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Abstract

There are classical congruences between the class number of the imaginary quadratic field Q(/—p)
for a rational prime p > 3 and a Bernoulli number or an Euler number. Under the BSD conjecture on the
2-parts of the leading term, Onishi obtained an elliptic generalization of these congruences, which gives
congruences between the order of the Tate-Shafarevich group of certain elliptic curves with complex
multiplication by the Gaussian integers Z[v/—1] and Mordell-Weil rank 0, and a coefficient of power
series expansion of an elliptic function associated to Z[v/—1]. In this paper, we provide Onishi’s type

congruences for the Eisenstein integers Z[fl% V=3
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Introduction

There is a classical theorem as follows:

Theorem 0.1. ([H]) Let p > 3 be a rational prime, h(—p) the class number of Q(/—p), then

h(—p) = —2B(p41y2 mod p if p=3mod 4,
p)= 27'Ey_1ypmodp if p=1mod4,
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where B,, and E,, are the n-th Bernoulli and Euler numbers respectively, i.e., -5 = > " BpL;, e =

e’} t"
Zn:O En Tl

As an elliptic generalization of these congruences, based on Asai’s previous research of elliptic Gauss sums
[A], Onishi studied a certain family {E\} of elliptic curves over Q(i), with complex multiplication by Z[i]
and Mordell-Weil rank 0, parametrized by degree one primes A € Z[i], and showed! [O] that the congruence
relation

#II(E»/Q(4)) =, Hurwitz-type number

mo

up to multiplication by powers of 2, where ¢ is the norm prime of A satisfying ¢ = 5 mod 8, holds by proving
the congruences between the coefficients of elliptic Gauss sums and Hurwitz-type numbers (defined as power
series coefficients of certain elliptic functions), and that, moreover, under the BSD conjecture on the 2-
part of the leading term for the elliptic curve E), the congruence above for E)y holds without ambiguity of
multiplication by powers of 2. Here, III(E)/Q(4)) is the Tate-Shafarevich group of the elliptic curve Ey /Q(7).
The Hurwitz-type number of an elliptic function (with the period lattice Z[i]) is an analogue of the Bernoulli
number or the Euler number.

In this paper, we prove an analogue of Onishi’s result for the Eisenstein integer ring Z[

explain the main results of this paper precisely, we first introduce some notation and definitions: let p :=
= At
es , wy =
’ o Y1 —13)2

o (u) = %, Sl(u) := ¢ (%wl), where p is the Weierstrass p function with the period lattice wiZ[p].

—1%\/?3} To

the real period of the elliptic curve y? = 423 — 27; see Lemma 1.2 (3)), and

We define the rational numbers C,,, D,, as

oo oo
1
Sl(u) =: g Capu™ ™ Sl(u)™! =: " + E Dsyyou" T2,

n=0 n=0

(C3n41, D3ny2 have easy recurrence relations, respectively; see the proof of Lemma 1.9 and Remark 1.10.)
The rational numbers Cs;, 11, D3,12 of elliptic functions (with the period lattice Z[p]) are analogues of the
Bernoulli numbers or the Euler numbers and we call them Bernoulli-Hurwitz-type numbers, named
after Katz’ paper |Ka]. Let £ be a rational prime number such that £ = 1 mod 3, A € Z[p] a prime element
such that £ = A\ and A = 1 mod 3. We denote by x» the cubic residue character over (Z[p]/(\))* ~ F, and

set \ = [T =1¥ (%¥). (Then A3 = X holds; see Lemma. 1.15 (2).) Let
v

Gr(xx, ¢) = % Z x(V)e (X) . GAOon e ) = é Z Xx(v)e (X)_l'

ve(Zlp]/(X)* ve(Zlpl/ (X))

Gr(xx, @) (resp. Ga(xa, 1)) is called the elliptic Gauss sum associated to x and ¢ (resp. ¢~ !). We
define

Grlxa, 9)/X?  £=Tmod9,
Q) = ] T2 o
Gl ™ ")/A2 £=4mod 9.

The number ay is called the coefficient of the elliptic Gauss sum. (Then, ay € xA(3)(1 + 3Z) or
ay € Xa(3)(=1+3Z) hold; see Theorem 2.3.) The following two theorems are the main results of this paper:

Theorem. (Theorem 2.5) The denominator of Cz(,_yy (resp. Dz(,_yy) cannot be divided by £ when £ =
7mod 9 (resp. £ =4 mod9). We have

Q)
m

Al

—3Cz(-1) (=T7mod),
A % %(@_1) ¢ =4mod9.

1By using [R], the main result of [O] can be easily improved in this form.



Theorem. (Theorem 3.6 and Corollary 3.8) We write A = 3m + 1+ 3np, m,n € Z. Then, for the elliptic
curve & : y? =3 + );TZ, we have

_ 2
|CY/\|2/4 Edz (32‘74D2(471>> /4 ¢ =4mod9 and n =0 mod 3,
mo 3
B 2
#IL(63/Q(p)) = § laal? =, (3%02@;1)) ¢=4mod9 and n = +1 mod 3, (0.1)
_ 2
|Oé,\|2 Ed P (3%02(251)) ¢ =T mod 9,
mo

up to multiplication by powers of 2, 3. Moreover, for p = 2, 3, under the BSD conjecture on the p-part of the
leading term for the elliptic curve &), the congruence (0.1) holds without the ambiguity of multiplication by
powers of p.

Note that &) is an elliptic curve over Q(p) with complex multiplication by Z[p] and Mordell-Weil rank 0,
by [CW] and the non-vanishing of L(&)/Q(p),1) (due to [A]), where L(&\/Q(p), s) is the L-function of the
elliptic curve &\/Q(p) (see the proof of Theorem 3.6).

We explain the outline of the proof of the main results roughly. Corollary 3.8 is proved by verifying the
following relationship:

Bernoulli-Hurwitz-type number T Elliptic Gauss sum T Hecke L-value T Elliptic L-value

(4)1

4111

The relationship (1) is the content of Theorem 2.5, which is proved by taking ¢ (})-adic expansions of
200-1)
3

v

) (X)il and the elliptic Gauss sums and taking mod ¢ (1) . The relationship (2) is due to Asai
[A]. The relationship (3) is the equality L(s, xx)L(s, xa) = L(éx/Q(p), s) given in Proposition 3.4, which is
directly proved by the cubic reciprocity law and expressing the local L-factors of L(&)/Q(p), s) in terms of
Jacobi sums, where X is the Hecke character associated to ., and L(s, x) is the Hecke L-series associated
to Xx. The relationship (4) is the content of Theorem 3.6, which is shown by using Rubin’s result [R]| and
calculations of the real period of &), local Tamagawa numbers, and #&(Q(p))sors-

The proofs of these results are similar to the ones of the main results of [O], approximately. But there
are some differences of the proofs, the phenomena and the outputs between this paper and [O]. First, the
denominator of dg,+2, which appears in Theorem 2.5, is easy, i.e., a power of 3 (see Lemma 1.12), although
the denominator of Hy, in [O] is more arithmetical (see [Ka]). Next, Theorem 3.6 implies |, |? is divisible
by 4 for £ = 4 mod 9 and n = 0 mod 3, while Proposition 3.9 of [O] in the Gaussian integers case does not
imply such divisibility.

Note that the results of [O] and this paper are studied only over the Gaussian and Eisenstein integers.
Since the fields Q(7) and Q(p) are imaginary quadratic fields and cyclotomic fields at once, we think that the
situation is easy. To extend the results to the imaginary quadratic field Q(/—p) for a rational prime p > 3,
we may have to consider the inclusion Q(v/—p) C Q(¢,) if p =3 mod 4, Q(/—p) C Q(¢4p) if p=1mod 4 at
some point.

Finally, we explain the organization of this paper. In Chapter 1, we study properties of certain elliptic
functions whose period lattice is the Eisenstein integers. We use these properties to define the elliptic
Gauss sums and their coefficients. In Chapter 2, we introduce the elliptic Gauss sums and show the main
congruences (Theorem 2.5) between the Bernoulli-Hurwitz-type numbers and the coefficients of the elliptic
Gauss sums. In Chapter 3, we study certain Hecke characters, the Hecke L-series associated to them, certain
elliptic curves &) for A, and their L-functions relevant to our elliptic Gauss sums. Moreover, we show the
main results (Theorem 3.6 and Corollary 3.8). In Appendix, we show some lemmas, formulae and tables
of Cy,, D,, etc. which are not used in the proofs of the main results of this paper but are of independent
interest.
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1 Elliptic functions

In Chapter 1, we study properties of certain elliptic functions whose period lattice is the Eisenstein integers
(or its constant multiple). In §1.1, we introduce elliptic functions Sl, Cl, ¢, and v, and their function-
theoretic properties. In §1.2, we study power series expansions of Sl(ru),Sl(ru)~(r € Z\ {0}) in terms
of Sl(u), which will be used to show the main congruences in Chapter 2. In §1.3, we introduce Bernoulli-
Hurwitz-type numbers, which will also be used to show the main congruences in Chapter 2. In §1.4, we
study some arithmetic properties of the values of Sl(u) at division points.

Let p be the cubic root €27/ = 71+F of unity, where the imaginary part of v/—3 is > 0.

1.1 The basic properties of elliptic functions in the case of Eisenstein integers

We denote by w; (See [A, §1.1.1.]) the real period given by

= 1.76663875- - - ,

! dt
S
0 3 /(1 _ t3)2
and let p(u) denote Weierstrass’ p function with the period lattice @iZ[p], so that o' = 4p® — 27 (See
Lemma 1.2). In this paper, (-) denotes the complex conjugate. We write

W .= {ilaipa iﬁ}v W/ = {prﬁ}

1

Lemma 1.1. (The real period and the beta function) w; = %B (%, %) = 2ﬂ1\/§F (%)3 = 32\;53(%, %), where
B and I' denote the beta and gamma functions respectively.
Proof. Let g denote I'(3). Then we have I'(3) = \2[—3”9 by the formula I'(s)['(1 — s) = ﬁ We also

1y V3 2 1_2\FF(§)_2\/?9 _ _V3 _,
have I'(5) = ral o179, since I'(3) = ST T = o amvEs leg by putting s in the formula

2 L(5)T(3) V3/V/m28)g* VT _ —

[(s)(s+3) = Q\QCF(ZS) Then, B(3,3) = F(s) = /gﬂ/\f)j 2§wg3 , by the formula T'(3) = /7.
By definition and the formula B(s,t) = F(Szigt),

Loooat 1t s 2 1 (1 1\ 1 g 8 23 11
== g s e e 8 (s) <5y e (603)
where x = 3. O
Lemma 1.2. (Elementary properties of p-function with the period lattice ww;Z[p]) We have
(1) p(pu) = pp (u), 9 (-u) = g (u), 0 (pu) = ¢' (v), ' (—u) = ¢ (u),
(2) p(@) = p(u),¢' (@) = ¢/ (u), thus if u € R, p(u), ' (u) € R,
(3) The function g satisfies p? = 49> — 27,

@) 0(F) =3 0 (§=1) =30 0 (§=1) =35 0 (52=1) =0,

() o' (3) =9 (§=1) = ¢ (§=1)

Il
©
%\
—

-
o]
S
g
SN—
I
|
w
ﬁ
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Proof. (1) Since p (u) = 55 + D 0twemZip] ((u—lw)z - ﬁ) and p,—1 € (Z[p])*,

olw) = ——+ Y ]< : —(pi)2>:12 %+ > ((ulw)g—;) = (W) = pp (),

_ 2
(pu) 0#weEw1Zlp (pu pw) P 0£weEw1Z[p) P
1 1 1 1 1 1
-t Y (oo o) mwt L (o) —oW-
( ’LL) 0#£wEw1Z[p] ( u ( CU)) ( (.d) w 0#wEw1Z[p] (U w) w

Differentiating both hand sides of p (pu) = pp (u), p (—u) = p(u), we also get ¢’ (pu) = ¢’ (u), 9’ (—u) =
—¢ (u) respectively. -
(2) It is obvious, since Z[p] = Z[p].

(3) 9% = 49> — 60G4p — 140G, where G := Zo;éwewlz[p] ﬁ, and
1 1 1 1 1
Gy = — = - = S = 2 an
4 2 Wl > ()t~ oo P i Pha
0F#wEw1Z[p) 0F#wEw1Z[p) 0F#wEw1Z[p) 0F#wEw1Z[p)

Thus, G4 = 0 and " = 4p° — 140G = 4(p — p(3@1)) (9 — p(51)) (p — p(+52@1)). We denote ¢ := p(FH).
Then, since pe = p(£w1), pe = p(bw) = p(—Lw) = p(5Lw;) by (1), we have 4e? = 4p(FH) p(5w1 ) p(HLwr) =
140G¢. We also have, by Lemma 1.1,

@,/Tdu,/ed(@(“)) 7/00 dx 7i/°° dx
2 0 oo pl(u) e \/4333_4@3 26% 1 m

11/ 1 11 11 13
= — -6 1— 7§d zifB —_, — = —
26%3/0 y s(l—y) 2dy 213 (6,2> -~ 1,

where y = 273, Hence 4¢e = 27.

(4) By (1) and the periodicity of p, we have p(%wl) = p(%wl) = p(%wl) = p(_p?'pzm) =
pp(= 3+1 w1 ). Hence,
<13'le> =0. (1.1)
By ¢ = 4> — 27, we have ,
! (1;731) =27 (1.2)
In particular, we have
© (1;pw1> € iR. (1.3)

By putting u; = 17pr1 and uy = £ in the addition formula (see, for example, [WW, Chap. XX, 20.3])

plur +uz) = —p(ur) — p(uz) + i <M>

(1) and (1.1), we have

(5= (1) o e (Ll Gm)
(3 ()



thus, by (1.2),

(3 = (3)4 (o (7)) = (0 (F5%=) v (3)
=27+ (%)2 — 20/ (1_3pw1> o (5)- (1.4)
By taking the real part of the equation (1.4), we get

@1\ 3 L (12 3
20 () =240 () = () -
6 3 T+ 3 7T+ 4p 3 7

since (3) and (1.3) and p(F*), ¢’ (%) € R by (2). Hence we have p(F+)? = 27. Since p(F*+) € R, we obtain
p(%+) = 3. From p(%*+) = 3 and (1), we get also p (pwl) =3pand p (”w1> = 3p.

(5) The divisor of ¢(u) is —3(0) + (% )+(’”§1)+(m) (mod @ Z[p]). Then, the function (0, ) -
R, z — ©'(x) has a unique zero at © = ﬂ, where (0,77) is an open interval. Slnce limg, 10 p (3:)
from ©'(u) = —-5 + --- around u = 0, it holds @'(x) < 0 for x € (0, %"). Especially o'(5) < 0. Slnce

( )) and "2 = 49> — 27 (by (3)), we get ¢'(F+)? = 81. Then, we get p' (5 ) —-9. By (1),
Z1) = o/ (8wy) = o' (Bwy) = —9. By (1.4) and (4), we get

—4p-27 = —dpp (%)3 = 2T+ (%)2—29’ <1;pw1> o (%) = —27+(-9)>—2¢/ (1_3pw1) (—9).

Hence we have ¢/ (% =Pw;) = %877(79)2 =-3(2p+1) =-3v/-3.

p(F) =3 (by
we also get ©'(

O
Definition 1.3. ([A, Difinitionl.1, 1.2] for Z, ¢, ) Let ¢ (u) denote Weierstrass’ ¢ function associated to
the lattice w1 Z[p]. We define

Z (u) == (wu) — \/%T;ﬂ

o(u) :=;{Z<u—;>+p2(u—§)+pz< —)}
W(w) :;{Z(u;)+p2(ug>+pz<ug>},

Sl(u) := ¢ (_;m) . Cl(u) := (_;m) .

Z(u+v)=Z(u)+Z(v)+ ;iggﬁ; : Zl(gﬂwj}))’ (1.5)

which follows from the addition formula (see, for example, [WW, Chap. XX, 20.53, example 2])
19" (u) —¢'(v)
2 p(u) —p(v)

We recall the basic properties of these functions stated in [A] without proofs:

Wil

Note also that

Clutv) =¢(u)+¢(v) +

Lemma 1.4. (Elementary properties of (,Z,¢,,Sl, and Cl)(cf. [A, §1.1.1] for (3) and (5)—(10)) The
following hold:

(1) ¢lpu) = B¢ (w), ¢ (~u) = ~C(u), ¢ (F) = o2, ¢ (§m1) = 2.

(2) The function Z is a non-holomorphic periodic function with the period lattice Z[p], and satisfies Z (pu) =
PZ(u), Z(—u)=-Z(u), Z(3) =1, Z(2) =0.




6p(w1u) -9+ p’(wlu)

3 = W = .

(8) lu) 9+ o' (wiu) v(u) 9+ o' (wiu)
Z[p], and Sl(u), Cl(u) are elliptic functions with the period lattice 3w Z[p].

3p(u) 1+ tp(u)
1 —1p(u) 1—p(u)

(5) w(pu) = pip(u), Sl(pu) = pSl(u),(pu) = v(u), Cllpu) = Cl(u).
(1) = (o), S1(m) — STCu), () = 1(u), ) = CA(a) thus, (), S1(u), (), Clw) € R for € .
C

(6) ¢'(u) = 3w (u)?, 9 (u) = Bwrp(u)?, S (u) = Cl(w)?, Cl'(u) = = Sl(u)?.
(7) @(u)? +9(u)® = 1, Sl(u)® + Cl(w)® = 1,4 (0) = 0,4(0) = 1,S1(0) = 0,C1(0) =

S“()),w 0) = g CU-w) = by

W) e () = 3p (@)
( ,0)(<P(u)_1 —e(-u)).

Thus, ¢, are elliptic functions with the period lattice

4) p(wiu) = ¢ (@1u) =9

R C) R
(8) ¢ (-u) = =5y S=v)

(9) SI(=3cwiu)~t + Sl(3wwqu)~t

(10) ¢((1 = p)miu) = (1 -

218
Proof. (1) The claims ¢ (pu)
it suffices to show that ¢ (%

Chap.XX, 20.411] )

(@1
= ¢ (—u) = —C(u) are proved similarly as Lemma 1.2 (1). Thus
) . This is proved by Legendre’s relation (see, for example, [WW,

[

(2) The calims Z (pu) = pZ (u), Z(—u) = —Z(u) are trivial by the definition and (1). By the quasi-
periodicity (see, for example, [WW, Chap.XX 20.41])

C(ma(ut 1) = ¢ (@) + 26 (),

27 w1 2
S D
Then, we also have Z(u+p) — Z(u) = Z(p(pu+1)) —Z(p-pu) = p(Z(pu+1) — Z(pu)) = 0. Thus,
it is proved that Z is periodic with the period lattice Z[p]. The claim Z (52) = 0 is sumlarly proved
as o (4 5Lw) in Lemma 1.2 (4). The claim Z(3) = 1 is proved by putting u = 13” v = £ in (1.5),
z (—) =0,Z(pu) = pZ (u), and Lemma 1.2 (4) and (5).
(3) For w € {1, p,p} = W', by putting v = —% in (1.5),

C

we have

Z(u+1)=Z(u) = (@ (ut1)) = ¢ (wu) -

3

w wy  1g' (@) — o (—Fw) 1 p(wmu) -9
Z(u-%) =7 i - ()~ L) — 9
(u 3) (u) + ( ) 2 p(wiu) — p(—5w1) (W) —w+ 2 p(wiu) — 3w’
by (2), and Lemma 1.2 (4) and (5). Then, by the definition of ¢, the facts that .y w= >, cy W =0,
> W — 32 and Lemma 1.2 (3), we have

weW'’ z—w 3—17

- w (o u 9 w
se) = Y wz(u- V)= Y wzw - Y we SO0 DD

wew’ wew’ wew’ wew’
_ o' (wwiu) — 9 Z w _ o' (wiu) =9  9p (wru) _ 18p (wru)
2 S, olwiu) = 3w 2 o (mu)’ —27 ¢ (@iu) +9°
Thus ¢(u) = %. Similarly, by Y-, cppr %% = >, we have
w "(wqu) — 9 w
—3y(u) = Z(u-%) = 1
W= wz(u-g)= 3 wz@- Y 1+ Y o
weW! wew’ wew’ wew’
! -9 ! -9 27 54
_ g4 Y= > = _ 34 @Y . =-3+——.
2 S, ol@ru) = 3w 2 o (wiu)” — 27 o' (wiu) +9



_ 18 _ o (miu)—9
Thus y(u) =1 - ST = (-
(4) This is proved by solving two equations of (3) in terms of p (wiu) and @’ (wwyu).
(5) It is trivial, since Lemma 1.2 (1), (2), and (3).
(6) This is proved by differentiating two equations of (3) and the facts that o> = 493 — 27 and ¢ = 6p>.
(7) B

y (6), we have
(0® + 9% = 3(p%¢’ +¥*Y') = 91 (—p*Y* + %) =0

Thus, ¢® + 13 is constant. On the other hand, ¢(0) = 0,1 (0) = 1, since (3), and the fact p (u), ¢’ (u) have
poles of order 2,3 at u = 0 respectively. Therfore, we have ¢3 + 13 = 1. By definitions of Sl and Cl, we also
have SI* + CI*> = 1 and S1(0) = 0, C1(0) =

(8) By (3) and Lemma 1.2 (1), it follows that

o (—u) = 6 (—w1u) _ _0bp (wru) _ 9+ O (wiu) 6p(wiu)  @(u)
9+ ¢ (—mu) 99— (@) 9— ¢ (wu) I+ ¢ (wiu) P(u)

By definitions of Sl and Cl, we also have SI(—u) = — 24 By (3), it follows that ¥(—u)y(u) = (@)

T Cl(u) - 9+’ (ww1u)
% = 1. By definition of Cl, we also have Cl(—u) = Cl%u)'

(9) This is obvious from (3).
(10) By substituting u := wyu,v := —pwyu in (1.6), (1), and Lemma 1.2 (1), we have

_1_= 1 ¢ (wmu)
On the other hand, by (3) and Lemma 1.2 (1), we also have
-1 -1 1M (wu)

Thus, (10) follows from these two equalities.

1.2 Power series expansions in terms of Sl

Let us consider power series expansions in terms of the function Sl(u) in this section, which will be used to
show the main congruences (Theorem 2.5).

We note that Q[[S1(u)]] is isomorphic to a formal power series ring over Q. Indeed, since Sl(u) is an elliptic
function which is holomorphic at u = 0, Sl(u) has infinitely many values around w = 0. Thus, Sl(u) € Q][u]]
is a transcendental element. First, we will show the following;:

Lemma 1.5 (Addition formula of Sl(u)). (cf. |A, §1. Appendix. 1. Addition Formula (i)])
We have

Sl(u+ v) = 3&5; C(f(lgg - E}EZ; C?(lg;; € S1(u) + SI(v) + (SI(w), SI(v))*Z M [181(u), SI(w)]] (€ Q[fu, o).

Proof. After putting o := (u+v)/2, g := (u—v)/2, we can see that the partial derivative as 3 of f(«a, f) :=

Sigzgz?(lgg:gigzgzc?(lig is zero. Hence, f is a constant function of 8. Therefore f(a,3) = f(a,a) = Sl(2a) =

Sl(u + v), by the last two equalities of Lemma 1.4 (7). The equality of Lemma is proved.
It remains to show that Sl(u + v) € Sl(u) + Sl(v) + (Sl(u), S1(v))?Z [$] [[S)(w), S1(v)]]. Since Lemma 1.4

(7) and (5),
Cl(u) = {/1— Si(u)? = i(_nn (i) 14 Z (é) .

n=0



Cl(w)? = /(1 - Sl(w)?)2 =) (-1)" (3) Sl(w)* =1+ (-1)" <3> S1(u)®"
n=0 n=1

hold for v € R around u = 0. By the analytic continuations,

) 1 S 2
Cl(u) =1+ Z(—U” <Z> Sl(u)®™, Cl(u)? =1+ Z(—l)” (2) Sl(u)3™ (1.7)
n=1

n=1

hold for u € C around u = 0. Write z = Sl(u),y = Sl(v). Then, since (1.7),

2+ -0
Sl(u+v) =

z—y+ 3 (=)

2,257 (_yn 5) (- e
ety (D) Sn)(x o )ex+y+(ﬂc,y)QZ B] [l y]]-

2 -1 “
Here, we note that <1 —zy > (-1)" <Z> (232 4. 4 y3”2)> € 1+(zy)Z [%] [[z,y] C (Z [%] [z, 9])",

and (i) (3) € Z 3] (See p.52 of [W]). ]

Lemma 1.6. (Power series expansion of Sl(ru) and Sl(ru)~! in terms of Sl(u)) For any integer r, we have

Sl(ru) € rSl(u) + Sl(u)*Z Ll))] [[SL(w)?]] (C Q[[ul]).

We also have, if r #£ 0,

#8122 [, 5| 1P (< Lal).

Proof. There exists f(z,y) € (x,y)?Z [] [[z, y]] such that
Sl(u + v) = Sl(u) + Sl(v) + f(Sl(u), Sl(v))

from Lemma 1.5. We will show that, for any r > 0, Sl(ru) € r Sl(u) + Sl(u)*Z ] [[S1(v)®]] by induction on
r. We assume that there exists r > 0 such that Sl(ru) € rSl(u) + Sl(u)*Z [§] [[S1(v)?]]. Then, there exsits
fr(t) € Z %] [[t]] such that Sl(ru) = r Sl(u) + Sl(u)*f,(Sl(u)?), where t is a variable. Then putting v := ru,

we have
SI((r + 1)u) = Sl(w) + Sl(ru) + f(SI(w), Sl(ru))
= SI(u) + (rSl(u) + SH(u)* £,-(SU(w)?)) + f(SH(w), 7 SL(u) + Sl(u)* f-(S1(u)?))
€ (r+1)Sl(u) + Sl(u)*Z M [[S1(w)?]],
since f has no terms of degree 0 or 1, and the power series expansion of SI((r + 1)u) as Sl(u) has only

(
Sl(u)3"*! terms since Sl(pu) = pSl(u). Therefore, Sl(ru) € r Sl(u) + Sl(u)*Z [%] [[S1(u)?]] is proved for any
7> 0.



Next, we will show that SI(—ru) € —rSI(u) + SI(w)'Z [1] [[SI(u)?]] for any r > 0. Now, since Cl(u)~ =

(1 ¥ 2211(1)”@ Sl(u)3")1 & 1+ 81w [2] [S1w?]] < (Z [2] [S1(w)*])) ", and Lemma, 1.4 (3),
Sl(u) Sl(u)

Oy sz_l(—l)n@) S1(u)

= —Sl(u) + -+ € — Sl(u) + Sl(u)*Z m [[S1(w)]]

follows. Therefore, for any r > 0, SI(—ru) = 7 SI(—u)+SI(—u)* £, (SI(—u)?) € —r SI(u)+Sl(u)*Z [5] [[SI(u)?]]
follows similarly to the former case. Thus, we have Sl(ru) € rSl(u) + S1*(u)Z H [[SI?(w)]] for any r € Z.
-1

17 7 0, we write Sl(ru) = r S1(u)+81(u)! £, (S1(u)?), where f, (t) € Z [4] [[f]. Since (1 + SCRLEIN)
1y, (- RRESEN e 14 1)z [L, 3] (S1w)?)

)3 f,.(Sl(u)3 -t 9
Sl(ru)~! = rSll(u) (1 + Sl(w)"fr (Sl(u) )> € #(u) + Sl(u)“Z {1 1] [[S1(w)?]].

r r’ 3
O

Lemma 1.7. (An explicit power series expansion of the inverse of Sl) The function Sl : [0,w;] — [0,1] is
the inverse function of

ArcSl: [0,1] — [0, 1]
w w

s (e ()

where we choose the branch of {/(—) to be € R.

Proof. Since %ArcSl = Vﬁ, ArcSl is monotone increasing. By the definitions of ArcSl and s,
ArcS1(0) = 0,ArcSl(1) = w;. Thus, the map ArcSl : [0,1] — [0,c1] is bijective. On the other hand,
the facts that ( )
1 6p (—=t
S1(0) =0, Sl(wy) = — =3 =1
() ( 1) @( 3> 9_'_@,(_%)
follow by Lemma 1.4 (3) and Lemma 1.2 (4) (5). By Lemma 1.4 (6), Sl is monotone increasing over [0, w;].

Thus, the map Sl: [0,w;] — [0,1] is a bijection. Therefore, for ug € [0, w1], we write to := Sl(ugp), then

2du
/ «/1—t3 / \/1—51 -

where t = Sl(u) and dt = SI'(u)du = C1?(u)du, since Lemma 1.4 (6) and (7). Note that Sl(u), Cl(u) € R
for u € R (Lemma 1.4 (5)). This means that the map Sl : [0, ;] — [0,1] is the inverse function of the map
ArcSl: [0,1] — [0, @1]. O

ArcS1(Sl(up))

From [Ko, Theorem 1.19] and SI'(0) = C1?(0) = 1 # 0, we have Sl(u) is bijective around u = 0 for u € C.
Hence, by Lemma 1.7, the inverse function of Sl(u) is the analytic continuation of the function ArcSl(¢) to

_2\
a sufficiently small nighbourhood of ¢ = 0, which is ArcSl(t) = ZZO_O(I)”( n3> g;: Thus, we have:

2
_ n( 73 ) Slw !
Corollary 1.8. v =" ,(—1) < n3> rul

Thus, we have Q[[u]] = Q[[Sl(u)]].
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1.3 Bernoulli-Hurwitz-type numbers for the Eisenstein integers

In this section, we introduce Bernoulli-Hurwitz-type numbers for Eisenstein integers, and study their de-
nominators for the proof of Theorem 2.5.
We denote the coefficients of the power series expansion of Sl(u) around u = 0 as

u3m+1

S1) = 3 Comnw®™ ! = 3 comur gy
m=0

m=0 =

(Note that, since Sl(pu) = pSl(u) by Lemma 1.4 (5), the coefficients of ™ in Sl(u) are zero unless n is
congruent 1 modulo 3.)

Lemma 1.9. (Integrality of ¢,,) We have c3;n4+1 € Z for any m > 0.

Proof. We see that
SI®) = 6S1* —481 (1.9)

by Lemma 1.4 (6) and (7). Hence, by induction on m, we have c3;n41 € Z for any m > 0. O

We denote the coefficients of the power series expansion of % around v = 0 as

1 1 f 1 = d .
—— D 3n+2 _ — 3n+2 3n+2' 1.10
Sl(u) u + T;J snt2 u + 1;) (3n+ 2)!u (1.10)

We also put D_; := 1, then we can express it as ﬁ =3 D3, _qu®m 1,

We call Csy,41, D3nt2 Bernoulli-Hurwitz-type numbers for the Eisenstein integers.

Remark 1.10. (Non-integrality of d,,) The function f(u) = Sl(lu) satisfies a differential equation f©) =
4f — 6f*, hence D3,pi0 € Q for m > 0. We have Dy = %,Ds = —flz,Dg = —Fl%. Therefore, dg,i1o =

(3n + 2)! D3, 42 is not necessarily a rational integer. However, Lemma 1.12 below holds.
Definition 1.11. For a subring R of Q, we define
0o an
Hp = {Z Ht € Q[[t]] | an € R for every n > 0} .
n=0
It is easy to show that this is a subring of Q[[t]]. We call Hg’s elements Hurwitz-R-integer series.
Note that Lemma 1.9 says Sl(u) € Hz.

Lemma 1.12. (Integrality of 2dg, 2 outside 3) For m > 0, we have 2dg;, 12 = 2(6m + 2)!Dgppi2 € Z [%]

Proof. We write f(u) := Sl(lu) + ﬁ Then, f(u) = 2% 0 o Dem42uf™2 =23 (gf:j;)!u(jm“ by
(1.10).

On the other hand, by Lemma 1.6, we can write ﬁ = —% + g(SI(u)), where g € t*Z [1] [[¢*]] (¢ is
a variable). Then, f(u) = g(Sl(u)). Here, by noting that Sl(u) = >~ (gi’;ff)!u:s"“ € Mz by Lemma 1.9,
and that Sl(u) does not have constant term as the expansion in terms of u, we have f(u) € ’HZ[%}.

Therefore, by comparing the coefficients, we have 2dg,,4+2 € Z [%] O

Remark 1.13. (1) Moreover, we can show dg, 12 € Z [%] See Lemma A.5 (which is not used to show the
main congruences in Theorem 2.5).

(2) For the denominators of dgnm—1, see Lemma A.7 (which is not used to show the main congruences in
Theorem 2.5).
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1.4 Eisenstein’s product formula

We recall that the arithmetic properties of Sl at division points.

Definition 1.14. (Primarity) For a € Z[p], we call a primary if a = 1 mod 3. This definition is slightly
different from the ones in [L, §7.1] (¢ = £1 mod 3) and [IR, §3 of Chap. 9] (a = —1 mod 3).

Note that, for a prime ideal p(t (3)), there uniquely exists a primary element p such that p = (). Let ¢
be a rational prime number such that £ =1 mod 3 and fix A € Z[p] satisfying

=X\ and A =1mod 3.

Note that there are precisely two choices of such A, i.e., A and X. Then, there is a canonical isomorphism
Z[p]/(N\) = Z/UZ. Let x be the cubic residue character to the modulus A ; the notation is fixed throughout
this paper:

xa(v) = (%)37 a(@)? =1, and xa(v) = Y3 mod X (v € (Z[p]/(N)X).

o) -5(3)

Note that A is algebraic and [Q(p,A) : Q(p)] = £ —1 (see |A, Lemma 1.3|). Let € be the ring of integers of
Q(p, A). We recall the properties of ¢ (%)’s from [A]:

We write

Lemma 1.15. (Arithmetic properties of ¢ at division points) ([A, Lemma 1.3 of §1.1.2., Definition 1.11 of
§1.3.2. with Remark, and Appendix of §1 3. (xi)]) In the notation above, we have the following:

(1) We have A € 0. Moreover, A is a prime element in @y and has a property (\) = (A)*~! as ideals of
Ox. For any r # 0 mod /, it holds that (o(5)) = (A) as ideals of ).

(2) (Eisenstein’s product formula) Let X = [Loh=1¢ (%). Then 23 =\

Lemma 1.16.

2(0— 2(4 2(6—1)
3 +1

N =A modA

Proof. By Lemma 1.6, for r € Z, we can write
r 1
~) =rA+ A (AP =rA (14 =A3f (A3
o (5) =+ A0 = (14 1008 (%))

where f,(t) € Z[3][[t]], (¢t is a variable). Let g € Z be a primitive root of 1 modulo ¢. Then, since
ker(xx) = {¢g* mod A | j =1,..., 52} (note that (Z[p]/(\))* ~ (Z/(Z)*), we have

-1 0—1
H93J A= . H (1 + TjAng?’f (AS)) ) (1'11)
j=1 j=1 9
Since g% is relatively prime to ¢ for any j = 1,..., 5%,
%
L 11 -1
jl;[l <1+ ggjt.fg?’j(t)) €l+tZ [37933. ij = 1,...,3] [t] € 1+ tZy[[t]],

hence,

H@+Mm<ﬁemm
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where O) a is the completion of & by A. Thus, by taking mod AL of (1.11), we have

= Hg3ﬂ AS = —AF mod AT H!

[ES R
since Hjil g3 = (g2 = —1 mod ¢. We note that ”TQ is odd because ¢ is odd prime. Thus, there exists
a € Oy such that A = —AT" +aAF 1 = —AFTI(I —al). We have

1{—1)%

XQ = A%(lil)(l — aA)2 = A%(efl) mod A%(l*1)+1.

2 Elliptic Gauss sums

In this chapter, we introduce the elliptic Gauss sums and show the main congruences between the Bernoulli-

Hurwitz-type numbers and the coefficients of the elliptic Gauss sums. In §2.1, we introduce the elliptic Gauss

sums and their coefficients due to Asai. In §2.2, we show the main congruences and give some examples.
Let £, A\, A\, x» and A be as in Chapter 1.

2.1 Elliptic Gauss sums and their coefficients
In this section, we introduce the elliptic Gauss sums and their coefficients.
We put

foe ® if {="T7mod9,
’ ! if{=4mod?9.

In this paper, we do not treat the case where ¢ = 1 mod 9, since the Hecke L-value L(Xx, 1), which is
described by an elliptic Gauss sum (cf. [A, Theorem 1.16]), can vanish (cf. [A, Remark of Corollary 1.22])
in the case where £ = 1 mod 9. Note that, in the cases where ¢ = 7,4 mod 9, the Hecke L-value L(Xx, 1)
does not vanish (cf. [A, Corollary 1.22]).

Definition 2.1. (Elliptic Gauss sum) [A, Definition 1.8] We define
1
Gl i=5 > a0i(5) (2.1)
rE(Z[p]/(X))*
and call Gx(x», f) the elliptic Gauss sum associated to x» and f.

Lemma 2.2. (1) Ga(xx, f) € O).

(2) G)\(X)n f) = Zreker()o\) f (%)

Proof. (1) See [A, Lemma 1.9].

(2) We have (Z[p]/(N)* = S U pS UpBS (disjoint union) where S := ker(xy), if £ = 7,4mod 9. If
¢="T7mod9 (resp. { =4 mod?9), then f @ (resp. f = ga ) ( w) = po (u) (resp. ¢ (pu) " =P (u) )
(by Lemma 1.4 (5)), and xx(p) = p 5= =p (resp xa(p = = p) (by the definition of x,). Hence, we

= p’s
have Gx(xa, f) = 25 (f(%) +x2(0)f (85) + xA(P (%)) Sresf (%) O
We shall recall Asai’s results from §1 of [A]:

Theorem 2.3. (The descent of xx(3) "ty or Xx(3) 'a and the non-vanishing) [A, Definition 1.12 and
Theorem 1.19]

(1) If £ =7 mod 9, then there exists ax € x1(3)(1 + 3Z) such that

Gr(xr, 9) = axA2.

13



(2) If £ =4 mod 9, then there exists ax € Xx(3)(—1+ 3Z) such that
Galxa, ™ !) = axd?.

In particular, ay does not vanish in the cases of £ = 7,4 mod 9.
Remark 2.4. In ¢ =1 mod 9, it may happen ay = 0 (cf. [A, Remark of Corollary 1.22 of §1 and Table 1]).

The number a is called the coefficient of elliptic Gauss sum in [A].

2.2 The main congruences

In this section, we show the main congruences and give some examples.

Theorem 2.5. (The congruences between the coefficients of elliptic Gauss sums and the Bernoulli-Hurwitz-
type numbers) One has
ay) = {

Proof. Let t := Sl(u). By Corollary 1.8, for any v € Z[p|, we have

mod)\ if {=7mod 9,

Cz
D ( 1)mod)\ if { =4 mod 9.

o.vh—‘wh—t
W w\m

3m+1
0 2 t3n+1
3m+1 3m+1 n 3
SI( E Cam1(vu) E Cam+ <§ (1) ( n >3n—|— 1) ) (2:2)
m=0 n=0
1 1 6m+2 _ 6m+2 - -3 e
=2 D mre =2 D m -n*( 3 .
Si(vu) + SI(—vu) mz:o 6m2(vu) mz:o 6m—+2V nz:%( ) ( . >3n—|—1 , (2.3)

as elements of Q[[u]] = Q[[t]].
The case £ =7 mod 9. Let g € Z be a primitive root of 1 modulo ¢, i.e., g mod ¢ generates (Z/{Z)*. We
consider the sum

Ll(u) = Sl(g3u) + Sl(gGu) 4+ 4 Sl(giflu)'

ACG ¢ ZSI< el )Ll(?’fl).

By Lemma 2.2 (2),

By (2.2),

- -2\
L Z 03m+1 293(3m+1)1 t3m+1 (Z(_l)n( ns) T

= Jj=1 n=0

Since Lemma 1.6 and the definition of Ly, the coefficients of this expansion in terms of t are € Z [1],
especially € Z,). Here, we substitute A for ¢ (which corresponds to the substitution of 3w1 for u), then,
Sl(vu) — SI( ‘ml”) for any v € Z, since Lemma 1.6. Therefore,

l 1

3m+1
0 2 3n
E Chmt1 E g3 Bm A3’"+1<§ (—1)n(n3> 3:+ 1)

m=0 J=1 n=0

2
3

converges A-adically in € 5 and is equal to Ga(xx, ¢). By noting that (—1)" <_ ) 51 € L forn < %
n

C3m+1
(Bm+1)!»

_2
(since ( n3> € Z[i] and 3n+ 1 < 222 < () and Capq1 € Zgy for 5 (since Capmi1 =
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3m+1 < ¢, and c3m41 € Z (Lemma 1.9)), and that the coefficients of this expansion in terms of A are
S/ [%], we have

2( 5 -1 205 3m+1
Z C i 3(3m+1)j A3m+1 i( 1)n _% A37l d A2(£ 1)+1
— mo
X)” m=0 e j=1 ! n=0 n 3n+1

We also have

- £ modl if ¢ —1[3(3m + 1).

J:
Since 0 < m < 252 and £ = 7 mod 9, we see that ¢ — 13(3m + 1) if and only if 3(3m + 1) = 2(¢ —1). Then,
we have

E - 1 —1 1 /—1 —1
Galxx, @) = Cap-yy - 3 'AW{S = _502@71) -AW3 : mod Az(e3 )'H.
3 3
On the other hand, by Theorem 2.3 (1) and Lemma 1.16, we have
z(e 1)+1
Galxa, @) = " mod A

Therefore,

1
ay = —=Cze—1ny mod A
3 —=3

holds. Since ay € xa(3)(1 + 3Z) C Zp], and Cae-1n = 02(5_1)/(@)! € Zg by Theorem 2.3 (1) and
3 3
Lemma 1.9, we have a) = ,Cw 1 mod A.
The case f =4 mod 9. Let g € V/ be a primitive root of 1 modulo ¢. We consider the sum

Lo(u) == Sl(g®u) " +S1(g%u) "t + - -—I—Sl(g%u)_1 +SI(—g?u) "t +SI(—g%u) "+ Sl(—g%u)_l. (2.4)
By noting that gZ;’zl = —1mod ¢, we have ker(x,) = {¢*,—¢* mod ¢ | j = 1,..., 1’—71} By this fact and
Lemma 2.2 (2), we have

£—1

- —3w1g¥\ " 3wi1g?\ -3
oo -§ (252 2(52) ) ()

Jj=1

By (2.3),

£—1
. —= t
La(u) =2 E Demy2 E g3 Om+2)7 | y6m+2 (E (—1)n< ns) n 1>

m=0 7j=1 n=0

Since Lemma, 1.6 and the definition of Lo, the coefficients of this expansion in terms of ¢ are € Z [ 5 3 cj=1,.

especially € Z,). Here, we substitute A for ¢ (which corresponds to the substitution of dwl for u), then,
Sl(vu) — S1 (M) for any v € Z, since Lemma 1.6. Therefore,

[—1

6m—+2
00 z
23 o (Lo ) aoms (Sar () 20
< ¢

7j=1 n=0

converges A-adically in O a and is equal to Gy(xx, ¢ '). By noting that (

_2
Z(ZT_AL) (since ( n3> e [%] and 3n+1 < MT*B < {) and Dg;ny2 € Zy) for m

dem+2
(6m+2)!"

2
( 3) 3n1+1 € Zy) for n <
—4
9

5= (since Dgpy2 =

15

)

£—1
6

)



6m +2 < £, and demi2 € Z(y) (Lemma 1.12)), and that the coefficients of this expansion in terms of A are
S/ [%], we have

2(0—4) 6m—+2
-1y = 3(6m+2)j 6m+42 . n —% A3 206=1) 4
Gr(xn, ¢ :22D6m+2 Zg A Z (-1) N e mod A™ 3 .
n=0

We also have

ZT: 3(6m+2); — ) 0 modl¢ if £ —1 f3(6m+2),
< SUEL modl if £— 13(6m +2).
J:

Since 0 < m < £5* and £ = 4 mod 9, we see that £ — 1[3(6m + 2) if and only if 3(6m + 2) = 2(¢ — 1). Then,

we have 01

- (£—1) 2(2 1) 2(2 1)
GA(XAa‘P_l) =2D2e- T 'A2 31 :—gDz(z nA mod A= 3  T1,
3

On the other hand, by Theorem 2.3 (2) and Lemma 1.16, we have

Gr(ne ™) = A2 = oz,\Aw 2 mod AZFHHL
Therefore,
1
ax = —=Dae—1) mod A
3 =
holds.
Since ay € Xa(3)(—1 + 3Z) C Z|p], and D2u—1y = dz((—l)/(@)! € Z by Theorem 2.3 (2) and
3 3
Lemma 1.12, we have a) = —%Dz(i—l) mod . O
3

Example 2.6. (1) Let /=7 and A = 1+ 3p. By Table 1, we have Cy = —%. Then,

1 1 1
502(4371) = —504 E 2mod 7.

By noting that Z[p]/(\) ~ Z/{Z : p — 2, this coincides with the value ay = 1- p in the table at [A,
Table 1. in p.117].

(2) £ =13 and A =4+ 3p. By Table 2, Dg = — 225 = 1 mod 13. Then,

—32 mod 13.

1 1
—§D2(Z;1) = —§D8 = —

W =

By noting that Z[p]/(\) ~ Z/lZ : p — 3, this coincides with the value ay = —1 -7 in the table at [A,
Table 1. in p.117].

Lemma 2.7. (The congruences between the square of the absolute value of the coefficients of the elliptic
Gauss sums and the Bernoulli-Hurwitz-type numbers) We have

S 2
(XA(?,)CMU) /9 if £=7mod9,
3
2
mod A (XA(?))DW_”) /9 if £=4mod 9.
3

We also have
=7 2
(3T02<@71>) if £ =7mod 9,
3

_ 2
mod ¢ (3%‘172@71)) if ¢ =4 mod 9.
3
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2
Proof. Let £ = 7mod 9. We have a3 = <O2(571)) /9 mod A by Theorem 2.5. We can take ay € 1+ 3Z as

3

ax = xA(3)a by Theorem 2.3 (1). Then, a3 = xa(3)a3, and |a,|?> = a3 hold. Therefore, we have
S 2
loaa|? = a3 = xa(3)a3 = (X,\(S)Cwq)) /9 mod .
3

- . _ - 2
Since X,\(B)2 =xa(3) = 35 =9. (3%7)2 mod A and |ay|?, (3%02@71)) € Q, the second congruence
3
in the case where £ = 7 mod 9 is proved.
The case where ¢ = 4 mod 9 is proved similarly to the case where £ = 7 mod 9. O

Remark 2.8. It seems that the statement of [O, Corollary 2.16], which is the counterpart of Lemma 2.7 for
Gaussian integers case, is a typo of

2
(ic;z(zfn) ! = 13 mod 16,
P

2
mod £ | _ (%Dw{_l)) ¢ =5 mod 16.
4

3 Elliptic Gauss sums and associated elliptic curves

In this chapter, we study certain Hecke characters, Hecke L-series associated to them, certain elliptic curves
&\ for A\, and their L-functions relevant to our elliptic Gauss sums.

In §3.1, we define appropriate Hecke characters and the Hecke L-series associated to them. In §3.2, we
introduce certain elliptic curves & for A and show that their L-functions correspond to the Hecke L-series
defined in §3.1. In §3.3, by using the coefficient of the elliptic Gauss sum, we show that the order of the
Tate-Shafarevich group of &,/Q(p) is congruent to the Bernoulli-Hurwitz-type number modulo ¢ under the
BSD conjecture on the 2, 3-parts of the leading term. We also obtain unconditional results.

Let £, A\, )\, xx, W, and W’ be as in Chapter 1.

3.1 Hecke L-series

In this section, we introduce appropriate Hecke characters and the Hecke L-series associated to them.
We define, due to [A, §1.4.1],

—~ . — [ x»-Xx0 for £=X\=T7mod9,
) =, = { 2T rfm = Tmedd

where xo : (Z[p]/(3))* — W and x§ : (Z[p]/(v/=3))* — {£1} are natural isomorphisms. Note that
Xx((v)) is independent of choice of the generator v of the ideal (v). Hecke L-series associated to the Hecke
character Y is

L(s,Xx) = [T a-xawn "= T 0= )"
(w): prime ideal #;;:lpéligzieg
or u=1- (3.1)

= [T a-—xwnen )"
p: primary prime

u#EXN1—p

for £ =7,4mod 9, since xA(A) =0, x0(1 —p) = x5(1—p) =0.

3.2 L-functions of elliptic curves

In this section, we introduce certain elliptic curves for A\, and show the properties of them such as their
reduction types at prime ideals of Z[p], the numbers of the points of the reductions of the elliptic curves. We
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also show that the Hecke L-series defined in §3.1 correspond to the L-functions of the elliptic curves defined
in this section.

First, we recall the properties of Jacobi sums and the cubic reciprocity law which will be used to count
points of elliptic curve over a finite field.

Lemma 3.1. (1) (Jacobi sums over F,) For any primary prime p € Z[p] such that p = i = 1 mod 3 is a
rational prime number, and any characters ¢, x of F,’, we define the Jacobi sum associated to ¢, x to be

=) o(t)x(1-1).

telF,

If ¢ is the quadratic residue character, x is the cubic residue character, then

J(#,x) = x(4)J(x, x) = —x(4)p
holds.

(2) (Jacobi sums over F,2) For any primary prime —q € Z[p| such that ¢ is a rational prime number
(automatically satisfying ¢ = 2 mod 3), and any characters ¢, x of F:z, we define

= > o(t)x(1-1).

teF

If ¢ has order 2 and x has order 3, then
J2(¢.x) = q
holds.

(3) (Cubic Reciprocity Law) If A1, Ao are primary primes in Z[p|, then

(5),- (5)
)\2 3 >\1 3
Proof. (1) The first equality follows from [IR, Lemma in §3 of Chap. 18] and the second equality follows
from [IR, Lemma 1 in §4 of Chap. 9]. (Note that —u is primary in the definition of [IR, §3 of Chap. 9].)
(2) See Theorem 2.3 and Theorem 2.14 in [BE].
(3) See [L, Theorem 7.8]. (Note that, the primarity in Definition 1.14 implies the primarity in [L,
§7.1].) O

Let
2

E\ y—l‘-‘rZ

be an elliptic curve over Q(p), which is a twist of the elliptic curve y? = 42® —27. This has an automorphism
(z,y) — (px,—y), and we see that
End(&)) ~ Zlp).

Lemma 3.2. For any prime ideal ¥ C Z[p|, let Ry be the completion of Z[p] by B, Ky the fraction field
of Ry, and kg (= Z[p]/B) the residue field of K.

(1) (Reductions) The elliptic curve & has bad reductions only at (A), (1 — p), moreover, &, has additive
reductions at (A), (1 — p).

(2) (Special Fibers) The special fiber of &\ at (\) is of Type IV, and the one at (1 — p) is of Type IV
if £ = 7mod 9, of Type I} if /{ = 4 mod 9, in the notation of Kodaira symbols in the Kodaira-Néron
classification of the special fibers of Néron models.
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(3) (Local Tamagawa Numbers) For any prime ideal B C Z[p], let £/Ry be the Néron model of &\ X g(,) K,
g/kq_; = & X Ry, kyp the special fiber of £, £9/ky the identity component of the group variety g/ksp, and
7y the order of the group of components g(km)/go(km). Then, we have

_3 _ 4 if n=0mod 3,
TN =2 T0=p) T\ 1 if otherwise,

where A =3m + 1+ 3np,m,n € Z.

(4) (Point Counting at Good Ordinary Reductions) For a primary prime p € Z[p] such that p = ug is a
rational prime number and p # A, we have

H#(E @F)(Fy) = p+1— O (i + xa (),
where &\ ® I, is the special fiber of the minimal Weierstrass model of &) over R,).

(5) (Point Counting at Good Supersingular Reductions) For a rational prime number ¢ = 2 mod 3, we have

#(E @ F2)(Fg2) = > + 1+ q(xa(a) + xa(a)),

where &, ® F2 is the minimal Weierstrass model of &) over R_gy.

(6) (Global Rational Torsion Points)

Qo) ars = QNI = { 0. (0.3 )],

thus #&\(Q(p))sors = 3. Here, &\(Q(p))[m], Ex(Q(p))sors are the m-torsion subgroup and the torsion
subgroup of &) (Q(p)), respectively.

Remark 3.3. On (6), we can show, moreover, &)(Q(p)) = Ex(Q(p))tors as follows: As we will see later,
the L-function of &, does not vanish at s = 1. This fact follows from Lemma 3.5, which is proved without
Lemma 3.2 (6). From |[CW, Theorem 1|, the rank of &)(Q(p)) is zero. Thus, & (Q(p)) = Ex(Q())sors-

Proof. (1) The substitution y — y + 3 to y? = 2% + ’\4—2 gives an equation of the form
Ex vy + Ay =a>.

This equation has the discriminant A = —27\* and ¢4 = 0, where ¢4 is the one defined in [S1, Chap. IIL
1]. Thus (A) = (1 — p)S(\)* as ideals in Z[p]. This is a global minimal Weierstrass equation of & /Q(p),
since [S1, Chap. VII, Remark 1.1]. (Note that Weierstrass equation y? = 2 + )‘72 is minimal at every prime
except (2).) Hence, & has only two bad primes (A), (1 — p), and it has additive reductions at these primes,
since [S1, Chap. VII, Proposition 5.1(c)] (The fact that & has additive reductions at (A), (1 — p) can be
deduced in the following way as well: Since &\ has complex multiplication, the j-invariant of &) is integral
by [S2, Chap. II, Theorem 6.1]. Since [S1, Chap. VII, Proposition 5.5], & has potential good reduction at
every primes. By [S1, Chap. VII, Proposition 5.4 (b)], & does not have multiplicative reductions.).

(2)-(3) In the following, we use the symbols (e.g., a1, b2, as 1 etc.) and the terminology (e.g., Stepl etc.)
of [S2, Chap. IV, Tate’s Algorithm 9.4]. Note that a1 = 0,a3 = A\,a2 = a4 = ag = 0,by = by = 0,bs =
A2, bg = 0. First, we determine the reduction type at (\) and 7(n)- Note that k(y) ~ Fy, and choose A as a
uniformizer.

Stepl: Since M| A, go to Step2.

Step2: Since Mas, a4, ag and ba, go to Step3.

Step3: Since A\%|ag, go to Step4.

Step4: Since A\%|bg, go to Step5.

Step5: Since A3 [ bs = A2, & is of Type IV at (A). Let k" be the splitting field over k() of T2 + az T —
ag2 =T?+ T = 0. Then, k" = k(). Thus, we have 7,y = ¢ = 3.

Next, we determine the reduction type at (1 — p) and 7(;_,). Note that k;_,) ~ F3, and choose 1 —p as
a uniformizer.
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Stepl: Since (1 — p)|A, go to Step2.

Step2: &\ @ ka—_p)/ka—p) : y> +y = a*, since A = 1 mod 3, especially, A\ = 1 mod (1 — p). Here,
(z,y) = (—1,1) is the singular point. To make a change of variables to move the singular point to (0,0), we
substitute (x,y) — (z — 1,9+ A). Then, &, : y? +3\y = 23 — 322 + 3z — 1 — 2)\2. The new a;’s and b;’s are:

a1 =0, a3 =3\, as = —3, as =3, ag = —1 — 2\2,
by = —12, by =6, bg = \* —4, by = —3(\% —1).
Thus, (1 — p)|as, as,as and by, go to Step3.

Step3: Since ag = —1 —2X2 = —1 -2 =0mod 3, (3) = (1 — p)?|as, go to Step4.

Step4: Since A2 — 1 = 0 mod 3, (3)?|bs. Especially (1 — p)?|bs, go to Step5.

Stepd: We write A = a + bp, a,b € Z. Since A is primary, we can write a = 3m + 1,b = 3n, n,m € Z.
Then, A\ +2=3(m+1)+3np=3(m+1+np),and £ = A\ =a? —ab+b?> = 3m+1)2 — (3m+1)3n+9n? =
6m + 1 — 3n mod 9. We note that, for o + 8p € Z[p],

(1—=p)l(a+ Bp) <= a+ B =0mod 3. (3.2)

Note also that ag = —1 — 202 = —1 — 2(3m + 1+ 3np)? = —3(1 + m + np) mod 9.

We assume that £ =7 mod 9. We will show that (1 — p)® f bs. Note that bg = (X + 2)(\ — 2). Since
A—2=-1mod3, (1—-p) f(A—2). Thus, it suffices to show that (1 — p)> f A + 2. Therefore, it suffices to
show that (1 —p) fm+1+np. Now, 7=¢=6m+1— 3nmod9, thus, —3 = —3(m + n) mod 9. Hence,
we have 1 = m + n mod 3. Since m +n + 1 =2 mod 3 and (3.2), we have (1 — p) )(m+1+np Therefore,
we proved (1 — p)® [ bg. Thus, &) is of Type IV at (1 — p). We have ag2 = %5 = p(l+m +np) =
1+m+n = —1mod (1—p) (note that (1 — p)> = —3p). Let k' be the splitting field over k(;_, of
T? + a3 T —aga=T>+1¢€ k(—p[T]. Then, k" # k(1_,). Thus, we have 7(;_,) = c = 1.

We assume that £ =4 mod 9. Then, 4 = ¢ = 6m + 1 — 3n mod 9, we have m +n = —1 mod 3. Thus,
(1= p)lm +1+np by (3.2). Hence, (1 — p)3|3(m +1+np) =X+ 2. Since (1 —p)3|(A +2)(A —2) = bg, go
to Step6.

Step6: Already, (1—p)la1, az; (1—p)?|as, as; and (1—p)3|ae are satified. Since ag 3 = (12))3 = 13(?_7? -
p? R — p?n = —nmod 1 — p. We consider P(T) = T° +a21T? + asoT + a3 = T° =T —n € ka ) [T].
Since P’(T) = —1, the polynomial P(T’) has distinct roots in an algebraic closure of k(;_,). Thus, &) is of
Type I§ at (1 — p). We have

4 if n=0mod 3,
Ta-p) = ¢ =1+ #{a€kap [ Ple) =0} = { 1 if otherwise,
since t3 — t = 0 for any t € ka—py =F
(4) y? =23 + %2 is the minimal Weierstrass equation at the prime ideal (u). Let ¢ : F* — {£1} be the

quadratic residue symbol, and x : F; — W' be the cubic residue symbol. Let D; € F, be the image of ’\4—2
in Z[p]/(u) = F,. Note that D1 # 0,¢(D1) =1, x(—1) = 1. Then, we have

#((5}\®Fp)(Fp)=1+#{(;v,y)GFpXFp\y2:x3—|—D1}:1—|— Z #{Z‘/EFP‘?J2:U}'#{QU€FP|$3:

u,vEF,
ut+v=D1
=1+ Y (I+¢@)(I+x(—v)+x(—v) =p+1+ D> d(u)(x(—v)+x(—v))
u,vEl, u,vEF,
utv=D1 ut+v=D,
—p+1+6(D)X(D) Y b)) +$(DOXD1) S d(u)x(v)
u,vEF, u,vElF,
u+v:1 u+v:1

=p+ 1+ x(D1)J (o, x) + x(D1)J (8, x)-
By Lemma 3.1 (1), we have #(&\ @ F,)(F,) = p+ 1 — (x(D1)x(4)uu + x(D1)x(4)7@). By noting that (?)3 :
(Z[p)/(1))* = Fx = W', and (%)3 = (%)5 = xa(p) (Lemma 3.1 (3)), we have x(4D;) = (A)z = <A>3 =

xa(p). Thus, #(E @ Fp)(Fp) =p+1— (xa(w)p + xa(n)R) holds.
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(5) For q # 2, y?> = 23 + ’\; is the minimal Weierstrass equation at the prime ideal (—q). Let ¢ : FZQ —

e the quadratic residue symbol, and x : I, — e the cubic residue symbol. Let Dy € ¥ 2 be the

+1} be th drati id bol, and IF; W' be th bi id bol. Let Dy € Fy2 be th
image of );1—2 in Z[p]/(—q) ~ Fg2. Note that Dy # 0, $(D2) = 1,x(—1) = 1. Then, we have

#(E @F2)(Fpe) =1+ #{(z,y) €Fpe xFpe | y* =2° + Do} =1 + Z #yeFpe |y’ =u} - #{z €Fp |2® = —v}

u,vG]qu
u+v=Ds
=14+ > (+¢@)A+x(—v)+x(—0) = +1+ Y o) (x(—v)+x(-v))
= +1+6Da)x(D2) Y d(wx(v)+¢(D2)x(D2) > d(u)x(v)
uw,vEF 2 u,v€F 2
utv=1 utv=1

= ¢+ 14 x(D2)J2(¢, X) + x(D2) J2(9, X).

By Lemma 3.1 (2), we have #(&\ ® Fp2)(Fp2) = ¢* + 1+ q(x(D2) + x(D2)). By noting that (fq)g :
@lp)/(—0)* = S W', (2) = (=), = Loand (), = (5, = xa(-0) = xa(q) (Lemma 3.1 (3)),

we have x(Ds) = (A)Z - (4)3 = Xa(q). Thus, #(& ®Fg2)(F2) = ¢ + 1 + a(xx(q) + xx()) holds.

—q —q

Let ¢ = 2 and D3 € 4 be the image of X in Z[p]/(—2) ~ F4. Note that D3 # 0 and y? + Ay = 22 is the
minimal Weierstrass equation at the prime ideal (—2). For y € F4, we show that y? + D3y = 1 if and only
if (D3 + 1)y =0, y # 0,1. Indeed, for y € Fy with 32 + D3y = 1, we have y # 0,1, since D3 # 0. Thus,
y?> =y + 1 holds, since 0 = 3> —1 = (y — 1)(y?* + y + 1) and y # 1. Thus, we have (D3 + 1)y = 0 from
y?+ D3y =1. For (D3 +1)y =0,y # 0,1, since y> = y + 1, we have y? + D3y = y+ 1+ D3y = 1. Therefore,

#{(x,y) €Fy xFa|y® + D3y =1} =3#{y € Fy | > + D3y = 1} = 3#{y € F4 | (D3 + 1)y = 0,y # 0,1}
(6 ifDs=1,
=10 ifDs#£1

holds. Then, by noting that #{y € F4 | > + D3y = 0} = #{0, —D3} = 2, we have

#(E\ @ F1)(Fy) = 1+ #{(v,y) € Fs x Fy | y* + D3y = 2%}
=1+ #{(z,y) €F} xFy|y* + Dy =1} + #{y € F4 | y* + D3y = 0}
9 if Dy =1,
=3+ #{(z,y) € F] XF4|Z/2+D32/_1}_{ 3 ifDi;Al.

On the other hand, by Lemma 3.1 (3), we have

(2) =xa(-2) = (2)3:{ 1 if A =1mod 2,

porp if A= porpmod 2.

By noting that p+p = —1,

— 9 if A\=1mod 2,
¢ +1+q00(9) + X2 (@) = 5+ 200(2) + xa(2) ={ 3 i A= por 5mod 2

holds. Since A =1 mod 2 <= D3 =1, we have #(&\ ® Fp2)(Fp2) = >+ 1+ q(xx(q) + xa(q)) for ¢ = 2.

(6) If co # (z,y) € E(Q(p))[2], then, y = 0. Then, 2° = —’\; and z € Q(p). This is a contradiction.
Thus, we have &)(Q(p))[2] = {o0}.

Let m > 1 be an integer that is relatively prime to 5. Then, &\ (Q(p))[m] has injective homomorphisms
to Z/mZ x Z/mZ and (&\ @ Fa5)(Fa5) by [S1, Chap. VII, Proposition3.1 (b)]. On the other hand, #(& ®
Fa5)(Fa5) = 26 + 5(xa(5) + xa(5)) = 36, or 21 by (5). Thus, for m relatively prime to 2,3,5,7, we have
#E(Q(p))Im] = 1. We also have that &\(Q(p))[m] has injective homomorphisms to Z/mZ x Z/mZ and
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(&\ ® F121)(F121) for m relatively prime to 11 by loc. cit. On the other hand, #(&\ ® Fi21)(F121) =
122 + 11(xa(11) + xa(11)) = 144, or 111 by (5). Thus, for m relatively prime to 2,3,11,37, we have
£6,(Q(p)(m] = 1.

Therefore, we have & (Q(p))tors = Ex(Q(p))[3]. Let 0o # P = (x,y) € EX(Q(p))[3]. If y = 0, we have P €
E(Q(p)[3] N é(Q(p))[2] = {oo}. This is a contradiction. Thus, we have y # 0, equivalently, 42 + A2 # 0.
For @ € &), we denote the z-coodinate of Q by z(Q). Then, ©(2P) = %, x(—P) = z. Since 2P = —P,

we have l:mgi’\;” =x. Thus, » = 0 or 23 = —\2. Since x € Q(p), we have 2 # —)\2. Therefore, z = 0. By

Pe& :y*=2%+ /\72, we have y = :I:%. Thus, we proved & (Q(p))tors = Ex(Q(p))[3] = {00, (0, :l:%)} O

Proposition 3.4. (Correspondence between the Hecke L-series and the L-function of the elliptic curve) Let

L(6\/Q(p), s) be the L-function of the elliptic curve &) : y? = 2% + %2 over Q(p) (see [S2, §10 of Chap. II]).
The Hecke L-series defined by (3.1) corresponds to the L-function of the elliptic curve &), i.e., one has

L(s, Xx)L(s,X2) = L(6:/Q(p), 9)-

Proof. We recall the definition of L(&)/Q(p),s): L(Ex/Q(p),$) := [ prime idear L3 (Ex/Q(p), qq}‘s)_l, where
Lz (6\/Q(p), T) is the local L-factor of &\/Q(p) at P defined as follows: Let gp = #ky, ap == qp +1 —
#(E) @ k) (kg), if &) has good reduction at B. Then,

ng(éa,\/@(p),T) =1—apT + LIq3T2.
If &, has bad reduction at 3, we define

1—T if & has split multiplicative reduction at 3,
Ly (E3/Q(p),T) == 1+ T if & has non-split multiplicative reduction at B,
1 if £\ has additive reduction at .

If P = (p), where p € Z[p| is a primary prime # X such that p = ufi is a rational prime, then kyp ~ Fp, gp =
P, agp = (1) + Xx (i) hold by Lemma 3.2 (4). Thus,

Ly (63/QUp), 65°) = 1 — (e + Xa(m)p)p ™ +p* 2.

On the other hand, the local L-factor of L(s, Xx)L(s, Xx) at P is

(1= (e =) (1 = Xx () p(pm) =) = 1 = G (Wi + Xx(wwp ™ +p' =
by (3.1). Therefore, the local L-factor of L(s,xx)L(s,x») at B coinsides with the one of L(& /Q(p),s) at

xB.
Next, if 8 = (—q), where ¢ is a rational prime such that ¢ = 2 mod 3, then kg ~ F2, qp = ¢%, ap =

—q(x2(q) + x(q)) hold by Lemma 3.2 (5). Thus,

Ly (63/Q(p), a3”) = 1+ (xala) +Xa(@))a' > +¢* 7.

On the other hand, the local L-factor of L(s, Xx)L(s, xx) at B is

(1= (—)=a)a*) 1 = xa(—a)(—)a™**) = 1+ (xal@) + Xa(@)g" > + &%

by (3.1). Therefore, the local L-factors of L(s, Xx)L(s, xx) at P coinsides with the one of L(&/Q(p),s) at

xB.
If B = (A), (1 — p), then, &\ has additive reduction at ¥ by Lemma 3.2 (1). Then, both of the local
L-factors of L(s,xx)L(s,xx) and L(&,/Q(p), s) are equal to 1. O
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3.3 Elliptic Gauss sums and Tate-Shafarevich groups

In this section, we show that the order of the Tate-Shafarevich group of the elliptic curve & /Q(p) is equal to
the square of the absolute value of the coefficient « of the relevant elliptic Gauss sum or its quarter under
the BSD conjecture on the 2, 3-parts of the leading term for &,/Q(p). By combining this and Theorem 2.5,
we obtain that the order of the Tate-Shafarevich group of &\/Q(p) is congruent to the square of Bernoulli-
Hurwitz-type numbers C,,, D,, times 1/9 or 1/36 modulo ¢ under the BSD conjecture on the 2, 3-parts of the
leading term. Unconditionally, we have such congruences up to the multiplications of powers of 2, 3.

Lemma 3.5. (Hecke L-value and elliptic Gauss sum)

_@maB)Glone) | @)

A N A
_ @G0 ™) | @G6) = g med 9)
X X B '

(¢ =7mod9),
L(1,X3) =

Moreover, we have L(1, ) # 0 in these cases.
Proof. The lemma follows from [A, Theorem 1.16 of §1.4] and Theorem 2.3. O

Theorem 3.6. (The Tate-Shafarevich groups and the coefficients of elliptic Gauss sums) For the number
ay defined in Theorem 2.3, one has

lax]?/4 if £=4mod 9 and n = 0 mod 3 (where A = 3m + 1 + 3np, m,n € Z),
& otherwise,

HT(&,/Q(p)) = {

up to the multiplications of powers of 2,3. Moreover, for p = 2,3, under the BSD conjecture on the p-part
of the leading term for the elliptic curve &\, the above equality holds at powers of p as well.

Proof. Let 7o := w)TWx, where w) is a generator, as Z[p]-modules, over Z[p] of the period lattice, in C, of
&\ (Note that ) is not unique, however, 7, is well-defined). The substitution y — ¥ gives an equation of

the form
Ex iyt = 4da® + )\

From this equation, we have gy := ZO#wGwAZ[p] % = —% by [S1, Theorem 3.5 (b) of Chap. VI]. On the

6
other hand, by Lemma 1.2 (3), 91 := 3 ¢ s0cw, 2] Jd- = 2L by loc. cit. Thus, we have Z—% =4 = —27. By
s =
taking the absolute values, 75 = 3 @ since £ = AX = |A|>. Then, we have
3w?
Too = —1+.
/3

We recall that
Ty = 3, #EN(Q(P))ors = 3

by Lemma 3.2 (3), (6), respectively. If s € R, L(s,x») = L(s,xx). Thus, L(1,xx)L(1,xx) = |L(1,xx)[%.
Therefore,
2
—~ = «
L&/ = L0, L0, T) = 2wt
by Proposition 3.4 and Lemma 3.5 (note that M=) (A2 = A2 = ¢). Thus, L(&./Q(p),1) # 0 holds
since Lemma 3.5. Hence, by [R, Theorem (i)], we have #II1(&\/Q(p)) < oo and

(&), /Q

up to the multiplications of powers of 2,3. If £ =4 mod 9 and n = 0 mod 3, then 7(;_,) = 4 by Lemma 3.2
(3). Thus,

L(&x/Q(p), 1) (3.3)

2 2
Q) 3w
| g%‘ w% = L

I(&
= g HIE/T0),
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2

up to the multiplications of powers of 2,3. Therefore, we have #I11(&)/Q(p)) = lai' up to the multiplica-
tions of powers of 2, 3.
Otherwise, 7(1_,) = 1, we have

aal® 5 _ 3w 5 #1LL(,/Qp))
1 1 — 1 )
/3 /3 32

up to the multiplications of powers of 2,3. Therefore, we have #II1(&\/Q(p)) = |ax|? up to the multiplica-
tions of powers of 2, 3.

Finally, for p = 2,3, under the BSD conjecture on the p-part of the leading term for the elliptic curve &},
the equality (3.3) holds at powers of p as well. Hence the final claim of the theorem follows. O

Remark 3.7. By the second supplementary law of the cubic reciprocity law, n = 0 mod 3 <= x(3) = 1
holds, since x(3) = p™ by [L, the last formula in Theorem 7.8 of Chap. 7|, where n is as in Theorem 3.6.
(Note that the definition of primarity in [L, §7.1] is slightly different from the one in this paper, however,
it does not effect the above equivalence.) Hence, if £ = 7,4 mod 9 and n = 0 mod 3, we have a) € Z by
Theorem 2.3. Under the BSD conjecture on the 2-part of the leading term for the elliptic curve &), we have

n =0 mod 3 = 2|ay (3.4)

since Theorem 3.6. As long as the center of the table at [A, Table 1. in p.117], (3.4) is plausible. However,
by the case of p = 139 in Asai’s table, we cannot replace “ =" with “ <= " in (3.4).

Corollary 3.8. (The Tate-Shafarevich groups and the Bernoulli-Hurwitz-type numbers) We write A =
3m+ 1+ 3np, m,n € Z, then we have

36 if /=4 mod9 and n =0 mod 3,

#I (62 /Q(p)) 9 if {=4mod9and n==41mod 3, (3.5)

)

a0y (0BDwy)

(X/\(3)Cz<e‘71))2 /9  if £=7mod9,
)
)

/4 if £=4mod 9 and n =0 mod 3,

if f{=4mod9 and n = +1 mod 3,

-7 2
(3T02<H>) if ¢=7mod9,
3

up to the multiplications of powers of 2,3. Moreover, for p = 2,3, under the BSD conjecture on the p-
part of the leading term for the elliptic curve &), the congruence (3.5) holds without the ambiguity of the
multiplications of powers of p.

Proof. These congruences hold from Theorem 2.5, Theorem 3.6 and Lemma 2.7. O

Remark 3.9. There exist infinitely many rational primes ¢ such that £ = 7,4 mod 9 and F;* /(2,3 mod ¢) is
not trivial, by Chebotarev’s density theorem, where (2,3 mod ¢) is the subgroup generated by 2,3 mod ¢ of

A Appendix

In this chapter, we show some lemmas and formulae which are very interesting, although they are not used
in the proofs of the main results in this paper. In §A.1, we show lemmas on rational primes dividing the
denominator of d,,. In §A.2, we determine the signs and the non-vanishing of C,,, D,, (excluding Dg,2), and
the Eisenstein series G,, associated to the lattice w1Z[p] (see Lemma A.1) by using new recurrence relations
of them arising from new formulae of Sl. In §A.3, we give numerical tables of ¢,,d,, G,, and BH,.
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A.1 On the denominator of d,

First, we show a recurrence relation including Gg,, and D,,.
Lemma A.1. (Relations between G,, and D,,) Let
1
Gui= ),
0F#wEw17Z[p]

for n > 1 (Eisenstein series associated to the lattice @y Z[p]). Then, for m > 1, we have

(_1)7n33m—1 -1
2. 36m71

> Degya(6m — 6k — 1)Go(m—1)3°F =0, D1 = Gom- (A.1)

k=0
The second equality of (A.1) holds for m = 0 as well, where G := —1.

Proof. First, we note that Gg, € Q for n > 0, since p(u) = % + >0 (6n—1)Genu®™~? around u = 0 (note
that G,, = 0 unless n is congruent to 0 modulo 6) and @ = 6p>. We prove the first equality of (A.1). Since

Lemma 1.4 (9), we have
1 1
(Sl(—Su) + Sl(Su)) o) =3

Around u = 0, we have p(u) =Y o2 (6n — 1)Ge,u""2, and m + ﬁgu) =183 ) Dgpn4235u®"+2 by
the definitions. Thus, 18 Y77 | Den423°"u" 3> (6n—1)Ge,u’" = 3 follows. By comparing the coefficients
of u5™ of this equality for m > 1, the first equality of (A.1) follows.

We prove the second equality of (A.1). Since Lemma 1.4 (10) and 3 = (1 — p)(1 — ), we have

’ (Sl(—13u) B Sl(l3u)) =(1—p)C((1 = p)u) — 3¢ (u).

Around v = 0, ¢ (u) = = > 77, Gepu®"t, and 3 (m — ﬁ) = =23 Dgy—13°"u""1 by the
definitions. Thus,

_9 Z D6n7136nu6n—1 - _ Z G6n{<1 _ p)Gn _ 3}u6n—1 - _ Z ng{(—l)n?)gn _ 3}u6n—1
n=0

n=0 n=0

follows, since (1 — p)%" = (—1)"33". By comparing the coefficients of u%"~! of this equality for n > 0, the
second equality of (A.1) is proved. O

Definition A.2. (The Bernoulli-Hurwitz number for the period lattice wiZ[p]) Set BHg,, := (6m)!Geyy, for
m > 1. (Note that BHg,, is the Bernoulli-Hurwitz number for the elliptic curve y? = 423 — 27 defined in
[Kal.)

Lemma A.3. (The denominator of Dgy,+2) For a rational prime ¢ = 1 mod 3 and m > 0, we define

te,m) = m"lj |

where |-| denotes the floor function. Then,

1
H gt(@,m) . 2(6m)’D6m+2 eEZ |:3:| .
£:rational prime

¢=1 mod 3

Note that the product on the left hand side is a finite product.
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Proof. We write Ry, := [ [e:rational prime grem) 2(6m)!Dgp+2 for m > 0. Since hg = 2Dy = % (see Table 2),
¢=1 mod 3
the lemma holds for m = 0. For m > 1, we assume that hj, € Z [§] for k =0,...,m—1. By the first equality

of (A.1), we have

m—1

6
hm3%™ = = > hg(6m — 6k — 1) I ¢“m="“" | BHgm-, (6’;?) 36k, (A.2)
k=0 £:rational prime
¢=1 mod 3

Since the elliptic curve y? = 423 — 27 has good reduction (resp. good ordinary reduction) at ¢ if and only
if £ # 3 (cf. the proof of Lemma 3.2 (1)) (resp. ¢ = 1 mod 3 (see [S2, Chap II, exer. 2.30])), it holds

that | ITe is rational prime ¢ | BHem € Z[3] by [Ka, Theorem]. In terms of m, ¢(¢,m) is nondecreasing. For

£—1|6m
£=1 mod 3
k=0,...,m—1 and a rational prime { = 1 mod 3, if £ — 1 divides 6(m — k), we have t(¢,m) > t({, k), since
t(l,m) = {%J = 6(2”:1") + L%J > t((, k). Therefore, the right hand side of (A.2) is € Z [3]. O

Remark A.4. Numerically, we guess that
BHg,, € Z(g),

where Zs) is the localization of Z by the prime ideal 3Z (see Table 3). If this is true, then the same proof
of lemma also shows that
2.3 (6m)!L(m) - Demy2 € Z,

where let L(m) = H@:rational prime Et(z’m).
(=1 mod 3

Lemma A.5. (Integrality of dgy,+2 outside 3) For m > 0, we have dgt2 € Z [%]

Proof. By Lemma 1.12, we can write 2dg,12 = %, r(m) > 0, N, € Z. By Lemma A.3, we have

2L(m)- % € Z [3]. Thus, L(m)- (6m+f\)’2’ém+2) -5ty € Z 5] holds. Then, we have (6m+1)(6m+

2)|L(m) - Ny, since 6m + 1 and 6m + 2 are relatively prime to 3. Especially, we have 2|N,,, since 2 does not
divide L(m). Therefore, the lemma is proved. O

Lemma A.6. (1)

SIv—3u) | Sil—v=3u) __ Cl(w)

(2) (The denominator of dgm,+2)

1 1 B Slf“)z — SI(—u) Sl(u) € Ha.

d6n+233n+1 €.

Proof. (1) We have
1 1+ pSl(u)?

SI(V—3u)  v—3S1(u) Cl(u)
by [A, 2. (viii) of Appendix]| or putting u := pu and v := —pu of the addition formula of Sl (Lemma 1.5).

By Sl(—u) = —(Sjll((?) and Cl(—u) = C&u) (Lemma 1.4 (8)), we have

1  —1—pSl(w)?
SI(—v/=3u)  v/—=3Sl(u) Cl(u)’

Then, by two equalities and noting that p—p = /—3, the first equality of (1) is proved. The second equality
of (1) also follows from Sl(—u) = —gll((z)) (Lemma 1.4 (8)). By lemma 1.9, Sl(u),Sl(—u) € Hz. Thus,
Sl(u) Sl(—u) € Hz.
.. 0o n wbnt?
(2) By the definition, we have Sl(\/ljgu) + Sl(i\}jgu) =237 denta(—3)3 “m. By (1), we have
2d6n+2(—3)3n+1 € 7. By Lemma A5, d6n+2(—3)3n+1 € 7.

O
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Lemma A.7. (The denominator of dg,,—1) For m > 1, we have

1
2m H (| dgm—1 € Z |:3:| .

¢ is rational prime
£—1|6m
¢=1 mod 3

Proof. From the second equality of (A.1), for m > 1, we have

p _ (-1)"3*" ' —1BHgn  (-1)"3*" "' —1 BHg, 1
Gm=1 = 7o T 36m—1 6m 2 om  36m’

Since (—1)m3%m™~! — 1 =2 mod 4, % € Z. From [Ka, Theorem], | []¢ is rational prime £ | BHem €

£—1|6m
¢=1 mod 3
Z[%} Then, 2m H( is ratiorllal primeﬂ dGm—l S Z[%] holds. O
£—1|6m
¢=1 mod 3

A.2 On the signs and the non-vanishing of C,, D,, and G,

In this section, we determine the signs of Cy,, D,, (excluding Dg,,+2), and G,,. Moreover, it is proved that
Csn+1, Den—1, Gen, and BHg, do not vanish. First, we determine the signs and the non-vanishing of G,
BHGn and Dﬁnfl.

Lemma A.8 (The signs and the non-vanishing of G¢,, BHg,, and Dg,_1). For n > 2, we have

(6n — 1){(6n — 2)(6n — 3) — 12}Ge, = 6 Z_:(Gk —1)(6n — 6k — 1)GexGon_r)» (A.3)
k=1

and for n > 1, Gg, > 0, hence BHg, > 0. Moreover, (—1)™ Dg,;,—1 > 0 holds for m > 1. In particular, Gy,
BHg,, and Dg,,_1 are non-zero.

Proof. Since o = 6p? and p (u) =Y .-, (6n — 1)Ge,u’""2, for n > 1, we have

n—1

(6n—1)(6n—2)(6n—3)Gen =6 > Gor(6k—1)Gem(6m—1) =6 > _(6k—1)(6n—6k—1)GerGo(n—r)+12Gen (6n—1),
Tem=0 =

here, note that Gp = —1. Then, we have the equality (A.3). By the proof of Lemma 1.2 (3), we have

G = % > 0. The positivity of Gg, for n > 1 follows by induction on n, (A.3) and Gg > 0. Then, by the
second equality of (A.1), we have

. m(_1)m33m71 -1 33m71 _ (_1)771
(=)™ Dgm-1 = (—1) 5. 36m—1 Gem = WGGm >0
for m > 1. O

Definition A.9 (Hurwitz coefficient). For a formal power series F'(u) = > u™ € Q[[u]] in terms of w,

we call a,, the Hurwitz coefficient for F(u) of u™.

n=0 n!
Lemma A.10. (1) We have

= 6n + 1
2:35" i1 = QBHﬁn(6n+1)(6n—1)—36"(6n+1)2n(6n—1)06n_2+z CG(n_k)+1BH5k(6k1)(614:2)36("’“)( "6;: )
k=1
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for n > 1.

n
o [(6n+4
2.3 g a0 = —(6n+4)(2n+ 1) (614 2)3"cgpp1 + Z C6(n—)+4 B Hep (6k — 1)(6k — 2)35(=F) ( ”6 N )
k=1

for n > 1.

(2) (The sign and the non-vanishing of ¢,,) We have (—1)¥Tlc;, > 0 for k > 1, i.e., cgni1 > 0, conia < 0 for
n > 0. In other words, all the Hurwitz coefficients for — Sl(—u) are > 0. In particular, ¢s,4+1 does not
vanish.

(3) (The sign and the non-vanishing of e,,) We put Cl(u) =: 7, (gﬁl’"),uB”, then (—1)"es, > 0 for n > 0.
Equivalently, eg, > 0, egrt3 < 0 for n > 0. In particular, es,, does not, vanish.

Proof. (1) By Si(u) = ¢ (=g, ) = 5B (Lemma 1.4.(3)), 81u) = Y237 Cann?™F = T3 Conpru®™ 1

Yo 0 Congau®™™ o (u) =30 Gen(6n — 1)uS""2 and ¢ (u) = 307 Gen(6n — 1)(6n — 2)uS"~3, we have

0 0 0 uﬁn 6n
(Z C6n+1u6n 4 Z C6n+4u6n+3> ( Z G6n 6n — 1 2)36n> =6 Z Gﬁn 6n — 1) 36 (A4)

n=0 n=0 n=0 n=0
Taking the even part of (A.4),

6n

o0 9] ’U,Gn 9] ) u
Z 06n+lu6n (_ Z Gﬁn(ﬁn — 1)(6n — 2)36nl> + Z Cﬁn+4u6n+3 . ’1,63 =6 Z G6n(6n - 1)3@
n=0 n=0 n=0 n=0

holds. By comparing the coefficients of u5", we have

39" Cn—n = 2Ggn(6n = 1) =23 Conrr + Y Copnry+1Gon(6k — 1)(6k — 2)3°~H)
k=1

for n > 1. Since Cp = %, Gor = %, we also have

= 6n+1
39 (6n+1)2n(6n—1)con—2 = 2BHgp (6n+1)(6n—1)—2-3"" i1+ Y cG(nk)HBHGk(Gk:—l)(6k—2)36(”_k)( "6;: )
k=1

for n > 1. This is the first equality of (1). Taking the odd part of (A.4),

o'} 00 6n
Z Conp1u®™ - u® + Z Conau’""? ( Z Gen(6n —1)( )36n 1> =0.

n=0 n=0 n=0
By comparing the coefficients of u5"*3, we have
n 1
Con+1 = —6Cen+4 + Z Cé(n—r)+4Gor(6k — 1)(6k — 2)@-

k=1

Therefore,
. 6n +4
(60 -+ )20+ 1)(Bn-+ 203 = ~2 3 Conia + 3 cuuysa BHon 05— ok - 23500 (T )

k=1

follows. This is the second equality of (1).
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(2) From Table1,c¢; =1 > 0,¢4 = —4 < 0. We assume that c1,c7, ..., cg(n—1)+1 > 0and c4, €10, - - -, Co(n—1)44 <

0 for some n > 1. Then, since the first equality of (1) and BHg, > 0 (n > 1) (by Lemma A.8), we have
cent1 > 0. We also have cgp44 < 0, since the second equality of (1). By induction on n, (2) is proved.
(3) By (2), for all n > 0, the Hurwitz coefficient for — Sl(—u) of u*"*! is > 0. Since Cl'(—u) =

—(—=Sl(—u))?for all n > 1, the Hurwitz coefficient for Cl'(—u) = Y7 | €5, (—1)3"~! (gzn__ll)! is < 0. Therefore,
we have (—1)3"e3, > 0. Since C1(0) = 1, g = 1. Thus, (—1)"es, > 0 holds for n > 0.

O

Remark A.11. On the sign of Dg, 2 for n > 0, it is conjectured that (—1)"Dgy,2 > 0, which is still open.
To prove this, we may have to relate it to some L-value to determine the sign of Dg,, 2.
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A.3 Numerical tables of ¢,,d,, Gg,, and BHg,

Table 1: ¢,
n Cn
1 1
4 —4
7 160
10 —20800
13 6476800
16 —3946624000
19 4161608704000
22 —6974121256960000
25 17455222222028800000
28 —62226770432344883200000
31 304379186781653598208000000
34 —1982049657077223312916480000000
37 16758824127564135479341219840000000
40 —180180787889254711099024290611200000000
43 2419729547280670262758159337861939200000000
46 —399711453549126843327490319908738170883000000000
49 801380022229927863218064428825418221486080000000000
52 —19272532158166604513119104829337619755759042560000000000
55 550209191558546672649809313730688966642337474150400000000000
58 —18474617726618802329201889210788021182113749879750656000000000000
61 723544590939960717069350289218516137325917930092538888192000000000000
64 —32804563051713714135252946913038615626684567102838010344898560000000000000
67 1710106255619904534930025572360427397429088633914126219002154844160000000000000
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Table 2: d,,

n dn
2 1/3
=1/3

5 —-10/21
=-2-5/3-7

8 —80/9
= —2%.5/32

11 48400/273
=2%.5%2.112/3.7-13

14 70400/3
=28.5%.11/3

17 —2309824000/1197
=-29.5%.11-17-193/32.7-19

20 —2393600000/3
=-—212.55.11-17/3

23 46641833216000,/273
=21.5%.112.17-23-3851/3-7-13

26 4350492467200000,/27
=216.55.112.17.23 - 449/33

29 —46343596783616000000/651
=-—217.56.112.17-23-29-16493/3 -7 - 31

32 —384236269846528000000/3
=-—220.56.112.17-23-29-17093/3

35 58356799095178616750080000000/575757
=220.57.113.172.23-29-43 - 1871 - 34511/3% - 7-13-19 - 37

38 930458061131469291520000000/3
=224.57. 113172 .23 .29 - 701 - 3947/3

41 —2526876563810119056660889600000000,/6321
= —225.58.113.172.23-29 - 41 - 431 - 42521761/3 - 7% - 43

44 —17284095511545036218564608000000000/9
= —228.59.11%.17%2.23.29 - 41 - 331 - 881 - 977/3?

47 1027896133477097691463532176998400000000,/273
=226.58.114.172.232.29 -41 - 47 - 313 - 1001523179/3 - 7 - 13

50 80306491124224476202875370864640000000000/3
=232.510.115.172.23%2.29 - 41 - 47 - 61 - 2029 - 11243/3

53 —272275412126083890645192489250796339200000000000,/3591
—233.511.114.173.232 .29 - 41 - 47 - 53 - 1201 - 4795973261/3% - 7- 19

56 —2287147842776869352629978007993738854400000000000/3

= —236.511.115.173.232.29 - 41 - 47 - 53 - 137 - 4013306567 /3
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Table 3: Gy, and BHg,

n Gy BH,
6 27/140 972/7
12 729/112112 283435200/91
18 19683,/184352896 90914674752000/133
24 9034497/2269709478400 224740203206066380800,/91
30 961376769/9936195998310400 5569206003076317032217600000,/217
36 45251875376667/15343234021377167360000 491303185206504946068649519911075840000,/447811

42 3409353379806993/43280194527500713689088000 33314057040643263742571290653335322624000000/301
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