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On the Vlasov-Poisson limit of the Vlasov-Maxwell equation

(Dedicated to Professor Yamaguti on his 60th'birthday)
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1. Main results

The change of the density distribution of charged gas
particles is described by two types of equations: The Vlasov-
Maxwell equation and the Vlasov-Poisson equation. The latter de-
scribes the motion of plasma when the magnetic field generated by
the plasma is small. The purpose of this paper is to study the
relation between the two eguations. Roughly séeakingh the solution
of the Vlasov-Maxwell equation converges to the solution of the
VlasoQ-Poissbn equation when the light velocity tends to infinity.

Let fi==fi(t,x,v) be the density distributiqn of charged |
gas particles of the type i (i=1,2,..,N) at time t >0 and position
erR3 with velocity veIRB. Let E=E(t,x) and B=B(t,x) denote the
electric and magnetic fields generated by the charged gas particles.

The Vlasov-Maxwell equation is,
2 f. +vey f. +a,(EtixB)sy £, =0
3t i X i i c vTi !

s .
-——FE-cvV xB=-47Jf,
(1.1) at X

3
= -+
3 B CcV xE O,

(E,B) lt=0 = (EolBo)l

Supplemented by
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(1.2) V_-"E = 47Kf, V. *B=0.
X X

Here * and x are the scalar and vector products in IR3, lvx is the
gradient in x and Vv in v, while ¢ is the light velocity and a, =
qi/mi, qy and m, being the electric charge and mass of a sing‘le .
particle o‘f i-species. Further, Jf and Kf are the current and Chargég

densities generated by f = (fl,fz, . ,fN);

N
Jf = _Z q; f3 vE; (t,x,v)dv,
(1.3) i=1 "R
!
Kf = g. [, £.(t,x,v)dv.
i=1 lIRB 1

Notice that (1.2) can be deduced from (l1.1) for £t >0 if it is sat-
isfied at £ =0, i.e., if the initials f,= (fl,o’f2,0”"fN,O) and

(E4:B,) satisfy

(1.4) VX'EO=41rKfO, VX‘BO=O.

This is a physically reasonable compatibility condition and will be

assumed throughout the paper.

On the other hand, the Vlasov-Poisson equation 1is,

2 4veV f.+a.E'Y £, =0,
at 1 X 1 1 v1i
(1.5) Vv *E=4nrKf, vV xE =0,
. X X
£. =f.

This equation is formally obtained from (1.1) and (1.2) by setting
B=0 or c==,
With the notations and function spaces defined by (-1:19)-(1-23){
below, our main results are stated in theifollowiﬁg three theorems.’,y
Theorem 1.1. Let £2£>3,02> 0, o2>0, BeR, and suppose
(L<i<N), (E,,B ')GHZ.
- = 0° "0

‘ %
(1.6) £, 0Hy o g
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guppose further that (1.4) is fulfilled. Then, there exist positive
constants C, T, v and the following holds.
(i) (Uniform existence) For each ce[l,<), (1.1) has a unique clas-

sical solution f==(fl,f ..,£E) and‘u¥=(E,B) on the time interval

21
[0,T] such that ’

% L - '
(1.7) eeclo,Tlia) | ancyclo, Tl S o 1),
(1.8) wec® (o, rl;aNct(lo, T8 h,

satisfying the estimates

(1.9 | £ <Cl|f

g'chpIBIYIT O'g‘lclplal

(1.10)  |ul lugly +ClE,]

< .
L, T— %£,0,0,8

"(ii)(Continuity in c¢) As functions of c, £ and u satisfy

%
: ‘ 25
a.1]*  fe N I ((1,=);c%lo, ]t ),
Y .8 5=0 Y o,0,8-]
1.!‘ ' ..r [d f,—'
(a.2] ue M Mjktl.“);CO(LO.T];H Jy.
j=0

Thus, the solutions exist on the interval [0,T] independent of
‘ce[l,=) and are continuous in c. Further, they have limits

at ¢ == which we will call the Vlasov-Poisson limits:

Theorem 1.2 (Existence of limit). Let f,u be as zbove.

(1) They can be extended to ([1,«] as funcﬁions of ¢ so that
2 0 4] - ?
A.3 = =] . v
{ ]"{,8 feB™ ([1, ]ICY([OIT]IHGIpfs_s))I v >0,
(a.41" uea? ([(1,=1x(0,TIN{(=,0) };8* 2 (®3))

holds good, and in particular, they converge as ¢+« in the topology
indicated here. We write the limits as.

[= ]

Er=(f, 5.5y, w =(E ,B).

* . . x v - < i 13 3 vc
(ii) B =0 while (£ ,E ) is a unique solution to the Vlasov-

-3-
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Poisson eguation (1.5) on [0,T] satisfying
+1

(1.11) (fm,Em)GCO([O,T]:Hilplsxﬁl Ve
(1.12) lfmlllo,blB,T.fofo!z,a,p,s'
FITE Ty ) pSCIEgl, o 4 |
f°° unifprﬁly

“n
Observe from [A.3-4] that as c+ =, f codverges to

in t on [0,T] while u converges to u uniformly on [6,T] for any §>0
Physically, this implies the development

but not uniformly on (0,7T].
Also, comparing {(1.7) andéd (l1.1l), we see that the limit £° which

of initial layer.
is a solution to *(1.5) belongs to a better function class than f, the

solution to (1.1), and similarly for E~ and E.
shall discuss an asymptotic expansion which is some-

Ve
due to the vresence of initial layer. To simplify

Einally, W

introduce the operators L,A,A defined by
N
i’i=1"

what complicated

I, ‘ E - l F = E +v e f —'c E L f -+ E - f
( 7 4oy 7 = ) ( 3 . v . 7 . V . . V

Af = (-47J£,0),

(1.13)
= (V xB,-V xE),
Au = ( < B, < E)
The first of these is an N-dimensional vector and the remaining two

are 6-dimensional vectors.

We secsk the expansion of the form
-3 3

£,

J ]

PRI+

Hh
|

(1.14)
The coéfficienﬁs f3==(f3,f

where f ,u  are as in Theorem 1.2.
u3==(Ej,Bj) still depend on c. We wish to determine them as solutions
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of the following equations whose derivation will be described in §5.
. . 0 0

Note that the 0-th term of the expansion (1.14) 1is (fmff ,um+u'). The
equation for (fo,uo) is the nonlinear equation,

L(‘fO,EO;f@,Em+EO) =0,
(1.15)° atuo—cAuo = PlAf°+Af°,

0 -
£ Lo =0 e

where PlAis the projection defined in $3(see the remark below (3.3)),

and u, is the same initial as in (1.1). The equation for (fj,uj),

1<j<k-1, is the.linear inhomogeneous equation,
(), 595 £%+£9, 740 = FF,
(1.15)7 3,ul-cau’ = Af7,
| j 3 _
(£7,u”) | _q =0,
where .
J

¥

_ e Y.o J-r r Jj=-r-1, , 0, j-1\N
= - v . + . vV £ A
(airzl(E .3 +v XB vai ) uleB Vfl )l=l

and the equation for (fk,uk) is the nonlinear one just obtained by
substituting (1.14) into (1.1) and taking account of (1.5) and (1.
15)7,0 <<k-1: |
k-1
lVka;fw+ z
3=0

k

L5, E k

4

+c c—JfJ,E+c—1VXB)==F

(1.15)% atuk—cAuk = p£5

k k

where F 1is a given function of fj,uj),0<j<k-l and their derivatives,
and v,c. The expansion (1.14) is verified by the

Theorem 1.3 (Asymptotic expansion). Under the situation of

Theorems 1.1 and 1.2, let 0<k<g-2.

(1) The equations (1.15) can be all solved successively, unigue-
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ly on the same time interval [0,T] as in Theorem 1.1 and uniformi&,

for each c<[0,=), with the solutions,

7 2-1 . .
glefa.1],] o0 0%3zk-1,

IB"
| k a-k
(1.16) f‘E[A.l]Y'B_k,
wlefa.2]1*73,  o<jizk,

where [A.l]l etc.,

v, 8 are the function €¢lasses in Theorem 1.1.
’

With
these (fj,uj), (1.14) holds. ©Note from (1.16) that we can take T;Q

for 0<j<k-1 and that (£9,ul) are all uniformly bounded in c.

(ii) As c + =, we have,
(1.17) (£9,ud) 0,  o0<j<k.

More precisely, if (£9,ul) are extended to [1l,=] as functions of ¢
with 0 at c=«, then,

-k

gleaslg ) s, 0si<k-1, £fe(a.31l7F L,

uoé {A-4]ll
wWes([1,=1x(0,7];8* 372 (®rY)),  1<i<k.

(iii)‘Suppose, in addition to the assumption of Theorem 1.1, that

¢>2 and u,.€ HY .-

0 2 Then, we can strengthen the convergence (1.17) as
j -l N o
| £ li—j—z,a,p,e—j—z,TidC log(l+cT),  0<j<k-1,
1 O - -1, -1
(1.18)  llu Il , p<d((1+eT) T+c T log (1+cT)),
. -1 .
I o] g-j-2,p 24 "log(l+eD), 13<k=1,

where d==C(1f0l

' ing a it tant depend-
2.0,0,8" llu ll) » ¢ being a positive constant depend-

ing only on £,0,p,8 A similar estimate is also available for j=k:

Remark. After completion of this work, we learned that

Degond [5] had proved a similar result under slightly different

conditions. However, his asymptotic expansion is derived rather
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formally.

The rest of the paper is devoted to the proof of Theorems 1.1-3.
Since most of materials and tools for the proof are provided in [1,
2,7}, we will give an outline only) supplementing some technical
results missing there and neéded here. 1In the next two sections we
discuss linear problems associated with (1.1) while in §4 we solve

(1.5), and finally in §5 we will prove Theorems 1.1-1.3.

Now. we shall state the definition of the function spaces used

in Theorems 1.1-3. Hl==Hl(]R3)is the Sobolev space of order £, with

the norm ]-|2. Introduce the weight- function
. 1 bs_ v
(1.19) ¢0'p’8=?(llej+[v])Geplvl(l+[vl) ‘,
-~ -~ s e - Y-Qo Ty -
ané define the space G, p.B by
= c.a' 2 6. . }
(1.20)  Hg, g ={E=f0, ) lo, o 23,3, £ L7 (R, le|[+]a’ <2},
1
£ = | o 323 £
l 12101018‘ la‘+‘avl<2 OIOIB XV LZ(IR6)'

Let Q be a (possibly closed) domain in R™ and Y be a Banach space

with the norm CZ(Q;Y)(resp.Mz(Q;Y)) will denote the space of

l'ly'

Y-valued functions h(y) on @ which are'strongly continuous (resp.
' o . .. . R

strongly measurable) on Q, together with derivatives 3,0 Ialii.

: m -« . G AP
Wa set BQ(Q;Y):zcl(Q;Y)n Mi(g;y)_ When Y=C ', we drop Y; e.g., B CR )=

. » L 2
B£CR3;¢m),etc. Note that if Q is compact, thenB (e;Y) =C (a;Y).
Bl(Q;Y) end Ml(n;Y) are Banach spaces with obvious norms. We write
. 2 . . .
the norm of B CRB) as Il'”z’ and when 220 and 2 =[0,T], we set,
Hhll = sup |h(t)l,-
Y:T get<r ¥
. L % 2 3 i
Further, when Y 1s H ,HO 0,8 or B (IR7), we set,
: ’ ’
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aly g = Ml o
(1.21)  [lull = {|ull ,
2,T B!'(]RB)’T
lf'l,o,p,B,TzllfIIHl ,T°

g,p,8
These norms will be also used when Q=[l,w]X[0,T} in which y=(c,t)

moves. ‘ :
) which plays a crucial role in this

j '
The space CY(IO'TI’HO,D,B

paper is defined by the set of functions f=£(t,x,V) such that,

r.ca_a' 0 2 _6 . ,
3 fe /T 0 <r<j, |el+]e']<t,
‘bG,D—Yt,B t xav fec ([0, T);L°(R7)), 0<r<j, lel+] |<

(1.22) :
(3=0)-.

| £1 : = sup |£(t)]| - ’
Q'IUIQIBIYIT OitiT l]o,p Ytrs
(1.1), we must

‘We have seen in [1] that to treat the factor vxB of

Finally, we also need the spaces,

7Y = wes?(®3) v ue gt 1y,

take v>0.

(1.23) ‘
B = (ul (1+1x) % a0 et (R Jalcey,

with due norms.




2. The linear Vlasov equation

In this section we solve,

3 f+v-v £ +o(E+c TyxB)-v £=0,
(2.1) ‘ v

£l =Eq

where u = (E,B}), fo are given functions. Suppose,first, that u is in

the class [A.2]2,£Z3, and £ &Cé+l(IR6)(Compact support). Then, (2.1)

0

can be solved easily by the aid of the characteristic equation asso-

ciated with it. We write the solution as

(2.2) £=U(t,siu,c)fy,
where U(t,s;u,c) is the evolution operator to (2.1) (see [1]).

Sincef0 is now assumed to be of compact support: £ is also of

compact support in x,v (cf. Lemma 2.6 of [1]). Noting this, we see

readily that

2 2. 2-3-1

(2.3) gem([1,=);¢%[0,7)2; 83 !
’ [ )l ([ ’ } 'HG,D,B)OC ([OIT] 'HG,D,B—j"l

)) .,
for 0<j<e

Proceeding as in the proof of Lemma 2.5 of [1], we further get,

(2.4) £(t,s) < ePlt-sl
! lk,olp‘Ylt'S|,8~ € !lekrc}o,B r Okt
where ¢,0>0 and
b=b_ ((p+]8]+1)]|E st ~
(2.5) 0 4 81+ [E], 1*c IBl,_y ¢ 11
yzcolBll'T+'a, p-YT>0/2,
bo,c0 being positive constants depending only on ¢. Since d;+lLR6)
L .k |
1s dense in Hc 0,8 ' ¥e have thus proved the

Lemma 2.1. Let £>3, ¢>0, p>0 and B€R. Suppose [A.Z]z for u
and £ eHS o » O<ksi. Let Y,T be as in (2.5). Then £ of (2.2)

. . e o 7 12
is a unigue solution to. {2.1) in [A.l]$ 8 (modified by to,TT°%,

in place of [0,T],¢ , see (1.19,22)). Also, (2.4)

]
olp—Ylt-sIIB OID—YtIB

holds which is a uniform estimate in c.

-9-
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Recall that u=u((c) =u(c,t) is a function also of c, and
write {(2.2) as

f(c,t)==U(t,s;u(c),c)fo, (with s fixed).
Let l<c<c'. It follows from (2.1) that

t
|£(c,t)-£(c',t)|= fu(t,r;ulc),c)glc,c',r)dr,
with S .

g(c,c_:' T} = _CL{E(C,I)—E(C.' rr)'!'VXA(B((3:-7:)/C_B(Cl ,r)/c')}'va(c",l;);g

Applying (2.4), we get,

lf(c't)—f(ct’t)io,c,p—Yit—sl,B—l _ :2

< C

0 ~—rt

(1E(c.n)~E(c', ) || y*]IB(c.,T) lg/c*lIB(c, x HO/C’)dr; ‘

2

bt

Consequently, if us[A.4]7, f(c,t) is continuous in c¢ and converges

, . ) 0
as cr» uniformly on [0,T], both strongly in Hc,p—ylt-s],8~l' By
virtue of (2.4) and the interpolation theorem, this is also the case

k-¢€

i £ . T , i r ly conti-
in HU,p—Ylt—Sl,B—E' for any €>0 Thus f£(c,t) 1s strongly co

nuous on [1l,«]x{0,T] in this space and the limit f(«,t) exists.

This proves the first part of the following lemma.

Lemma 2.2. Under the situation of Lemma 2.1, supbpose , in

addition, that ue[A.4]12. We have,

(1) With the modification indicated in Lemma 2.1, it holds that ]z

. ,
fe[A.3]YIB .

k

G,D,B) satisfying

. . _ 2
(iii) Moreover, I(w,t)ECO([O,T] ;H

o blt-s| .
(2-7) lL(mIL)]kIOIpIBie IIO‘k’O"O'B !

_lo_
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with b=b,{{(p+[8[+1) |E(=) (l'T+l}+c ;

For the proof of (ii) and (iii), we notice that (2.6) is a
special case of (2.1) with'u==(E(w),Q). Then we can prove an
analogue to Lemma-z.l for (2.6), in thch we can take y=0 because
the term wxB is abseﬁﬁ. Oon the éther hand, it is clear that £ («,t)
solves (2.6) as seen by passing to the limit in (2.1).

This indiéates that U(t,s;u,c) of (2.2) has a iimit which gives

the evolution operator to (2.6). We write this operator as v (t,s;

E(®)). Thus,

(2.8) £(=,t) = V(t,s;E(=) ) £,-

k

Then, (2.7) gives an estimate of its operator norm in H0 0,8
k4 H

-11-
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3. The Maxwell eguation

Assuming that f is a given function, we seek a solution u=

(E,B) to the inhomogeneous Maxwell equation,

Btu—cAu = Af,

(3.1)
ult:ozuo"
where A,\A are as in (1.13). First, it is well known that A gen-
erates a unitary group etA on Hl, and that
(3.2) ?;etAu0==eltA(€)ﬁo(g), u0==t(EO,BO) (column vector),

where ﬁo =3;u0 is the Fourier transform of u ¢ being the dual var-

OI
iable to x, and A(§) is a 6X6 matrix given by

a@ = (3,78,

§(¢) O
0 -¢, &
6(£)=f 3 2\.
83 0 7%,
¥£2 €l 0/

A(E) is the symbol of the differential operator -iA.
The matrix A(g) has eigenvalues 0,|&|,-|&|, each of multiplicity
2. Denote the corresponding eigen projections by PO(E),PL(i),P_(i),

and set pl(g)==p+(g)+p_(g). We have,

=t((E. . A =
g T0ENEgT (BRI By, 5. =¢/l¢g]l-

= ~-D "
P, (8) = I-P,(E).
All these projections are also symbols of the singular integral

operators of Caldéron-Zygmunt type (see [6]). We denote these

.

singular integral operators by PO, P,, P_,Pl. They are orthogonal
projecticons in H2 and it holds that

tA R - ta_ tA
(3.4) e -—PO re P _te P--Po-+e Pl

-12-
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Moreover, we have the expressions,

ta -3/2 i(x- g+t gl) =~ A
[,e " "‘l P, (8)8,(8)d¢8 .

(3.5) e Piu,=(27) _
0 ) IG

Applying Lemma 5.1 of [2] to this, we have,

Lemma 3.1. (1) If uoe Hg with ¢>2, then,

_tA 1

C(3.86) lle Plu0|i1—2s5C(1+lt!) luOlz,z' t eR,
where ]I-HL,I'[L o denote the norms of BICRB),Hirespectively.A
(ii) Let uyeH® with £>2. Then,
tA 0 . % -
e u,EB ((—=, =);8 H\BO([—Q,e];B ZCRB)):
(3.7)
TR
le®®p ugll,_, =0 (t-0).

Let us return to (3.1). Its unigue solution is given by

4 : t
CuAu " [ec(t S)A

(3.8) u(c,t) =e 0 g(c,s)ds,

’ 0
where g=g(c,t) = Af(c,t). Let 223, ¢>0, 0,Y,T>0, geR with p ~yT>0/2.
Assuming [A.l]i 8 and [A.3]$ . for £, we can easily see ‘that

g ! . :

- _ o

(a.51®  ge M (o, =):c%((o, 718279y 0B (1, =1x[0,7)sm %), Ve>0.
j=0 . -

Furthermore, we have,

<alf]

L,0 —

g

L,9,0,8,vy,T "’

and

’g(a,t)QMO([O,T]Y;Hi)ﬂBo([O,T];Hi~s), Ye>0.

tA __ . o
and P., j=0,1 are bounded operators

Using this and noting that e 5

on HQ with the norm 1, we apply Lemma 3.1 to (3.8) to concluée the
. . %
Lemma 3.2. Let &,0 etc., be as above and assume :fe[Ail,3]Y,B-

Let u(c,t) be given by (3.8). We:have,

(i) 1If ud&Hl, then u(c,t)&[A~2]zﬂ[A-4]£, and

=13~
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(3€9) lu{L,T“iluoll‘+aT‘fl2,OrQrBrYlT.

(ii) Decompose uf{c,t) as

Q(C,t)==u°(t)'*uo(clt)'+ul(crt)l

where
u (t)==P0u04-£Pog(m,s)ds,
t
uo(c,t)==eCtAPlu0+-[eC(t_S)APlg(w,S)dS,
A : 0.
1 t c(t-s)a

uT(c,t)=[e (g(c,s)-g(=,s))ds.
0

Then-it holds that

wec(ro,t1;8Y),  Wwlea.21*0(a.41?,

1 [}
u e [A'S]O”
and that
u”(t) = (E"(t),0) =u(=,t),
@ ‘t (-}
vx-E =vX-EO+£vx-f—4wa(m,s))ds, VxxE =0.

while u0 satisfies (3.1) with Af,uO 0’ aqd

replaced by Plg(a,t),Plu
so does ul with Af;=g(c,t)—g(w,s), u0=0. '

(iii) Suppose now u,€ Hi, ¢>2. Then,

0

0 -1
Hu“ (e, e) 1, _, <d,{(l+ct) I“olz,z

+ac_l."!.og(l-i-ct)lf(°a }

)ILIZIOIUIBIT ’

lhat (e, t) Hy_,24d ac ™ log(1+ct) [£(c)—£ (=) |

0 £,2,0,8,Y,T

B

-14-



4. The Vlasov-Poisson equation

The:equation (1.5) contains the Poisson equation[

(4-1) VX’Ezé_lT\'gl VXXE=0,

where g =Kf7 . This has a solution of the form,
(4.2) E=Gg = [3 G(x—y)g(y)dy,

. Rr }

G(x) =x/1x7.

We note that VgG(x)é(fnCR3\£0}), is of homogeneous degree -3 and has
the mean value zero on 82. Thus VXG is a singular integral operator

of Céldéron—Zygmund type. By easy calculation, we get,
<'.
lIGglly2Cqlal,,
1V Gl <cilal,, k20,

Knowing this, we readily have the

Lemma 4.1. Suppose_ge&co((O,T];Hlﬁl) with 2>3 and let E be

. S . .
given by (4.2), Then EECO([O,T}:H ) satisfying
HEH__Q’ Ticlg‘l-—l’T'
. H '’ ’ ’
Recall the operator L of (1.13) and consider the equation,

L(£,0;0,E) =0,
(4.3)

£le_qg=Tp-

This is the same equation as (2.6) with s=0, so with v of (2.8), we
find its solution as
£=V(t,0;E)f.

’ B -1 ' L . .3
Suppose EeCO([O,T};H ) andfos‘sﬂa_’p,B with £>3, ¢>0, >0, B&IR™., Then

Lemma 2.2 says that

%
gecOlo,T];H, o 8

)

-15-
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satisfying (2.7) with k=2 and s=0. Further, we readily see that
Kf-:—CO({O,T];H!')r

< C o
IKfI!’IT'_CIf!llOIQIB IT

Now we discuss the Vlasov-Poisson equation (1.5). It is a
coupled equation of (4.1) and (4.3). Therefore, if g is a fixed

point of the equation,

(4.4) g=KV(t,0;GCj)fO:
then (1.5) is solved by

(4.5) £=V(t,0;Gg)f,, E=Gg=GKE. |
and by the successive approximations,
Using the results obtained so farf, we can show that for any f0€-‘-H.0.pE
. 0.8
with 9>0 or with p=0 and 8>3/2, there exists a positive constant T
and (4.4) has a unigue solution geco([O,T];Hz). Now we can have the

%

Theorem 4.1. Let £ ¢ H ,
0 p,0,8

£>3,0>0,p>0, 8€R. Then, there is
a constant T>0 and (1.5) has a unique solution of the form (4.5),

satisfying..

~ 2+
e c®(lo,1)sml 0, eec®(fo 7]t

)y

£l o <Ptz ]

T
918- 0‘2,01918’

where b is that of (2.7). Moreover, T depends only on Ifoi3 0.6.8°
. ’ 14 14

Finally we shall solve the modified Vlasov=Maxwell equation
@ppearing in (1.15):

) =R (or L(f,E+c lvxB;

=

(£,2; %,

i}

e
ren
|
9]
<
X
o
i
m

t

[

(4.6) Stu—CAu=Nf,
(f,u)ltzo:=0.

Here f,u,h are given functions. Rewrite this in the form of the

=16~
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Volterra type integral equation; -

t
f(e)=[v(t, s ;E){—aE(s)'va(s)+h(s)}ds,
0 .
or ‘
t ..‘ . . —l,
f(t) =fU(t,s;u,c){-a(E(s)+c ~“vxB(s) 'va(s)+h(s)}ds,
0 .
eombined with
t
u(e) =7 e B 2 (5)as,

0
Applying Lemmas 2.2 and 3.2 to this, we can readily prove the

Lemma 4.1. Let £¢>2,0¢>0,8€ R and o,y,T>0 with p-YT>0/2, and let

f,]ne[A.l]élsf\[A.3]§’B , fera.21*na. a1t

Then there exists a unique solution to (4.6) such that

2-1 -1 . -1 . -1
Felhdly g1 M(A-31g 5y (or £S(ALITE 0IA31TG 1),
-1 . -1 .
uefA.2] {and ‘ues{A.4] if 2>3).
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5. Prodf of Theorems 1.1-1.3

Theorem 1.1(i) has been proved in [1l] using the successive
approximation (the céntractioﬁ mapping principle). The proof was
‘given for o=0 but is valid also fof ¢>0. This and Lemma 2.1 then
prove Theorem 1.1(1i).

In order to prove Theorem 1.2, we shall recall the successive
approximation mentidned above; (fo,uo)==0 and for n21,

-1

T -u(t,o0;u" CIEg,

£

(5.1)
n_ CtA c(t-s)A
e u

ot /e e (g)as.

0 .
Thanks to (2.4),(3.9) applied to (5.1), we can find v,T,C>0 such that

o
!

(5.2) [£7 o tlul]

<C
Q'Iclprerl— -

e, T
holds for all n. Then by Lemmas 2.1,2.2,3.2, it follows that

n 2 2 nc_ [ . 4 2 .
(5.3) £ e[A'l]Y,Bn[A'B’]Y,B » we[A.2]"'N[A.4]7, n>0.

Using these, we repeat the argument of [l] to see that

. 0 0 2-1
- f in B ([1,»),CY([0,T},H6,9'8_l))._

o+ u in BO¢[1,=):c%(r0, T84y,

strongly as n-«, with some limit (f,u). By (5.2) and the interpolatm@
theorem, this convergence is also true iIf ¢-1,g-1 are replaced by
¢-¢,8-¢, for any ¢>0. This and (5.3) then imply::that for any &> 0,

TR strongly in BO([l,a]x[é,T];Bz—z(IRB)).

Now the first half of Theorem 1.2 follows since the limit (£,u) obvi‘h
ously coincides with the solution of Theorem 1.1, and the latter
half comes directly from Lemmas 2.2,3.2 and Theorem 4.1.

The asymptotic expansion in Theorem 1.3 is obtained as fOllow5~j§

First, .let f be that of Theorem 1.2 and assume the expansion,

-18-
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@

(5.4) F=f"+ Jc £,

3=0

~ R

Substitute this into (3.8) which holds for our (f£,u) by going to

the_limit in (5.1). "Then we have,
6 K s
(5.5) u=4"+ §c dud,
j=1
where
0 ctA t c(t-s)A .= 0
G =e " u0<+/ e A(f (s)+f (s))ds,
0
; c(t-s)A _j
ul=/e Afd(s)ds, l<ic<k.
g )

Using (3.4), we decompose i further as

~0_ = 0
=ur +u ,
u (t)==P0uo-+éPOAI (s)ds,

ctA

t
e P,u_+ [ gCEtms)A
170 0

(P=a£”(s) + A£0(s))ds.

u¥(e) :

By Lemma 3.2 and since our f  is that of Theorem 1.2, u  defined
above 1is juét that of Theorem 1.2. Also, recalling that (3.8) is a
unique solution to (3.1), we see that uj solves (formally) the Max-
well equation in (l.lS)j, 0<j<k. Substitute (5.4) and (S}S) into
(1.1) to deduce the eguation for fj in (i.lS)j.~ Now the proof of
Theofem 1.3 can be complefedby the help of Lemmas 2.2,3.2 and 4.1,

and by proceeding as in the proof of Theorems 1.1,1.2 and 4.1. The

detail is omitted.
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