RIMS-1973

Anabelian Geometry for Henselian Discrete Valuation Fields
with Quasi-finite Residues

By

Arata MINAMIDE and Shota TSUJIMURA

June 2023

RAKRTE BRI AR

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KYOTO UNIVERSITY, Kyoto, Japan




Anabelian Geometry for Henselian Discrete Valuation Fields with
Quasi-finite Residues

Arata Minamide and Shota Tsujimura

June 15, 2023

Abstract

Let p, I be prime numbers. In anabelian geometry for p-adic local fields [i.e., finite extension fields of
the field of p-adic numbers|, many topics have been discussed. In the present paper, we generalize two of
the topics — discovered by S. Mochizuki — to more general complete discrete valuation fields. One is the
mono-anabelian reconstruction, under a certain indeterminacy, of the cyclotomic rigidity isomorphism
between the usual cyclotome Z(1) associated to a p-adic local field and the cyclotome constructed, in
a purely group-theoretic way, from [the underlying topological group structure of] the absolute Galois
group of the p-adic local field. The other is the Neukirch-Uchida-type result, i.e., the field-theoreticity
of an outer isomorphism between the absolute Galois groups of p-adic local fields that preserves the
respective ramification filtrations. For our generalizations, we first discuss [-local class field theory for
Henselian discrete valuation fields with strongly [-quasi-finite residue fields [i.e., perfect fields such that
the maximal pro-l quotients of the absolute Galois groups of their finite extension fields are isomorphic
to Z;] of characteristic p via Artin-Tate’s class formation. This theory enables us to reconstruct the
l-cyclotomes from the absolute Galois groups of such fields. With regard to cyclotomic rigidity, under
a certain assumption, we establish mono-anabelian group/monoid-theoretic reconstruction algorithms
for cyclotomic rigidity isomorphisms associated to Henselian discrete valuation fields with quasi-finite
residue fields [i.e., perfect residue fields whose absolute Galois groups are isomorphic to Z|. As an
application of the reconstructions of cyclotomic rigidity isomorphisms, we determine the structure
of the groups of Galois-equivariant automorphisms of various algebraically completed multiplicative
groups that arise from complete discrete valuation fields with quasi-finite residues. Moreover, as a
byproduct of the argument applied in this determination [especially, in the positive characteristic case],
we also determine, in a generalized situation, the structure of a certain indeterminacy “(Ind2)” that
appears in S. Mochizuki’s inter-universal Teichmiiller theory. With regard to the Neukirch-Uchida-type
result, by combining the reconstruction result of p-cyclotomes above [in the case where [ = p| with
a recent result due to T. Murotani, together with a computation concerning norm maps, we prove
an analogous result for mixed characteristic complete discrete valuation fields whose residue fields are
[strongly] p-quasi-finite and algebraic over the prime fields.
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Introduction

Let p be a prime number. In the present paper, we investigate anabelian geometry for Henselian
discrete valuation fields of residue characteristic p [especially, surrounding the case of quasi-finite residue
fields — cf. the discussion preceding Theorem B] to generalize various results that have been obtained in
anabelian geometry for p-adic local fields [i.e., finite extension fields of the field of p-adic numbers] so far.
We discuss mainly two topics:

e Mono-anabelian reconstruction of suitable orbits of the “cyclotomic rigidity isomorphism” [cf. the
discussion immediately after Theorem B|, and

e Neukirch-Uchida-type result.

First, we explain the background of the first topic. In anabelian geometry [especially, mono-anabelian
geometry introduced by S. Mochizuki — cf. [23], Introduction], we often encounter two types of “similar”
objects. Let X be a geometric object [such as a scheme or a field]; IIx a homotopy-theoretic topological
group associated to X [such as the étale fundamental group of a scheme or the absolute Galois group of
a field]. Then one is an object

M(X)
constructed directly from X, and the other is an object
M(ILx)

constructed from [the underlying topological group structure of] IIx via a functorial group-theoretic
algorithm [cf. [23], Remark 1.9.8] that admits a certain natural isomorphism

ox : M(X) = M(Ilx)

that is constructed by using the geometric structure of X [i.e., a ring/scheme-theoretic structure in the
case where X is a field or a scheme]. On the other hand, from the viewpoint of mono-anabelian geometry,
one basic question here is:



Question: To what extent is the isomorphism ¢x between M (X) and M (Ilx) “rigid’ with
respect to a certain input data that involves a structure strictly weaker than the full geometric
[ring/scheme-theoretic] structure of X?

For instance, let I’ be a p-adic local field. Then the mono-anabelian reconstruction of suitable orbits of
the cyclotomic rigidity isomorphism associated to F' may be regarded as an answer to Question in the
case where:

e X: F with a choice of an algebraic closure F of F.

e IIx: [the underlying topological group structure] Gp of Gal(F/F), i.e., the absolute Galois group
of F.

o M(X): u(F), i.e., the group of the roots of unity in F.

o M(ILx): thgGF H2b where H C G ranges over the open subgroups; H> denotes the torsion

tor
subgroup of the abelianization of H; the transition maps are induced by the transfers.

e ¢x: the isomorphism u(F) = lim, . H b induced by the reciprocity maps associated to the
“ur

tor
finite extension fields C F of F.

e Input data: (Gr ~ F ") or (Gp ~ OZ), where OZ denotes the multiplicative monoid consisting of

nonzero elements of the ring of integers of F'

[cf. [23], Propositions 3.2, 3.3]. Here, we note that the constructions of the reciprocity maps depend on

the full ring structures of p-adic local fields, and FX, O% are purely multiplicative objects. Moreover, we
observe that one may not reconstruct the full ring structure of F' from Gp [cf., e.g., [34], §2, Theorem].
In particular, the input data is a data strictly weaker than the full ring structure of F'. Note also that the
extent to which the cyclotomic rigidity isomorphism is rigid [i,e., an answer to Question] may depend on
the input data [cf. [21], Theorem 2.4; [23], Propositions 3.2, 3.3].

Next, we explain the background of the second topic. The Neukirch-Uchida theorem states that every
outer isomorphism between the absolute Galois groups of number fields arises from a unique isomorphism
of the number fields [cf. [28], Corollary 12.2.2; [33], Theorem|. Here, we note that Y. Hoshi gave
a functorial group-theoretic algorithm for constructing number fields from [the underlying topological
group structures of] their absolute Galois groups [cf. [6], Theorem A] and strengthen the Neukirch-
Uchida theorem. On the other hand, the analogous statement for p-adic local fields does not hold [cf.,
e.g., [34], §2, Theorem)]. In this situation, S. Mochizuki discovered that, if an outer isomorphism between
the absolute Galois groups of p-adic local fields preserves the respective [uppper| ramification filtrations,
then this outer isomorphism arises from a unique isomorphism of the p-adic local fields [cf. [19], Theorem].

In the present paper, we generalize various reconstruction results surrounding p-adic local fields,
especially, the mono-anabelian group/monoid-theoretic reconstruction algorithms for cyclotomic rigidity
isomorphisms and the Neukirch-Uchida-type result for p-adic local fields [obtained by S. Mochizuki| to
the case of Henselian discrete valuation fields with certain infinite residue fields of characteristic p. In
order to state our main results, we begin by preparing some notations.

For each pair of a monoid T and a positive integer n, we shall write Tio, C T for the torsion subgroup
of T; T'[n] C T for the n-torsion subgroup of T'; T®P for the groupification of T'. For each field F', we

shall write p(F) for the group of roots of unity € F; F5P for the separable closure [determined up to

isomorphisms| of F; Gp of Gal(F®P /F); char(F") for the characteristic of F.

Let K be a Henselian discrete valuation field of residue characteristic p. Write k for the residue field
of K; Ix C G for the inertia subgroup [i.e., the kernel of the natural surjection G — Gil; Pk C Gg
for the wild inertia subgroup [cf. Definition 1.1]. Our first main result is the following [cf. Propositions
1.6, 1.7):



Theorem A. The following hold:

(i) Let K C L (C K*P) be a separable field extension such that G, C Gk is a nontrivial subnormal
closed subgroup. Then the prime number p may be reconstructed, in a purely group-theoretic way,
from [the underlying topological group structure of] the absolute Galois group Gfr,.

(ii) Suppose that every normal closed pro-cyclic subgroup and every pro-p normal closed subgroup of the
kernel of the pro-prime-to-p cyclotomic character associated to k are trivial. Then the subgroups
Ix C Gk and Px C Gg may be reconstructed, in a purely group-theoretic way, from [the underlying
topological group structure of] the absolute Galois group G .

Our proof of Theorem A, (i), depends on the internal indecomposability [i.e., a property that the
centralizer of any nontrivial normal closed subgroup is trivial] of G;. On the other hand, one may
observe that the assumption in Theorem A, (ii), is satisfied in the case where k is algebraic over the prime
field or a Hilbertian field [cf. Remark 1.7.1]. It would be interesting to investigate to which extent the
assumption in Theorem A, (ii), may be dropped.

Next, for each separable field extension K C L (C K*P), we shall write Op, for the ring of integers of
L; Of (C Oy) for the group of units of Or; OF o, \ {0} [as a multiplicative monoid]. For each finite
separable extension K C L (C K5P), we shall write

O ©im 07 /(5™ 07 ¥ im 07 /(07" L m L*/(L)",

m>1 m>1 m>1

where m ranges over the positive integers;
e @E (respectively, L* C L)

for the submonoid (respectively, subgroup) generated by (5; and the image of a prime element € O7 of
L via the natural map O7 — O7 (respectively, L* — L*). Finally, we shall write

Ofuer € lim OF; Oy & lim OF; (K50)* € lig L¥,

KCL KCL KCL

where K C L (C K®P) ranges over the finite separable extensions; the transition maps are the natural
homomorphisms. It would be worth mentioning that, under a certain mild assumption, these transition
maps are injective and behave reasonably well with respect to Galois actions [cf. Lemma 1.12]. The
latter property enables us to define the cohomology groups of G with coeflicients in 6;@@, @?(sem and
(ngp)x. On the other hand, one verifies immediately that, if K is a complete discrete valuation field
with finite residues, then @IX( = Of, (’}'f{ = OF, and K* = K*. With regard to these objects, one key
observation/philosophy in the present paper is the following:

In order to extend anabelian geometry for p-adic local fields to the case of Henselian discrete
valuation fields with infinite residues, it is natural to treat algebraically [partially] completed
multiplicative objects.

Next, for each field F', we shall say that:
e [ is quasi-finite if F is perfect, and Gp = Z where Z denotes the profinite completion of Z.
e Fis u-finite if pu(F) is finite.
In the remainder of Introduction, to simplify various notations and statements, we suppose that
char(K) = 0.

Then our second main result is the following [cf. Theorem 4.7, (ii), (iii)]:



Theorem B. Suppose that k is quasi-finite and p-finite. Let G be a topological group isomorphic to G .
Then the following hold:

(i) Write R
Pt KX o G

for the injective homomorphism [cf. Proposition 4.4] induced by the reciprocity map rx : K* — G?P
[cf. Theorem 4.3]. Then there exists a functorial group-theoretic algorithm

G~ (uG) c 0*(G) c 0°(G) € KX(@))

for constructing — from the topological group G — a data (W(G) € OX(G) € O”(G) C K*(Q))
consisting of submonoids of G* that satisfies the following condition: if one applies this functorial
group-theoretic algorithm to G = Gk, then

w(G) = ix(p(K)), 0%(G) = ix(0F), O7(G) = ix(0F), K*(G) = ix(K*)
[cf. the discussion at the beginning of the proof of Proposition 3.7].

(ii) By applying the group-theoretic_algorithm given in (ii) to every normal open subgroup H C G, one
constructs a data (us(G) C OX(G) € O (G) C KJX(G)) consisting of the monoids [equipped
with natural actions of G

pe(@) & lim p(H), OX(G) i O%(H),
HCG HCG

03(G) € Iy O%(H), KX(G) € lim K*(H)
HCG HCG

— where the transition maps are induced by the transfers — that satisfies the following condition:
if one applies this functorial group-theoretic algorithm to G = G, then the [completed] reciprocity
maps {7r}kcr — where K C L (C K*P) ranges over the finite Galois extensions — induce G-
equivariant isomorphisms

~ ko)

WEP) 5 5y (Q), Ofun 3 0X(G), O 3 O2(G), (K¥0)* 3 RX(G).
In the remainder of Introduction, we shall refer to the G-equivariant isomorphism

yLn fin (KC5P) = l&n 1s(G)[n]
> n>1

[y
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induced by the first isomorphism of the final display in Theorem B as the cyclotomic rigidity isomorphism
associated to K. Note that the proof of Theorem B depends heavily on local class field theory for Henselian
discrete valuation fields with quasi-finite residues. Note also that there are many examples of infinite,
p-finite, and quasi-finite fields of characteristic p [cf. Remark 4.2.1].

Now suppose that k is quasi-finite and p-finite until the end of Corollary D below. Let G be a
topological group isomorphic to Gx. Fix a functorial group-theoretic algorithm as in Theorem B, (ii).
Write

us(G) € OX(G) € O%(G) € KX(G)

for the output data of this algorithm. Let M be a multiplicative monoid such that

e M admits an action of G,

e (G ~ M) is isomorphic to (G @ﬁsep) (respectively, (Gx @‘f(sep); (G ~ (K3eP)X)).



Write

r & 7x (respectively, {1};{£1}); A(M) ' lim (Mior[n]); AMG) = lim u(G)[n]

n>

-
3
[\
A

Then our third main result is the following [cf. Theorem 5.9]:

Theorem C. There exists a functorial group/monoid-theoretic algorithm

~

(GA M) ~ ADM) 3 AG)

for constructing — from (G ~ M) — a natural I'-torsor consisting of isomorphisms

~

AM) — AG)

that satisfies the following condition: if one applies this group/monoid-theoretic algorithm to one of the
following cases where

e (G~ M) = (Gg @\[X(sep);
e (G~ M) = (Gg @If(sep);
e (G ~n M) = (Gxg ~ (K5p)X),

then the above I'-torsor coincides with the natural I'-orbit of the cyclotomic rigidity isomorphism associated
to K.

[Note that, in the case where I' = ZX, a natural ['-orbit of an isomorphism is nothing but all the
isomorphisms. In particular, in this case, there exists no nontrivial mathematical content in Theorem C.]
Moreover, as a corollary of Theorem C, we obtain the following [cf. Corollary 6.7]:

Corollary D. Fori = 1,2, let G; be a topological group; M; a monoid that admits an action of G;. Write
ISOIH(Gl 1% Ml, GQ % MQ)

for the set of pairs of a continuous isomorphism G1 = Go and an isomorphism M, = My compatible
with the respective actions;

Isom(Gy, G2)

for the set of continuous isomorphisms G1 — Ga. Suppose that (G; ~ M;) is isomorphic to (G ~ (5;<sep)
(respectively, (Gr ™~ O%ep); (Gr ~ (K5P)X) ), where i = 1,2. Then the natural map

Isom(G1 ~ My, Go ~ My) — Isom(G1, G3)

is surjective. Moreover, the fibers of this map are I'-torsors. [Note that T' = 7> (respectively, T' = {1};

[ ={%1}).]

We have discussed the quasi-finite residue case so far. On the other hand, if we restrict our attention
to “p-like objects” [such as the group of p-power roots of unity], then one may treat more general case.
For each field F', we shall say that:

e F'is p-quasi-finite if F'is perfect, and the maximal pro-p-quotient of G'r is isomorphic to Z,, where
Zy, denotes the maximal pro-p quotient of Z.

o F'is strongly p-quasi-finite if every finite extension field of F' is p-quasi-finite.



Note that quasi-finite fields are strongly p-quasi-finite. In fact, by applying a similar argument to the
argument applied in the proof of local class field theory for Henselian discrete valuation fields with quasi-
finite residues [cf. [31]], one may develop p-local class field theory [i.e., local class field theory for pro-p
abelian extensions] for Henselian discrete valuation fields with p-quasi-finite residues [cf. §2; [30], §1].
In the case of Henselian discrete valuation fields with strongly p-quasi-finite residues, by applying this
p-local class field theory, one may reconstruct various p-like objects. For each separable field extension
K C L (C K*%P), we shall write my, for the maximal ideal of Op; pp~ (L) for the group of p-power roots
of unity € L;
U < 14my; 0% Y U e (D).
1L L I 1,L/ My

We shall write
T < Lo (k) € K
2p ARSI =
where log, : Uy x — K denotes the p-adic logarithm map [cf. [23], Definition 5.4, (iii)]. Then our forth

result is the following [cf. Theorem 7.2, (ii), (iii)]:

Theorem E. Suppose that k is a strongly p-quasi-finite field. Let G be a topological group isomorphic to
Gx. Then the following hold:

(i) Write
P Jim KPP (GR)P
n>1
for the injective homomorphism [cf. Theorem 3.5, (i)] induced by the reciprocity map rh, : K™ —
(G2 [cf. Theorem 2.13]. Then there exists a functorial group-theoretic algorithm

G~ pp=(G)

for constructing — from the topological group G — a data pp~(G) consisting of a subgroup of
(G}*P)p that satisfies the following condition: if one applies this functorial group-theoretic algorithm
to G = Gg, then

pp=(G) = P (pp= (K))
[cf. the discussion at the beginning of the proof of Proposition 3.7]. Moreover, by applying this
group-theoretic algorithm to every normal open subgroup H C G, one constructs the group [equipped
with natural action of G

fpe o(G) E i e (H)
HCG

— where the transition maps are induced by the transfers — that satisfies the following condition:
if one applies this functorial group-theoretic algorithm to G = G, then the [completed] reciprocity
maps {*} }xcr, — where K C L (C K*P) ranges over the finite Galois extensions — induce a
G-equivariant isomorphism

ppee (K5P) 5 e 5(G).

(ii) In the notation of (i), suppose, moreover, that K is complete. Let I C G be a closed subgroup such
that there exists an isomorphism G = Gk that induces an isomorphism I = Ix. Then there exists
a functorial group-theoretic algorithm

I CG ~ (Uh(ICG), I(ICG) C KICG))

for constructing — from the pair of topological groups I C G — a data (U;(I € G),Z(I C G) C
K(I € G)) consisting of groups that satisfies the following condition: if one applies this functorial
group-theoretic algorithm to (I C G) = (Ix C Gk), then

Ui(I CG) = (Ui k),



and Z(I C G) C K(I C G)) is isomorphic to Iy C K. Moreover, by applying this group-theoretic
algorithm to every normal open subgroup H C G [and the subgroup I N H C HJ, one constructs a
data (Uy (I C G),Zs(I € G) C Ks(G)) consisting of the groups [equipped with natural actions of G

def def

U,(ICG) < lim U(INHCH), Z(ICG) = lim I(INHC H),
HCG HCG
K{(ICG) < lim K(INHC H)
HCG

— where the transition maps are induced by the transfers — that satisfies the following condition: if
one applies this functorial group-theoretic algorithm to (I C G) = (Ix C Gk), then the [completed]
reciprocity maps {7 }xcr — where K C L (C K*P) ranges over the finite Galois extensions —
induce a G-equivariant isomorphism

~

ULKSCP — ULS(IQ G),
and there ezists a G-equivariant isomorphism

K5 5% k(I C Q)

that maps T onto Z(I C G).

Moreover, in light of p-local class field theory for Henselian discrete valuation fields with p-quasi-
finite residue fields of characteristic p, together with a similar argument to the argument applied in the
positive characteristic analogue of Corollary D, one may determine the structure of a certain indeterminacy
“(Ind2)” that appears in S. Mochizuki’s inter-universal Teichmiiller theory [cf. [24]]. In order to state
our result, let us recall/introduce the definition of the group of Gi-isometries in a generalized situation.
[Note that (Ind2) consists of these isometries.] We shall write

Ism(GK)

for the group of Gg-equivariant automorphisms of U}, that, for each finite separable extension K C
L (C K*P), preserve the “lattice” U} C (Uk.;)¢E. We shall refer to each element in Ism(Gg) as a
Gk -isometry. Note that U} admits a natural structure of Z,-module compatible with the natural action
of G . In particular, there exists a natural injection

Then our fifth main result is the following [cf. Theorem 7.4]:

Theorem F. Suppose that Gy, is not a pro-prime-to-p group. Then the natural injection

Zy — Ism(Gg)

is bijective.

Theorem F implies that (Ind2) is relatively small.

Finally, we discuss our generalization on the Neukirch-Uchida-type result mentioned above. We shall
say that K is a quasi-p-adic local field if K is complete, and the residue field k of K is algebraic over the
prime field. Then our final main result is the following [cf. Theorem 8.11]:



Theorem G. Let K1, Ko be quasi-p-adic local fields with p-quasi-finite residue fields of characteristic p.
Write
Isom(Ks, K1)

for the set of isomorphisms Ko = K1 of fields;
OutIsompi (Gk,, Gk,)

for the set of outer isomorphisms G, — G, of profinite groups that preserve the respective upper
ramification filtrations. Then the natural map

ISOH](KQ, K1) — Outlsompyy; (GK1 ,GK,y )
is bijective.

Theorem G may be regarded as a generalization of the corresponding result for p-adic local fields
due to S. Mochizuki [cf. [19], Theorem]. To our best knowledge, Theorem G is the first unconditional
result among Neukirch-Uchida-type results for complete discrete valuation fields with infinite residues.
Our proof of Theorem G may be regarded as an application of T. Murotani’s recent work on certain
homomorphisms between the absolute Galois groups of mixed characteristic complete discrete valuation
fields with perfect residues, together with

e Theorem A, (ii); Theorem E, and

e a certain computation of the intersection of the images of higher unit groups via the norm maps
associated to finite field extensions of complete discrete valuation fields with perfect residue fields
of characteristic p and its consequence [cf. Propositions 8.4; 8.7].

We recall that there exists a positive characteristic analogue of [19], Theorem, due to V. Abrashkin [cf.
[1]]. Therefore, in light of Theorem G, it would be interesting to investigate the extent to which

e the assumption on the residue fields in Theorem G may be weakened, and
e the positive characteristic analogue of Theorem G holds [cf. Remark 8.11.1].

The present paper is organized as follows. In §1, we first prove Theorem A. Next, we introduce certain
[multiplicative] monoids that appear as the [algebraic] completions of [multiplicative] monoids associated
to Henselian discrete valuation fields, which play important roles throughout the present paper. Moreover,
under a certain mild assumption on the residue fields, we observe that these multiplicative monoids behave
reasonably well with respect to the finite field extensions and the Galois actions. In §2, by imitating
local class field theory for Henselian discrete valuation fields with quasi-finite residues via Artin-Tate’s
class formation, for each prime number [, we discuss [-local class field theory for Henselian discrete
valuation fields with strongly [-quasi-finite residue fields of characteristic p. Here, we note that p-local
class field theory for complete discrete valuation fields with p-quasi-finite residue fields of characteristic
p was developed by K. Sekiguchi [cf. [30], §1]. On the other hand, if we restrict our attention to the
totally wildly ramified abelian extensions, then much more general [and explicit] theory via a generalized
version of Neukirch’s construction was developed by I. Fesenko [cf. [2]]. In §3, by applying [-local class
field theory discussed in §2, we prove that the groups of [-power roots of unity of Henselian discrete
valuation fields with strongly [-quasi-finite and stably pye-finite [cf. Definition 1.9, (ii)] residues are
mapped isomorphically onto the torsion subgroups of the maximal pro-I quotients of their absolute Galois
groups via the reciprocity maps. In §4, in light of results obtained in §3, we first discuss basic properties
of the reciprocity maps in local class field theory for Henselian discrete valuation fields with quasi-finite
residues. Then, by applying these properties, we prove Theorem B. In §5, we prove Theorem C [i.e.,



mono-anabelian group/monoid-theoretic reconstruction algorithms of cyclotomic rigidity isomorphisms]
and its positive characteristic analogue. In §6, we apply Theorem C to prove Corollary D and its positive
characteristic analogue. Note that, in the positive characteristic case, since Kummer theory does not have
enough information, we need a certain additional argument [which leads us to obtain a proof of Theorem
F in §7]. In §7, by applying p-local class field theory discussed in §2, we prove Theorems E, F. Finally, in
§8, we prove a sophisticated version of Theorem G.

Notations and conventions

Numbers: The notation Q will be used to denote the field of rational numbers. The notation Q¢ will
be used to denote the multiplicative group of positive rational numbers. The notation Z will be used
to denote the ring of integers. The notation Z will be used to denote the profinite completion of the
underlying additive group of Z. If p is a prime number, then the notation 7Z, will be used to denote
the maximal pro-p quotient of Z the notation Z®' will be used to denote the maximal pro-prime-to-p
quotient of Z IF, will be used to denote the finite field of cardinality p. Note that Z Zy, and Z®)' admit
natural structures of commutative rings.

Monoids: Let M be a [commutative] monoid; n a positive integer. Then we shall write M* C M for the
group of invertible elements of M [where, if A is a commutative ring, then we shall use the notation A*
for the group of invertible elements of the underlying commutative multiplicative monoid of Al]; Mo, € M
for the torsion subgroup of M; M[n] C M for the n-torsion subgroup of M; M8P for the groupification of
M. If there exists a group action of a group G on M, then we shall write M C M for the submonoid of
M consisting of G-invariant elements.

Torsion abelian groups: Let A be a torsion abelian group; p a prime number. Then we shall write
A[(p>)'] C A for the prime-to-p part of A.

Fields: Let F be a field; p a prime number. Then we shall write F*°P for the separable closure [determined

up to isomorphisms] of F; Gp def Gal(F®P /F); char(F') for the characteristic of F. If char(F') # p, then

we shall fix a primitive p-th root of unity (, € F*°P.

Profinite groups: Let G be a profinite group; p a prime number. Then we shall write G2P for the
quotient of G' by the closure of the commutator subgroup [G, G] C G; GP for the maximal pro-p quotient
of G; c¢dy(G) for the p-cohomological dimension of G; scd,(G) for the strict p-cohomological dimension

of G; Aut(G) for the group of continuous automorphisms of G; Inn(G) C Aut(G) for the group of inner

automorphisms of G; Out(G) def Aut(G)/Inn(Q).

Let H C G be a closed subgroup. Then we shall write Zg(H) for the centralizer of H in G.
Let M be a discrete/profinite topological G-module; n a nonnegative integer. Then we shall write
H™(G, M) for the n-th continuous group cohomology of G with coefficients in M.

1 Preliminaries on Henselian discrete valuation fields with positive
characteristic residue fields

Let p be a prime number; K a Henselian discrete valuation field of residue characteristic p. Write Ok

for the ring of integers of K; myx C Ok for the maximal ideal of Og; k def Ok /mg; Ik C Gk for the
inertia subgroup [i.e, the kernel of the natural [outer] surjection G — Gg].
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In the present section, we first investigate some group-theoretic properties of the absolute Galois group
G i that enable us to give group-theoretic characterizations of the prime number p and the subgroups Px C
Ix C Gk [cf. Definition 1.1; Propositions 1.6, 1.7]. Next, we introduce certain [multiplicative] monoids
that appear as the [algebraic] completions of [multiplicative] monoids associated to K [cf. Definition 1.8],
which play important roles throughout the present paper. Moreover, in the case where k contains only
finitely many roots of unity, we observe that these completed monoids behave reasonably well with respect
to the finite field extensions and the Galois actions [cf. Lemma 1.12]. These properties may be applied
to compute certain Galois cohomology groups and to establish mono-anabelian group/monoid-theoretic
reconstruction algorithms for cyclotomic rigidity isomorphisms in §5.

Definition 1.1 ([4], §8, Theorem 1, (ii)). Let K C L (C K®P) be a finite Galois extension. [In particular,
L is also a Henselian discrete valuation field.] Write vy, : L* — Z for the discrete valuation of L; Op, for
the ring of integers of L;

Pr/k dof {0 € Gal(L/K) | vi(o(x) —x) > vr(z)+ 1 for any z € O };
Px € lim Py C lim Gal(M/K) = Gy,

KCM KCM

where K C M (C K*°P) ranges over the finite Galois extensions of K. Note that one may easily verify
that Pg C Ix. We shall refer to Px C G as the wild inertia subgroup.

Lemma 1.2. Suppose that k is perfect. Then it holds that c¢d,(Pk) = 1.

Proof. First, by replacing K by the completion of K, we may assume without loss of generality that K
is complete [cf., e.g., [16], Lemma 3.1]. Next, observe that Px C Ik is a [necessarily, unique] p-Sylow
subgroup [cf. [31], Chapter IV, §2, Corollary 3]. Then it holds that cd,(Px) = cdp(Ix) = 1 [cf. [29)],
Corollary 7.3.3, (a); [32], Chapter II, §4, Proposition 12]. This completes the proof of Lemma 1.2. (]

Definition 1.3 ([17], Definition 1.1, (v); [17], Proposition 1.2). Let G be a profinite group. Then we
shall say that G is internally indecomposable if, for each nontrivial normal closed subgroup H C G, it
holds that Zg(H) = {1}.

Lemma 1.4. Let
1—>G1—>Ggi>G3—>1

be an exact sequence of profinite groups. Write p : Gs — Out(G1) for the natural outer representation
associated to the above exact sequence. Then the following hold:

(i) Suppose that

e (31 is a torsion-free pro-cyclic group,
e (33 is a torsion-free profinite group, and

e cvery normal closed pro-cyclic subgroup of Ker(p) is trivial.

Then the closed subgroup G1 C G may be characterized as the mazximal normal pro-cyclic subgroup

OfGQ.
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(ii) Suppose that one of the following conditions holds:

(a) G is a pro-prime-to-p group, and every pro-p normal closed subgroup of Ker(p) is trivial.

(b) Gy is a nontrivial pro-prime-to-p group, and Gz is internally indecomposable.
Then every pro-p normal closed subgroup of Go is trivial.

Proof. First, we verify assertion (i). Let C' C G2 be a normal pro-cyclic subgroup. Then it suffices to
verify that C' C (G;. For each prime numner [, write C; C C for the [-part of C'. In particular, it suffices to
verify that C; C 1. Note that since C' is pro-cyclic, and G, G5 are torsion-free groups, if C; is nontrivial,
then C; =2 Z;. Recall that every nontrivial closed subgroup of Z; is open. Then since G3 is torsion-free,
we observe that one of the following holds:

e () C (.
e () is nontrivial, and C; N Gy = {1}.

Suppose that Cj is nontrivial, and C; N G; = {1}. Then since G; and C; are normal subgroups of Ga,
it holds that G; C Zg,(Cy). Note that this inclusion implies that ¢(C;) C Ker(p). However, since
#(Cy) C Ker(p) is a nontrivial normal closed pro-cyclic subgroup, this contradicts our assumption that
every normal closed pro-cyclic subgroup of Ker(p) is trivial. Thus, we conclude that C; C G;. This
completes the proof of assertion (i).

Next, we verify assertion (ii). Let N C G2 be a pro-p normal closed subgroup. Observe that since N is
a pro-p group and G is a pro-prime-to-p group, it holds that NNG; = {1}. Thus, it follows immediately
from the fact that N and G are normal in Gy that N C Zg, (G1). In particular, if condition (b) holds, then
it holds that Zg,(G1) = {1}, hence that N = {1}. Therefore, we may assume without loss of generality
that condition (a) holds. Note that the inclusion N C Zg,(G1) implies that ¢(IN) C Ker(p). Moreover,
since ¢(N) C G is a pro-p normal closed subgroup, ¢(N) C Ker(p) is a pro-p normal closed subgroup.
Thus, since every pro-p normal closed subgroup of ker(p) is trivial, we conclude that ¢(N) = {1}, hence
that N = N NG = {1}. This completes the proof of assertion (ii), hence of Lemma 1.4. O

Proposition 1.5. The following hold:
(i) Irc/Px is isomorphic to Z®' (1) as a Gj, = G /I -module, where “(1)” denotes the Tate twist.

(i) Pk is a torsion-free pro-p group that is not topologically finitely generated. Moreover, if k is perfect,
then Py is a free pro-p group.

(iii) Gi and G are torsion-free groups.

(iv) Let 1 be a prime number such thatl # p; N C G a pro-l subnormal closed subgroup. Then it holds
that N = {1}.

Proof. Assertion (i) follows immediately from Kummer theory, together with the Henselian property of
tamely ramified extensions of K [cf., e.g, [3], Chapter II, (3.5), Proposition, (1)].

Next, we verify assertion (ii). Note that I is not topologically finitely generated [cf. [16], Lemmas 3.1,
3.5; [28], Proposition 6.1.7]. Thus, it follows immediately from assertion (i) that Pk is not topologically
finitely generated.

Next, suppose that k is perfect. Then since Pk is a pro-p group, and cd,(Pg) = 1 [cf. Lemma 1.2],
it follows from [29], Theorem 7.7.4, that Pk is a free pro-p group.

Next, we consider the general case. If char(K) = p, then one may construct a complete discrete
valuation field M of characteristic p such that the residue field of M is the perfection of k, together with
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an isomorphism G — Gk that preserves respective wild inertia subgroups [cf. [16], Lemma 3.1; Cohen’s
structure theorem]. Therefore, the general case follows immediately from the perfect residue case. Thus,
we may assume without loss of generality that char(K) = 0. Let {¢; € k | i € I} be a p-basis of k;

1

ti € O C K a lifting of t;. For each i € I, we fix a compatible system {f? € K°P}icz., of p-power
) >

roots of #;. Write L (C K*®P) for the field obtained by adjoining the elements {ffj € K} jyerxz-, to
K. Then L is a Henselian discrete valuation field with a perfect residue field of characteristic p. Write
K™ C L'"™ (C K*%P) for the maximal tame extensions of K, L, respectively; L;féé (C K3P) for the field
obtained by adjoining the p-power roots of unity to L™. Note that ¢, € K™. Moreover, in the case
where p = 2, it follows immediately from the torsion-freeness of G%. [cf. [17], Proposition 3.3] that we
may assume without loss of generality that /=1 € K. Then Gal(Ly% /K"™) is a torsion-free pro-p group.
On the other hand, since the wild inertia subgroup Pr, of G, is a free pro-p group [cf. the perfect residue
case discussed above], the closed subgroup G Lm, C Py, is also a free pro-p group. Thus, we conclude that

Pr = G is a torsion-free pro-p group. This completes the proof of assertion (ii).

Next, we verify assertion (iii). In light of assertions (i), (ii), it suffices to prove that Gy, is torsion-free.
However, since k is of positive characteristic, the torsion-freeness follows immediately from Artin-Schreier
theorem. This completes the proof of assertion (iii).

Next, we verify assertion (iv). First, observe that it follows immediately from the definition of subnor-
mality that there exists a subnormal closed subgroup H C G such that N is a normal closed subgroup
of H. Here, note that every subnormal closed subgroup of G is internally indecomposable [cf. [15],
Theorem B]. Now suppose that N # {1}. Then since H # {1}, it follows from [15], Proposition 1.10, that
H N Pg C H is a nontrivial pro-p normal closed subgroup [cf. assertion (ii)]. However, since N C H is a
nontrivial pro-prime-to-p normal closed subgroup, this contradicts the fact that H is internally indecom-
posable [cf. Lemma 1.4, (ii)]. Therefore, it holds that N = {1}. This completes the proof of assertion
(iv), hence of Proposition 1.5. O

Proposition 1.6. Let K C L (C K®P) be a separable field extension such that G;, C Gk is a nontrivial
subnormal closed subgroup. Then the prime number p may be reconstructed, in a purely group-theoretic
way, from [the underlying topological group structure of] the absolute Galois group G .

Proof. Since Gy, C Gk is a nontrivial subnormal closed subgroup, we observe that Px NGy C G, is a
nontrivial pro-p normal closed subgroup [cf. Proposition 1.5, (ii); [15], Theorem B; [15], Proposition 1.10].
Then it follows immediately from Proposition 1.5, (iv), that p is the unique prime number ¢ such that
there exists a nontrivial pro-¢ normal closed subgroup of Gj. This completes the proof of Proposition
1.6. ]

Proposition 1.7. Suppose that every normal closed pro-cyclic subgroup and every pro-p normal closed
subgroup of the kernel of the pro-prime-to-p cyclotomic character associated to k are trivial. Then the
subgroups Iy C Gi and Px C Gg may be reconstructed, in a purely group-theoretic way, from [the
underlying topological group structure of] the absolute Galois group G .

Proof. Recall that p may be reconstructed, in a purely group-theoretic way, from [the underlying topo-
logical group structure of] the absolute Galois group Gx [cf. Proposition 1.6]. On the other hand, it
follows immediately from our assumption, together with Proposition 1.5, (i), that every normal closed
pro-cyclic subgroup and every pro-p normal closed subgroup of the kernel of the natural representation
Gk /Ix — Aut(Ix/Pk) are trivial. Then it follows immediately from Proposition 1.5, (i), (ii), together
with Lemma 1.4, (ii), that the subgroup Px C Gx may be characterized as a unique maximal normal

13



closed pro-p subgroup. Moreover, it follows immediately from Proposition 1.5, (i), (iii), together with
Lemma 1.4, (i), that the subgroup Ix C Gk may be characterized as the pull-back of a unique maximal
normal pro-cyclic subgroup of G/ Px via the natural quotient Gx — G /Pg. This completes the proof
of Proposition 1.7. O

Remark 1.7.1. Suppose that one of the following conditions holds:
(i) k is an algebraic extension field of the prime field.
(ii) k is a Hilbertian field. [In particular,

e finitely generated transcendental extension fields of an arbitrary field, and

e the field of fractions of an arbitrary Noetherian integral domain of dimension > 2 [of charac-
teristic p)

satisfy this condition — cf., e.g., [17], Remark 2.12.1].

Then k satisfies the assumption of Proposition 1.7. Indeed, suppose first that condition (i) holds. Then
it follows immediately from [28], Lemma 7.5.4, (ii), that the kernel of the pro-prime-to-p cyclotomic
character associated to k is trivial. In particular, the assumption of Proposition 1.7 holds. Next, suppose
that condition (ii) holds. Write k¢ (C k°°P) for the maximal cyclotomic extension field of k. Then since
k is Hilbertian, and k& C k%° is an abelian extension, it follows from [5], Theorem 16.11.3, that k%° is
also Hilbertian. On the other hand, every topologically finitely generated normal closed subgroup of the
absolute Galois group of a Hilbertian field is trivial [cf. [14], Theorem 2.1]. Thus, it suffices to verify that
every pro-p normal closed subgroup of the absolute Galois group of a Hilbertian field is trivial. However,
since every pro-p group is pro-solvable, this follows immediately from [5], Proposition 16.11.6.

Remark 1.7.2. Let kg be a field of characteristic p. Suppose that k is isomorphic to the one-parameter
power series field ko((t)) over ky. Then Pgx does not coincide with the maximal normal closed pro-p
subgroup of G. Indeed, observe that the pro-prime-to-p cyclotomic character associated to k factors
through the pro-prime-to-p cyclotomic character associated to kg. Write I for the kernel of the natural
homomorphism Z<P>’(1) x G — Z®)' (1) x G, , where the respective semi-direct products are determined
by the respective pro-prime-to-p cyclotomic characters. Note that Iy, is isomorphic to the inertia subgroup
of G. Write P, C Ij, for the normal closed pro-p subgroup corresponding to the wild inertia subgroup of
Gg. Then P, C Z(p)/(l) X G, is a normal closed pro-p subgroup [cf., e.g., Proposition 1.7]. Write @ for the
pull-back of Py, via the natural surjection G — Z®'(1) x Gy. [cf. Proposition 1.5, (i)]. Then since Py
is a pro-p group [cf. Proposition 1.5, (ii)], it holds that @ C Gk is a normal closed pro-p subgroup. On
the other hand, since Py # {1}, we observe that Px C (). Thus, we conclude that Px does not coincide
with the maximal normal closed pro-p subgroup of Gk

Definition 1.8. For each separable extension K C L (C K*P), we shall write O, for the integral closure

of Ok in L; Of (C Op) for the group of units of Or; OF o, \ {0} [as a multiplicative monoid];

<y \ {0} [as a multiplicative group|; my, for the maximal ideal of Op; kr, e Op/mp;

iv def m Ax def . m
o™ = of/ N (©OH™ OF = lm OF /(O™
m>1 m>1

iv def m A def .. m
o™ = or/ (O™ 07 =F lim OF /(07)™;
m>1 m>1
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AV déf L></ ﬂ (L><)m; Ex déf lim L></(L><)m7
m>1 7%1
where m ranges over tAhe positive integers. M/Qreover, for each finite separable extension K C L (C K5°P),
we shall write OF C O7 (respectively, L* C L*) for the submonoid (respectively, subgroup) generated by
O] and the image of a prime element € O7 of L via the natural map O7 — OY (respectively, L* — L*).
Finally, we shall write

x,div def . x,div A def . A
OKsep - hg OL N OIX(SQP = hﬂ O; y
KCL KCL
>,div def .. >,di A def .
OKSQ;JV - hgrl OL V; O[D(sep - hgrl OL 5
KCL KCL

(Ksep)x,div dif hﬂ Lx,div; (@)x déf hA’l Ex;

KCL KCL
A def ;. A 2 def ;. 2
Oser = lim OF; (K*0)* = lim L*,

KCTL KCTL

where K C L (C K*°P) ranges over the finite separable extensions.

Remark 1.8.1. In the notation of Definition 1.8, let K C L (C K*P) be a finite separable extension.
Suppose that k is a finite field. Then it follows immediately that

)™ = (@)™ = {13,

m>1 m>1

where m ranges over the positive integers. In particular,

x,div. X >.div. > X, div __ X
ot — ox  oxW = o podv = X

Remark 1.8.2. Suppose that K is complete. Then it follows immediately from [16], Lemma 2.6, that the
transition maps that appear in the direct limits concerning “div” in Definition 1.8 are injective.

Remark 1.8.3. In the notation of Definition 1.8, suppose that K is complete. Let K C L (C KP)
be a finite separable extension. [In particular, L is also a complete discrete valuation field of residue
characteristic p.] Then it holds that the natural homomorphism

¢:14+mp, — @ (1—|—mL)/(1+mL)”
n>1

is an isomorphism. Indeed, suppose, first, that char(K) = 0. Under this assumption, recall that the p-
adic logarithm map O} — L determines an isomorphism 1+ p?Op = p?Or. Then since Oy, is p-adically
complete, we observe that the natural homomorphism

1+p2(’)L — 14+p20 def 1£1 (1 —|—p2(’)L)/(l +p2(’)L)"
n>1

is an isomorphism. On the other hand, since L is a mixed characteristic discrete valuation field of residue
characteristic p, there exists a positive integer m such that (1 + mL)pm C 1+ p?Or. In particular, we
observe that the natural homomorphism

Tm, € lm (1+mg)/(1+p°00)" — lim (1+mp)/(1+mg)"
> n>1

3
—_
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is an isomorphism. Now we have the following commutative diagram:

1 —— 149’0 —— 14+mp —— (14+mp)/(1+p*0) —— 1

| | |

—

1 —— 14p20, —— T+my —— (1+mp)/(1+p%0) — 1,

where the vertical arrows denote the natural homomorphisms. Thus, in light of the above observations,
together with Snake lemma, we conclude that ¢ is an isomorphism in the case where char(K) = 0. Next,
suppose that char(K) = p. Let i be a positive integer. Note that since char(K) = p, it holds that
(1+mp)? ={1+a” | a € mp}. Then one may observe that

) @ +mp)A+mp)? = (1+mg)”.

[Indeed, the inclusion (1 +mz)?" C Nysp (1+ m7})(1+ mz )P is immediate. Let 2 € my be such that
142 € Mp>1 (14+m?)(1+my)P". To verify the reverse inclusion, since (1 +mp )P = {1+ a” | a € m},
it suffices to verify that there exists an element a € my such that z = aP'. Next, observe that since

7

l4+mp)P ={14+a” |aemy}, and 1 +2 € Np>1 (1 +m?)(1 4+ mz )P, it holds that, for each positive
> L p

integer n, there exist elements 7, € m} and a, € my such that v = aﬁl + m,. Here, we note that

(an — apy1)P = all — af:H = Tp41 — T, € m}. In particular, since L is complete, the sequence {ay,}n>1

converges to an element a € my. Moreover, we conclude from the equality x = ab + T, that z = a?' ]
Therefore, by varying the positive integer i, we observe that the natural homomorphism

lim (1+mp)/(L+mp)? — lim (1+mg)/(1+m?)
i>1 i>1

is injective. On the other hand, one observes easily that, if m is a positive integer coprime to p, then the
m-th power map on 1+ my is an automorphism. Thus, since L is complete [so 1 +my = l'gln> L (1+
mz)/(1 4 m7)], we also conclude that ¢ is an isomorphism in the case where char(K) = p. N

Remark 1.8.4. In the notation of Definition 1.8, let m be a positive integer. Suppose that m is coprime to
p if char(K) = p. Then it holds that Oj.., and (K%P)* are m-divisible. Indeed, for each finite separable
extension K C L (C K*P), we have a natural exact sequence

lim OF /(0" — lim OF /(0F)" — OF /(O})™ — 1,
n>1 n>1

where the first arrow denotes the m-th power map. On the other hand, it follows immediately from our
assumption on m that
lim OF/(0F)™ = {1},

KCL

where K C L (C K®*P) ranges over the finite separable extensions. Thus, we conclude that @IX{SGP is
m-divisible, hence also that (K*°P)* is m-divisible.

Definition 1.9. Let L be a field; [ a prime number; m a positive integer. Write

pn(L) € {zeLa™ =1} L) E | me(L): wL) € | (D),

where n ranges over the positive integers. Then we shall say that:
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(i) L is p-finite if p(L) is finite.
(ii) L is stably pye-finite if, for every finite field extension L C M, it holds that pe (M) is finite.

(iii) L is stably p-finite if, for every finite field extension L C M, it holds that u(M) is finite.

Lemma 1.10. Let L be a field. Write Ly (C L) for the algebraic closure of the prime field Ly (C L)
in L. Then the following hold:

(i) The natural [outer] homomorphism G, — Gr, is surjective.
(i1) Suppose that L is of positive characteristic. Then it holds that Lo = Lprm(p(L)).

(iii) Suppose that L is of positive characteristic. Then L is u-finite if and only if the image of the natural
[outer] homomorphism G, — G, ... is open.

prm

(iv) Suppose that L is p-finite and of positve characteristic. Then L is stably u-finite.

Proof. Assertion (i) follows immediately from elementary Galois theory. Assertion (ii) follows immediately
from the fact that every nonzero element € Ly is a root of unity. Assertion (iii) follows immediately from
assertions (i), (ii). Assertion (iv) follows immediately from assertion (iii). This completes the proof of
Lemma 1.10. [l

Lemma 1.11. In the notation of Definition 1.8, let | be a prime number. Then K is stably pye-finite
(respectively, stably p-finite) if and only if k is stably pe-finite (respectively, u-finite).

Proof. In light of Lemma 1.10, (iv), Lemma 1.11 follows immediately from the Henselian property of
[every finite extension field of] K. O

Lemma 1.12. In the notation of Definition 1.8, suppose that, for each prime number 1, it holds that k is
stably pi~-finite. Then the transition maps that appear in the direct limits in Deﬁnﬂi&n 1.8 are injective.
Moreover, for each finite separable extension K C F (C KP), it holds that (K5®)*)¢r = F*. In
particular, for each separable extension K C M (C K®P), it holds that

(Fs=p))Gw = ) FX,
KCF (CM)

where K C F (C M) ranges over the finite field extensions C M.

Proof. Note that every finite extension field of K is also a Henselian discrete valuation field. Thus, to
verify Lemma 1.12, it suffices to prove the following assertions:

(a) The natural homomorphism K* — L% is injective.

(b) ((K>p))9x = K.
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First, we verify assertion (a). By replacing L by a finite separable extension field of L, we may assume
without loss of generality that K C L is a finite Galois extension. Then since the kernel of the natural
homomorphism K*/(K*)™ — L*/(L*)™ is

(B () ()™ )™ = (L)) SR (),

it suffices to prove that

lim ((LX)™) SN (™ = {1},

m>1
Next, since k is stably pje-finite for each prime numer [, it follows immediately from Lemma 1.11 that
oo (L) is finite for each prime number [. In particular, for each positive integer m, the natural ascending
chain

pm(L) C -+ C ppi(L) € pr(L) C -+

stabilizes. Then it follows immediately from the various definitions involved that, for each positive integer
i, we have

lm HY(Gal(L/K), (L)) = {1}.

m>1

On the other hand, by considering the long exact sequence associated to the natural exact sequence of
Gal(L/K)-modules
1 — pm(L) — L — (L) — 1,

we have a natural injection
(L)@ ()™ HY(Gal(L/K), i (L)).
Thus, by taking the inverse limit, we conclude that

i% (L)) G (K™ j; HYGal(L/K), pm(L)) = {1},

—_

hence that the natural homomorphism KX — L* is injective. This completes the proof of assertion (a).
Note that the proof of assertion (a) also implies that the inverse system

{E () (@)™/E™

satisfies the Mittag-Leffler condition.
Next, we verify assertion (b). For each finite Galois extension K C L, the long exact sequence
considered above, together with Hilbert’s theorem 90, induces an injection

HY(Gal(L/K),(L*)™) = H*(Gal(L/K), (L))
Then, by taking the inverse limit, we observe that

lim H'(Gal(L/K), (L)) < lim H*(Gal(L/K), (L)) = {1},

m>1 m>1

Thus, in light of the Mittag-Leffler condition discussed above, by considering the long exact sequence
associated to the natural exact sequence of Gal(L/K)-modules

1— (L))" — L — L /(L) — 1,
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we conclude that the natural homomorphism

X 1s . X X Gal(L/K) _ (/7Tx\Gal(L/K

R* = Jim KXJ(K)™ — Jim (L%/(LX)™)CI0/K) — (Fx)Galli/K)
m>1 m>1

is surjective, hence bijective [cf. (a)]. Finally, in light of this bijection, it follows immediately from the

various definitions involved that ((I/(SG\P)X)GK = K*. This completes the proof of assertion (b), hence of
Lemma 1.12. [

2 [-local class field theory for Henselian discrete valuation fields with
strongly l-quasi-finite residues via Artin-Tate’s class formation

Let p, [ be prime numbers. In the present section, we discuss [-local class field theory for Henselian
discrete valuation fields with strongly I-quasi-finite residue fields [cf. Definition 2.8] of characteristic p
via Artin-Tate’s class formation for our later use. In light of the richness of extensions, the case where
[ = p is the most interesting one. On the other hand, for our later use, we also discuss [-local class field
theory in the case where [ # p. Historically, p-local class field theory for complete discrete valuation
fields with p-quasi-finite residue fields of characteristic p via Artin-Tate’s class formation was developed
by Sekiguchi [cf. [30], §1]. Moreover, if we restrict our attention to the totally ramified p-extensions,
then much more general [and explicit] theory via a generalized version of Neukirch’s construction was
developed by Fesenko [cf. [2]].

Let K be a Henselian discrete valuation field whose residue field £ is a perfect field of characteristic

p. For each finite field extension K C L and each positive integer n, write L for the completion of L;

Un,L def 4 +mp; Np g+ L — K* for the norm map. For each [possibly, infinite] Galois extension K C L

and each real number v > —1, write Gal(L/K), C Gal(L/K) (respectively, Gal(L/K)" C Gal(L/K)) for
the higher ramification group of index v, relative to the lower (respectively, upper) numbering [cf. [31],
Chapter 1V, §3]. For each finite Galois extension K C L and each real number v, write

ryx(v) /0 " Gal(L/K) : Gal(L/K)"] du

[cf. [31], Chapter IV, §3].

First, we record an elementary observation:
Lemma 2.1. Let n be a positive integer. Then it holds that U, x = U, = NK*.

n,

Proof. Lemma 2.1 follows immediately from the various definitions involved. O

Next, we recall the following well-known facts on the behaviors of the norm maps of the finite unram-
ified Galois extensions of K.

Proposition 2.2. Let K C L be a finite unramified Galois extension; . a uniformizer of K [hence,
of L]. For each positive integer n, by using the uniformizer wg, we identify k (respectively, ki) and
Un, i /Un+1,i (respectively, Uy 1,/Upt1,1) in a natural way. Then the following hold:

(i) Let n be a positive integer. Then it holds that Np,/x(Un,) € Up k-

(ii) The norm map Ny i induces the norm map kj — k*.
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(i4i) Let n be a positive integer. Then the norm map Ny, k induces the trace map
TTkL/k : kL = Un7L/Un+17L — Un7K/Un+17K = k.
[Note that since k C kg, is a separable extension, Try, k18 surjective.]

Proof. Proposition 2.2 follows immediately from [3], Chapter III, (1.2), Proposition, together with Lemma
2.1. O

Next, we recall the following well-known facts on the behaviors of the norm maps of the totally ramified
cyclic extensions of K of prime degree.

Proposition 2.3. Suppose that | # p. Let K C L be a totally ramified cyclic extension of degree l; mx
a uniformizer of K; mr a uniformizer of L such that 7rlL = mx. For each positive integer n, by using
the uniformizer g (respectively, 7 ), we identify k and Uy k/Uni1,k (respectively, Uy /Unt1,1) in a
natural way. Then the following hold:

(i) Let n be a positive integer. Then it holds that N,/ (Upn,r) € Un k-
(ii) The norm map Ny induces the [-th power map on k*.

(i4i) Let n be a positive integer. Then the norm map Ny, x induces an isomorphism [of F)-vector spaces/

k= Unr/Uni1z — Unkg/Uni1ix = k
that maps k> x — lx € k.

Proof. Proposition 2.3 follows immediately from [3], Chapter III, (1.3), Proposition, together with Lemma
2.1. ]

Proposition 2.4. Let K C L be a totally ramified cyclic extension of degree p; mx a uniformizer of K;
7, a uniformizer of L such that Ny k(7r) = 7r; 0 € Gal(L/K) a generator. Write s for the maximal
positive integer among the positive integers m such that Gal(L/K)™ = Gal(L/K); n € Of for the unit
such that

L

For each positive integer n, by using the uniformizer w (respectively, 7y, ), we identify k and Uy, i /Upi1,K
(respectively, Uy, 1,/Uny1,1) in a natural way. Then the following hold:

(i) Let n be a positive integer. Then it holds that NL/K(UwL/K(n),L) C Up k. Moreover, if n < s+ 1,
then it holds that Nk (Un,1) C Un k-

(ii) The norm map Ny i induces the p-th power map on k*.

(i4i) Letn be a positive integer such that n < s. Then the norm map Ny, k induces a homomorphism [of
[F,-vector spaces]
Np:k = Upr/Uny1,. — Uni/Unp1xk = k.

(iv) Let n be a positive integer such that n < s. Then, for each x € k, it holds that
Np(z) = 2aP.

[Note that since k is perfect, Ny, is bijective.]
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(v) For each x € k, it holds that
Ny(z) = af -7 e,

where 7] € k* denotes the image of n via the natural surjection OF — k™. [Note that, if k is a
p-closed field, i.e., a field that admits no nontrivial cyclic extension of degree p, then Ny is surjective.]

(vi) Letn be a positive integer such that n > s. Then the norm map Np i induces an isomorphism [of
[F,-vector spaces]

Np:k = UwL/K(n),L/UwL/K(nHl,L = Unk/Upt1,6 = k.

that maps k > x +— —nP 1z € k.

Proof. Proposition 2.4 follows immediately from [3], Chapter III, (1.5), Proposition, together with Lemma
2.1. ]

Next, by applying the above propositions, we observe some important properties concerning the images
of norm maps.

Lemma 2.5. Let m be a positive integer; K C L a finite Galois extension of degree l-power. Then the

following hold:

(i) Suppose that | = p, char(K) = 0, and the finite Galois extension K C L is of degree p. Write e for
the absolute ramification index of K. Then it holds that Ugmi1)e,x € (Uame,x)? € Nijx(Um,L)-

(ii) Suppose that | = p, char(K) = p, and the finite Galois extension K C L is of degree p. Then there
exists a positive integer n such that Uy x € N/ (Un,L)-

(i4i) There exists a positive integer n such that Up x € Np/x(Un,L)-

Proof. First, we verify assertion (i). Since K C L is a field extension of degree p, and 2me > m, the second
inclusion is immediate. On the other hand, in the case where K is complete, by applying an elementary
property of the p-adic logarithm [cf. Lemma 8.5 below], or alternatively, [3], Chapter I, (5.8), Corollary
2, we observe that the first inclusion is also immediate. The first inclusion in the general Henselian case
follows immediately from the complete case, together with Lemma 2.1; the fact that K is algebraically
closed in K. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let mx be a uniformizer of K. In the case where K C L is a totally
ramified extension, we may assume without loss of generality that 7 = Np,g(7z), where 7 is a
uniformizer of L. Suppose that K C L is a(n) unramified (respectively, totally ramified) extension. We
set s € Z to be 0 (respectively, the positive integer “s” appearing in Proposition 2.4). Then, in light
of Artin-Schreier theory, there exists a unit u € Oj such that L = K(\), where X is a root of the

Artin-Schreier equation
U

p_ g =
Y Yy W;(
[cf. the proof of [3], Chapter III, (2.1), Lemma (respectively, the proof of [3], Chapter III, (2.4), Proposi-
tion)]. Now we claim the following:

Claim 2.5.A: It holds that —« +m% C Ny /g(A+m - Op).

S
Tk

Indeed, let a € m%. Then it follows from our assumption that K is Henselian that there exists b € mg
such that a = b” — b. Moreover, one verifies immediately [by considering the valuations] that b € m’.
Thus, since L = K (A +b), and

A+ —(A+b) = — +a,
b7
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we conclude that %{ +a=Np/g(A+b) € Npjg(A+mf - Op). This completes the proof of Claim 2.5.A.

Here, we observe that N i (\) = % In particular, if we set ur, € L* to be A (respectively,
77 - A), then we have u = N k(ur). [Note that this equality implies that uy is, in fact, a unit of
Or.] Thus, in light of Claim 2.5.A, we conclude that u + m5™ C Npyk(ur + m’iSer), hence that
Ustm,x € Npjk(Upstm,r.) € Npjk(Un,z). This completes the proof of assertion (ii).

Next, we verify assertion (iii). In light of the transitivity of the norm maps, since every nontrivial finite
[-group has nontrivial center, we may assume without loss of generality that the finite Galois extension
K C L is of degree [. In the case where | # p, it follows immediately from the Henselian property of K,
together with the various definitions involved, that U, i = U}, i C Npj(Up,1). Therefore, it suffices
to consider the case where [ = p. Then assertion (iii) follows immediately from assertions (i), (ii). This
completes the proof of Lemma 2.5. O

Corollary 2.6. Let K C L be a finite Galois extension of degree l-power. Then the following hold:

(i) Suppose that K C L is an unramified extension. Then, for each positive integer n, it holds that
Np/gk(Unr) = Un k-

(ii) Suppose that k is an l-closed field. In the case where | # p, suppose, moreover, that ; € k. Then
the norm map N i« L™ — K* is surjective.

Proof. First, since every nontrivial finite [-group has nontrivial center, we may assume without loss of
generality that the finite Galois extension K C L is a cyclic extension of degree [. Then, in light of Lemma
2.5, (iii), assertion (i) follows immediately from Proposition 2.2. Next, we verify assertion (ii). Note that
it follows immediately from our assumptions on k that k™ is [-divisible. Thus, in the case where [ # p
(respectively, [ = p), we conclude from Proposition 2.3 (respectively, Proposition 2.4) that the norm map
Ny L — K* is surjective. This completes the proof of assertion (ii), hence of Corollary 2.6. O

Next, we introduce the [-Brauer groups associated to fields.
Definition 2.7. Let F be a field. Then we shall write ' C F' (C F*P) for the maximal pro-I extension;

Br & H(G%, (F')).

Definition 2.8. Let F' be a perfect field. Then:

(i) We shall say that F' is an [-quasi-finite field if the maximal pro-I quotient of the abolute Galois
group of F' is isomorphic to Z;.

(ii) We shall say that F'is a strongly l-quasi-finite field if every finite extension field of F' is an [-quasi-
finite field.

Proposition 2.9. Suppose that, if | # p, then k is strongly l-quasi-finite. Then the following hold:
(i) It holds that H(Gy,, k™ )[I] = {0}.

(ii) It holds that H?(G%, (k')*) = {0}.
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(iii) Suppose, moreover, that, if | = p, then Gy is not a pro-prime-to-p group. Then it holds that
cd;(Gg) = 1.

Proof. First, suppose that
Il = p.

Then assertion (i) follows immediately from the fact that k is perfect. Next, we verify assertion (ii).
Let & C k' be a finite Galois extension of degree p-power. Then since Gal(kT/k) is a finite p-group,
H?(Gal(k/k), (kT)*) is annihilated by a p-power. On the other hand, since k' is perfect, the endomor-
phism of H?(Gal(k'/k), (k")*) given by multiplication by p is an automorphism. Thus, we conclude that
H?(Gal(k'/k), (kT)*) = {0}. In particular, by varying k C k', we observe that H?(GY, (k”)*) = {0}.
This completes the proof of assertion (ii) in the case where | = p. Assertion (iii) follows immediately from
[32], Chapter I, §3, Corollary 2 [cf. our assumption that G} is not pro-prime-to-pl; [32], Chapter II, §2,
Proposition 3. This completes the proof of Proposition 2.9 in the case where [ = p. Therefore, in the
remainder of the proof, we may assume without loss of generality that

I # p,

hence that k is strongly I-quasi-finite.

Next, we verify assertion (ii) in the case where (; € k. Since every element of H2(GY, (k')¥) is
annihilated by an l-power [cf. the above discussion], it suffices to verify that the endomorphism of
H?(GL, (KY)*) given by multiplication by [ is injective. Let us observe that the natural exact sequence of
Gﬁf—modules

ol
1 —F — (Y = EH — 1

[cf. our assumption that (; € k] induces an exact sequence
H(Gl,Fr) — H(G, (K)) =5 H (G, (K)).

Thus, since H*(GY,F,) = H?(Z;,F;) = {0} [cf. our assumption that k is l-quasi-finite], we conclude the
desired injectivity. This completes the proof of assertion (ii) in the case where (; € k.
Next, we verify assertion (i). First, we claim the following assertion:

Claim 2.9.A: Every element of H?(Gal(k(()!/k), (k(G))*) is annihilated by I — 1.

Indeed, since H 1(G§€( ) (k(G)H*) = {0} [cf. Hilbert’s theorem 90], by considering the Hochschild-Serre

spectral sequence associated to the natural exact sequence of profinite groups
1 — Gl — Gal(k(()'/k) — Gal(k(¢)/k) — 1,
we obtain an exact sequence
0 — H*(Gal(k(G)/k), k(G)*) — H*(Gal(k(()!/k), (K(Q)1) ) — H*(Glyepy» (R(G)))-

On the other hand, since k is strongly [-quasi-finite, k((;) is also l-quasi-finite. Then it follows from
the second paragraph of the present proof that H2(G2(Q), (k(¢)H*) = {0}. In particular, we have an
isomorphism
H*(Gal(k(G)/k), k(G)) = H*(Gal(k(Q)'/k), (k(G)'))-

Then Claim 2.9.A follows immediately from the fact that every element of H?(Gal(k(¢;)/k),k(()™) is
annihilated by [k(¢;) : k]. This completes the proof of Claim 2.9.A.

Next, we observe that since H 1(Gk(<l)z,EX) = {0} [cf. Hilbert’s theorem 90], by considering the
Hochschild-Serre spectral sequence associated to the natural exact sequence of profinite groups

1 — Gy — Gr — Gal(k()'/k) — 1,
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we obtain an exact sequence
0 — H>(Gal(k(Q)'/k), (K(G))*) — H* (G, k) — H* (G, k).

Here, we note that it follows from the Merkurjev-Suslin theorem [cf. [12], Theorem 11.5] that
H* (G, KON = {0}

Thus, we conclude from Claim 2.9.A that H2(Gy, %k )[I] = {0}. This completes the proof of assertion (i).

Next, we verify assertion (ii) in general. Observe that since H (G, k) = {0} [cf. Hilbert’s theorem
90], by considering the Hochschild-Serre spectral sequence associated to the natural exact sequence of
profinite groups

1 — G — G — G — 1,

we obtain an exact sequence
0 — H*(GY, (K)) — H*(Gr, k) — H* (G, k).
In particular, it follows immediately from assertion (i) that we have
H(GY, (K))I) = H*(Gy, k)] = {0}
Therefore, since every element of H2(G%, (k')*) is annihilated by an I-power, we conclude that
H*(GY, (K)*) = {0},

This completes the proof of assertion (ii).

Finally, we verify assertion (iii). Let us first observe that cd;(Gy) > 1 [cf. [28], Chapter I, §3, Corollary
2; our assumption that Gy is [-quasi-finite, hence that G} is not pro-prime-to-l]. Then since, for every
finite field extension k C k', HY(Gy, k") = {0} [cf. Hilbert’s theorem 90] is I-divisible, it follows from
assertion (i) that cd;(Gy) = 1 [cf. [32], Chapter II, §2, Proposition 4]. This completes the proof of
assertion (iii), hence of Proposition 2.9. O

Proposition 2.10. Suppose that | # p, and k is an l-quasi-finite field. Then ¢ ¢ K if and only if
GZK =7.

Proof. Note that since Gfk > 7, it follows immediately from the various definitions involved that the
condition that G% = Z; is equivalent to the following condition:

Kl C KW

First, suppose that (; € K. Let mx be a uniformizer of K. Then the finite field extension generated by
any [-th root of mx over K is a totally ramified Galois extension of degree [. Thus, we conclude that
K' ¢ K. Conversely, suppose that there exists a finite Galois extension K C L of degree I-power whose
ramification index e;, /K is > 1. In particular, we have two intermediate fields K C K’ C L' C L such that
K’ C I’ is a totally ramified Galois extension of degree . Then since [as is well-known| L’ is generated
by an I-th root of g/ over K’, it follows from the Galoisness of K’ C L’ that we have ; € L' (C L).
Therefore, since [L : K] is a power of I, we conclude that [K((;) : K] = 1, hence that (; € K. This
completes the proof of Proposition 2.10. O

Now we prove a key property of ;Bg, which leads us to construct Artin-Tate’s class formation.
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Proposition 2.11. The following hold:

(i) Suppose that k is an l-closed field. In the case where | # p, suppose, moreover, that (; € k. Then it
holds that

Bx = {0}.

(i) In the case where | # p, suppose that k is strongly l-quasi-finite. Then there exists a natural
1somorphism
1Bx = Hom(G%,Q/7).

Proof. First, we verify assertion (i). Observe that it follows immediately from Corollary 2.6, (ii) (re-
spectively, Hilbert’s theorem 90) that, for each finite Galois extension K C L (C K!) of degree I-power,
the O-th (respectively, 1-th) Tate cohomology of Gal(L/K) with coefficients in L* vanishes. Then, by
applying [31], Chapter IX, §5, Theorem 8, we observe that H?(Gal(L/K),L*) = {0}. Thus, by varying
the finite Galois extensions K C L of degree I-power, we conclude that ;Bx = {0}. This completes the
proof of assertion (i).

Next, we verify assertion (ii). Write K C K" (C K') for the maximal unramified pro-I extension.
Then, in light of Hilbert’s theorem 90, we have the following exact sequence

0 — H*(Gal(K"™/K), (K"™)*) — |Bx — 1Bjctour.

Note that the residue field of K™ is an [-closed field. In particular, if I = p or {; € k in the case where
[ # p, then it follows from assertion (i) that ;Byiw = {0}. On the other hand, if I # p, and (; & k,
then K C K' is an unramified extension [cf. the proof of Proposition 2.10]. Thus, we obtain a natural
isomorphism

~

H%*(Gal(K"™™/K), (K™)*) 5 Bg.

Next, let K C L (C K"") be an unramified Galois extension of degree l-power. Then, in light of the
existence of a splitting L* = Of x Z [as Gal(L/K )-modules], for each nonnegative integer n, we have a
split exact sequence

0 — H"(Gal(L/K),0F) — H™(Gal(L/K), LX) — H"(Gal(L/K),Z) — 0.

In particular, it follows from Hilbert’s theorem 90 that H'(Gal(L/K),O}) = {0}. On the other hand,
the natural exact sequence of Gal(L/K)-modules

1— U — 0] —kf —1
induces an injection
HY(Gal(L/K),Uy1) — H'(Gal(L/K),O5).

Then it holds that H'(Gal(L/K),U; 1) = {0}. Moreover, it follows from Corollary 2.6, (i), that the 0-th
Tate cohomology of Gal(L/K) with coefficients in U; j, vanishes. Thus, we conclude from [31], Chapter
IX, §5, Theorem 8, that H"(Gal(L/K),U; 1) = {0} for each positive integer n. Therefore, by considering
the long exact sequence associated to the natural exact sequence

1— U — Of — kf —1,

we obtain an isomorphism

~

H*(Gal(L/K),0F) = H*(Gal(ky/k),k)).
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Here, we note that H?(Gal(L/K),Z) = H'(Gal(L/K),Q/Z) = Hom(Gal(L/K),Q/Z). Then the above
split exact sequence induces a split exact sequence

0 — H?*(Gal(kp/k), k}) — H*(Gal(L/K),L*) — Hom(Gal(L/K),Q/Z) — 0.

Thus, in light of Proposition 2.9, (ii), by varying the unramified Galois extensions K C L of degree
[-power, we conclude that there exists a natural isomorphism

1B 5 Hom(G%,Q/7),

as desired. This completes the proof of assertion (ii), hence of Proposition 2.11. ]

Theorem 2.12. In the case where | = p (respectively, | # p), suppose that k is a p-quasi-finite field
(respectively, a strongly l-quasi-finite field). Write X for the set of finite subextension fields of K C K!;

invg 1 |Bx — Q/Z
for the injective homomorphism induced by the isomorphism of Proposition 2.11, (ii). Then the data
(G, {GLYrex. (K™, invg)
determines a class formation in the sense of Artin-Tate.

Proof. In light of the construction of invg, together with Hilbert’s theorem 90, Theorem 2.12 follows
immediately from the various definitions involved [cf. the discussion in the proof of [31], Chapter XIII,
§3, Proposition 7]. O

Theorem 2.13. In the case where | = p (respectively, | # p), suppose that k is a p-quasi-finite field
(respectively, a strongly l-quasi-finite field). Then there exists a reciprocity map

rhe t KX — (G%)™
such that, for each finite Galois extension K C L (C K') of degree l-power, rlK induces an isomorphism
K*/Im(Np ) = Gal(L/K)*.
[In particular, the image of rlK is dense.] Moreover, the following hold:

(i) Let K C L (C K') be a field extension. Write K C M for the mazmimal abelian l-extension
contained in L. Then it holds that

Im(Nyyk) = Im(Np).

In particular, the subgroup Im(Np i) C K™ is of finite index that divides the degree [K : L] of
the field extension K C L, and this index is equal to [K : L] if and only if K C L is an abelian
l-extension.

(ii) The assignment L — Im(Np, k) determines a bijection between the set of abelian l-extensions of K
and the set of norm subgroups of K*. Furthermore, if K C Ly and K C Lo are abelian l-extensions,
then it holds that

Im(Ngp,,/x) = Im(Nz, k) N Im(Np, i); Im(Npnz,/x) = Im(Np, k) - Im(Np, /).
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Proof. In light of general theory of Artin-Tate’s class formation [cf. [31], Chpater XI], Theorem 2.13
follows immediately from Theorem 2.12. O

Remark 2.13.1. In the notation of Theorem 2.13, suppose that [ # char(K), and ; € K. Let n be a
positive integer. Note that, in light of Kummer theory and Ponrjyagin duality, the cup product

HYGY, Z)I"Z) x HY(GY%, pn (K5P)) — H*(Ghe, un (K5P)) 5 Z/I"Z

[cf. Lemma 3.1, (i) below| determines a homomorphism

n

KX /(KX — GR/I"GR.

Then this homomorphism coincides with the homomorphism induced by the reciprocity map rlK. Indeed,
if we recall the construction of the reciprocity map based on Tate-Nakayama’s theorem, then this follows
from standard homological algebra [cf. [13], Proposition 0.14; the discussion in [13], Lemma 1.7].

Next, in the case where k is a p-quasi-finite field, we discuss an important relation between the higher
unit groups and the higher ramification groups via the reciprocity map r%,.

Lemma 2.14. Let
Pk’ — kP

be an additive polynomial [i.e., a polynomial that preserves addition] coefficients in k of degree p-power.
Suppose that k is a p-quasi-finite field, and Ker(P) C k. Then it holds that k/P(k) = Ker(P).

Proof. Recall that H'(G?, k?) = {0}. Then since G} = Z,, the long cohomology exact sequence associated
to the natural exact sequence
0 — Ker(P) — kP — kP — 0

implies that k/P(k) = Ker(P). This completes the proof of Lemma 2.14. O

Proposition 2.15. Let n be a positive integer; K C L a totally ramified Galois extension of degree

p-power. Write G dof Gal(L/K); 9 def Y- Then the following hold:

(i) Npjx(Uypm),r) € Unx, and Np g (Upmy1,0) € Uny1,x-
(ii) Write
Ny o (k=) Upen),n./Upmy+1,. — Un/Unt1,x (=)

for the homomorphism induced by Ny, i [cf. (i)]. Then Ny is determined by an additive polynomial
Py, whose separable degree coincides with the cardinality of Gy ) /G ypmy+1- Moreover, Ker(N,,) =

Gy(n)/ Gyn)+1-

(i4i) Suppose that G,y = {1} (respectively, Gym)+1 = {1}). Then it holds that N/ (Uymn),z) = Un,x
(respectively, Np;(Upmn)+1,0) = Unt1,5)-

(iv) Suppose that k is a p-quasi-finite field. Then it holds that
Unic/(Uns1.k * Ny (Uyn),n) = Gy Gom)+1-

(v) Suppose that k is a p-quasi-finite field, and the totally ramified Galois extension K C L is an abelian
extension. Then the family {Uy k /Np k (Uypm),0) }n>1 forms a decreasing filtration of subgroups of
K> /Im(Np, ) that correponds to the family {G"},>1 of subgroups of G via the reciprocity map.
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Proof. Assertion (i) follows immediately from [31], Chapter V, §6, Proposition 8, together with Lemma
2.1. Assertion (ii) follows immediately from [31], Chapter V, §6, Proposition 9. Assertion (iii) follows
immediately from [31], Chapter V, §6, Corollary 3, together with Lemma 2.5, (iii). Assertion (iv) follows
immediately from assertion (ii), together with Lemma 2.14. In light of assertions (ii), (iii), (iv), assertion
(v) follows from a similar argument to the argument applied in the proof of [31], Chapter XV, §2, Corollary
3. This completes the proof of Proposition 2.15. 1

Theorem 2.16. Suppose that k is a p-quasi-finite field. Let n be a positive integer. Then the image of
Un,ic (C K*) via the reciprocity map %, is a dense subgroup of ((G%)*P)".

Proof. Let K C L be a finite abelian p-extension. Then it suffices to verify that the isomorphism
K*/Im(Np, i) = Gal(L/K) maps the subgroup Uy i - Im(Ny, /) /Im(Ny i) onto Gal(L/K)™. To verify
this, it follows immediately from Corollary 2.6, (i), that we may assume without loss of generality that
K C Lis a totally ramified p-extension. However, this is nothing but Proposition 2.15, (v). This completes
the proof of Theorem 2.16. 0

Finally, we record some basic properties of Hilbert and Artin-Schreier pairings.

Definition 2.17. Let x € Hom(G%,Q/Z) = H*(G%,Q/Z) & H*(G%,Z); b € K* = HO(G%, (K')*).
Then we shall write
(va) € lBK

for the cup product of x and b.

Definition 2.18. In the case where | = p (respectively, | # p), suppose that k is a p-quasi-finite field
(respectively, a strongly [-quasi-finite field).

(i) Let m be a positive integer; a,b € K*. Suppose that [ # char(K), and pm(K%P) C K*. Fix a
primitive {"-th root of unity (;m € (K%P)* and identify pym (K%P) and Z/I™Z via the assignment
Cpm > n. Write

Xa € HYGY%,7/I™7) = Hom(GY,Z/I™Z) C Hom(GY%,Q/7Z)

— where we identify Z/I™Z with #Z/Z (C Q/Z) in a natural way — for the image of a via the

Kummer map; (a, b) & (Xa,b) € |Br. Then we shall write

(0,0) D) ).

(ii) Let a € K; b e K*. Suppose that char(K) = p =[. Write
Yo € HY(GY%,Z/pZ) = Hom(GY,Z/pZ) C Hom(GY,Q/Z)

— where we identify Z/pZ with %Z/Z (€ Q/Z) in a natural way — for the image of a via the
Artin-Schreier map; [a, b) aof (1q,b) € pBg. Then we shall write

[a,b), def p-invg([a,b)) € Z/pZ.

28



Proposition 2.19. In the case where | = p (respectively, | # p), suppose that k is a p-quasi-finite
field (respectively, a strongly l-quasi-finite field). Let m be a positive integer; a,a’,b,b" € K*. Suppose,
moreover, that | # char(K), and pm (K5P) C K*. Then the following hold:

(i) (a,b), is indepedent of the choice of (m.

(ii) (ad’,b), = (a,b)y - (d',b)y, and (a,bb'), = (a,b)y - (a,b),.
(iii) Write K, def K(a%’”). Then (a,b), =1 if and only if b € Im(N,, /k)-
(v) (a,—a), =1=(a,1—a),, and (a,b), - (b,a), = 1.

(v) Suppose that (a,c), = 1 for any ¢ € K*. Then it holds that a € (K*)!™.

(vi) It holds that

(Kx)lm = ﬂ Im(NL/K)a
KCL

where K C L ranges over the cyclic extensions of degree dividing 1.

Proof. Proposition 2.19 follows from a similar argument to the argument applied in the proof of [31],
Chapter XIV, §2, Propositions 6, 7, together with their Corollaries. O

Proposition 2.20. Suppose that k is a p-quasi-finite field, and char(K) = p. Let a,a’ € K; b,b € K*.
Then the following hold:

(i) [a+d',b), = [a,b)y + [d,b)y, and [a,bb), = [a,b), + [a,),.

(ii) Write K, (C K%P) for the minimal splitting field of the Artin-Schreier equation y? —y = a. Then
[a,b)y = 0 if and only if b € Im(Nkg, /).

(iii) [a,a), = 0.
(iv) Suppose that [a,c), =0 for any ¢ € K*. Then it holds that a € p(K).

(v) Suppose that K is complete. Then it holds that

(Kx)p = ﬂ Im(NL/K)v
KCL

where K C L ranges over the cyclic extensions of degree p.

Proof. Proposition 2.20 follows from a similar argument to the argument applied in the proof of [31],
Chapter XIV, §5, Propositions 14, 16. 1
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3 Groups of l-power roots of unity associated to Henselian discrete
valuation fields with strongly l-quasi-finite residues

Throughout the present section, we maintain the notation of §2 [except the assumption that k is
perfect!]. In the present section, in the case where K is a Henselian discrete valuation field with strongly
l-quasi-finite and stably py-finite residues [cf. Definitions 1.9, (ii); 2.8], by applying l-local class field
theory discussed in §2, we prove that the group of I-th power roots of unity py~ (K) maps isomorphically
onto the torsion subgroup of (GIK)‘”D via the reciprocity map [cf. Proposition 3.7].

First, we begin by discussing elementary properties of certain Galois cohomology groups.

Lemma 3.1. Suppose that | # char(K). Then the following hold:
(i) Suppose, moreover, that the following conditions hold:

e Ifl = p (respectively, | # p), then k is a p-quasi-finite field (respectively, a strongly l-quasi-finite
field).
e [t holds that (; € K.

Let n be a positive integer; K C L (C K'Y a finite Galois extension of degree l-power. Then there
exists a natural isomorphism
HY(GL, un(KY) S z/1mz.

(ii) Let K C M be a field extension. Then the natural homomorphism
H* (G, Fi) — H*(Gurey) F1)
18 injective.

(iii) The natural homomorphism
H*(G%,F)) — H*(Gr,F)
18 injective. Moreover, if | = p, and k is perfect, then this homomorphism is an isomorphism.
(iv) The natural homomorphism
H* (G, Fi) — H*(Giee)o 1)
18 injective.
Proof. First, we verify assertion (i). Note that since k is [-quasi-finite, and the finite Galois extension
K C L is of degree [-power, it holds that k is also l-quasi-finite. On the other hand, since (; € K, it
follows immediately from Hilbert’s theorem 90 that H2(GY , jun (K')) is isomorphic to H2(GY , (K')*)[I"].
Thus, we conclude from Proposition 2.11, (i), that there exists a natural isomorphism H?(GY , pyn (K*')) =
Z/I™Z. This completes the proof of assertion (i).
Next, we verify assertion (ii). In light of the Hochschild-Serre spectral sequence associated to the

natural exact sequence
1 — Gy — Gu — Gal(M(G)/M) — 1,

it suffices to prove that
HY(Gal(M(¢) /M), H (G- 1)) = {0}, H*(Gal(M(¢)/M),F,) = {0}.

However, these equalities follow immediately from the fact that [M((;) : M] is coprime to [. This completes
the proof of assertion (ii).
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Next, we verify assertion (iii). Write N dof Ker(Gg — G%). Again, in light of the Hochschild-Serre
spectral sequence associated to the natural exact sequence

1— N — G — G — 1,

to verify the injectivity (respectively, the bijectivity) of the natural homomorphism H?(GY%,F;) —
H?(G, ), it suffices to prove that

HY(N,F;) = {0} (respectively, H'(N,F;) = H?*(N,F;) = {0}).

However, since the equality H'(N,F;) = {0} follows immediately from the fact that N = {1}, it suffices
to verify that H?(N,F;) = {0} under the assumption that [ = p, and k is perfect. Here, we observe that
the ramification index of the field extension K C KP? is divisible by p®°. In particular, if k is perfect, then
it follows immediately from [31], Chapter XII, §3, Exercise 2, that

HQ(GKp(gp)va) = hgl HQ(GL(CP))]FP) = {O})
KCL

where K C L (C KP) ranges over the Galois extensions of degree p-power. Thus, we conclude from
assertion (ii) that H?(N,F,) = H?(Gkr,F,) = {0}. This completes the proof of assertion (iii).
Finally, we verify assertion (iv). Observe that we have the following commutative diagram of natural

homomorphisms
H*(Gh,Fy) ——  H*(Gg, )

! !

HQ(GlK(Q)’ Fl) B HQ(GK(Q), Fl)-

Thus, we conclude from assertions (ii), (iii), that the natural homomorphism H?(G%,F;) — H 2(GZK( o) F1)
is injective. This completes the proof of assertion (iv), hence of Lemma 3.1.

Proposition 3.2. Let r be a positive integer; G a pro-l group. Suppose that
dimp, H*(G,F;) < .
Then, for each positive integer m, it holds that G*P[I™] is generated by r elements.

Proof. Fix a free pro-l group F and an epimorphism F' — G that induces an isomorphism F2P/[Fab =
G2 /1G?P. [Note that the existence of such an epimorphism follows immediately from the fact that F' is
projective — cf. [29], Theorem 7.5.1; [29], Remark 7.7.1, (a), (b); the proof of [29], Lemma 7.7.3.] Write
R for the kernel of the epimorphism F' — G. Then, by considering a five term exact sequence associated
to the exact sequence of pro-I groups

1—R—F —G—1,

we obtain an isomorphism H'(R,F;)¢ = H?(G,F;). Then it follows from [29], Proposition 7.8.2, together
with our assumption, that the normal closed subgroup R C F is topologically F-normally generated by
r elements € R. Thus, we conclude that the kernel of the natural surjection F*” — G2 [induced by the
epimorphism F' — G/ is topologically generated by r elements. This observation immediately implies the
desired conclusion. This completes the proof of Proposition 3.2. 1
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Proposition 3.3. Suppose that k is a strongly l-quasi-finite field. Then, for each positive integer m, it
holds that (G4 )*[I™] is a cyclic I-group.

Proof. Let m be a positive integer. In the case where char(K) = p = [, since G%; is a free pro-p group,
it holds that (G%)®[p™] is trivial. Next, suppose that [ # char(K). Note that since k is a strongly
l-quasi-finite field, the residue field of K((;) is also [-quasi-finite. In particular, it follows immediately
from Lemma 3.1, (i), (iv), that there exists a natural injective homomorphism H?(GY%,F;) < F;. Thus,
we conclude from Proposition 3.2 that (GIK)E’“b [I™] is a cyclic I-group, as desired. This completes the proof
of Proposition 3.3. O

Lemma 3.4. Let M, N be abelian groups; ¢ : N — M a homomorphism of abelian groups. Then the
following hold:

(i) Suppose that

e the natural homomorphism N/IN — M/IM [induced by ¢] is injective, and
e the natural homomorphism N[I] — M|l [induced by ¢] is surjective.

Then, for each positive integer m, the natural homomorphism N/I™N — M/I"™M [induced by ¢] is
mjective.

(ii) Suppose that

e ¢ is an inclusion,
e N[l] = M[l], and
e the natural homomorphism N/IN — M/IM is bijective.

Then the homomorphism M /N — M /N induced by multiplication by [ is bijective.

Proof. First, we verify assertion (i). In light of the natural factorization N — Im(¢) C M of ¢, we may
assume without loss of generality that ¢ is injective or surjective.

Suppose, first, that ¢ is injective. Then it follows immediately from our assumptions, together with
Snake lemma, that M/¢(N)[l] is trivial. This implies that, for each positive integer m, it holds that
M/¢(N)[l'™] is trivial. Thus, by applying Snake lemma again, we conclude that the natural homomor-
phism N/I"'N — M /I™M is injective.

Next, suppose that ¢ is surjective. Then it follows immediately from our assumptions, together with
Snake lemma, that Ker(¢) = (Ker(¢). This implies that, for each positive integer m, it holds that
Ker(¢) = I"™Ker(¢). Thus, by applying Snake lemma again, we conclude that the natural homomorphism
N/I™N — M/I"™M is injective. This completes the proof of assertion (i).

Assertion (ii) follows immediately from Snake lemma. This completes the proof of Lemma 3.4. O

Theorem 3.5. Suppose that the following conditions hold:

(a) If I = p (respectively, | # p), then k is a p-quasi-finite field (respectively, a strongly l-quasi-finite
field).

(b) If I = p, then K is algebraically closed in K [Note that since K is Henselian, this condition auto-
matically holds in the case where char(K) =0.]

Then the following hold:
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(i) For each positive integer m, the natural homomorphism
Pt KX (KM — G2 /ImGae

induced by the reciprocity map vt : K* — (G%)® is injective. In particular, it holds that Ker(rk)
consists of the l-divisible elements of K*.

(ii) Suppose that I # p. Then, for each positive integer m, the injection ry, [cf. (i)] is bijective.

(iii) Suppose that | = p. Then the composite homomorphism

D
U,g C K~ 5y (G%)ab

15 1njective.

Proof. First, we verify assertion (i). Observe that, for each positive integer m, it follows immediately
from Theorem 2.13 that
Ker(ra) = () 0 ) /(5"
KCL

where K C L ranges over the abelian extensions of degree dividing [". B

Next, suppose that char(K) = p = [. Then since K is Henselian and algebraically closed in K [cf.
condition (b)], by replacing K by K, we may assume without loss of generality that K is complete.
Theorefore, in light of the above equality, the injectivity of r1 follows from Proposition 2.20, (v). On the
other hand, since char(K) = p, we observe that G}‘P has no p-torsion elements. Thus, we conclude from
Lemma 3.4, (i), together with the injectivity of r1, that 7, is injective for each positive integer m.

Next, suppose that [ # char(K). Note that, in light of the above equality, it follows immediately

from Proposition 2.19, (vi), that r,, is injective in the case where pum(K*P) C K*. Write Km def

K (pym (K5°P)). Then it follows immediately from the well-known computation of the cohomology groups
of finite cyclic groups [cf., e.g., [31], Chapter VIII, §4] that H'(Gal(Km/K), pym(Km)) = {0}. On the
other hand, we have an exact sequence

HY (Gal(Kim /K, i (Kim)) — HY(Gico pum (KP)) — B (G i ()
induced by the natural exact sequence
1 — G — Grg — Gal(Kjm /K) — 1.

In particular, the natural homomorphism K* /(K >)"™ — K5, /(K5)!"™ is injective. Therefore, in light of
the well-known functoriality of the reciprocity maps with respect to the field extensions [cf. [31], Chapter
X1, §3], it holds that r,, is injective. This completes the proof of assertion (i).

Next, we verify assertion (ii). Since I # p, one verifies easily that the cardinality of G&/ImG3% is
< 20™, hence finite. In particular, to verify the surjectivity of 7,,, it follows from Nakayama’s lemma
that we may assume without loss of generality that m = 1. On the other hand, since K is a discrete
valuation field, the F;-vector space K*/(K*)!is of dimension > 1. Therefore, in light of the injectivity
of r1, together with Proposition 2.10, that we may assume without loss of generality that (; € K. In
this case, K admits a totally ramified cyclic extension of degree [. This implies that the [F;-vector space
K>*/(K*)! is of dimension > 2. Thus, since the cardinality of G4>/IG%> is < 2I, we conclude from the
injectivity of 71 that ry is bijective. This completes the proof of assertion (ii).

Assertion (iii) follows immediately from assertion (i). This completes the proof of Theorem 3.5. [
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Remark 3.5.1. In the notation of Theorem 3.5, one may not drop the assumption that K is algebraically
closed in K in the case where char(K) = p = [. Indeed, suppose that char(K) = p. Then, if the
homomorphism K*/(K*)P — G%’ / pG%? is injective, then the natural homomorphism

KX J(K*)P — K*/(K*)

is injective, hence that there exists no nontrivial purely inseparable extension of K in K. Note that since
K is Henselian, it holds that K is separably closed in K. Thus, we conclude that K is algebraically closed
in K. On the other hand, we recall that there exists a Henselian discrete valuation field of characteristic
p that is not algebraically closed in its completion. For instance, by forming the Henselization of the
well-known non-Nagata discrete valuation field constructed in [11], Example 2.31, one obtains such a

field.

Proposition 3.6. The following hold:

(i) Suppose that, if | = p (respectively, | # p), then k is perfect (respectively, strongly l-quasi-finite).
Then it holds that 1 < cd;(GY) < 2.

(ii) Suppose that | # char(K), and k is a strongly l-quasi-finite field. Then § € K if and only if G is
a [nontrivial] free pro-l group.

(i) Suppose that k is a strongly l-quasi-finite and stably pe-finite field. Then it holds that scd;(GY;) = 2
[Note that k is a stably p,e-finite field.]

Proof. First, we verify assertion (i). In the case where [ # p, and (; ¢ K, it follows from Proposition
2.10 that cdl(GlK) = 1. In the case where [ # p, and (; € K, one may observe that the maximal pro-I
extension of K contains the [-power roots of a uniformizer of K. In particular, since k is l[-quasi-finite, it
holds that G% is an extension of Z; [cf. Proposition 1.5, (i)], hence that cd;(G%) = 2. Next, in the case
where char(K) = p = [, since G, is a nontrivial free pro-p group, it holds that ¢d,(G%;) = 1. Thus, we
may assume without loss of generality that | = p, and char(K) = 0. On the other hand, we note that
every p-adic local field admits a Z,-extension whose ramification index is divisible by p°. In particular,
by forming the composite of K with such a Z,-extension of a p-adic local field C K, we observe that there
exists a Z,-extension K C L whose ramification index is divisible by p>. Then, by applying a similar
argument to the argument applied in the proof of Lemma 3.1, (iii), we conclude that HZ(GZL’,]FP) = {0},
hence that cd,(GY) = 1. Therefore, since cdp(Z,) = 1, it follows immediately from [29], Proposition 7.4.2
that c¢d,(G%-) < 2. This completes the proof of assertion (i).

Next, we verify assertion (ii). In light of Proposition 2.10, together with the discussion in the first
paragraph of the present proof, we may assume without loss of generality that

l = p, char(K) = 0.

Then sufficiency follows immediately from Theorem 3.5, (iii). Next, we verify necessity. By replacing K
by the p-adic completion of K, we may assume without loss of generality that K is complete. Then since
k is a p-quasi-finite field, it follows from [32], Chapter II, §4, Proposition 12, together with Proposition
2.9, (iii), that c¢d,(Gk) = 2. Next, write D for the p-dualizing module of G, i.e.,

Dy def hﬂ hg Hom(H?*(G1,Z/p™Z),Q/Z),
m>1 KCL

where K C L (C K®P) ranges over the finite Galois extensions; m ranges over the positive integers; the
transition maps of hﬂ ey, are induced by the corestriction maps. Then since cdp(Gr) = 2, and k is a
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strongly p-quasi-finite field, it follows immediately from [31], Chapter XII, §3, Theorem 2, together with
[28], Theorem 3.4.4 [cf. also [32], Chapter I, §3, Proposition 14|, that, for each finite Galois extension
K C L (C K*P) and positive integer n,

Z/p"Z S Hom(H(Gy, upn (K*)),Q/Z) 5 Homg, (1 (K*P), Dy).
In particular, we obtain a canonical isomorphism of G x-modules
Z/p"Z = Hom(uy (K*), Da[p"]).
Observe that the homomorphism fi, : pipn (K5P) — Da[p™] that corresponds to 1 € Z/p"Z via the above
isomorphism is bijective. Therefore, by varying n, we obtain an isomorphism
Dy 5 puyee (K5P).

On the other hand, by applying [28], Theorem 3.4.4, again, we observe that

~

Hom(H?(Gg,F,),Q/Z) = Homg, (Fp, D).

Thus, since ¢, ¢ K, we conclude that Hom(H?*(Gk,F,),Q/Z) = {0}, hence that H*(Gr,F,) = {0}.
Then it follows from Lemma 3.1, (iii), that H?(G¥,F,) = {0}, hence from [29], Theorem 7.7.4, that G%.
is a free pro-p group. This completes the proof of necessity, hence of assertion (ii).

Finally, we verify assertion (iii). Note that it follows from assertion (i) that 1 < cd;(G%) < 2. In the
case where cd;(G%) = 1, we observe that

~ ~

Then it follows from [28], Corollary 3.3.4, that scd;(G% ) = 2. Therefore, to verify that scd;(G%) = 2, we
may assume without loss of generality that

cdy(GY) = 2.

In particular, it follows immediately from assertion (ii), together with the fact that G%- is a free pro-p
group in the case where char(K) = p, that

| # char(K), ¢ € K.

Next, write Dy for the [-dualizing module of GZK, ie.,
Dy € lim lim Hom(H2(GY,Z/I"Z),Q/Z),
m>1 KCL

where K C L (C K') ranges over the finite Galois extensions of degree I-power; m ranges over the positive
integers; the transition maps of hg ey, are induced by the corestriction maps. In this situation, since

(; € K, it follows immediately from Lemma 3.1, (i), together with [28], Theorem 3.4.4, that, for each
finite Galois extension K C L (C K') of degree I-power and positive integer n,

Z/1"Z = Hom(H*(GY, un(K")),Q/Z) = Homg (jun(K'), D2,).
In particular, we obtain a canonical isomorphism of GlK—modules
Z)1"Z 5 Hom(up (KY), Day[i™]).

Observe that the homomorphism f,, : pyn(K') — Do [I"] that corresponds to 1 € Z/I"Z via the above
isomorphism is bijective. Thus, by varying n, we conclude that

DQ,Z :> Ml‘x’(Kl)v
hence from [28], Corollary 3.4.5, together with Lemma 1.11 [cf. our assumption that k is stably jec-finite],
that scd;(G%-) = 2. This completes the proof of assertion (iii), hence of Proposition 3.6. O
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Remark 3.6.1. Suppose that [ = p, and k is perfect. Then, in light of Proposition 3.6, (i), it would be
interesting to investigate the extent to which the assumption that & is a strongly p-quasi-finite field in
Proposition 3.6, (ii), (iii), may be dropped.

Proposition 3.7. Suppose that k is a strongly l-quasi-finite and stably py---finite field. [Note that k is a
stably pyeo -finite field.] Then the reciprocity map rlK KX — (GlK)ab induces an isomorphism

pu (K) = ((G)™eor.

Proof. Let m be a positive integer. Observe that since k is a stably p-finite field, it follows immediately
from Theorem 3.5, (i), that the natural homomorphism pym (K) — (G%)2°[I™] [induced by rk] is injective.
Therefore, it suffices to verify that this injection is bijective. In the case where | # char(K), and (; ¢ K
(respectively, char(K) = p = 1), it follows from Proposition 3.6, (ii) (respectively, the [well-known] fact
that G%. is a free pro-p group) that (G4 )*P[I™] = {0}. In particular, there is nothing to prove. Thus, we
may assume without loss of generality that [ # char(K), and (; € K. In this situation, the Galois extension

K C K({m) is of degree [-power. On the other hand, it follows from Proposition 3.3 that (GlK(Qm))ab ("]

is a cyclic I-group. In particular, we have an isomorphism pym (K ((m)) — (GZK(Qm))ab [I"™]. Here, we recall
that scd;(GY) = 2 [cf. Proposition 3.6, (iii)]. Thus, we conclude from [28], Theorem 3.6.4, that

Nlm(K) _ Mlm(K(Clm))Gal(K(Clm)/K) ~ ((GZK(Qm))ab[lm])Gal(K((lm)/K) _ (GlK)ab[lm]

This completes the proof of Proposition 3.7. O

4 Mono-anabelian group-theoretic reconstruction algorithms associ-
ated to Henselian discrete valuation fields with quasi-finite residues

Let p be a prime number; K a Henselian discrete valuation field of residue characteristic p. Throughout
the present section, we maintain the notation of §1, especially Definition 1.8.

In the present section, from the viewpoint of mono-anabelian geometry, under certain assumptions on
the residue field k of K, we establish certain group-theoretic algorithms/procedures to reconstruct, from
[the underlying topological group structure of| the absolute Galois group G of K, the multiplicative
groups introduced in Definition 1.8. Our main tool is local class field theory for Henselian discrete
valuation fields with quasi-finite residues [cf. Definition 4.1; Theorem 4.3 below], and the main result of
the present section [cf. Theorem 4.7] may be regarded as a generalization of [20], Proposition 1.2.1.

Definition 4.1 ([31], Chapter XIII, §2). Let L be a perfect field. Then we shall say that L is quasi-finite
if the absolute Galois group of L is isomorphic to Z.

Remark 4.1.1. Note that we do not fix a specific isomorphism between the absolute Galois group of L and
Z. In particular, the above definition of quasi-finite fields is slightly different from the definition given in
[31], Chapter XIII, §2.

Remark 4.1.2. Let L be a quasi-finite field; [ a prime number. Then it follows immediately from the
various definitions involved that every finite extension field of a pro-prime-to-I extension field of L is a
strongly [-quasi-finite field.
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In the remainder of the present section, suppose that

the residue field k is quasi-finite.

Proposition 4.2. Suppose that k is p-finite. Write kpm for the prime field C k; kpm for the algebraic
closure of kprm in the fized algebraic closure kP of the perfect field k. Then the following hold:

(i) There exists a unique topological generator F' € Gy, that acts on kprm as some positive integer power
of the Frobenius automorphism x — xP.

(ii) G [Pk is naturally isomorphic to
Z0' (1) x Gy (S 2P (1) % 7Z),

where F' € Gy, acts on 2(1’)’(1) by mAultiplication by some positive integer power of p. Moreover, the
natural homomorphism Gj, — Aut(Z®)' (1)) is injective.

Proof. Write kg def Eprm N k. Note that since k is p-finite, it follows from Lemma 1.10, (ii), that kg is a
finite field. Then we have the natural composite homomorphism

Gy, — Gry — G, — Aut(ZP) (1)),

where the first arrow denotes the natural surjection [cf. Lemma 1.10, (i)]; the second arrow denotes the
natural open injection. Observe that since kg and k are quasi-finite fields, it holds that Gy, = G, = Z. In

particular, the surjection Gy — Gy, is, in fact, an isomorphism. Write fg def [ko : kprm]. Observe that the
inverse image of the Frobenius automorphism € Gy, that maps x — 2P via the isomorphism Gy, — Gy,
satisfies the condition of F' in assertion (i). On the other hand, the uniqueness portion of assertion (i)
follows immediately from the easily verified fact that Z* N Q>0 = {1}. This completes the proof of
assertion (i). Finally, since the surjection G — Gy, is an isomorphism, assertion (ii) follows immediately
from assertion (i), together with [28], Proposition 7.5.2; [28], Lemma 7.5.4, (ii). This completes the proof
of Proposition 4.2. O

Remark 4.2.1. One may construct many examples of infinite, u-finite, and quasi-finite fields of character-
istic p as follows: Let kg be an infinite perfect field of characteristic p such that the natural homomorphism
¢ : Gr, — GF, has an open image. Note that Im(¢) 57 [so there are many splittings of the surjection
G, — Im(¢)]. Let s : Im(¢p) < Gy, be a splitting of the surjection Gy, — Im(¢). Write k1 C k¢ for the
subfield fixed by Im(s). Then it follows immediately from Lemma 1.10, (iii), together with the various
definitions involved, that k; is an infinite, u-finite, and quasi-finite field.

Next, we recall local class field theory for K. The following reciprocity map r is obtained by restricting
the reciprocity map in local class field theory for the completion of K [cf. [31], Chapter XIII, §4, Corollaries
of Propositions 8, 13; [31], Chapter XIV, §2, Corollary of Proposition 7; [31], Chapter XIV, §5, Proposition
16; [3], Chapter V, §3, Corollary 1, together with Remarks 4.3.1; 4.3.2; 4.3.3 below]:

Theorem 4.3. There exists a reciprocity map
TK K* — G%})

such that the following conditions hold:
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(a) Im(rr) C G2 is a dense subgroup, and
Ker(rg) = [ (K*)™
m>1
In particular, ri induces an injective homomorphism K> G‘}%’ with a dense image.

(b) For each finite abelian extension K C L (C K%P), ri induces an isomorphism

~

KX/Im(NL/K) — Gal(L/K).
c) rg induces an injection AV Im K € Gg — G%) with a dense 1mage. ote that 1 18
ind injection O < Im(Ix € Gx — G32) with a d Note that if K
complete, then k is finite if and only if this injection is bijective.]

(d) Let ni € (’);’div be a prime element. Then ri(mwg) is a lifting € G?}’ of a topological generator
€ Gy,.

Remark 4.3.1. Note that, in [3], Chapter V, §3, Corollary 1, the equality in the display of condition (a)
[in the complete case| is proved by applying the existence theorem in local class field theory for complete
discrete valuation fields with quasi-finite residues. On the other hand, we note that this equality may be
obtained by applying Proposition 4.4 [i.e., a corollary of Theorem 3.5] below.

Remark 4.3.2. Write Primes for the set of prime numbers. In light of Remark 4.1.2, we have a family

L. I \ab
{rk - KX — (Gg)? }lemrimes

of the reciprocity maps [cf. Theorem 2.13]. This family induces a homomorphism
KX — G

Then this homomorphism coincides with the reciprocity map rx that appears in Theorem 4.3. Indeed,
this follows immediately from the construction of the reciprocity map via Artin-Tate’s class formation [cf.
[31], Chapter XI, §3, diagram (1)].

Remark 4.3.3. One easily verifies that Lemma 2.5, (iii), may be generalized to a similar result for arbitrary
finite abelian extensions. Thus, in light of Lemma 2.1, together with this generalization, one may observe
that condition (b) follows from condition (b) for the completion of K. On the other hand, conditions (c),
(d) follow immediately from conditions (a), (b), together with conditions (c), (d) for the completion of
K.

Remark 4.3.4. Let n be a positive integer coprime to char(K). Note that, in light of Kummer theory and
Ponrjyagin duality, the cup product
HY Gy, Z/nZ) x HY G, pn(K5P)) — H*(Gr, pn(K5P)) = Z/nZ
[cf. [31], Chapter XIII, §3, Proposition 6] determines a homomorphism
KX J(K*)" — GR/nGy.

Then this homomorphism coincides with the homomorphism induced by the reciprocity map rx. Indeed,
if we recall the construction of the reciprocity map based on Tate-Nakayama’s theorem, then this follows
from standard homological algebra [cf. [13], Proposition 0.14; the discussion in [13], Lemma 1.7].
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Proposition 4.4. Let n be a positive integer. Then the reciprocity map rg : K* — G%’ iduces an
injective homomorphism

KX J(KX)" — GR/nG%.
Suppose, moreover, that one of the following conditions holds:
e n s coprime to p.
e K is complete, and k is finite.
Then this injective homomorphism is bijective.

Proof. First, it follows immediately from the various definitions involved that we may assume without
loss of generality that n is a power of some prime number [. Then, in light of Remark 4.3.2, we conclude
from Theorem 3.5, (i) (respectively, Theorem 3.5, (ii)) that the natural homomorphism K*/(K*)" —
G2 /nG3> is injective (respectively, bijective in the case where [ # p). On the other hand, in the case
where K is complete, and k is finite, since 7 is continuous [relative to the discrete valuation topology
on K* and the profinite topology on G2°], and Im(rx) C G% is a dense subgroup [cf. the former part
of condition (a) of Theorem 4.3; condition (b) of Theorem 4.3; [31], Chapter XIV, §6, Theorem 1], the
surjectivity of the natural homomorphism K> /(K*)" — G4 /nG3P follows immediately from the fact that
K*/(K*)™ is compact, and G%}:’/nG%’ is Hausdorff. This completes the proof of Proposition 4.4. O

Remark 4.4.1. Suppose that k is infinite. Then the injection
EXJ(KX)P < GR/pGR
is not surjective. Indeed:

(i) Suppose that char(K) = 0. Since k is infinite, it holds that K*/(K*)? is an infinite dimensional
[F,-vector space. In particular, the cardinality of K*/(K*)? is different from the cardinality of
Hom(K*/(K*)P,F,). On the other hand, in the case where (, € K*, it follows immediately from
Pontryagin duality, together with Kummer theory, that there exists an isomorphism

GR/pGR = Hom(K™/(K*)",Fp).

In particular, the above injection is not surjective in the case where (, € K*. Write F e i (Cp)-

Then the general case follows immediately from the observations:

e The cardinality of K* /(K *)P coincides with the cardinality of F'* /(F*)P.
e The cardinality of G%?/pG3 coincides with the cardinality of G% /pGab.
(ii) Suppose that char(K) = p. Write {G' C G2 };>1 for the upper ramification filtration. Then it
follows immediately from [31], Chapter XV, Corollary 3 [of Theorem 1], that the above injection

induces an injection
(k5)1+m/(1+m?) — G'/G%
On the other hand, it follows immediately from Artin-Schreier theory that
Hom(G'/G* F,) = Ker(Hom(G',F,) — Hom(G* F,)) = k,
hence from Pontryagin duality that
G'/G? = Hom(k,TF,).
Thus, we conclude from a similar argument [of cardinality] to the argument applied in (i) that the

above injection is not surjective.
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Remark 4.4.2. In the notation of Proposition 4.4, suppose that n = p, and char(K) = 0. Then the injec-
tivity of the natural homomorphism K /(K *)" — G2 /nG3> was proved by Litvak [cf. [10], Proposition].

Here, we record the following result that corresponds to Proposition 3.6, (iii). On the other hand, this
result may not be applied in the remainder of the present paper.

Proposition 4.5. Let [ be a prime number. Then it holds that scd;(G ) = 2 or scd;(Gx) = 3. Moreover,
scd;(Gk) = 2 if and only if k is stably pye-finite. In particular, it holds that scd,(Gk) = 2.

Proof. First, by replacing K by the completion of K, we may assume without loss of generality that K
is complete. Next, in the case where char(K) = p, and | = p, it holds that c¢d,(Gx) = 1, hence that
scdy(Gr) = 2. Thus, we may assume without loss of generality that | # char(K). Then since k is
quasi-finite, it follows immediately from [32], Chapter 11, §4, Proposition 12, that c¢d;(Gx) = 2, hence
that scd;(Gx) = 2 or scd;(Gx) = 3.

Next, write Do for the dualizing module of G, i.e.,

D, & lig lim Hom(H?*(Gr,Z/mZ),Q/Z),
m>1 KCL

where K C L (C K®P) ranges over the finite separable extensions; m ranges over the positive integers
coprime to char(K); the transition maps of hﬂ}( cp are induced by the corestriction maps. Then, in

light of [31], Chapter XIII, §3, Proposition 6; [28], Theorem 3.4.4, it holds that, for each finite separable
extension K C L (C K®P) and positive integer n,

Z/nZ = Hom(Hz(GL,un(Ksep)),Q/Z) = Homg, (pn (K*P), D2).
In particular, we obtain a canonical isomorphism of G g-modules
Z/nZ = Hom(pu,(K*P), Da[n)).

Observe that the homomorphism f,, : u,(K*P) — Ds[n] that corresponds to 1 € Z/nZ via the above
isomorphism is bijective. Thus, by varying n, we conclude that Dy = u(K3°P), hence from [28], Corollary
3.4.5, that scd;(Gx) = 2 if and only if K is stably jyeo-finite. Finally, by applying Lemma 1.11, we obtain
the desired conclusion. This completes the proof of Proposition 4.5. [l

Proposition 4.6. Suppose that, for each prime number [, it holds that k is stably pye-finite. Then the
reciprocity map rg : K* — G%}) induces an isomorphism

uE) 5 (G )or-

Proof. In light of Remarks 4.1.2; 4.3.2, Proposition 4.6 follows immediately from Proposition 3.7. O

Theorem 4.7. In the notation of Definition 1.8, suppose that k is quasi-finite and u-finite. Then the
following hold:

(i) Let G be a topological group isomorphic to the absolute Galois group of a Henselian discrete valuation
field with a quasi-finite and p-finite residue field of positive characteristic. Then there exists a
functorial group-theoretic algorithm

G~ (p(G), P(G) € I(G) € G, F(G) € G/I(G), fo(G), char(G))
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(i)

(iii)

for constructing — from the topological group G — a data (p(G), P(G) C I(G) C G, F(G) €
G/I(G),char(G)) consisting of a prime number p(G), normal subgroups P(G) C I(G) C G of G, an
element F(G) € G/1(G), a positive integer fo(G), and a nonnegative integer char(G) that satisfies
the following condition: if one applies this functorial group-theoretic algorithm to G = G, then

p(G) = p, P(G) = Px, I(G) = Ix, F(G) = F, fo(G) = fo, char(G) = char(K)
— where fo = [ko : kpem) [cf. the proof of Proposition 4.2, (i)].
Let G be a topological group isomorphic to Gx. Write
Pt KX < G

for the injective homomorphism [cf. Proposition 4.4] induced by the reciprocity map ri : K* — G*}?.
Suppose that if char(K) = p, then K is complete, and k is finite. Then there exists a functorial
group-theoretic algorithm

G~ (uG) € 0X(G) € 0"(G) € K*(@))

for constructing — from the topological group G — a data (W(G) € OX(G) € O (G) C K*(Q))
consisting of submonoids of G® that satisfies the following condition: if one applies this functorial
group-theoretic algorithm to G = Gk, then

wG) = ix(uK)), O0X(G) = ix(0F), O°(G) = ix(0%), K*(G) = ix(K>)
[cf. the discussion at the beginning of the proof of Proposition 3.7].

Let G be a topological group isomorphic to Gg. Suppose that if char(K) = p, then K is complete,
and k is finite. Then, by applying the group-theoretic algorithm given in (ii) to every normal open
subgroup H C G, one constructs a data (us(G) C OX(G) C O%(G) C KX(Q)) consisting of
the monoids [equipped with natural actions of G|

ns(G) = lim p(H), OX(G) = lim OX(H),
HCG HCG

AL def .. A X def . o

03(G) Iy O%(H), KX(G) € lim K*(H)
HCG HCG

— where the transition maps are induced by the transfers — that satisfies the following condition:
if one applies this functorial group-theoretic algorithm to G = G, then the [completed] reciprocity
maps {7r}kcr — where K C L (C K*P) ranges over the finite Galois extensions — induce G-
equivariant isomorphisms

W) 5 14(G), O 3 OX(G), O 3 OF(G), (K¥0)* 3 KX(G).

In the remainder of the present paper, we shall refer to the G-equivariant isomorphism

m i, (K5P) 5 lim pie(G)[n]

n>1 n>1

induced by the first isomorphism as the cyclotomic rigidity isomorphism associated to K.

41



Proof. First, we verify assertion (i). To verify assertion (i), it suffices to give a group-theoretic character-

ization of
p, Pk C Ix C Gk, F € Gy, fo, char(K)

in terms of the underlying topological group structure of Gi. Note that, in light of Propositions 1.6;
1.7, we have already given group-theoretic characterizations of p and Px C Ix C Gg. Next, it follows
immediately from Proposition 4.2, (i), (ii), that the topological generator F' € Gk /Ix = Gy may be
characterized as a unique topological generator that acts on I/ P (= Z®'(1)) by multiplication by some
positive integer power of p. Moreover, the positive integer fy may be characterized as the positive integer
m such that F acts on Ix/Pxk by multiplication by p™. Next, observe that char(K) = 0 (respectively,
char(K) = p) if and only if there exists an (respectively, no) open subgroup H C G such that the
p-torsion subgroup H*"[p] C H?" is nontrivial [cf. Proposition 4.6]. This completes the proof of assertion
(1).

Next, we verify assertion (ii). To verify assertion (ii), it suffices to give a group-theoretic characteri-

zation of monoids R
wK) € O € O C K~

in terms of the underlying topological group structure of G that reflects the condition concerning 7.
Let K C L (C K®P) be a finite Galois extension. Observe that since k is quasi-finite and p-finite, it
follows immediately from Proposition 4.6, together with Lemma 1.11, that (L) may be characterized as
the torsion subgroup of Gib via the reciprocity map. Moreover, by applying the theory of transfer, we
obtain a group-theoretic characterization of p(K5P).

Note that, if char(K) = p, then since K is complete, and k is finite, the injection 7k is an isomorphism.
On the other hand, if char(K) = 0, then for each positive integer m, we have the cup-product

HY (G, pm (K>P)) x HY(Gie, Z/miZ) — H2 (G, pm (K*P)).

In particular, in light of Kummer theory, Pontryagin duality, and [31], Chapter XIII, §3, Proposition 6,
we obtain a group-theoretic characterization of the image of the injection

KX J(K*)™ — G /mGy

[cf. Remark 4.3.4; Proposition 4.4]. Then, by varying m, we also obtain a group-theoretic characterization
of Im(7g). Thus, it follows immediately from Theorem 4.3 that

. (/9\}? may be characterized as Im(Ix C G — G2%) NIm(7k) [cf. (i)];

e O% may be characterized as the submonoid C G% generated by Im(Ix C Gx — G32) N Im (i)
and F [cf. (i)];

e K* may be characterized as the subgroup C G32 generated by Im(Ix C G — G52) NIm(7) and
F.

This completes the proof of assertion (ii). Assertion (iii) follows immediately from assertion (ii), together
with its proof. This completes the proof of Theorem 4.7. O

Remark 4.7.1. At the time of writing of the present paper, the authors do not know

whether or not the assumption that K is complete, and k is finite if char(K) = p that appears
in Theorem 4.7, (ii) [hence also (iii)], may be dropped.

42



5 Mono-anabelian group/monoid-theoretic reconstruction algorithms
for cyclotomic rigidity isomorphisms

Let p be a prime number; K a Henselian discrete valuation field of residue characteristic p. Throughout
the present section, we maintain the notation of §1 [especially, Definition 1.8], and suppose that

the residue field k of K is quasi-finite and p-finite

[cf. Definitions 1.9, (i); 4.1].

In the present section, from the viewpoint of mono-anabelian geometry, we establish group/monoid-
theoretic algorithms/procedures to construct certain orbits of the cyclotomic rigidity isomorphism asso-
ciated to K [cf. Theorems 4.7, (iii); 5.9].

Definition 5.1. Let G be a topological group isomorphic to Gi. Suppose that there exist functorial
group-theoretic algorithms

G ~ (p = pG), P(G) C I(G)

N

G, F(G) € G/I(G), char(K) = char(Q)),
G~ (G~ (@) € OfG) € OJ(G) € KJG))

satisfying conditions that appear in Theorem 4.7, (i), (iii). [Note that, if we assume that K is complete,
and k is finite in the case where char(K) = p, then the existence of such algorithms follows from Theorem
4.7, (i), (iii) — cf. Remark 4.7.1.] Fix such functorial group-theoretic algorithms. Write

7(G) def % , ?f char(K) = 0,
ZW)'  if char(K) = p.
Let M be a multiplicative monoid such that

e M admits an action of G,

e (G ~ M) is isomorphic to (Gx (5;(@) (respectively, (Gx ~ O%.p); (Gr ~ (K5P)%)).

Write
(G ¥ 72 Y Aw(Z(G)) (respectively, {1}; {£1});
AM) L lim Mol AG) < lim us(G) )
n>1 n>1

ar Y oqrG); Mt MO (C My
(M™)* def ppur (respectively, (M"™)*; O*(M™)),

where, if (G ~ M) is isomorphic to (Gg ~ (K5P)*), then O* (M™) denotes the kernel of the [unique
up to composition with an automorphism of Z] surjection M — Z [cf. Lemma 5.2 below].

Lemma 5.2. In the notation of Definition 5.1, suppose that (G ~ M) is isomorphic to (Gg ~ (K5P)%).
Then there exists a surjection M™ — 7 unique up to composition with an automorphism of 7.
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Proof. First, it follows immediately from Lemma 1.12, together with the various definitions involved, that
M= | ) L =zx ) Of,
KCL KCL
where K C L (C K®%P) ranges over the finite unramified extensions. Thus, to verify Lemma 5.2, it
suffices to prove that, for each Henselian discrete valuation field L whose residue field is perfect and of

characteristic p, every homomorphism v : (;)\z — 7 is trivial.
Next, we make the following observations:

e Kk} is uniquely p-divisible [so Hm ky /(k;)™ is also uniquely p-divisible].
e Let m be a positive integer coprime to p. Then 1+my, is uniquely m-divisible [so @n>1 14+mp/(1+
my,)" is also uniquely m-divisible]. -

e There exists a natural exact sequence

1 — lim 1+mp/(1+mg)" — o; — lim ki /(kp)" — 1.

n>1 n>1

Note that Z admits no nontrivial [-divisible element for any prime number [. Then it follows immediately
from the second observation that

v@% L+my/(1+mg)") = {0},

Thus, we conclude from the first and third observations that v(@z) is a p-divisible subgroup of Z, hence
that v(O; ) = {0}. This completes the proof of Lemma 5.2. O

In the remainder of the present section, to establish group/monoid-theoretic algorithms mentioned
above, we discuss various cohomology groups. These cohomology groups are well-defined due to Lemma
1.12.

Lemma 5.3. In the notation of Definition 5.1, the natural G-equivariant injection Mo, — MS®P induces
a natural isomorphism

~

H2(G, Myo) = H2(G, MeP) if char(K) = 0,
H2(G, Myo) = H2(G,MeP)[(p®)] if char(K) = p.

Proof. First, it follows immediately from Proposition 4.6 that Mo, is isomorphic to w(K®P). On the
other hand, we note that M#P is isomorphic to O g, or (K5¢P)*. In particular, it follows immediately
from Remark 1.8.4 that

e if char(K') = 0, then M#P/M;,, admits the structure of a Q-vector space;

e if char(K) = p, then M® /M, admits the structure of a Z,)-module, where Z, denotes the
localization of Z at the prime ideal (p).

Thus, we conclude that, for each positive integer 7,

{Hi((;, M®® /Myo,) = {0} if char(K) = 0,
H'(G, M® [Myor)[(p°)'] = {0} if char(K) = p.

Then, by considering the cohomology long exact sequence associated to the exact sequence of G-modules
0 — Moy — M8 — M®P /Moy — 0,

we obtain the desired conclusion. This completes the proof of Lemma 5.3. O]

44



Lemma 5.4. Let M be an abelian group. Write

M lim M /mM,

m>1
where m ranges over the positive integers. Then the following hold:
(i) Let n be a positive integer. Then the natural homomorphism M /nM — J/\Z/n]\? is an isomorphism.

(ii) Suppose that M is a reduced abelian group, and that, for each pmme number [, the natural injection
M < M induces an isomorphism Ml = M[l] Then the cokernel M/M of this injection is uniquely
divisible. In particular, for each finite separable extension K C L (C K*P), it holds that OL /(’)z div
is uniquely divisible [cf. Proposition 4.6].

Proof. First, we verify assertion (i). In light of the Mittag-Leffler condition, by taking the inverse limit
of the natural exact sequences

0 — (M[n] + mM)/nmM — M/nmM — nM/nmM — 0,

we observe that nM = @m> M /mnmM . This observation immediately implies that the natural homo-

morphism M/nM — M / nM is an isomorphism. This completes the proof of assertion (1)

Next, we verify assertion (ii). Let [ be a prime number. Then it suffices to verify that M /M is unlquely
I-divisible. Note that it follows from assertion (i) that the natural homomorphism M/IM — M / IM is
an isomorphism. Thus, since the natural injection M < M induces an isomorphism M[l] =5 M][l], w

conclude from Lemma 3.4, (ii), that M /M is uniquely [-divisible. This completes the proof of assertion
(ii), hence of Lemma 5.4. O

Lemma 5.5. In the notation of Definition 5.1, suppose that
M 2 O%p, or M 22 (K5eP)*
Then the Leray-Serre spectral sequence associated to the exact sequence
1 —I1(G) —G—G" —1

induces a natural isomorphism
HQ(Gur, (M™)EPy 5 HQ(G, MEP).

Proof. Write

= U NOD" € O,

KCLn>1

where K C L (C K®P) ranges over the finite Galois extensions. Note that since the inverse limit of
nonempty finite sets is nonempty, it holds that, for each m > 1, the m-th power map on ﬁnzl((’)Z)” is
surjective. Moreover, since L contains only finitely many roots of unity, this m-th power map is bijective.
Thus, we observe that D admits the structure of a Q-vector space. Then since the natural action of G
on D is continuous, it follows immediately that, for each j > 1,

HI(Ix,D) = {0}.
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In particular, for each ¢ = 1, 2, the cohomology long exact sequence associated to the exact sequence
1 — D — (K5P)* — (K™P)dv 1

induces a natural isomorphism

~

Hi<IK7(KS6p)X) Y Hi(IK’<Ksep)><,div).

Thus, it follows from Hilbert’s theorem 90 and the well-known calculation of the Brauer groups that, for
each i =1, 2, ' '
H' (I, (K*)) = {0}.

On the other hand, it follows immediately from Lemma 1.12 that

(e = | 1%,

KCL

where K C L (C K®P) ranges over the finite extensions. Then since L*/L*dV = @z /(’)z’di", by
applying Lemma 5.4, (ii), we observe that (K5°P)* /(K5P)%dV admits the structure of a Q-vector space.

In particular, for each i = 1,2, A
H'(Ig, (K%P)*) = {0}.

Note that M®P 2 (K5¢P)* . Then it holds that, for each i = 1,2,
H'(I(G), M®) = {0},

Thus, since (M2P)/(&) = (M')8P [cf. Lemma 1.12], it follows immediately from the Leray-Serre spectral
sequence associated to the exact sequence

1 —IG) —G—G" —1
that we have a natural isomorphism

H2(G™, (M) 5 H2(G, MEP).

This completes the proof of Lemma 5.5. O

Lemma 5.6. In the notation of Definition 5.1, the natural G" -equivariant surjection
(Mur)gp s (Mur)gp/<Mur>*

induces a natural isomorphism

}IQ(Gur7 (Mur)gp) = HZ(GUT, (Mur)gp/(Mur)*).

Proof. We maintain the notation of the proof of Lemma 5.5. Write K’ C K" (C K®P) for the maximal
unramified extension. Let us note that D C K". Then since D admits the structure of a Q-vector space,
it follows immediately that, for each j > 1,

H)(Gg/Ik,D) = {0}.
In particular, for each i > 1, the cohomology long exact sequence associated to the exact sequence

1— D — O — (05N Ik 1
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induces a natural isomorphism
HY(Gr Ik, Ofw) S H(Gx/Ix, (O8N,

Recall that, for each ¢ > 1, ‘
H'(Gk/Ik,Oku) = {0}

On the other hand, it follows immediately from Lemma 1.12 that

Ore)™ = U O,
KCL

where K C L (C K®°P) ranges over the finite unramified extensions. Then, by applying Lemma 5.4, (ii),
we observe that (O.,) % /0%, admits the structure of a Q-vector space. In particular, for each i > 2,

H' (G /I, (Ofue)'™) = {0}
Note that (M"")* = (@Ix(sep)IK. Then it holds that, for each i > 2,
HI(G™, (™)) = {o}.
Thus, by considering the cohomology long exact sequence associated to the exact sequence of G""-modules
1 — (MUY — (MU7)E — (M™)ER/(M™)* — 1,
we have a natural isomorphism
HA(G™, (M™)®) 55 HA(G™, (M™) /(M")").

This completes the proof of Lemma 5.6. O

Lemma 5.7. In the notation of Definition 5.1, suppose that
M = O%.,, or M = (K%p)*,
Then there ezists a natural I'(G)-torsor consisting of isomorphisms
H2 (G, (M™)®/(M™)) 5 Q/Z.

Proof. We have a natural isomorphism G = 7 that maps F(G) to 1. Moreover, we have a natural
I'(G)-torsor consisting of isomorphisms (MU)8P /(MU)* 5 Z. [Note that, in the case where M =2 @‘f(sep,
we have a canonical generator € M" /(M")*.] On the other hand, by considering the cohomology long
exact sequence associated to the exact sequence

0—7Z—Q—Q/Z— 0,

we have a natural isomorphism

~

HYZ,7) 5 H'(Z,Q/2) 5 Q/Z.
Thus, we obtain a natural I'(G)-torsor consisting of isomorphisms
HQ(GUY, (Mur)gp/(Mur)*) :> Q/Z

This completes the proof of Lemma 5.7. O]
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Proposition 5.8. In the notation of Definition 5.1, there exists a functorial group/monoid-theoretic
algorithm

~

(G~ M) ~ HXGAM) S Z(G)

for constructing — from (G ~ M) — a natural I'(G)-torsor consisting of isomorphisms
H*(G,A(M)) 5 Z(G)

that satisfies the following condition: if one applies this group/monoid-theoretic algorithm to one of the
following cases where

e (G~ M) = (G ~ Ofup);
° (G N M) = (GK ~ @‘;(sep);
o (G~ M) = (Gkg (ngp)x))’

then the above T'(G)-torsor coincides with the natural T'(G)-orbit of the natural isomorphism

~ 7 e Z if char(K) = 0,
H2(GK,lim L (K5P)) 5 Z(K) def . ’LfC ar(K) 0
w21 70’ if char(K) = p.

[ef. [28], Corollary 2.7.6; [31], Chapter XIII, §3, Proposition 6].

Proof. UT(G) = Z(G)X, then we have nothing to prove. Thus, we may assume without loss of generality
that M is isomorphic to O%.., or (K*P)*. Then it follows immediately from Lemmas 5.3, 5.5, 5.6, 5.7,
that there exists a functorial group/monoid-theoretic algorithm whose input data is

(G ~ M)
and whose output data is a natural I'(G)-torsor consisting of isomorphisms

{HQ(G,MM) 5 Q/Z if char(K) = 0,
H?(G, Myoy) = Q/Z[(p>®)'] if char(K) = p.

Thus, by applying the functor Hom(Q/Z, —) to the above I'(G)-torsor, we obtain a natural I'(G)-torsor
consisting of isomorphisms

~

H*(G,A(M)) 5 Z(G).

Here, we observe that the above discussion to construct the I'(G)-torsor H2(G,A(M)) 5 Z(G) is es-
sentially similar to the proof of [31], Chapter XIII, §3, Proposition 6 [except the discussions concerning
algebraically completed objects|. Thus, we obtain a suitable functorial group/monoid-theoretic algorithm,
as desired. This completes the proof of Proposition 5.8. 1

Theorem 5.9. In the notation of Definition 5.1, there exists a functorial group/monoid-theoretic algo-
rithm

~

(G M) ~ AM) =S AG)
for constructing — from (G ~ M) — a natural T'(G)-torsor consisting of isomorphisms
AM) 5 AG)

that satisfies the following condition: if one applies this group/monoid-theoretic algorithm to one of the
following cases where
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° (G N M) = (GK ~ (/l)\;((sep);
e (G~ M) = (Gg @If(sep);
o (G~ M) = (Gkg (ngP)X))’

then the above I'(G)-torsor coincides with the natural I'(G)-orbit of the cyclotomic rigidity isomorphism
associated to K [cf. Theorem 4.7, (iii)].

Proof. Fix a functorial group/monoid-theoretic algorithm
(G~ M) ~ HYGAM) 3 Z(G)

as in Proposition 5.8. Then, by applying this functorial group/monoid-theoretic algorithm to (G ~ M)
and

(G ~ OX@Q)) (respectively, (G ~ O%(G)); (G ~ KX(Q))),
we obtain I'(G)-torsors consisting of isomorphisms

~

H*(G,A(M)) 5 Z(G), H(G.A(G) & Z(G).
Thus, we obtain a unique I'(G)-torsor consisting of isomorphisms
AM) 5 AG)

that determines a I'(G)-torsor consisting of isomorphisms

~

H*(G,A(M)) = H*(G,A(G))

compatible with the above I'(G)-torsors. Thus, in light of the condition that appears in Theorem 4.7,
(iii), we obtain a suitable functorial group/monoid-theoretic algorithm, as desired. This completes the
proof of Theorem 5.9. O

6 Galois-equivariant isomorphisms between various multiplicative groups
associated to complete discrete valuation fields with quasi-finite
residues

In the present section, as an application of the theory of cyclotomic rigidity discussed in the previous
section, we determine the structure of the group of Galois-equivariant isomorphisms between various
multiplicative groups that arise from complete discrete valuation fields with quasi-finite residues [cf.
Corollary 6.7].

Definition 6.1. In the notation of Definition 5.1 [i.e., (G ~ M) is isomorphic to (G @\Ix(sep) (respec-
tively, (Gx ~ O%wp); (G ~ (K3¢P)¥))], we shall write
Aut(G ~ M)

for the group of pairs of a continuous automorphism of G and an automorphism of M compatible with
the action of G on M;
wF(G) : Aut(G % M) — F(G)
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for the composite of the natural homomorphism
Aut(G ~ M) — Aut(M)
obtained by forgetting G with the natural homomorphism
Aut(M) — Aw(A(M)) = T(G) = Z(G)*
(respectively, for the trivial homomorphism; for the natural homomorphism
Aut(G ~ M) — Aut(M™/O0*(M™)) = T'(GQ) = {1});
Ve Auwt(G ~ M) — Aut(G)

for the natural homomorphism obtained by forgetting M

P def Yre) X Yo Aut(G ~ M) — T(G) x Aut(G).

Lemma 6.2. In the notation of Definition 5.1, the following hold:

(i) Let H C G be an open subgroup; n a positive integer. Suppose that n is coprime to p(G) in the case
where char(G) = p(G). Then the multiplication by n determines an exact sequence

0 — M®P[n] — M — M& — 0
of H-modules.

(i) Let H C G be an open subgroup. Then the exact sequence of H-modules of assertion (i) induces a
Kummer map
ki s (M7 <) (M) — HY(H,A(M))
— where, if char(G) = 0 (respectively, char(G) = p(G)), then n ranges over the set of positive
integers (respectively, the set of positive integers coprime to p(G)).

(iii) In the situation of assertion (ii), suppose that char(G) = 0. Then kp is injective.

(iv) In the situation of assertion (ii), suppose that char(G) = p(G). Then the kernel of kg consists of
the prime-to-p(G)-divisible elements of (M8&)H

(v) The family {ku}tuca of the Kummer maps [where H C G ranges over the open subgroups] deter-
mines a Kummer map

fa Mo— o HY (G AM)) € lim H'(H,A(M)).

HCG

Proof. Assertion (i) follows immediately from Remark 1.8.4. Assertions (ii), (iv) follow immediately from
the various definitions involved. Assertion (iii) follows immediately from Lemma 5.4, (i). Assertion (v)
follows immediately from assertion (ii), together with Lemma 1.12. This completes the proof of Lemma
6.2. [l

Theorem 6.3. In the notation of Definition 6.1, suppose that char(K) = 0 [so Z(G) = Z]. Then 1 is
bijective.
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Proof. Note that one may construct easily a splitting s : I'(G) — Aut(G ~ M) of () such that Im(s)
induces the identity automorphism of G. Then the surjectivity follows immediately from the various
definitions involved [cf. Theorem 4.7, (iii)].
Next, we verify the injectivity. Let o € Ker(¢)) be an element. We consider the injective Kummer
map
kar: M o= HY(G,A(M))

[cf. Lemma 6.2, (iii), (v)], and the natural actions of o on the domain and codomain of kjs that is
compatible with xj;.

First, suppose that (G ~ M) = (Gg ~ (/Q\IX(SEP). Then since o € Ker(v), it holds that o acts trivially
on o H' (G, A(M)). Thus, since xyy is injective, we conclude that o is trivial.,

Next, suppose that (G ~ M) = (Gx ~ (K%P)¥). Then since o € Ker(1)), it follows immediately
from Lemma 1.12, together with the various definitions involved, that the automorphism of M induced
by o preserves the subgroup of M corresponding to the subgroup @;sep - (nglo)X [with respect to any
isomorphism (G ~ M) 5 (Gx ~ (K5P)%)].

In summary, to verify the injectivity of ¢, we may assume without loss of generality that (G ~ M) =
(G ~ @;sep). In this case, it follows immediately from Theorem 5.9 that ;s and the cyclotomic rigidity
isomorphism A(M) = A(G) induce an injective homomorphism

ke M < oH'(GAG) € limg H'(H,A(G))

HCG
— where H C G ranges over the open subgroups — compatible with the natural actions of ¢ on the

domain and codomain of kg. Thus, since o € Ker(¢¢), we conclude that o is trivial. This completes the
proof of Theorem 6.3. 0]

Next, we verify a positive characteristic analogue of Theorem 6.3. However, since Kummer theory has
less information in the positive characteristic case, we need to apply local class field theory.

Proposition 6.4. Let | be a prime number; M a torsion-free abelian pro-l group; o € Aut(M). Suppose
that o(N) = N for each open subgroup N C M. Then there erists a unique element a € le such that,
for each m € M, it holds that o(m) = am.

Proof. First, it follows immediately from our assumptions that o(H) = H for each closed subgroup
H C M. In particular, since M is torsion-free, it holds that, for each m € M \ {0}, there exists a unique
element a,, € le such that o(m) = a,,m. It suffices to prove that a,, is independent of m. Note that,
for any b € Z; \ {0}, it holds that ap,, = a,. On the other hand, for each my, ms € M, it holds that

Uy +my (M1 +m2) = o(my +ma) = o(my) +o(ma) = am,mi1 + am,ma.

Then, if mo & Z; - my, and my € Z; - ma, then ay, = @mi+ms, = @m,. Thus, we obtain the desired
conclusion. This completes the proof of Proposition 6.4. 1

Lemma 6.5. Write Uk déil +mg. [Note that since Ug has no nontrivial divisible element, Ux may be
regarded as a subgroup of O (C K*).] Suppose that K is complete. Then the following hold:

(i) The subgroup Uy C @IX( consists of the prime-to-p-divisible elements of @IX( Moreover, the subgroup
of p-divisible elements of O determines a unique splitting of the natural surjection O — O [Uk.
In particular, we have a canonical splitting

~

05 5 (0% )Uxk) x Uk

that is preserved by any automorphism of @IX(
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(i) The subgroup (/Q\IX( C K* is generated by l-divisible elements and p-divisible elements of K>, where
l is a prime number # p. Moreover, any automorphism of K~ preserves the subgroup Ug C K*.

(iii) The kernels of the natural homomorphisms

Oy — lim OF/(0)" K* — lim K*/(K*)"

n n

— where n ranges over the positive integers coprime to p — coincide with Uy .

Proof. First, since k is perfect, assertion (i) follows immediately from Remark 1.8.3, together with our
assumption that K is complete. Next, since Z has no nontrivial [-divisible element for any prime number
[, assertions (ii), (iii) follow immediately from assertion (i). This completes the proof of Lemma 6.5. [J

Theorem 6.6. In the notation of Definition 6.1, suppose that char(K) = p [so Z(G) = 2@)//, and K is
complete.

(i) Suppose, moreover, that (G ~ M) = (Gx ~ @IX(SQP). Then it holds that ¢ is surjective, and
Ker(¢y) = 7.

(i) Suppose, moreover, that (G ~ M) = (G ~ (K*P)*) or (G ~ M) = (G ~ O%.,). Then it
holds that v is bijective.

Proof. The surjectivity portions of assertions (i), (ii), follow from a similar argument to the argument
applied in the surjectivity portion of the proof of Theorem 6.3.

In the remainder, we compute Ker(¢)). For each finite Galois extension K C L (C KP), write

Up, & 14+myp;

NL/K : ix — IA(X
for the natural homomorphism induced by the norm map Ny, g : L™ — K*.
Next, we verify that Ker(y) = ZX in the case where (G ~ M) = (Gg ~ O%.ep). Note that it follows
immediately from Lemma 6.5, (i), that, for each finite Galois extension K C L (C K®%P), there exists a
canonical splitting

~

Or 5 (OF)UL) x Up.

that is preserved by any automorphism of @z Let a € Z; be an element. Write o, for the automorphism
of @Ix(sep such that, for each finite Galois extension K C L (C K*P), o, maps

(OXJUL) x U 3 (2,y) — (r,ay) € (OF/UL) x UL

Then we observe that the assignment a +— o, determines an injection Z; < Ker(z). Next, let o € Ker (1))
be an element. Then, in light of Lemmas 6.2, (iv); 6.5, (i), (iii), it follows from a similar argument to
the argument applied in the proof of the injectivity portion of Theorem 6.3 that, for each finite Galois
extension K C L (C K®%P), o acts naturally on OX and trivially on O} 7 /Ur. Thus, it suffices to verify
the following assertion:

Claim 6.6.A: Let K C F (C K®P) be a finite Galois extension. Then there exists a unique
element a € Z) such that o(z) = ax for each = € Up.
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Indeed, by replacing K by a finite Galois extension of K, we may assume without loss of generality that
K = F. Note that since o € Ker(¢), it holds that

U(NL/K(UL)) = NL/K(UL)
for each finite Galois extension K C L (C K®P). Next, write
P C (GR)

for the Z,-submodule that arises as the image of Px C Gk via the natural surjection G — (G%?)p.
Then, in light of local class field theory [cf. Theorem 4.3], together with the equalities {o(Ny,x(UL)) =
Np/k(UL)}kcr, the following hold:

e The reciprocity map induces an injective homomorphism

Ug = lim Ug/Np(Uy) = lim K*/Npx(L*) = lim Gal(L/K) = Py,
KCL KCL KC

~

where K C L (C K®%P) ranges over the totally ramified abelian extensions of degree p-power.

e o induces an automorphism of Py that preserves arbitrary open subgroups of P and is compatible
with o via the injection U — Py

Here, we observe that since char(K) = p, it holds that (G%’)p, hence also P, is torsion-free. Thus, we
conclude from Proposition 6.4 that there exists a unique element a € Z, such that o(r) = az for each
x € Ug. This completes the proof of Claim 6.6.A, hence of assertion (i).

Next, we verify the injectivity portion of assertion (ii). We consider the case where (G ~ M) =
(Gg ~ (K%P)¥) only. [The proof in the case where (G ~ M) = (Gg ~ O%..,) is similar to the proof
of this case.] Let o € Ker(¢)) be an element. Then, in light of Lemmas 6.2, (iv); 6.5, (ii), (iii), it follows
from a similar argument to the argument applied in the proof of the injectivity portion of Theorem 6.3
that, for each finite Galois extension K C L (C KP), ¢ acts naturally on L* and trivially on L* /Up,
Write

~

o KX 5 KX
for the automorphism induced by o. Next, we verify the following assertion:

Claim 6.6.B: Let 7 € K* be a prime element. Then o (7) = 7.

Indeed, write (Z =) T, C K> for the subgroup generated by 7. Then it follows immediately from local
class field theory [cf. Theorem 4.3] that

m Im(ﬁL/K) = T,
KCL

where K C L (C K®P) ranges over the finite Galois extensions such that 7© € Im(ﬁL/K). On the
other hand, since o € Ker(¢)), it holds that o (Im(N;, /K)) = Im(N,, /k) for each finite Galois extension
K C L (C K*P). In particular, it holds that ox(7) € Tr. Thus, since o acts trivially on KX/UK, we
conclude that o (7) = m. This completes the proof of Claim 6.6.B.

In light of Claim 6.6.B, by varying the prime elements € K*, we observe that o is trivial. Thus, by
applying the above argument to the open subgroups of Gk, we conclude that o is trivial. This completes
the proof of assertion (ii), hence of Theorem 6.6. O
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Corollary 6.7. We retain the notation of Definition 1.8. For i = 1,2, let G; be a topological group; M;
a monoid that admits an action of G;. Write

Isom(G1 5% Ml, G2 8% Mg)

for the set of pairs of a continuous isomorphism Gi1 = Go and an isomorphism M, = My compatible

with the respective actions;
Isom(G1, G2)

for the set of continuous isomorphisms G1 = Go. Suppose that
e k is quasi-finite and p-finite;

o (G; ~ M;) is isomorphic to (Gx ~ @Ix(sep) (respectively, (Gx ~ O%.p); (G ~ (K3¢P)X)), where
i=1,2.

Then the following hold:

(i) Suppose, moreover, that char(K) = 0. Then the natural map
Isom(G1 8% Ml, GQ mn Mg) — ISOIIl(Gl, Gg)

is surjective. Moreover, the fibers of this map are T'(Ga)-torsors. [Note that T'(Ga) = Z* (respec-
tively, I'(G2) = {1}; I'(G2) = {£1}).]

(ii) Suppose, moreover, that char(K) = p, K is complete, and k is finite. Then the natural map
ISOHl(Gl &% Ml, G2 f\«MQ) — ISOHl(Gl, Gg)

is surjective. Moreover, the fibers of this map are I'(Ga) x Z, (respectively, I'(Ga); I'(Ga) )-torsors.
[Note that T'(G) = (ZP)')* (respectively, T(Gy) = {1}; [(Gs) = {£1}).]

Proof. In light of Theorem 4.7, (iii), assertion (i) (respectively, assertion (ii)) follows immediately from
Theorem 6.3 (respectively, Theorem 6.6). This completes the proof of Corollary 6.7. O

Remark 6.7.1. In the notation of Corollary 6.7, suppose that K is a complete discrete valuation field with

finite residues, and
(Gi~ M;) = (Gr ~ Oen [ (KP)),

where ¢ = 1,2. Then it follows immediately from the surjectivity portion of Corollary 6.7 that the natural

map
Isom(G1 &% Ml, GQ QMQ) — ISOHl(Gl, Gg)

is surjective. Thus, in light of Corollary 6.7, it would be interesting to determine the structure of fibers
of this surjection. However, at the time of writing of the present paper, the authors fail to determine the
structure of fibers due to the lack of the cyclotome. [Note that the injectivity portions of Theorems 6.3,
6.6 are proved by applying cyclotomic rigidity isomorphisms.] The authors hope to be able to address
such an issue in a future paper.
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7 Mono-anabelian group-theoretic reconstruction algorithms associ-
ated to mixed characteristic complete discrete valuation fields with
strongly p-quasi-finite residues

Throughout the present section, we maintain the notation of §2 [except the assumption that k is
perfect!]. In the present section, in the case where K is a mixed characteristic complete discrete valuation
field with strongly p-quasi-finite residues [cf. Definition 2.8], by applying p-local class field theory discussed
in §2, we establish mono-anabelian group-theoretic algorithms/procedures to reconstruct various p-like
objects associated to K. Moreover, in light of this p-local class field theory, by applying a similar argument
to the argument applied in the proof of Theorem 6.6 [i.e., an application of local class field theory], we
determine the structure of the group of Gg-isometries [i.e., (Ind2)] that appears in Mochizuki’s inter-
universal Teichmiiller theory [cf. [24], Example 1.8, (iv)] in a generalized situation [cf. Theorem 7.4].

First, we begin by observing that, in the case where K is a mixed characteristic complete discrete
valuation field with strongly p-quasi-finite residues, various p-like objects associated to K may be recon-
structed in a similar way to the case where K is a mixed characteristic complete discrete valuation field
with quasi-finite residues.

Definition 7.1. For each separable extension K C L (C K*P), we shall write
def def
U & 1+mg; U Z Upp/pp=(L).

Suppose that char(K) = 0, and K is complete. Then we shall write

det 1
ZK = %'logp(Ul,K) g K,

where log,, : Uy x — K denotes the p-adic logarithm map. [Note that O C Zyx — cf. Lemma 8.5 below.
We shall refer to Zx as the log shell associated to K]

Theorem 7.2. Suppose that k is a strongly p-quasi-finite field. Then the following hold:

(i) Let G be a topological group. Suppose that there exists a prime number | such that G is isomorphic
to the absolute Galois group of a Henselian discrete valuation field with a strongly l-quasi-finite
residue field of characteristic [. Then there exists a functorial group-theoretic algorithm

G~ (p(G), char(G))

for constructing — from the topological group G — a data (p(G),char(G)) consisting of a prime
number p(GQ), and a nonnegative integer char(G) that satisfies the following condition: if one applies
this functorial group-theoretic algorithm to G = G, then

p(G) = p, char(G) = char(K).
(ii) Suppose that char(K) = 0. Let G be a topological group isomorphic to Gx. Write

P lim KX/ = (G

n>1
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(iii)

for the injective homomorphism [cf. Theorem 3.5, (i)] induced by the reciprocity map rh, : K™ —
(G%P)p. Then there exists a functorial group-theoretic algorithm

G~ pp=(G)

for constructing — from the topological group G — a data pp~(G) consisting of a subgroup of
(G??)p that satisfies the following condition: if one applies this functorial group-theoretic algorithm
to G = Gg, then

= (G) = P (ppee (K))
[¢f. the discussion at the beginning of the proof of Proposition 3.7]. Moreover, by applying this
group-theoretic algorithm to every normal open subgroup H C G, one constructs the group [equipped
with natural action of G

def ..
pipee s (G) = hg“ ppee (H)
HCG

— where the transition maps are induced by the transfers — that satisfies the following condition:
if one applies this functorial group-theoretic algorithm to G = G, then the [completed] reciprocity
maps {* Yxkcr, — where K C L (C K*P) ranges over the finite Galois extensions — induce a
G-equivariant isomorphism

fpe (K°P) = oo 5(G).

In the notation of (ii), suppose, moreover, that K is complete. Let I C G be a closed subgroup such
that there exists an isomorphism G = Gk that induces an isomorphism I = Ix. Then there exists
a functorial group-theoretic algorithm

I CG ~ (WICG), IICG) C KICQ))

for constructing — from the pair of topological groups I C G — a data (Uy(I € G),Z(I C G) C
K(I € G)) consisting of groups that satisfies the following condition: if one applies this functorial
group-theoretic algorithm to (I C G) = (Ix C Gk), then

Ui(I CG) = (U k),

and Z(I C G) C K(I C G)) is isomorphic to I C K. Moreover, by applying this group-theoretic
algorithm to every normal open subgroup H C G [and the subgroup I N H C HJ, one constructs a
data (Uy (I C G),Zs(I € G) C Ks(G)) consisting of the groups [equipped with natural actions of G

U0, 0CG) € lim BWINHCH), LAICG) € lim I(INHCH),
HCG HCG
K(ICG) =€ lim K(INHCH)
HCG

— where the transition maps are induced by the transfers — that satisfies the following condition: if
one applies this functorial group-theoretic algorithm to (I C G) = (Ix C Gk), then the [completed]
reciprocity maps {7} } kcr, — where K C L (C K*P) ranges over the finite Galois extensions —
induce a G-equivariant isomorphism

Urgse — U, (I CQ),

and there exists a G-equivariant isomorphism

~

K3 — Ks(I CG)
that maps T onto Z(I C G).
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Proof. First, assertion (i) follows immediately from a similar argument to the argument applied in the
proof of Theorem 4.7, (i).
Next, we verify assertion (ii). To verify assertion (ii), it suffices to give a group-theoretic characteri-
zation of the data
G~ g (K

in terms of the underlying topological group structure of G that reflects the condition concerning ..
Let K C L (C K*%P) be a finite Galois extension. Note that since k is a strongly p-quasi-finite field, it
holds that &y, is also a p-quasi-finite field. Then it follows immediately from Proposition 3.7 that e (L)
may be characterized as the tosion subgroup of (G% )" [cf. (i)] via the reciprocity map. Thus, in light of
the theory of transfer, we obtain a suitable group-theoretic characterization of the data G v pipeo (K5P),
as desired. This completes the proof of assertion (ii).

Next, we verify assertion (iii). To verify assertion (iii), it suffices to give a group-theoretic characteri-
zation of the multiplicative/additive groups

Ui iser, Ix C K*P

[equipped with the natural actions of Gx] in terms of the underlying topological group structures of the
pair I C G that reflects the condition concerning the reciprocity maps. On the other hand, since K is
complete, we recall that the p-adic logarithm map determines isomorphisms

~ 1 1 ~
5K, oo U = oo (Unke) O e ()% 5 T

In particular, it suffices to give a group-theoretic characterization of the data

U[‘é’sep

Gk ~ Uy gser

in terms of the underlying topological group structures of the pair Iy C Gk that reflects the condition
concerning the reciprocity maps.

Next, let K C L (C K®P) be a finite Galois extension such that {, € L [cf. (ii)]. Then, for each
positive integer m, we have the cup-product

HY G, pym (K5P)) x HY (G, Z/p" L) — H* (G, piym (KP)).

Again, we note that since k is a strongly p-quasi-finite field, it holds that k&, is also a p-quasi-finite field.
In particular, in light of Kummer theory, Pontryagin duality, and [31], Chapter XII, §3, Theorem 2, we
obtain a group-theoretic characterization of the image of the injection

L YL = GG

[cf. Remark 2.13.1; Theorem 3.5, (i)]. Then, by varying m, we also obtain a group-theoretic characteriza-
tion of Im(#} ). Thus, since K is complete, we conclude from Theorem 2.16, together with Remark 1.8.3,
that 77 (Uy,1) may be characterized as

Im(Ig NGy = I, € G — (GY)™) N Im(7).

Finally, by applying the theory of transfer, we obtain a group-theoretic characterization of the data
Gr Uy gser, as desired. This completes the proof of assertion (iii), hence of Theorem 7.2. O

Next, we determine the structure of the group of Gg-isometries that appears in Mochizuki’s inter-
universal Teichmiiller theory [cf. [24], Example 1.8, (iv)]. [Note that such a determination is closely
related to the problem posed in Remark 6.7.1.] Let us recall the definition of the group of G g-isometries
[in a generalized situation]:
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Definition 7.3. We shall write
Ism(Gg)

for the group of Gx-equivariant automorphisms of U;ésep that, for each finite separable extension K C
L (C K*°P), preserve the “lattice” Ul C (Ukwp)®E. We shall refer to each element in Ism(Gg) as a
G -isometry. Note that U f admits a natural structure of Z,-module compatible with the natural action
of G . In particular, there exists a natural injection

Z, — Ism(Gk).

Remark 7.3.1. In the notation of Definition 7.3, suppose that k is finite. Then, for each separable extension
K C L (C K*®P), it holds that
U 5 OF /(L)

In particular, the above definition of Ism(Gg) is compatible with the definition of Ism(Gg) in [24],
Example 1.8, (iv).

Theorem 7.4. In the notation of Definition 7.3, suppose that Gy is not a pro-prime-to-p group. Then
the natural injection
Z, — Ism(Gk)

is bijective.
Proof. First, by replacing K by a field extension of K obtained by adjoining suitable systems of p-power
roots of liftings € Ok of a p-basis of k, we may assume without loss of generality that & is perfect. On the
other hand, since G, is not a prime-to-p group, and char(k) = p, a p-Sylow subgroup of Gy, is a nontrivial
free pro-p group. Then, by replacing K by a suitable unramified extension of K, we may assume without
loss of generality that G}, = Z,. In particular, k is a strongly p-quasi-finite field.

Next, let 0 € Ism(Gg) be an element. For each finite Galois extension K C L (C K°%P), write
oL Uf = Uf for the automorphism induced by o. Here, we note that the norm map L* — K* induces

naturally a homomorphism
B TTH 1
Ny K Uy — Uyg.

Then since oy, is Gal(L/K)-equivariant, for each finite Galois extension K C L (C K*®°P), it holds that
aK(Im(Nf/K)) = Im(Nf/K).
Next, write

ab-tor def a a
PR C (G = (GR)P/(GR):

tor

for the torsion-free Zy,-submodule that arises as the image of Px C G via the natural surjection G —
(Gab-toryP Then, in light of local class field theory [cf. Theorems 2.13; 2.16; 3.5, (iii)], together with the
equalities {JK(Im(NZ/K)) = Im(Nj’.j/K)}KgL, the following hold:

e The reciprocity map induces an injective homomorphism U[‘é — PI’é [cf. Proposition 3.7].

e o induces an automorphism of P%- that preserves arbitrary open subgroups of P and is compatible
with o via the injection Ul — Py
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In particular, it follows from Proposition 6.4 that there exists a unique element ax € Z;f such that
ok(z) = ag - x for every z € Uj. Moreover, by applying the above argument to all normal open
subgroups of G, for each finite Galois extension K C L (C K®P), we obtain a unique element aj, € Z,
such that o (x) = ar - x for every x € Uf. Note that the uniqueness of ax implies that ax = ay,. Thus,
we conclude that the natural injection Z; < Ism(Gk) is bijective. This completes the proof of Theorem
7.4. O

Remark 7.4.1. In light of Theorem 7.4, it would be interesting to determine the structure of Ism(Gg) in
the case where G is a pro-prime-to-p group. However, at the time of writing of the present paper, the
authors have no meaningful insight on this question [even if we restrict our attention to the case where k
is an algebraically closed field].

Remark 7.4.2. In the first paragraph of the proof of Theorem 7.4, we replaced K by an infinite algebraic
extension field of K. Note that such an infinite algebraic extension field may not be complete even if we
assume that K is complete. This is one of the main reasons why we need to discuss p-local class field
theory in the general Henselian setting in §2 in the present paper [cf. [30], §1].

8 Neukirch-Uchida-type result for quasi-p-adic local fields with p-
quasi-finite residues

Let p be a prime number. In the present section, by combining results obtained in the previous sections
with Murotani’s recent results on certain homomorphisms between the absolute Galois groups of mixed
characteristic complete discrete valuation fields with perfect residues [cf. [26]], we prove a Neukirch-
Uchida-type/an absolute version of the Grothendieck Conjecture-type result for quasi-p-adic local fields
with p-quasi-finite residues [cf. Definitions 2.8, 8.10; Theorem 8.11 below|. This result may be regarded
as a generalization of Mochizuki’s result for p-adic local fields [cf. [19], Theorem; [22], Theorem 3.5, (ii);
[22], Corollary 3.7].

Throughout the present section, we maintain the notation of §2. Moreover, we shall write vy : K* — Z
for the discrete valuation on K. By a slight abuse of notation, we shall also write vx for the unique
extension of vk to K®P. On the other hand, in the case where char(K) = 0, we shall write e for the
absolute ramification index of K.

First, we begin by recalling some facts on Artin-Schreier equations.

Proposition 8.1. Suppose that K is complete. Let n be a positive integer coprime to p; u € O the
Teichmiiller representative of an element € k™; wx a uniformizer of K. Write K C L for the finite field
extension of degree p associated to the Artin-Schreier equation

Y-y + =0,

=)
U~ T

where y denotes an indeterminate. Fix a root X € L of this equation and a pair of positive integers c, d
such that c is odd, and —nc + pd = 1. Write

def £
m, = —X.nh.ur e L.

Then the following hold:
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(i) The field extension K C L is a totally ramified extension of degree p. Moreover, 7, is a uniformizer
of L such that Ny i (mp) = 7K.

(ii) Suppose that n < ppfel in the case where char(K) = 0. Then the totally ramified extension K C L
cf. (i)] is a Galois extension. Moreover, in the notation of Proposition 2.4, it holds tha
. (i)] is a Galois extension. M in the notation of Proposition 2.4, it holds that

e _1-1
s = n, ﬁpl:U v,

where w denotes the image of u in k™.

1n:O

U'ﬂ'K

Proof. First, we verify assertion (i). Observe that since vk (u) = 0, the equality A\ — \ +
immediately implies that vg (A) = —7. Then since vk (u) = 0, and —nc+ pd = 1, it holds that

c 1
v(mr) = v (=N wk ur) = — S d = =
p p

In particular, 7wy, is a uniformizer of L. On the other hand, since ¢ is odd, and —nc+ pd = 1, it holds that

c 1
Npk(rL) = NL/K(_)\C‘T"(}('UP) = (—1)p'((—1)p'u'ﬁn )C-W’}’?-uc = 7K.

This completes the proof of assertion (i).

1
Next, we verify assertion (ii). In light of [3], Proposition 2.5, it suffices to verify that 771 = @' ».

Let 0 € Gal(L/K) be a generator such that o(A\) — A — 1 € mg [cf. [3], Proposition 2.5]. Then there
exists an element h € O, such that vg (h) > v (A1), and

1 4n o} = "ET“LL) = <U(;)) = L+ A+ n)"

Note that since vy (h) > vk (A7), this equality implies that n- 77 = eA™! (mod m}*!). In the remainder,

for each z € Op, write z for the image of z via the natural surjection Op — k. Then we observe that the
equality AP — \ + = ( immediately implies that

n
u7rK

VABVIEX
Wil ut = W (um )t = ( S ) = (-7 € ¥~
A K= =) '

Thus, since c is coprime to p, and —nc + pd = 1, we conclude that

A1 —1)n- T
=2 = (=1 = (“)ndcour € kX,
L e qnd gy
hence that
7 =u »r.
This completes the proof of assertion (ii), hence of Proposition 8.1. O

Next, we compute the intersection of certain subgroups of K* associated to the images of norm maps.

Lemma 8.2. Write p : k — k for the Artin-Schreier map, i.e., the Fy-linear map defined by p(x) = 2P —x
for each x € k. For each x € k™, write k, ey Im(p) C k. Suppose that G} # {1}. Then it holds that

() k. = {0}

zek*
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Proof. Suppose that there exists a nonzero element € N,cpx k. Then it follows immediately from the
various definitions involved that £ C Im(gp). On the other hand, since G, # {1}, it holds that Im(p) C k
is a proper F,-subspace. This is a contradition. Thus, we conclude that

() k. = {0}.
ek

This completes the proof of Lemma 8.2. O

pe
p—1°
n as a product p” - n', where N is a nonnegative integer; n' a positive integer. Then it holds that

Lemma 8.3. Letn be a positive integer. In the case where char(K) = 0, suppose that n <

Decompose

NV
Uhﬂkf C LLLKF

Moreover, if n < ppfel in the case where char(K) = 0, then the p™V -th power map Uy ik — Uy i induces
the p"N-th power map k = Up k/Uvsi,x — Unk/Uny1,x = k on k, where the identifications k =
U k/Un1,x and k = Uy g /Unt1,x are determined by a uniformizer of K.

Proof. 1t follows immediately from the various definitions involved that we may assume without loss of
generality that N = 1. Then Lemma 8.3 follows immediately from [3], Chapter I, (5.6), Proposition; [3],
Chapter I, (5.7), Proposition. O

Proposition 8.4. Let n be a positive integer. Suppose that G}, # {1}. In the case where char(K) = 0,

suppose, moreover, that n < pp_l. Then the equality
Un+1,6 = ﬂ (Un+1,k * Npji(Un,r)) N Un i

KCL

holds, where K C L (C K®P) ranges over the totally ramified cyclic extensions of degree p. In particular,
the equality

Unt1,xk = m Un+1,6 - Nijk(Uypy e (n),1)
KCL

holds, where K C L (C K®P) ranges over the totally ramified cyclic extensions of degree p.

Proof. In light of Lemma 2.1, by replacing K by the p-adic completion of K, we may assume without
loss of generality that K is complete. Fix a uniformizer wx of K. Recall that mx determines a natural
identification of Uy, k' /Up+1,x and k. Let € k*. In the remainder, by a slight abuse of notation, we also

write x for the Teichmiiller representative of x. Write k, def . Im(p) C k. Then it follows immediately
from Lemma 8.2 that it suffices to construct a totally ramified cyclic extension K C L, of degree p such
that the image of (Un+1,k © N,/ (Un,L,)) N Un i via the natural quotient U, x — k coincides with
ke (C k).
First, suppose that n is coprime to p. Write K C K, for the totally ramified cyclic extension of degree
p asssociated to the Artin-Schreier equation
Yoyt —— =0,

.
T T

where y denotes an indeterminate [cf. Proposition 8.1, (ii)]. Fix a root A of this equation and a pair of

positive integers ¢, d such that c¢ is odd, and —nc + pd = 1. Write 7k, ef e md . z». Then Tk, 18
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a uniformizer of K, such that N k(7k,) = mk [cf. Proposition 8.1, (i)]. By using 7f,, we identify
Un K, /Unt1,k, and k. Then it follows immediately from Proposition 2.4, (i), (ii), (iii), (iv), (v), together
with Proposition 8.1, (ii), that

Ni,/k(Unk,) € Unk, Ng,/x(Unt1,k,) S Uny1k,

and N, /k induces a homomorphism k = Uy, k., /Un+1,k, = Un ik /Uns1,x = k that maps

1 1
2= 2P—xrz = - ((xr2)P —a p2).

In particular, the image of (Un+1,k - Ni,/k(Un.k,)) N Unkx = Uny1k - Nk, /k(Unk,) via the natural
quotient Uy, i — k coincides with k; (C k).

Next, we consider the general case. Decompose n as the product pv - n/, where N is a nonnegative
integer; n’ a positive integer coprime to p. Write K C M, for the totally ramified cyclic extension of
degree p associated to the Artin-Schreier equation

1
yp—y+f = 0.
mPN'ﬂ'%

Note that, in light of Lemma 8.3, together with the perfectness of k, we have the following commutative
diagram:

k p— lj'nl,]\4z/l’]v77‘/_;’_17]\4z L} (Un,M& mNI_Mi/K(Uan))/Un+17MI p— Unny/Un+17Mx p— k
k pr— UTL/,K/UTL/-‘,-LK ——N—) Un7K/Un+17K pr— k,,

where the horizontal arrows denote the isomorphisms induced by the p™-th power maps; the vertical
arrows denote the natural homomorphisms induced by the norm map Ny, /rc. Thus, it follows immediately
from the discussion in the previous paragraph that the image of the right-hand vertical arrow [in the above
commutative diagram| coincides with 2 - Im(p). This completes the proof of Proposition 8.4. O

Here, we recall an elementary property of the p-adic logarithmic map associated to a mixed charac-
teristic complete discrete valuation field of residue characteristic p.

e

Lemma 8.5. Suppose that char(K) = 0, and K is complete. Let n be a positive integer such that n > |

Then the p-adic logarithm map determines an isomorphism

~

Um K — m?(
Proof. Lemma 8.5 follows immediately from a similar argument to the argument applied in the proof of

[27], Chapter II, Proposition 5.5. O

Next, by applying the computation of the intersection of certain subgroups of K* associated to the
images of norm maps discussed above, in the case where k is p-quasi-finite, we investigate a relation
between U, i and (G32)" via the reciprocity map.

Definition 8.6. Suppose that k is a p-quasi-finite field of characteristic p. Then:
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(i) We shall write
ro:Urg = (G)™

for the injective homomorphism obtained by restricting the reciprocity map . : K* — (G%)ab to
Uy k [cf. Theorems 2.13; 3.5].

(ii) Let n be a positive integer. Then we shall write
i Up i /Unsix — (GR)™/(G52)"

for the natural homomorphism induced by 7, [cf. Theorem 2.16]. Here, we note that (G32)™ =
((G%)*P)™ for each positive integer m.

Proposition 8.7. Let n be a positive integer. Suppose that k is a p-quasi-finite field of characteristic p.
In the case where char(K) = 0, suppose, moreover, that n < £<. Then it holds that

p—1

Un = 1o (GR)").
Proof. Note that there is nothing to prove in the case where n = 1. Then, in light of induction on n, it
suffices to verify that, if char(K) = p (respectively, char(K) = 0), then ]}’ is injective for each positive

integer m (respectively, m < %). Observe that, for each totally ramified cyclic extension K C L of

degree p and each positive integer m, it follows immediately from Proposition 2.15, (v), that r,, induces
an isomorphism

Un g /Um+1,k - Niji(Uy, e m),1) = Gal(L/K)™/Gal(L/K)" .

Thus, by varying the totally ramified cyclic extensions K C L (C K®P) of degree p, we conclude from
Proposition 8.4 that r;)' is injective. This completes the proof of Proposition 8.7. ]

Next, in order to state our main theorem in the present section, we introduce some notions concerning
mixed characteristic Henselian discrete valuation fields and their absolute Galois groups.

Definition 8.8 ([22], Definition 3.6, (i), (ii)). Suppose that K is a mixed characteristic complete discrete
valuation field, and k is a strongly p-quasi-finite field of characteristic p. Then:

(i) For each open subgroup H C G, write K C Ky for the corresponding finite field extension;
Tor,(H)

for the subgroup that arises as the image of Uy i, via the reciprocity map K;; — (HP)2b [cf.
Theorem 2.13]. Note that Tor,(H) may be reconstructed, in a purely group-theoretic way, from the
pair I, C H [cf. Theorem 7.2, (iii)]. We shall refer to Tor,(H) as the p-toral portion of H. In
particular, by applying the p-adic logarithm U; g, — Kp, we obtain a natural isomorphism

)\HZTOIP(H)@QP 5 Ky.

(ii) Let I be a collection of open subgroups that form a basis of the topology of Gx. Then we shall
refer to a collection {Ngr} ¢ as a uniformly p-toral neighborhood of G [indexed by I] if there exist
nonnegative integers a, b such that, for each H € I, it holds that

Ny C Tory(H)® Q,

is a subgroup such that

pa-OKH - AH(NH) - p_b~OKH C Kyg.
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Definition 8.9 ([22], Definitions 3.1, (iv); 3.6, (iii)). Let K7, K3 be mixed characteristic complete discrete
valuation fields with strongly p-quasi-finite residue fields of characteristic p;

¢: Gk, 5 G Ky
an isomorphism of profinite groups. For i = 1,2, write
o
for the underlying topological G k,-module of the p-adic completion of K;
Xi: G, — Z;
for the p-adic cyclotomic character associated to K;. Then we shall say that:

(i) ¢ is HT-type if the topological Gk,-module obtained by composing ¢ with the natural action of
G, on Cy is isomorphic to the topological G, -module C'.

(ii) ¢ is CHT-type if ¢ is of HT-type, and x1 = x2 © ¢.
(iii) ¢ is RF-preserving [i.e., “ramification filtration preserving”] if, for each positive integer n, it holds
that ¢( 7}(1) =G,
def

(iv) ¢ is uniformly p-toralif G, admits a uniformly p-toral neighborhood { Ny } ger such that { Ny gy =

O(Nu)}o(mers — where I? denotes the collection of open subgroups {¢(H) C Gg,}mer — forms
a uniformly p-toral neighborhood of G, .

(v) ¢ is geometric if ¢ arises from an isomorphism Ko = K of fields.

Definition 8.10 ([8], Definition 1.2, (ii)). We shall say that the Henselian discrete valuation field K is a
quasi-p-adic local field if K is complete, of mixed characteristic, and the residue field k of K is algebraic
over the prime field.

Remark 8.10.1. Suppose that K is a quasi-p-adic local field. Then:

(i) One may easily verify that Gy is isomorphic to a closed subgroup of 7. In particular, if k is a
p-quasi-finite field [or G} is not a pro-prime-to-p group|, then k is a strongly p-quasi-finite field
automatically.

(ii) The closed subgroup Iy C G may be reconstructed, in a purely group-theoretic way, from the
underlying topological group structure of G [cf. Remark 1.7.1].

Finally, we prove our main theorem in the present section, i.e., a Neukirch-Uchida-type/an absolute
version of the Grothendieck Conjecture-type result for quasi-p-adic local fields with p-quasi-finite residues.
Theorem 8.11. Let K1, Ky be quasi-p-adic local fields with p-quasi-finite residue fields of characteristic
p;s

~

¢5GK1 — GK2

an wsomorphism of profinite groups. Then the following conditions are equivalent:

(i) ¢ is HT-type.
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(ii) ¢ is CHT-type.

(i1i) ¢ is RF-preserving.
(iv) ¢ is uniformly p-toral.
(v) ¢ is geometric.

Proof. First, we note that the residue fields of K; and Ky are strongly p-quasi-finite fields [cf. Remark
8.10.1, (i)]. Then the equivalence of conditions (i), (ii) follows immediately from Proposition 3.7, together
with the various definitions involved. The equivalence of conditions (ii), (v) follows from [26], Corollary
1.10, together with Remark 8.10.1, (ii). Next, observe that it is immediate that condition (v) implies
conditions (iii), (iv). On the other hand, it follows immediately from a similar argument to the argument
applied in the proof of [22], Corollary 3.7, that condition (iv) implies condition (i). Finally, suppose that
condition (iii) holds. For each ¢ € {1,2} and each open subgroup H; C Gk,, write K; C Ky, for the
finite field extension corresponding to H; C Gk;,; eq, for the absolute ramification index of Kp,. Let I;
be a collection of open subgroups H; C G, such that p — 1 divides ep,, and eg, > 2. Write I for the
collection {¢p(H1) C Gk, }H,er, of open subgroups of Gg,. Note that, for each i € {1,2}, I; forms an
open neighborhood of Gg,. Moreover, we observe that, for any Hy € I, it holds that p — 1 divides egq,,
and ep, > 2 [cf. [25], Theorem A]. Next, for each i € {1,2} and each H; € I;, write

NHi - TOI‘;,(Hi) ®Qp 5 KHi
for the subgroup that arises as the image of

U

eH.
1
pfl’KHz'

via the p-adic logarithm map. Here, we observe that since ey, > 2, it holds that 1 4

€H,; PeH;
1 < =1 Let
lef

Hy € I be an element. Write Hj ¢(H7). Then since condition (iii) holds, it follows immediately from
Theorem 7.2, (iii); Proposition 8.7, together with [25], Theorem A, that ¢ induces an isomorphism

NH1 — NH2.

M <14

On the other hand, for each i € {1,2}, since = P

, it follows immediately from Lemma 8.5 that

i

eH
20 C Ny =mu?' CO
P VUky, = H; — mKHi Ky, -

In particular, {Ng, }r,er, and {Nw, }m,er1, form respective uniformly p-toral neighborhoods of Gk, , Gk, .
Thus, we conclude that ¢ is uniformly p-toral, hence that condition (iv) holds. This completes the proof
of Theorem 8.11. O

Remark 8.11.1. In the case where k is finite, Abrashkin proved a positive characteristic analogue of the
equivalence of conditions (iii), (v) in Theorem 8.11 [cf. [1]]. Thus, in light of Theorem 8.11, it is natural
to pose the following question:

Question: Let K7, K5 be complete discrete valuation fields of characteristic p whose residue
fields are p-quasi-finite fields and algebraic over the prime field; ¢ : Gk, — G, an isomor-
phism of profinite groups that preserves the respective ramification filtrations. Then does ¢
arise from a [necessarily, unique — cf. [9], Theorem, (4)] field isomorphism Ky — K;?
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