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A note on Schmidt's built-up systems of fundamental sequences

Noriva Kadota  and Kiwamu Aoyama

I 2 ¥ u R
Introduction. Let <Fa>ueA be a transfinite sequence of number

theoretic functions indexed by an initial segment A of the
second number class which satisfies the following conditions:
(a) FO is strictly increasing,

(b) if Fa is strictly increasing, F is also strictly

o+l

(0) and Fa(x) < F {x) for 0 < x < w,

increasing, F (0) < F _, o+

(c) Fa(x) = F (x) if ¢ is a limit ordinal, where <a[x]>X<

olx] ®

is a fundamental sequence for «o.

Schmidt[31 introduced the concept of built-up systems of
fundamental sequences, and showed thét. for the above sequence
<Fa>aeA, each Fa is strictly increasing if the system of
fundamental sequences used is built-up. However there are some
standard systems of fundamental sequences in literatures, e.g.
Ketonen and Solovay[1ll, which are not built-up in Schmidt's
sense, but which determine a sequence of strictly increasing
functions. |

The purpose of this note is to extend the concept of
built-up systems.so that it can be applicable to wider classes
of systems of sequences of ordinals. |

In §1 we define (n)-built-up systems and quasi-(n)-built-up
systems of sequences of ordinals. In §2 we show a theorem on a

relation between (n)—built—up systems and <Fa> which

oEA’
corresponds to Theorem 1 in [3]1, and a theorem on a relation
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petween quasi-(n)-built-up systems and a sequence of number

theoretic functions <Ha> In §3, we give an example of

0EA”
(1)-built-up system of fundamental sequences for FO. Finally, in
§4, we extend the results in Schmidt(4], by using quasi-(n)-
built-up systems of sequences of ordinals.

Authors would like to express their deep thanks to Prof. H.
Ono for valuable discussions, Prof. A. Nakamura for

encouragement on this work, Prof. T. Uesu and Dr. T. Arai for

helpful comments.

8§1. Preliminaries

Let A be an initial segment éf second number class. We will
use Greek letters a, 8, v, ... for ordinal numbers in A. Let
P:A — A® be an assignment of sequences of ordinals for A. Ve
shall write alil for (P(a))(i) whenever ¢ € A and i < o.

If P satisfies the following conditions (A)-(C):

0 and i < o,

(A) alil 0 if «o

(B) «lil 8 ifoaa=8+1and i < o,
(C) a¢[il < ¢ if oo is a limit ordinal and i < o,

then we call P a system of sequences of ordinals for A.

Moreover, if a system P of sequences of ordinals satisfies the
following conditions (C)+,(D):
(C)+ oali]l] < ali+1] < ¢ if o is a limit ordinal and i < o,
(D) 1limoalil = o if oo is a limit ordinal,
i<w _
then we call P a system of fundamental sequences for A.

In the fbllowing, we assume P is a system of sequences of
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ordinals.

Definition 1.1. Let P be a system of sequences of ordinals for
1 R

A. For each n < o, o T ";? are defined as follows:
(1) « —%» 8 iff 0 < o and olnl = 8,
(2) o —E» g iff there is a sequence 70,...,yj (0< j<w) such

_ 1 L, .
= § and Yi o Vil (0<i<j),

that YU = o, V. H

J
(3) o =§$ g8 iff o - 8 or ¢ = B.

For each n < o, P is (n)-built-up ( and quasi-(n)-built-up )}, if

oli+l] —Ea oafil ( and a[1+1] =§$ olil, respectively ) for each

limit ordinal and each i < o.

Built-up systems in Schmidt's sensel[3] is the same as
(0)-built-up systems of fundamental sequences in our sense.
Ketonen and Solovayll]l introduced the relation - for studying
a standard system of fundamental sequences for ordinals up to €q-
Their system is (1)-built-up but not (0)-built-up (cf.Theorem

2.4 of [11).

Proposition 1.1. LLet P be quasi-(s)-built-up. If s < m, n<n

and o - B, then o - B.

(Proof) By induction on a. Case 1. oo = 0. This case is trivial
because 1(0 - ). Case 2. o=y+l. If a — B, then y =§$ 8. So

n

=7+l —%ﬁ Y and ¥ =ﬁ$ 8 by ind. hyp. So o - 8. Case 3. o is
limit. If o« 8 then alnl =ﬁ$ 8. Because‘Pris quasi-

(s)-built-up, olml =§$ ocfnl. By ind. hyp., olml =ﬁé olnl and
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. 1 ,
olnl =ﬁ$ 8. So, o -5 om] =§> olinl =E$ 8.

Corollary 1.2. Let n < m. If P is (n)-built-up ( and quasi-{(n)-

pbuilt-up ), then P is (m)-built-up ( and quasi-(m)-built-up,

respectively ).

§2. (n)-built-up systems and hierarchies of number theoretic

functions

We say that a function F:e — ® is strictly increasing

after n if F(x) < F(x+1) for n £ x < o.
Let P be a system of sequences of ordinals for A. Suppose

that <Fa>aeA is any sequence of number theoretic functions

satisfying the following conditions for n < .
(a)n FD is strictly increasing after n.
(b)n If Fa is strictly increasing after n, then

Fy4p 1S also strinctly increasing after n,

Fa(n) < Fa+1(n), and Fa(x) < F (x) for n < x € o.

o+l

(c) Fa(x) = F

n (x) for n £ x < o, if oo is limit.

olx]
Remark that conditions (a)o, (b)0 and (c)0 are the same as (a),

(b) and (c¢) in Introduction.

Example 1. Let the fast growing hierarchy <Fa>aeA define by

- o X+l i .
Fo(x) = X+1, Fa+1(x) = Fa {(x), where Fa is defined by
0 ~ i+1 ol
Fa(x)—x, Fa (x)-Fa(Fa(x)),

Fa(x) = Fa[x](X) if ¢ is limit.

Then <F_>

o €A satisfies (a)n, (b)n and (c)n.
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Theorem 2.1. If <Fa>aeA satisfies conditions (a)h, (b’)n and

(CJn, then the following hold for each o, 8 € A.

(1) o -Ee 8 implies FB(n) < Fa(n).
(2) If P'is (n+1)-built-up, then
(2.1) Fa is strictly increasing after n,
(2.2) o —» B implies FB(S) < F (s), Fg(x) < F (x)
for s < x < @, where s = max( n+l, m ).
Moreover, if P is (n)-built-up and m < n, then. ¢ — 8

m
implies Fs(n) < Fa(n), FB(n+I) < Fa(n+1).

(Proof) By induction on o. Case 1. o = 0. (1) holds because

10 ™ B). (2.1) is (a)n, (2.2) holds because 1(0 - B).

Case 2. a=y+l., (1) If o - 8 then vy =§$ 8. FB(n) < Fy(n) <
Fa(n) by ind.hyp. and (b)n.'(2.1) Since FY is strictly
increasing after n, by ind. hyp., so is Fa by (b)n. (2.2) Assume
o 8. Then v =ﬁé B. If 8 = y, (2.2) holds by (b)n. Hence, by
ind. hyp. (2.2) holds for all « - 8.

Case 3. o is limit. (1) If o — B then olnl =§$ 8. So

FB(n) < Fa[n](n) = Fa(n) by (1) of ind. hyp.
(2) Let P be (n+l)-built-up. (2.1) For n < x < o, alx+1] e
«[x]1. So, |
Fa(x+1) ='Fa[x+1](x+l) = Fa[X](x+1)' by (2.2) of ind.hyp.
> Fa[x](X) by (2.1) of ind.hyp.-
= Fa(x).

(2.2) If o - 8 then oilml =E$ 8. Let s = max{(n+1,m). Then

FB(S) < Fo:[m] ols]

by olm] =§§T$ sl and ind.hyp.

(s) £ F (s) = Fu(S)



Fatx) < Fa[m](X) < Fa[x](X) = Fd(x)
for s < X < ® by alx] ETT* olml, and ind.hyp. Moreover if P is

(n)-built-up and m £ n, then alnl =ﬁ$ oaim]l and aln+1] - oalml,

FB(n) < Fa[mj(n) < Fa[n](n) = Fa(n),

FB(n+l) < F {n+1) < F (n+1) = Fa(n+l), by ind.hyp.

olm]l aln+l]

o €A
(a)o,(b)0 and (c)0 ), and P is (1)-built-up, then for each o, F

Corollary 2.2. If <F > satisfies (a),(b) and (c) ( i.e.

o
is strictly increasing.

Next, we will introduce another hierarchies <Ha>a€A of

number theoretic functions which>is constructed by the same way

as <F_ > except (c)n ( i.e. Fa(x) = F (x) if ¢ is a limit

o €A
ordinal ).

oalx]

We fix a system P of sequences of ordinals for A, and a
function f:0 — © which satisfies n < f(n) and f(x) < f(x+1)
for n < x < o ( e.g.'f(x) =X + 1.

Suprpose <Ha>aeA is any sequence of number theoretic

'functions satisfying the following conditions for n.

W
(a)n and (b)n are the same as the caselof <Fa>aEA’
* _ . . Lo
(c)n Ha(x) = Ha[x](f(x)) for n £ x < o, if ¢ is limit.

Example 2. Let the Hardy hierarchy <Ha>aeA define by

(x+1) if ¢ > 0.

HO(x) = X, Ha(x) = Ha[x]

* .
Then <Ha>aeA satisfies (a)n. (b)n and (c)n ( where we take x+1

as f(x) ).
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We can prove a theorem which is a relation between
quasi-(n)-built-up systems and <Ha>aeA‘

. (b)n and

Theorem 2.3, If <Ha>aeA satisfies conditions (a)n
(c); and P is quasi-(f(n+1))-built-up, then for each o € A,
(1) Ha is strictly increasing after n,
(2) o —> B8 implies Hg (x) < H (x) for max(n+l,m) < X < o.
In addition, « - B implies HB(n) < Ha(n).
Moreover, if P is quasi-(f(n))-built-up and m < n, then
@ — 8 implies Hs(n) < H,(n).
(Proof) By induction on o. Assume that P is quasi-(f(n+1))-
built-up. Case 1. «a=0. (1) is (a)n. (2) holds because 1(0 —E*B)'
Case 2. a=y+l. (1) Since HY is strictly increasing after n by
ind.hyp., so is H, by (b) . (2) Assume a —— 8. Then 7 = 6. If
B = ¥, (2) holds by (b)n. Hence, by ind. hyp., (2) holds for all

a — B.
— B

Case 3. o is limit. (1) For n < x < o, alx+1]1 =FgFry> «0XI,
f(n+l) < f(x+1),

= ind.hyp.
Ha(x+1) Ha[x+1](f(x+1)) 2 Ha[x](f(X+l)) by (2) of in yp
of ind.hyp.
> Ha[x}(f(X)) by (1)
= Ha(x).

(2) If « —;ﬁ 8 then olml =E$ 8. For max(n+i,m) < x < o, by ind.
hyp. and olx] =§T§§T§$ alml, f(n+l) < f(x), sO

= ).
HB(X) < Ha (x) < H (f(x)) < H (f(x)) Ha(x

[m] oalml alx]
If o - B then aln] =§$ 8. By ind. hyp.,

HB(n) < H (n) < H (f(n)) = Ha(n).

oaln] alnl

-7 -
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Moreover if P is quasi-(f(n))-built-up, o —Eé g and and m < n

then olml =ﬁ$ 8 and olnl =??ﬁ§$ olml, by ind. hyp.,

HB(n) < Ha[m](n) < Ha (f(nm)) < Ha (f(n)) = Ha(n)'

{m] [nl

§3. A (1)-built-up system of fundamental sequences for FO.

We give a system P of fundamental sequences for FO ( for
details about FO see Schuttel51 ), by modifying the system in §3
of Schmidt[3]. If we restrict P to ordinals below 80"P
corresponds to a standard system of fundamental sequences below
€ ( e.g. Ketonen and SolovayLI] ). Then we can pfove that P is
(1)-built-up (cf.Theorem 2.4 in [11).

All ordinals below FO can bé generated from 0 by the two
functions v and k defined by

vie, B) = 0% + B,

k(0, B) = Bg = the B-th inaccessible of v,
for vy > 0, k(y, B) = the B~-th ordinal which is inaccessible for
all xd.x(a, 3&) such that o < 7.

If v < FU, Y is a limit ordinal, then there is exactly one

2

pair (o, B) € FO and one p € {x, v} such that o, 8 < v'and Y =

ploe, B). We will write v = pla,8) ( p(xx,B) is the normal form

nf
of v ). We define a system P of fundamental sequences for all

limit ordinals vy < T'; by induction on y;

0 |
(1) v =nf vi, B) = o* + 8. 8 is not a successor, o is not 0.
(1.1) If ¥ = 'Y, then yril = { @°-(i+1) if & 2 £
02 if 5 < g

(1.2) 1f ¥ = 0%, « is limit, then yCil = o*[11,
o* + 8, B8 is limit, then yrfil = 0% + B[i1l.

(1.3) If vy

- 8 -
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(2) y =nf k(o,B8). |
(2.1) If y = x(x,8), 8 is limit, then v[il = x(«,8L[i]).
(2.2) 1f ¥ = (0,00 = €;, then y[0] = @, ¥[i+1] = o''!]
(2.3) 1f ¥ = k(0,n+1) = €, then (0] = g +1, vli+1] = NALEN
(2.4) If y = x(8+1,0), then y[0]1 = x(8,0), yLi+1] = x(&,y[il).
(2.5) If y = x(3+1,n+1), then
Yi0l = x(8+1,0)+1, yLi+l1l = x(8,y[il).
(2.6) If ¥ = k(at,0), o is limit, then y{il = k(x[il,0).
(2.7) If y = x(u,nfl), o is limit, then y[il = x(afil,k(o,n)+1).

Theorem 3.1. P is a (l)-built-up'system of fundamental

sequences for ro.

Lemma 3.2. Let m < v and «, 8, v, ¢, v < I',.

0

(1) 1f o% + g8 > 8 and 8 1 v, then o%-m + 8 —Ta ®

a-m +Y.

(2) For each o such that 1 < a, o —T» 1.

(3) If o - 8 and there is no ¥ such that o =T$ ey 1T 8, then
o 8

0w — 0 .

1

(4) If"B‘—Ta ¥ and there is no 8 such that 8 =T$ k(o+l,8) -T9 Y,

then x(a,B) -1 k(ot,y).

(5) If o ‘T* 8, then k(«,0) — x(8,0).

(6) If o T B, ¢« < ¢ and ¥ = x(o,t) for some t, then

Klo,y+1) - K(B,y+1).

(7) Let o« be limit, o =af plo,t), n < T Then either the

0"
following condition (a) or (b) holds.
(a) there is an m such that all of the alil for m:< i are in

the range of x&.x(n,&).



(b) there is a & < FO such that k(n,€) < olil < x(n,€+1) for

all i or alil < x(n,0) for all i < .

(Proof) (1) For m = 1, by induction on 8. For m > 1, by
induction on m. (2),(3) By induction on o¢. (4) By induction on o
with subsidiary induction on 8. (5),(6) By induction on/a. (7) |

By induction on a; if p = v then (b) holds.

(Proof of Theorem 3.1) By induction on vy, we will show that
yIi+11 — yIi1. | |
(1.1) y=0®*!. By Lemma 3.2(2), yLi+11=y[il+e® = vLil+l—yLil.

(1.2) y=o%, o is limit. By Lemma 3.2(3)(7) and ind.hyp.,

wa[i+l] 1' 10 y[il.

(1.3) y=0%+8, 8 is limit. By Lemma 3.2(1) and ind.hyp.,

yLi+1]l =

yLi+11 = oX+BLi+1] - o*+8Li1 = yril.

(2.1) y=x(a,B),8 is limit. yl[il=x(x,B8L[il). Now (a) of Lemma

3.2(7) cannot hold for 8 = k(a+l,t). ( For then y = lim vLil

_ i<

= lim x(x,BL[il) = 1im B[i] = B8, it is contradiction. ) Hence (b)
i<o i<o '

must hold. Therefore by Lemma 3.2(4) and ind.hyp.,

nf

yLi+11 = k(a,801+11) — x(o, 811 = ¥Lil.

(2.2) Y=80. By Lemma 3.2(3) and induction on i,

v[11 = ® — o = y[01, y[i+2] = eV L1+11] - AR T e

g +1 g

(2.3) y=g By Lemma 3.2(2), y[1] = @ " - N.2 > gt =

n+1°
y[01. By Lemma 3.2(3) and induction on i,

W? T+, r0i

(2.4) y=x(8+1,0). y[01=x(3,0), yl[i+11=x(8,y[il). Now ¥[il <

yLi+2] = = yLi+l].

- 10 -
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k(8+1,0). By Lemma 3.2(4) and induction on i,
Y11l = x(8,yL01) —Tﬁ k(&d,0) = y[01],

yLi+2] = x(8,yli+l]) —Té k(d,ylil) = ylLi+l].

(2.5) y=x(d+1,n+1). By Lemma 3.2(68), y[1]1 = k(8,k(d8+1,p)+1) =T$
k(0,k(d+1,n))+1 - wx(5+1,n)+1

—d

1
*2 = k(8+1,n)+1 = yL0I. Now k(8+1,n) < vlil <

K(0,k(3+1,n)+1) T e
mx(5+1,n)
k(d+1,n+1). By Lemma 3.2(4) and induction on i,

yLi+2] = x(3,yLi+1]) 1T k(d,yLil) = yLi+l].
(2.6) v=x(a,0), ¢ is limit. By Lemma 3.2(5),

yLi+ll]l = x(xli+11,0) T k(x[il,0) = pylil.
(2.7) v=x(at,n+l), ¢ is limit. By Lemma 3.2(6) and ind.hyp.,

~vLi+1] = k(ali+l1d,x(ot,n)+1) —— k(alil,x(e,n)+1) = vlil.

1

83. (n)-built-upness and Bachmann's property Blnl

In this section, we extend the theorems in Schmidt[4] by
using (n)-built-up system. In the following, we assume that P is

a system of fundamental sequences for A.

Definition 4.1. P has property BInl iff if alil < p < ali+i]

then alil < pinl for each limit ¢« € A, 1 < & and p € A.

Theorem 4.1. P has property BInl iff P is (n)-built-up.

(Proof) Let P have BInl, o € A be limit. Then for alil < pa £
«li+11, u — «lil by ind. on u, in particular, ali+1] — «lil.
Let P be (n)-built-up, ¢ € A be limit and a[i] < u < ali+ll. We

define <ay >, - inductively as follows: o, = ali+ll],

-1,1—



Uy = { n if o = u,
(ak)tjl if ak is 1imit > p, where j is the least

such that (ak)[J] >u,
| 8 if 0, =8 + 1.
Because P is (n)-built-up, we can prove oo =2 g and “k —Ha oxlil]l by
ind. on k. Then <ak>k<é is non-ascending sequence, hence there

is an m < o such that o, = u for k =2 m. Hence p —> alil, in

particular, olil £ plnl.

Theorem 4.2. For any n < o, there is no assignment of

fundamental sequences with property Binl for the whole of the

second number class.

(Proof) Let Q be the first uncountable ordinal. Assume there is
such a system for fixed n < ow. Then axx.alnl is a regressiVe
function ( i.e. alnl < o for 0 < & < Q ). and therefore there is
an A ¢ Q of order type Q and é B € Q such that alnl = B for all
oo € A (cf. Levyl2]). Let {ai: i < 0o} be the first o elements of

A, oo = 1lim ai and <oz[i]>i<‘o be the fundamental sequence for «o.
n<e

Since ¢ > 8, there is an i < ® such that 8 < oalil < a. Let m €
be the number such that alil < o < o, and p be the greatest

number such that alpl < am. Then alpl < am < oaip+l1l, so 8 < oalpl

< am[n]. But am[n] = B because am € A. Contradiction.

Finally, we define properties A and CI[nl] to extend Remark of

[4]1 as follows:

- 12 -
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P has property A iff if 8 < o« < A, then « —Ea 8 for some n-< w.

P has property CInl iff if <Fa> is a sequence of number

oA
theoretic functions satisfies the properties (a)n, (b)n and (c),
and 8 < v € A, then FB is dominated by FY ( i.e. there is an m
such that for all n = m, FB(n) < Fy(n) ).

We can prove the following theorem which is an extension of

Remark of [41.

Theorem 4.3. If P is (n)-built-up for some n < o, then P has

properties A and CInl.

(Proof) Assume P is (n)-built-up. First we prove that P has A by
ind. on . Case 1. o« = 0. Trivial. Case 2. aa = v + 1. 7 =ﬁ$ 8

for some m < ® by ind. hyp. Then « - v =E$ g. Case 3. a is

limit. o¢[il > 8 for some i. Then alil —Ea 8 for some kK by ind.-’

hyp. Let r = max(n,K,i). By using Proposition 1.1, « - olrl
=?$ alil - 8. Next we prove that P has CInl. Because P has A,
Y 8 for some r. If we put m = max(n,r)+1, then by Theorem
1.3, Fg(x) < Fu(x) for m £ x < o.
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