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Preface

In the first four chapters we shall describe several
proofs of the celebrated theorem due to Schwarz: The first will
be devoted to Schwarz' proof, the second and the fourth to
Landau and A. Errera's and the third to Klein's. In the last
chapter transcendental liouvillian solutions will be treated.

In 1873 Schwarz [35] succeeded in determination of all
algebraic solutions of hypergeometric differential equations by
Steiner's classification of all finite subgroups of the rotation
group. An important role was played by the Schwarzian derivative
which appears in Kummer's equation [25], who considered rational
transformations of hypergeometric differential equations. A
proof without the Schwarzian derivative can be found in Goursat's
book [ 9, Chap.VI].

An algebraic proof of this theorem was given by Klein [j1g],
who reduced the algebraic function fields defined by algebraic
solutions to those of genus zero through RKummer's equations. Ex-
plicit description of algebraic solutions was made by Schwarz,
Brioschi [3}, O. Fischer and Klein himself (cf. footnote of [16,
IT, §810] in Gesammelte Abhandlungen, Springer, 1922).

Landau [26], [27] attempted to gain Schwarz' table arith-
metically by Eisenstein's theorem on power series expression of
algebraic functions, where we can see a beautiful application of
Dirichlet's theorem on prime numbers in arithmetical progressions,
and it was accomplished by A. Errera [4].

The first two chapters are based on the lectures delivered



by the author at Kyoto University in Autumn of 1981. There
Landau's second theorem was stated without knowing that it is
due to him. K. Okamoto, who happened to be visiting Kyoto Uni-
versity, kindly informed the author of Landau's work. Those
lectures will be completed by the third and fourth chapters.

In the last chapter the following works will be treated:
M. Hukuhara - S. Ohasi [11] and T. Kimura [15] proved that
there are no new liouvillian solutions in hypergeometric differ-
ential equations other than those considered by Gauss (cf. Klein
[18, §61]1). The prcocof is based on M. Kuga's theorem that the
Zariski closure of the monodromy group of a Fuchsian equation is
its Picard-Vessiot group [24, p.173]. Recently M. Setoyanagi [36],
a student of the author, gave an algebraic proof of this theorem
by Liouville's lemma {30, p.448] on Riccati's eguation in case
there is no logarithmic singularity, without making use of Kuga's
theorem. H. P. Rehm's comments have enabled us to improve §13.

Note on the second chapter will be offered to prove T.
Honda's theorem on the sufficiency of Eisenstein's criterion
{10, 811.

Note on the fifth chapter will be offered to prove
Liouville's theorem [29], [30], [31l] on elementary solutions in
Bessel's equation.

Goursat's works [7], [8] on Kummer's equation will not be
treated here.

For an application of N. Katz' general theory [14] to our

problem confer with F. Baldassarri - B. Dwork [1].

—
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Preliminaries

The analytic treatment in this note is based on the fol-
lowing existence theorem. In the complex plane let us consider
a homogeneous linear differential equation whose coefficients

are polynomials of the independent variable x:

dn dn—l
Po(x)——% + Pl(x)——ﬁr% + ... 4+ Pn(x)y = 0.
dx dx

If the absolute value of every root of Po(x) is greater than a

positive constant r, then a formal solution

o7}
o

y(x) = < ¥,

k

o

I~ 8
|

0

which is determined by the initial values at x = 0:

dk
——%(O) = ay 0 < k < n,
dx
converges for |x1 < r. It will be proved as follows. Setting
k
zk = g—i-— ak, 0 <k < n,
ax

we have a system of linear differential equations:

dz

di—l =z, * a, 1 <k < n,
dzn_l - P;_]?::) (2 * )
X k=0 ‘0
with the initial condition:
zk(O) = 0, 0 <k <n.

For the right hand sides of our equation we can take a majorant

= X



power series:

n-1 n-1 o«
+ A) =M I I r
1 - = k=0 k=0 h=0

h_h
X (A + Zk)

with positive constants A and M. A formal solution Z of

- nM(zZ + A)

z(0) =0
1- %7
r

is given by
z = A((1 - 57T - g

c(c+l) ....(c+k-1) _-k_k

= A KT r X, Cc = nMr,

k

N~ 8

1

whose radius of convergence is r. Hence, our formal solution

y(x) converges for |x| < r.

-
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Chapter I. Schwarz' theorem.
§1. Kummer's table and Gauss' transformations.

Consider a hypergeometric differential equation
2

Yty - (1 +a+ B)x1L - agy = 0

(E) x(l - x)
ax ax

with complex numbers o, B and Y, which will be indicated by
E(a, B, Y). It has the symmetry in o and B. A solution is

given by a hypergeometric series

afa+tl)....(a+n-1)B(B+1) ....(B+n-1) <

(1) Fla, B, v, x) = i—

unless Y is a rational integer not greater than 0, which con-
verges in |x| < 1.
If we change the dependent variable y into z by y = xl_Yz

then (E) is transformed to E(a+l-y, B+1-y, 2-y) for z, whence

(2) T TYE (at1-y, B+l-v, 2-v, )

is a solution of (E).
If we change the independent variable x into t by x = 1-t

then (E) is transformed to E(a, B, l+a+B-y) for t. Hence,

z = F(a+l-y, B+1l-y, a+B+l-y, 1-x)

is a solution of E(a+l-y, B+l-y, 2-v), and y = xl—Yz is a solu-

tion of (E). Here we replace y by l+a+B-y and x £y 1 - x, and

obtain a soclution of (E):

(3) (l - X)Y_OL_BF('Y_@I Y—BI Yo X)'



In (3) we replace a, B and Yy by
a'' =a +1 -7, B =B + 1 - v, Y' =2 -y
. . 1-v
and multiply it by x then
(4) Y1 - Y% Br(1-a, 1-8, 2-v, x)

is a solution of (E).

In (1) - (4) we replace vy and x by
Y' =1+ a + B-y, x' =1 - x

and obtain solutions of (E):

(5) F(a, B, l+a+R -y, 1 - x),

(6) (1 - Y PR (y-a, y-B, 1+ a-B-y, 1 - x),
(7). xTYF(l+a-y, 14—y, l+o+B-y, 1 - x),

(8) Y1 - )Y PR (1-a, 1-B, l+a-B-y, 1 - x).

If we change the independent variable x into t by x = t
then (E) is transformed to

2
21 - 0% - twra-1- (v - 21 + asy = 0.

dt

N

Here, let us change the dependent variable y into z by y = t%z.

Then this equation is transformed to E(a, a-y+l, a-B+1l) for t

and z.
In (1) - (8) we replace B, Yy and x by
B' = o - v + 1, y'=a-8+1, x' = x

and multiply them by x~ % then



—a 1

(9) x F(a, a-y+1l, oa-B+1, x ),

-B -1
(lo) X F(Br B_Y+ll B_OL+]-J X )I

-y y-o-B -1
(11) X (1 - x) F(l-CL, Y=0y, 6"0L+lr X )I
(12) <PV - x) Y% Br(1-8, y-8, a-p+l, x°1)

-a -1
(13) x “F(a, a+l-y, o+B+l-v, l-x ),
(14) %271 - ) % PR(y-g, 1-8, y+1 -a-g, 1-x"1),

- -8 -1
(15) X F(Bl B+1“Y7 OC+6+1_YI 1-x ):
(16) V(1 - )T B (yog, 1-a, y+l-a-8, l-x"1)
are solutions of (E).
In (9) = (16) we replace y and x by
vy =1+ a + B = v, x' =1 = x
and obtain solutions of (E):
(17) (1 - x) %F(a, y=B, a=B+1, (1-x)" 1),
_6 —l

(18) (1 - x) “"F(R, y-a, B-a+l, (1-x) 7),
(19) x5V - )Y B R (gr1-y, 1-a, B-0+l, (1-x)"h),
(20) xTTY(1 - x) Y% e (g41oy, 1-8, a-B+1, (l-x)" 1),
(21) (1 - x) "%F(a, v-8, a-B+l, x(x-1)"1),
(22) x5V - )Y I (geloy, 1-8, 2-v, x(x-1)"1y,



-1

(23) (1 - x) PF(B, y-a, B-o+l, x(x-1)"1),

(24) =Y - Y PR (Re1oy, 1-a, 2-v, x(x-1) D).

Thus we have completed Kummer's table of twenty four solutions
of (E) [25].

Let us set

A=1-v, uUu=Yy-a-=-28, v = o - B.

Then in the equation E(a', B', v') for t = 1 - x we have
a' =a, B' =8, y'=o0+ B8+ 1-y
and
>\'=1’Y|=Ur ulz’Yl_al_Blzx, v' = qg' - B' =
In the equation E(a", 8", ¥") for t = x_l and z = xuy we have
a" =« g" = a - vy + 1, Y" = a -8 + 1
and
>\"=1_Y"__\)r u||=Yll o B"—Up \)"'—'OL"-B"")\

In the equation E(a*, B*, y*) for z = xy—ly we have

o¥ = a + 1 -y, B*F=8+1-vy, y*=2-y

and
A*:l—y*:—)\’ U*=Y*_(X*_B*=UI \)*:OC*—B*z\)’

Thus, +2, Fu, +v are permuted on Kummer's table.

Let us consider Gauss' transformations of hypergeometric

differential equations (cf. Goursat[ 9, §34]). If we set

z = ay + xy'



for a non-trivial solution y of E(o, B, y), then z is a solution

of E{a + 1, B8, v), which can be zero if and only if
oo + 1 = v) = 0.

For, we have the identity

E= (1 -x)z' - {B+ (1 + a - y)x_l}z + o(l + o - y)x—ly,
where E is the left hand side of (E). For a non-trivial solu-
tion y of (E) we set

z, = (v = a - Bx)y + x(1 - x)y',

z, = (y - Dy + xy7',

zy = (v = a -8y + (1 - x)y',

Then zq is a solution of E(a - 1, B, Y), which can be zero if
and only if

(L - a)(y - a) = 0;

z, is a solution of Ef(a, B, v - 1), which can be zero if and only
if

(o +1 - v)(B +1-y) = 0;

Z 4 is a solution of E(a, B, v + 1), which can be zero if and only
if

(y = a)(y - 8) = 0.

For, we have the identities:
., -1 -1
E = zy - (1 - a)x zq + (1 = o)y = a)x 7y
= (1 - x)zé + (y —a - B = 1)22 - (a+l-=y) (B+1-Y)y



= xzé + vz - (y = a)(y - B)y.

If we set

- X) Y_OL--BT]:LI

Y2 = Xl—Yﬂzr Y3 = (1 - X)Y—OL_BHB
and

s = x_a_lc, z) = xa—y-l(l _ x)y—a—6+lgl,

_ 2=y _ _ 1I+y -a-B

z, = X Cor zy = (1 X) Cys

then we have
S R - x L

g = erl £y = gc N1’ t X

and
d d



§2. Reducibility and logarithmic singularity.

The equation (E) is said to be reducible if it has a solu-
tion y whose logarithmic derivative y'/y is a rational function
of x. The necessary and sufficient condition is that one of «,
B, vy - a, vy - B is a rational integer (Schwarz[35, Art. Il).

The sufficiency can be proved by finding a solution of
this property from Kummer's table as follows. Let us assume
that o is an integer. If Yy is not an integer then a polynomial
solution is given by (1) in case a < 0 and in the other case
F(1l - a, L -8B, 2 = v, x) 1is a polyncmial of x, where the solu-
tion (4) has our property. Suppose that y is an integer. First
we assume that v > 0. Then a polynomial solution is given by
(1) in case a < 0, and F(B8, vy - a, Y, x(x—l)_l) is a polynomial
of x(x-—l)_l in case o > y,where the solution (23) has our prop-
erty. If 0 < o < v then F(a, a=-y+1l, a=-B+1, xml) is a polynomial
of x ~ in case B is not an integer and the solution (9) has our
property. Suppose that B is an integer. Then a polynomial so-
lution is given by (1) in case B < 0. If 8 > 0 then

1

F(a+l-v, 1-B, a=B+1, (1-x) ) is a polynomial of (l—x)_l in case

a > B, where the solution (20) has our property and in the other

case F(B+1-vy, 1l-a, R-a+l, (l—x)_l) is a polynomial of (1 - x)_l,
where the solution (19) has our property. Secondly let us
assume that vy < 0. Then F(l-o, 1-8, 2-y, x) is a polynomial of

¥ in case o > 1 where the solution (4) has our property and in

case v < o £ 0 a polynomial solution is given by (1). If o < ¥y



then F(a+l-vy, 1-8, 2-v, x(x—l)-l) is a polynomial of x(x - l)_l

and the solution (22) has our property. Thus (E) is reducible

if o is an integer. Suppose now that y~a is an integer. Then,

B is an integer if y - o - B is an integer and o is an integer

if vy is an integer. Hence, we may assume that neither vy-a-B

nor y is an integer. 1In case a < B, F(y-o, y-B, y-a-8+1, 1-x)

is a polynomial of 1 - x where the solution (6) has our property,

and in the other case F(a+l-v, B+1-v, 2-y, X) is a polynomial

of x where the solution(2) has our property. Therefore, (E) is

reducible if y-a is an integer. The sufficiency has been proved.
In order to prove the necessity it is sufficient to show

that one of + A + yu + v is an odd integer, since we have

o= 31 =2 -u+v), B=3(1 =X =-u-=-w),
1 1
Y - o = 5(1 - A+ U = v), a - B = 5(1 - A+ u + V).

For a non-trivial solution y of (E) we set z = y'/y. Then it

satisfies
2 Yy - (l+a+B8)x _ o _
z' + .z 4+ x(1- x) 2 x(1 - x) 0.
that is
: 2 1 -2, 1=-u_ .1 _ 1 _
z' + z7 + < + o 1)z aB(X - 1) 0

If the logarithmic derivative of our solution y is a rational

function of x we can express z as the sum of partial fractions:

z = P(x) + ] ) ~———il—~§, 0<iz<mntl, 1<3<ry,
i3 )
1



where P(x) is a polynomial of x and Cy eij are complex numbers
By the differentiation
e

z' = P'(x) - ) Z —_—)
i3 (x - c; )j+l

Comparing the order of the pole at x = c,; we have r; = 1 for
every i, and P(x) = 0 at x = «» by comparing the order of the
pole at that point. Hence,

e, e.

— 1 | I 1
z = Z x - ¢, ! z° = Z 2
i i i (x - cy)
i
Let us set Coy = 0 and cy = 1. Then comparing the coefficient
of (x - ci)2 we have
- e, + e? = o, e, =1
i i i
for every i different from 0 and 1. Comparing the coefficient
of x_2 and (x - l)_2 we have
2 -
- ey teyt (L - A)eO =0
and
— e, + el + (1 - e, =0
1 1 1 )

Hence, e is either 0 or » and e. is either 0 or u. Multiply-

1
ing the edquation for z by x2 we have

2_, 2 _ 1 -y X _
x“z' + (xz)” + (1 At Xeeeg) Xz + 0B T T = 0.

If we set X = ) e, then for x = = we obtain
i

- X + X2 + (2 - A - wX + ag = 0,

and



X ==(A+u=~-12nv),

ST

which takes one of the following four values:

n, n + 2, n + u, n + A + u.

Hence, one of +\ +u +v is an odd integer (cf. M. Kugal[24, §19]).

Let us consider the logarithmic singularity of (E)

. If A

is not a rational integer there is no logarithmic singularity

at x =0. We assume that A is an integer. If it is zero, that

we as-

is vy = 1, then we have a solution of the form
o(x) = F(a, B, 1, x)log x + ) A B xT,
m m
m=1
where
A = a(a+l)+ <+« o (a+m-1)B(B+1)+ +++ -+ (B+m-1)
m ) 2
(m!)
which is the coefficient of x* in F(a, B, 1, x) and
_ 1 1 1 1 1 1
e tem-T T T T )
1 1
_2(l+§+" +IE).
The power series z AmBmxm converges in |x| < 1. Here,

sumed that neither o nor B8 is an integer less than 1.
a or B is an integer less than 1 we set

Bm =0, m> N,

where N is the minimum of m such that

(o + m) (8 + m) = 0.

If either

In this case Z AmBmxm is a polynomial of x, and in each case

X = 0 is a logarithmic singular point of (E).

-10-



Suppose that vy < 1.

-y gty
X:L Y

— @ (x)
dxl Y

Then

(E} has a solution of the
by Gauss'

form
transformations,

and we have

B8,

1, x) =0
if and only if
alat+l) - s (a=Y}B(B+L) e -+ - (B-y) = 0.
In this case we have a polynomial solution of the form
as eee o {o+m—-1)8- e o (B+m-1) . m _
) T+ <<+ ~meye T (y+m=1) X, 0sm< -y,
which forms a fundamental system of solutions with (2).
Suppose that v > 1. Then (E) has a solution of the form
—a-g g¥" 1 -
(l"'X)YOLBd’ {(l_x)oﬁﬁ lfb(x)}
=1
dx
by Gauss' transformations, and we have
y=1
jla-
ax’

x) P (e, 6, 1, 0]
if and only if

X

0

(1-a) (2-=0) = =<+ +(y=-0-1) (1-8) (2-8) - - (y-8=-1) = 0,

since
(1 - )% r(, 8, 1, x) = F(l-a, 1-8, 1, x)

by (3). In this case we have a rational function solution of

the form
<17 ) (atl-y) - - (odm-y) (B+1-y) > --+ - (B+m-y) .m
1. 'me (2-v) - + (m+1l-v)
with 0 < m < v - 2, which forms a fundamental system of solu-

~11-



tions with (1).
Therefore, under the condition that X is an integer, there
is no logarithmic singularity at x = 0 if and only if o and B
are such integers that one of the couples (o, otl-y) and
(B, B+1l-y) consists of numbers h and k satisfying h < 0 < k
(cf. Goursatlig , §18]).
It follows that an irreducible equation (E) has a logarith-

mic singularity if one of A, p and v is a rational integer.

-12-



§3. Schwarz' table.

We shall assume that our equation (E) is irreducible,
that is, neither o, B, Y - a nor vy — B is a rational integer.
It will be proved that every solution of (E) is algebraic if it
has a non-trivial algebraic solution in §7. Hence, we may as-
sume that there is no logarithmic singularity, that is, neither

A, U nor v is a rational integer. We write (E) as

d2 a
(E) g—%+p(x>a§§+q(x)y=o,
X

1 +a+ 8 - vy

+ ra— ; al{x) = aﬁ(i -

p(x) =

IR

X - l)°

Take a fundamental system of solutions Yy and Yo of (E). 1If

we denote the ratio yl/y2 of them by z then we have

z! (viy, = vy y3)y52
1Y2 1Y) ¥y v

EANNS S NS L P SN N
z'  Y{Y, - Y1Y5 Y, vy
y" y|2 yl y|2
da z" 2 2 2 2
(=) = -p' - 2=+ 2—— = - p' + 2q + 2p~— + 2
dX z YZ &,3 Y2 y:—;
T
12 Y2 p,2
— - 1 - o =
= p' + 2g 5p° + 2(y2 + 2) ,

whence z = yl/ Yo satisfies

-13-



1.1 -2 1 -9u%2 2242 -020
= 5[ + 5 + 1.
b'e (1-x) x(1-x)

The left hand side is the Schwarzian derivative of z.

The wronskian W = yiy2 - ylyé satisfies W' = - pW, and

A=1

w=cx""tx - pnHl

with a constant C distinct from 0. If we set y = VYW/Z' for a

solution Z of (S) then

y' = 5GE-- g0y = - 5+ 39y,
" l n l d le
y" = -5+ 50y - Flp' + G Iy
and
. l le le l d le
y" =-py' + 7lp + 59 (p + 5oy - slp' + (o) 1y
1.4 ,z2" 1,z2" 2 2 1 2
=-py' -ay - 5l - 5T +p' - 297 + 5P ly
= - py' - ay,
whence y is a solution of (E). If we set Yy = vZ then
v ' ' 1 -1
Y3 =y'2 +yz' = (y'y; + Wy 7,
Y" - (Y" + Tyl o+ W) -1 _ [ -1
3 y3 + y'y3 y y3Y'y
-1 -1
= - (py' + aylyyy = - pWy
= - ( ' + W) -1 - g = - ! -
Py ¥, Yy Y3 pPY 3 qy¥ss

-14-



whence Y3 is a solution of (E). Therefore, Z is expressed in

the form
o - 11t Ca¥y  G1% T G
- T ] - T [
Clyl + C2y2 Clz + C2
- T
with constants Cl’ C2, Cl and Cé.

At every point different from 0, 1 and « we can take a
fundamental system of solutions Yy and Yo such that yl(xo) =0
# 0 by the

and yz(xo) = 1 at this point x Hence, yi(x

0° O)

uniqueness theorem of solutions, and we have

dz
— R Y £ 0.
dX( (¢ R )

We shall assume that our equation (E) has only algebraic
singularities, that is, a, B and y are rational numbers. If z

is algebraic then Yy and y, are algebraic. For, we have

Yy = 2¥ys ¥, = VW/zT
and W is algebraic by our assumption. This is due to Heine (cf.
Schwarz [35, p.2981).

At the point 0, 1 and » we can take yl and y2 such that

z takes the following form:

e(x), £(0) # 0,

N
Il

N
]

(x - 1)¥n(x-1), n(0) # 0,

z. = x Vox"h, ) #o0,

fes]

where £(x), n{(x-1l) and Q(x—l) are convergent power series with

real coefficients. Hence, the line segments (-«, 0), (0, 1) and

-15-



(1, +«) of real numbers are transformed to segments of lines

passing through the origin by z z, and z_ respectively.

0" "1
If (E) has an algebraic solution then by Gauss' trans-
formations E(a+2, B+m, y+n) has this property for all integers

2, m and n. Hence, we may assume that
0 < A <1, 0 <u<l1, 0 < 4v < 1.

The upper plane of complex numbers is transformed to the inte-
rior of a circular triangle with vertical angles Am, um and vr
by z. By a suitable choice of z we may suppose that the two
circles are two lines crossing at the origin. Then the origin
is contained either in the interior or in the exterior of the
third circle. The former case occurs if and only if the fol-

lowing condition is satisfied:
(L) A+ u+v > 1, L+ v>1+ 2,
v + A > 1 + u, A+ p > 1+ v,

If a function f(x) is holomorphic at §O then the func-

by definition, where the bar in-

tion f£(x) is holomorphic at X,

dicates the conjugate. The functions z, and z_ have the

%o’ %1
property that z(x) = z(x) by a proper choice of its branch in a
domain which is symmetric in the line of real numbers. Hence,
the analytic continuation of z across the line segments (-«, 0),
(0, 1) and (1, +») of real numbers induces the reflections in

the circles corresponding to them. Thus the lower plane of com-

plex numbers is transformed to the interior of an adjacent cir-
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cular triangle.

A many-valued analytic function which has only algebraic
singularities is algebraic if and only if it is finitely many-
valued (cf. for instance Bieberbach [2, p.230]).

By geometric consideration Schwarz proved that the con-
dition (L) is satisfied if (E) has an algebraic solution (cf.
Goursat [9 , Chap. VI]). It will be proved here by Landau's

first theorem in §5.

Suppose that the condition (L) is satisfied. Then we
have a great-circular triangle on the unit sphere with vertical
angles Am, uwm and vm by a stereographic projection. The compo-
sition of the reflections in two sides is the rotation around
the common vertex of them with the negative rotation angle equal
to the twice of this vertical angle. Thus we have three rota-
tions around the vertices, and they generate a finite group if
and only if (E) has an algebraic solution.

Such finite groups are the dihedral group, the tetra-
hedral group, the octahedral group and the icosahedral group:
The second is contained in the third and the fourth as a sub-
group (cf. for instance Weber [40, Chap.VIII]).

The three great circles form four triangles whose ver-

tical angles have the following values multiplied by w:
{Al Hy V}r (A, 1 - u, 1 - v},
{1 - X, u, 1 - v}, {1 -, 1 -u, vi.

A solution corresponding to {A, 1 - u, 1 = v} is given by

(l - X)l+a+B_YF(al B + lr Y. X).
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We assume that the triangle corresponding to {X, u, v}
has the least area among them and A > y > v. Then (E) has an
algebraic solution if and only if {A, u, v} is in the following

table due to Schwarz [351:
Dihedral group:

(1) {%, %, v}, v is arbitrary, Area/m = V.

Tetrahedral group:

(I1) {%, %, %}, Area/n = % = A,
(I11) 2, 3, 3, 1= o,
Octahedral group:
(IV) {%, %, %}, Area/T = %7 = B,
(V) 30 3, 30, = 2m.
Icosahedral group:
(VI) 30 3 2, Area/n = 35 = C,
(VII) {%, %, %}, %3— = 2C,
(VIIT) 3, & 2, = 20,
(IX) {%, %— %}, %5 = 3C,
(x) 2, 3 3, 2 = ac,
(XI) 3, & &}, = scC,

-18~



(XII) {%, %, %}, Area/m = % = 6C,
(XIIT) {g—, %, %}, %= 6C,
(XIV) {—%—, —é—, %}, —;— = 7C,
(XV) {%, %, %}, %= 10C.

The order N of these groups are respectively 2n, 12, 24
and 60, where n is the denominator of v. The irreducible alge-
braic equation F(x, z) = 0 has its degree with respect to x and
z equal to M“lN/Z and N respectively, where Mm is the area of
the corresponding triangle. In particular x is a rational func-

tion of z in the case of (I) with v = 1/n, (II), (IV) and (VI).
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Chapter II. Landau's criterion.
§4., FEisenstein's theorem.
If a.convergent power series y = z cnxn whose coefficients

are rational numbers expresses an algebraic function of x over
the field C of complex numbers then there exists an integer A
distinct from 0 such that Ancn is an integer for every n.

This is known as a theorem of Eisenstein (c¢f. Landaul[26]),
which will be proved as follows.

We shall see that y is an algebraic function of x over the

field Q@ of rational numbers. Let F(X, Y) be a polynomial over

C such that F(x, y) = 0, which we write as
F(X, ¥) = ) Ak(X)Yk, A (X) = ] ak.Xj, ap: € C.
k>0 j>0 *J J
We may assume that Co ~ 0, and under this assumption
k k= n
vy = X Z CLEX cox € O k > 1.
n=1
For every m we have
Zakjcnk=0 ( + k +n=m.

We can take a system of finite complex numbers e (h > 1) such

that they are linearly independent over @ and

Ay = g Prin®h’  Pxgn € 0
for all k and j. Then for every m we have
0 (3 +k +n=m

g eIy Sk =
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and
) bkjhcnk =0 (jJ +k+n=m)

for every h. Hence, y satisfies

i,k
) ()b, . xj)y =0
kK 3 kjh

for all h, and one of them gives us a non-trivial relation.

Thus we may assume that all a are rational numbers and

k3

that they are integers multiplying F(X, Y) by a common multiple
of their denominators. They satisfy

20 = 0 &gy T a1pc; = O

2 _

agp T 339%p * a13C1 * 3500 = 0
and

ag3 * 310Gy T a11C5 oottt Ay 410

;7
+ Y oa.,c, ¢, terc, =0 (k. + co¢ + k, = J - h)
i52 h=0 ih kl k2 ki 1 i

for 3 > 2.

First we assume that 319 does not vanish. If we set a =
219 then

— 3 _ .2 2

ac, = 2y’ a“c, = a (a02 + a;1c4 + aZOcl)

are integers. If we assume that
2k=-3 .

a Cr-1" 2 <k <73

are integers, then
. . j-1 -1
23-1 23-2 ]
a c., = - a (a.. + a,,C. + a,, X
3 0j hzl 1h79-h iZZ hzo ih
XZCC"'C )' k+"'+k-=j‘h
kl k2 ki 1 i
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is an integer, because

azj_zc e C
kl ki
23—2—2kl—°---2ki+1 2kl—l 2ki—1
= a *a c, *°°*a c
k k.
1 i
and
29 - 2 - 2kl - ses = Zki +1i =23 -2 -2(3 - h) + 1
= 2(h ~-1) +1i >0
for i > 2. Therefore, we can take aio as A in our theorem.
Secondly we assume that ajg vanishes. For a power series
B = ) ann we define its order O(B) as the minimum of such n
n=0
that bn does not vanish, and for a polynomial H = ) BnZn of Z

whose coefficients are power series of X we define its order
O(H) as the minimum of O(Bn). We write y and A, which does not

vanish as

. .

y = cx! + c'x’ + ce., c(l) #0, 0 < v < y' < ses,

% o3 (3)
A (X) = a.X T 4+ alX T+ cer, ar?l#£ 0, 0<a, <al < eo-
i i i i = 7i i
and define z by
1 _ "_
y = cx! + xyz, z =c'x! T4k’ T o4 ..

If we replace Y in F(X, Y) by Y = x¥(C + 7) then it is expressed

in the form

F(X,) Y) = F(X, XY(C + 2)) = F(X, CX') + F_ (X, cx") X"z

v ¢

‘l—'

+ Lo (x, ex¥)-x?Yz% & ...

YY

N

If we set
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E(X, C) = F(X, cx")

then we have

2 .
Eo (X, C) = XYFY(X, cx'y, E. (X, C) = X YFYY(X, cxVy, -

ccC

and

F(X, Y) = E(X, C) + E.(X, C)Z + %TECC(X, C)z2 4 oen

C
It satisfies

1 2
0 = F(x, y) = E(x, c) + Ec(x, clz + §TECC(X’ c)z® 4+ oo,
where we have
O(E(X, ¢)) £ O(E,(X, ¢)) < O(E (X, ¢)) < =~
If we write E(X, C) as
E(X, C) = &(C)X + @l(C)xB' boeee, 0 < B < BT < eee

then we have
o(Cc) =) a,C (B = a; + 1iyv)

and ¢®(c) = 0. Let us set

L = O(F(X, X(c + Z))

and
G(x, z) = X Pr(x, xV(c + 2)).
We have
G(X, Z) = X—L{E(X, c) + E.(X, ¢)Z + LE (X, c)Z2 + s}
C 2i7cc
and

E.(X, ¢) = 31 (c)xP + @i(c)XB, PR

B

ECC(X, c) = " (c)X" + @i(c)x + e,

o o
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Suppose that c is a root of ¢(C) of multiplicity s. Then we

(s)

have ¢ (c) # 0 and

5 S
O (—E (X, c)) =0,
aC
whence L = 8. If ¢ is a simple root of ®(C), then ®'(c) # 0 and
we are in the first case for z. If ¢ is a multiple root of &(C),
then ®(C) can not consist of less than three terms and there is

an index j distinct from 0 and 1 such that uj + jy = B. We have

B >3y >y and L = B > y. By the definition

x, X (c + 2)) = x*Ve_(x, 2).

FY Z

We may assume that F (X, Y) is irreducible over Q. Then we have
n
Fy (X, Je X') # 0
and its order M is finite. Therefore, if we define z by

(m-1) m

' cm=1) v + x'

Y=CXY+c'xY + e 4 %

then there is an index m not greater than M such that we are in

the first case for z -
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§5. Landau's first and second theorems.

We shall assume that a, B, Y are rational numbers and
that neither A, u, v, a, B, vy - a nor y - B8 is an integer. Sup-
pose that the equation (E) has an algebraic solution. Then ev-
ery solution is algebraic, since (E) is irreducible (§7). The
power series F(o, B, Y, X) which is algebraic by our assumption

has its coefficient c, of the form:

e = of(o+l) ....(a+n=1)B(B+1).... (B+n-1)
n 1.2....n.y(v+1).... (y+n=-1)

We write o, B and y as

a, b, ¢ < m,

=<
il
g
+
810

where a, b, ¢, m are natural numbers and u, v, w are integers.

Then Ch takes the form:

¢ = a(a+mu),me,{a+(u+n—l)m}(b+vm)en..{b+(v+n—l)m}m—n
n 1.2....n.(c+wm) .... {c+H{w+n-1)m}

By Eisenstein's theorem there is an integer A distinct from 0
such that Ancn is an integer. Suppose that a prime number p
does not divide A. Then if a non-negative integer x satisfies

the congruence
c+ (w+ xm =0 (mod p),

there is a non-negative integer y not greater than x which sat-

isfies the congruence

{fa+ (u+y)m}{b + (v +ym} =20 (mod p).
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We have infinitely many prime numbers p which take the
form p = 1 + km with a positive integer k. This is a special
case of Dirichlet's theorem and can be proved elementarily (cf.
for instance Takagi [37, §10], Landau [28, §108]). . If we set

x = ck - w then
c+ (w+ x)m =c + ckm=cp = 0 (mod p).

Here, we may assume that k is greater than |u| + |v]| + |w| and

|Al.  We may suppose that

a+ (u+ym =0 (mod p).
Then we have
0 2 a+ (uty)m = a(p-km) + (u+y)m = m(u+y-ak) (mod p)

and u + y - ak = ph with an integer h. Since 0 < y < x, we get
ak - u > - ph, ck + u-w > ph,

whence h = 0 because p > km and k > |u| + |w|. Therefore, we

. Thus we obtain ei-

have y = ak + u and a < ¢ by k > |u| + |w
ther a < ¢ or b < c.

From Kummer's table let us take a solution of (E) of the
form:

xl—YF(a +1-vy,B+1-vy,2-v, %).

Then F(a+l-y, B+l-v, 2-vy, X) is an algebraic function of x.
Here, we have

T - 41 +w

2 - v =

and
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a-c a - c
a + 1 - v = + 1 +u-w, 0 < < 1
m m
in case a > c,
a-c¢c+m a-c¢c+m
o+ 1 - v = - +u - w, 0<—-I—n-————<l

in the other case. Similarly

B+l_y=b-c+l+V-W, 0<b_c<l
in case b > ¢,
B4+ 1 -y = b -c¢c+m +vo-w, 0 < b - c +m <1
m m

in the other case. Since both of

a = ¢+ m b - + m

c
m
are greater than (m - c¢)/m, we have either a > ¢ or b > c.
Suppose that 0 < x < 1, 0 < u < 1 and 0 < v < 1. Then
we have -1 < a < 1, -1 < B8 <1l and 0 < y < 1. Since a + B < v
and (oo + 1) + (B + 1) > v + 1, we obtain o > 0 > B by a - B > 0.

Therefore, we get

A+ u 4+ v=1--28>1

and
l1+v=1+4+a=-8>1-0a=-R8B=2>x1+ y.
We have
- 2 - b _
CX‘—EI B—m 1
and
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1 >0 -8= o + 1.

Therefore, a < b and a < ¢ < b, that is o < y < 1 + B. Hence,
1+ X =2 -y >y =28 =1u+ v

and
l+u=1l+y-a-B8>1=-yv+a-8=2>%x+ v,

Thus the condition (L) in §3 is satisfied if (E) has an algebraic
solution. This is Landau's first theorem [26].

If we make use of another special case of Dirichlet's
theorem that there are infinitely many prime numbers p of the
form p = - 1 + km with a natural number k (Landau [28, §1081),
then we can prove our result that either a > ¢ or b > ¢ inde-
pendently of the discussions of §1. This remark is due to
Landau [271.

There are infinitely many prime numbers p of the form
p = e + km with a natural number k for a given integer e which
is relatively prime to m.

This is Dirichlet's theorem (cf. for instance Weber [40,
§1981). Take a natural number e which is relatively prime to m.

Then we can write a, b and ¢ as

a = a,e + hm, b = bse + im, c = cqye + Jm

0 0

with natural numbers a b c, less than m and integers h, i,

0" “0" ~0
j. By Dirichlet's theorem there is a prime number p of the form

P = e + km such that k is greater than |Al and

[h[ + [i] + [3] + [ul + [v] + |w
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If we set x = cOk - j - w, then we have

c+ (X +wm=c,e + (J+x+wmn=c¢

0 (e + km) = CoP-

0
We may suppose that

0 (mod p).

i

a+ (u+ y)n
Then we have

0 za+ (u+ym= age + (h + u+ y)m

= (h +u+vy - ak)m (mod p)

0

and

h+u+y - aok = Hp
with an integer H. Since 0 <y < X, we get

aok - h-u>-1Hp
and

cok + h+u-3-w>Hp,
whence H = 0 because p > mk and k > |h| + |3| + |u] + |w].

Therefore, we have

y = aok - h-u

and a, < ¢, by k > |h| + |j| + |u| + |w|. Thus, we obtain ei-

0 0

ther aO < c0 or b0 < Cy-

If we replace e by m - e with e < m, then

a = (m —ao)(m - e) + (a0 + e -m+ h)m,
b= (m - bo)(m - e) + (b0 + e -m+ i)m,
c=(m~-c,y(m-e) + (cO + e -m+ j)m.

0
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Hence, we have either m ~ aO <m - cO or m - bO < m - CO’ that

is, either a, > ¢y or bO > Cy- Following Landau we write

A < B (mod m)

for two integers A and B which are not multiples of m if they

satisfy

B =B (mod m) , 0 <A, < B, < m.

A = A 0 0

0’ 0
We have obtained the second theorem of Landau [27]:
For every integer p which is relatively prime to m we

have either

pa < pc < pb (mod m)
or

pb < pc < pa (mod m)

if (E) has an algebraic solution.

Suppose that A < C < B (mod m). Then we have
A<A+B-C<B (modm, A<C<C-B (mod m),

C~A < C<B (mod m), B-C< -C<A-C (modm
and

C~A<C<C~-B (modm

if C - A and C B are not multiples of m. Hence, every triple
a', B' and Y' in Kummer's table satisfies the criterion in
Landau's second theorem independently of the discussions in 81.

This remark is due to Landau [27], and we have the following

table:
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17.

18.

19.

20.

W, V}:
—u,~-Vv}:
-V,-ul:
\
W, -V}
-u, vi:
-V, ul:
V,-Ult:
A, vl
-A, -V}

-V,=A}:

{a, b, c},

{¢ - a, m+c - b,
{a, m+ ¢c - b, c},
{¢c - a, b, c},

{b~c¢c, m+ a-c,
{m~-b, m=-a, m-
{m - b, m+a-c,
{b-c¢c, m=-a, m-
{a, b, a + b - ¢},
{b-c¢c, m+ a- c,
{a, m + a - ¢, a +
{b-c¢c, b, a+b -
{¢c-a, m+c-Db,
{im-b, m-a, m-~-
{c-a,m+c - b,
{m = b, m+c¢c-Db,
{a, m +a-c¢c, m+
{m-b, m+c¢c - Db,
{a, m+ c¢c ~-Db, m +
{m -b, m+a - c,

~31~

ct,

ct,

ct,

cl,

ct,

cl,

cl,

b + ¢},

b},

b},

b},



21.

22.

23.

24,

{v, u, x}l:
{v, =u,-r}:

{V’ A /LL}:

{y,— 7\«’—/“"} H

{b

{c

¢, b, b - a},
a, m-a, b - al,
a, b, b - a},

¢, m-a, b - a}.
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§6. Rough estimation.

For a given natural number m we consider a triple of
natural numbers a, b and ¢ less than m with (a, b, ¢, m) = 1
satisfying Landau's criterion that for every integer p relative-
ly prime to m we have either pa < pc < pb (mod m) or pb < pc <
pa (mod m). Let c, be the greatest common divisor of c¢ and m.

0

Then there is an integer ¢ relatively prime to m such that pc

= < (mod m). We may assume that
0 < a, < ¢y < bO < m, age = a, bop = b (mod m).
Suppose that Pg is relatively prime to Sy and satisfies
0g = 1 (mod no), m = cyng.

We are in one of the following two cases (A) and (B):

(A) TFor every 0y We have a4y < Sq (mod m) ;
' i S uc c T ).
(B) There is such o0 that 0o < 20 (mod m)
Suppose that A= p = 1/2 and v = s/r, where r and s are

mutually prime natural numbers with s < r. Then from the table

at the end of §5 we have the following six triples with m = 2r:
{s, 2r - s, r}, {r-s, r+ s, r}, {s, r + s, r},
{r ~s, 2r - s, r}, {s, r + s, 2s},

{r ~s, 2r - s, 2r - 2s}.
If we set r' = r and s' = r - s then the second, the fourth and
the sixth are derived from the first, the third and the fifth
respectively. In the first and the third cases we have ¢, = r,

0

and we are in the case (B). In the fifth case cO = 2 and we
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are in the case (A) if r is odd, in the case (B) if r is even.
We shall prove that we are in one of the three cases

above stated if m is sufficiently great in the following dis-

cussions, which are unnecessary in order to establish Landau-

Errera's theorem. We define n,y and n, by

m = (a, m)nl = (b, m)n2.

Let n, . be the least common multiple of n, and nj with i, j =
0, 1, 2. The number of natural numbers t less than m satisfy-
ing

t =1 (mod nij)’ (t, m) =1
is ¢(m)/¢(nij), where ¢ is the Euler function. The number of

natural numbers & less than m such that

e = ap, (mod m) , by = 1 (mod no), (po, co) =1
is ¢(nyq)/d(ng) .
Let us suppose that we are in the case (A). If 0 and

pé satisfy the above conditions then we have
= 1
apy = ap, (mod e),

where e is the greatest common divisor of m and (m, a)no.

Hence, we have
e{¢(n01)/¢(n0) - 1} < cq-

Suppose that ¢(n01)/¢(n0) is greater than one. Then we have
2{¢(ngy) /6 (ny) = 1} > ¢(ny;) /9 (ny)

and
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e¢(n01)/¢(n0) < 200.

Here, if we write ng and n, as

ng = dfo, ng = dfl, d = (nO, nl),
then we have
e = (m, (m, a)no) = (m, a)(no, ny) = (m, a)d = (m, a)no/f0
and
ngp = nlfO’ m = (m, a)nl = (m, a)nOl/fO’ m = codfo.
Hence, we obtain
ed(n..) = (m, a)n.-f. e(mf.(m, a) L) > n.f-* (mf,)
01 ’ 0-0 o = 070 o'’
and
¢(mf0) = f0¢(m)
because m is divisible by fO. Therefore, we have

$(m/ng) < 6 (m)/o(ny) < englé(ng)/6(ny)

A

-1 _ 2
< Zcon0 = 2m/n0.

Suppose that ¢(n01)/¢(n0) is equal to one. Since a, is divis-

ible by (m, a), we have n_ < ny and ng, = 2n0 with (no, 2) = 1.

0
Hence, we obtain n, = 2n0 and ay = (m, a). There is an inte-
ger p relatively prime to m such that p = 2 (mod nO). Here,
p is odd and o Z 1, 2, 3 (mod nl). We have
pcy = 2cO (mod m) , 2cO = 4a0 < m,
and

pa, F4 agr 2a0, 3a0 (mod m) .
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Hence, pag > pcy (mod m), and pbo < pCy (mod m) . The number

of natural numbers p less than m satisfying
o = 2 (mod no), (p, m) =1

is ¢(m)/¢(n0). For these p and p' we have pbo Z p'bO (mod m) ,
since nal(p - p') is even and b0 is relatively prime to ag =

00/2. Therefore, we obtain
e'{¢(m)/¢(n0) -1} < 2¢y s

where e' is the greatest common divisor of m and (m, b)no.
Let us suppose that ¢(m)/¢(n0) is greater than one. Then we
have

b (m/ng) < 4m/ng.

Thus, we have either

b(nyq) /o(ng) = <b(m)/¢(n0) =1

or ¢(m/n0) < 4m/ng. We shall assume that the above equalities
hold. Then we have m = 2n0 = n, and n, is odd. Since Cy = 2
and (m, b) < 2c0, we obtain (m, b) =1, 2, 3. If it is equal

to 2, then we have

pb, = 2 (mod m),

2 (mod n 0

O
Q
il

o)’
+ 2, 4} is the fifth triple given above with s = 2

Suppose that (m, b) # 2. Then,

o
o
i
=]
+
N

ke
Q

o
m
I

)
o'

o
i
'—I
w
3
e}
o}
g

Hence, we have
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Therefore, we obtain n, < 5 and m < 10.

0
Let us suppose that we are in the case (B). Take a nat-
ural number p less than m satisfying p = 1 (mod no), (p, m) =1

We have either a,.p < c, or a (mod m). We may assume

0 0 0 0

that the number of p for which we have the former is not less

o >c

than that of p for which we have the latter. Let us indicate
1

it by A. Then A > 5 @(m)/¢(n0). We have agp = aop’ (mod m)
if and only if p = p' (mod n01)° Hence, we obtain
e{A¢(nOl)/¢(m) - 1} < q
and
e{¢(n01)/¢(no) - 2} < 2coa

Suppose that ¢(n01)/¢(no) is greater than 2. Then we have

\ 2
o (m/no) < 6m/no,

By our assumption there is an integer <P relatively prime to m

= ¢, (mod m). If 1 satisfies

such that a 0o 0

oo ~ €

1 (mod n.,), (t, m) =1,

—
1

01

then bopOT < ¢4 (mod m) and they are distinct from each other.

0

Hence, we have
n01{¢(m)/¢(n01) - 1} < Cy-
Suppose that ¢(m)/¢(n01) is greater than 1. Then we have

n01¢(m)/¢(n01) < 2c0.
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Since
we obtain
b(m/ny) < 6m) /¢ (ny) < nyngte(m) /6 (ny) < 2m/n).

Therefore, either
¢(n01)/¢(n0) = 2, ¢(m)/¢(n01) =1

or ¢(m/n0) < 6m/n§. We shall assume that the above equalities

hold. ©One of the following four cases is possible:

(i) m=n,; = 4n0, nO = 1 (mod 2);

(ii) m = ny, = 3n0, (no, 3) = 1;

(iii) m = ZnOl’ ngy = 3n0, (nO, 6) = 1;

(iv) m = Ny = 2"0, no = 0 (mod 2).
If we.are in the case (iv) then Cy = 2, ag = 1 and b0 = n0+l.
This is the fifth case stated at the beginning with r = n, and
s = 1. Suppose that we are in the case (i). Then, Co = 4 and
we have either ag = 1, bO = 2n0 + 1 or a, = 3, b0 = 2n0 + 3.
Let us set p = n, + 2. Then, pcy = 8 (mod m) and we have

pa, = n, + 2, pbO = 3n0 + 2  (mod m)

in the former case,

pa, = 3n0 + 6, pbo = ng + 6 (mod m)
in the latter case. Hence, ng < 5 and m < 20. Suppose that
we are in the case (ii). Then, c¢. = 3 and a, = 1, 2. We have

0 0
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and

in

in

in

in

36

and

in

Let

b0 = n, + 1, 2nO + 2 (mod m)
case n, = 1 (mod 3), and

b0 = 2nO + 1, n, + 2 (mod m)
case n0 = 2 (mod 3). Let us set p =
d m) We have

oa, = n, + 3, ZnO + 6 (mod m),

bO = 2n0 + 3, nO + 6 (mod m)
each case. Hence, ny < 5 and m < 15.
the case (iii). Then, Cy = 6 and a,

bO = 2n0 + 2, 4n0 + 4, 2n0 + 5
case ng = 1 (mod 6), and

b0 = 4n0 + 2, 2nO + 4, 4nO + 5
case n, = 5 (mod 6). Let us set p =
(mod m). We have

ag = 2n0 + 12, 4no + 24, 5n0 +

b0 = 4nO + 12, 2n0 + 24, nO +
each case. Hence, nO < 30 and m < 1

nO + 3. Then pco = 9
Suppose that we are

=2, 4, 5. We have
(mod m)
(mod m)

n, + 6. Then S =

30 (mod m)

30 (mod m)

74.

From the table at the end of 85 we may replace c by

c' a+b-c, = b - a.

and ng

nl

0 be the numbers defined by
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m= (m, ¢c')n! = (m, c")na,
and n be the least common multiple of ng,

is either n or 2n, since

a = %(c +c' -c"), b = %(c + c!
By the inequality
1, N
3>(1+N—)
for a natural number N we have
N > (N + l)N/(N+l), N > 2.

For a given natural number t greater than 3,

0

+ C") .

N into the product of prime numbers as follows:

N = Hpaﬂqb, px>t>q.

Then,

¢ (N) = Hpa"l(p - 1)qu(1 - %)

s ppa~l+(t-1)/tg b g - 1

Hpa(t—l)/tnqb(t—l)/t.q ; 1

N(t—l)/t t -2t -3

= t-It- 2

1
2

If we have

¢(m/no) < 6m/ng,
then

(m/ng) (F7/E

-40-

< 6(t - l)m/ng, t

n! and na.

Then,

= n(ED A Tl

m

let us decompose



and

nd®F/E <ee - Do/t £ s 3.
Let us suppose that this inequality holds for each of ng, né
and na. Then we obtain
(t+1) /t 3 3/t 3 3/t
[ )] _ - [ )
(nonono) < [6(t 1)l ™m < [6(t 1)1 (gnonono)
for t > 3 with ¢ = 1, 2, since m < enonéns. Therefore,
(enonéng)l/(t+l) < [6(t - l)]3t/(t—2)(t+l)el/(t—2)
and
- t/(t+1) voowy L/ (E+1)
ng < [6(t 1] (engning)
< [6(t - 11T/ 7 20/ =2
For t = 10 we have
st - 12 _ 53/ e L, 21/ (872 J /8 3
i2 8
and n, < 167. Hence, if m is greater than 2(167)3 then we are

0

in the case (I) of Schwarz' table.
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Note. Honda's theorem.

Consider a homogeneous linear differential equation of

the first order over C(x):

dy _
-o.—l%—q(x), g € ¢(x).

If g(x) takes the form:

g(x) = Z , c,; € ¢, e. € @,
1

i
then it has an algebraic solution

€i
y = II(x - ci) .
i
We shall show this converse that if there is an algebra-
ic solution then g(x) takes the form as above. Let F(X, Y) be
an irreducible polynomial over € satisfying F(x, y) = 0. We

write F(X, Y) as

m
F(X, ¥) = . A (XYY, A_¢€ €[xX], A_#0,
n n m
n=0
then the differentiation of F(x, y) = 0 gives as
v n n-1 | . [ n _
ZnAn(x)y + inAn(x)y y' = i[An(X) + nAn(x)q(X)]y = 0.

Since F(X, Y) is irreducible, we have
' - 1
(An + nAnq)/An AO/AO

for every n. 1In particular it holds for n = m, and we obtain
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which takes the form as above.

A convergent power series y = chxn (0 £ n < «) whose
coefficients are rational numbers satisfying a linear homoge-
neous differential equation of the first order over €(x) is an
algebraic function of x over @ if there is a rational integer
A distinct from 0 such that Ancn is an integer for every n.

This is due to T. Honda [10, §1] and will be proved as
follows. He prepared a lemma:

Let K be an algebraic number field of finite degree and
o be an element of K. If there is a rational number a satisfy-
ing the congruence a = a (mod ﬂ%) for all prime ideals q& in K
with exception of finite number of them, then o is a rational
number.

A proof will be given as follows. Since there is a ra-
tional integer A distinct from 0 such that Ao is an integer,
we may assume that o is an integer in K. Let k denote Q(a)
and n be [k : Q]. A prime ideal %? in k is decomposed into
the product of prime ideals in K:

e e e

S R e
Suppose that every q&i is not an exceptional one. Then there
is a rational integer a; satisfying the congruence a; = a
(mod q%i) for every i. We have

e,
I(a - ai) 1 =0 (mod §>)

and there is an index i such that o

Hi

a, (mod @-). Suppose
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that ?9 does not divide the discriminant of an irreducible
equation defining o over the ring Z of rational integers. Then
for every integer w in k there is a rational integer a satisfy-
ing the congruence w = a (mod p ) . Hence, the degree of all
prime ideals in k is one with the exception of finite number

of them, and all prime numbers p with the exception of finite
number of them are decomposed into the product of n prime ideals

in k:

p = *%:?2.... Pn

A fundamental formula in algebraic number theory gives us

lim Zp~%/log 5%‘1“ =1
s>1+ '

and

. - 1
lim Z(NP) S/1og —_— =1,
o> 14 P s-1

where p and @' run over all prime numbers and all prime ideals
of degree 1 in k respectively (cf. Weber [40, p.727], Takagi
[38, Chap.l1l2 and p.255]). Since p = N%?l = ... = NT&n in the
decomposition of p, we obtain
1 = lim Z(N%>)_S/log E%T = lim nXp °/log E%T = n.
s>1+ s>1+

This completes the proof of our lemma.

As stated there by Honda, if we make use of Tschebotareff
-Artin’'s theorem (Takagi [38, Chap.l16]) then the equality n =1
is an immediate consequence of our result that all prime num~

bers with the exception of finite number of them are decomposed
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into the product of n prime ideals of degree 1 in k.
He prepared another lemma:
Consider a homogeneous linear differential equation of

the first order with the prime field @p of characteristic p:

%% = r(x)y, r € Ep(x).

. _— . . n
If it has a non-trivial power series solution y = chx over

@P then there is a non-trivial polynomial solution over @p'

It will be proved as follows. If we write r(x) as
N N
n

n
rix) = I a x / L bnx ’
=0 n=0

n

then the coefficients c, of y satisfy

bOCl = a,4Cqs b0(2c2) + blcl = agCy +t a1Chs ..o
by (Ney) + by (N=Ljcy 1+ ... + bycg
= agcy_; tajey - +toag_ 1G5 cce 0
by(nc ) + by(n-l)c _; + ... + by(n-N)c o
= 3%h-1 + + aNCn-N-1"
Hence, if we have
€h-1" n-2 = - Ch-N-1 = 0
then
2 n-N-2
g +CyX 4+ CoxXTH L. Cp X
is a solution. Take an integer s such that ps > N and there is
an index n less than ps for which <y # 0. Then, if we write y
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as

y = v, + VX + v,X +
with
_ ps-1
Vo = + c X + . + cps—lx ’
= ps-1
vy cps + cps+lx + ... + CZps—lx y eee g
then there is an index m such that
Vo = dovo + dlvl + ... + dm—lvm—l’ die»@p.
If we set
w=y(l - ax™s _ g xmDps _ - a_ .xP%)
0 1 et m-1 ’
then
= _ ps _ _ 2ps
w Vo + (vl dm—lVO)x + (v2 dm—lvl dm—ZVO)x +
_ B _ mps
cen F (vm 4 1Vm-1 .o dOVO)x + ...y

where the coefficient of x* [mps < i < (m+l)ps] vanishes.
Hence, from w we have a non-trivial polynomial solution, be-

cause w is a solution by

By these two lemmas we shall prove our theorem as fol-
lows. Since all c, are rational numbers, g(x) = y'/y is a ra-

tional function of x over §. We write g(x) as
g(x) = P(x)/Q(x), P, 0 € Z([x].

In the splitting field K of @(x) let us decompose g(x) into the

sum of partial fractions:

-46-



q(x) = R(X) + S + 3

+ ...
(x—C)2

where R € K[x] and ¢, e, e', ... are elements of K. Take a
prime number p which does not divide A, the leading coefficient
of Q(x) and one of Ancn distinct from 0. Then y satisfies the
congruence y' = g(x)y (mod p) and there is a non-trivial poly-
nomial solution z(x) over Z of the congruence z' = g(x)z (mod
p) by the second lemma. Let us decompose z(x) into the product

of powers of irreducible divisors over %:

z(x) = Tg(x)?2.
Then we have

z' (%) g'(x)

Z (%) ta Sy

Hence, for a prime idealﬂ%in K which divides p we have

w

R(x) = 0, e' = e =0 (mod“ﬁ)
and
e = a (mod{p)e

Since these congruences are satisfied for all prime ideals

in K with exception of finite number, we obtain

(e}
~

R(x) = 0, el =" = ... =

and e is a rational number by the first lemma. Therefore, vy
is an algebraic function of x over €, and it is an algebraic

function over Q0 (cf. §4).
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Chapter III. Klein's settling.
§7. Reduction through Kummer's equation.

We assume that our equation (E) is irreducible, that is,
neither o, B, Y - o nor Y - B is a rational integer. The field
of Puiseux series C{{x}} over € is algebraically closed (cf.
for instance K. Iwasawa [12, p.64]). Let us suppose that we
have an algebraic solution y in €{{x}}. Then there is an iso-
morphism ¢ of C(x, y) over €(x) which does not leave y'/y in-
variant and we have

v'

toy - - AR A
y'oy - y(oy) yOy[y o(y)];éo.

Hence, oy is a solution of (E) which is linearly independent
of y, and every solution of (E) is algebraic.

There is a natural number n such that we have

1 n-1
_ n n
Yy = 2z, + x zq + ... + X z, 1
with
e, ® .
z, =x - % c..xj, e, € Z, .. € C
i . 1] 1]
3=0
Since we have
i i
n v _ i -1 .
[x zi] x [nx z; + Zi]’

each of 24 is a solution of (E). Hence, there are two solutions

Yq and Yo of (E) which take the form:

i J
Ocijx ’ N € Q, cij € C, S0 #0

I o1 8

y; 5%
3

with oy # P The indices ey and p, are determined by
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plp = 1) - yp =p(p =1+ y) = 0.

Therefore, they are 0 and A, and X is a rational number dis-
tinct from 0. By Kummer's table y and v are rational numbers.
Hence, o, B and vy are rational numbers.

We shall see that X is not an integer. To the contrary
suppose that A is an integer. The coefficients ch of a solu-

tion y of the form:

vy = I c X, c, # 0
- 0
n=0
satisfies
(n + 1)ty + njc ;= (@ +n) (B +n)c , n>0,
and we have c_y = 0 in case vy < 0 because neither a nor 8 is
an integer. Therefore, we get c~y—l = C_sz = ... = Cy = 0,
which contradicts our assumption that S # 0. Similarly there
is no solution y of the form:
y = xk e xn, c, # 0
n 0
n=0
in case vy > 1. Thus, A is not an integer, and neither u nor

vV is an integer by Kummer's table.

The derivation d/dx of €(x) is uniquely enlarged into a
derivation of every algebraic extension K of C(x) of finite
degree (cf. for instance A. Weil [41, p.13]). Hence, every
isomorphism of K over C(x) is a differential one.

Take a fundamental system of solutions Y, and Yo of (E).

Then the ratio z = yl/y2 satisfies
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2 2,2 2
) L -iEproli A, Lo Aoyl

b4 (1 - x)2 x(x - 1)

I,

where the left hand side, the Schwarzian derivative of z, will
be denoted by {z, x}. For its calculus confer for instance H.
Morikawa [33, Chap.3,81].

The field €(x, z) 1s a normal extension of C(x), since
every isomorphism o of C€C(x, z) over €(x) gives a solution oz

of (S) and it takes the form:

¢z = (C.z + C2)/(C3z + C Ci € C,

l 4) 14
which belongs to €(z). Let F(X, Z) = 0 be an irreducible equa-
tion for z over C(x) and F(X, Z) be of the form:

F(X, ) = 2" +A1(X)Zn_l + ... A (X)), A €C(X).

Then there is an element £ of €(x) such that
C(Al(x)l ce e g An(x)) =G:(E)

by Liuroth's theorem. It is contained in €(z) and the latter
is a normal extension of the former, since every root of
F(x, 2) is in €(z). We have [€(z): €(§)] = n and C(z)NC(x) =
c(&).

For an element u of C(x) with u' # 0 we define a deri-
vation d4/du of €{{x}} by

4 _ au-1ad
du dx’ dx

and {w, ul for an element w of €{{x}} by this derivation.

The Schwarzian derivative {z, £} is an element of C(£),

since for every isomorphism ¢ of €(z) over C(£) we have
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Clz + C2

U{Z, E} = {UZ, £} = {m—é—, E} = {Z, E}.
3 4
The identity
g, x} + {z, £3(E9? = {z, x)

holds, and £ is a solution of the differential equation

{g, x} + {z, a}(%i—)z = s(x),
where s(x) is the right hand side of (S). This is Kummer's
equation [25]. The coefficient {z, £} will be determined lat-
er in this section.

If we have

E-&y= (z-2)%(2)/0,(2), ee€, £y, z5€C,

@i e ¢€lz], @l(zo)®2(zo) # 0

with the ramification exponent e, then

1 L
(8 - £)% = (2 = 2) [8,(2)/0,(2)1°
and'by the implicit function theorem
11
z - zy = tW(SH, t=¢&-¢g;

in €{{t}}, where ¥ (u) is a convergent power series of u with

U (0) # 0. Hence, we obtain

{z, €} = {z - z E-io}=—;—(l—e Yt + c .t

OI
+ CO + clt + ..., ci € C.

For & = < we have

-51-



(z, £} = e %2, 71y,

il

and for z = o«

-1

{z —, €}.

{z, &}
Hence, {z, £} takes the form:

a b

+ 7 a € Q b, ¢ ec¢C b
> - [ r ’ ’
(€ - ) & -c

]
o
~

{z, €} =1

where ¢ runs over all branching points of £.
If Y is a rational function of X of the form

_ 9 (x) ’ -
Y = W(X), ®I Y € Q[X]l (®r W) - 11

then
2N - 2 = (e - 1), N = max{deg ¢, deg V¥}.

Here, e, is the ramification exponent of ¥ - y at X = x with y

= &(x)/¥(x). We replace Y - y by v™1 in case ¥(x) = 0 and X -
x by X_l in case x = », This is Klein's formula [17, Part I,
Chap.V], which is a special case of Riemann's one and can be
proved elementarily (cf. Forsyth [5, §591).

If & - EO has the ramification exponent e at z = zl,

then it has the same exponent for z = zs which satisfies g(zi)

= EO and takes the form:

==

g_go= (Z'zi)e/qj(z)r z, € C, Y e clz],

1

i=1

z; # Z, (i # 3), HW(zi) # 0,

where deg¥ = e(M + 1) in case deg¥y > eM. Suppose that the

branching points of £ are gl, cee gy gr and that & - Ei has the
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ramification exponent ey Then the degree n of £(z) is di-

vided by e, and n = eifi. By Klein's formula we have
r
2n - 2 = ¥ f.(e. - 1)
. itTi
i=1
and
r
z é‘ =r - 2 + %
i=1 i
Here, we have r = 0 if and only if n = 1, and in the other case
r > 2 = a > 1
n._._
Since
];1 T1 ¢
T I AL
i=1 1 7 i=1
we obtain
r - 2 + 2 < £
n =2

and r < 3. We shall show that r # 0, 2. To the contrary sup-

pose that r is either 0 or 2. We have
L
Y2 Lzt oy = (At o+ B)x
Yo 2°z' x(x - 1)

and the identity
2
z" _ ., d'z
Zl_g 2/

£

Q
&R
+
e

If r = 0 then dzz/dE2 = 0 and yé/y2 is contained in C€(x). If
r = 2, then we have

n(.l_..-l-l__ = 2
e

1 ©2

and e; = e, = n. We may take 0 and « as El and gz, and in this

-53=



setting

Hence,
2
d z / dz _ 1 -n E_l
dg2 dg n
and yé/y2 is in C€(x). Thus in each case the conclusion contra-

dicts our assumption that (E) is irreducible. Therefore, r =

3 because r > 1 unless r = 0. Since
Lo, .1 .2,
e, e, e, n

we are in one of the following four cases with e, 2 e, 2 ey

(1) e, = e, = 2, n = 2e3;

(ii) e, = 2, e, = e; = 3, n = 12;
(iii) e, = 2, e, = 3, ey = 4, n = 24;
(iv) e, = 2, e, = 3, e, = 5, n = 60.

We may take 0, 1 and « as El, 62 and 53. Then {z, &} takes the

form: ;
l—eI2 1 - e£2 e12+e£2—e;2—l
£ (€ - 1) g(g - 1)

with (i) - (iv). This equation will be solved at the end of

the section.
Conversely, for a given finite group G of linear trans-
formations of z we have a subfield €({) of C(z) consisting of

all elements of C(z) each of which is left invariant under the
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action of G by Luroth's theorem. The Schwarzian {z, £} is con-
tained in €(£&) and C€(z) is a normal extension of C(&). Hence,
G is the Galois group of C€(z) over C(§). The subfield C(§) is
determined by a solution of (XK) with (i)-(iv) unless G is a cy-
clic group. Therefore, G is one of the four groups stated in
§3 unless it is cyclic.

Suppose that £ takes the form:

a
£ = @(Z)bp o, Fe clizl, (o, F) =1
F(z)
such that
C
1o =220 yeeral;
F(z)

here we have
a.deg ® = b(deg F + 1)
in case a.deg ¢ > b.deg F,;
b.deg F = a(deg ¢ + 1)
in case b.deg F > a.deg ¢ and
b.deg F = c(deg ¥ + 1)
in case b.deg F > c.deg Y. Let us assume that
-1 = % , n = max{a.deg®, ¢.deg ¥, b.deg F}.

Then we have

(a - 1)

oD

+ (b—l)%+(c—l)%=2n—2.

By Klein's formula, ¢, ¥ and F do not possess multiple roots,
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and there are no branching points of £ other than 0, 1 and «.
Hence, 2z is a solution of (K) with a = ey b = e, and ¢ = ey-
Our solution z of (K) with (i)-(iv) is given as follows (cf.

for instance Weber [40, Chap.91]):

)i
o 2
(1) zZ = e ’ £ = sin“t, i=v-1, n = 2r,
 (2F - 1?2 (zF + 1)2
E = = T ’ 1 -¢ = I 7
4z 4z
. 4 2
(ii) @l =z + 2/V-3z7 + 1,
@2 = z4 - 2\/—322 + 1, f = z(z4 - 1),
2 3 .3 B — 2 -3
12/=-3f° = o] - 05, £ = 12¢/-3f o7
(i1i) W = z% + 14z% + 1,
K = z12 - 33z° - 33z4 + 1, f = z(z4 - 1),
3 2 4 _ 1 .2.-4.
WP o- KT = 108f°, &= - g5k f
(1iv) T = 2% + 1 + 522(22% - 2% - 10005(229 + 210y,
H= - (229 + 1) + 228(21° - 2°) - 494210,
f = z(zlo + 1125 - 1),
° + B3 = 1728£°, £ = —_.r%f7,

The Galois group is the dihedral group, the tetrahedral group,

the octahedral group and the icosahedral group respectively.
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§8. Explicit description of algebraic solutions.

We shall solve Kummer's equation for £:

dE, 2
dax

{g, 2} + {z, €3¢

= {z, x}.

Here, z is the ratio yl/y2 of linearly independent algebraic
solutions ¥ and y, of (E) which is assumed to be irreducible.
It may be supposed that the branching points of & as a function
of z are 0, 1 and ~»., By Gauss' transformations we may assume
that A, y and v have their values in Schwarz' table, and they
can be permuted in each other. Our egquation has been solved in

1

case of (I) with v "€ % and (II), (IV), (VI). We shall solve

it in the remained cases, where (XII) and (XV) will be replaced

by

- -4 -1 -1 _ 7 _
(XII) A= 5 M= 37 v o= 37 Area/ﬂ = —l—g' = 14C
and

. _ 2 - 2 -2 7__
(XV) A= 3 u = T v o= T 1% 14cC.
By s(A, u, v, x) we indicate

vy _ 42 . 2 2 2 2
s(x) = %[L 2A + = L > + A+ v l].
X (x - 1) x(x = 1)

If we are in the case of (i)-(iv) of the previous section, then
for a rational function & (x) we have a normal extension C(x, 2)
of €(x) by the translation theorem because €(z) is a normal ex-
tension of €(£). Under the action of the Galois group {z, x}

is left invariant and it is an element of C(x).
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(I) Suppose that we are in the case (i). If we set
. 2t
X = sin” =
s

with a natural number s which is relatively prime to r, then

we have

with
_ _ 1
deg H = deg K = 7(5 - 1)

in case s is odd, and

£ =x(l - x)H(x)2, 1-&=%K(x?2, H, K€ B[x]
with ‘
S S
deg H = 5 - 1, deg K = >
il'l case s iS even. In each case

deg H + deg K + s = 1 = 2s - 2.
Hence, by Klein's formula H(x) and K(x) satisfy
(H, H) = (K, K) =1, H(0)H(DK(0)K(L) # 0,

and there are no branching points of £ other than 0, 1 and =.
The ramification exponent of E—l at x = » as a function of x
is s, and that of g'l at z = 0 as a function of z is r. There-

fore, we have

{z, x} = s(%, %, %, X) .
For, at x = » we get
el = xSex7h) = 2%v(z), o ec(xh, ¥ ec(z

-58-



and
1

Z[W(z)]?.

%

‘o

®
I

By the implicit function theorem we obtain

-}
r
and

with bj € C.

Suppose that £ (x) takes the form:

F=x%x - DPox) YRS, FO)F(L) # O,

, ¥, F € ¢Ix]

with natural numbers a, b, e, d and f£f; here we set
c = f.deg ¥ - e.deg F
in case f.deg ¥ > e.deg F, and
c = max{e.deg F - a - b - d.deg ¢, e.deg F - f.deg V}
in the other case. We assume that

a-1+b-1+c~-1+(4d - 1)deg o

+

(e - 1)deg F + (f - 1l)deg ¥ = 2n ~ 2

with
n = max{a + b + d.deg ¢, e.deg F, f.deg ¥}.

Then, by Klein's formula there are no branching points of £
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other than 0, 1 and «.
(111), (V) , (VIII). Suppose that we are in one of the

cases (ii), (iii) and (iv). Let us set

2 2

_ - X
L-t ==

_ (2 - x)
S G o

Then in a function z(x), x = 2 is not a branching point. If

we write {z, £} as

1 1 1
{Z, E} = S(i‘r 5, (_I_' £),
then we have
2 1 1
{z, x} = s(&, =, =, x).
14 (pl q ql )
In the following discussions for the cases (VII), (IX),

(X), (XI) and (XIII) we are in the case (iv), where we set

_ 7lf . _ _Ef _ 111
E=Trzg -t -1y tE 8l =slzo3oE 8
in (VITI),
£ o= 1728€°77%, 1 - £ = - i ?,
11 1
{ZI g} = S('S'I ?l i E)
in (IX), (X), and
£ o= 1728£°H73, 1 - £ = - 1728£°7° 2,
101 1
{zl E} = S(gr 5! ?r g)
in (XI), (XIII).
(VII) Let us set
2. -2 -2

£ = (2 -x)"x 7, 1 - ¢ - 4(1 - x)x .

Il
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Then we have

1 1
{z, x} = s{(z, 30 5 %) .

(IX) We have the identity:

27x%(x - 1) - 3x - 93 = (9x - 8) 2.
Let us set

£ = 27x%(x - 1) (9x - 8) 72,

1 - &=~ (3x - 4)°(9% - 8) 2,
Then we have

{z, x} = s(%, %, %, x) .

(X) We have the identity:

64x (x -~ 1) - (8x - 9)° = (8x% - 36x + 27) 2.
Let us set

£ = 64x°(x - 1) (8x° - 36x + 27) 2,

1 - €=~ (8x - 9)°(8x% - 36x + 27) 2.
Then we have

{z, x} = s(%, %, %, x) .

(XI) We have the identity:

(2x3 - 3x% - 3x + 202 + 27x°(x - DZ = 4(x% - x + 1)3.

Let us set
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Then we have
2 2 2
{z, x} = s(g, T T x) .

(XIII) We have the identity:

3 2

+ 30x% - 96x + 64)% = (x°

(x - lé6x + l6)3 + 108X4(X - 1)

Let us set

£o= - 108x%(x - 1) (x? - 16x + 16) 73,

1 - £ = (x° + 30%% - 96x + 64)2(x% - 16x + 16) °.

Then we have

{z, x} = s(=, %, %, x) .

Thus, Kummer's equation has been solved in the twelve
cases of Schwarz' table. These are those treated by Brioschi
[371.

The icosahedral group is generated by

cto=eg, 2 =1, ¢ =-¢t
and

' = (wg + 1) (¢ - w)_l, wz =1 - u,
if we consider it a group of linear transformations of ¢. It
consists of

A A

' r r-s -s -1
¢' = (e"wg + ¢ )z - € Tw) 7,
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r+s ~1

z' = - (e z - erw)(eswc + 1)

with r = 0, 1, 2, 3, 4 (cf. for instance Weber [40, §74]).

- 7 (72° + 1) 7.

Then we have

gleg) = 822, g(-c—l) = —z_l,
and
we + 1. oz - w
gl T - w) - wz + 1°

This is due to Gordan [6]1. Hence, g(z') is a linear transform
of gl(z) for every transformation of the group.
The roots of

10 5

£(g)/c = ¢ + 1lg” = 1
are

erw, ceTw', ww' = -1, r=206, 1, 2, 3, 4,
where

w = + 84, w' = 82 + €3¢

The polynomial
P -+ P+ W) (787 4 1)

has a multiple root ew. Hence, the branching points of ¢ in

z = glg) are
0, «, erw, Erm', r=0,1, 2, 3, 4

with the ramification exponents 2 at each point by Klein's
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formula.
In the following discussions for the cases (XII)', (XIV)
and (XV)' we suppose that

2

£ = H(2)ST(2) 2, 1 - ¢ = 1728£(g)°T(g) 2

T(z) ~,

in (XII)' and

£ o= 1728£(2)°T(z) %, 1 - e= H(z) T(z) 2,

in (XIV), (Xv)'.
(XII)' If we set

2

£ = 4x(x - 1)(2x - 1) %, 1 -¢= (2x - 1) %,
then we have
_ 1 1 2
{CI X} = S(jl §‘r g‘r x) (VII)

and by the translation theorem €(x, z) is a normal extension of
C(x), since C€(z) is a normal extension of C(§{). The Galois
group is the icosahedral group because there is no proper in-
termediate field between C(x) and €(£). Under the action of
the Galois group {z, x} = {g(z), x} is left invariant, and it

is an element of C€C(x). Hence, we have
1 1 4
{Z, X} = S(g, §', g, x) .
(XIV) Let us set £ = x. Then we have

, X).

N

{Zr x} = {g(C), x} = S(%I %‘l
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(xv)'

£ = 4x(x - 1) (2x - 1) %,

Then we have
{CI X}
and

{z, x}

Let us set

2
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Chapter IV. Landau-Errera's theorem.
§9. Errera's lemma.

For a given natural number c we call a divisor v of ¢(c)
an E-number of c¢ if the number of integers r relatively prime
to ¢ which satisfy the inequality

k-1 c < r< k
v

C

is equal to ¢(c)/v for every integer k. This notion is due to
Errera [4]. Suppose that ¢ = ap with p prime and that a has an

E-number v. If p divides a, then the number of r satisfying

k-1 cr <X c, (r, c) =1
vp vp
is equal to ¢(a)/v = ¢(c)/(vp). Hence, vp is an E-number of c.

If p does not divide a, then the number of r satisfying

k -1
v

ap < r < % ap, (r, a) =1

Il

is equal to pdé¢(a)/v. For a multiple r ps of p we have

k-1

k
a < s < = a.
v v

Hence, the number of r satisfying our inequality with (r, ap)

= 1 is equal to
po(a)/v - ¢(a)/v = (p - D)o(a)/v = ¢(c)/v.

Hence, v is an E-number of c¢. This is due to Errera [4].

If p is prime, then for every integer k the inequality

k-1 k
b - T p < rc< p -1 p
is satisfied only by r = k. Hence, p - 1 is an E-number of p.
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The number of r satisfying

k-1.2c,0<k c2, (r, c) =1
c c
. 2 . 2
is equal to ¢(c) = ¢(c”)/c. Hence, c is an E-number of c

Suppose that c = Hpe and v = Hpe_l with prime numbers p. Then,

c/v = lIlp and the number of r satisfying our inequality with

(r, ¢) = 1 is equal to
¢ (Mlp) =Ndé (p) = ¢(c)/v.

Hence, v is an E-number of ¢. For our ¢ we have another E-num-
ber pe"l(p - 1),
Suppose that three natural numbers n, k and c are given

such that

n > 1, k < ¢, {(k, c) = 1.

Let g be the number of natural numbers r satisfying

r <cn, r k (mod n), (r, ¢) =1,

and s be the number of r which satisfy additional condition
that ¥ < ¢. In the following case (i) we have s/q = 1l:
(1) c = 2, (n, 2) =1, k = 1;:
the number r satisfying our condition with r < ¢cn is 1. 1In
the following eleven cases (ii)-(xii) we have s/g = 1/2:
(i1) c =2, n=0 (mod 2), k =1;
the numbers r satisfying our condition with r < cn are 1 and
n + 1.
(iii) e =3, (n, 3) =1, k=1, 2;

our r are k and k + jn, where j is either 1 or 2 and k + jn Z
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0 (mod 3).

(iv) ¢ =4, n=1 (mod 2), k =1, 3;

our r are k and k + 2n.
(v) ¢ =6, (n, 6) =1, k =1, 5;
our r are k and k + jn, where j is either 2 or 4 and k + jn %
0 (mod 3).
(Vi)l n=2, (c, 2) =1;
(vi)2 n=2, c¢cz0 (mod 2), (k, 2) =1;
if ¢ is odd then ¢(2c) = ¢(c) and for a natural number p rela-

tively prime to ¢ which is less than ¢ we have an even number

c -

if ¢ is even then ¢(2c)

our

our

our

our

our

our

due

p in case p is odd, an odd number c + p in case p is even;

2¢(c) .

(vii) n =3, ¢=5, k =1 (mod 3);
r are 1, 4 and 7, 13.

(viii) n =3, c =8, k=1 (mod 3);
r are 1, 7 and 13, 19.

(ix) n =3, ¢ =10, k = 1 (mod 3);
r are 1, 7 and 13, 19.

(x) n=3, ¢c¢=20, k=1 (mod 3);
r are 1, 7, 13, 19 and 31, 37, 43, 49.

(xi) n=4, c¢c=6, k =1 (mod 4);
r are 1, 5 and 13, 17.

(xii) n =5, ¢ =12, k = 1 (mod 5);
r are 1, 11 and 31, 41. We shall prove the following lemma
to Errera [4]:

Either s/q < 1/2 or s/q = 1. The latter case occurs
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only if we are in the case (i). The case s/q = 1/2 occurs only
if we are in one of the above eleven cases (ii)-(xii).

Before we begin the proof we note the following: Sup-
pose that (c, n) = 1. Then there is an integer y satisfying
cy = - k (mod n). If r satisfies r = k (mod n), then r = - cy
(mod n) and it can be written as r = nx - cy with an integer x.
We have (r, c) = 1 if and only if (x, ¢) =1, and 0 < r < jc

if and only if

Zc<x<y+jc
n

for every integer j.

First suppose that the greatest common divisor d of c

and n is not 1. If r satisfies
r = k (mod n), {(r, c) =1,
this condition is satisfied by r' = r + cn/d. Hence, the num-

ber of r satisfying our condition with r < cn/d is equal to
g/d. We have s < g/d and s/q < 1/d < 1/2. If s/q = 1/2, then
d = 2. Suppose that c¢ is divisible by 4. Then, r" = r + cn/4

is relatively prime to c, and the number of our r satisfying

. C . c
jzn<r<(]+l)zn

is equal to g/4 for every j. Therefore, n = 2. If c is not
divisible by 4, then we can write c as ¢ = 2c¢' with (c¢', n) = 1.

A number r satisfying

1K

r k (mod n), (r, c¢') =1

is relatively prime to ¢, since it is odd. If it is less than
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c'n then it is less than 2c¢'. Suppose that v is an E-number of

c'. Then we have

(v - 2)/v < 2/nl

and

v < 2n/(n - 2), n/2 <1+ 2/(v - 2).
If v> 3, thenn < 6. Ifn=24, thenv < 4 and ¢' =1, 3. If
c' = 3, then two of k, k + n and kX + 2n are relatively prime
to 3, since (n, ¢') = 1. Hence, n < 6 and n = 2, 4.

Secondly let us suppose that (n, c¢) = 1. For an E-num-

ber v of ¢ we have a natural number h such that
(h - 1)/v < 1/n < h/v.

Hence,

1
=

<[
+

s/g < (h + 1) /v <
We have q = ¢(c), and ¢(c) < 2 if and only if ¢ = 2, 3, 4, 6.
We may assume that ¢(c) > 2. Suppose that n > 6. Then, if
v > 6, we have s/q < 1/2. Let us suppose that every E-number
of ¢ is less than 6. Then, a prime number different from 2, 3

and 5 can not divide ¢, and
c = 120, 60, 40, 30, 24, 20, 15, 12, 10, 8, 5.
We have s - 1 < ¢/n, and s/q < 1/2 if n > ¢/[d(c)/2 - 1]. 1In

case ¢ 1s even, we have 2(s - 1) < ¢/n, and s/q < 1/2 if n is

greater than c/[{¢(c) - 2]. For the above c these values are

[

20

[e))

0 40 30 24 20 15 12 10
14 14’ 6

Nj 0
=l

|

14

w
—
fisS

-70-



They are less than 6 except 12/2, but 12 is not relatively
prime to 6. Thus, if n > 6 then s/q < 1/2. Suppose that n = 5.

If v > 7 then s/q < 1/2. We have

5
<z

U

<%<

o+
A
=
A
|
A
U
A
N w
A
ujw

Hence, s/q 2/6 < 1/2 if v = 6. Let us suppose that every E-

A

number of ¢ is less than 6. Then a prime number different from
2 and 3 can not divide ¢, since ¢ is relatively prime to 5.
We have ¢ = 24, 12, 8. If c = 24, then the natural numbers

less than 24 which are relatively prime to 24 are
i, 5, 7, 11, 13, 17, 19, 23.

Hence, s/q < 2/8 < 1/2. Suppose that ¢ = 12. OCur numbers are
i1, 5, 7, 11. BAs above we define y by cy = - k (mod n). If vy

= 2 (mod 5), then s/g = 1/2. In the other case we have s/q <

1/2. The former case occurs if and only if k = 1 (mod 5).
Suppose that ¢ = 8. Our numbers are 1, 3, 5, 7. We have
8 16 24 32
1 < S < 3 < El < T < 5 < == < 7

Hence, s/q 1/4 < 1/2. Suppose that n = 4. If v > 8, then

I~

s divisible by 7, then 6 is an E-number of c

e

s/qg < 1/2. If c

and

ININ)
It
ow
A
oV s
A
NI
A
o
.

<%<

FN

z <

Hence, s/qg 2/6 < 1/2. If c is divisible by 5, then 4 is an

I~

E-number of ¢ and s/g = 1/4 < 1/2. Let us assume that every
E-number of c is less than 8 and ¢ is relatively prime to 35.

Then ¢ = 9. The natural numbers less than 9 which are relative-
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ly prime to 9 are 1, 2, 4, 5, 7, 8, and

ca<Pes <y,

N
A
INTE

Hence, s/q 2/6 < 1/2. Suppose that n = 3. If v > 12, then

A

s/q < 1/2. If c¢ is divisible by 11, then 10 is an E-number of

c and

~

<

A
Wl
A
A
w| N

Iﬁ'c

W
O
i
O
~
[ K=
O

th

Hence, s/q < 4/10 < 1/2. 1If ¢ is divisible by 7, then 6 is an
E-number and s/g = 2/6 < 1/2. Let us assume that every E~num-
ber of ¢ is less than 12 and c is relatively prime to 77. Then

c is divisible only by 2 and 5, and

c = 80, 40, 20, 16, 10, 8, 5.

If ¢ = 80, then 8 is an E-number of ¢ and
20<-§—0—< 30, 50<%9< 60.

Here, 21 is relatively prime to 80 and less than 80/3. Hence,
s/qg < 1/2. If c = 40, then the numbers less than 40 which are

relatively prime to 40 are

i, 3, 7, 9, 11, 13, 17, 1%, 21, 23, 27, 29, 31, 33, 37, 39,

13 < 22 < 17, 23<§9< 27.

Hence, s/q < 6/16 < 1/2. Suppose that ¢ = 20. Then our num-
bers are 1, 3, 7, 9, 11, 13, 17, 19, and

3 < 20 o 4, 13<§°

< 17.
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If vy =1 (mod 3), then s/g = 1/2. 1In the other case s/q = 1/4.

The former occurs if and only if k = 1 (mod 3). Suppose that
¢ = 16. Then our numbers are 1, 3, 5, 7, 9, 11, 13, 15, and

5 < 28 9, 9 < %5 < 11.

Hence, s/qg < 3/8 < 1/2. Suppose that ¢ = 10. Then our num-

bers are 1, 3, 7, 9, and

If y 2 1 (mod 3) then s/g = 0. In the other case s/g = 1/2.

The latter occurs if and only if k = 1 (mOd 3). Suppose that
¢ = 5. Then our numbers are 1, 2, 3, 4, and
5 10
l<§<2: 3<-§——-<4
If vy =1 (mod 3) then s/g = 1/2. In the other case s/q = 1/4.

The former occurs if and only if k = 1 {(mod 3).
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§10. Two lemmata.

Given natural numbers ¢, k and n, we shall prove the
following lemma:

Suppose that for a divisor e of n every integer r sat-
isfying

r k (mod n), (r, c) =1, 0 < r < cn

is less than ec. Then (n, ¢) =1 and ¢ =1, 2, 3, 6 unless e
= n. We have ¢ = 3, 6 only if e/n = 1/2.

If d = (¢, n) is greater than 1 then the number of r
satisfying our condition with

J+ 1

3 cn, 0 < j<d

1
gon<r<

is equal to each other. Hence,

d - 1
d

n < e

and

d 1
d -1 da -1

oo < 2.
e ==

Therefore, e = n., Suppose that d = 1. TIf v is an E-number of

c then we have

< &
n

by our note in the previous section. Hence,

e
A
l.—l
+

If v > 4 then n/e < 2. Suppose that every E-number of c is
less than 4. Then, ¢ =6, 4, 3, 2. We have

C

n
e "% -1
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and

n 1 __c
e 2 o(c) - 1
in case ¢ is even. Hence, if ¢ = 3, 6 then n/e < 3, and if c

= 4 then n/e < 2.

We shall prove another lemma:

Suppose that n is an odd integer greater than 1 and
0 < k < 2c. Let us assume that every integer r satisfying our
condition with 0 < ¥ < cn is less than 2c¢c. Then we are in one
of the following five cases (i)-(v):

(1) c =1, k=1;

(ii) c =2, k=1, 3;

(iii) n =3, c¢c=4, k=1, 7;

(iv) n=3, c¢c=10, k=1, 7, 13, 19;

(v) n=25, ¢c=6, k=1, 11.

If ¢ = 1 then our r with 0 < r < ¢n is k, which is 1.
If ¢ = 2 then r is odd and our r with 0 < r < cn 1is either k or
k + n. In case k is odd the latter is even and r = k < 2¢c. If
k is even then we have r = k + n < 2c = 4. It is impossible,
because n > 3. In the case (iii) our r are 1, 7, which are
less than 2c¢. In the case (iv) our r are 1, 7, 13, 19, and

they are less than 2c¢. 1In the case (v) our r are 1, 11, and
they are less than 2c. Thus, the above five cases actually oc-

cur. If d = (n, c) is greater than 1 then we have

(a4 - 1l)cn/d < 2c¢

and
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1 2 1

a>t " nzy
Hence, d = 2. It is impossible, since n is odd. Suppose that
d= 1. We may assume that ¢(c) > 1. If v is an E-number of c
then

v - 2 2 2n

v < q A

and

n 2

5 < 1 + e
We have n < 2c¢/[¢(c) - 1], and n < ¢c/[¢(c) - 1] in case c is

even. Suppose that n = 3. There is no E-number of c¢ greater
than 5, and a prime number different from 2 and 5 can not di-
vide c. A closed interval whose length is not less than 4 con-
tains a number relatively prime to 10. Hence, ¢/3 < 4 and ¢

is less than 12. Since

8$—l=%<3’
we have ¢ # 8. If ¢ = 4 then we have r = 5, 11 in case k = 2
and ¥ = 3, 9 in case k = 3. These cases are impossible. If
c = 5 then we have

in case k = 2, and

in case k = 3. Hence, it is impossible. Suppose that n > 5.

Then v < 4 and there is no E~number of ¢ greater than 3. Hence,
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c =6, 4, 3. We have c¢/[¢(c) - 1] =c, and ¢ # 4. If c = 6

then n = 5, and we have

r =7, 17
3, 13
9, 19

5, 25

in case k

These cases are impossible.

odd. We have

r =1, 11

It is impossible.

=2, 7,

If ¢c =3 then n = 5, &8ince n is
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§11. Attainment of Schwarz' table.
In Schwarz' table we set
o = a/m, B = b/m, Y = ¢/m,

where a, b, ¢ and m are natural numbers satisfying (a, b, c, m)
= 1. From each triple we have 24 triples by the table at the
end of §5, which may not be distinct from each other. For the

values of c¢ there are six elements:
c, m-¢, a+b-c¢c, m-a-b+c¢c,m+a->b, b-a.
If all of them are equal to m/2, then
{a, b, ¢} = {1, 3, 2}, m= 4.

This triple satisfies Landau's criterion, and it belongs to (I)

of Schwarz' table with v = 1/2. We shall assume that the great-
est common divisor = of ¢ and m is not m/2. Under this assump-
tion we have the following table of {a, b, c} withm = 0 (mod c):

m = 2r with even r:

(1) {1, r +1, 2}, (r # 2) (1)

m = 2r with odd r:

(2) {1, r+1, 2}, (1)
m= 6:

(3) {1, 3, 2y, ({1, 5, 2}, (I11)
m = 10

(4) {1, 3, 2}, {1, 9, 2}, (XITI)
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(5)

(6)

(9)

3
I

(11)

(12)

(13)

24:

{1,

{2,

{2,

{1,

{3,

{1,

{2,

{1,

{4,

{1,

{3,

{1,

7,

7,

11,

11,

11,

3},

3},

41,

41,
41,

3},

31,

5},

51},

41,

41,

61,

61,

81,

81,

61,

{1,

{2,

{2,

{1,
{3,

{1,

{2,

{1,

{4,

{1,

{3,

{1,

{5,

{1,

{7,

{1,

10,

10,

11,

31,

31,

4},

9, 4},

11,

i1,

13,

13,

13,

13,

17,

17,

19,

19,

25,

41,

3},

3},

5},

51,

41,

41,

61},
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(I1)

(X)

(X)

(IX)

(IV)
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{5, 11, 6}, {5, 25, 6}, (VIII)

{14) {3, 13, 6}, {3, 23, 6}, (XI1)
(15) {1, 19, 10}, {1, 21, 10}, : (VII)
(16) {3, 13, 10 , ({3, 27, 10}, (XI1)
(17) {5, 11, 10}, {5, 29, 10}, (VIII)
(18) {5, 17, 10}, {5, 23, 10}, (XV)
(19) {7, 13, 10}, {7, 27, 10}, (XI1)
(20) {9, 19, 10}, {9, 21, 10}, (VIT)
m = 60:
(21) {1, 31, 12}, {1, 41, 12},

{11, 31, 12}, {11, 41, 12}, (V1)
(22) {1, 31, 20}, {1, 49, 20}, (VI)
(23) {7, 37, 20}, ({7, 43, 20}, (XTIV)
(24) {7, 37, 20}, {7, 43, 20}, (XIV)
(25) {13, 37, 20}, {19, 49, 20}, (VI)

Given natural numbers a, b, ¢ and m satisfying
a<c<b<m mz=z0 (mod c), (a, b, ) =1,
we assume that for every integer p relatively prime to m either

ap < cp < bp (mod m)
or

bp < cp < ap (mod m).
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If m/c is not equal to 2 then {a, b, c} is one of the above ta-
ble. We shall prove this theorem due to Errera [4] as follows.

Let us set m = cng and
a=4da', ¢ =4dc', d=(a, ¢), m=m'd, m'= c‘nO.

If p' is relatively prime to m' then there is an integer p rel-
atively prime to m such that p = p' (mod m'). Suppose that we
are in the case (A) of 86. If oé satisfies

pé = 1 (mOd no)l (pol cl) =1
then there is an integer 9 such that

= ¥ ] -—

9 = P (mod m'), (oo,m) =1

and we have

0ga <pgc = ¢ (mod m),

that is, péa‘ < c¢' (mod m'). If r = a' + xn is relatively prime

to ¢' then there is an integer pé satisfying our condition such

that péa“ Z r (mod m'). For, there is an integer y satisfying
a'y = x (mod c¢'), and if we set pé = 1 + yn, then
1 ' = ] 1 1 —
a'pj = a' + ngx (mod m'), (pgr ") = 1.

By our assumption we have
r < c' (mod m') .

If we set k = a', ¢ = c¢' and n = n, in Errera's lemma, then we

are in the case (i), since s/g l. Therefore, we have

ct=2, a'=1, (ny 2) =1,

and
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c = 2a, m =2an0, (a, b) = 1.
Here, n0 > 1 because ¢ < m. Let us set

b =4d'b', c =d'c", (b, ¢) =4a',

n" = cvan, m = m"d"'.
Here, 4' = 1, 2, and the latter happens only if c¢" is odd.
There is an integer oy such that

pl = 2 (mod 1'10), (Dll C) = ll

and Py = 2 + xn

with an odd integer x, since c is even. We

0
have
- m o n

pja =c t+x 5= c + > (mod m) ,
and

0;C z 2c (mod m), 2c < ¢ + % < m,
because ng > 2. Hence,

plb < 2¢  (mod m),
that is,

plb' < 2c¢" (mod m"™) .

We define k by

k = plb' (mod m"),
Then, k is relatively prime

k + Xn is relatively prime

relatively prime to c" such

olb = k + xnO (mod

0 <k <m".

to ¢
to ¢

that

m") .
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Hence, we have
r < 2c¢" {(mod m").
Let us set ¢ = ¢" and n = ng in the second lemma of the previous
section. Then we are in one of the following five cases:
(i) c" =1, k =1;
(i1) c" =2, k=1, 3;
(iii) n0=3r c" = 4, k=1, 7;
(iv) ng, = 3, ¢" =10, k=1, 7, 13, 19;
(v) n, = 5, ¢" =6, k=1, 11
In the last four cases d' = 1, since c¢" is even. We shall dis-
cuss each case separately.
(i) Since ¢ > 1, we have d' = 2, and
c =2, a=1, b =0 (mod 2), m = 2n0, n, = 1 (mod 2).
Let us set Py = 2 + n4. Then it is relatively prime to m and
aplEZ+n0F cplE4, bplz2 (mod m) .
We have b = 1 + ng- This is the case (2) of our table.
(ii) We have
c=2, a=1, b=zl (mod 2), mn = 2n0, n, = 1 (mod 2).
Let us set pq = 2 + n,- Then it is relatively prime to m and
ap, = 2 + ny, cpy = 4, bpl =1, 3 (mod m).
We have
2:-44n, cp2=8, pol =2+ 6 + (mod m)
apy = 0’ 0y = 8, Py = Ny, n, mod m) .
Therefore, if ng > 6 then each of 4 + Ny, 2 + n, and 6 + ng, is
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greater than 8 and less than 2n It contradicts our assump-

0
tion. Hence, n, £ 5. Suppose that n, = 3. Then oy = 5 and
52 = 1 (mod 6). Therefore, b is either 3 or 5. This is the

case (3) of our table. Suppose that ng, = 5. Then Py = 7 and

7.3 = 1 (mod 10). Hence, b is either 3 or 9. This is the case
(4) of our table.

(iii) We have

c=4, a=2, m=12, Py = 5, bpl =1, 7 (mod 12),
and b =5, 11. This is the case (6) of our table.

(iv) We have

bpl =1, 7, 13, 19 (mod 30),
and b = 11, 17, 23, 29. These are the cases (17) and (18) of

our table.

(v) We have

c=6, a=3, m=230, p, =7, bp, =1, 11 (mod 30),
1 1

and b = 13, 23. This is the case (14) of our table.

Let us assume that we are in the case (B) of §6. As

above we set

a =4da', ¢ =dc', m' = c'no, m=mn'd, d = (a, c)

and

b

I
o
o
Q
I
o
Q
S—
i

c"no, m = m"d', d' = (b, c).

We say that a natural number p less than m belongs to C if it
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is relatively prime tom and p = 1 (mod nO). For an element o
of C we write p € Cl in case ap < ¢ (mod m) and p € C2 in case
bp < ¢ (mod m). By our assumption |C| = ]Cl| + |sz, where the
absolute value indicates the cardinal number. We say that a
natural number p' less than m' belongs to C' if it is relative-
ly prime to m' and p' = 1 (mod no). For an element p' of C' we
write p' € C} if a'p' < c' (mod m'). We have ]Cl]/)CI =

Ci|/|C‘\. If r = a' + xn, is relatively prime to c' then there

0
is an element p' of C' such that a'p' Z r (mod m'). Let g' be
the number of such ¥ with 0 < r < m‘, and s' be that of such r

with 0 < r < ¢'. Then we have s'/qg' = lCil/|C‘|; We say that

a natural number p" less than m" belongs to C" if it is rela-

tively prime to m" and p" = 1 (mod no). For an element p" of
C" we write p" € Cj if b'p" < c" (mod m"). We have fCZI/[C(
= !C%[/]C"l. By Errera's lemma we have

ey lzler] = fegl/let],
since both sides are positive by our assumption. If an integer
0y satisfies

o, =1 (mod m"), (0q,d") =1

Lo

then we have

cpy z ¢, bpl = b (mod m)
and ap; < c¢ (mod m). Here, a is relatively prime to 4', and
if r = a + xm" is relatively prime to d' then there is an in-

teger o, satisfying our condition such that apy = r (mod m) .
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Hence, we have r < ¢ (mod m). Let us set ¢ =d4d', k =a, n =

m" and e = ¢" in the first lemma of the previous section.

Since c" # m", we have
(m"”, 4') = 1, a' =1, 2
by our assumption that n, # 2. Similarly we have

(m', d) =1, d =1, 2.

By our assumption that (a, b, ¢) = 1 we have (4, 4') = 1.
Hence, either d = 1 or 4' = 1. We may assume that 4 = 1, that
is, (a, ¢) = 1. Let us set k = a and n = ng in Errera's lemma.

Then we are in one of the following ten cases (i)-(x) by n, # 2

0 (mod 2), a = 1;

1

0
(ii) c =3, (no, 3) =1, a=1, 2;
(iii) c =4, n, =1 (mod 2), a =1, 3;
(iv) c =6, (no, 6) =1, a=1, 5;
(v) n, = 3, ¢=5, a-=1, 4;
(vi) n, = 3, ¢=8, a=1, 7;
(vii) n, = 3, ¢=10, a=1, 3, 7, 9;
(viii) ng = 3, ¢=20, a=1, 7, 13, 19;
(ix) n, = 4, c¢c =6, a=1, 5;
(x) n, = 5, ¢ =12, a =1, 11.

We shall tmat them separately.

(i) If we set p = 1 + n, then it is relatively prime to

0
m = ZnO, since ng is even. We have p2 =1, cp = 2 (mod m), and
b =1+ n,. This is the case (1) of our table.
(ii) 1If ny = 1 (mod 3) then we set p = 1 + ng . We have
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p” =21, co £ 3 (mod m). Hence, b =1 + ng, 2 + 2n0. For 1 =
3+ n, we have
at = 3 + nO, 6 + 2n0, cT =9, bt = 3 + ZnO, 6 + no
(mod 3n0).

Hence, no < 6 and ng, = 4. It is the case (5) of our table.
1f ng = 2 (mod 3) then we set 0 = 1 + 2n0. We have 02 =1
(mod m) and b = 1 + 2n0, 2 + n,. For 1 = 3+ n, we get

bt = 3 + ZnO, 6 + n, (mod 3n0).
Hence, n, < 6 and n, = 5. It is the case (8) of our table.

(1iii) For p = 1 + 2n0 we have p2 = 1 (mod 4n0) and

b =131 + 2n0, 3 + 2n0,
since d' = 1 by (m", d') = 1. If we set 1 = 2 + n, then

artr = 2 + ng» 6 + 3n0, ct = 8,

bt = 2 + 3nO, 6 + n, {(mod 4n0),
Hence, ng < 6. If n, = 3 it is the case (7), and if ny =5 it
is the case (10) of our table.

(iv)y If n, = 1 (mod 6) then we set p = 1 + 4n0. We
have p2 = 1 (mod 6n0) and b = 1 + 4n0, 5 + 2n0. For 1 =
2 + 3nO we get

a =z 2 + 3n0, 10 + 3n0, c = 12,

b =z 2 + Sno, 10 + ng (mod 6n0),
and ng < 4. This is impossible. If n, = 5 (mod 6) then we set
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o =1+ 2n0. We have pz = 1 (mod 6n0) and b = 1 + 2n0, 5 + 4n0.
For 1 = 2 + 3n0 we get

b = 2 + ng, 10 + 5nO (mod 6n0),
and ny < 10. Hence, ny = 5. This is the case (13) of our table

(v) We have pc = ¢ (mod 15) if and ¢nly if
o =1, 4, 7, 13 (mod 15).

Hence, b = 7, 13. This is the case (9) of our table.

(vi) We have pc = ¢ (mod 24) if and only if
p =1, 13, 19 (mod 24).

Hence, b = 13, 19. This is the case (12) of our table.

(vii) We have pc = ¢ (mod 30) if and only if

o =1, 7, 13, 19 (mod 30).

We get the following table:

0 1 7 11 13
pa 1 7 11 13
3 21 3 9
7 19 17 1
9 3 9 27
pc 10 10 20 10
pb 13 1 23 19
19 13 29
21 27 21
27 9 27 21

Hence, we have the cases (15), (16), (19) and (20) of our table.
(viii) We have pc = ¢ (mod 60) if and only if

o =1, 7, 13, 31, 37, 49 (mod 60)
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and get the following table:

p 1 7 11 13 23 29
pa 1 7 11 13 23 29
49 17 31 41 23

13 31 23 49 19 17

19 13 29 7 17 11

pc 20 20 40 20 40 40
pb 31 37 41 43 53 59
37 19 47 1 31 13

43 1 53 19 49 47

49 43 59 37 47 41

Hence, we obtain the cases (22), (23), (24) and (25) of our ta-
ble.

(ix) We have pc = ¢ (mod 24) if and only if
p =1, 5, 13, 17 (mod 24).

Hence, b = 13, 17. This 1is the case (11) of our table.

(x) We have pc = ¢ (mod 60) if and only if
p = 1, 11, 31 (mod 60).

Hence, b = 31, 41, and we get the case (21), filling up our
table.
Thus, we have proved Landau-Errera's theorem. We shalil

note that if m/c = n, is equal to 2 then either d = (a, c¢) or

0
d* = (b, ¢c) is equal to 1. To prove it we shall assume neither
d nor d' is 1 to the contrary. By the first lemma of the pre-
vious section we have either d = 2 and d' = 3 or d = 3 and d'

= 2. Let us suppose that the former occurs. Then c = 2c¢' =

3c" and b is odd. 1If we set p = c + 1, it is odd and relatively
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prime to m = 2c. We have
ap =a, ¢cp=c, bp=Db-c (mod 2c¢),

which contradicts our assumption that they satisfy Landau's
criterion. Hence, either d = 1 or d' = 1. If m/c = 2 then by
our theorem we are in one of the following cases, which are de-

rived from Schwarz' table:

m = 2r:
{s, r+ s, r}, (s, r) =1 (1)
{s, m - s, r}, (s, r) =1 (1)
m= 12
{1, 9, 6}, {3, 7, 6}, {3, 11, 6}, {5, 9, 6}, (11)
m = 20:

{1, 13, 10}, {1, 17, 10}, {3, 11, 10},

{3, 19, 10}, {7, 11, 10}, {7, 19, 10},

{9, 13, 10}, {9, 17, 10}, (IX)
m = 24:

{1, 17, 12}, {1, 19, 12}, {5, 11, 12},

{5, 23, 12}, {7, 11, 12}, {7, 23, 12},

{11, 17, 12}, {11, 19, 12}, (IV)
m = 60

{1, 41, 30}, {1, 49, 30}, {11, 31, 30},

{11, 59, 30}, {19, 31, 30}, {19, 59, 30},
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{29, 41, 30}, {29, 49, 30}, (VI)
{7, 43, 30}, {7, 47, 30}, {13, 37, 30},

{13, 43, 30}, {17, 37, 30}, {17, 53, 30},

{23, 43, 30}, {23, 47, 30}. (XIV)
In this case where m/c = 2 it was proved by Landau [27] under
the assumption that either d = 1 or d' = 1.
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Chapter V. Transcendental liouvillian solutions.
§12. Picard-Vessiot theory.

Let k be a differential field of characteristic 0. E. R.
Kolchin [22] proved the existence of its universal extension ,
which has the following property. Suppose that K is a finitely
generated differential extension of k in § and L is a finitely
generated differential extension of K. Then L has a differen-
tial isomorphic image over K in . The proof is based on the
following theorem in Ritt's book[34, p.51]: Let II be a prime

differential ideal in k{y} with the indeterminates Yyr *°t 0 Yg

and K be a differential extension of k. Then the ideal in K{y}
generated by I is a prime ideal if k is algebraically closed.

If an element u of 2 is not contained in k then there is a
differential isomorphism o of k<u> over k such that ou # u (cf.
Kolchin[20, p.251, [19]). It will be proved as follows. We may
assume that u is transcendental over k, since if u is algebraic
over k then there is an algebraic isomorphism ¢ of k(u) with ou
# u and it is a differential one. Let II denote the ideal com-
posed of all differential polynomials with a single indeterminate
y over k which vanishes at u, where k is the algebraic closure

of k. Then it is a prime ideal in k{y}. If we set K = k<u>

then the ideal ' in K{y} generated by I is a prime ideal and
does not contain y - u because u is transcendental over k.
Hence, a generic zero v of II' is not equal to u, and if we set

cu = v then it gives a differential isomorphism over k.
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Let 11 be a prime differential ideal in k{y}. If a differ-
ential polynomial D(y) is not contained in I then there is a
zero u of I such that D(u) # 0 and every constant of k<u> is
algebraic over k. This existence theorem is due to Kolchin{21]
(cf. M. Matsudal[32, pp.108-1091).

Consider a homogeneous linear differential equation over k:

(n) y(n—l)

vy +ay + oeer +tay = 0, a. € k.

i

We assume that the field of constants kO of k is algebraically
closed. Then, by the existence theorem there is a fundamental
system of solutions Nyr *°° 5 N in Q such that the field of

constants of k<nl, SRR N is k since the wronskian determi-

0!
nant W(yl, seas yn) is not contained in the differential ideal
generated by

N a,vy™ 1 <3 <n
ity = J =

in k{y}. This is a Picard-Vessiot extension for our eguation.

Kolchin's work[20] tells us its fundamental properties.
Let G denote the group of all differential automorphisms of ¥ =
k<nl, '+, N > over k. Then it is an algebraic matric group
of degree n over kO. An element of @ which is left invariant
under every automorphism in G belongs to k. The component GO of
the identity in G is a normal algebraic subgroup of G of finite
index. If K is an algebraic subgroup of G then there is a dif-
ferential subfield = of ¥ such that K consists of all auto-
morphisms in G which leave every element of Z invariant. For
the component G, we have

0
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o0
where ZO is the subfield of I left invariant under GO' If the
wronskian determinant W(nl, cee nn) is constant, that is a; =

0, then every element ¢ of G has its determinant equal to 1,
since oW = deto-W. Extension I of k is algebraic if and only
if G is finite.

A differential extension L of k whose field of constants
is ko is called a liouvillian extension of k if there is a fi-
nite chain of differential extensions of k:

k:LOCLlc...an:L

such that Li is an algegraic extension of L. (ui) of finite

-1
3 ] '
degree and we have either u; € Li—l or ui/ui € Li—l

If £ = k<nl, ---,nn> is contained in a liouvillian extension of

for each 1i.

k then the component G, is reducible to triangular form.

0
Suppose that the order of our equation is 2 and the coef-
ficient ay of y' vanishes. We assume that our equation is ir-
reducible over k, that is, the logarithmic derivative n'/n of
every non-trivial solution n does not belong to k. Then, G can
not be reduced to triangular form. If there is a non-trivial
solution in a liouvillian extension of k then there is a Picard-
Vessiot extension I of k for our eguation which is contained in

a liouvillian extension of k. The component G, of the identity

0

is reducible to triangular form. There is a non-singular solu-
tion & of our equation such that

T = c&, Cc € ko

for every element T of G Since G, is normal in G, we have

0° 0
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T(0g) = ¢'og, c' € kO
for every element ¢ of G. Here, 0f is linearly independent of &
over kO’ because G is not reducible to triangular form. Hence,
G0 is reducible to diagonal form. We shall suppose that there
is no algebraic solution. Then G is not finite and G0 does not

consist of a single element, the identity. Since G0 is an al-

gebraic group, it consists of

For every element ¢ of G which is not contained in GO we have
9Ny T CpMpr 9Ny T CpNys €1y Cp € Kge

Therefore, [G : G = 2. This is due to I. Kaplansky[13, §19].

0!
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§13. Liouville's lemma.

We shall suppose that k = €C(x) with x' = 1 and consider a
homogeneous linear differential equation of the second order

over k:

2
d 4
= +p(x)FE +ax)y =0, p, ge C(x).

dx
If we set Y = y//W with the wronskian W then it satisfies

Y" + (s/2)Y = 0, s =-p' + 2q - p°/2
by W' = - pW. The logarithmic derivative v = Y'/Y of Y is a
solution of the Riccati equation:

v' + v2 = - s/2.

Let us assume that our equation is irreducible over k and
that it has a non-trivial solution in a liouvillian extension
of k. Then there is a Picard-Vessiot extension % of k for y
which is contained in a liouvillian extension of k. The exten-
sion I (VW) contains a Picard-Vessiot extension &' of k for Y.
Let G' be the group of all automorphisms of I' over k and Gé be
the component of the identity in G'. En our hypergeometric case
if ¥ is algebraic then % and u are rational numbers, and W is
algebraic: Hence, G' is finite if and only if G is finite. We
shall assume that %' is not an algebraic extension of k. Then
[G' : Gb] = 2 and there is a‘solution Y such that TtY/Y is a con-
stant for every automorphism T in Gé. Its logarithmic deriva-

tive v is left invariant under T and it satisfies a quadratic

equation over k:
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V2 + av + b

I

0, a, b € €(x).

The coefficients a and b satisfy
2

a' = a” + s - 2b, b' = a(b + s/2)
because of v' + v2 = - s/2. As the compatibility condition we
have
" ] 1 3
a" = 3aa' + s8' - 2as - a7,

which is due to I. Kaplansky[13, §25]. For Liouville's original
treatment confer Watson[39, Chap.IV]. Due to him we obtain the
following lemma:

The coefficient a is the half of the logarithmic derivative
of the discriminant D of the guadratic equation for v.

For, we have

D' = (a? - 4b)' = 2aa' - 4b'

=2a(a? +s - 2b) - da(b + s/2)

2a(a“ - 4b) = 2aD.

Il

Return to our hypergeometric differential equation, which
will be assumed to be irreducible over k. Suppose that 2 and u
are equal to 1/2. Then a fundamental system of solutions is
given by

v, = eivt, v, = e_in, i= /-1, x = sinzt,
which lie in a liouvillian extension of k because

dx, 2 _

(3£ 4x(1l - x).

Here, the problem on the field of constants can be solved by
Kolchin's existence theorem in the previous section. If two of

A, W and v are half integers then our equation has a solution
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in a liouvillian extension of k by Gauss' transformations. It
is algebraic if and only if the remained one of A, W and Vv is a
rational number. We shall prove that this is the only case
where our equation has a transcendental liouvillian solution
under the assumption that neither A, p nor v is a rational in-
teger.

Let us express the coefficient a of v in the sum of par-
tial fractions:

n+1 ei
a =.z x - c, ' = 0, c, = L, c. ¢ C,
i=0 i

where = is either an integer or a half integer. Then we have

-e, 2e.
a' =) *—-—3;——7-, a" = ) -—~£——f§ .
(x - Ci) (x - ci)

Comparing the coefficients of (x - ci)_ in the compatibility

condition we get

2e. = - 3el - e:, i#£0, 1
Hence,
e, = -1, -2, i#0, 1
Comparing those of x_3 and (x - l)'-3 we obtain
_ 2 3 1 2
2eO = 3eO 2P - 2PeO eo, P = 5(1 - A7)
and
_ 3 1 2
2el = 3el - 2Q - ZQel - el Q = i(l - 7).
Hence,
ey = -1, -1, e, = -1, -1l#u.
3

Let us multiply each term in our equation by x7:
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2e.x e.x
3_n _ 3 _ i 3
x a _z 3 r (Xa) = (ZX_C-) ’
(x - c.) i
i
2
2, e;x -e;X
xax“a' = () - C_)(Z 5) 1
i (x - ¢,)
i
3 ZOx3 R(2x - 1)x
x“s' = - 2P - c 3+ 5=
(x - 1) (x - 1)
e.x 2
xax“s = () 1 y[P + Qx + RX 1,
X - C, 2 1 - x
(x - 1)
where
R=!2'—(l+\)2-— >\2=u2),
For x = » we have
_ 2 3
2X = =3X° - 28 - 28X - X7, S =P +0 - R,
where
n%l
X = e. .
i=o0 *
Hence,
X = -1, =-1%v,
_ 1 2 .
because S = j(l - v7). If each of e, and e, is equal to -1,
then X is a negative integer less than -1. Hence, X = -1 = v
and v is an integer. If ey = -1 + A then A is either an integer
or a half integer, since 2e0 is an integer by our lemma. Sup-
pose that A is a half integer. Then, if e, = -1, X is a half

1

integer and v is a half integer. If e # =1 then v is either

an integer or a half integer. As the last case let us assume
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that ey = -1 and e; = -1 + y. Then u is either an integer or a
half integer. If p is a half integer, then v is a half integer.

This proof is due to M. Setoyanagi[36].
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§14. ZKuga's theorem.

Consider a homogeneous linear differential equation over k.
Take a simply connected domain U in the complex plane which does
not contain any singular point of our equation. Then the dif-
ferential field generated by a fundamental system of solutions
and x over U is a Picard-Vessiot extension of k for our eqguation.
It has an isomorphic image © over k in @ and there is a regular
matrix o over the field of constants such that the group H of
all automorphisms of % over k is equal to p_le° We shall prove
that the Zariski closure of the monodromy group is equal to H if
our equation is Fuchsian. It is sufficient to show that an el-

ement f(x) of = which is returned to itself by every analytic

continuation around the singular points is a rational function

of x. Suppose that x = 0 is a singular point. Then f(x) takes
the form f = u/v such that u and v are expressed in the form:
m m’ oy B.
) ) 4 (X)x T (log x) 7, ay € C
h=1 j=1

at the origin, where ¢hj(x) is holomorphic at 0 and ¢hj(0) £ 0
and Bj is a non-negative integer. If ¢ denotes the automorphism
of £ over k induced from the analytic continuation around the
origin then cnu/onv = f for every n. Let us suppose that v

takes the above form. If o, = a

h + ibn with real numbers a

h h

and bh then we can suppose that

a, = * *** * =43, < a h > 2.

L h’

We may assume that we are in one of the following three cases:
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(1) by > 0, by < by, 2 <h< 2%
(ii) bl < 0, bh > bl’ 2 2h <1
(iii) bl =0, L = 1.

We may suppose that By > Bj, 2 < j <£n. Let us set

ay B
v(x) = x ~(log x)

1
gy (x) + g,(x)],
where gl(x) is the sum of the terms with 1 < h < %, j = 1 and

gz(x) is the sum of the other terms. If the absolute value of

the argument x is not greater than 7 then we have

lim Ongz(x) =0
x>0
for every n. Let us set
i ib

h
= + (
gq (x) ) ¢y q (0)% g3 (x).

Then under the above condition we get
1im OngB(x) =0
x-+0
for every n. If we set
2 1bhI

L(x) = | ) ¢ (0)x "},
n2q hl

then we obtain

% (bl—bh)arg X —blarg X
L(x) 2 [1og3(0 [ = ] Jop,(0)] e ] e
h=2
In the first case (i) we have L(x) » « if arg x - —-»: In the
second case (ii), L(x) »+ » if arg x + +4+«: In the third case
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(iii), L(x) = I¢ll(0)[ > 0. Hence, there is an integer n which

may be negative such that

1im xNGnu(x)/Onv(x) =0
x>0

for a sufficiently great number N under the condition that the
absolute value of arg x is not greater than m. Therefore, the
origin is not an essential singular point of f(x). Thus, f(x)
is a rational function of x. This theorem is due to M. Kuga
[24, p.173], where a sketch of the proof is given. The condi-
tion that our eguation be Fuchsian can not be removed. For
instance, Bessel’s equation

xzy" + xy' + (x2 - Az)y = 0, A€ C

gives a counter example.

Return to our hypergeometric differential equation. By
this theorem we shall prove that two of A, u and v are half in-
teger if our eguation has a transcendental liouvillian solution
under the assumption that it is irreducible over k and there is
no logarithmic singular point. Since it is irreducible, there

is a logarithmic singular point if and only if one of X, p and

Vv 1s a rational integer. Let 00; OTMand o, denote the automor-
phism of E which is induced from analytic continuation

around 0, 1 and « respectively; here E is a Picard-Vessiot ex-

tension of k for Y over a complex domain and

W = cx(k—l)/z(x - l)(u_ljﬁa, c (# 0) ¢ C.

Then the component H0 of the identity e in H can not contain
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all of 00, Gl and 0_, since they generate our monodromy group
by van Kampen's theorem (cf. for instance A. Komatsu, M. Nakaoka
and M. Sugawaral23, p.293]). They satisfy Goolcm =e, and H0

contains one and only one of them. Suppose that neither 0, nor

0

1 is contained in HO' Then there is a fundamental system of

solutions of Y" + (s/2)Y = 0 such that

o}

99~ -Ami|’ 9 =

_eAﬂl A _eUﬂl 0
0 -e

-uri
- H

here AB # 0 because of the irreducibility. Each of Oé and 9,91

(= o—l) is contained in H, which is reducible to diagonal form;
oo 0

here
X e2kﬂi _A(e%ﬂl + —Aﬂl)
%0 7 0 L-2ATd '
e MWL | g _pe7HT™
70%1 T|_pgami o~ )i

2ATi —-2Ami
e ’

If the eigenvalues of 0, are distinct, that is e #

-ATi

2
0
then we have -Be = 0,

which contradicts our assumption.
Hence, A 1s either an integer or a half integer, and similarly
B is either an integer or a half integer. This proof is due to
T. Kimural[l5}].

We shall note that there is no transcendental liouvillian
solution if our egquation has a logarithmic singularity under the
assumption that it is irreducible. There is no algebraic solu-

tion. Suppose that x = 0 is a logarithmic singular point. Then
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there is a fundamental system of solutions Yl' Y2 such that
OgYi/Yi is a constant for each i. This contradicts our assump-
tion that x = 0 is a logarithmic singular point. Our statement

holds for an egquation which is not Fuchsian.
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Note. Bessel's equation.

Consider Bessel's equation:

dy 2 _ 2 _
X-——Z-'FX&'{"(X \))y—O,

A solution is given by Bessel's functi

_ _1\ K 1 X\ n
v® = 1D s T meen (2

v e C.

on:

+2k

unless v is a negative integer. If v is not an integer a funda-

mental system of solutions is given by Jv(x) and J_V(x).

= 0 we have a solution of the form:

Jy (%) +log x + ) -kt L
k=1 (k1)

2(l +

1
5+

e« o +,}]E',)(

§)2k
5 .

For v

If v is a positive integer n then by the recurrence formula:

dyh

(x) =y, (x) - ="

Y dx

n+1
we have a solution of the form:
Jn(x)'log X + @n(x),

where @n(x) is defined inductively by

1 d®n
q)n+l(X) = ;[I’l@n(X) - Jn(X)] - 'd—x

.

Thus a logarithmic singularity appears if and only if v is an

integer. Let us set Y = Vxy. Then we have

2
g_%.;-[l_
dx

1
2
X

2

(v - %)]Y = 0.

The logarithmic derivative V = Y'/Y satisfies

av 2 1,2 1.
a§+v +l-;2(\)—'@)—0.
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If we set

2
2 42 4 2t - 208 +(f - VAP = 0.
dat
The coefficient ¢, of P(t) = ) cktk is determined by
k=0
. _ 1 _ 1
2ikey, = (k = 5 + V) (k = 5 = Vi 4

Hence, P(t) is a polynomial of t if and only if v is a half in-
teger. In this case V is a rational function of x and our equa-
tion is reducible. Conversely let us suppose that V is a ratio-

nal function of x. Then it takes the form:

n ej
V(x) = e_ +‘2 T o Cy = 0, c7 e C
3=0 J
and we have
e2 = -1 e, =1 3 # 0 e, = L, v
[ee] 4 j ’ ’ O 2 - )

Let us multiply each term in Riccati's eguation for V by x2 and

set x = », Then we obtain

]
I
o

Therefore, v is a half integer if our equation is reducible.
We shall show that there is no algebraic solution. First sup-

pose that v is a half integer. Then every solution is expressed

-107-



in the form

ix

X4 g(x)e —°, f, g € C(x).

Y(x) = f(x)e’
If Y(x) would be algebraic then e™™ would be so. It is impos-

¥ is a transcendental function of x. Secondly

sible, since ei
suppose that VvV is not a half integer. Then if our equation
would have an algebraic solution Jv(X)J—v(x) would be an alge-
braic function of x, since our equation is irreducible over € (x).
However, it is impossible because this function is an integral
one which is not a polynomial. We shall prove that v is a half

integer if our equation has a liouvillian solution. There is a

rational function a(x) which satisfies the differential equation:

a" = 3aa' + s' - 2as - a3,
where
_, 1,21
X
It takes the form
n ej
a=) , c. = 0, c. € C
. - . 0
j=0x Cj ]
Here, we have
ej = -1, -2, i # 0, ey = -1, =1+2v.

Let us multiply each term in our differential equation for a by

It
8

Then we obtain

x and set x

and hence
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n
-1+2v+)e.=0,
j=1

because e, can not be equal to -1. Therefore, v is either an
integer or a half integer. The former is impossible, since a
logarithmic singularity appears in this case. This epoch-making

theorem is due to Liouville({291, ([30], [311.

Michihiko Matsuda
Department of Mathematics
Kyoto Sangyo University
Kamigamo, Kyoto 603, Japan
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