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Keview of i, Hotcher and J. Wagoner's paper
'Feeudo-1snlopies of Compact hanifolds’

( Part 1 )
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As this paper by L. Hatcher and J. wagoner, published in 1973
(astérisque 6, Soc. Naih. de Irance), seems to be little known, we
felt that it might be of some significance to give a rough summary
of the paper at the symposium on Whiteheau groups and transformation

groups.

Yhat is the problem to be solved in liatcher-vagoner's paper?

Let M be a smooth compact manifold with boundary 9M and dim K = n.

4 map I+ (11,OM) xI ———> (M/ol) X I is called a pseudo-isotopy of

(MyoM), if it satisfies the followiﬁg two conditions
1. £ is a diffeoworphism
2. IjHxG = id @ MXC———s MxO and
flA MXI @ AMrI ——= NI is an isolopy
Tet ¥ = P(M/AM) denote the group of pseudo-isotopies of (M,8M). The
rultiplication in P is the composition of maps and P is given the

C” topology.

The problem is to compute?fo(P).

The eimply connected case

1f ¥ is simply connected, we have the following result.

Lheorem: If diw 125,94 =¢ and U, (M) = O then MW (¥) =

This Theorem was proven by Jean Cerf in his paper 'la otratification
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1héoreme de la Fseudo-Isotopie' (1970, 1HES Nr. 39).

The nor simply comnmected case

Latcher-tiagoner try to solve the non simply connected case. Lhey

show that in this case 7YO(P) can be relalea to algebraic L[-theory.

The exact statement is as follows.

Theorem: If n27 then it exists a swurjective homomorphisn

23: W () = Wh, (T M )
O Z 1

Vhat is wh,. ?
g

J.et R denote an associalive ring with 1. Then the Steinberg group St

of R is the group with the following presentation:
the generators of UU(K) are symbols Xij(r>’ where 1€ 1,) < o0
1 # ]
re R

these generators sre subject to the following three relations

X \ a = S

Aij(r, xiJ(L) Xij(r+ )
2. comnutator [%ij(r), xklﬁsi] =1 if jJ # kand i £ 1
3. commutator [gij(r), le(sZ] = xil(rs) if i #£1

Let G1(R) = 1im GL (n,R), where GL(n,lk) is the group of nxn invertib
o0
matrices over R, and lel L(R) denote the subgroup of GL(K) generated

by the elementary matrices

Then we gel a canonical surjective homomorphism

w : 5t(R)—————= i(R)

Xlt](r)}“—> elJ(r)
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KZ(R) is defined to be the kernel of 7
def
K.(R) = kerm
14 is not too difficult to show that Ker® is precisely the center
of 5t(R). Thus F.,(K) is an abelian group. 1f K is a group ring,
-
R = z[G] , then we can define a subgroup W(ZG) of 5t(R) as follows:
W(iG) is the subgroup generated by the words
| oy o + -1y o it G e ( and 4 .
wij(—g) = kij( £) xJi(+b ) )ij\,g), with ge G and 1 # j.

Finally Ehz(G) is defined to be

Wb (G) = I”2(:‘”1——“])/,14;_2(;3[(-;])r\w(f(}) .

[®

Cerf's functional approach to pseudo-isotopies

katcher-twzgoner make use of derf's functltional approach. to the
pseuvdo-isotopy problem, ’
let F = {.U” function f: Mx 1l —=1 (Mxw) = 0, f(lsx1) = 1, £ is
thie projection on@Mxl and f has no critical points near
'x0 and 1‘#)(1} _
The base point in F is the standard projection p: MxI——= I .
By joining each function f in ¥ linearly to the base point p‘
f+ t(p -f) , 0£t&£1 ,
we see Lhat I is contractible.
lLet & = {_f: FX]—=a1 |f has no critical points) C F .
Irom the homotopy exact sequence of the pair (I',i) we get
7T1(r,ﬁ,p)_;§%>7rb(E) ,
Consider the following map T between P ana b
) GO N .
i S — 6] f—1
As { is a diffeomorphisw this map is well defined. The inverse

image of the standard projection p under this map is



ﬂ'—1(p) = the space of isotopies of MxI which-are the

"identity on MXO

¢r"1(p) is contractible.

TLemma: 3 S

E-————éa-P such that

(V {eE

pos ()7 = f

y

e s

)

= ldE

Idea of the proof:

Fix & Riemannian metriCéLon MXI. Let f be an element of r and

think of the vector field grad&f on MXI. as f has no critical

points, the solution curves of this vector field run from MxO

to MY1. For every xeM, s(f) is defined to wap the interval {xxI

to the solution curve of gra%gf starting at (x,0) in the following

Way .
[ =

¢ (x,t)

0 (‘.’; (X ’ O\)\)
MxXTI

s(1)

s(f) maps (x,t) to
vy, with f(y) = t

|

Irom this Lemma we get @ homeomorphism between F and.ﬂ’1(p)><E.

P

G

7 (p)X E
(s(p¢~ ") 4G, pe™1)

5(f)el «=

As®” (P) is & group, these bijections

w

This is Cerf's functional approach to

0
O(E) and W}(L,E,p).

—— (8, 1)
Thus we have the following bijections

T () 2T (B) ZV,(F,5,0) .

induce a group structure on

the poeudo-isotopy problem.
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Replacing the pair (k,o) by @ homotopyv equivalent pair (F,E)

To construct the desired homomorphismji]:‘71(h,m,p)-——> hh?(ﬁHM)
it is not enough to consider only smoolh functions between MXI
and I. The pair (¥,E) is replaced by a homotopy equivalent pair

A A A A .
(¥F,E), where F, E are defined to be

]

1) (7,1,4) |fef,éLis a Kiemannian metric on MxI, 7 is a vector
field on MXI which is gradient like for f with respect to[€}

A
B

]

{(z,f,éo |fEE,éLis a Riemannian metric on MXI, Zis a vector
field on MXI which is gradient like for f with respect tOé&j

kemark: The vector Iieldz'is gradient like for f with respect to
the metric[Lif it satisfies the following two conditions:

1. I{ p is a criticel point of £ thena nbd U of p such thatv:er
Z(x) = gradﬂf(x) |
( This implics that the vector field veonishes at the critical

point p )

2. If ¥ is vob o eriticsl point ol f cnd if Tx: (—565)——f—€> IixI
ie & gsolntion curve of Lhe vector fieldzz *
through X, then we have "‘(j"“fx) (0)>0
( This means that the solutign curve does not run inside the -
level surface of f containing x, but is transverse to the level

suriace containing x)

If we fix a Kiemannian mctric#,on‘MxI, we get a homotopy eguivalence

. ],‘-"o e ,"\I 3
(1‘,L,P)—% (l' ’E"f)) ) Ip = (81"8‘0/«.P,P,(“o)
} = (grad[gf,f,ﬂ.)

A A .
( svery triple (1,1',[&) in (F,E) is joined to (grau(o,i',f,/«,) in

two steps:

(n, 1) — (grader, T, 0) (grad u ,f, 4,) )
'L ’é" TR )[‘ ’ r[’— s ?‘ )g /“09 /Jo
Loraupl - ,z, ,lu. ngu(uL ’ ,(“t
0%t £ here M= t(ag_‘+(1-t)
04 L £ [L
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1'wo concepts which play a central role in the construction of

5w, (F,B,0) —— Wny (M)

Let {(Lt’ft:(%)} 0¢£t¢1 represent an element in ﬁ}kﬁ’ﬁ,%)_

1. We look at the functions {ft} 0Lt and define the

graphic of {ftS = \\,/ critical values of ft C IxI
tefo, T

2. For each t in[@,f]we look at the critical points o1 I, and

at the vector field @t‘ Let p be a critical point or Ty Then
' the stable manifold W(p) and the unstable manifold W¥(p) of p

are aerinea as follows:
w(p) def {xeMxl |the solution curve of f  passing through x
'‘runs into! pj
w*(p) de’{xaMxI ‘the solution curve oI‘Zt passing through x
'comes out of!' p

( 'runs into' p ('comes out of' p) means the following. II?Dx
is é solution curve of 7t passing through x then S}}gfx(s) = p
(glimp, (s) = p ))

Example of crucial importance for the construction of

A A A
Z:‘/T1(r',ﬁ,p)———> Wh, (7 M)

Let W{n+1 be the Buclidean space with the standard Riemannian
metric. Consider the one-parameter family

Ip: Rnﬂ R, (-1¢t41)

3
n+1” 049

2 .2 2 .2 2
(x1,.....,xn+1)|-—'> -X1-X2-....-Xi+Xi+1+....Xn+x

ana let Zt = gradft.
If we omit the first n coordinates this family has tne following

shape:’
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*n+1 *n+1 a b n+1

w0 t=0 >0
The origin (O,""O) a?ko,-..,O,-/—;;_-‘)
is a degenerate b= (o0, o J§3
.l.’ ’
critical point.
In this case the

origin is callea
birth-point. (If b is a non-degenerate

a is a non-degenerate
critical point of index i+1

we change the critical point of index i
direction of the

parameter t, the

origin is called

death-point.)

The graphic of Iy ¢

ct



The shape of the stable and unstable manifolds:

casel: t = o
W(o) = R}« oxixn+1£.o}

w¥(o) = oxmﬁ'ix {xn+12.é}

let d be a positive real number, and let Ld=f;1(d) be a level
surface above the critical point o and L_d=fg1(-d) pe a level
surface below the critical point o. Then

WQo)f\L_d‘z i-dimensional closed disc and

w*(o)r\'Ld ~ (n-i) - dimensional closea disc.

[Rn-i

er*(o)r\Ld xn+1
A
fa
A g
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case?2: t>0

W(b) = R xox{:xn+1 /;E
W) = oﬂRn- n+1’ /P}
w(a) = [Rxox{ z.;

W*(a) ; OX[Rn x{ n+1= ‘/‘f}

IT L = (o) is a level surface between a and b, then

an*('b)~sn -1 ana Tnw(a)ost,

n+1

4N

Law*(b)es?™1

InW(a)xst VYV

The important thing here

is that the two spheres
intersect transversely in
one point.




In the picture of case2 it is difficult to see what happens in
the level surrace above a and the level surface below b. Here 1s
another picture which makes it easier to understand the situation.

Think of S'x I with the height function. Then gradually deform

s1x I, but still think of the height function.

-

o

S1x I, height function

1. If L is a level above a, tnen

A(WFoIn1) = w(a)n L
2.‘If L is a 1eve1‘below b, then
- 2(W(a)n 1) = W(b)NL
3. It 'L is‘a level between a and b,

then

wia)nL = s, w¥(b)nL = 771,

index o

w(a)nw*(b)nL = {1 pOlntS

transverse
intersection
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