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Combinatorics on PKA
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It is known that if PKA has the partition property, then « is
A-ineffable. ( Magidor [2] ) We shall discuss the converse direction

under the existence of stationary codings.

Definition. Let XCPKA = .{xc.X:\ Ix]<‘|<}.‘
(1) We call a function F:{(x,y): %, y€X and xgy}l—>2 a partition
of X. He X 1is homogeneous‘ for F if there is a’ k<2 so that FQ(x,y))
= 'k for every x, y in H with xgy.
(ii) X has the partition property ( Parf*(X)) if every parfition of
X has a stationary homogeneous set.
(iii) X is A-ineffable if for any f:X—*PK)\ with f(x)<« x for every
x € X there is an A< ) so that {xe€X: f(x) = xn A} is stationary.
(iv) Let t:A—P(X). t' is a fliﬁ of t if tf(u) = t(a) or X-t(a)
for all a<A. A
(v) X has the flipping property if ever’yi t:A—¥ P(X) has \as‘flip t! So
that 4,t'(a) = {xeX: xet'(a) for all'dex}is stationdvy.
(vi) X has a stationary coding if X is stationary and there is a

injective c:X—) such that c(x) € y whenever XgVy.
Lemma ( DiPrisco, Zwicker [1] ). (iii) and (v) are equivalent.

Combining the flipping property and SC( stationary coding ),

we get;
Proposition. If X is A-ineffable with SC, then Part*(X).
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>roof . Suppose that X is A-ineffable and c:X—) is a stationary
oding. For a partition F of X, we define t:X\—>P(X) as follows.
| {2: F(c-l(d),i) =‘I}’if o & range(c)
t(a) =°
X otherwise

Since X has the flipping property, there is a flip t' of t so that
OLQ)\t‘(OL) = S is stationary. |

Let S; = {x€S: t'(c(x)) = t(c(x))} and S, = S-S;. Either S,
or S; is stationary.

We shall show that both of them are homogeneous for F.

Suppose that xg¢ye€ S;. Since c(x)e€ y and y€ S, y€ t'(c(x)) =
t(c(x)). Hence F(x,y) = 1.

If xgy€Ss, yet'(c(x)) = X-t(e(x)). Thus F(x,y) = 0. 0O

But if it is open whether a A-ineffable set with SC exists
whenever k‘is A-ineffable. If k is A-supercompact, the answer is of
course " Yes ".VIn fact, every X with normal measure one is A-ineffable
and there is a Y with normal measure one on which {¢x,sup(x)?: x€& Y}
is a stationary coding. ([2] and [41)

Shelah proved the following.

o w
Proposition ( Shelah [3] ), If « is ineffable, Aari(w);w and

< . . .
2K = A, then there is a stationary coding set.

Moreover it is well known that;

Proposition. If Part#*(X), there is a YC X with SC.

Proof. Define F bv



1 if c(x)e y
F(x,y) =
0
otherwise.
( ¢ is any injective map from X to A.) Let Y be a stationary homo-
-geneous set for F. Pick an x€ Y. Since Y is unbounded, there is a

y<€ Y such that c(x)€ y. Hence F(x,y) = 1. This means F(x,y) = 1 for

all x¢y in Y. Now we have shown that ¢ is a stationary coding for Y.

The ‘above proposition shows that every injection of PKA into

X can be a stationary coding if PKA has the partition property.
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