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81 Introductiun Recent progress of geometry and topology is'

heavily related to that of analysis. One of the most powerful tools
to study those areas is certainly the index theory of Atiyah-Singer,
which tells us a quite deep connection between elliptic differential
operators and topo]ogica] characteristics. Retaining their ideas,

Connesl2] initiated to construct an index theory of non—-commutative

manifolds whose special case is reduced to that of Atiyah-Singer.
The crutial conception of his new index theory is based on K-theory
of C*-algebras,whereas its real computation may be much harder than
that of its dual ingredient,namely cyclic cohomology. He actually
seemed to define it in order to understand K-theory more sharpiy. It
is a generalization of de Rham homology of smooth manifolds as well
as of Eilenberg-Maclane cohomology of groups. Succeedingly, Loday-
Quillen developed the theory of cyclic homology which may be a dual
notion of cyclic cohomology. In what follows, we only treat basic
properties of cyclic cohomology and state its application to the
index theory of foliated manifolds.

§2 Preliminaries Let M be a clased oriented smooth manifold

and denote by @M the C*-algebra generated by the set of all pseudsn

differential operators of order zero on Lz(ﬂ), Then @n contains the

C*-algebra @” of all compact operators on L2(N) as a closed ideal by
which the quotient algebra QM/@H is isomorphic to C(S* (M) ,the set
of all continuous functions on the cosphere bundle S*(M) over M. Let

0 be the symbol mapping from @M to C(S*(M)) and E@M] the canonical
_1_
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element in Ext(S* (M)),which is nothing but the K-homology Ki (S* (M)
of S*(M). Let.ch*,ch* be the Chern characters of K. (S* (M),K* (S* (M)
into Hy (S* (M) Q) ,HY (S* (M) ;@) respectively. Then chy (2,) is equal to
Td(S* (MMOALS* (M) J,uhere Td(+),[+] are Todd,fundamental classes of -
respectively., If M has a spinc structure, then‘ch*(ém) is equal to
Td(TCN)AEMJ. For a D in QH’ the analytic index indaD of D is the
pairing <ch*(aM(D)),ch*(E§M])> due to Atiyah—-Singer index theory.

The latter is nothing but <ch* (o (D))VTd(S* (M) ,[S*(MI>. Let s be

M
the zero section of S*(M) and s* the 1ifting homomorphism of s from
C(S* (M) to C(M. Denote by BN the composition uf'am and s*. If M
has a spin® structure, then indaD = <ch*(EM(D))de(TcN),CN]> for all
elliptic D in QM’ Atiyah-Singer index theory may be considered as
that of classical mechanics,or C*—a]gebbas of type I,which hardly
covers quantum mechanics,or C*-algebras of nontype I. However here
is a beautiful index theory of C*-algebras of nontype I, which was
initiated by Connes[2]. The basic ideas of his index theory are the
pairing of K-homology and K-cohomology of C*-algebras as well as the
Chern characters. Therefore one needs both notions of homology and
cohomology of C*-algebras, one of which was defined by Connes naming
as cyclic cohomology. After a while, a notion of cyclic homology was
defined by Loday—-Quillen. In what follows, we mainly discuss cyclic

cohomology to describe a pairing for K-theory of C*-algebras.

§3 Cyclic cohomology Let A be an algebra over €C and £ be an

A-bimodule. Denote by Cn(A,E) the set of all n-linear mappings from
n+l

[ )

n"A to & and define a coboundary mapping 8 from Cn(A,E) to C (A,B)

by (anT)(al,..,a
n+1

)

- noo_qyd
) = alT(a2,n,an+1)+ Zle( 1)T(a,..a.a v 03

n+1 1 JoJ+1 n+1i

+ (-1) T(al,..,an)an+1. Let H"(A,B) = Ker an/lm,an (n>0) be the
n~-Hochschild cohomology of A with S—coefficients. Let us now take B

b4
to be the dual space A of A equipped with an A-module structure by
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% *
(apb)(x) = ¢(bxa) for a,b,x in A and & in A . For any T in Cn(A,A )
put'r(ao,al,..,an) = T(al,..,an)(ao) for a.in A. Then it is a n+l -

J
z“*l( 1)d¢(a ..a a

n+1 0 JJ+l

). Obviously, T and T have the one—to—one carrespondence.

linear functional of A and (anr)(ao,..,a

-1
n+1

Suppose r(al,..,an,ao) = (—l)nr(ao,al,o.,an) for T with anr = 0,
then 77 = sgn(g)T for all cyclic permutation o of {0,1,..,n} .

Let » be a mapping on C"(A,A*) by pT = 3 _.sgnia)t’ uwhere I' is

gell
the set of all cyclic permutations of {0,1,..,n}. Put C;(A) = Im p,

n+l

Then an'p = 9‘8; where 6; is a mapping of Cn(A,A*) to C (A,AY) by

— n o, \J .
(8;1)(30,..,an+1) = ijo( 1) z(ao..a aJ+1..an+1). One easily checks

that {CE(A),B) is a subcomplex of (C"(A,A*),8)}. Let us define H;(A)
n _ .

by Ker(anICE )/Im(an_llcg~1 ) (n20). As an example, H,(€C) =C if n

is even, = 0 if n is odd , whereas Hn(t,t*) = 0 for all n21. Ue say

n _ . I -
HI(A) n—-cyclic cohomology of A, and put HI(A) = ano HZ(A)'

We next study n—dimensional cycles of algebras, namely let A be

an algebra over € (or a field F), d a graded derivation on a graded

n 2
ej=0

Q" to €. HMore precisely, @le @ c @1%V (0<i,j<n), dwo’) = (dolo* +
(19899447 , f 0w = (—1)d990d99w'f v’ , and f do =0 (e 0"y,

The triplet ( Q,d,f ) is called a n-cycle of A. Among all n—cycles

A—-algebra Q Qj with d° = 0, and f a closed graded trace from

of A, one may construct a universal one as follows. Let A; = A +C1

and 09 (a) = A1®(0 A) (j>1). Define a mapping d from @5 to @3*! by

=1
d((ao+ C1)0810'°‘08J) = chaOO-—'@aJ. Taking on QJdA) an A-module
* e J J 1 *
structure by ((ay+ cl)eae® eaj)a Z 0( 1 (ag+ clie..ea, EILE

Oajaa , one has a product on Q = GJZOQ (A) defined by w((ao+ cl)OaIG

1
algebra on which d is a gréded derivation satisfying (a0+ cl)d31°

“@aj) = (w(ao+ cl))®a 0'0033 + Under the product, Q is a graded

e LI i ‘j _-— ]
dajk— (a0+ cl)@ale @aj . For any T in ZI(A) Ker @ . 'CE(A), deflne‘

%((a0+ cl)ealeo-@aj) = t(ao,al,-o,aj) . Then T is a closed graded
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trace. Putting J = %7, one sees that r(ao,al,",aj) = j aodal'odaj .
The triple ( Q,d,f ) has a universal property in the sense that if

( Q’,d’,J’ ) is a n-cycle of A, then there is a graded homomorphism
z from Q to Q* such that n+d = d’x, I = J,'x. As an example,let M
be a smooth manifold and AT*(M) the Grassmann bundle of T*(M). Let

QJ be the set of all smooth sections of AJT*(N) (0£j<{dim M). For any
C in H(C®(M,C7 (M), namely a closed current of M with k-dimension
(0<k<dim M), one defines Q(k) = GJEO k
Then ( Q(k),d,[ ) is a k-cycle of C UD.

QY and j w = <0,0> (0 e oK.

Let ( Q,d,j ) be a n—cycle of an algebra A and p a homomorphism

from A to QO. For T € CE(A), it is called a character for the cycle

and ¢ if T(ao,a1,°~,an) = f p(ao)dp(al)o'odp(an) « Denote by BE(A)
the image of 8n_1|p;—1 « Then one has the following observation:
Observation 1. For 7 « c"*1¢A,L), i) 7 ¢ 20¢A) if and only if
T is a character for a n-cycle, and (ii) T € BE(A) if andkonly if t
is a character for a vanishing n—cycle where '"vanishing'" means that

H@% = 0 for all nd0.

Let A,B be two algebras over € and Q(A),Q(B),Q(AB) the univer-

sal graded algebras of A,B,AMB respectively. Then there is a graded

homomorphism & from Q(A@B) to Q(AX®Q(B) such that dAOB = (dAG dB)ox,
jAQB = <IA ® JB)-x . One defines a mapping # from H (A) x HI(B) to
H2+m<AoB) by [OI#[¢] = [(P8¢)x] (@ € 02<A>,¢ e C?(B)). Then it is

a bilinear mapping, and [¢1I#Ll¢¢] is called the cup product of [®1 and

[¢l. As an example, let q(l,l,l) = 2xi. As o is in Z%(C), putting

o" = #]_o, it follous that Hy'(C) = Clo and H§d<m> = 0, so that
H}(m) = CLol. Let us take a mapping S’ from Z;(A) to 22+2(A) by
s A — - . n n+2 _ p*S’
S’ = o#¢d = d#o, and a mapping S from Cl(A) to Cl (A) by S = =3 °
. ‘ . _ n s o = h+tl o~
Observation 2. (1) § =8 on Z;(A) , (1i) 9 . »*S = (353 59
(iii) For any ¢ € C;(A), there exists a ¢ « c2+1(A> such that
S = an+lw .



Let A be a unital algebra over € and Tr the canonical trace of
the C*-algebra of all compact operators on a countably infinite
dimensional Hilbert space. We now consider a pairing between K, (A)

and H}(A) as follows:

(D {[el,[d1> = (2xi)—m(m!)—1(¢#Tr)(e,e,°",e)

for all e in Proj Mk(A) and ¢ in me
2m—i
(m—1)!

(A) and ¢ in Z

(AY, and

(22i) M#Ttr) (u -1, 01,0 -1, 0 00 ,u-1)

2m—1
k A

Observation 3. The pairing (1) determines a bilinear mapping

(1D <Cul,[¢d> =

for a1l u in GL (A,

from KO(A)XHEV(A) to € such that <[el,[S¢1> = <[el,[¢1> for all e
2m

in Proj Mk(A), ¢ in Zl (A). The pairing (II) determines a bilinear

mapping from KI(A)xH;d(A) to € such that <Lul,CS¢1> = <CLul,[¢1> for

2m-1
1 ' P

The cyclic cohomology H*(A) of A is defined by HE(A)QH*(G} C.

A

As H3(C) = Clo] and S¢ = ¢#o for ¢ in 22<A>, we then verify that

H}(A) is the inductive limit lim (H;(A),S) of {HQ(A),S} .

Observation 4. The pairing (I) ( resp.{(I1)) in Observation 3

all u in GLk(A), ¢ in Z (Ad.

can be extended from KO<A>xHeV(A>~< resp. K, (A)xH%9¢A)) to € .

1
Let ¢ Q,d,f } be a n—cycle of A and # a homomorphism from A to

QO. For any finite projective A-module 8, we define a connection V

on 2 by a linear mabping V from E to EQAQ1 with the property that

V€a) = (V€)a + £edp(a)
for all € in 8 and a in A. Then it implies that there is a bounded
AQ such that
Vi¢ew) = (VE)w + tedw

linear operator V on 2@

for all € in E and @ in Q. Using the operator, we can find a cycle
( Q’,d’,J’ ) of EndA(E). In fact, let 8 = EndQ(EOAp), and define a
graded derivation ¥ on @ by Q(T) = 9T - (—i)kTV for all T in Q@ with

deg T = k. Moreover as EndQ(EGAQ) = (e®1)mn(A®AQ)(e01) for some e

-5 —



in Proj Mn(A)’ putting ] T = ¢ j ® Tr )T, we easily see that

2
] J(T) = O for all T in § with deg T = n-1. Let us take 8§ = V-,

Then (E)Z(T) =[§,T1 (T € &, and <[E1,L71> = (m!)“1 I @/s2ni)"

kr € me(A)). Define a new graded algebra Q* by the following way:.

Q = gt wlzv + Vw21 +Vw22V | ;€ 3y

= = ’ ] i . = o [::] LA .
a (wi.), b (wij) implies a*b (le)(I 3)(w1J)

‘It is clear thatrﬁ CQ’*. Let d’ be the graded derivation on Q’ with

2

(d?)° = 0 determined by d* = 2d on § and d’ (V) = 0. A closed graded

trace f’ of EndA(E) is obtained by

- 4y degw,  +1 J
j’(w11+ wlzv + Vo,,+ Vo,,V) = ]_wll + (-1) 11 0227 .

21 22
One can show that given any T in Z;(EndA(E)), L1 € H;(EndA(E)) is
totally independent of the choice of V.

Observation 5. Let A and B be algebras aver €. Suppose they

are Morita equivalent, then H}(A) is isomorphic to HE(B),»thereFore

so is it for H*(A) and H*(B).

Observation 6. If A is an abelian algebra over €, then HE(A)

and H* (A) are KO(A)—modules.
As an example,let A = CT (M) and Q,d,J ) the canonical de Rham
n-cycle of A. Given a complex vector bundle E over M, the set B of

all smooth sections of E becomes a finite projective A-module. Let

and 8 the curvature tensor of V.

n

V be the canonical connection on

Dencte by @) € Q2k(M) the 2k—-component of chlE] with respect to V.

It is given as follows:

o, = (71 Trr@/221)%2 ¢ 0<k<En/23 ).
n—2k

Let us take w, in Z}  ““(A) defined by

wk(fo,fl,"°,fn_2k) = J' 'FO d'Fl A, d'Fn_2kA (Dk

for fj in A. Then tE = Zk Skzk‘belongs to ZE(A), and HE(A) has a
KO(A)~modu1e structure equipped with (LEJ,Lt])e KO(A)xHE(A)—é [TEJG

%
HZ(A)°



In what follows, we clarify the relation between Hochschild
cohomology and cyclic cohomology. Let A be an algebra over €. As we
have seen before, ( CE(A),an ) is a subcomplex of ( Cn(A,A*),an Y

Let us consider the following exact sequence?

0 —— cch) L, chea,ar) - Cn(A,A*)/CE(A) -— 0 .
Then we have the relation between H¥(+,+) and HE(-) as follows:
0 -— HYcA) I T Rk HO cOca oy /scfary -5 Wl it
Hlca,an) -5 Hicclaa, el -5 i o WA i3
HY (A, a0y 35 HY(c"ca,a%) /cT Ay -2 W2 LA AL,
where Hn(Cn(A,A*)/Cg(A)) are the n-cohomologies of {Cn(A,A*)/C;(A)}.
Observation 7. H"(C“(A,A*)/CQ(AQ) = Hg_l(A) (n>0) .

Let I = i* and B = q*

P°Bo where
(BO¢)(a0,‘-~,an) = ¢(1,ao,"',an) - (—1)n+1¢(a0,~",an,1)
for all & in cC"1¢a,A*). As SBY = 2nin(n+1)d & for ¢ in C"(A,A"),

we have the following observations:

1 B -1 S n+1(

Observation 8. —— HE(A) -3 HYa,a") -2 HQ (A) =2 HI" (A
L yrtlea,a JBs

Ovservation 9. H* (A) = Q* (A)® C .

Q* (C)
As examples, we exhibit two cases for A = c” (M) and AZ. Let M

be a compact smooth manifold with its Euler number e(M) = 0O, and Ek
Krw
c
from MxM to M. Consider a section X(a,b) of Eq such that

the pull back bundle of A (M) by the secondly directed projection
(i) Xta,b) = exp;1<a> For (a,b) € U, and
(ii) X(a,b) # O if a# b,
where U(AM) is a heighbnrhund of the diagonal AN of M. Let ix be the
) to C”(MxM,E

contraction with X from Cm(MxM,E ) defined by

k+1 k
. LI = ~ ~ PO N . * .
1y (F) (X a X X ) = FOXa X, X)X TR )
Then { Cm(MxN),Cm(MxH,Ek); iy } is a projective resolution of .
) 4

We next see that H(CT(M),C (M*) is the set of all de Rham currents



of Mwith dimension k and I‘B = aDR is the de Rham boundary mapping
for currents. We finally show the following observations:
, k
Observation 10. Hl Ker aDR ® ( ejzl H
Observation 11. H* (CC(M)) = H, (M,C)

(cC (M) ;e

k-2

DR '
Let us take two unitaries u,v with uv = 919 vu (8 ¢ @), and éj

(j=1,2) the derivations on C[Lu,v]] with the property that

Bl(u) = iu , 61

® © n.m ’
Let Ag = nn,mzo Dnm(é1 62) be the Schwartz algebra of CLLu,v1]l. Then

we have the following observations:

(v) =0, dz(v) = iv , and 62(u) =0 .

Observation 12. If 86 ¢ @, then we have that
0 2

(i) H (A;,A;*) =C , (i) HJ(AZ,A;*) = C% (j=1) or € (j=2)

for 8 with Diophantus approximation property, and

N HJ(A;,AZ*) =C° (j=1) or C° (j=2)

for 8 without the property.

(ii)

Observation 13. If 8 € 3, then we have that

H (ag,a5%) = €7 (j=0,1,2).
In contrast with Hochschild cohomology, the cyclic cohomologies of
A; are all finite dimensional C-linear spaces. The precise data is
the following: |

Observation 14. If @ ¢ O, then we have that

(i) Hf(AZ) =€, and (D) HYAp = Hnd(A;) - ¢2,
Let us consider the pairing <+,+> from KO(A;)xHeV(AZ) to C defined
before. Then we obtain the following observation:

Observation 15. (i) (K[113,8t> =1, KLpl,STt> = 6, and (ii)
<[11,¢> = 0 , <KCpl,d> =1 where T is the canonical tracé of AZ and
® is the 2-cyclic cocycle of A; defined by

¢(ao,al,32) = r(ao(él(al)62(32) - 62(31)61(82))) .

§4 Index formulas In this section, we treat the Connes index

formulas for foliated manifolds. Let (M,F) be a smooth foliated

manifolds and G its holonomy groupoid. Let F®F be the foliation of

- 8 —
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172 the half density bundle over G tangential

172

G associated to F and Q

to F8F. Consider the set A; of all smooth sections of @ with

*

compact supports. Then it is a "—algebra over € equipped with

(fog)(7) = F('rl)g(rz)

e,
f*(r) = £¢7r ) .

Let us take the completion C:(M,F) of A; with respect to the C*-norm

given by

Hfk = s Hxx(F)H

uprN

*

Wwhere R is the "—-representation of A; on the Hilbert space Hx of

all L%-sections of 172

over G, = { 7€ G| the support of 7 = x }
defined by

(RX(F)E)(T) = F(TI)E(Tl) ( f e AF ; £ € Hx ).

J'T-—-T 7
1°2
Let BG be the classifying space af G and EG the total space of the
universal G-bundle over BG. Let v* the dual bundle of the normal
bundle v of F and T the vector bundlie over BG with its fiber v*. Ue

denote by H;(BG) the cohomology of the Thom space Bt/St of 7.

from H* (A>) to

Observation 1. There exists an isomorphism lm 2 (A

b
H (BGY®,C .

Z
Let D be a differential operator of M with the property that it is

elliptic along F. Then we can define an analytical index Ind D of D

as an element in K(Ae) by the following way:

IndaD = [Ker D1 - [Coker D3]

©

where [Ker DJ,LCoker D] are viewed as AF modules. Let ch(D) be the
Chern character of the symbol o(D) of D in H;(BG)GZQ . Then we have
the following index formula for (M,F):

Theorem 2. <IndaD,¢> = <1M(¢)~Td(Fm)-ch(D),[H]> for all @

3 * @ »
in HX(AF) where Td(Fm) is the Todd class of FC

mental class of M.

and [M] the funda-

Let (M,F) be a foliated manifold with codim F = q and qu the

Haefliger Fq~structure. Let Bx be the classifying mapping of BG to

- 9 —
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the 1ifting of Bx from HQ(Fq,R) to H*(BG,R). Let KQ(N,F) be the

geometric K-theory and ch the Chern character from Kg(M,F) to HE(BG)

qu. Denote by H*(Fq,R) the Gelfand-Fuchs cohomology of Fq, and Bx*

ruhere T = (EGxv*)/G. There exists an isomorphism & from HE(BG) to
He (BG). Let R be the image of Hﬁ(Fq,R) under Bx*. Then we have
another index formula as follous:

Theorem 3. Given any x in R, there exists an additive mapping
¢x from Ka(M,F) to € such that |

¢x(u(y)) = < ®(ch(y),x > »
for all y in Kg(M,F), where Ka(M,F) = K(C:(M,F)) is the analytic
K—-theory and # the K-index mapping from Kg(M,F) to Ka(M,F).

Let pj(u) the j-Pontryagin class of v, cj(f) the j—Chern class
of a holomorphic equivariant bundle § over M, and ¢ the canonical
morphism from HZ(Fq,R) to H*(M,C). Let R’ be the subring of H*(M,C)
generated by pj(v),cj(§) and Im p. Using Theorem 3, we canvveriFy
an version of Gromov-Lawson conjecture for foliated manifolds:

Theorem 4. Let (M,F) be a closed oriented foliated manifold.
Suppose F has a spin structure with positive scalar curvafure, then

< AR w,[M1 > =0
for all @ in R’, where A(F) is the A-class of F.
As a corollary, we have the following:

Corollary 5. If M is a closed qriented manifold with A(M) # O,
then there exists no spinnable foliation whose scalar curvature is
positive. |

Remark. If F = T{M), the above corollary is the theorem due to

Lichnerowicz.
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