p(t,z) = [ f(t,z,€) d¢  (mass density) ,
R3

(ii) p(t,z) u(t,z) = [ f(¢,2,£) £ d§  (velocity) ,
(i) p(t,z) e(t,z) = [ f(t,z,€) 2| € —u(t,z) |* d¢ (internal energy),

(iii)’ 6(t,z) = Ze(t,z) (temperature) ,
(iv) Pij(t,z) = [ f(t,z,8) {& — wi(t, z) }{& —u;(t,2)} d§  (stress tensor) ,
(iv)’ p(t,z) = 3P(t,z) (pressure),

(v) gi(t,z) = [ f(t,z,€) 5| € —ult,z) |* {& —u;(t,z)} d€  (heat flux) .(4)
We note that if f is a Maxwellian distribution , i.e.

_ T jewearoca)
ft,z,6) = 2r0(t, 2) ¢

b

we have the simple relations

(1V) Pi,j(t’l\) = p(t,«'lf)é-,"]’ )
(v) gi(t,z)=0,1<5<3,



(vi) p(t,z) = p(t,z)0(t,z) (ideal gas condition) . : (4)

From (1) we obtain the equation of motion of the Newtonian fluid : (but the
system is not closed !)

—p+ - (pu) =0, (conservation of mass)

ot

0 0 0
= (pwi) + ) m—(pwiw) + ) =—Pjj=pui , 1<1<3,
Bt( ;81‘] J zj:am ]

)

(conservation of momentum)

g_t [y (.;_ [ul?+e)) }+9a{s (-;- [u +e)) v} + 9, {Putg} = pa-u. (5)

(conservation of energy )

If f(t,z,€) is a Maxwellian of the above form, the equation reduces to the
Compressible Euler equation :

0

8u-i-(u )u—i—1 =a
8t v:: szP— )

9 2
529+(u-v1.)9+(’7—1)9v1.u—ga-u ,

2
p=pf , y=1+ 3 (ideal gas condition ) . (6)

In this paper we show that the solution f(e,t,z,&) of (1) exists in the uni-
form time interval [0, 7] for € € (0, 1], and it converges to the limit f(0,¢,z,£)
when € tends to zero, if the external force a(z) and the initial data fo(z,§)
satisfy some conditions, i.e. analyticity and smallness. We also show that
the fluid dynamical part {p(0,t,z),v(0,t,x),6(0,¢t,z)} of f(0,¢,z,£) solves (6)
with the initial data {po(z), vo(z),60(z)} obtained from fy(z,€). In the case
where a(z) = 0, we have the same results by Nishida [5], Ukai-Asano [6] and
Asano-Ukai [2]. Caflisch [3] gave a similiar result without the analycity and
smallness of the initial data. His solution does not contain the initial layer.

If we choose another class of the initial data and apply some change of
scales, we obtain the solution of the incompressible Navier-Stokes equation
from the limit of the solution of (1), when ¢ tends to zero. However this result
will be discussed in the succeeding paper, since the approach differs.
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2 Compressible Euler limit of the Boltzmann
equation

We consider the solution of (1) around the equilibrium

01(z,€) = (21) 32" (EF/24H0) = go(g)ee)

Putting o

f= f(éat,x>§) =0 +gl/ u(e,t,x,ﬁ) )

fo=fo(z,8) =0 +9i/2u0($’5) : (7)
we obtain the modified Boltzmann equation (B.2):

ou 1 1
-a—t+§~vzu+a(:z)-v5= ZLlu-*-zI‘l[u,u] ,

Up=o = up(x,§) . (8)

Here we use the following notations :
(i) Lyu = 267 *Qlgr, 91*u] = e Lu
Lu = 2¢5*Qlg0, 65"u]
(ii) Tafu,v] = g7 "Qloy *u, 9i/*v] = 4=/ [u, 0]

Tlu,v] = g5 QLo %, 95’ *v] - (9)

We state the main assumption on a{z) = — 7 b(z) and @[, ]. Let A(Q) ,
(Ap(€2)) be the set of analytic (and bounded) functions in the domain Q2 .

[A] 82b€ As(Qy) s Qo = R3+1i(—po,p0)° = R +1il(py), for |al<
<Il+1 with [ > 3. b(z) is real for z € R>.
For simplicity we assume (0) =0 .

[ Q] The scattering cross section ¢(v, #) satisfies Grad’s condition of ”’the
angular cutoff hand potential”’ i.e.

cHl4+v)*<q(v,0) <c(l+v)* forv>0 with0<a<1.

Under the condition [ Q ], the linearized collision operator L has the fol-
lowing properties :



(i) Lu(€ +1in) = —v(€+in)u(€ +in) + [ K(£ +1n, & + in)u(€ +in) d€
= (-A+K)u,

v(€+in) =3 JIa(l €1,6) go(€ +in — () d{dw € A(Qx) -
(i) There exist py, 09 and o7 > 0 such that
oo(1+ € )7 < Re ul(E+in) < ou(14+ | £)° for & +in € Oy
(iii) K is a compact operator in LP(R* +1n) ,1 < p < oo, and K maps
I5(9,) = {u(é +1in) € A(Q,), (1+ | € [Pu(€ +in) € L=(1(p)); LP(IRY) |
into L§,,(f2,) continuously for 8 € R and p >0 .

(iv) L < 0in L?(IR®) and L has an isolated eigenvalue 0 with the five dimen-
sional eigenprojection

P = i:‘Pj <05 >, {oi} = 00O {1, &, &, &, (167 =3)/V6} -
(10)

We define function spaces :

(i) X7, = {u(z +iy,€ +in) € A(Q, x Qp) ;

sup ¥ | 0%u(- + 1y, - +1n) |F2(psy< 00} .
yel(p), n€l(p') lal<s

| u I?eP,P':

(ii) Let A(T) = [0,1] x [0,T] \ (0,0) .

Y], ., =1X} — valued functions u(e, t) which are continuous in

~rtp —yt

(e,t) € Ar with the norm

| u Ij,p,p','r = sup |u(et) Ij,p—'y tp —yt< 00}
(e,t)EA(T)

= B°(A(T); XIyipye) -

(ll)’ ?J = {u(e, t) € Yp{p’," )

P Y0

| u 'j.p,p’n.a: sup et/ | u(e, t) |j,p—1t,p’—7t< oo} .

. (e)EA(T)
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(iii) Let w(t) = (1 —t)e™*. Let Y, be the space of the same kind as in (ii).
Z,={u€Y,y_y,forany 6§ >0;

Fully= sup_lu(et)l, w(;X5) <o} . (11)
Svt<pg—p
0<e<L1

Clearly we have

-ty <1 lpony < (1= )1N|I, for v>7 . (12)

We define a (continuous) family of closed operators B(e) in ngp, = X, (We
omit the index j and p' without confusion.) by

Ble)= —e(E+in)-Va+ L= —e(+in)-vamA—K . (13)

In what follows, we show that B(¢) generates a "semigroup” e'2(*) mapping
X, into X, .., with ay > 0. Using this semigroup, we rewrite (8) as

t
u(t) = B ey + /e (t=a)B(e)/e { (Ly = Lo) — a(z) - Vs} u(s) ds
0

—

n —/e“ DB/ [u(s), u(s)] ds . (14)

m

Hereafter we often omit the parameter € in u(e,t).
In order to solve (14), we need the abstract Cauchy-Kowalewski theorem

and the Ellis-Pinsky theorem on the spectrum of B(e) :

LEMMA 2.1 (Ellis-Pinsky [4]). Let B(ik) = —ik-£+ L be the symbol operator
of B(lz associated with the Fourier transform in x. Then, under the condition
[ Q], B(ik) has the following spectral properties :

(i) There exist positive constants wy and ry such that the spectrum B(—ik)
in {ReX > —pug} consists of 5 eigenvalues {;(ik) ; 0 < j < 4}, where
V() € Om(D(tney D) = (b e B e n)

A (k) = 21|k A1 + (| k)N 2 + O([k]*), Re Aj(ik) <0,

with Aj; realand Xj, >0 ,0<j7<4.
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(i) There exist eigenfunctions {;(ik); 0 < j < 4} C C®(D(2k); ¢*/>L*(IR?),
0 < 6 < 1) satisfying
B(ik)p;(ik) = A;(sk);(ik) , 0< 5 < 4,
{1;(0); 0<j <4} ={p;; 0<j <4} (See (10) (i) ),

¥;(tk) = ¥;(0) = =ik - ;1(ik) , ¥ju(ik) € C*(D(2k0)) -

(111) Let xo(x) be the characteristic function of D(kg) . Define the projections
by

PK) = xalK) 3, 95(ik) < 1 95(=k) > a0 = xalk) 3 By (k)

7=0
P(ik) =1 - P(ik)

4 ~
= ;w()»MM>mwF1—Hm:1—P.
Then we have (with a ko replaced by a smaller one if necessary),
o 4 oA
(a) eBEMP(ik) = xo(k) & eI Pi(ik)
7=0

!B P(ik)P = etBR) P(ik)Q(ik) - ik P |

I otBGk) p ( k) ||< e —p|k|? <1 with > 0, where

qm:i¢MR/%wpmmE§@my
]: :
and

(b) | B Prk)u(€) |aimy < e | P'(ik)u(€)

2(”?_3) .

We note that the eigenfunctions {¢;} in (10) and {4,;(¢k)} in Lemma 2.1
are analytically extended to the complex domain 2, , i.e.

LEMMA 2.2 . (1) {g;(€ +in)}io = 9o/ (€ + {1, & +1n; (1 < 5 < 3),
(<£+m,§+m> =3)/V6} CWo(Q,) = {u e A(Q,); lul}= Suplgw
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u(- +in)| 32 (ms) < 00} for 0 < § < 1 and arbitrary p > 0.

(i) {¥;(ik, € +1in)} C W(Q,,) for some p; > 0 satisfying
B(ik) ¢;(ik, £ +1in) = {—i(€ +1in) - k + L}y;(ik, & +1n) = A;(ik, in)yy
Ai(ik , i) = (k) =1 -k + O([k*[n]) -

Proof: Define the Operator B(ik, & + 1) acting in L*(IR*®) by
B(ik, & +in)u(§) = —i(§ + & +1n) - ku(€) — v(E+ & + in)u(§)

+[K(E+E +in, (+& +inu(() d¢ .
Since this is an analytic family of operators, the coresponding Ellis-Pinsky
eigenvalues {);(ik, ¢ + in)} depend analytically on €' + in. Recalling the
proof of Ellis-Pinsky theorem, we can show that the first order coefficient A;,
of Aj(ik) in Lemma 2.1 (i) are the eigenvalues of P(¢ + ¢’ +1n)P, which do not
depend on &'+ in. The eigenfunctions {¢;(ik, £ +1in,-)} are calculated from
{p;j(§ + & +in)}, proving ¥;(ik, & +1n, ) = ¥;(ik, £ + € +in, 0). Other
properties are easily proved. Q.E.D.
(ik) and_]f”(z'lc) to the

Using Lemma 2.2, we extend the operators B(ik)_, P(i
P(e) and P(e) to X! , .

operators in W%(Q,) = W* | and the operators B(e),

LEMMA 2.3 . (i) There exist constants py, p, i > 0 and b > 1 such that for
0<F<1and0<p <pp ut) = et By satisfies

d /- . 9
ZEIAﬁP(zk)u(t,- + ”7)|Z2(1R3)

< =2(k -+ plk|?)APP(ik)u(t,  + )2, , n€ I(p), (15)

d hay . . 9
EIABPI(Zk)'u(t»' + )12
< =2(k - n+ @) APP(ik)u(t, - + in)|2.
+ 26| P(ik)ult,- +0)|3. , n € I(p1). (16)

The second term on the right hand side is omitted if B = 0.
(11) In the space X, , 0 < p' < pi1, there hold for wu(t) = et B(IF)

02 AP P(e)ult)3i—eryy S 10707 Pe)uo] (17)

2
pp'



2P P()u(t) ey S e 7N P(e)ual;

+bt|02P(e)uol’ }, (18)

o'

with the same remark as in (1), a = (a;, a2, a3) can be arbitrary.

Proof: (i) Since B(ik) and P(ik) commute, it follows

d - - A A
EIP(ik)u(t,£+in)|%z = 2Re < B(ik)P(ik)u, P(ik)u >12(ms)

= 2Re <3 \(ik, in)B;(ik)u, P(ik)u > r2(po
< =2(n-k+ k) P(k)ulZ:

if |n| < py and |k| < ko with sufficiently small p; and xy. There also holds
Re < L’U,'U >L2(H23+i17) S -‘O'IAl/ZP”U[LZ , O > 0.

Hence we have
%]P’(ik)u(t, )2 = 2 Re < {—i(¢ +in) - k + L} P/(ik)u, P(ik)u >

< —2n- k| P'(ik)ulf — 20|(1+ [¢])*/*PPru

2
L? >

< —2(n-k+ B|PEY, + )% —2(0 — i — Clk])|P(ik)a

2
Lz -

We have only to choose 1 and kg so that ¢ — i — Ckg > 0. The last estimate
with AP is easily shown if we note that (10) (ii) implies

(A K — KA®)v|. < CIAPv|2 .

(ii) Note that

o] . : . : :
5 u(t,z +1y(l —7t),§ +1in) = —ivy - Veu + Ble)u(t, z + iy(l — v, & +17) .
For a function u(z +1y) € L (IR + i(—p, p)) ( See (10) (iii) ), we have

u(- + )72 = e a(k)lzs -

Let {e;; 1 <7 < 3} be the standard unit vectors in R*. Then, we obtain

d L ‘ L 12
o 2?:1{ lu(t, - +1iy —1y;vte;, - +in|3. +|u(t, z + 1y —1y;(2— yt)ej, - +1m|3e
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= 2 T { (Vyskse™* — yskyet 2HF)e 20 At k, - + i), @t k, - + in))

j=1 L?

+ Re (B(e)u(t, ..,  +iy;(1 —t),..,..), u(t, .., +iy;(1 = 7t), .., ) L2
(

+ Re (B(e)u(t, .., —iyj(1 = ~t),..,..), ult, .., =iy (L = t), .., . )2 } s
(19)
where (y - k); =y - k — y;k; . Using a trivial inequality:
Is| el < se” —se™* +1/e, (20)
we have
+elnify;l/e
S Y (yjkjeqzyjkj + yjk]-ezy"kf) + €, (21)

if [n;] < ¢y p/2<|ysl <pandy>4ep/p.

Combining (15) and (21) with (19), we obtain (17). In the same way we
obtain (18) from (16), (19) and (21). Q.E.D.

Now we construct ” the semigroups ” generated by:

Ag = =§- = —a(z) 7,
Ale) = €do — e = —e(=¢- T —a(z) - e) — e 0(€)
D(e) = A(e) + e "™ K = edo+ L, .

First we define an analytic diffeomosphism S(t)(z,&) = (X(¢,z,€), Z(t, z€))
by solving

1]

dX
E:_“’ ) Xlt:():mERzCQﬂ»

d= _
?d—t— = -—-a(X) y :Itz() = E € ZR3 C Qp' .
Then it follows

etAOU()(iE,f) = UO(S(t (xvé)) )

etA(e)UO(:L‘)g) =

vt2,6) = [ n(S)(@,€) dr, me,€) = (e

N
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Since K; = e ") K is a bounded operator in X} ,, €'P(¢) is constructed by the
formula '

etD() — gtAle) /t e(t=9)4(9) [ 0aD(e) g
0

In order to give the simple estimates of these semigroups, we use the modified
! : 1
norm |ul’s, » in X, , defined by

lu]f,p’ = !ullz,p.p’ + l Ve uilz—l,p,p' :

LEMMA 2.4 . (i) Let|al = ¥ sup|d%al, |a|'= ¥ sup|RedZa(z + iy)|
0<lafLl <|la|<
and |la|| = T sup|ImdZa(z +iy)|. Let v > 40 /p and v' > 4l\a|lp/p’. Then
al< .

there exist pg and p1 > 0 such that for po/2 < p < po and p,/2 < p' < p, there
hold

(1) |emou0|;—7t,p’—7’t < etlallluon.p’ +1 etlalluou),o )
(2) |etA(6)u0l:)—'yet,p’—7’et < e—at{ eetlal'!uou'p, + eteetlalluolg,o } )
(3) IetD(E)u()l;—'yct,p'-—’y’et S e’ tlar|u0|;.p' + €t eEt[allu0I6,0 .

(ii) For 0 < B < 1, there hold

(4) AP,

p—yet.p'—'et

IN

e—rrt.{ et t](ll'lA[}u()';'pl

+bete“{“|lA/3u0[6V0 },

(5) iABetD(e)uOII

p—vyet,p'='et

IN

eftlal’ ‘Aﬂuol;)‘pl

€ 3
+bet e A yly
The proof is similar to that of Lemma 2.3 .

Finally we give the L*-estimate of I'[u,v] .

LEMMA 2.5 . There exists a constant d > 0 such that for 0 < 3 <1

APl

APyl ). (22)

AT, o)l iy < df JATTPu

L'l

+ |APu

L2
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Proof: According to the definition formula of I', we write

F=T'4+T24+D34T¢,
T u, o) = L [ g(|€ = nl,8) g8 (n)u(€)v() dndw = T?[u,v] ,

I, o) = 3 J1 q(I€ — 71, )95 (m)u(€)v(n) dndw = T¥{u, ] .
We have only to estimate I'}[u,v]. Clearly the following L and L! estimates
hold:
AT u, v]|pe < d|AP UL | APV Loe
|AﬂP1{U,U”L1 S dIAl+ﬁU!L1 lAﬂ’UILl .
We have only to use the following properties:
g(l€ =) ~ (1416 = n)* < (A +1EN* (X +[n))* ~ v(E)v(n) ,
v(&)v(n') ~ A+ 1D +In'D* = (1 +16D)* ~ v(E)

measure preserving of the transform (£,7) « (¢/,7).

The Riesz-Thorin complex interpolation theory gives our L? estimate. Q.E.D.

In order to solve (8), first we replace I'y by I'; g with a mollified cross-section
ga:
aa(v,8) = x (%) a(v,9), x(v) = (1 +v)™®.
Then T'; p satisfies the estimate

|APTy Rl o] | g (ro simy < d(1+ R)%[A%ul gz [AP0] 2 (23)
We rewrite (8) as
t
ult) = eP@eyy 4 / et=IDE/E LD plu(s), u(s)] ds . (24)
0

This equation can be solved in Xf,o_ﬂ’pl_w by the succesive approximation in
a short interval [0, € (1 + R)™®T,]. In fact, the a priori estimate of (24) results
to

[A'Bu’l,p,p’n < et(lall+billl)[Aﬂu0|1.p,p’,‘7

t oulal )
+=dy(1 + R)>e2lal+blalpBy 2 (25)
€

PP Y
The succesive approximation converges in AﬂX,’) , in [0, T, if

D =1— 4eTUel*aDT g1  R)=?TUalHblel| ARyl > 0,  (26)

i.e. we have the solution u(t) = upg(t) of the mollified equation (24). From
(26) we obtain
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T > min {1, e(1 4+ R)™*Tp} with
T = ${d4 e3(lﬂl'+b|ﬂ|)1Aﬁu0M’p’pl}_l

To obtain the better estimate of the existing interval, we decompose the
solution as below ( We omit subindex R of I'y. ):

u(t) =v(t) +w(t), ve Ypl,p,ﬂ, w € }—’:’plmf ,0<7< 1, (27)
%% = %B(e)w + %P(e)(Ll - Lyw + %p(e)Fl[w,w] ,
Wi=o = P(€)wy . (28)
g—;} = %B(e)v + {——a(m) e + %(Ll - L)} v + %P(e)l‘l[v +w,v + w)
+{—-a(z) e + %P(e)(Ll — Ly)}w + %p(e){Pl[v,v] + 21 (v, w]},
Vje=0 = P(€)uo . (29)

If we solve (27), then v = u — w solves (28). We have only to get the uniform
estimate of v with respect to € and R. In this way we have

THEOREM 2.1 Assume[A] and[Q]. Then: (i) there exist p; > 0, 0 < by K
1 and 0 < ag € 1 and v > 1 such that if |b(z + iy)| = |b(z + 1y) — b(0)] < by
and |Auglip,y < ag with 0 < p < pg and 0 < p' < py, then the solution u(t) of
(14) exists uniquely inY, y ., on [0,T].

(11) u(t) = u(e, t) is decomposed as in (27). If fo > 0 then f > 0 and
f(0,t,z,8) = ¢ +gll/2v(0,t,a:,f) is a Mazwellian:

£(0,8,2,€) = plt, z) {2n8(t, 2)) /2 eI utI /200)

{p(t,z), u(t,z), 0(t,z)} solves the compressible Euler equation (6) with the
initial data obtained from fo(z,£).

Proof: (of Theorem) Step 1. Rewrite (28) as

_ 1t N
w(t) = B Pe)uy + —/ el =B p(e)(Ly — L)w(s) ds
€ Jo
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1 t
+- / et=B/D [1y(s), w(s)] ds . (30)
0
By virtue of Lemma 2.3 (ii), we obtain an a priori estimate for w(t):
[Awlippr7e < lAP(f)uOILp,p' + %(bO +6b1)|Awlipp e

+ Zdi(bo + 6by)|Awl}, ., 0ST <. (31)

Here b; = ¥ sup|02Vb(z + 1y)|, and we apply the modified norm of X}J& :
Jal<I '

i, = > 8osle,, ,0<8<1, (32)

lal<t

the Banach scale w.r.t. p and the following Lemma.

t -
LEMMA 2.6 Put g(t) = [ et=9)B/<P(¢) h(s) ds. Then,
0

|Aﬁgll,p,p’mr < % ]hll,p,p’,'r,ﬂ 0<p< ,0<7< e (33)

Proof: (of Lemma 2.6) We give a rough sketch. Using the argument in the
proof of Lemma 2.3, we obtain

%%lg(t)lg.p*‘yt,p' ~ Re (%B(e)ﬁ(e)g, ]5(€>9> + Re (h, g)

T i |
< —Z[AVEP()gl” + [P(e)g]* + [hl gl ie.
d
E{ e”/eig(t)l&p—'rt‘p’ b A()lop—yey for0<e<e <1

This proves

TI t €
" o(Dlogres < [ I(3)ogmrup d5 <~ [hloppr

Similary we have

1d 1 - -
S=lA%F ~ Re (ZA"B(eP()gA"P(e)g) + Re (h, A%)

+ (VMK - KA]g, g) | + A7)
< _H
€

[APrag> 4+ C AP~z g +|A%g)? + |R||APg].

For 8 =1/2 and 0 < € < €9 < 1, this implies

[um—

d TL/€ ! 2
P [N,y + C 92 0y e}



< (1 + Cl),hIO,p—vt,p"
The case # = 1 is treated in the same way. ‘ Q.E.D.

Step 2. (Continued to the proof of Theorem.) Assume

g(bo +6b;) <1/2 and
T
C 2 C .
D1 = {1 - ;_' (bo + 6b1)} -4 ; dlIAP(e)uOII,p,p’ > 0. (34)

Then the successive approximation of (30) converges in Y} and the limit

P Y,
w(t) solves (30). The estimate is uniform w.r.t R:

lAw(t)h.p-p’dcf <2 IAJB(E)’UOle,p' . (35)

Sep 3. Since v(t) satisfies (29) in the strong sence for uy € D(B(e)) we
rewrite (19) as

Wt) = ePP(eJug + [ eltnBer {~a(e)- v+ 21 - Lo) }o(s) ds
+ [ PCRECTE {~a(e) vc+ ZP(eNL, - Lo)} w(s) ds
b [P o4 w,v + )
+P(e)Ty[v,v] + 2P(e)Ty[v, w]} ds . (36)

Applying the same method in [1] together with Lemma 2.1, and assuming the
Banach scale parameter w separately in z and ¢, we obtain with w > 2 ve

ol < 1P(ualipyr+C {00+ (2 +1) (b0 + 800} ol

+C {l by + <u—1) + 1) (bo + 551)} flwlliw

W
2 C 3
+C{Z Rl + wlli)} + Sai Ry

under the conditions
”U”I,p,p’,w - Slip |v(t)ll.p—u tp —wt S Rl )

~ 1
Wlleppo < lwlpra < 2|P(udl < 2Ry (37)
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If we choose w sufficiently large so that the coefficient of ||v||;,, does not exceed
1/2 on the right hand side, we obtain

lollw < 2|P()uolipy + lwlhw +3 £ diRY .
From (12) it follows

2|[vflte

lv|l,p,p’,2w <
S 4 'P(G)Uoll,p’pl + %Rl + 6 % dIRf .

If we choose a small Ry, and then |P(€)ug|;,  sufficiently small, the right hand
side does not exceed Ry, i.e.

Since this estimate is independent of the mollifying parameter R, we have
the desired estimate for |v|;, 24 |AV|i, 0 1s estimated similary. Clearly
v converges to a strong solution of (36) with the original I'; as R tends to
00. The existing time 7T is determined by the condition p — w7 < p/2 and
P —wT < p'/2. Uniqueness of the solution is shown in a similar way.

Step 4. Fix t > 0. We can show easily

-1

P(e)u(t) = — [B(e)P(e)] ™ {(L1 = Lo)u(t) + Tafu(t), v(t)]} + o(1)
as € tends to zero. v(e,t) € A71Y] , has a limit and satisfies
Lyv(0,t) + Ty [v(0,2), v(0,t)] = 0.

This shows f(0,t,z,€) = g, + gll/zv(O,t,m, £€) is a Maxwellian. Other parts of
the theorem are proved in a standard way. Q.E.D.
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