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  On the homotopy types of the groups of equivariant diffeomorphisms 

                           By  Kojun Abe, 

r 3.20 TAff 
50. Introduction 

    The purpose of this paper is to study the homotopy type of the 

group of the equivariant diffeomorphisms of a closed connected smooth 

G-manifold M, when G is a compact Lie group and the orbit space M/G 

is homeomorphic to a unit interval [0,1]. 

    Let DiffG(M)0denote the group of equivariant C diffeomorphisms 

of the G-manifold M which are G-isotopic to the identity, endowed 

with C topology- If M/G is homeomorphic to [0,1], then M has two 

or three orbit types G/H, G/K0 and G/K1. We can choose the isotropy 

subgroups H, K0, K1 satisfying H C K0r,K1. Moreover the G-manifold 

structure of M is determined by an element n of a factor group N(H)/H, 

where N(H) is the normalizer of H in G (see 51). Let S2(N(H)/H; 

(N (H)rN (K0)) /H,(N (H)r,N (nK1n-1) /H)0denote the connected component 

of the identity of the space of paths a: [0,1] N(H)/H  satisfying 

a(0) e (N(H)r,N(K0) )/H and a(1) E (N(H),,N(nK1n-1))/H. 

     Theorem. DiffG(M)0has the same homotopy type_ as the path space 

Q (N (H) /H; (N (H)r,N (KO)) /H~(N (H)nN (nK1n-1)) /H) 0. 

    The paper is organized as follows. In §1, we study the G-manifol~ 

structure of M and give a differentiable structure of M/G such that 

the functional structure of M/G is induced from that of M. This 

differentiable structure is important to study the structure of 

Diffc(M)0.In §2,we define a group homomorphism P: DiffG(M)0 
Diff[0,1]0and prove that P is a continuous homomorphism between 

topological groups. In 53, we prove that there exists a global 
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     §1.  G-manifold structure of M and the functional structure of M/G . 

     In this paper we assume that all manifolds and all actions are 

differentiable of class C. 

     In this section we study the G-manifold structure of M. First 

we see that it is sufficient for us to consider n=1 (see Lemma 1.1). 

Next we give a differentiable structure of M/G such that the functional 

structure of M/G is induced from that of M (see Lemma 1.2). 

     Let M be a closed connected smooth G-manifold such that M/G is 

homeomorphic to [0,1]. We denote this homeomorphism by f. Let 

TT: NM/G be the natural projection.Put M0= (f(,7)-1([0,1/2] ) 

and M1 = (f°7) -1 ([1/2, 1]) . Let xi be a point of M with f (Tr (xi)) =i 

for i = 0,1. Then M. is a G-invariant closed tubular neighborhood 

of the orbit G(xi) (c,f. G. Bredon [3, Chapter VI,§6]). Moreover 

M is equivariantly diffeomorphic to a union of the G-manifolds M0 and M1 

such that their boundaries are identified under a G-diffeomorphism 

    9M0--s-DM1. Let Vi be a normal vector space of G(xi) at xi and 

Ki be the isotropy subgroup of xi for i = 0,1. Then V. is a represen-

tation space of Ki. From the differentiable slice theorem, Mi is 

equivariantly diffeomorphic to a smooth G-bundle GxK D(Vi) which is 

associated to the principal K.
1bundleGG/Ki,where D(Vi) is 

                                                                          a unit disc in V. 
                      i 

    Let H be a principal isotropy subgroup of the G-manifold M. 

We can assume that H is a subgroup of KOnK1. Let eiES(Vi) be a point 

such that the isotropy subgroup of ei is H for i = 0,1, where S(Vi) 

is a unit sphere in V. There exists a G-diffeomorphism hi: G/H ---9 

G xKS (Vi) given by hi (gH) = [g,ei1 , i= 0, 1. Then we have a G- 

     i diffeomorphism
hl-1                                                               h 
                 n" : G/H0~GxK S(V0)=aM0 9M1 = GxK S (V1) G/H. 

   01 
Since any G-map G/H --+ G/H is given by a right translation of an element 
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 of.  N(H)/H,  n" defines an element n E N (H) /H. 

     Put x' = n•xi. Then the isotropy subgroup K' of x' is fK
11-1-1. 

Let Vi be a normal vector space of the orbitG(xi)=G(x i)at xi. 
Put e'1 (dn)x(e1)ES(V1). There exists a G-diffeomorphism u: GxKD(V1) 

 1 _l1 
    GxK,D(V1) given by u([g,v]) = [9n,n•v].Then (uon') ([g,e0]) 

      1 
= u ((gn, e

1)) = [g, el] for [g,v] €G< S (V0) . Therefore M is equi-
                                  0 variantly diffeomorphic to a union of the G-bundles Gx

K D(V0) and 0 

GxK,D(V1) such that their boundaries are identified under a G- 
   1 

diffeomorphism uon'. Now we have: 

     Lemma 1.1. Let M be a closed connected smooth G-manifold such that 

M/G is homeomorphic to [0,1]. Then M has two or three orbit types 

G/H, G/KO and G/K1 with H C K0nK1, and there exist representation 

spaces Vi, i= 0,1, of Ki such that M is equivariantly diffeomorphic 

to a union of G-bundles GxK D(VO) and GxKD(V1) with their boundaries 
     01 

identified under a G-diffeomorphism n: GxK S(V0) GxK S(V1). 
         01 

Moreover we may assume that n([g,e0]) = [g,e1], where ei is a point 

of S(Vi) such that the isotropy subgroup of ei is H for i = 0,1. 

     Hereafter we shall assume that M is a G-manifold as in Lemma 1.1. 

Let F,: [0,1) —4 R be a smooth function such that 

E(r) = r2 for 0SrS1/2, 

F,' (r) >0 for 0<rsl and 

F, (r) = r - 1/2 for 7/8<r<_1. 

Let 6: M = GxK D(VO)nGxxD(V1)-4[0,1] be a map given by 
   01 

6 ([9,v]) = for [g,v] E GxK DCVO), 

0 
6 ([g,v]) = 1 C(111.710 for [g,v] E GxK D(V1) . 

                                                       1 Since 6 is a G-map, there exists a map (P: M/G —4 [0,1] such that 

(p.n = 8. It is easy to pee that ¢ is a homeomorphism. We give 

a differentiable structure of M/G by 4). 

    Lemma 1.2. In the above situation, we have 
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     (1)  0 is a smooth map, 

     (2) there exists a G-diffeomorphism a:  0-1((0,1)) -p G/H x (0,1) 

 such that 0oa-1 is the projection on the second factor, and 

     (3) f: M/G R is smooth if and only if four: M — R is smooth. 

Proof. (1) Let ai: GxK (D(V1)-0) G/H x (0,1] be a map given 

by ai([g,rei]) _ (gH,r) for gEG and rE(0,1] (i=0,1). Then it is 

 easy to see that ai is a G-diffeomorphism.Since aloe = a0 on 

GxKS (VO),the composition S: 6-1((0,1)) = Gx
K(D (VO) -0)\../GxK(D (V1) -0)            0K1 

a1
G/H x (0,1]\)1 x1G/H x (0,1] = G/H x (0,2) is a G-diffeomorphism. 

G/H 
Note that 

                            (r)for 0<r<1, 
             (0os-1) (gH,r) 

1 - F(2-r) for 15_.r<2. 
  -1month_1 

Thus 0°Ris a smooth map, and 0 is a map on 0((0,1)). From 

the definition, 0 is a smooth map on 0-1(r) for r1/2. Therefore 

0 is a smooth map. 

     (2) Let 0: (0,2) (0,1) be a smooth map given by 

C (r) for 0<r<_1,                     5
(r) = 

1 - C(2-r) for 15_r<2. 

Since 0'(r)>0 for 0<r<2, 0 is a diffeomorphism. Let a: 0-1((0,1)) 

--~ G/H x (0 ,1) be a G-di f f eomorphi sm given by a = (1, 0) o 0 . Then 

 (0oa-1)(gH,r) = (0os-1)(gH,0-1(r)) =r, and 0oa-1 is the projection 

on the second factor. 

     (3) Let f: M/G -p R be a function such that fog: M -a R is smooth. 

We shall prove thatfaP-1: [0,1] — R is smooth. Since 

     (foTroa-1) (gH,r) _ (fo~-lo 0oa-1) (gH,r) = (fog) (r) for 0<r<1, 
fo-1 is smooth on (0,1). Let i 0:D1/2(V0) = tvED (V0) ; Ilvl1 51/2 
   GxKD(V0) be an inclusion given by i0(v) = [1,v). Note that 

      0 
(0oi0) (v) = 11v112 for vED1/2 (V0) . By Corollary 5.3 of G. Bredon 

[3, Chapter VI,§5], foci)-1b                              is smooth if and only if (fo-1)o(0ai0) is 
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smooth. Since  (foci)-1)o(6oi0) = foTroi0, which is smooth, then foci) 

is smooth on [0,1/4]. Similarly we can prove that foci)-1 is smooth 

on [3/4,1] . Since (focP-1) (r) = (fob10 boa-1) (1H,r) = (foTroa-1) (1H,r) 

for 0<r<1, fo-1                ~ is smooth on (0,1). This completes the proof of 

Lemma 1.2. 

    Remark 1.3. Lemma 1.2 is essentially proved by G. Bredon [3, 

Chapter VI, §5], and (3) implies that the functional structure of 

M/G is induced from that of M.
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     §2. On the group homomorphism  P_ 

    In this section we shall define a group homomorphism P: DiffG(M)0 

   Diff [0,1]0, and we shall prove P is continuous. 

    We shall identify the orbit space M/G with [0,1] by the homeomor-

phism 0 in §1, therefore the projection fl: M — M/G is identified with 

the smooth map 0: M -? [0,1]. Let h: M M be a G-diffeomorphism 

of M which is G-isotopic to the identity 1M, and let f: [0,1] --> 

[0,1] be the orbit map of h. Since four = Groh is a smooth map, f is 

a smooth map by Lemma 1.2 (3). Similarly the inverse map f-1 of f 

is smooth, and f is a diffeomorphism. Then there exists an abstract 

group homomorphism P: Diffc(M)0-~Diff [0,1] which is given by P(h) 

= f , where Diff [0,1] is the group of C diffeomorphism of [0,1], 

endowed with C topology. 

    Proposition 2.1. P: DiffG(M)0--~Diff[0,1] is a continuous 

homomorphism of topological groups. 

     Let C (M1,M2) denote the set of all smooth maps from a compact 

smooth manifold M1to a smooth manifold M2, endowed with C topology. 

Before the proof of Proposition 2.1 , we begin with some lemmas. 

Lemma 2.2. Let Mi be a compact smooth manifold and Ni be a 

smooth manifold for i =1,2. Then we have 

    (1) Let 0: N1 N2 be a smooth map, and let 4*: C (M1,N1) — 

C(M1,N2) be a map which is given by 0*(f) _ 4of. Then 0* is continuous. 

     (2) Let 0: M1 --> M2 be a smooth map, and let 0*: C(N2,N1) —~ 

C(M1,N1) be a map which is given by 0*(f) =foci). Then 0* is continuous. 

    (3) Let 0: M1 N2 be a smooth map and let cb4 : C (41,N1) —~ 

C(M1,N1xN2) be a map which is given by 01(f) _ (f,q).: Then 01 is 

continuous. 
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     (4) Let  cp: M2 --p N2 be a smooth map and let (pi: C (M1,N1) -4 

C (MixM2,NixN2) be a map given by cpl(f) =fx(1) . Then cPiis continuous. 

     (5) Let K: C (M1,N1) x C (MN2) - C (M1,N1xN2) be a map given 

 by K (f,g) ('x) _= (f (x) ,g (x)) for xEMi. Then K is continuous. 

     (6) Let L be a smooth manifold. Let comp: C(M1,N1) x C(N1,L) 

-~ C (M
1,L) be a map given by comp(f,g) =gof. Then comp is continuous 

     Proof. (1) and (2) are proved by R. Abraham [2, Theorem 11.2 and 

 11.3]. It is easy to see (3), (4) and (5). From J. Cerf [4, 

Chapter,I, §4, Proposition 5], (6) follows. 

     Lemma 2.3. Let X be a topological space. Let M be a compact 

 smooth manifold and N be a smooth manifold. Choose an open covering 

 tUi} of M such that each closure U. of Ui is a regular submanifold 
 of M which is contained in a coordinate neighborhood of M. Then 

 a map `Y: X -4 C (M,N) is continuous if and only if each composition 

3i 
Ti: X C (M,N) —? C (Ui,N) is continuous for each i, whereji: 

Uiy M is an inclusion. 

       Proof. From Lemma 2.2 (2), if `Y is continuous, then Ti is 

 continuous for each i. We can choose {U.as a coordinate covering 

 of M. Let {Vx} be a coordinate covering of N. Let f E Cm (M,N) and 

K C Ui be a compact . subset such that f (K) C VX for some X. Nr ( f , Ui, VX , 

 K,c) (r= 0,1,2,..., 0<Eoo) denoteisthe set of Cr maps g: M N such 

 that g(K) CV,, and H Dkf(x) -Dkg(x) <E for any xEK, k= 0,1,2,...,r. 

 Then the Cm topology on Cm(M,N) is generated by these sets.Nr(f, 

Ui,VA,K,c) (see M. Hirsch [6 , Chapter 2, §1]). 

     Let xEX and let f ='Y(x). For any open neighborhood W of f, there 

                             r exist above sets Nk = Nk(f,Ui,V,Kk,Ek), k=1,2,...,n, such that 
         k k _ 

n k=1 Nk CW. Note that jt : C (M,N)-pC (U.,N) is an open map ik1 

and (ji )-1(j* (NO) = Nk. Since Ti is continuous, T-1 (Nk)_iii( 
 kkk 

ji(NO) is an open neighborhood of x in X, for each k. Then(1k=1 
  k - 8 -



 ̀ Y-1  (N
k) is an open neighborhood of x in X. Since 'Y (n k=1'Y-1 (Nk)) 

 k=1NkCW, T is continuous at x. This completes the proof of n 

Lemma 2.3. 

     Remark. Lemma 2.2 and Lemma 2.3 are hold in the cases of 

manifolds with corneres. 

    Let Ce([-1/2,1/2], R) denote the set of all smooth functions 
f: [-1/2,1/2] —4 R satistying f(-x) =f(x)  , endowed with Cc° topology- 

Let T: Ce([-1/2,1/2], R) --> 0([0,1/4], R) denote a map defined 
by T(f) (x) = f (/ ) . Then we have 

     Lemma 2.4. The above map T is well defined and continuous. 

    Proof. Put f = T (f) for each f E C
e •([-1/2, 1/2] , R) . Since f is a 

C even function, we have the Taylor expansion 

     f(x) = f(0) + (f" (0)/2)x2+... + (f•(2n-2) (0)/(2n-2)!)x2n-2 

                              + (I~((1-t)2n-1/ (2n-1) !)f(2n) (tx) dt) x2n 
for -1/2_<x<-1/2, n=1,2,... . Thus we have 

     f(x) = f(0) + (f" (0)/2)x+...+ (f•(2n-2) (0)/(2n-2)!)xn-1 

                          + (I'((1-t)2n-1/ (2n-1) !) f(2n)(ta) dt) xn 

for 0<_x5_1/4. By the composite mapping formula, we can compute 

the n-th derivative 

    Dn(f(2n) (t,)xn) 

       E
p=0Eq=0Ei+_..i=pB(p,i1,...,iq)f(2n+q)(t167)xq/2tq,         1 q 

i1>0,..., q>0 

where B (p, i1, ... , i
q) is a real number. Put fi = T (fi) for fi E Ce( 

[-1/2,1/2], R) (i=1,2). Then there exists a positive number An 

such that 

sup 0<x1/4 I Dnf1 (x) - Dnf2 (x) 

< A• max(supI Dqf(x) - Dqf(x) I )           n05q<_3n-1/2_<x<_1/212 
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for each  n  =  1,2,... . Note that 

sup 0<x51/4 f1 (x) - f2 (x) 1 = sup -1/2<_x5.1/2 I fl (x) - f2(x) I . 

Therefore T is a continuous map, and this completes the proof of 

Lemma 2.4. 

     Proof of Proposition 2.1. Let J denote a closed interval [0,1/4], 

 [1/5,4/5] or [3/4,1]. By Lemma 2.3, it is sufficient to show 

that the composition PJ: Diff(M) 0 - P-~ Diffc°[0,1] 3--> Cc°(J, [0,1] ) 

is continuous, where j: J y[0,1] is an inclusion map. 

     We shall first consider the case J= [0,1/4]. Let 1:[-1/2,1/2] 

    [0,1/4] be a map given by 1(x) =x2.Let 1: [-1/2,1/2] GxKDCVO)                                                               0 

C-->M be a map given by 1(r) = [l,re0], where e0 is a point of S(V0) 

• as in §1. Then Troi =1. Let P denote the composition DiffG(M)0 
; C ([ -1/2 ,1/2],M) › C°.'([-1/2, 1/2] , [0, 1]) .Then PJ (h) = Troho 

= P (h) 0 1 = l *P (h) for he Diff
G(M)0,and the image of PJis contained 

in Ce([-1/2,1/2], R). Note that PJ = T°PJ.Combining Lemma 2.2 

and Lemma 2.4, P is continuous. 

     Next consider the case J= [1/5,4/5]. By Lemma 1.2, there is 

a G-diffeomorphism a: Tr-1([1,5,4/5]) G/H x [1/5,4/5] . Let is 

Tr-1 ([1/5, 4/5]) C M be the inclusion map and let k: [1/5,4/5] --~ 

G/H x [1/5,4/5] be a map given by k(r) = (1H,r). Then PJ is the 

composition 

DiffG(M) 0 (1`a-1.k) *)C([1/5,4/5] , M)--*)C([1/5,4/5] , [0,1] ) 
which is continuous by Lemma 2.2. 

    We can prove that PJ is continuous in the case J= [3/4,1] similarly 

as in the case J= [0,1/4], and this completes the proof of Proposition 2. 

                                    - 10 -
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     §3. A continuous global section of  P_ 

    In §2 we have proved that P: DiffG(M)0 --> Diffm[0,1] is continuous. 
Thus the image of P is contained in the connected component Diffw[0,1]0 

of the identity. In this section we shall construct a continuous 

global section of P: Diffm(M)0-4 Diffm [0, 1] 0. 
    Let f be an element of Diff[0,1]0_We shall define a map 

'Y (f) : M --> M as follows: Y' (f) is defined on 7-1 ((0 ,1)) by the 
                                                                          -1 

composition 7-1 ((0,1)) G/H x (0,1) (l,f)) G/H x (0,1) C-1--->  7-1((0,1)) , 

and W(f) = 1 on 7-1(0)U~r-1(1) . 

    Proposition 3.1. P(f) is a G-diffeomorphism of M. 

     In order to prove Proposition 3.1, we need the following lemma 

and notations. 

    Lemma 3.2. Let 'fl:Differ[0,1]0—;Diffm (Dn) be a map defined by 

{(4(11v112) /11v11 )v for v 0, 'Y
1 (f) (v) = 0f

or v=0, 

                                                                   where Dn denotes an n-dimensional unit disc. Then Y'1is a well 

defined and continuous map. 

    Notations 3.3. For i= 0,1, we shall use the following notations: 

7i: G G/K
ithe natural projection, 

Ui an open disc neighborhood of 1K1 in G/Ki, 

a.: U. —~ G a smooth local cross section of •T., 

ai
,a: aUi --> G (aEG) a smooth local cross section of 7i defined 

                        by a.                                 l
, a (x) = a. o . (a-1X) 

Put M
i=GxD (Vi) and M. (r) =Gx D (V.),where D (V.) is a closed r-disc    K.1Kir 1r 1 

in Vi (0<r�1). 

piM.-iG/K.,pi ,r: Mir)—~G/Ki the bundle projections, 
(I)ia'p1 (aUi).—jUi x D (Vi) (aEG) a chart of pi over aUi defined 

                                    - 11 -



by  (1)i
,a  ([g,v]) = (a. (g) , ((ai a°7i) (g))-lg-v) , 

72:G--~G/H the natural projection, 

U2 an open disc neighborhood of 1H in G/H, 

a2:U2-4Ga smooth local cross section of 72. 

    Proof of Proposition 3.1. Put h ='Y(f). We shall first prove 

that h is smooth on 7-1(0). Since f(0)=0, there exists a real 

number c such that 0<E5_1/2 and f(c2)K_1/4. Then h(7-1([0,E2]) 
 -1 

7 ([0,1/4] ), and h (M0(0)(1 Mo(1/2).For [g,re0] E GxKD E(V0-0)(0<r<c) , 

                                                   0 h([g,

//re0]) _ (a-la (l,f)oa) ([g,re0]) _ (a-10(1,f)) (gH,r2) =a-1(gH,f (r2) ) =[g,Jf (r2) e0] . Then,for [g,v] E GxKD (VO-0) , h([g,v]) _ [g,^f(11\7112)/II\71l 
                                   0 v] = [g,T1 (f) (v)]. Since h ([g, 0]) _ {g,0], h([g,v]) = [g,N'1 (f) (v) ] 

for any [g,v]EM0(E). Then the composition 
                                                   -1 

               h: U0x DE(V~)~0'a-----------------)>p0,E1(aU0) 
h > p

0,1/2(aU0) 
O,a > U

0 x D1/2 (V0) 

             N is given byh (x,v) = (x,`Y1 (f) (v)) for aEG. Since Y'1(f) is a smooth 

map by Lemma 3.2, h is smooth on 7-1(0). Similarly we can prove 

that h is smooth on 7-l(1). Since h is smooth on n-1((0,1)) by the 

definition, h is a smooth map. Since h-1= '1' (f-1) , h-1 is also a smooth 

map. Thus h is a G-diffeomorphism of M, and this completes the 

proof of Proposition 3.1. 

     In order to prove Lemma 3.2, we need the following assertion. 

    Assertion 3.4. Let (1): Diff [0,1]0 —> C ([0,1],R) be a map given by 

                                   -(  for x* 0, (f) (x) 
                       {if(x)/x                                    /f' (0)for x 0. 

Then is a well defined continuous map. 

    Proof. For f EDiff[0,1]0,we have the Taylor expansion 

                                    - 12 -



 f(x) = f' (0) x + x2S0(1-t) f "(tx) dt for 0-<xsl. 
Put F(x) =f' (0) + xSl 

                      0(1-t)f(tx) dt for 0<x<1.Then 4) (f) _ ~. 

Note that F(x)>0 for 0<_x<_1. It is easy to see that 0 is continuous. 

     Proof of Lemma 3.2. Let N: Dn [0,1] be a map given by N(v) 

II v112-  Let i: Dn( Rn be the inclusion and let 1J:  RxRn --~ Rn be 
                                      v ) 

the scalar multiplication. Since`Y1 (f)-                                       0 (f) (HvII 2)v, 4'1 (f) is a 

smooth map by Assertion 3.4.Since `Y1 (f-1) =4'1 (f)-1,4'1 (f)-1is 

also a smooth map. Thus Y'1(f) is a diffeomorphism of Dn. Note that 
             * i 

Y1 is the composition Diff00[0,1]o~([0,1],R)N~C=(Dn,R)---> 

   nnp* 00 n n C(D
,RXR)> C(D ,R ). Combining Assertion 3.4 and Lemma 2.2, 

`Y is continuous . This completes the proof of Lemma 3.2. 

     Proposition 3.5. 'Y: Diff(m[0,l]0 — DiffG(M) is continuous. 

    Proof.LetBiUibeacloseddiscneighborhoodof1KiinG/Ki 

for i= 0,1. Let B2CU2 be a closed disc neighborhood of 1H in G/H. 

We can choose {int(p01E(aB0)),int(p-1E(aBl)), int(a-1(aB2x[E/2,1-E/2]) 
; aEG/ as an open covering of M for 0<E<1/2. Put W ={fEDiff[0,1]0 
; f ([0,E2]) C [0,1/4) , f([1-E,l])C(3/4,1] 1. Then W is an open 
neighborhood of the identity in Diff [0,1]0. Since 4' is a homomorphism 

as an abstract group, it is enough to show that 4' is continuous 

on W. Let C denote one of the sets p01
E(aB0), p11E(aBl) or 

a-1(aB2x[E/2,1-E/2]) for a G. If we can prove that the composition 

     :W-DiffG(M)0ipC(C,M) 4'C 

is continuous for each C, then 'Y is continuous on W by Lemma 2.3, 

where is CL M is an inclusion map. 
                                                 -1 

    First consider in the case C = p0 , E(aB0) .4'(f) (C) is contained 

in p011/2(aU04') for each fEW. Note that(f) ([g,v]) = [g,'Y1 (f) (v) ] 

for [g,v]EC and O
,a0P (f )° (Oa) (x,v) = (x,4'1 (f) (v) ) for (x,v) E Box 

D
E(V0). Thus4'C is given by the composition 
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                 W  T1 >  C  (D (V0),P (V0) ) 

3i 
                      —=~ C (B

0xDE(V0),U0xD (V0) ) 
                       0'aco ---------> C(C

, U0xD(V0) ) 

                      (k°'r0
,a1)* ------------------- C (C ,M) , 

where j: B0C''U0and k: p01(aU0)CM are inclusions. Combining 

Lemma 3.2 and Lemma 2.2, Y is continuous. 

    Now consider the case C=a-1(B0x[e/2,1-c/2]). 'Y is given 

by the composition 

                   W  l*> C([c/2,1-c/2], (0,1)) 

> C (B0x [c/2, 1-e/2] , G/Hx (0, 1) ) 

a* > C (C
, G/Hx (0, 1) ) 

                                   -1 
(koa ) *> C°° (C

,M) 

where t: [e/2,1-c/2]C[0,1]. j: B0C G/H and k: 7-1((0,1))C-)M are 

inclusion maps. By Lemma 2.2, `YC is continuous. 

    We can prove that 'YC is continuous in the case C = pll'e (aBl) 

similarly as in the case C = p0l
e(aB0), and this completes the proof 

of Proposition 3.5. 

     By Proposition 3.5, P: DiffG(M)0—+Diff[0,1]0is a globally 

trivial fibration. Then we have 

    Corollary 3.6. DiffG (M) 0 is homeomorphic to Diff [ 0, 1] 0 x Ker P
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    §4. On the group  Ker  P. 

    In this section we shall define a group homomorphism L: Ker P 

—4 Q , where Q is a subgroup of Cm( [0,1], N(H)/H), and we shall prove that 

L is a group monomorphism between topological groups (see Lemma 4.5 

and Proposition 4.6). 

    Let h be an element of Ker P . Let h be the composition 
                        -1 

G/H x (0,1)a> Tr-1((0,1) )Tr-1((0,1) ) G/H x (0,1) . 

Then h is a level preserving G-diffeomorphism. Let a: (0,1) —p 

N(H)/H be a smooth map satisfying h(gH,r) _ (ga(r),r) for (gH,r)E 

G/H x (0,1) . 

    Proposition 4.1. With the above notations, there exists a smooth 

map a: [0,1] N(H)/H such that 

    (1) a =a on (0,1) , 

    (2)a(i) E (N(H)r N(Ki))/H for i=0,1. 

    To prove Proposition 3.1, we need the following lemma. 

    Lemma 4.2. Let G be a compact Lie group. Let K and N be 

closed subgroups of G. Let Tr: G --* G/K be the natural projection. 

Then there exists a smooth local section a of Tr, which is defined on an 

open neighborhood U of 1K, such that a (1K) = 1 and a (x)EN for x E Tr (N)nU. 

Proof . Let Trl : N —> N/ (N n K) be a natural projection. Let 

is NyG be the inclusion and let I: N/ (Nn K) G/K be a map 

satisfying Tro i = Io Trl. Since I (N/ (N n K)) = Tr (N) is an orbit of the 

natural action N x G/K G/K, I is an imbedding. Let U be a disc 

neighborhood around Tr (1) in G/K and let U1 be a disc neighborhood 

around Tr1(1) in N/(N n K). ,Since I is an imbedding, we can assume 

I(U1) =UnI(N/(NnK)) =UriTr(N).Let al: U1 --> N be a smooth local 

section of Trl satisfying al (Tr (1)) = 1. Then al^I-1 is a smooth section 
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defined on  I(U1). We can extend o
1oI-1 to a smooth local section 

defined on U. Then o (n (1)) =1 and o (U n 7 (N)) C N. This completes 

the proof of Lemma 4.2. 

    Lemma 4.3. Let G be a compact connected Lie group. Let V be 

a representation of G such that G acts transitively and effectively 

on a unit sphere S(V) of V_ Let H be the isotropy subgroup of a 

point of S(V). Then we have the following list:

 G  SO (n) (n>3) SU(n) (n>2) U (n) (n_>1) Sp(n) (n_>1) Sp (n) xzS3 (n1)
2

H SO(n-1) SU (n-1) U (n-1) Sp (n-1) Hl

N(H)/H Z2 U (1) U (1) Sp (1) Z2

where H1 = {[ (q,A) ,q-1] E Sp (n) xZ
2S3; (q,A) e Sp (1) xSp (n-1) C. Sp (n)and 

H2 =[[(z,A) , z-1]ESp(n) xz Sl; (z,A) E SixSp(n-1) CSp (n)} 

2 Proof. It is known that G and H are the above Lie groups (c.f. 

W. C. Hsiang and W. Y. Hsiang [7, §1]). We can determine the Lie group 

N(H)/H by an immediate calculation except for G = G2, Spin(7), Spin(9). 

For the cases G = G2' Spin (7) , Spin (9) , we can determine N (H) /H by 

using I. Yokota's definitions of these Lie groups in [9, Chapter 5]. 

    Lemma 4.4. (1) Let F: [-1,1] R be a smooth function such 

that F (0) = 0. Put f (x) = F (x) /x for x 0 and f (x) = F' (0) for x = 0. 

Then f: [-1,1] R is a well defined smooth function. 

    (2) Put CO([-1,1],R) =[FEC([-1,1],R); F(0) =01, 
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endowed with  C  topology_ Let 4): C0 ([-1,1] ,R) C (1.-1,1],R) 

be a map given by 4) (F) (x) = f (x) . Then 4) is continuous. 

Proof. For F E CO ([-1, 1] ,R) , we have 0 (F) (x) = f (x) = F' (0) + 

xS-(1-t)F" ( tx) dt.Then the n-th derivative f (n) (x) = xS1(1-t) 
tnF (n+2) (tx) dt +nSo (1-t) to-1F (n+l) (tx) dt. Thus there exists 
a positive number A such that 114 (F) II n i A I I F I I n+2 and Lemma 4. 4 follows. 

     Proof of Proposition 4.1. Let E (0<ESl/2) be a real number. 

Let W. and U. be open neighborhoods of 1K., satisfying 

for i = 0,1. Put O = [hEKer P ; h(p-1 (W.)) Cp71 (U. ) for i = 0,1}. 
1,E 1 1,E 1 

Then 0 is an open neighborhood of the identity in KerP. By Corollary 

3.6, KerP is connected, and 0 generates the topological group KerP . 

Thus we can assume hEO. 

    Let h be the composition 
-1 

     W0xDE(V0) (4)0,1)>p~lE(W0)p0lE(U0) 0, 1~U0x DE(VO) . 
Letpl: U0 x DE (V0) U0 and p2: U0 x DE (V0) DE(V0) be projections on 

the first factor and the second factor, respectively. Let is [-E,E] 

—~ W
05<DE(V0) be an imbedding given by i(r) = (1K0,re0) . Then the 

compositions 11'1=131011'0i: [-E,E] U0 and h2 = p2:hoi: [-E,E] --~ 

D
E(V0) are smooth maps. Let7o' G/H--;G/KO be the natural projection. 

Note that 

              (ache011)(1KO,reO) = (aoh)([l,re0]) 

= (hoa) ([l ,re0] ) 

                                     = h(1H,r2) 

= (a(r2) ,r2) for IrI<_E, r#0. 

Then 

              h(1K0,re0) = (4)01oa-1) (a(r2),r2) 

= (70 (a (r2)) , (6000) (a (r2)) -1• a (r2) • re0) , 

and 
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                 h1(r) _ n0(a(r2)), 

                   2(r) = (a00Tr                                o0) (a(r2))-1•a(r2) •re0, 
for  Irl<E, r* 0. 

     Here we can assume that oo(1K0) = 1 and 60(Tro(N (H) ) n Uo) C N (H) 

by Lemma 4. 2. Let b: [-E, E] —? G be a smooth map given by b (r) = 

06;1(r)).  Then b(r) = oo(Tro(a (r2)) E o0(70(N (H))n U0) , and b (r) E 
N (H) for r 4 O. Since b is a smooth map, b (r) E N (H) for r = 0. 

For [1,0)E7-1(0) , we have h ([1,0] ) = (h.X011) (1K0,0) = (011) (i (0) ) 

=
0,1(h1(0)-1     , 0) = [b (0) , 0] . Note that p0 is a G-diffeomorphism on 

the zero section of p0 and h(Tr-1(0)) =Tr-1(0). Then the composition 

p0o hop-01G/KO--pG/KOis a G-diffeomorphism,and (pohopI) (1K0) = 

(pooh) ([1,0]) =p0([b(0),0])=b(0)K0.Thus b(0) E N(K0) , and 

b (0) E N (H) n N (KO) . 

     Put J = [-c, 0)`/(0, c] . Let c: J -› N (H) /H be a smooth map 

                                                                             - given by c(r) =b(r)-1•a(r2). Since Tro(c(r)) =ir0(o0(70(a(r2))-1_ 

a (r2)) = 1K0,then c (r)EKo/H. Thus c (r) E N (H,KO) /H for rEJ. 

Since Ker P is connected, the maps a,b and c are homotopic to the 

constant maps. Note that the identity- component (N(H,K0)/H)0 of 

N(H,K0)/H is contained in (N(H,K0)r,K°0)•H./H, and there exists an 

isomorphism (N (H,Ko)nK0)•H /H ti (N (H,Ko)n00) / (HnK°0) as a Lie group, 
where Ko is the identity component of Ko. Then there exists a 

smooth map e: J ~ ~ (N(H,KO)/H) L, (N(H,KO)nK0)•H /H N (N(H,KO)nK0°)/(HnK0°) 
C~ N(HnK~,K~)/(HnKo). Now we shall prove that c can be extended 
to a smooth map on [-c,E], and so is c. 

    Note that K0acts transitively on the unit sphere S(V0) of V0. 

If dim S(V0)  = 0, then K0/H = Z2and N (H,K0) /H = Z2. In this case 

e is a trivial map, and it is clear that c can be extended to a smooth 

map on [-c,c]. Now we assume dim S(V0) > 0. Since S(V0) is connected, 

Ko acts transitively on S(V0) and Ko/(KonH) is diffeomorphic to S(V0). 
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Put  D =(\gEK0 g (K°^H) g-1 which is the kernel of the action K° X S (V0) 
                     _ -~S(V0). PutK0= KD/D andH= (HnK°)/D. Then K0 acts transitively 

and effectively on S(V0) and K0/H is diffeomorphic to S(V0). Put 

No=N(H,K0)/H which is isomorphic to N(HnK0, Kp)/(HnKp) as a Lie 

group. The pair (K0, N0) is one of pairs (G, N(H)/H) in the list 

of Lemma 4.3. Now we shall prove that c can be extended to a smooth 

map on [-ESE]• If N0 = Z2, this is clear since e is a trivial map. 

    Consider the case K0= SU (n) (n>_1) andN0U(1) . In this case 

V0is an n-dimensional complex vector space andNo=L'(1)acts onV0 

as a scalar multiplication. We can regard Cn as a 2n-dimensional 

real vector space R2n and N0as SO(2). Then there exist 'smooth 

functions ci: J R, i = 1, 2, such that 

                            c1 -c2(r) 
           e(r)=1E SO (2)for rEJ. 

c2 (r) c1 (r). 

NN 

Note thath2:[-e,EJ-~DE (V0)is a smooth map andh2(r) = c(r)•re0 

= e (r) • re0for r 4 0. In this case e0 = (l, 0,..., 0) E S2n-1 and 

N h2(r) _ (cl (r) r, c2 (r) r, 0, ... , 0) for rEJ. Put ci (0) = limr~0 ci (r) 

for i = 1, 2. From Lemma 4.4, ci: HE, 6] -4 R, i = 1,2, are smooth 

functions and e can be extended to a smooth maps on [-E,E]. 

    Now consider the case K0 = Sp (n) (n>1) and N = Sp(1) . In this 

case V0 is an n-dimensional quaternionic vector space Hn and ND 

Sp(1) acts on V0 as a scalar multiplication -^~ the righ . We can 

regard Hn as Ron and Sp(1) as a subgroup of SO(4) naturally. 

By the similar way as in the case K0 = SU(n), there exist smooth functions 

ci• J R, i=1,2,3,4, such that h2(r) _ (cl(r)r, c2(r)r, c3(r)r, 

c4(r)r,0,...,0) for rEJ, and we can extend c to a smooth map on [-E,E]. 

    The proof of the other cases are similar to those of the above cases. 

Thus we can extend c to a smooth map on [-e, E] . Since c (r) E N (H,K0) /H 
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 for  r#  0, we see c(0) E N(H,K0)/H.Put a(0) =b(0) •c(0). Since 

b(0) E N(H)n N(K0) and c(0) E N(H,K0)/H, we havea(0)E (N(H)nN(K0))/H. 

Let a: [-1/2,1/2] N(H)/H  be a map given by a(r) = a (r2) . Since 

a(r) =b(r) •c(r)  for -esrs€, a is a smooth map. Since a is an 

even map and a(r) = a(/) for 0srs1/4, a is a smooth map on [0,1/4] 

by Lemma 2.4. Thus we can extend the map a to a smooth map a on [0,1) 

satisfying -a-(0)  E (N (H)nN (KO)) /H. Similarly we can extend a to a 

smooth map a on [0,1]  satisfying a -(1)E (N (H)(NN (K1)) /H. This 

completes the proof of Proposition 4.1. 

     Let Q denote the set of smooth maps f:[0,1] --N(H)/H satisfying 

f(i) E (N (H)nN (Ki)) /H for i = 0,1, endowed with C topology. Using 

Proposition 4.1, we define a map L: KerPQ by L(h) a-1. 

     Lemma 4.5. L: KerP Q is a group monomorphism. 

     Proof. Let hiEKer P for i=1,2. For 0<r<1 and gEG, we have 

(g•L(h2ohi) (r)-1,r) = (aoh2ohloa-1) (gH,r) 

=((aoh
2oa-1)0( aoh1oa-1))(gH,r) 

= (aoh
2oa-1)(g.L(hl) (r)-1,r) 

= (c.L (h
1) (r) -1- L (h2) (r) -1,r) . 

Thus L (h2o h1) =L(h2)•L(h1)  on (0,1) . Since L(h1) , L(h2) and L(h1oh2) 

are smooth maps on [0,1], L(h2ohl) =L(h2)•L(hi) on [0,1] .Thus 

L is a group homomorphism. Suppose L(h) =1 for hEKer P.Then 

(hoa-1) (gH, r) =a-1 (gH, r) for gEG and 0<r<1, and h= 1 on 7-1 ((0,1)) . 

Thus h= 1 on M, and L is a monomorphism. 

     Propostion 4.6. L is a continuous map. 

     Proof. We shall use the notations in the proof of Proposition 4.1. 

Since L is a group homomorphism, it is sufficient to show 

                that L: 0 Q is continuous. Let I denote a closed 
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interval  [O,E2), [E2/2,1-E2/2] or [1-E211]. By Lemma 2.3, it is 

sufficient to prove thatLI:O LQ1'4Cm (I ,N (H) /H) is continuous 

where j: IC[0,1] is an inclusion map. 

    First we shall consider the case I = [O,E2]. Let L1be the 

composition 
(ko~-1 oi)*            

O --------------------0'1 ) C([-c,E],p(UO)) 
(Qd Pi°4)0

,i)* > Cam([-E ,E] , G), 

where k: po1E(W0)c~M is an inclusion map.Then L1is continuous 

by Lemma 2.2. Note that L1 (h) =b. 

     Let L2:0----4C([-E,E], (N(H,KO)/H)0) be a map given by 

L2(h) =c. We shall prove that L2 is continuous. This is trivial 

the case N (H,KO) /H = Z2.Consider the case K0 = SU (n) (n�2). In 

this case VOn=R2n andN0=U(1) =S0(2).PutC0([-c,E], V0) = 

[FE Cm([-E,6], VO) ; F(0) = 0}, endowed with Cm topology. Let 4): 
C0 ([-c, E] ,V0) -4 C([-c, c] , R2) be a map defined by 4)(F) = (4) (F1) , 
4)(F2)), where F =(F1,...,F2n) and 4)(F l) is a map defined in Lemma 4. 

Then 4) is continuous by Lemma 4.4. Let m: R2 -4 M2(R) denote a 

smooth map defined by 

m(x,y) = [ xX ] 

where M2(R) denote the set of all 2x2 matrices over R. Let L2 

denote the composition -1 

0 (kO4)0,1°1)Cam([-E,E], P0,1(U0)) 
(P2°4)0

,1)*  > C ( [-E ,E] , DE (V0)) . 

                                            N FromLemma 2.2, L2is continuous.Note that L2(h) =h2and L2(0) 

is contained in C0([-E,E], V0). Let L2 denote the composition 
                                    L' 

O 2 ) C0 ([-E,E] , V0) 

                                    C([-E,E] , R2) 
m* 

---------->c ([-c,c], M2(R)). 

Then L2(h) =e and L2 is continuous. This implies that L2 is 
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continuous by using Lemma 2 .2. Similarly  we can wee that L2 is 

continuous in the other cases . 

    Let U: G x G/H —4 G/H be a map defined by the left translation 

and let 1: (N(H,K0)/H)0c÷ G/H be an inclusion map. Then the composition 

(L1,*oL2) 
                  L: 0 --------------------- C([-E,E] , G) XC ([-E,E] , G/H) 

K-------
> C ([-,c], G x G/H) 

U--------*> C([-E ,E], G/H) 

is continuous by Lemma 2.2, where K is defined by K(fi,f2)(r) = 

(f1 (r) , f2 (r)) . Note that L(h) = b• c = a and L(0) is contained in 

Ce([-676]7 N(H)/H). Here Ce([-6,E], N(H)/H) denote the set of all 

smooth even maps f: [-c,E] —4 N(H)/H , endowed with C topology_ 

Let T: Ce([-E,E], N(H)/H) —4 0([0,62], N(H)/H) be a map defined 

by T (f) (r) = f (V) . By the same argument as in the proof in Lemma 2 .4 , 

we can prove that T is continuous. Thus LI = T°L is continuous. 

    Now consider the case I= [E2/2, 1-62/2]. LI is given by the 

composition 
k*O C  (lr-1(I),-1(I)) 

-1 * 
(a ° 1)-1                                  >C(I ,(1)) 

(q2° a) 
------------------->C (I, G/H) , 

where k:7-1(I)C .7DM is an inclusion, 1: I G/H x I is a map given 

by 1 (r) = (1H,r) and q
2: G/H x I G/H is the projection on the first 

factor. Thus L
I is continuous. We can see that LI is continuous in 

the case I = [1-6271] similarly as in the case I = [0
,62], and this 

completes the proof of Proposition 4 .6.
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     §5. Subgroups of the topological groups Q and  Ker P. 

    In this section we shall consider subgroups Q1 and S of the 

topological groups Q and Ker P , respectively, such that L(S) =Q1, 

and we shall prove that the inclusions Q1~Q0 and SyKer P are 
homotopy equivalence', where QO is the identity component of Q. 

    Put Q1= {aEQ0; a(r) = a(0) for 0<_r-1/4 and a(r) = a(1) for 3/45_ 

r<11. Then Q1 is a topological subgroup of Q0. Let i: Q1CQ0 

be an inclusion. 

    Lemma 5.1. i: Q
1C Q0 is a homotopy equivalence. 

    Proof. Let 0:[0,1] —f [0,1] be a smooth map such that 

0(r) = 0 for 0<_r<_1/4, 

o(r) = 1 for 3/4sr<_1. 

Let pt: [0,1] [0,1] (0<t<_l) be a smooth homotopy given by 

Pt (r) = to (r) + (1-t) r. Since (aopt) (i) E (N (H)nN (Ki)) /H for i = 0, 1, 

aopt is an element of Q. Define q: Q0 x [0,1] Q by q (a, t) =t. 

Let u: [0,1] —j C ([0,1] , [0,1]) be a map given by p (t) = ut. Then 

it is easy to see that p is continuous. Note that q is given by 

the composition 

QO x [0,1](1,0) QO xC([0,1], [0,1]) 

                             comp > C([0
,1], N(H)/H), 

where comp is given by comp(a,f) = aof. 'By Lemma 2.2 (6)/ q is 

continuous. Then q(Q0x[0,1]) is contained in Q0. Let gt:Q0 -p 

QO be a map given by qt(a) = q(a,t). Since pi= o, g1(Q0) is contained 

in Q1. Thus q is a homotopy between q0= 1, and q1 = iog1. Note 
0 

that qt(Q1) is contained in Q1 for any t. Then q: Q1 x [0,1) --~ 

Q1 is a homotopy between 1Qand g1,,i. Therefore Lemma 5.1 follows. 
                          1 

    Put S = L-1 (Q1) CKer P . Let1:S(- Ker P be an inclusion. 
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 (POT--Let pl: u0 x D1/2 (V0) ---) U0 and p2: U0 x D1/2 (V0) --> D1/2 (V0) 
be the projections on the first factor and the second factor respectively. 

      Nn~N1 
Put g' = ga0 and puth= piohfor i = 0,1. Thenh is a smooth map and 

      h1(x,rke0) = g,-1ga0(x)k'~0(a(r2)), 

      h2(x,rke0)cJ0g,(go0(x)k•Tr0(a(r2))-1go0(x)ka(r2)•re0 

for xEW0 and kEK0, where H0: G/H -- G/K0is the natural projection. 

Put ht-1        = pi ~
0,g,ohto~Og                             for i = 0,1. Then 

      ht(x,rke0) = g;-1go0(x)k•Tr0(a(Ut(r2)), 
                                    - 24 -

    Lemma 5.2. 1: Sc,Ker P is a homotopy equivalence. 

Proof. Put a = L (h-1) for hEKer P. Let ht: N N (0-<t<1) 

be a map as follows: ht is given on Tr-1((0,1)) by the composition 

_-1   1
((0,1))a~G/Hx(0,1)—ht---> G/H x (0,1)a > 7-1((0,1)), 

where ht is defined by ht (gH, r) = (g •qt (a) (r) , r) . ht(gKi) = 

ga(i)•Ki(i = 0,1) for gEG. Here we need the following 

    Assertion 5.3. ht is a smooth map for any t. 

    Proof. By the definition, ht is smooth on Tr-1((0,1)). We shall 

prove that ht is smooth on 7-1(0). Let a0be an element of G such 

that a0H = a(0) and a0E N(H)N(K0) . For [g,0] E p0,1/211K0), (p0,1/2oh) 
([g,0]) = Tr0 (ga0) = Tr0 (a0) E a0U0. Then there exists a neighborhood 

WO of 1K0 in G/K0 such that (p0
,1/20h)(p0,1/21(W0)) is contained 

in a0U0. For [g,re0] 6P01/'(0) and 0<t<_1, 

                    (P0
,1/2 ht) ([g,re0]) =Tr0(gq(a)(gat (r2) ) 

                                            = 7
0(ga((1-t) r2) ) 

                                          = (p
0, 1/2oh) ([g, vre0] ) 

                                                        - which is contained in(p0
,1/2oh)(P0,1/21(W0))(a0U0. Then ht(P071/21 

(g1710)) is contained inP0 ,1/21(ga0U0) for gEG and 0<-t<-1. 

      N 

    Leth: W0 x D1/2 (V0)U0 x D1/2 (V0) be a map.given byh = c1)0
,gao h o 

_1forgEG0



12 -  h
t(x,rke0)  = QO,g,(go  (x)k•Tr0(a(ut(r2))-1go0(x)ka(ut(r2))•re0 

for xEW0 and kEKO_ 

    Since a (r2) = 0 for r<1/2, u (r2 , t) = (1-t) r2 for 0<r<1/2.Then 

ht (x,v) =h-1(x,uTv) for 0<t<1 andht(x,v) =1/1-th2 (x, 1-t v) 
for 0_<t<1. Thus ht (0<t<1) andht (0<t<l) are smooth maps. 

     By the Taylor formula (c.f. J. Dieudonn,[5, Chapter VIII , (8, 

14,3))), we have 

         h(x,v) = h2(x,0) + (So(Dh2) (x,v) d0 v, 
where Dh2is the derivative of h2. Sinceh2(                                                            x,0) =0, 

ht(x,v) = (S(Dh2)(x,~v) dc)v for 0_<t<1. 
Then h1(x,v) = limt 4 1ht(x,v) = (Dh2) (x,0)v,and h1is a smooth map. 
Therefore ht is smooth on-l(0) for any 0<t<l. Similarly we can 

prove that ht is smooth on Tr-1(1), and Assertion 5.3 follow's. 

     Proof of Lemma 5.2 continued. Let q: Ker Px [0,1] —p KerP be 

a map defined by q(h,t) =ht. By Assertion 5.3, ht and ht-1 are 

smooth maps, and q is a well defined map. Next we shall prove that q 

is continuous. Let W. be a neighborhood of 1Ki in G/Ki satisfying 

Wig Uifor i = 0,1. Put O =~hEKer Ph(Pi ,l/21(Wi))C pi,l/2(U.) 
for i = 0,1}. Then 0 is an open neighborhood of 1m in KerP . For 

  an-i - 
hEO,gEG .0<_t<_1,ht(pi ,l/2(gWi))iscontainedinpi,l/21(gUi)(i = 0,1) 

Let W2 be an open neighborhood of 1H in G/H satisfying W2 C U2. 

Let C beone of the sets [p11/2gw1 (i = 0,1, gEG) ,a-1(gW2 x 
[1/5,4/5]) (gEG)}. By Lemma 2.3, it is sufficient to show 

                                        jr 
that the compostion qC:Ox [0,1]Ker PC (C,M) is 

continuous for any C, where jC: CC M is an inclusion map. 
                                         -

First consider the case C = p0 ,1/21(gW0).Let v:C~(W0xD1/2(V0) 
U0) x [0,1]C00(WOx11/2(V0), UO) be a map given by vl(f,t) (x,v) = 

x[0 1 
- 00-

f (x,v) . Let v2: C (WOxD1/2(VO),D1/2 (VO) )--3C (WOxD11.2(V0) ,Di/2(VO) ) 

be a map given by v2(f,t) (x,v) = (So (Df) (x,, t Cv)dc) (V) . It is easy 
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to see that vland  v2 are continuous. Note that qC is the composition 

             (jc*,l) 
O x [0,1] ----------------->C (C, P0

,1/21(gU0))x [0,1] 

                                                   - 

             ((q)0
,g)*0(4)0,g)1)> C(W

0xD1/2(V0), U0xD1/2(V0))x[0,1] 

((P1)*,(P2)*,l)  - _ 
----------------------->C (W0xD1/2 (V0) , U0) x C (W0xD1/2 (V0) ,D1/2 (V0) ) 

                              x [0,1] 

                     C (W0xD1/2 (V0) , U0) x C (W0xD1/2 (V0) , D1/2(V0)) 

K C~(W
0xD1/2(V0), U0xD1/2(V0)) 

              (Ct.O
~g)*°(~)*                         O'g >C (C

, p0
,1/2 (gL'0)) C C (C,M) . 

Here v is given by v (fl,f2't) = (v1 (f1,t) , v2 (f2't)) and K is the 

map defined in Lemma 2.2 (5). Then qC is continuous by Lemma 2.2. 

    Next consider the case C =a-1(gW2x[1/5,4/5]).  Let m: N(H)/H x 

G/H G/H be a map defined by m(nH,gH) = (gn)H and p2: G/Hx [1/5,4/5]--> 

[0,1] be a map given by p2(gH,r) =r. Let d: QO ---> QO be a map given 

by d(a) =a-1.  Then the map q is the composition 
                                              P2* 

                                            O x [0,1](L,1)>QOx [0,1]oQO > C~(G/Hx [1/5,4/5] , N(H)/H) 

(1G/Hx [1/5
, 4/5]) ! > C (G/Hx [1/5

, 4/5] , N (H) /H x G/Hx [1/5,4/5] ) 

m*----------> C (G/Hx[1/5
,4/5], G/Hx[1/5,4/5]) 

            (a°jC) o(a )* _1 
-------------------------- C (C, a-1 [1/5,4/5] ) C (C,M) , 

which is continuous because L and q are continuous. 

    Similarly as in the case C =ID01/21(00), we can see that qC is 

continuous in the case C=10                             1
,1/2 (gW1)' Thus q is continuous. 

Since q1(Q0) C Q1, q1(KerP) C S. Therefore q is a homotopoy between 

q0 = 1Ker P and ql = 1°ql. Since q(Qlx [0,1]) CQ1, q(Sx [0,1]) CS. 

Then q: Sx[0,1] --> S is a homotopy between 1S and q101. Thus t 

is a homotopy equivalence, and this completes the proof of Lemma 5.2.
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     §6. Proof of Theorem. 

    In this section, we shall see that L: S  --> Q1 is an isomorphism 

between topological groups, and we shall prove our Theorem. 

    Proposition 6.1. L: S --p Q
1 is an isomorphism between 

topological groups. 

    Before the proof of Propositin 6.1, we begin with some lemmas. For 

any topological subgroup K of G,K0 denotes the identity component of K. 

                                                               0     Lemma 6 .2.  For any N(H),there exist a'E N (H0)nK0 

and n E Cent (K0) such that a = n• a', where Cent(K) is the centralizer 
of K0in G. 

    Proof. Since N(K0)0is a compact connected Lie group, there 

exist a torus group T andsimply connected semi-simple compact Lie 

group G' such that N0= TxG' is a finite covering group of N(K0)0 

( c.f. L. Pontrjagin [8, §64]). Let q0:N0—4 N(K0)0be the 

covering projection. Put K0=q0-1(K0).Since K0is a normal 
                0 subgroup of N(K0), K0 is a normal subgroup of N0. Then Kis 

also a normal subgroup of N0. Here we need the following : 

    Assertion 6.3. There exists a closed normal subgroup K0 of N0 
such that N0is isomorphic to the product group KDxK'as a Lie group. 

                 sim ly connecte 
    Proof. There exist simple Lie groups Gi(l<_ir)such that 

G' = G1x...xG
r. Since K0is a compact connected Lie group, there 

exist simply connected simple Lie groups Kj(1<j<s) and a torus group 

T' such that K0= T'xK1x...xKsis a finite covering of K0Let 
p0:K0K~be the covering projection. Let pi: N0= TxG1x•••xGr 
--G i be a projection onthe direct factor Gi(1sisr). Since K0 
is a normal subgroup of N0, pi(KD) is a normal subgroup of Gi. 
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Since Giis a simple Liegroup, pi(K0)= G. or t11.If pi(K~)=Gi, 
Pi (p0 (Kj) ) is a normal subgroup of C .. Thus pi(p0(Kj))= Gior  {  1l  , 

 for 1-i<-r, 1_<<j<-s. 

    Put p' = piop0.IfPi(K
j) =p' (Kj) (j1 4 j2) , then pi(gl) - pi(g2)          12 

= Pi(g 1'g2) = P' (g2•g1) =p(g2)•p(g1)for g1EKj1, g2EKj2. Then 
pi.(K)isacommutativenormalsubgroupofGi,and pf(K.) _ [11. 

1:1 

Ifpi(K.)=Gi,thenpi(T')isanormalsubgroupofGi,hence pf(T')a. 
_ W . Therefore, if p f (K .) = G.,then p f.(T') = {l} and p f (Kn) _{1} 
for nkj. 

    Assume p' (K.) = G.and pi(K J) = Gifor i1 4 i
2• Let p' : K0 i1122 

---  GxG .be a map defined by p' (k) = (pf (k),p f (k)) . Since G. 
121112 

K0 is a normal subgroup of N0 and pt(K0) =p'(Kj), p'(K.) is a normal 
subgroup of G. xG. . Then,for x,yEK.,there exists kEK.such 

i1 12 

that (p (x) ,1) p' (y) (p f (x)-1,1) =p' (k).Thenpf (xyx-1) = 1
1 1111 

p'.(x) p f (y) p f (x)-1= p f (k) and p' (y) = pf(k) . Since K,,G. (n=1, 1
1 1111111212in 

2) are simply connected simple Lie group', p':KGis an isomorphism 
                                 Inj I

n b
etween the Lie groups. Thus xyx-1 = k = y for any x,yEKj,and K. 

must be a commutative Lie group, which is a contradiction since, 

is a simple Lie group. 

    Thus we may assume that p t (Kj) =Gjand P(K) = {.1) (i 4 j) for 
15j<s, 1<_i<_r. For i>s, pi (K0 )= Pi (K0) - pi (T') which is a commutative 

normal subgroup of Gi, hence pi(T1) =t11. Then p0(T') is a subgroup 

a of T, and there exists torus subgroup S of T such that T = p0(T')xS. 

Put K'= SxGs+1x...xGr. Then N0=KDK',and Assertion 6.3 follows. 

    Proof of Lemma 6.2 continued. By Assertion 6.3, there exists 

a closed normal subgroupIC; of N0 such that N0 = K0 xKO_. Since K0 
is a connected group, q0 (K0) = K0. Then N (K0)0 = q0 (N0) = q0 (K0 ) .q0 (K0) 
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 0 = KO-q0(K').Note thatq0(K') is contained in Cent(KD). Thus, 
for a EN (K0) 0nN (H) , there exists a'EK0and nECent (KD ) such that 

 a  =  a'  •  n. Since N (H) N (HO) and HOC KD HO = aHOa-1 = a'nHOn-la' -1 
=a'H0a'-1 . Thus a'EN(HO) and Lemma 6.2 follows. 

     For aEQ1, we define a map h: M -? M as follows: 

h(a-1(gH,r)) =a }(ga(r)-1,r)) for (gH,r) E G/H x (0,1), 

h ([g, 0]) = [ga (i) -1, 0] for [g,0]ETr-1 (i) (i = 0, 1) . 

     Lemma 6.4. h is a smooth map. 

Proof. Choose a0E (N (H)nN (K0))OCN (H) OnN (K0) O such that 

a(0)-1 = a0H.There exists a neighborhood W0of 1K0in G/K0such 

that70-1 (W0) • a0is contained in a0•Tr01 (U0) . Since a(r) =a(0) 

                                                                  for 0<r<1/4, h(p0
,1/21(gW0)) is contained in p0,1/21(ga0U0). Let 

N hl:W0x D1/2(V0)—j..U0be a map given by the composition p1o~0
,ga0 

hocp0
,g1,and leth2:W0x D1/2(V0)---3D1/2 (V0) be a map given by 

the compositionp2°~O,gaDho(0,g1. Note that 

      0 

            (110(150,g-1)((x,rke0)) = h([g60(x)k,re0]) 
                                = h(

la-1((ga0(x)kH,r2)))                                 = al(ga
0(x) ka0H, r2) ) 

                                 = [go
0(x)ka0,re0] 

for xEWO, kEKO, 0<r<_l/2. Since a0EN(K0),ka0K0=a0K0'Then 

h1(x,v) = a0-160(x)a0K0for (x,v) E W0 x D1/2 (V0) , and 

h2(x,rke0) = a0
,ga0(go0(x)a0K0)-1go0(x)ka0•re0 for 

xEWO, kEK0, 0<r5_1/2. Thus 11 is a smooth map and h2 is smooth on 
                                  ti 

WO (D1/2(V0)-0). We shall prove thath2 is smooth on W0x0, hence h is 

smooth onTr-l(0). This is trivial in the case dim S(V0) =0. 

    Let C
a0,g: W0--).G be a map given by Ea0,g(x) = c0,ga0(gc0(x)a0 

K0)-1go0(x). Then a 
,c is a smooth map. By Lemma 6.2, there O'' 
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exist a'EN:(H)n 1.00and n E Cent (K0 ) such that a0 =nab.Then 
 h2(x, rke0) _ a0g(x)kna~•rke~_ag(x)nka0•re0for xEW0, kEK0and 

                                0 0<_r_<1/2. Note that N (H0)nK0 = N (H0,K0 ) . 
    Assertion 6.5. For aEN(H0,K0),let *a: D (V0) D(V0) be a 

map defined by V
a(rke0) = rkae0 for 0srl, kEK. Then Vais a 

diffeomorphism. Moreover, let V: N(H0,K(0) Diffc* (D (V0)) be a 
map given by i(a) _ *

a, then V is continuous. 

    Proof. If dim S(V0)  = 0,then K0CH and Va = 1D (V ) . In this 
                                                   0 case,the proof is trivial. We assume dim S(V0) > 0. Since S(V0) 

= K0/H is connected, K0acts transitively on S(V0). Let L be the 
ineffective kernel of the action K0xS (V0) --+ S (V0) .Put K = K0/L 
and H= (HnKO )/L. Then K acts t nsitively and effectively on S(V0) 
and H is an isotropy subgroup of this action. By Lemma 4.3, K, H 

and N(H,K)/H are G, H and N(H)/H in Lemma 4.3,respectively. Hence 

H is connected. Since the identity component of HnK0 is H0, 
 = H0•L /L. For aEN(HO,K0 H ), the left coset aL is an element of 

N (H,K) . Then a defines an element a E N (H,K) /H. Note that Va (rke0) 

= rkae0 = rkae0 for 0<-r<_l, kEK~ • 
    Consider the case K = SU (n) (nz2) , H = SU (n-1) and N (H,K) /H = U (1) . 

In this case, V0 = Cn and U(1) acts on V0 as a scalar multiplication. 

Thus 1 a(rke0) = i•rke0 for rke0ED(V0). Hence Va is a diffeomorphism. 

It is easy to see that J is continuous. 

    Next consider the case K = Sp (n) (n21) , H = Sp (n-1) and N (H,K) /H = Sp (1) . 

In this case, V0= Hn and Sp(1) acts on V0 as a scalar multiplication 

on the right. Then *a(v) = v•a for vED(V0), hence Va is a diffeomorphism 

and i is continuous. Similarly we can see that Va is a diffeomorphism 

and V is continuous in the other cases, and Assertion 6.5 follows. 

          Proof of Lemma 6.4 continued. Since 1-12(x,v) =1-Ea ~g(x)n•ia,(v),                 00 
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by Assertion 6.5, h2 is a smooth map. Thus  h1 and 112 are smooth 

maps, hence h is smooth on 7-1(0). Similarly we can see that h is 

smooth on 7-1(1). By the definition, h is smooth on 7-1((0,1)), 

and this completes the proof of Lemma 6.4. 

    Let L(a) be a smooth map h: M -- M in Lemma 6.4, for aEQ1. 

Since L(a-1) = L(a)-1, h is a diffeomorphism of M. By the definition, 

h is an equivariant map. Thus we have a map L: Q1 DiffG(M). 
Note that L is an abstract group homomorphism. 

    Lemma 6.6. L: Q1 –4 DiffG(M) is continuous. 

    Proof. Let W. be a neighborhood of 1K.in G/Kisuch that W. c U. 

(1 = 0,1), and let W2 be a neighborhood of 1H in G/H such that W2 (U2. 

Put Ai = {nEN(Ki)0; n-1Win 0U1}.Then Aiis an open neighborhood 
oftheidetityinN(Ki)0.Letq:Ni--~N(Ki)0be a finite covering 

such that Ni is a direct productTixGi.Here Tiis a torus group 

and G' is a simply connected semi-simple compact Lie group. Put 
                                                            a 

K. =q.-1(K.0). By Assertion 6.3, there exists closed normal subgroup 

Kiof Nisuch that Ni=K°xKi. Let si be a smooth local cross 
section of qi defined on an open neighborhood Bi of the identity 

in N (Ki) 0. Since 72: (N (H)nN(Ki))0—~((N(H)nN(Ki))/H) 0 is a 

fibration, there exists a smooth local cross section ti of 72 defined 

on an open neighborhood Ei of 1H such that ti(Ei) (AinBi. 

    Put 0= laEQ1; a (i) -1 E E. (i = 0,1)~ . Then O is an open neighborhood 
of the identity. Since L is a group homomorphism, it is enough 

to :show_ that L is continuous on O. Let C denote one of 

the sets I))1,1/2-1(gW1)(1 = 0, 1, gEG) , a-1(gli2x [1/5, 4/5]) (gEG)} . 
By Lemma 2. 3, if LC: 0~DiffG(t1)0 j*                                          C > C (C,M) is continuous for 

any C, then L is continuous, where jC: CC..)M is an inclusion map. 
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    First consider the case C = p0,1/21(gWi). Let 61: N0= K0 xKp 

 0 

 --> K
0 and R2:N0-- K' be the projection on the first factor and the 

second factor respectively. Let L1 be the composition 

rt0('q0° R2°_s0)0 m- 0 —> E
0--)A0nB0g> C~(W0,G)xCent(K0 ) --3C~(WO,G). 

Here r, and m are given by r(a) = a (0)-1, E
g (a0) (x) _ Ea~g(x)                                                        0 

and m(f,n) (x) =f(x)•n,  respectively. Put a0 = (t
0° r) (a) for aEO. 

Then no(E
g,a0(x)) ='ir0(a0-1) forwEW0andn0((q0o2os0) (a0)) = -rr0(a0) . 

Therefore L1(a)EK0 for any aEO, and L1(0)(: Cm(W0,K0). Let L2 be 

the composition 
          tq ~Sos 

        0E00>AonB0 0 1 0> N (HO,Ko)~Diff(D1/2 (V0)) . 
By Assertion 6.5, L2 is continuous. Let L3 be the composition 

               (L,L)             
0 --------------12> C.(W0,K0f) x Diff(D1/2(V0)) 

(P1 ,P2 ) . -. - 
> C (W0xD1/2 (V0) , K0) x C (W0xD1/2 (V0) , D1/2(V0)) 

               K>C~ (W0xD1/2 (V0) ' K0xD1/2 (V0) ) 

                 u
* >C.(W0xD1/2 (V0) , D1/2(V0)), 

where p is given by p(k,v) = k•v, and K is the map in Lemma 2.2. Then 

L3 is continuous, and L3(a) = h2. Let y: A0 -4 C(W0,U0) be a map 

defined by y (a0)(x) =a0-1o0(x)a0K0.-yis a restriction map to A0 

of , a map y: N(K0) -4 C.(G/K0,G/KO) given by y(n) (gK0) =n-1gnKo. 

                                                                          Since •y is a continuous map,y is continuous. Let L4 be the composition 

                                                          * 0r—>Bo                 toA0Y-~Cm (17,70,U0)P—> Cm (W0xD1/2, U0) . 

                               N Then L4 is continuous and L4(h) =hl.LCis the composition 

      (LL3)- 
    04'3) C(W0xD1/2 (V0) , U0) x C~ (WoxD1/2 (V0) , D1/2(V0)) 

     -_c°°(w
oxDl/2 (Vo) , UoxD1/2 (V0) ) 

                  * 

      (~0 ,g)(4)0q) )Cm(C , p0 ,1/21(gU0)) C C.(C,M). 

Thus Lc is continuous. 

    Now consider the case C = a-1 (gW2 x [1/5, 4/5]) . Let m: gW2 x N(H)/H 
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 —> G/H be a map defined by m(gH
,nH) =gnH, and let p: G/H x [1/5,4/5] 

-[1/5 ,4/5] be the projection on the second factor. Then LC 

is given by the composition 

               01*C ([1/5, 4/5] , N(H)/H) 
                                                                              _ (1)                    gW

2 -------------> C~(
gW2x [1/5,4/5] , gW_2 x N(H)/H) 

----------> C (gW2x [1/5, 4/5] , G/H) 

P_ #---------
> C (gW2x [1/5, 4/5] , G/H x [1/5,4/5]) 

              * -1 
a0(a )*>C~(C

,a-1(G/H x [1/5,4/5]) C-9 C(C,M), 

where is [1/5,4/5](_.>[0,11 is the inclusion map and 6: N(H)/H --> 

N(H)/H.  is a map given by 6(a) =a-1. By Lemma 2.2, LC is continuous. 

    We can see that L
Cis continuous in the case C =p1,1/2-1(gW1)  similarly 

as in the case C =p0
,1/2-1(gW0),  and this completes the proof of Lemma 6.6. 

    Proof of Proposition 6.1. From Lemma 6.6, L(Q1) is contained 

in DiffG(M)0_Then,by the definition,L(Q1) is contained in S, 

and L=L-1.  Combining Lemma 4.5, Proposition 4.6 and Lemma 6.6, 

L: S --f Q1is an isomorphism between topological groups, and this 

completes the proof of Proposition 6.1. 

    Proof of Theorem. By Corollary 3.6, DiffG(M)0has the same 

homotopy type as Ker P. Combining Lemma 5.1, Lemma 5.2 and 

Proposition 6.1, KerP has the same homotopy type as Q0. Note 

that Q0 has the same homotopy type as the path space S2 (N (H) /H; (N (H)n 

N(K0))/H, (N(H)1,\N(K1))/H)0. This completes the proof of our Theorem.
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     §7. Concluding remarks. 

    From our Theorem, we have the following: 

    Corollary 7.1. (1) If  K0=  K1  =-G,  then DiffG(M)0has the same 

homotopy type as (N(H)/H)0. 

    (2) If N(H)/H is a finite group, then Diff~(M)0is cotractible. 

    Remark 7.2. In K. Abe and K. Fukui [1], we have proved that 

DiffG(M)0is perfect if M is a G-manifold with one orbit type and 

dim M/G z 1. But, by using Proposition 3.1, we can see that DiffG(M)0 

is not perfect in the case M/G= [0,1]. 

                                                   Shinshu University 
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