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A detailed study is carried out for the relativistic theory of viscoelasticity which was recently constructed on
the basis of Onsager’s linear nonequilibrium thermodynamics. After rederiving the theory using a local argument
with the entropy current, we show that this theory universally reduces to the standard relativistic Navier-Stokes
fluid mechanics in the long time limit. Since effects of elasticity are taken into account, the dynamics at short
time scales is modified from that given by the Navier-Stokes equations, so that acausal problems intrinsic to
relativistic Navier-Stokes fluids are significantly remedied. We in particular show that the wave equations for
the propagation of disturbance around a hydrostatic equilibrium in Minkowski space-time become symmetric
hyperbolic for some range of parameters, so that the model is free of acausality problems. This observation
suggests that the relativistic viscoelastic model with such parameters can be regarded as a causal completion of
relativistic Navier-Stokes fluid mechanics. By adjusting parameters to various values, this theory can treat a wide
variety of materials including elastic materials, Maxwell materials, Kelvin-Voigt materials, and (a nonlinearly
generalized version of) simplified Israel-Stewart fluids, and thus we expect the theory to be the most universal
description of single-component relativistic continuum materials. We also show that the presence of strains and
the corresponding change in temperature are naturally unified through the Tolman law in a generally covariant

description of continuum mechanics.
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I. INTRODUCTION

The dynamics of fluids at large scales is universally
described by the Navier-Stokes equations, which represent the
regression to a global equilibrium with transfers of conserved
quantities (such as energy-momentum and particle number)
among fluid particles [1]. This can be formulated in a generally
covariant way, but it is known that there arises a problem of
acausality. In fact, the obtained equations for the propagation of
disturbance are basically parabolic and thus predict infinitely
large speed of propagation for infinitely high frequency modes,
leaving light cones. One should note here that this does
not imply the breakdown of the internal consistency of the
description because the Navier-Stokes equations are simply
an effective description at large space-time scales and need
not describe high-frequency modes correctly. However, this is
still troublesome when adopting the equations in numerical
simulations; the initial value problems are ill posed, and
unacceptable numerical solutions can be obtained easily.

To remedy the problem, Miiller, Israel, and Stewart [2—4]
extended the theory by treating the dissipative part of stress
tensor, r(’:l)” , and the heat flux ¢* (for the Eckart frame)
or the particle diffusion current v* (for the Landau-Lifshitz
frame) as additional thermodynamic variables on which
the entropy density can depend. This prescription is based
on the so-called extended thermodynamics and corresponds
to taking into account higher derivative corrections to the
effective theory. It has been shown that such modified theories
have a good causal behavior and that linear perturbations
around a hydrostatic equilibrium obey hyperbolic differ-
ential equations. This is now regarded as a fundamental
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framework for the numerical study of relativistic viscous
fluids.

Meanwhile, modifications of the Navier-Stokes equations
have also been studied in the area of rheology, and the materials
treated there are generically called viscoelastic materials or
viscoelastic fluids. Historically, viscoelasticity was defined by
Maxwell in the 19th century as the characteristic property of
such continuum materials that behave as elastic solids at short
time scales and as viscous fluids at long time scales [1,5]. In
1948, Eckart proposed a theory of elasticity and anelasticity
[6], which describes the nonrelativistic dynamics of single-
component viscoelastic materials and was reinvented recently
[7] in the light of the covariance under foliation preserving
diffeomorphisms. In this description, elastic strains (or equiv-
alently, the “intrinsic metric” defined below) are introduced
as additional thermodynamic variables, as in the theory of
elasticity. As explicitly shown in [7], this theory of viscoelas-
ticity contains the theory of elasticity and the theory of fluids
as special limiting cases, and correctly reproduces the Navier-
Stokes equations in the fluid limit. Furthermore, as was pointed
out in [8], since the dynamics at short time scales is dominated
by elasticity, shear modes of linear perturbations around
a hydrostatic equilibrium obey differential equations with
second-order time derivatives (in contrast to the equations
obtained from the Navier-Stokes equations that contain only a
first-order time derivative), so that causal behaviors for large
frequencies are significantly improved.

Recently, on the basis of Onsager’s linear regression
theory on nonequilibrium thermodynamics [9—12], the present
authors proposed a relativistic theory of viscoelasticity [13]
which generalizes the theory of elasticity and anelasticity [6,7]
in a generally covariant form. In the present paper, after
rederiving the theory relying on a local argument with the
entropy current, we study the detailed properties of relativistic
viscoelasticity. We show that fluidity is universally realized in
the long time limit and also that acausal problems disappear
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for a wide region of parameters. Thus, the relativistic theory
of viscoelasticity with such parameters can be regarded
as a causal completion of relativistic Navier-Stokes fluid
mechanics, and we expect that it could be used as another
basis in the numerical study of relativistic viscous fluids.

This paper is organized as follows. In Sec. II we rederive
the viscoelastic model of [13] using a local argument with
the entropy current. We also show that the presence of
strains and the corresponding change in temperature are
naturally unified in a generally covariant description of
continuum mechanics. In Sec. III we consider the long and
short time limits of our viscoelastic model. We prove that
the model universally gives relativistic Navier-Stokes fluids
in the long time limit. In Sec. IV we show that when
some parameters take specific values, our viscoelastic model
reduces to (a higher-dimensional extension of) the nonlinear
generalization of the simplified Israel-Stewart model [14]. In
Sec. V we consider linear perturbations around a hydrostatic
equilibrium in Minkowski space-time. The dispersion relations
show that the evolutions are certainly stable. Although the
wave equations for the linear perturbations are not always
hyperbolic, if some parameters are chosen appropriately (in-
cluding the parametrizations for the simplified Israel-Stewart
model) they become symmetric hyperbolic and thus free of
acausality problems. Section VI is devoted to conclusion and
discussions.

II. RELATIVISTIC VISCOELASTIC MECHANICS

In this section, we rederive the fundamental equations
for relativistic viscoelastic mechanics using a local argument
with the entropy current. In Appendix A we show that the
present formulation is equivalent to the “entropic formulation”
proposed in our previous paper [13] which is based on
Onsager’s linear regression theory.

A. Definitions

We start by giving a brief review on the generally covariant
definitions of viscoelastic materials [13].

1. Geometrical setup

We consider a single-component continuum material living
in a (D + 1)-dimensional Lorentzian manifold M. The local
coordinates are denoted by x* (u =0,1,...,D), and the
background Lorentzian metric with signature (—, +,...,+)
by g,.(x). Following the convention of Landau and Lifshitz
[1], we define the velocity field u = u*(x)d, from the
momentum (D + 1) vector p, as

u(x) = g (x)py(x)/e(x) = p*(x)/e(x), (D
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where e(x) = \/—gl‘”(x)pﬂ(x)pv(x) is the proper energy den-
sity. Note that u*(x) is normalized as g, (x)u* (x)u"(x) = —
Here and hereafter indices are subscripted (or superscripted)
always with g,,,, (or with its inverse g**”).

Assuming that the velocity field is hypersurface orthogonal,
we introduce a foliation of M consisting of spatial hyper-
surfaces (time slices) orthogonal to u”. We parametrize the
time slices with a real parameter ¢ and denote them by ;.
We exclusively (except for Sec. V) use a coordinate system
x=@"=x%x)suchthatx’ =, x = (x) (G =1,...,D),
for which the shape of the material at time ¢ is given by the
induced metric on X;:

h;w(x) = guv(x) + uu(x)uv(x)
Pu(x)pu(x)
e*(x)
We also define the extrinsic curvature K, of the hypersurface

as half the Lie derivative of h,, with respect to the velocity
field u = u*9,:

= gu(¥) + @

LN

Kuw=1 = WP ho(Vou, + Veu,). 3)

= 2y

This measures the rate of change in the induced metric 4,
as material particles flow along u*. Note that this tensor is
symmetric and orthogonal to u*, K,,u" = 0.

In the ADM parametrization, the metric and the velocity
are represented with the lapse N(x) and the shifts N'(x) (i =
1,...,D)as

ds* = guv(x)dx"dx"

= —N?(x)dt* + hj;(x)ldx' — N'(x)dt][dx’ — N (x)d1],
@)

_ _ L Ny

u = ut(x)d, = N(x)ao + NG 9;
[& u,(x)dx" = —N(x)dt]. 5)

The volume element on the hypersurface is given by the D
form vhdPx = ,/det(h;;)d’x = N~',/—gdPx.

With a given foliation, we still have the symmetry of
foliation preserving diffeomorphisms that give rise to trans-
formations only among the points on each time slice. Using
this residual gauge symmetry we can impose the synchronized
gauge, N'(x) =0, so that the background metric and the
velocity field are expressed as

ds* = g,(x)dx"dx" = —N*(x)dt* + h;j(x)dx'dx’, (6)

), = e = )
u=utx), =——=—,
BTON@)ar ot
where t is the local proper time defined by dtr = Ndt. In
this gauge, due to the relation d/9t = N(x)d/dt, the proper

de formahonW( sconnection w
§

FIG. 1. Processes of deformation and stress relaxation [7,8].
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energy density e(x) measured with the proper time 7 is related
to the energy density e(x) measured with time 7 as

e(x) = N(x)e(x). (8)

Note that e(x) includes the gravitational potential through the
factor N(x). Accordingly, the local temperature 7 measured
with 7 is related to the temperature T measured with ¢ through
the following Tolman law:

T(x) = N)T (x). €))

2. Definition of (relativistic) viscoelastic materials

According to the definition of Maxwell, viscoelastic ma-
terials behave as elastic solids at short time scales and as
viscous fluids at long time scales (see, e.g., Sec. 36 in [5]).
In order to understand how such materials evolve in time,
we consider a material consisting of many molecules bonding
each other and assume that the molecules first stay at their
equilibrium positions in the absence of strains (as in the
leftmost illustration of Fig. 1) [7,8]. We now suppose that
an external force is applied to deform the material. An internal
strain is then produced in the body, and according to the
definition, the accompanied internal stress can be treated as an
elastic force at least during short intervals of time. However, if
we keep the deformation much longer than the relaxation times
(characteristic to each material), then the bonding structure
changes to maximize the entropy, and the internal strain
vanishes eventually as in the rightmost of Fig. 1. The point
is that two figures (the central and the rightmost) have the
same shape (same induced metric) &, but different bonding
structures.

The internal bonding structure can be specified by the
intrinsic metric i_z,“,, which measures the shape that the
material would take when all the internal strains are removed
virtually [6,7]. For the example given in Fig. 1, the intrinsic
metric for the center illustration is given by the induced metric
for the leftmost illustration, while the intrinsic metric for the
rightmost illustration agrees with the induced metric for itself.
Thus, the plastic (i.e., nonelastic) deformation from the center
illustration to the rightmost illustration is described as the
evolution of the intrinsic metric.’

Its generally covariant generalization can be defined in the
following way. Suppose that we have two adjacent, spatially
separated space-time points P and Q, each of which represents
a point on the trajectory of a material particle (see Fig. 2). By
denoting their coordinates by x = (x*) and x + dx = (x* +
dx"), respectively, the distance between P and Q in the real
configuration is of course given with the metric g,, as (the
square root of)

ds* = guv(x)dx"dx". (10)

We now virtually remove all the strains in a sufficiently small
space-time region including the two points. Then P and Q

'h,w is also called the “strain metric” and was first introduced
by Eckart to embody “the principle of relaxability-in-the-small” in
anelasticity [6]. Some examples of the explicit form of %, and h v
under various deformations can be found in [7,8].
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FIG. 2. Real [x*(7)] and virtual [x*(t)] trajectories of material
particles. The distance between P and O gives the definition of the
intrinsic metric g,,,.

would move to other positions P and Q, whose coordinates we

denote by X = (¥*) and X + dx = (X" + dx"), respectively.

This correspondence defines a local map f : x > X = ¥(x),

with which we define the intrinsic metric g,,,(x) as the metric

measuring the virtual distance between P and Q (or, as the
pullback of the metric g, for the map; g,., = f* gw):2

—p n=c
d5? = g0 (D)di di® = gpg[i(x)]gx% g’;
= g,(x)dxtdx". (11)

dx*dx"

With the velocity vector u = u*(x)d,, we parametrize g,, as

g = —(1+20)u,u, — g u, — eyuty + hy,

(e u”* =0, hyu’ =0, h

hyu” = 0). (12)
The strain tensor is then introduced as

E;/_u(x) = %[g;w(x) - g;w(x)]
= OQu,u, + S(eu, + eouy) + 64, (13)

where

v (%) = 2[Ry (x) — Ay (0)] (14)

is the spatial strain tensor. Note that if we define the extrinsic
curvature associated with the spatial intrinsic metric £, as

Ky = 3E,0 = Y@ 03k, + ™Ry, + 3uhy),  (15)
the following identity holds:

£u8//,v = K;Lv - K;w- (16)

A viscoelastic material is a thermodynamic system con-
sisting of material particles as its subsystems. While the
system regresses to a thermodynamic equilibrium, one can
imagine that the virtual trajectory of each material particle
approaches its real trajectory, so that the strain tensor E,,
approaches zero. Such an irreversible process is called plastic
(i.e., nonelastic), and thus we see that the dynamics of
E,, includes plastic evolutions (in addition to reversible,
elastic evolutions). In the following discussions, we assume
that E,, = (&,,,6,,0) are all small quantities, such that
their nonlinear effects can be neglected. We shall denote

2As in the standard theory of elasticity [5], there may be an
arbitrariness in defining ¥*, but the intrinsic metric g,, can still
be defined uniquely.
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the contraction of a spatial tensor’® A,, with g"’ by trA,
so that

tre=g
trkK = g’“’KW

“ew = hll«‘)glw’ (17)
= WK . (18)

We close this section by explaining the physical meaning
of the strain tensor E,,, = (&,,,&,.,6). The spatial strain tensor
&, stands for the standard strains, measuring the difference
between the induced metric /,,, and the spatial induced metric
h,y. One can easily see that the quantity ¢ represents the
relative velocity of a material particle in its real trajectory
with respect to that in its virtual trajectory, " = u* — it =
dx"/dt — dx"/dt, where T is a common proper time (see
Fig. 2). In order to understand the meaning of 6, we first recall
that the covariant vector u,, is expressed as u, dx"* = —Ndx".
We can then rewrite ds> and d5? as

ds* = —N?*(x)(dx")* + h,(x) dx"dx", (19)
ds?* = —[1 +20(x)IN*(x)(dx")* + 2N (x)e, (x) dx"dx"
+hyy(x)dxtdx”, (20)

with h,,dx*dx’ = h;j(dx" — N'dx®)(dx/ — N7dx") and a
similar (but a bit more complicated) expression for
2N5de“dx + h,wdx“dx These equations mean that N =
V1+20N =~ (14 0)N represents the lapse function for the
intrinsic metric. Then, through the Tolman law, we can relate
the virtual temperature T observed in the absence of strains
to the actual temperature T as NT = NT(=T). We thus
obtain the relation § = (N?/N? — 1)/2 = (T*/T* - 1)/2 ~
(T — T)/T, and conclude that the scalar @ expresses the
increase of the temperature due to strains. This conclusion
shows that the presence of strains and the corresponding
change in temperature are naturally unified in a generally
covariant description of continuum mechanics.

B. Entropy production rate

As was adopted in [ 13], in order to develop thermodynamics
in a generally covariant manner, it is convenient to distinguish
density quantities from other intensive quantities, and, by
multiplying them with the spatial volume element v/, we
construct new quantities which are spatial densities on each
time slice. For example, the entropy density s, the energy-
momentum density p,, and the number density n are density
quantities, and for them we introduce the following spatial
densities:

5 = hs, Pu= \/Ep,u i = vhn. 21

We assume that each material particle is in its local thermody-
namic equilibrium, and that the local entropy § is a function of
Py, 7i,and g, as well as of the strain tensor E,, = (e4,,64,0):

S(x) = g(E/w(x)aﬁ,u(x)sﬁ(x)’g/w(x))- (22)

3By spatial we mean that A, is orthogonal to u*, A,,u’ =0 =
A,yu”. Recall that g*" = —utu” + h"".
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We further assume that § depends on p,, only through the local
proper energy &(p,.,8,v) = /—8&"** P, Pv, so that § can also be
expressed as
§(x) = 6 (Epy(x),e(x),ii(x),8uv(x))
= 6(8ﬂv(x)78ﬂ(x)a9(x)sé(ﬁﬂ(-x)sguv(x))vﬁ(x)vgﬂv(x))'
(23)
Since we are only interested in linear nonequilibrium ther-

modynamics, we only need to expand § in E,, to second
order:*

1
5[2)\18(,”)80”)
+ Aeuet + (tre)* + 2y (tre)d + y36°1. (24)
We require the stability of the system under the change in
strains E,,, so that the constants A; and A, are non-negative,

§ = (terms independent of E,,) —

and the matrix y = () 72) is positive semidefinite.
Then the fundamental thermodynamic relation can be
written as

u’ % \/ﬁ

8§ = ——8p, — =i+ ——T/8g,m

T T 2T @
Vh
72)\16‘(“”)88(,”) —

h h
— %)\.28“88“’ — %()@9 + tre)so. (25)

h
%_(yltrs + y20)é(tre)

Here the temperature 7', the chemical potential n and the
. . v
quasiconservative part of the stress tensor, 7, , are defined

06 1 06 06 h
o _1 o _ ko 2o _h T, (26)
de T on T 8gw 2T @

where we require that ‘L’ be orthogonal to u*, ‘L'( )uv =0.
The quasiconservative part of the energy-momentum tensor is
then defined as

T(’cf)” = eutu’ + ‘L’(l;;. 27
In deriving Eq. (25), we have used the relations

Bpse) ) _Ep o
ap, 08w

We now set the variation in Eq. (25) to be § = £,,. We then
obtain

\/EVM(SMM)

9

u’ 1
= «/E|:—7vﬂ(pvuﬂ) —Vu(nu )+ —‘L'(q) K

2A
1 MU £ Euvy — —(J/ltI‘S + 7/29)£u(tr8)
A2
— 78 HEue, — ?(7/39 + ]/2t1'8)£u0:|. (29)

“For a tensor A,,, we define Ay, = (1/2)h0h[Ay; + Agp —
(2/D)hP Ayph po ]
SWe here use a convention that the quasiconservative stress tensor

3y

Ty does not include stresses originated from strains.
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Here we have used the identities for Lie derivatives:
£,5 = VhV,(su"), £.p, = VAV (pou™),  (30)
£,i = VhV, (nut), (31)

which can be shown by using the identities £,v/4 = AV, u*
and p,V,u" = 0. Note that tr(£,&,,) = h*'£,¢&,, can be re-
placed by £, (tre) in our approximation because the difference
£,(tre) — r(£,6,) = E,h*)ey, = —2K* gy, is of higher
orders.

The full energy-momentum tensor 7" and the full number
current n** are given by

T = euu"” + ",

(u, = 0=v"u,), (32)

n"* = nu" +v*,

where t#” and v* are the stress tensor and the diffu-
sion current, respectively. Then, by introducing the entropy
current

sH = sut — ﬁv", (33)

and by using Eq. (29) together with the current conservation
laws
v, T"" =0, V,n" =0, (34)

the local entropy production rate can be evaluated as

1 v 2
Vst = _7(1-1/-” ) )Klw + "0, (_?)

2 1
- Tlg(w>£u‘9/w - 7(71“8 + 10)£,(tre)
A2 1
- 78M£u‘9u - F(7/39 + yotre)£,0
2\
(oo L) 7T EeE
-\ T B¢
(uv) T(;/,v)
A
+ (e” w(_ﬁ» —TEuen
T vlvb

£,(tre)
1 —ly
+ (trs 0 — ?trK> r £,0

1
E(tl“[ — tI"E(q))

(35)

Thus, if we require that each term be separately positive
definite, we obtain the following equations:

21
— T i ) € (uv)
( R, )=2<g+n)< )66
Tluv) = Tl —7 K

_)‘_2£ & &
T ~ucp — (H+0)( , n ) i (37)
( Vu ) huav(_%)

1 (£,, (trs)) tre
™\ g0 )=+ 6 |. (38)
(T — trr) — K
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Here G, 'H, and KC are antisymmetric matrices,

0 G 0 H
o=(% ) n= (7). e
0 K K
K=|-X 0 -Kal, (40)
K Ka 0
and 5, o, and ¢ are positive semidefinite symmetric
matrices,
7= (711 772>’ o — (01 02> ’ 1)
n2 N3 02 03
G & G
(=186 & &Y. (42)
4 & L

Note that only the symmetric matrices contribute when
substituted to the entropy production rate (35). This means
that the matrices 7, o, and ¢ are associated with irreversible
processes, while the matrices G, H, and JC are with reversible
ones.

The relationship between the equations given above and
the corresponding ones given in [13] is summarized in
Appendix A.

C. Fundamental equations

Using Egs. (36)—(42) at each point x = (x’ =,x) on
time slice X;, we can express (A) the currents 7/ and
v* and (B) the evolution of strains, £,&(.y, £4eu, £4tre,
and £,6, only in terms of local thermodynamic quantities
on %,.

We thus conclude that the dynamics of relativistic vis-
coelastic materials is described by the following two sets of
equations [7,13]:

(A) Current conservation laws:

VvV, T =V, (eu"u” + ") =0, (43)
v,nt =V, (nu" +v") =0, (44)
with the constitutive equations

2
T = g~ G — mp)et) — %Kum

- [(IC — ootre — (Ka + ¢5)0 + %trK}h’”, (45)

V= —(H — o)™ + a3hd, (—%) (46)

(B) Rheology equations:
£uey) = —%Sww gj\r—lnzKuw)’ (47)
L.e, = —%au - Wh;m(-%), (48)
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£, (tre) _
£60 |

V2 V3
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(m n)“ (—mtre — (K' 4+ 0)T6 + (K + ;4)tr1<>
(K' = 0)Ttre — ;3T0 — (Ka — ¢5)trK

_[V3§1+Vz(7€/*§z)]Ttr8 + [Vz{s*}’s(K'Jr{z)]Te + vsKAe)+ya(Ka—¢s) 41 i

dety

&4+ (K =o)IT tre —

dety dety (49)

&G=—nE+IT g pEKHi)+nKa=Ls) (g

dety

The former set of equations describes the dynamics

of D+2 conserved quantities (p, = eu,,n), while
the latter that of D(D + 1)/2 dynamical variables E,, =
(Euvagu 79)
It is convenient to introduce the following parameters:
A A
=, T =-—s, (50)
)’]1T O'lT
2 det
Ty = Y : (51)

[Py ¥ \/ng — ddety(det g, + K7?)]
=2[5372 — (K" + )3l
Gy =Gy = 2Ky £ [P, — ddetp(det g, +K?)
(52)

ay =

where Py, = 53y + 13 — 2802 2 0, and ¢ is the principal
submatrix of ¢ defined by ¢, = (2 Z) Since ¢, is positive
semidefinite, det ¢, is non-negative. Note that t;, 7,, and

Rery are all non-negative. We further introduce the scalar
variables

e = 1(tre — ash). (53)

Then the rheology equations (47)—(49) can be rewritten in a
more compact form.
(B’) Rheology equations:

1 G+m
£u ) = — ) + 5 K (54
s 1
1 (H+o0)T 2
o e e ) (—7 , (55)
(Ka = ¢5)asyr + v2) + (K + &)axy: + v3)
£,64 = trK
2dety
1
- — .. (56)
T+

From these, we see that t,, 7,, and Rety. give the typical time
scales for the relaxation of strains.

The relation between the viscoelastic models and a few
well-known rheological models (such as the Maxwell model
and the Kelvin-Voigt model) is discussed in Appendix B.

dety dety

III. FLUID AND ELASTIC LIMITS

In this section, we discuss the limits of elasticity and fluidity
in the relativistic theory of viscoelasticity. We first identify the
properties that characterize a given material as a fluid or as an
elastic material. We then consider the long-time and short-time
limits of our dynamical equations and show that fluidity is
universally realized in the long time limit. We also make a
comment on the subtlety existing in Maxwell’s definition of
viscoelasticity.

A. Fluidity and elasticity

Fluidity is characterized by the property that the relaxation
of the strains E,, = (&,,,6,,0) proceeds instantaneously.
Thus, their rheology equations are expressed as

£,600 =0, £,,=0, £6=0, (fluids) (57)

or equivalently,

£.80y =0, £,6,=0, £,64=0. (fluids) (58)

This situation can also be realized in the long time limit,
and we show in the next section that the constitutive
equations for our viscoelastic model universally reduces
to those for the Navier-Stokes fluids in the long time
limit.

On the other hand, elastic materials by definition do
not undergo any plastic deformations, and thus their in-
trinsic metric h,, does not evolve for any processes.
Thus, a given viscoelastic material is regarded as be-
ing elastic when its rheology equations are expressed
as [6,7,15]

K = 1£,h,, =0. (elastics) (59)

—2

B. Long time limit as a fluid limit

Let the time scale of observation be T,. If the observation
is made much longer than the relaxation times (i.e., Tops >
7,,T,,Rety), then we can neglect the terms £,e,.), £,&,,
and £,¢e4 in Eqgs. (54)—(56) because, for example, £, &,y ~
Tonlequmy < 7' (). We thus obtain

Ol

g+m G+mn
W) = S—K v = —77UXK ) s 60
Eluy = T, I (uv) T (60)
(H+o0)T " H+or , %
w = Ta)\—zhﬂau -7 = a—lh“a” T7) (61)
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(Ka — ¢s)axyi + o) + (K + ¢a)ary: + v3)
g4 Ty trK
2dety

By substituting these equations to Eqs. (45) and (46), the
constitutive equations take the following form:

Tflll?ng) = T,(ﬂ)) - 277NSK(;w> - §NS(trK)h;wa (63)
11} v M

U/(J}O 2) = GNShM8V (—T), (64)
where we have defined viscosity and diffusion coefficients by

detn + G2
s = 2 (65)

mT
_ detg +K%(a*5 +2a8+83) —2KK (abs +85) + K46
NS= (det¢ +K2)T ’

(66)

deto + H?
ONs = ———— 67)

1

Note that they are always non-negative, as can be seen from
the inequality

K2(a?¢1 + 2at + &) — 2KK (ags + ¢5) + K¢
Ka
=Ka K =Kh¢e| K | >o0. (68)
_]C/

In particular, when the material is locally isotropic, we can take
T(lf]; = Ph"', with P the pressure, and thus the stress tensor
certainly gives the constitutive equations for a relativistic
Navier-Stokes fluid:

‘L'(leol;g) = —2ns K + (P — OnstrK)R™. (69)

We thus confirm that our viscoelastic model always exhibits
fluidity in the long time limit.

C. Short time limit as an elastic limit

In contrast, at short time scales (Tops < 75,Ret4), we have

1 1
£u8(uv) > —— &), £u8:i: > ——é&y, (70)
T T+

S

so that Eqgs. (54)—(56) can be approximated as

G+
£u5(/w> = A—TDK(;LV% (71)
1
£ (Ka — ¢5)(axyr + y2) + (K + &a)axyz + v3)
WEt trk,
2dety
(72)
(:>£u(tr£) ~ (Ka = &5)y2 + (K + &4)ys trK). 73)
dety

0
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— (et +K)T

tre) "k ( &8s+ K) — (& + K)(&s — Ka) ) .

—(5 — K')(&s + K) + £1(¢5s — Ka)
(62)

By substituting Eqgs. (71)—(73) into Eq. (45), the stress tensor
can be rewritten in the following form:

T = 1 = 2G — m)e ) —

v ny

2013 £e
G+ T

— [(IC — ¢tre — (Ka + ¢5)0

n e dety
[(Ka = ¢5)y, + (K + ¢a)ys1T

£, (tre):| Ry
(74)

These constitutive equations have the same form as those of a
Kelvin-Voigt material (see Appendix B). However, one cannot
yet identify the material at short time scales with a Kelvin-
Voigt material, because they generically obey a different type
of rheology equations.

As discussed in the first subsection, elasticity is charac-
terized by the condition that the intrinsic metric /,, does
not evolve, and the rheology equations for elastic materials
are given by K,, =0, or equivalently by £,6,, = K,
[6,7,15]. However, this is realized only when the conditions
G+ n = A and (Ka — &5)ys + (K + &4)ys = dety are sat-
isfied. That is, for generic values of parameters, even if the
observation time is sufficiently shorter than the relaxation
times, the intrinsic metric ﬁ,w evolves when the induced
metric %, does (i.e., K, # 0if K, # 0). Thus, Maxwell’s
original definition of viscoelasticity [considered only for
the situations where the induced metric is static, K,, =
(1/2)£,h,, = 0] needs to be modified for generic values of
parameters, such that /,, is allowed to evolve when h,,
does.

IV. SIMPLIFIED ISRAEL-STEWART FLUIDS

In this section, as an interesting example, we consider
the case where K'=13;=03=¢ =0 and 7} = Ph"".
In this case, from the positivity of matrices 5, o, and
¢, the conditions 17, = 0, = {4 = {5 = 0 also must be im-
posed6. Then the conserved currents take the following
form:

TH = eulu’ + Ph*’ —2Ge™” — K(tre — a®)h*’,  (75)
n* = nu"* — He", (76)

®From this form of the bulk stress and the relation  ~ (T — T)/T,
we see that a/T can be identified with the thermal expansion
coefficient.
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and the rheology equations become

1 g
£uey) = ~ 7 B+ K, (77)
1 HT u
£u8ﬂ = —;SM — )\’—zhua‘,y(—?), (78)
— T — T
£, (tre) = B8O =) e + (283 — v382) 0
dety dety
K
(ay2 + y3)trK, (79)
dety
£.0 = (281 — V1§2)Ttr8 _ (ngs - V2§2)T9
dety dety
K
_Kaynity) o (80)
dety
By using the relations
Ty = —2Gey, V= —He",
(uv) 1 (uv) 1)
I = B(trr — tryg)) = —K(tre — ab),
the rheology equations can be rewritten as
1 2G?
ity = —— Ty — — Ky, 82
Tuv) = Tuv) by () (82)
1 HT w
£ul)ﬂ = —;UM + )\‘—Zhﬂav <—T), (83)
— T
P [(ay: + v3)61 — (ay1 + ¥2)8a] mn
dety
ICZ 2
_ K@y +2ay, + J/S)trK
det y
n KTlagi(ays+y3) — t(a’y — y3) — G3(ayi +12)] P
dety ’
(84)
— T
£,0 = & —yl)T  Kanty) o
Kdety det y
— T
~ @b+ 83) = yalati + &)l 0. (85)

dety

This model gives hyperbolic differential equations for small
perturbations around a hydrostatic equilibrium, as is shown in
Sec. V.

For brevity, we here consider the case when 6 is decoupled
from other variables. This can be realized by settinga = y, =
¢ = 0 in the above equations, and the rheology equations
become

‘Cs£uf</4v) = —Tuv) — nNSK(;w)v (86)
v 13
‘L'G£u\),,' = —v, + O'Nshuav <—7>, 87)
tfu Tl = —T1 — stk (88)
T
£,0 = —Q—Q. (89)
V3
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Here we have introduced t, = y;/(¢iT), and the vis-
cosity and diffusion coefficients are given in this case
by nns = 762 /M = G*/(mT), {ns = wkK?/y1 = K2 /(4 T),
and ons = H?/oy. These equations look like the nonlinear
causal dissipative hydrodynamics proposed in [14]. Although
the nonlinear terms in [14] (e.g., h{v,V,u") are important
for numerical simulations of ultrarelativistic dynamics, these
terms, in principle, cannot be treated properly in our first-order
formalism. However, if we do not make the approximation
£,(tre) >~ tr(£,¢,,), then Eq. (88) becomes —1, Ctr(£,6,,) =
(£, 11+ (1/D)uK T — KK*e ] = —T1 — {nstrK  and
coincides with Eq. (14) in [14] where the spatial dimension is
settobe D = 1.

If we neglect the nonlinear terms, we then get relations of
Maxwell-Cattaneo type:

" = 2N K — rsh“”h”‘supvpn,,,g,
IT = —¢nstrK — rbuVVyl'[, (90)

UNsh,‘i3u (—%) — AUV, v",

pH

where 7’ = (V) — r((ql;”. They are the constitutive equa-

tions for the simplified version of the Israel-Stewart model.’

Thus, in this case the rheology equations are equivalent
to the constitutive equations for the simplified Israel-Stewart
model (90), and the [D+ 1414+ D(D +1)/2+ D] dy-
namical variables (excluding 6) can be determined from
the D + 2 conservation laws (V,n* =V, T*" = 0) and the
D(D + 1)/2 4+ D equations (90).

V. HYPERBOLICITY AND DISPERSION RELATIONS

In this section, we study linear perturbations around
a hydrostatic equilibrium in Minkowski space-time. We
exclusively take a coordinate system (x*) = x%x%) in
which the background metric is written as g,, = N,y =
diag(—1,1,...,1). A hydrostatic equilibrium is then speci-
fied by the velocity ug) = u(,d, = d (i.e., u, = 8y), the
proper energy density e, the number density n), and the
vanishing strain tensor E() = 0. The induced metric is then
given by A0) = n,, +uQu? = diag(0,1, ....1). Note that
from the fundamental relation for the hydrostatic equilib-
rium, 5(0) = 5‘(0)(5(0),1’1(@),\/% = \/%S(o)(e(o),n(o)), other
thermodynamic quantities such as the temperature Tg), the
chemical potential (o) and the pressure Pg) are determined as

. L HO) ¢~ P
3S(0) = —86(0) — —( )81’1(0) + —( )5,/]’1(0 , (91)
To) T To)

or

1 M)
85(0) = —38e) — ——8n0), (92)
0 To) 0) To) 0

"The constitutive equations for a simplified Israel-Stewart fluid is
obtained by setting the viscous-heat coupling coefficients to be zero
in those for an Israel-Stewart fluid (i.e., ®p = o; = 01in Egs. (8a)—(8c)
in [3]).
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with the Euler-Gibbs-Duhem relation

o _ro , Po

. 93)
Ty Toy To

So) =

A. Linear perturbations around a hydrostatic equilibrium

We now consider linear perturbations around the hydro-
static equilibrium,

8uwv = Nuv +0, ut= 8g + Sut, (94)
By = h0) + noudu, + Suunoy, (95)
e=eqp +de, n=ng+dén, E,=0+E,, (96)

and denote their conjugate thermodynamic variables by

T'=To+6T, = po+du, 7
P = Pg +8P. 98)

We only consider the locally isotropic case: r(’fl)” = Ph*'. Us-
ing the identity —1 = uu, = —1 + 28ug = —1 — 28u°, we
can show that 8uy = su® = 0, and the acceleration vector a* =
u'd,u” = dpdu* has only spatial components: a° = 9su’ =
0 and @' = 9pdu’. Moreover, from 0 = &,,u” = €,0, &, also
has only spatial components, ¢;;, in this linear approximation.
Similarly, since 0 = K,,u” = K o, the extrinsic curvature
also has only spatial components, which are expressed as

Kij = 3h{'R(Quu, + 0yu,) = 5(3;8u; + 9:duj), (99)
or

trK = 9;8u’, (100)

1

—(0:8u; + 9;8u; E(as SO, o)
jou; + ju,—D ou ;" ).

Kij) = >

As for the stress tensor (45), by decomposing it as 7,, =
r/(g)) + 87,,, the zeroth part is given by 11(3) = P(o)hfg), and
from 0 = 7,,u" = tl(g)éiui + 87,0 we can show that §top = 0,
8Tip = —rl-(;))(Suj = —P(y0u;, and the spatial components are
written as
0

87i; = 8Ph{) — 2G — m)ey

_ B

2
|:8,~8qu +0;8u; — E(Bk(suk)hf.j?)] —[(K — ¢a)tre
©)

—(Ka + £5)01hY — 25 (35ubh®. (102)
ij To) ij
The diffusion current is written as
V= (M — et + 03;13;;3”5(_%). (103)

We now substitute the above expressions to the set of
fundamental equations, consisting of (A) the conservation
laws (43)—(46) and (B) the rheology equations (47)—(49) [or
(54)-(56)].

(A) As for the conservation laws of energy-momentum
tensor, the component along u* is given by 0 = u,0,T"" =

PHYSICAL REVIEW E 84, 026316 (2011)

0, (T* u,) — T* 9 u, = —9,(eut) — t*"9,u,. From this we
obtain
3, (eut) = dpde + e()d;du’
= —t"d,u, = =1/, 0,0u, = —Pyd;du’, (104)

or

dode = —w()d;Su’. (105)

Here wq) = ey + P is the enthalpy density at the hy-
drostatic equilibrium. As for the components orthogonal
to u*, from the equations 0 = 5,0, T"" = hy, 9, (eu"u”) +
R0, T = eut 9 uy + hyy0,TH = eay + h} 0 1,,, we ob-
tain

ea; = e)dpdu; = —h;d"t,, = —30"81y
= —3%1y — 38Ty = P)d°Su; — 8%6t,  (106)
or
wioydodu; = —d*8Ti;

—8;8P +2(G — n2)dke
D-2 A
+ (—( LI i) 0; 08U’ + 2 Asu!
DT Tio) Tio)
+ (K — &4)9;(tre) — (Ka + £5)0;0, (107)

where A is the spatial Laplacian, A = §7/9;9;. The conserva-
tion law of particle number current becomes

0 =9,(mu" +v")
= b1 + noyddu’ + 03A8<—%) — (H—on)die.
(108)
(B) The rheology equations are linearized as

G+m

o€ ij) = e

2 O\
0;8uj+0;8u; —B(akau )hij _r_g(iﬁ’
(109)

1 T,
doei = ——&; — Mal@(_E), (110)
To )\2 T

[y3¢1 4+ 2 (K" = )11 )
- tre
dety
(283 — (K" + Zz)]T(O)e
dety
nKa—-¢)+y(K+8),
3,'314 5
dety

_ n(K' = &)+ »&ilTo
= tre
dety
NG =K+ 52)]7"(0)0
dety

K+ +rnKa— CS)aiaui, (112)
dety

do(tre) =

+

+

(111)

000

where we have used the approximation £,&;; > do&;;, £,&; =
00&;, £, (tre) >~ dy(tre), and £,0 =~ 9y6.
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Since we are considering locally isotropic materials, the
fundamental thermodynamic relation (25) can be rewritten
with the use of the Euler relation (C6) as

b5 = oo — Fan— Losewmse L e 1 m0)8ctre)
=7 T T 1 (uv) T Y1 )2

1 1
— =e"be, — F(y39 + Wtre)do. (113)

T
If we denote the thermodynamic variables collec-
tively by (a") = (e,n,equ),6,,tre,0), the matrix A=
—(82%s/da"da*)| () is positive definite from the convexity of
entropy. Here |y means that the matrix is evaluated at the
hydrostatic state. In the following discussions, we assume for
brevity that the matrix takes the following form:

A Ay 0 0 0 O
A, A; 0 0 0 o0
0 0 A(MV%(PU) 0 0 0
A= 4 ” , (114)
0 0 0 A’5 0O 0
0 0 0 0 A¢ Ag
0 0 0 0 A; Ag
where the principal submatrix
A = <A1 Az) _ ( an |(0) 3ean|(0)>
T A, AT
24 Sen |(0) an? |(0)
a/T) ’(0) S(M/T) }(0)
= (_a<1/r>| G(M/T)i ) (115)
an  1(0) an  1(0)

is positive definite. Then the Gibbs-Duhem equation (C7) can
be written as®

0;0P = S(())B,'(ST + n(o)aiS,u
= 500 8[(1/T) "1 + n)d;8[(1/T) " (u/ T)]
= (WA + n0)A2)T0)0;de

+ (weyAz + noA3)T(0)0;0n, (116)

a,-s(-%) = —(A23;8¢ + A39;8n), (117)

and we finally obtain the following set of linearized equations
of motion:

(118)

+ 888u
T(O)) ‘

+ (K — £4)0;(tre) — (Ka + ¢5)0;0

3086 = —w(o)E),-(Sui,

(D —2)n
woydodui = 2G — n2)d ey + <T0)3

13
—|— —A(SM,
T
— (w)A1 + n)Az)T)0;8e

— (wyAz + n(0)A3)T()0;n, (119)

8Note that the right-hand side of Eq. (C7) can be set to zero for the
linear perturbations around a hydrostatic equilibrium.
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d08n = —n)d;8u’ + o3(ArA8e + Az Adn) + (H — 02)d; €',

(120)
+ 1
BQEW) = g2 " <3 SM] + 3 Su; — —(3k8 k)hf?) — ‘l,'_S(ij)’
(121)
T: 1
doe; = TEEDTO \ 5ot Asaon) — Lo (122)
2 To
g T:
Bo(tre) = — (381 + (K" — ¢2)1T o) e
dety
n (283 — (K" + é'z)]T(O)Q
dety
Ka — K
n n(Ka — &) + y3(K + 54) ’ (123)
dety
300 = [y1( —4“2)+V2§1]T(0)tr8
dety
~ nG—rnE +§2)]T(0)0
det y
K +8)+ynKa — 55) (124)
dety

We now consider wave propagations in the x” direction,
demanding that perturbations depend only on x° and x”:

Sup = 8u;(x°xP), &y = (x°xP),  (125)

Se = 8e(x . xP), &n =sn(x"xP). (126)
Then the above equations can be rewritten as follows:
G+m 1
J = — opéup — — R 127
(11 D péup T58<11> (127)
1
do&(ryy = —fun I #J), (128)
S
G+m 1
0 = opdu; — — , 129
0E(ID) 21 pouj T58<1D> ( )
w)dodu; = 2(G — m)dpepy + 7),7—38%)&11, (130)
©)
1
doe; = ——e¢y, (131)
3()66 = —w(O)BD(SuD, (132)
W(Q)BQSMD
2D—=Dmnz | % \ao
= 2(G — )0 —— 4+ — 056
(G — 12)9pepD) +( DTg + To,) 2P D
+ (K — &4)dp(tre) — (Ka + ¢5)dp0
— (wo)A1 + n©)A2)T)dpde
— (w(())Az + Il(())Ay,)T(())aD(S}’l, (133)
dpdn = —I/l(o)aD(SuD + o3 (A2812)<Se + A38,2)8n)
+(H — 02)dpép, (134)
(D —1)(G +n2) 1
0 = ———— = 9pdup — — , 135
o€ (D D) Dy péup TSE(DD) (135)
H T 1
doEp = (—Zﬂ(AzaDSe + A30pdén) — —e¢p,
2 To

(136)
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n(Ka —&5) + y3(K + §4)8 s
D

do(tre) =
o(tre) dety up
[v3¢1 + (K" — £2)1T})
— tre
dety
— (K’ T
+ [1283 — y3(K' + £2)] 0, (137)
dety
K Ka —
800 = K +4)+nka §5)8D<SuD
det y
L [i(K" = &) + y2811T() e
dety
— (K’ T
8 =+ 5H)] ©, (138)
dety
where I,J =1, ...,D — 1. This set of equations can be further

decomposed according to the transformation properties under
the little group SO(D — 1):

(1) tensor modes: (g(/),&(1.7));

(2) shear modes: (&(rpy,0ur,€1);

(3) sound modes: (tre,e(ppy,8up,de,én,ep,0).
In the remainder of this section, we study hyperbolicity and
dispersion relations for each type of perturbation modes.

B. Tensor modes

For tensor modes, the set of equations can be written as

G+ 1
0, = — opdup — — 13
o1 D, 0P Uup - E(ITYs (139)
1
808<”> = —r—8(11>. (140)

From the identity > ; €un + &mppy = 0, the number of inde-
pendent variables of g7y is D — 2. If we define the variables
E[j by

eun — &p—1yp—-1y forl =1J),

E[J =
&y (fOI‘I ;ﬁ ]),

(141)

then the number of independent E;; is D(D — 1)/2 — 1 =
(D —2)(D +1)/2 because E(p_1yp-1) =0, and the equa-
tions for E;; become

1
0:30E”+_C—E”. (142)

S

Thus, if we consider plane waves propagating in the x”
direction,

Su; = Su;(w, ket —iex" (143)
sij = Bij(w, ke T, (144)
we obtain the dispersion relation w = —i/t; which represents

nonpropagating, purely dissipating modes. Since T is positive,
the imaginary part of w is always negative, and thus we find
that the tensor modes are always stable. Such relaxation modes
correspond to stress relaxations observed at rheological time
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scales (Tobs ~ T5) and will disappear at hydrodynamic time
scales (Tops > Ts).

C. Shear modes

For shear modes, we have the equations

_ g+
0= (30 + 7 1)8<ID> - L dpduy, (145)
2A1
2 —_
0= 808111 - —(g n2) aDSUD) — A 312)5111, (146)
W) wo) T
0= (3 +1,")es. (147)

Note that ¢; is decoupled from the other variables, and
Eq. (147) represents its pure relaxation with relaxation time
75 (=0).

If we set n3 = 0, by redefining the variables by

M 1
sSj+ =% [ —¢&py + Zduy,
w(0) 2

the set of linearized equations for s;4 can be written as

(148)

S+ — S1—
(30 TF Csheardp)srs + ———— =0,
27
for I =1,2,...,D — 2. These are hyperbolic equations and

the characteristic velocity is given by

_ TINS
Cshear = P
0)ls

For generic cases, from Eqgs. (145) and (146), we obtain
telegrapher’s equations with Kelvin-Voigt damping,

1 ()
(a§+—ao— ik agao—cfhearag) <5<;lj>> —0. (151

% wolo
Although they are generically nonhyperbolic and have infinite
wave-front velocity as in the standard relativistic fluid mechan-
ics, they can be made into hyperbolic telegrapher’s equations
by setting 73 = 0.
If we consider the short time limit (t; — 00), the differen-
tial equations become

3 2 2 a2 E(ID)
a2 dp0 a0 =0. (152
< 0 woy To) D90 ~ Cohear D) <5M1 ) (152)

The wave equations in this form also appear for viscous
solids such as Kelvin-Voigt materials, and reduce to the wave
equations when 13 = 0.

Finally, for plane waves

(149)

(150)

Su; = Sui(w, ket —iex" (153)
g = Tij(w, ke’ 1o (154)
from (151), we obtain the dispersion relation
1 m
M4+ —k )0+ k> =0, 155
* <Ts - wo T ) " b (159

°In this case, from the non-negativeness of the matrix 1, 1, (and thus
det ) must vanish. However, this still gives a positive shear viscosity
if G # 0, as can be seen from Eq. (65).
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where ' = —iw. Since all the coefficients are positive, the real
part of " (or the imaginary part of w) always takes negative
values, and thus we see that there are no unstable growing
modes in the shear modes. Equation (155) has two solutions,
which are expanded around k = 0 as

Y — L i =) TR + i1 = 1) e Tk 4+ O(K®)
—i 2 Tk — i(1 = ro)ch . T3k + O(KS),

(156)

with g = n3/(nnsTio)). The former represents the relaxation
modes which are not observed at hydrodynamic time scales
(Tops > t5). The latter represents the hydrodynamic modes
where @ — 0 in the limit k2 — 0, and from the coefficients
of k2, the diffusion coefficient is found to be c2 . 7, =

shear
nNs/wey. Moreover, by the comparison with the dispersion
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relation of Maxwell-Cattaneo type, the effective relaxation
time associated with the hydrodynamic modes is read off from
the coefficients of k* as (1 — r¢)7,. Indeed, if we set ry = 1,
the effective relaxation time becomes zero and the dispersion
relation becomes purely diffusive; = —i(ns/ w(g))k2.

If we are interested only in the hydrodynamic modes, the
dispersion relation coincides with that of the Israel-Stewart
model up to O(k*) by identifying (1 — r,)7, with the relaxation
time 7,; in the Israel-Stewart model. However, if the relaxation
modes are also taken into account, our viscoelastic model has
a richer structure than the Israel-Stewart model, which is the
special case (r; = 0) of the viscoelastic model.

D. Sound modes

Finally, for sound modes, we have the following set of
differential equations:

0 = 9dpde + w(0)8D8uD, (157)
2(G — 2(D —1 K- K
0 = dpdup — Mawwm - ( : = . > 0pSup — d dp(tre) + 4t ph
W) DwoTy — woTo W) W)
A AT, A AT,
n (wo)A1 + n©0)A2)T) dpe + (wo)Az + n0)A3)T ) S, (158)
W) W)
0 = 89n + n()dpdup — 03(A29p8¢ + A39p8n) — (H — 02)dpep, (159)
(D —1)(G +m) 1
0=0 — ————9pd — , 160
o€ (D D) D, pdup + - £(DD) (160)
1 H T,
0= doep + ey — TEFTDTO 4550+ Asapon), (161)
To 2
K — T, Ka — K — (K T,
0 = o(tre) + [y3¢1 + va( &2)1T0) tre — 2(Ka — &5) + y3(K + &) dpdup — (283 — y3(K' + $2)] O (162)
dety dety dety
K Ka — K — T, — K T,
0= 806 + (K + &) + ni(Ka §5)8D(SMD _ Inc &) + 261l O e 4+ V153 — (K + &) ©, (163)
dety dety dety
In particular, if we consider the case where 13 = ¢g = o3 = 0, the set of equations reduces to the following linear differential
equations:
(80 +Bodp + B)Y =0, (164)
K(ay,+y3)
0 0 —# 0 0 0 0
(D-hHg
0 0 — 0 0 0 0
Ko _26 To To. Ka
wo) W) 0 w(o) (w(O)AI + n(o)Az) W) (w(O)Az + n(O)A3) 0 w()
By = 0 0 W) 0 0 0 01, (165)
0 0 no) 0 0 —H 0
AT H AsToH
0 0 0 ——ZA‘;’ ——3;20) 0 0
0 0  Mantr) 0 0 0 0
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381 +72(K'—=82)1Ti0)
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28—y (K'+0)1T;
dety 0000 0 — y;ety —
0 % 00 0 0 0
0 0O 0 0 0 O 0
B, = 0 0O 0 0 0 O 0
0 0O 0 0 0 O 0
0 0 000 + 0
1 (K'=8)+y 0T, V18 =r2 (K'+0)1T;
_ 1 dZety 26114(0) O O 0 O O 1 3ety 2 (0)
Here we have defined
T, 0
2_ 1o 2 2 _9p
c, = %(W(O)Al + Zw(o)l’l(o)Ag + n(O)Ag) = % .
and
w)(ay2+y3)
,/@Ty‘ 0 0 O 0 0
ooy (D—1)
0 1/"“JQ)D—Al 0 O 0 0
0 0 1 0 0 0
M= 0 0 0 4o _rostiel
no) wo)A1+n0)As
0 0 0 o «/]detA“)cs 0
0 0 0 O 0 /#%?
0 0 0 O 0 0
Y =My
‘We then have
(3 + M~ 'BoMdp + M~ 'B,M)Y' =0,
with
0 0 —M, 0 0 0
0 0 —M, 0 0 0
_Ml —Mz 0 Cq 0 0
M~ 'ByM = 0 0 Cs 0 0 —M,
0 0 0 0 0 —M;5
0 0 0 —M; —Ms 0
0 0 M; 0 0 0
Mg 0 0 0 O O M,
0 - 000 0 0
0O 0 0 0 0O 0 o0
M'BBM=]10 0 000 0 0],
0O 0 0 0 0O 0 o0
0 0 000+ 0
Mg 0 0 0 O 0 My

K2
M, = (aya—%)@)7
wo) det y
2(D -1
M, = 12( )77NS7
Dll)(())‘fs
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(167)

(168)

(169)
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]CZ
Ms = alay + Vz)’ (175)
V' wdety

H(woA A T,
w, = oA oA | To (176)
Cs To W(0)O1
det AT,
Ms = H | detA, ULIOY (177)
Cg T501
4
— )T,
M, = (381 + 92(K' = §)] o (178)

dety

/ — ylT,
My = (K" + 0)ys — 53021T0) | ani+ v ’ (179)
dety a(ay, + ys)
K — T
My = K =@y +apllo [a@y +rs) (180)
det y ayr +y2

(Y183 — o (K" + Zz)]T(O)' (181)
dety

My =

The real matrix M ! ByM is symmetric and can be diagonalized. The eigenvalues are calculated to be {0,0,0, & v}, where
1 2(D—1 Ajo
2= <c? LN ( )1INs LA NS)

2 W) T Dw(o)‘L’s To
1 2D — 1 A > 4A 2D -1 det Aswo Ty
" —\/<cz n {Ns n ( )1NS n 3UNS) _ 4Asons ( {Ns n ( )IINS n sW(0) (0)) (182)
2 W) T D W) Ts To To W) T D W) Ts A3
give the characteristic velocities. Since all the eigenvalues are real, we see that the system of differential equations (164) is
hyperbolic.
If we particularly set H = 0 (and thus ons = 0), the characteristic velocity reduces to
2(D—1
ve = |2+ Ins n ( JUISS (183)
w(o)‘l,’b Dw(o)‘[s

and agrees with the large wave-number limit of the group velocity (which in our case coincides with the front velocity and the
characteristic velocity) in the Miiller-Israel-Stewart theory (see, e.g., Eq. (49) in [16]). If we take the long time limit, t,,7, — O,
the characteristic velocity becomes infinitely large, and thus causality gets violated.

For generic cases (i.e., when we do not impose the conditions 13 = {¢ = o3 = 0), from Eqgs. (157)-(163), the dispersion
relation for the plane wave

Su; = Sui(w, ke k<" —iex” (184)
g1 = Fij(w keI (185)
Se = Se(w,k)e*"—iox’, (186)
sn = Sn(w, ket —iox’ (187)

is obtained as

T7 + (ce0 + ce2k®)T® + (50 + c52k* + c5akT + (cao + cank® + caak)T* + (30 + ca0k* + c3akHT?

+ (c2ok* 4 c24kMT? 4 (c1ok? + c14kT + cuk* = 0, (188)

where I' = —iw and
co=71 +r, i+ (189)
o= o 2P Dms (190)

Towe  DTigwo
TsTo +(Ts + To (T + 72 )+ T4 7T
50 = S ( )( + ) + , (191)
TeTo T4 T
(' +7") | owr ! 2D Dm(E A b )

Toywo) w(o) Dw)T(o)

e =2+ +Asos(ry 5 o DY), (192)
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2(D -1
es = Asos ( b | X )”3) (193)
woToy — DwoTio)
PR e s (194)
TsTo T4 T
I ons[T6To + (75 + To)T T T
042:C§(T51+T01+T+1+T71)+ 6 N[ b ]
wo) T(0)Ts T W) TsTo T+ T—
n 2(D — Dnnslste + (T + o)t +72) + 74 7] n Azons[tsts + (Ts + o)ty +7-) + 747 ] (195)
Dw(o)TsTo T4+ T— T T T4 T ’
6(E 1Y) sty 20— Ds(37 4+ o 1) det AT
Cq4 = A30'3 - + + - + P (196)
Tioyw(o) w(o) DToyw(o) Az
1
3= ——, (197)
TeTo T4 T
o — csz[rst(7 + (T + 1)ty + 1)+ 147] n INS (rs + 1, + ‘L’b_l‘L'+‘L'_)
2 TsTo T4 T W) TsTo T T—
2(D -1 T+ Ty + 74 + 17— Azons(Ts + T + T4 + T
n ( )nNs (Ts + ) LA Ns(Ts + )’ (198)
DwyTsTo 74T TsTo T+ T—
N Ao
Ty )T TeT
1y = ASUNS< 6 + Insltsto + (75 + 1) b T+ ]
T(o) W) Ts To W) TsTo T+ T—
+AD—mmmn+@+@xu+LHqﬂ4+®m@mMMgwﬁj+gwwﬂ) (199)
Dw(o)TsTo T4+ T— Asons 7
1 2(D—1
oy = —[cf(rS + T+ T+ To)+ s + ﬂ + A3<7Ns], (200)
T Ty T4 T wo) Dw )
. Asons (;Ns(rs+fg + 1, T T) L UD = Dins(o+ B 47 47
24 =
TsTo T4 T— w(0) Dw)
n det AwyT(o)[ s To + (T + To)(Ty +7-) + TJJ])’ 201)
A3
2
o= (202)
TeTo T4 T
Ajo 2(D—1 det Aw To\(ts + T5 + T4 + T—
oy = _Aaoms ({ﬁ n ( )1INS n 0 T0)(Ts + )), (203)
TsTo T4+ T w(0) DU)(()) A3
det Aons T,
cos = —2INSTOYO (204)
TeTo T4 T

Here we have defined non-negative constants

b=t = — o, By = 2, (205)

nns Ty ONs

and redefined Ty, as

{ns dety

that all the coefficients are positive, and thus at least the
necessary condition for the stability is satisfied. For a full
analysis to be performed, one should further check the Routh-
Hurwitz stability criterion, which we have not carried out yet.

The dispersion relation around £ = 0 gives seven solutions,
and four of the seven take the following form:

= — (206)
C R Ry i+0W) i+0¢) (209)
vi =a’y +2ay, +y3 >0, (207) ®= T4 » 0T T ’
Peey = (8386 — t)y1 + 2(8ags — Le)ye o= A L Oud). 210)
+ (8186 — &)y = 0, (208) o

which becomes y;/(¢;T) when the parameters are taken as
in Sec. IV. Note that complex parameters 7, appear always
through the combinations ty + 17— = 2Retr;(=0), r41_ =
|74 |>(=0), or r;l +t = 2Rer, /|74 |*(>0). One can check

They correspond to the relaxation modes, and as the obser-
vation time becomes much longer than the relaxation times
Re 14, 75, and 1, these modes fade away in time and will not
be observed eventually.

026316-15



MASAFUMI FUKUMA AND YUHO SAKATANI

The remaining three modes are hydrodynamic modes and
have the following expansion in k:

2
w = cslk] —ick* + <cz - 2%1)|k|3 + 0", (211)

N

; det Aons T(()) w(0)

w=— . k> + O(kY), (212)
Cg
with
. 1 (CNS n 2(D — 1)nns n (Asn (g +A2w(0))2<7NsT(0))
1=-|— ,
2 \w) Duw) cw)
213)
o (ch(r+ +r -1 'nr) | (D-Dis( —m)c
=
2w(0) Dw(()) s
T0)ons (Asng) + Aswi))?
2C§U)(())'L’o—
2(D -1 det A T
y (Csz n {Ns n ( JINS Ur\;s (O)w(O)).
W) To Dwyts CTo
214)

In particular, if we neglect particle diffusions (H = ons = 0),
we have

{Ns (D — Dnns

¢ = + , (215)
! Zw(o) Dw(o)
(;Ns(r+ +1 -1 'tir) | (D—Dins(1— rs)rs>
Cy) = + Cs.
2UJ(0) Dw(o)
(216)

Up to O(k*), this dispersion relation coincides with that of
the Israel-Stewart model if we identify 7, +7_ — 7, o,
and (1 — r¢)7, as the relaxation times try and t,; of the Israel-
Stewart model, respectively (see, e.g., Eq. (47) in [16]).°

VI. CONCLUSION AND DISCUSSIONS

In this paper, we have studied the relativistic viscoelastic
model [13] proposed recently on the basis of Onsager’s linear
regression theory on nonequilibrium thermodynamics. We
first rederived the model using a local argument based on
the current conservation laws and the positivity of entropy
production rate. We then studied in detail the properties of
the model and showed that our model universally reduces to
the standard relativistic Navier-Stokes fluid mechanics if the
observation time is sufficiently longer than the relaxation
times.

We also studied linear perturbations around a hydrostatic
equilibrium in Minkowski space-time. We showed that the
wave equations for the propagation of disturbance become
symmetric hyperbolic for some range of parameters, so that
the model is free of acausality problems. This fact suggests that
the relativistic viscoelastic model can be regarded as a causal

19Tn order for the correspondence to hold, we need to further choose
the parameters such that 7. + 7_ — 7 ! 77— and (1 — ry)7s are both
positive.
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completion of relativistic Navier-Stokes fluid mechanics,
defining the latter as its long time limit.

Although the wave equations are not hyperbolic for generic
values of parameters, the problem of ill posedness in numerical
simulations will be significantly remedied from the situations
encountered in Navier-Stokes fluid mechanics. To see this,
let us consider a shear mode as an example. As we saw in
Sec. V C, the dispersion relation in the long wavelength limit
is given by Eq. (156),

w = —i(nns/wo)k? — i(nns/we) (1 — rdsk* + 0(k®)
217)

and has the same structure as that of the Israel-Stewart model
up to 0(k®) so long as (0 <)rs < 1. This implies that, even for a
parameter region where the wave equations are not hyperbolic,
the behaviors at short wavelength scales are still remedied to an
extent similar to that of the Israel-Stewart model, and thus the
problems associated with the causality violation are expected
to occur less likely in numerical simulations. It should be
interesting to check this statement with a direct numerical
simulation.

As discussed in Sec. V, the dispersion relations for linear
perturbations with generic parameters exhibit two kinds of
branches. One is the “hydrodynamic branch,” where w — 0
as k — 0, and corresponds to the poles in retarded Green’s
function in the Kubo formula for dissipative fluid mechanics.
If we neglect the effect of particle diffusion (H = ons = 0),
these poles in the relativistic theory of viscoelasticity coincide
with the poles of the Israel-Stewart model up to O (k®) for shear
modes and O(k*) for sound modes [see Eqgs. (156), (213), and
(214)] by identifying 74 + 71— — 7 1t+r, and (1 — rg)7s with
the relaxation times tpy and t,, respectively, in the Israel-
Stewart model. In the so-called fluid-gravity correspondence
[17,18], such poles are actually found in retarded Green’s
functions calculated at the boundary of an asymptotically
AdS geometry, and the relaxation time is obtained to have
the value 7, = (2 —In2)/(2x T) for strongly coupled N =
4 Super Yang-Mills theory. This suggests that we should
set (1 —ry)ts =2 —In2)/2nT) if we want to establish a
mapping between the fluids described by strongly coupled
Yang-Mills theory and those described by our viscoelastic
model.

The other branch (“rheological branch”) gives a behavior
that @ converges to anonvanishing, pure imaginary value, w —
—i/ts + O(k?), as k — 0, and thus corresponds to the relax-
ation of strains. These relaxation poles are usually discarded
in the discussion of viscous fluids, because the observation
time for fluids is much longer than the relaxation times and
the relaxation modes disappear at such time scales. However,
if such poles can also be found in retarded Green’s function at
the boundary theory, then the fluid-gravity correspondence
may be understood within a more general framework of
the “viscoelasticity-gravity correspondence.”!! It would be
interesting to pursue the study in this direction. It should

'To establish this, one first would need to investigate whether the
parameters r; and t, can be obtained consistently for sound and shear
modes.
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also be interesting to investigate the viscoelasticity-gravity
correspondence along the line of the recent study relating
the solutions of the Navier-Stokes equations to those of the
Einstein equations [19,20].

As other future directions to be pursued, it should be
important to extend the model such that one can treat
more complicated systems like multicomponent viscoelastic
materials. Such extension is actually straightforward and is
under investigation. Another interesting direction is to extract
the transport coefficients from kinetic theory or to extend the
theory such as to include higher-derivative corrections.
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APPENDIX A: ENTROPIC FORMULATION OF
RELATIVISTIC VISCOELASTIC FLUID MECHANICS

In this Appendix we give a brief review on how the funda-
mental equations [Eqs. (43)—(49)] are obtained from the rela-
tivistic theory of viscoelasticity [13] constructed on the basis
of Onsager’s linear regression theory [9-12]. We use the
same geometrical setup and the same definition of viscoelastic
materials as those given in Sec. ITA. See [13] for a more
detailed description.

We assume that the local thermodynamic properties of the
material particle at x (already in its local equilibrium) are spec-
ified by the set of local quantities [b*(x),c’(x),d” (x)]. Here
¢! (x) denote the densities of the existing additive conserved
quantities C’. b (x) denote the “intrinsic” intensive variables
possessed by each material particle (such as strains), and d” (x)
denote the remaining “external” intensive variables which
further need to be introduced to characterize each subsystem
thermodynamically (such as the background electromagnetic
or gravitational fields). We distinguish density quantities from
other intensive quantities, and by multiplying them with the
spatial volume element /h, we construct new quantities
which are spatial densities on each time slice. For example,
the entropy density s and the densities ¢! of conserved
charges are density quantities, and for them we construct
the following spatial densities: § = Vhs, & = /hc!. The
local equilibrium hypothesis implies that the local entropy
§(x) is already maximized at each space-time point x and
is given as a function of the above local variables; §(x) =
§(bA(x),& (x),d” (x)). If we denote by (e,,€,) the space-time
scale where the local equilibrium is realized, then at space-time
scales larger than (¢, €;), we need to take into account the effect
that the material particles communicate with each other by
exchanging conserved quantities (such as energy-momentum

PHYSICAL REVIEW E 84, 026316 (2011)
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FIG. 3. Time evolution of material particles in the large region

.[Ls] [13].

and particle number). The second law of thermodynamics
tells us that, if boundary effects can be neglected, this should
proceed such that the total entropy of the larger region gets
increased.

In order to describe such dynamics mathematically, we first
introduce the space-time scale (L, L) which is much larger
than the space-time scale (&g, €;) and assign to each space-time
point x = (x° = #,x) on time slice T, a spatial region X, [L]
of linear size L (see Fig. 3).

We then consider the total entropy of the region X, [Ls]:

S TLL) = / P56 (1.3). 2 (1.3).d" (1Y), (AD)
Y.[Ls]

The irreversible evolutions of intrinsic variables a’(x) =
(bA(x),é (x)) at x will proceed toward an equilibrium of
the region X,[L]. Due to the condition L > €, we can
assume that the influence from the surroundings of the region
¥, [Ls] is not relevant to the dynamics of a’(x) because x
is well inside the region. An equilibrium state of the region
Y. [Ls] will be realized when the observation is made for
a long period of time, L, and can be characterized by the
condition

88(t; 2, [Ly])

. 0. (A2)

Note that the functional derivative is taken only with respect
to a spatial, D-dimensional unit in the functional. We de-
note the values of a"(x) at the equilibrium by ag(x; Ls) =
(b{(x; L), (x; Ls)). One should note here that, since & (z,y)
are conserved quantities, the variations (A2) with respect to
¢! -type variables should be taken with total charges kept fixed
at prescribed values:

f dPyé! (1,y) = C'(Z,[Ls)). (A3)
S.lL]

A simple analysis using the Lagrange multipliers shows
that the condition of global equilibrium is expressed
locally as

—(x) =0 and h,(x)V,B(x) = (A4)

abA
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where 8; is the thermodynamic variable conjugate to & that
is defined by

0% AS
Pr(x) = oo (). (AS5)

The total entropy of the region X,[L;] at an equilibrium is
given by

dPys (g (t,y).e5(t.y).d" @.y)),

(A6)

So(t: BulLy]) = /

(L]

where %°[L] is a hypersurface orthogonal to the velocity
field at the equilibrium, uy = pjy /eo. When the material can
be regarded as being at an equilibrium at spatial infinity, we
can fix the labeling s of the new time slices { E?} at the
equilibrium with the labeling ¢ of the original time slices {X,}
by setting s = ¢ if ¥ conforms with ¥, at spatial infinity. If
we denote coordinates corresponding to the new foliation {2}
by (x"*) = (x" = t,x"), then the velocity field uy = ug 3, will
be expressed in the following form:
1

1,
Uy = —09, + —0;

. A7
AR (A7)

This expression defines the new lapse Ny and the new shifts
N} at the equilibrium that are realized at spacetime scale
(L, Ly). For configurations other than the equilibrium, the total
entropy S (t; X, [Ls]) is smaller than that of the equilibrium
S’o(t; 2, [Ls]), so that if we denote their difference by

AS(t; 2, [Lg]) = S(t; 2, [Ls]) — So(t; Z,[Ls]),  (A8)

AS is always nonpositive.

In the previous paper [13], it is proposed that the difference
AS can be effectively written in the following form at the low-
est order in the derivative expansion for linear nonequilibrium
thermodynamics:

AS(t; 2 [Ls])

1
= _E/ dPyNy'/=g((b —bo)* V.1
20[Ls]

Cap €Y (b — by)®
X )
El;?[ ep.l,vj Vvﬂ]

Here the scalar function Ny is the lapse at the equilibrium

(A9)

vJ
defined in Eq. (A7), the coefficient (i’;lf Ef;‘_v ,) is a symmetric,

positive semidefinite matrix, and all the elements are spatial
tensors, £4'u, =0 = ¢*/"/y,. The integral region can be
replaced by X, [L;] because the difference is of higher orders
in the derivative expansion. See the appendix in [13] for a
derivation of (A9) for simple cases. The functional form of the
total entropy, S(r; £,[L,]) = So(r; T:[Ls]) + AS(t; Sy [Ls]),
is called the entropy functional in [13].

We now consider Onsager’s linear regression theory [9-12]
assuming that the total entropy is given with this entropy
functional. In Onsager’s treatment the irreversible evolutions
of thermodynamic variables a” (x) are given by

[@"()]ir = L™ f5(x). (A10)
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Here f;(x) is the thermodynamic force defined by

Fi) = SAS(t; EX[LS]),
das(x)
and in the relativistic nonlinear thermodynamics, the dot
should be defined as a" = N£,a” [13], where £, is the Lie
derivative with respect to the velocity u = u*(x)d,. L' are
the so-called phenomenological coefficients and can be shown
to satisfy Onsager’s reciprocal relation [9-11]

(A11)

Lrs — (_l)la"l-&-la“'\Lsr’ (A12)

where the index |a"| expresses how the variables transform
under time reversal, a”(x) — (—1)¢'!a” (x).!? The Curie prin-
ciple says that L™ can be block diagonalized with respect
to the transformation properties of the indices (r,s) under
spatial rotations and the parity transformation [21], that is,
under the subgroup O(D) of the local Lorentz group O(D,1)
in local inertial frames. For example, when a” constitute
a contravariant vector, (a”) = (a"), the equations of linear
regression should be set for each of the normal and tangential
components to the time slice through x:

, o[ 8AS

[a()]fy,, (x) = L'} [w(x)]l, (A13)
o ow| SAS

[Cl(x)]irr”(X) = LH I:—(Sau(x)jl7 (A14)

where for a contravariant vector v* we define v/ = (—utu,)v’
and vl’l‘ = hivY (and similarly for covariant vectors). Covari-
ance and positivity further impose the condition that L' and
Ly" should be expressed as L'" = Lju"u" (L, > 0) and
Ly" = Lyh™ (Lj > 0), respectively.

If we further know the reversible evolutions of thermo-
dynamic variables, [@"(x)];ey, Which are not accompanied by
entropy productions, then the dynamics of the system can be
determined as

ar(x) = [ar(x)]rev + [ar(x)]irr
SAS(t; T, [Ls])
da’(x)

For viscoelastic materials, the relevant thermodynamic
variables are the following:

=[a"()]rev + L™ (A15)

A b g dP (35/0d")

ew O P —uw/T gu ~RTL/2T
e 0 A —u/T
6 0

nvo JTY J7AV . . _

where T(q) =eulu’ + 1 18 the quasiconservative energy
. 7y . .

momentum tensor with T the quasiconservative stress tensor.

2When the background fields d” change as d* — df under
time reversal, the reciprocal relation is expressed as L™ (d”) =
(_l)lar\+|a"\L.rr(d{).
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The entropy functional is then written as

AS(t; 2 [Lg)) = —% /

0[Ls]

N ) (050 eyl &y
(eu  9,(35/07)) S (av(8§/aﬁ)
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N a ' E(po)
dPyy/=gN;'" [(sw V(“(E)E/aﬁv)))<1 X 2(po) )( o) )
gé/()/u))), £30u0).(po) V<p(as/8pa>)

P A A

1 <1 ). (po) Eg(m,) £ (oo
=—= dPy/=gNy" | (e (=1/T)K ) re ( i )
2 /;‘Q[LS] 0 ) fhv) g(pa) 63(MU),(pg) (_I/T)K(pa)

ooy &y
+ (e 9u(—p/T)) o gy <3 (=n/T)
2 3

where the coefficient matrices are symmetric and positive
semidefinite, and their indices are all orthogonal to u*.!* Note
that for this parametrization, the contributions from the rotation
Viuuty) are discarded. Since the matrices must be invariant
tensors, we can assume that they take the following form:'*

(uv),(po) (uv),(po) t t
(zl 62 ):2<el E)Nh“h h“ph””

Eé"‘))’(m) gé/w),(pfw gtz Al
(A17)
o oo )
H w | = v v Noht", (A18)
& 4 64
6o 666
o =6 6 6] N, (A19)
o) \6 o6 e
oo 66
where (1 2) ( ) and (13s & ) are positive semidefinite.
6 e

The irreversible evolutlons of thermodynamlc variables then
become

A

(e 0um i = 1 LEwEwo) JAS (A20)
(uv) Jie = Jh 8¢,
1 SAS
(&)t = ELT“[ 5o } =0, (A21)
, 1 e [8A8
& im) = EL‘; ) [—ng } , (A22)
[(tre) Tisr 1 Luewe  J twed ;(ﬁf)
[9] = ﬁ Ltrs@ L09 sAS |’ (A23)
ur W

3We actually need to impose the latter condition in the Landau-
Lifshitz frame. One can show that if this condition is relaxed, the
energy-momentum tensor comes to have terms related to a heat flux,
which should not appear in the Landau-Lifshitz frame.

“Note that £/ 0 = 200 (k = 1,2,3).

6 4 tre
)—}—(trs 0 V.05/9p)) | & 0 0 :
05 05 05) \V.u(95/0p,)
2{uv),
664 e
>+(tr89( 1/TuK) | & & & 0 ,
lﬁz @2 5 (—=1/T)K
(A16)
|
SAS
[(Fulirr = VI L”””‘[ . } (A24)
3Py
. SAS
(5, e = VRL]"™ [—8 } (A25)
[l = VAL 2D T (A26)
n

We now make the following irreducible decompositions of the
phenomenological constants under the group O(D) in a local
inertial frame:

L = g (a2)
Lﬁ"s‘ = L', (A28)
L™ = L3, Le? = L, (A29)

L% = L, LT"’" =Lu,u,, (A30)
L‘I"#Pv =L, L= (A31)

Then the irreversible evolutions of thermodynamic variables
can be written as [13]

N7 el = —2L" ey + QLYY T)K 10,
N7 eulie = =LYy [Ye, + 60,(—11/ T)],
N7'[(tre) iw =

(A32)
(A33)
—(L36; + LSZS)tre — (L36 + L3t3)0

+(L S£4+L£) (A34)

—(L36} + L563)tre — (L3565 + L365)0

1

+ (L3¢5 + LS e) (A35)

1

5 2
ﬁ[Pu]irrL = — ?gngm

—c Ly (—u,u;)V, [26‘28(“”

, 1
+ (ejtra + 050 — 7@;%)}#“] . (A36)
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[ 2
ﬁh’%lmu == LjhuVy [25128““) - 7551((’“)
. , 1 .
+ (thrs + €30 — TEZtrK)h’“\} . (A37)
! [7i] vh 0’3 M
i = — -
/_g 072

XV, [z;hwsv + é;h’”&)v(—%)}. (A38)

Here, in order to evaluate 8A§/8 Du, we have used the
decomposition of the matrix 8°5/0 5,9 p, (negative-definite
for each irreducible component) as

97§ , ,
h = — = —Clu“u - C||hM ’ (A39)
0P, 0Py
with positive quantities ¢ and cj.
If we assume that L;=c L, =c Ly and L=

Vh(—3%5/3i*)M are constant, then Egs. (A36)—(A38) are
rewritten as

[B,Jir = —v=gV"1\).  [iilin = —v/=gV"v®.  (A40)
where the dissipation currents are given by
T = Ly[205 0 — 2/ THEK ()
+(€tre + €30 — (1/ T K )hy ], (A41)
v = L[y, + 63h%0,(—p/T)]. (A42)

On the other hand, as for the isentropic evolutions, we
assume that the evolutions of the densities of conserved
quantities are given by

[uliev = —v/=8V*T0.  [iiley = —/—g V"0, (A43)
with the reversible currents of the following form: '

) =19 — 2Ge ) — K(tre — ab)hy,,,  (A44)

vl = —Hey,. (A45)

As for the evolutions of the strains E,,, = (&,,,,&,,0), we set
them to be in the most generic form:

e 2GL!

N [8(p.v>]rev = L‘,,T (Jv) s (A46)
LYH u
N ey lew = — ol —= ), A47
[é,] L ( T) (A47)
(NWWQMO__LI Ly Ly\ [ K6-FuK

N7 O] rev P \Ly Ly) \ -Kwe+Luk )’
(A48)

Combining Eqs. (A40)—-(A42) and Eqs. (A43)-(A45), and
using the formulas p, = /=gV,(u"p,) = /—gV*(eu,u,)

15 At the end of this appendix, we comment on how these reversible
parts are determined in the entropic formulation.
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and /i = \/—gV*(nu,,), we obtain

vV _gvﬂ(euuuu) = ﬁv = [ﬁv]rev + [ﬁu]irr

=—V/=gV* () + 1)), (A49)
hY _gvu(nuu) = ﬁ = [ﬁ]rev + [ﬁ]in
= _\/__gvﬂ(vl(;) 4 V;(Ld))' (A50)

We thus find that (A36)-(A38) [or Egs. (A40)-(A42)] and
Egs. (A43)—(A45) can be summarized as current conserva-
tions:

v, T" =0, V,n" =0, (A51)
where each of the conserved currents,
T = eu'u’” + ", n" =nu + ", (A52)

consists of the convective current (p*'u* = eu*u" or nu*) and
the additional current (7#¥ or v*), the latter being further
decomposed into the reversible and the dissipative currents:

™ = T(/:)U + r(’é;), Wi = v(’ﬁ) + v(‘fi). (A53)

Furthermore, one can easily show that the evolution equa-
tions on E,,, = (g,,,£,,0) [Eqs. (A32)—(A35)] together with
the explicit form of the reversible and the dissipative currents
[Egs. (A41), (A42), (A44), and (A45)] can be rewritten into
the following set of equations:

2\
—FEue ) &)
(T &)ﬂ@w%l“ . (A54)
Tyuw) = Ty —7 K

—)\—2£ & Eu
T”“=m+w( ’ )mm
( Y ) h;av(_%)

1, [ £ultre) tre
TV \ £.6 —xk+o| o |, (@se
%(trr — trrg)) —%trK
where
PR LY L) (A57)
1= S0 E
-1
A 1 (L} L
= = , A58
Y (Vz J/3> [LﬁT (L; L3 (A9
6 4 66
nEL~< >, O'EL;,<V V>, (A59)
"G4 64
EE E% E% 0 ¢
c=1;16 6 6] 6=(_5 () (A60)
660
0 K K
'HE(_OH ’}(-)()’ K=|-K 0 —Ka (A61)
K Ka 0

Equations (A54)-(A61) totally agree with Egs. (36)—(42),
from which Eqgs. (43)—(49) follow, as we see in Sec. IIC.
This is what we promised to show at the beginning of this
Appendix.

We close this appendix with a comment on how the
reversible evolutions are determined. They are actually de-
termined by the requirement that the reversible evolutions
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do not produce entropy and the final form of the total
evolutions (reversible ones plus irreversible ones) should
be given as in Egs. (A54)-(A61). As an example, let us

consider the irreversible evolution of ¢,,) and the quantity
@ .

Tuv) — T(;/.v)'
1 tpt 2Lt£l2
N [8(;Lv)]irr =—-2L Elng) + TK(;W), (A62)
2L ;50"
@ 3
Thuv) = Ty = —2G8un) + 2L plo8 ) — TpK(/M'
(A63)

By multiplying the first equation by a factor —L /L', the
equations can be rewritten with a symmetric matrix as

Ly xr—1r-
_ﬁN 1[‘9(/Lv)]irr
T<u>_f<(q)>
v w
_[{(0 O A 2
(g )2 (i H)) (L) o0

The second term with a symmetric positive-semidefinite ma-
trix represents irreversible processes with entropy production.
Thus, in order for the first term not to produce entropy,
we need to introduce the reversible part in £,,) such that
the resulting form can be written with an antisymmetric
matrix. This consideration determines the reversible evolution
uniquely as

Ly ar—1ys 0 2 E(uy
I N [Ewu)]rev — < g) lw J . (A65)
0 0 0/ \=7Kum

Noting that N ~'¢,,) = £,(,.), We see that the total evolution
is actually given as in (A54). The remaining equations can be
obtained in a similar way.

APPENDIX B: CONSTITUTIVE EQUATIONS IN
RHEOLOGICAL MODELS

The theory of elasticity is based on Hooke’s law which
states that that stresses are proportional to strains in elastic
materials. On the other hand, the theory of viscous fluids is
based on Newton’s law, which states that viscous stresses are
proportional to velocity gradients in fluids and is described
by the Navier-Stokes equations. However, for more general
materials these theories are not applicable, and a class of
such materials is called viscoelastic materials and studied
in the area of rheology. The relation between stresses and
strains for a given material is called the constitutive equations,
which play a fundamental role in the study of rheology.
In this Appendix, we list a few well-known materials with
their constitutive equations and compare them with the
viscoelastic materials discussed in the bulk of the present

paper.

1. Hookean materials

The simplest constitutive equations constitute Hooke’s law.
We first assume that, on each time slice ¥;, every material
particle knows its own natural shape described by the reference
metric A wv» Which measures distances in a material when it is
free of elastic strains. This metric has the same meaning as

PHYSICAL REVIEW E 84, 026316 (2011)

bulk : K shear : g

o—W— oo

FIG. 4. The bulk part (left) and shear part (right) for a Hookean
material.

the intrinsic metric in the main text, though it is not dynamical
here (£,7 wv = 0). When we discuss nonrelativistic dynamics,
we will set it to be l_z,w = diag(0,1, ... ,1) in a laboratory
frame, as is taken in standard textbooks (e.g., [5]). Although
we consider the strain tensor E,, in the main text, we here
assume that elastic strains are purely spatial and only consider

the elastic strain tensor defined by ¢, = (1/2)(h,,, — h wv)-
Hooke’s law can then be expressed as
Th — —/C(’”)(””)spg (’C(MU)(pU) > 0), (B1)

where JC#®9) is a constant tensor, and () denotes the
symmetrization of indices with the normalization (()) = ().
For isotropic elastic materials which locally has no preferred
direction, the coefficient K“"*) can be expressed as the sum
of the irreducible components A*'h*° and (1/2)(h"*°h"’ +
h*°p¥P — (2/D)h*'h*?), and we have

Ty = —K(tre)h, — 2Ge ), (B2)

where I and G are the bulk and the shear modulus, re-
spectively. Relativistic motions of such elastic materials in
gravitational fields are discussed in, for example, [15].

Since we are considering the linear approximation in ¢,
this stress tensor can also be written as

Ty = —K(tre)hy,, — 2Ge 1, (B3)

where tr and ey are defined by
I3 - -
tre = g, h"", ey = e — B(tre)hlw. (B4)

Then, if we take the nonrelativistic approximation with /2, =
diag(0,1, ... ,1), we reproduce the standard Hookean stress
tensor

1
5 = —K e — 26 <g,»j - B(Sklgkz)&j). (BS)

The constitutive equations for a Hookean material are
schematically represented by a spring, as depicted in Fig. 4.
To understand the diagram, we consider a Hookean material
in D =1 spatial dimension. The material can be obtained
by connecting in series tiny springs with a weight of mass
m at each end (see Fig. 5). Since the actual length between
two adjacent weights at x = x, =nl (n € Z) and x = x4,
is given by +/h(x,)l, and since the natural length is

given by /h1(x,)l, the stretch of the spring is given by

a material
particle N m k
= 0o 1 3 >

FIG. 5. Weights of mass m are connected to the spring with spring
constant k.
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i oo —T}—

FIG. 6. The bulk part (left) and the shear part (right) for a
Navier-Stokes (or Newtonian) fluid. A dashpot yields a viscous stress
proportional to the time derivative of the induced metric.

(Whit =)l = (e11 /v hn)(x,), where ey = (1/2)(hiy —
h11). Then the equation of motion for the weight at x = x,, can
be written as

shear:

My (xn) = —kl~2 (1) + kl—2=(x,), (B6)

\/ hu v hu
where a;(x,) is the acceleration of the weight at x = x,, in the
x! direction. Then in the continuum limit / — 0 with ¢y =
m/+/h11l and K = ki kept fixed at finite values, the equation
becomes

eoar (x) = — 0 [—K(ire(x))3; ], (B7)

so long as we take a coordinate system in which the intrinsic
metric /1 is spatially constant. If we define the energy density
e(x) = m/+/hyl and neglect the difference (e(x) — ep)a;(x),
which is of higher orders in €11, we obtain the Euler equation

e(x)ai(x) = —d 7/, (B8)

with the stress tensor rl = —IC(tre)81 This stress tensor
coincides with (B3) in D = 1 dimension, and in this sense
the left diagram in Fig. 4 represents (the bulk part of) the
constitutive equations for a Hookean material. On the other
hand, the right diagram in Fig. 4 is simply a schematic
generalization for the shear part and does not have any physical
meaning other than the information that the shear part of the
stress tensor is given by —2Ge ;..

2. Navier-Stokes (Newtonian) fluids

Newton’s viscosity law says that the viscous stress tensor
is proportional to velocity gradients, and in our notations this
can be written as

t(d é—(MV)(PU)K (é-(l/-v)(/w) > 0), (B9)

because the extrinsic curvature K,, = (1/2)£,h,, can also
be expressed as velocity gradients, K w = (1/ 2)hp h(Vous +
Vsit,). In particular, for simple fluids (that do not have any
specific directions locally) we have

Tlg = —C(rK)R* — 2K W), (B10)

where ¢(>0) and n(=0) are the bulk and the shear viscosity,
respectively. These constitutive equations can be interpreted
as representing the resistance due to the time derivative of
the induced metric, K, = (1/2)£,h,,, and are schematically
represented by a dashpot as in Fig. 6.

For simple fluids, the reversible part of the stress tensor, ‘L'(I:)v,
should be proportional to 2#*¥ by definition, and we write it as
r(’:)” = Ph"'. Then the total stress tensor for simple viscous

fluids is given by

=1l + 1) = Ph" — ((wK)h" — 20K " (BI1)

Materials with the constitutive equations of this form are called
Navier-Stokes (or Newtonian) fluids.

PHYSICAL REVIEW E 84, 026316 (2011)

bulk : shear:

LB O

FIG. 7. The bulk part (left) and shear part (right) for a Kelvin-
Voigt material.

3. Kelvin-Voigt materials

If an elastic material (so that £,,E,w = 0) further obeys
Newton’s viscosity law, the stress tensor is given in the
following form:

Ty = —(Ktre + $trK)hy,, — 2Ge gy — 20K . (B12)
Such materials are called Kelvin-Voigt materials and are
sometimes used to explain creep phenomena in viscoelastic
materials. Relativistic motions of such materials are discussed
in, for example, [22]. Since Kelvin-Voigt materials have
fixed intrinsic metric (0 = £uE;w = K,» — £,&,), we have
K., = £,e,, and the stress tensor can be rewritten in the
following form:

T = —(Ktre + L, tre)h, — 2Geuy — 2nLue .  (B13)
The constitutive equations for a Kelvin-Voigt material thus can
be represented by the diagrams in Fig. 7. Since a spring and
a dashpot are connected in parallel in each diagram, the total
stress is given as the sum of the stress of each component.

Unlike Hookean materials, the stress-strain relation is
process-dependent. However, for Kelvin-Voigt materials the
stress tensor at each moment can be determined only by
measuring the induced metric £, and its temporal derivative
K., at the moment, and we do not need to know the preceding
history of the strains.

For more generic materials, the stress tensor indeed depends
on the whole preceding history of the strains. The simplest
among such materials are Maxwell materials, described below.

4. Maxwell materials

The constitutive equations for a Maxwell material are
depicted in Fig. 8. Since a spring and a dashpot are connected
in series, the stress of the spring and the stress of the dashpot
should be equal. As is already explained, the stress of the
spring is given by

Ty = —K(tre)h,, —

2Ge - (B14)

Recall that the induced metric £, measures the actual shape
of each material particle (i.e., the total length of the diagram),
while the intrinsic metric /2, measures the natural shape of
each material particle (i.e., the length of the dashpot plus the
natural length of the spring). Thus, the stress of the dashpot,

bulk : shear:

0—’6666666\—13—0 0—’6666666\—13—0

FIG. 8. The bulk part (left) and the shear part (right) for a Maxwell
material.
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bulk: I

2 gQ
¢ 1
R g
LIS /HSBsEse:

FIG. 9. The bulk part (left) and the shear part (right) for a Zener
material.

shear :

which is proportional to the temporal derivative of &, (i.e., the
temporal derivative of the length of the dashpot), is given by

Ty = = (K)hyy — 20K ). (B15)

Since these stresses are equal, from Eqs. (B14) and (B15), we
obtain the equations

rK = (K/Otre, Ky = (G/0)e -

Since K,, is the temporal derivative of h,,, K, =
(1/2)£,h,,,, these equations describe the dynamics of /,,, and
are called the rheology equations in the main text. Note that
the structure of a Maxwell material is critically different from
that of a Kelvin-Voigt material in that the intrinsic metric A5,
of the former is dynamical.

We should also emphasize that even if we measure the shape
of a viscoelastic material, /,,,, and its derivative K, at a given
moment, we cannot readily determine the value of the stress
tensor 7, at the moment because there is no way to know the
values of strains ¢, when £, is dynamical. However, if we
observe the evolution of &, during a finite interval of time,
the initial value of &, can be obtained, and by solving the
rheology equations we can determine the value of the intrinsic
metric /,,, at each moment.

(B16)

5. Zener materials

We next consider Zener materials or the standard linear
solid model whose constitutive equations are given by the
diagrams in Fig. 9. This model includes Kelvin-Voigt materials
and Maxwell materials as limiting cases (; = G, =0 and
K1 = Gi = 0, respectively). However, as is clear from Fig. 9,
if a Zener material is left intact after an initial deformation,
it will get back to its original natural shape. In other words,
this kind of material does not posses permanent strains unlike
Maxwell materials, and in this sense Zener materials are said
to be solidlike.

If we want to describe the relativistic dynamics of a Zener
material using our theory of viscoelasticity, we need to extend
the framework, introducing another nondynamical intrinsic

metric 4?) in addition to the original dynamical intrinsic metric

71 (K—=¢4)
bulk : NS

1 }—

71 (€4—K) (K+Ca—71)
(K+Ca) i T

71 (K—C4)
T
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R, Here A7) measures the natural length of the lower spring
in Fig. 9, while /1, measures the length of the dashpot plus
the natural length of the upper spring.

If we consider more generic materials, we accordingly
should introduce more additional intrinsic metrics (dynamical
or nondynamical). Such generalizations correspond to consid-
ering multielement models (such as the generalized Maxwell
model) known in the study of rheology. In this paper we only
consider the cases with a single intrinsic metric, and such
generalizations will be discussed elsewhere.

6. Viscoelastic materials considered in this paper

As for the rheological model discussed in this paper, we
here consider for brevity the case when the effects of thermal
expansion can be neglected ({, =¢s=a =y, =K =0).
Then the stress tensor and the rheology equations are given
by

Ty = T;(ﬂ,) —2(G — 772)5(/1\)) - (2773/T)K(/w)

— [(K — ¢a)tre + (&6/ T)rK 1Ay, (B17)
mT G+m
£uty) = ==&y + —— Ky, (B18)
1 1
T
£,(tre) = —Zl—trs + wtr[(. (B19)
Y1 Y1

These equations can be summarized as in Fig. 10. In particular,
one can show that Maxwell’s original definition is realized if
we set K=y, — ¢ and G = A — 1, (see Sec. IIIC). The
corresponding diagrams are given in Fig. 11. The Maxwell
model can be obtained if we additionally set { = n3 =0,
which is the case where the simplified Israel-Stewart model is
obtained, as shown in Sec. IV.

APPENDIX C: EULER AND GIBBS-DUHEM RELATIONS

In this appendix we consider the case r(” )” = Ph*'. Then
the variation equation of entropy, Eq. (25), is given by

uv

85 = ——8p, —
S T P

Vh

h
- TZAIsW)SsW) - J?_(yltre + 1,0)8(tre)

uw. . P é
Bsii+ —sv/h+ ——utu"sg,,
7"t T \/_+2T”” 8

h h
- \/—_kza’“‘ésu — £()/30 + patre)do. (CD)
T T
A1 (G—n2)
shear : G+1s A1 (G—2)
m T

A1 (12=9) (G+n2—X1)
(G+m2)m T

G+n2—A1)
1T

FIG. 10. Schematic structure of the bulk part (left) and the shear part (right). Note that the contribution of (9 is omitted for simplicity.

iy
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oK Y1 (2K—71) 26—\ A1 (2G6—X1)
bulk : WL .= shear : AL N
1 — /i —_
o— o) o— o)
| ¢ ) | 72 )
17 17)

FIG. 11. A three-element model where a dashpot is connected in parallel with a Maxwell material.

Here, if we consider the variation § = u*V,,, we obtain
h h h
Vhu'd,s = */?_uﬂ(aue — uon) — “/T_leewu”vﬂs(w) — “/7_(;/1&8 + 120)utd, (tre)

Vh

Vh
— T)LQS“IJ“VMSM - T()@@ + yztre)uﬂaue. (C2)

On the other hand, if we consider the variation § = £,,, we obtain

Vhu' N VhP Vh vh
VAV, (sut) = — T V. (pout) — TMVM(nu“) + Tvuu“ — TZM&“‘”);E,,S(W) - (ntre + Y20)utd,, (tre)
h h
— %/\28";8"8# — %(7@9 + yotre)uta,0. (C3)
Subtracting Eq. (C2) from Eq. (C3), we obtain the following equation:
¢ — us+VhP h 4 4 h
Sk = %uk — %le (tr(e21<) — S (tre)ir(eK) + ﬁ(trK)(treﬁ) - “/T—xzeﬂe”K,w. (C4)

We can neglect the terms in the second through fourth lines because they are of higher orders, and thus we obtain the equation

(e+ P —Ts— un)trk = 0. (C5)
Since this should hold for any processes in our linear approximations, the following relation must hold:
e+ P —Ts—un=0. (Co6)

This has the same form with the standard Euler relation although the energy density e and the entropy density s here
contain contributions from the strain tensor E,, = (&,,,¢,,6). From this and Eq. (C1), we can derive the Gibbs-Duhem-like
equation:

s8T +ndp — 8P = =221 88,0y — (yitre + 120)8(tre) — A&t Se, — (130 + yatre)sh. (C7)

In the limit where the strains relax completely (E,, — 0), this reduces to the standard Gibbs-Duhem equation for simple

fluids.
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