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A note on nomal form of nonsingular plane quartic curve

Tadashi Takahashi

(% #% )

We alredy know the classification of complex projéctivekplane
cubic curves. However, so-called "normal form" défining equations
were not unique. And a variety of moduli of complex projéctive
nonsingular plane quartic curves has dimension 6. The need for a
unique normal form may be questioned.

So, in this paper, we try to impose a condition to constract a
unique normal form. With a definition of normal forms, we arrange the
classificatibn of plane cubic curves and find the normal form of

nonsingular plane quartic curve by using REDUCE.

€ 1. Introduction
1.1 Classificatioﬁ of complex projeétive plane cubic curves

Let Pz be a 2-dimensional complex projective space with a
coordinate tx,y,z]. Then we can list the types of complex projective
plane Cubic curves: Nodal curve, Cuspdal curve, Conic and Chord,
Conic and tangent, Three general lines, Three concurrent lines,
Multiple and single lines, Triple line and Nonsingular elliptic
curve. The defining equations are as follows:

Nodal curve ’ x3+y3+xyz=0

Cuspidal curve x3+y22=0

~1-
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Conic and chord : X3¥xyz=0
Conic and tangent x22¥y22=0:
Three general lines  Xyz=0
Three concurrent lines ; xS +x22=20
Multiple and single lines x2y=0
Triple line | %320
. . . ' 3,..3., 3 . avuda_ 3 , :
Nonsingular elliptic curve XT+y +27+3xxy2=0, X7+1#0 ( see [1] )

The defining equation of honSinguIar elliptic curve in
Weierstrass normal form is as follows:

y22=x3+px22+q23, 4p3+27q2¢0.

3

And ap3/capd+27a®r=8a-aH 3764123 j-invariant ).

This fact is well known. ( see [5] )

1;2 Variety of moduli of nonsingular elliptic curve

The most important single invariant of a curve is its genus.
There are several ways of defining it, all equivalent; For a curve X
in projective space, we have the arithhetic genhs'ﬁa(X)J defined as
l—Px(O); where PX is:the Hilbert polynomial of X. On the other hand,
we have the géometric genus pg(X), defined as dimkF(X,mx);‘where Oy
is the canonical sheaf.

If X is a curve, then pa(X)=pg(X)=dimk(X;0X), so we call this
simply the genus of X, and denote it by g. |

| For fixed g one would like to endow the set ﬂg'of all curves of

genus g up to isomorphism with ‘an algebraic structure, in which case

we call mg the wvariety of modul i ovaurves of genus g.

Let g£=3. Then the hyperelliptic curves form an irreducible
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subvariety of dimension 5 of ﬂa. The nonhyperelliptic curves of genus
3 are the nonsingular plane quartic curves. Since the embedding is
canonical, two of them are isomorphic as abstract curves if and only
if they differ by an automorphism of Pz. The family of all these
curves is parametrized by an open set UclPN with N=14, because a form
of degree 4 has 15 cofficients. So there is a morphism U - ms, whose
fibres are images of the group PGL(2) which has dimension 8. Since
any individual curve has only finitely many automorphisms, the fibres
have dimension =8, and so the image of U has dimension 14 -~ 8 = 6. So

we confirm that ms has dimension 6. ( see [21 )

1.3 Elimination method
Let fl"""fN be elements of the polynomial ring

R=1[X X ,Y °",Yn] in mtn variables over an integral domain I.

1’.. m! 1,

For each maximal ideal m of I, let O be the canonical homomorphism
with modulus m, and let Qm be an algebraically closed field
‘containing I/m. Let wm be the set of points(al.f~~,an) of the
n-dimensional affine space Qa over Qﬁ such that the system of
equations Qm(fi)(xl,--',xm,al,-'~,an)=0 (i=1,2,---,N) has a solution
1,-- 1,'-°,f!\I is to obtain

°~',Yn)€I[Y1,-~',Yn] such that every point of Wm is a zero point

in QE. To eliminate X X, from f

g(Yl’
of @m(g) for every m; such a g (or an equation g=0) is called a

resul tant of fl""’fN‘ The set ayof resultants forms an ideal of
I[Y1,~-*,Yn], and (gl,“-,gM) is called a system of resultants if the
radical of the ideal generated by it coincides with e. If I is
finitely generated over a field, then, denoting by é the radical of

f we have ¢o=6NnI[Y

the ideal generated by f1,~-', N? 1,~'~,Yn]. In
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oy 18 contained in

the set V of zero points of . However, it is not necessarily true

particular, let I be a field. It is obtain that W

that V=W . If every fi’is homogeneous in X1,3-~,Xm and also in

(0)

Y -,Yn, then we have V=¥

o)

If we wish to write a system Qf resultants explicity, we can

1

pro¢eed as follows: Regard the fi as polynomials in‘X1 with

cofficients in I[X2,~'~,Xm,Y -,Yn], and obtain resultants R(fi,ij)‘

1
1.’frovm the pairsvfi,fj. Then eliminate X2 from these
resul tants, and_so forth. To obtain R(fi,fj), we may use Sylvester's

by eliminating X

elimination method.

Theorem 1.3.1 Let f and g be polynomials'in x with cofficients

. L el m m-1,_ . _ n n-1__ .. ' )
in I: f~a0x +a1x + +am, g-box +b1x + +bn. Let D{f,g) be the

following detérminant of degree m+n:

1

.4

a 1 an

0 ay """ ap 4
0 .- 0
bo bl . ®

0 0 b,

0 . e

a 0

m

S R T S |
by b, 0
bl o bn—l

b
n

Then D(f,g)=0 if and only if either f and g have a common root or _

070

( see [4]1 )

Singular point
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We review some theorems and definitions about guasihomogeneous

polynomials which are given in [31].
Definition 1.4.1 Let f(zo,°°',zn) be a polynomial in Cn+1 and

let V be an analytic set such that V={((z ---,zn)lf(zo,"',zn)=0).

O!
Then'a point (20,'-~,zn) in Cn+1 is a singular point if f(zo,-'~,zn)

=0 and 8f(z '~,zn)/azi =0, i=0,-*-,n.

0°’

Definition 1.4.2 Suppose that (ro,"~,rn) are fixed positive
rational number. A polynomial f(20,~-~,zn) is said to be

gquasihomogeneous of type(ro,"‘.rn) if it can be expressed as a
i, iy i

. . . o 0 n L.
linear combination of monomials 20 21 "-zn for which

1Or0+11r1+'~-+1nrn=1.

Let d denote the smallest positive integer so that
S U a
1 d ’

q q
are integers. Then f(t ZO’.

q
_ 0
ro= 4+ T

Theorem 1.4.3 Let f(z 1,22) be a polynomial in C3 and let V be

0%
an anlytic set such that V=((zo,zlt22)lf(zo,21,22)=0} which has an

isolated singular point at the origin . Then, for any i(i=0,1,2),

a.
(i) There exists an integer ai so that aizz, and f has a monomial zi}

or

(ii) There exists an integer ai21 and j(i#j) and f has a monomial

2. 2..
1 J

Corollary 1.4.4 Let g(z 1,22) be a quasihomogeneous polynomial

0%
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V=((20,21,22)f g(20,21,22)=0} which has an isolated singular point at

the origin. Then g has at least one of the follo@ins sets (family

[~VII] > of monomials:

family set of monomials Ty ry r,.
0 21 22 L. L L
[ Z 2 z a, a, a,
a, ai a, 1 1 a1—1
I z, z) z,2, a a, aja,
a _
I11 zao zalz z za2 a,22,a,22 ; a Z -1 :lal-l
0 2 172 1 *T2 0 172 172
a, a, a, 1 R S
Iv 2, 2432, 2,2, a, aya, aza,a,
a, a a, 1 ay-1 a1
V 2y 242 242, a, agay ana,
a,- a.-1 -
VI zaoz z zal 2,2 2 a,z2,a,22 a ; i1 aoa -1 (;ég'ii?;
Q9 "1 "0~1 Q"2 0 *71 01 01 01 2
a, a, a, 31833,+1 aj,3gag+l agaja; +l
VII 2y 2y 2y 2y 242, aja;a,+l ajaa,+l aja a,+1
a9 L r r
VIII z, 2,2, a, . U 2
€ 2. Normal form

In this section,
unique normal

projective cubic curves by using REDUCE.

2.1

Let f=2aix

Normal

we try to

form to be unique
K.

order to the monomials of f.

form of homogeneous polynomial

be a homogeneous polynomial.

impose a condition to construct a

and ciassify complex

We give a following
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Definition 2.1.1 For the exponents Ki=ki ,**+,k. and
1 n
Ki K.
',kj  i#j ), X is grater than X 3 if there exists an
n

K.=k. ,
J Iy

integer s(1<s<n) such that k, =k. for pw=1,---,s-1 and k. >k.
o du 's s

( Lexicographic linear order )

K.
Manipulation 2.1.2 We try to a monomial X ! vanish by suitable

linear transformations from the maximal i. Then if we can make the

K. _ K.
monomial X ! vanish without generating new monomial X ¢ K1<Kj )y of

f, we do so. Otherwise, we don't use the linear transformation and go

to next manipulation.

Manipulation 2.1.3 If we can make the coefficient of the

K.
monomial X l'equal to 1 without generating new dimension of

K.
coefficient of monomial X ? ( Ki<Kj ), we do so. Otherwise, there is

nothing to be done.

Definition 2.1.4 We repeat these manipulations in turn for i.
Then f is said to be the normal form if the result of these

manipulations is equal to f.

We consider it natural that the normal form should be easy to
write and remember; that is, the normal form should have the fewest
monomials, and each monomial should be simple. The normal forms

defined in Definition 2.1.4 meet the above conditions.
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2.2 Arragement éf classification

We afrange the claésification of complex prbjective plane cqbic
curves (cubic forms) in & 1, 1.1.

Let f(x,y,z) be a cubic form in Pz. The cubic form~f(x,y,z) takés

the following form

3 2 2 2 2 3 2 2 3_
alx +82X y+a3x z+a4xy +85XYZ+36XZ +a7y +a8y z+a9y2 +a102 =0.

Step 1

We may choose coordinates so that

a x3+a x22+a
1 2 3 4 8 9

Replacing z by z'+xx where A is a solution of A3+a612+a3x+a1=0,

x2y¥a XY2+85XYZ+86X22+37YS+8 y22+a y22+23=0.

we reduce the form’to ,
2

g2x2y+g3x2?+g4xy2+gsxy2+g6xz +a7y3+a8y22+agyé2+23=0.
g2¢0 and g3¢0 -» Step 2
g2¢0 and g3=0 - Step 3
. g2=0 and g3=0 - Step 4 ( see Program list 1 )

Step 2

2 2 2
a X y+xz+a, 3 4X2 rag

magnification of the x~ y- and z- coordinates we can reduce the form

to a x2y+x22+a Xyz+a xzz+a 3 2

xy2+a Xyz+a y3+a6y22+a7y22+a823=0 [By a

1 2xy2+a3 4 5y *tagy z+a7yzg+a823=01.
Replacing z by z'—aly, ve reduce the form to.
x22+g xy2+g Xyz+a ng+g y3+g y22+g y22+a z3=0.
4 5 4 7 8 9 8
g4¢0 -» Step 5
g4=o and g7¢Q -+ Step 6

g4=0 and g7=0 - Step 7

Step 3
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x2y+a1xy2+a2xyz+a3x22+a4y3+a5y2z+a6y22+a728=0.

‘ X 1 00
Changing the coordinates so that [y]={0 0 1][y']. We reduce the
VA 010
2

2 2 2 3 2 3_
form to x z+a3xy +a2xyz+a1xz +a7y +a6y z+a5yz +a4z =0,

a,#0 - Step 5, a3=0 and a.#0 - Step 6, a.=0 and a7:0 - Step 7

3 7 3

Step 4

In this case, the form is as follows: f2(y,z)k+f3(y,z)=0 where
fi(y,;) denotes a hqmogeneous polynomial of degree 1i. f2(y,z)=o gives
two points on a projective line. By the definition 2.1.4 for normal
forms we obtain the following classification.

fz(y,z)~ yz » Step 10, f (y,2)~ 22 - Step 11, fb(y,z)zo - Step 12

Step 5

O

x2y+xy2+a1xy2+a2x22+a3y3+a4y2z+a yz +a62

X o B8 1
Changing the coordinates so that {y] [Y 1 0][ }. We reduce the

1 00
form to g x3+g x2y+g x22+g xy2+g xyz+x22+g y3+yz =0
1 2 3 4 5 7 :
Now, gl=a?+alva+a2a+avz+a3vg+a4vz+a5Y+a6

g2=a1a+a1By+a26+3a3y2+2a4y+a5+2a8+2a?+672

—p2 :
=8 +a18+267+3asy+a4+a.

We solve the equation g, for a variable o and solve the equatian
g4 for a variable B. And we substitute the solutions to the equation
g2, arrange the equation gz. Then the equation has the ninth degree
for a variable ¥y, we denote the equation by gz'

Here let ci:=(coefficient of a term Yi of gz'] (0<£i<9). Then

.2 2_ 3
cg-a1 a3 3a1a3 a1 4 a2a3+2a3 +2a3a4 a5.
. — 2 2 - 3_ A -—
We put ag:= al a3+3a1a3 +a1a4+a2a3 2a3 2a3a4. Then cg-O and
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2 2 _ 3_,. . _ 2 4 2 2.
1 a3»+a1a2a3 2a1a3 2a1a3a4 a,aq a2a4+a3 +2a3 a4+a4 +a6).

o 2 4_ -
6 =721 a a3 23334 a4.

- . , . 6
Then ci—O (0<i<8). Hence, for any parameters (al,az,ag,a4,a5,a6)€¢ ,

08=3(a

2
-a,a,a,+t2a a 3+23 aya, ta,a 2+a a

a) 83 T&,d,d3%eq:149 133847293 T999y7

We put a

there exists the solution of gz'.

We set g1=0,g2=0 and g4=0. Then we reduce the form to

h3x22+h5xyz+x22+h7y8+y22:=0.

hg#0 and h,=0 » Step 6, hy#0 and h;=0 = Step 7, hy=0 > Step 4

( see Program list 2 )

Step 6

x2y+a Xyz+a x22+y3+a3y22+a4y22+a523=0.

1 2

X 1 o BY(x'
Changing the coordinates so that jy{=[(0 1 ¥ y'{. We reduce the
7 z 0 01 z'
form to x2z+g1xy2+g2x22+y3+g3y2z+g4y22+g523=0.

We set g1=g2=g3=0. g4¢0‘or g5¢0 - Step 8, g4=0 and g5=0% Step 9

Step 7

Xyz+a X22+a

2
X z+a 2 3

2 2 3_
1 y z+a4y2 +asz =0.

X o 0 1) (x' v
Changing the coordinates so that |y[=]|1 0 O]|ly'|. We reduce the
z 01 2!
=0.

form to g x2y+g2xy2+g3xyz+asy3+a2y2z+y22

1
We solve a equation g1 and set g1=0. Then we reduce the form to

0. Go to Step 4

hzxy2+h3xyz+a5y3+a2y2z+yz2

Step 8

2_..3 2, 3. _ . ‘ . ' '
x“z+y +pyz“+qz2":=0. Replacing y by y'+xz, we reduce the form to
x22+y'3+3Ay'22+(312+p)y‘22+(pk+q+13)z3=0.

p:=-322 and =223, that is 4p°+27q%=0 - Step 9
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4p3+27q%%0 » This equation is a defining equation of nonsingular

elliptic curve in Weiersfrass normal form. An analytic set defined by

. ~ . . . . . 2
this equation is a nonsingular plane cubic curve in P".

.Step 9
x22+y3+a1yzz:= .

: : fx 01 0)(x'
Changing the coordinates so that [y}=[0 0 1][y'}. We reduce the

3

form to xy2+a x22+z :=0. Go to Step 4.

1

Step 10

xyz+a1y3+a2y22+a3y22+a423:=0. Replacing % by x'—azy—asz, we reduce

the form to xyz+a1y3+a423=0.

a;#0 and a,#0 - Step 13, a,

a1=0 and_a4¢0 -+ Step 15, a1=0xand a4=0 - Three general lines

#0 .and a4=0 - Step 14,

Step 11
2 3 2 2 3.._
Xz +a1y +a2y z+a3yz +a4z :=0.
a1¢0 - Step}16,'a1=0 and a2¢0 =+ Step 17, a1=0 and‘a2=0 - Step 18
Step 12

In‘thié case, the fbfm is a homogeneous polynomial of degree 3
for two variables y,z. We denote thé form by fs(y,z). Then f3(y,z)=0
gives three points on a projective line. By the definition 2.1.4 for
the normal forms we obtain the following classification.

2 3

fo(y,2)~y 24z » Three concurrent lines

£,(v,2)~yz> > Multiple and single lines

-11-
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t,(y,2)~2z° > Triple line

Step 13

xyz+y3+23:=0. Nodal curve

Step 14
3 . X 1 00
xyz+y~:=0. Changing the coordinates so that {(y|=]0 0 1
\z

reduce the form to xyz+23=0. Conic and chord

Step 15

xyz+23:;0. Conic and chord

Step 16

x22+y3+a1y22+a2y22+a323:=O.

X 1 o B)(x'
Changing the coordinates so that [y}=[0 1 Y](y']. We reduce the
o z

0 0 1)\z"
2.3 2 2 3_ .
form to Xz +y +g1y z+g2yz +g32 =0. Here, we set as folloes:
2 3
e a1 —3a2 - --2a1 +9a«1a2—27a3 ve -ay
-3 i 27 ’ 3
2,.3

Then we reduce the form to xz“+y“=0. Cuspidal curve

Step 17

X22+y22+a%yz +§22 :=0. Replacing x by x'-a,y-a,z, we reduce the form

to x22+y22=0. Conic ‘and tangent f

Step 18

2

x22+a1yz +a223:=0. Replacing x by x'ialy-azz, we reduce the form to

-12-
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8

z 0 01

9 ' ) ' X 01 0)(x'
x2°=0. Changing the coordinates so that [y[=|1 0 0]]y'|. We reduce
z 1]

the form fo yzz=0. Multiple and single lines

: e ; o L2
We arrange the classification of cubic curves in P

equations are as folloes:
Nodal curve
Cuspidaljcurve

Conic and chord

Conic and tangent

Three general lines

Three concurrent‘lines
Multiple and single lines
Triple line

Nonsingular elliptic curve

. The defining

3 _3
Xyz+y +z =0

x22+y3=0

~XYZ+23=O

x22+y22=0

xXyz=0

y22+23=0

x22+y3+py22+q23=0;“4p3+27q2¢0

We call thesé defining equations the nprmal forms of cubic curves

in Pz.

€ 3. Nonsingular plane quartic curve

We consider the normal form of nonsingular plane quartic curve by

using REDUCE. Let f(x,y,z) be a homogeneous polynomial of degree 4

in €3. Then £(0,0,0)=

af(O,OLQ)_Sf(O,O,O)_Sf(O,O,O)_O
d9x T U

Jy ; 57 Hence, .an

analytic set defined by f(x,y,z) has a singular point at the origin

in C3.

The analytic set is a nonsingular guartic curve id Pz-if it

has only isolated singular point . at origin in an

-13-~
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A variety of moduli of nonsingular plane quartic éurve in Pz has
dimension 6 (€1,1.2). Therefore, we can take the defining equation
which has 6 parameters.

3.1 Computation

The quartic form f(x,y,z) in Pz {akes the following-fo:m

a x4+(a2y+a32)x3+(é4y2+a5yz+3622)x2+(a7y3+a8y22ﬁagy22+a

1
4 3 22 ; 3 4
+a11y +a12y/z+a13y 2 +a14y; +a, .z =0.

3
10? )X
15

Step 1
We may choose coordinate so that

4 3 2 2..2 3 2 ‘ 2 3
a x +(a2y+a3z)x +(a4y +a5yz+a62 )X +(a7y +a8y z+agyz +a102 yx

4 3 2.2 3, 4.
va ¥ va v zra ayT2ira) yzTez =0,

Replacing z by z'+xx where X is a solutibn of

A4+a A3+a 12+a A+a,=0, we reduce the form to

10 6 3 1
3 3 2.2 2 2. 2 3 2 2 3
ByX Y8 X ZFE X Y tEpX YZ*gﬁg 2 +g7?y t8g XYy z+g9xyz 8y X2

4 3 2.2 3, _4_
+ally +a12y Z+a13y z +a14yz +z =0.

g470 > Step 2,{g2¢0 and £5=0 - Step 3, g,=0 and g,=0 - Step 4

Step 2

a XBY‘*X32+32X2}’2+33X2}’Z+& x222+a xy3+a6xy2z+a7xy22+a8xz3+agy4+alOysz

1 4 5
. 2_2 3 4,_ e . e '
a; vz +a12yz +a132 :=0 [By a magnification of the x- y- and z-

3 2 2 2 2 2
1 2X ¥ tag
2 3

y+xSz+a x"yz+a x"z"
+a5xy3+a6xy z+a xyzl+a,xz 3 2,2 3 4

coordinates we can reduée the fdfm to a,x
Qa y4+a y z+a,,y z +a .&z +a, .,z :=01.
7 8 97 10 11 12

13
Replacing z by z'-a,y, we reduce the form to

x0zrg )y rg X yzra X2t vE XY +E XY 2eggXY 2

2 2 3 4
+g13y z +g14y2 +a132 =0.

9

3 4 3
Ta10%2% Ty *EypY 2

g4¢0 -+ Step 5, g4=0 and g7¢0 - Step 6,

g4=0 and g7=0 and‘gllﬂo - SﬁepaT,

~14-
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g4=0 and g7=0 and g11=0 -+ Step 8

Step 3

x3y+a1x2y2+a2x2y2+a3x222+a4xy3+a Xy22+a

5 6

24:=0.

3
fap vz tag,

X 1 00
Changing the coordinates so that jy|={0 0 1
010

3 2
Xy +agXxy z+a

z

1x222+a
3 2 2 3 4 _

+a11y z+a10y z2 #agyz +a82 =0.

3 2.2 2
form to x z+tagxy +a2x yz+a 7

=0 and a,.#0 - Step 6,

3 7

a3=0 and a7=0 and #0 - Step 7,

a3=0 and a7=0 and

33¢0 - Step 5, a

412
a12=0 - Step 8

Step 4

In this case, the form is as follows:

2
Xyz +a

7

xz3+a 4+a 32+a 22
gy t8gY 107

x'
][Y'}. We reduce the
z?

X 22*8 XZ3+
5XY 4 81927

f2(y,2)x2+f3(y.z)x+f4(y,z)=0 where fi‘denotgs a homogeneous

polynomial of degree i1 (2L£i<£4).

give a singular '‘curve in PZ.

Step b

3 2 2 2 2.2
X"z+x'y ta X yz+ta,x z +a

3 4,
+aloyz +allz :=0.

3
Xy +a

3 4

A

form to g1x4+g2x3y+g3X32+g4xzyz+g5X2YZ+86X2

3 2.2

+811y4+g12y z+y~“2z2"=0.

Now, g11=62+a38+a7

- 2
g7—a18 +a3a+3a38v+a46+4a7

~15-

X o B 1
Changing the coordinates so that |jyl={y 1 O
1 00

X 22+a X 22+a x23+a 4+a 32+a 22
y 5XY 6 7Y gy gY

Here, we try to vanish the monomial x"y

Xl
][y']. We reduce the
Z‘

2 3 2 2 3
27HE XY B XY 2+ g XY2T ¥ X2

2

2 2

yeagr2o8+83+28%y

2

By the Corollary 1.4.4 the above form
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) 2 2 e ' 2
g4-2a1a6+a18 y+a28 f3a3ay+3a38y +g4qf2a46y+a56+6a77 +3agr+ag
+a2+3a82+4a8v+32y2. '
We solve the equation gll for a variable 8 and solve the equation

gy for a variable o. And we substitute the solutions to the equation

&g arrange the equation g7. Then the degree of the equation is zero.

We can not vanish the monomial x2y2.

( see Program list 3 )

Now, glza a2y4aloy+all+a 2

1
+a3+a2y2,

2 3 2 4 3
2& +a3dY +a4dY +§5aY+36G*a7Y +38Y +89Y

+2azaB+3a2a?2+a3673+2a4av+a48Y2+a o

_ 2
g,=a,x +2a1a8y+a 5

10

3 2

25 . 002 2
+a56Y+a68+4a7y +3a8y +2agy+3a B+20"y+2BY".

g1 is a polynomial with two variables (¢ and 7v), g2 and g4 are
polynomials with three variables (x, 8 and y). We reduce the forms to
- 2 -
g4—528 +slB+so, gz-t16+t0

_ 2 a 2
where s,=30+Yy +a1y+a2, sl—4ay+2a1a+3a3y +2a4y+a5,

2

sO=a2+3a3ay+ay+6a7Y2+3asy+a9,

2 - 3 2
+2a1av+2a2a+a3y +a4? faszaG.
a2 2 2

tO—Za y+a1a +3a3aY +2a4 5 9 10°

We use Sylvester's elimination method(81,1.3), eliminate v, obtain

t1=3a2+2ay

ay+a a+4a7Y3+3a8Y2+2a Y+a

the resultant. Let Rl(gz,g4) be the resultant. Then Rl(gz,g4) is a
polynomial with two variables («,8). We eliminate o for s, and ty-
Then we obtain the resultant. Let Rz(sz,tl) be the resultant. And

we eliminate o for gland Rl(gz,g4). Then we obtain the resultant. Let
Rs(gl,RI(gz,gg)) be the resultant. RZ(SZ’tI) and RB(gl’Rl(gZ?gS)) are

polynomials with a variable . Let a, be a solution of

0
RB(gI’Rl(gZ’g3))=O' If Rz(sz,tl)(a0)¢0, The simultaneous system qf

-16-
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algebraic equations ( g1=g2=g4=0 ) has a common root.
‘ If Rs(gl,Rl(gz,g3))¢0, there exists no common root.

( see Program list 4 )

) we

Hence, for some parameter (al,azfas,a4,a5,a6fa7,a8,ag,alo,a11

can vanish the monomial xzyz. We consider it in Step 6,7,8.

We assume that there exists no common root for gl=g2=g4=0.

x) (1 a 8)(x'
Changing the coordinates so that (y}=[0 1 y][y‘]. We reduce the

z 0 0 1/)\z"
3 2.2 2 2. 2 3 2 2 3 4 3

form to x z+X'y +g1x yz+g2x z +g3xy +g4xy Z+g5XYZ +g6XZ +g7y +88Y 2

2.2 3 4_ . .
+g9y z +g10y2 +g112 =0. Here, we set as folloes:

2 2
- aq B_4a1 1682 9a3 ye 2a1+3a3
2 U7 48 A 4
3 2.2 2 3 3 4 3

Then we feduce the form to x

3 4
+g9y222+gloyz +g112 =0.

Z2+X Yy +g4xy 2+g5xz +g6xz +g7y +g8y‘z

If g7¢0, we reduce the form to

x32+x2y2+alxy2z+a2xy22+a3x23+y4+a4y3z+a5y222+a6y23+a724=0.

A dimension of parameters space of this form is equal to 7. And we can
not take it less than or equal to 6. This is a contradiction (81,1.2).
1£ g7=0 and g8¢0, we reduce the form to

3 2 2 2 2 3. .3 2.2 3

+ + + + + + + +
X zZ¥X' Yy alxy 2 azxyz a3xz Yy 2 a4y V4 a5y2 a

(a3,85.86)¢(0,0,0).

4_
62 =0,
( From Corollary 1.4.4, 1
I (coefficient of the monomial y32 = 0) or ((a3,a5,a6)=(0,0,0)) ‘
L - the analytic set defined this form is singular curve in Pz j

A dimension of parameters space of this form is equal to 6.

17~
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Step 6

x32+a1x2yz+azx222+xy3+a3xy2z+a4xy22+a5x23+a6y4+a7y32+a8y222+a9yz3
, 4, _

+aloz :=0.

X 1 o BY(x') .
Changing the cocrdinates so that |y|{=]0 1 v{|y'|. We reduce the
A 0 01 z'

form to x32+g1x2yz+g2x2z2+xy3+g3xy2z+g4xy22+g5x23+g6y4+g7y32+a8y2z2
+a9y23+a1024:0. Here, we set as follows:
- -, 3 - 2_
e a, .- ay +3a1a3 9a2 y_al 3a3
-3 0T 27 A 9

Then we reduce the form to

x32+xy3+a xy22+a Xz°+a3y4+a4y3z+a5y222+a6y23+a7z4=0,

1 2

(a 37)¢(O,0,O).

91867

A dimension of parameters space of this form is equal to 6.

Step 7

xaz#alxzyz+a2x222+a3xy2z+a4xy22+a5x23+y4+aey32+a7Y222+a8yZ3+a924:=O'

X 1 o B)(x' .
Changing the coordinates so that jy|=]0 1 v{|y'|. We reduce the
Z 00 1/\z"

3 2 2. 2 2 2 3, 4 3 2.2 3
form to x z+g1x yz+g2x z +g3xy z+g4xyz +g5xz +y +g6y z+a7y 2 +g8yz
+agz4=0‘ Here, we set as follows:

-a 2a 4—9a 2a +27a,a,.-108a -2a 3+9a a,-27a
o= 1 B = 1 1 73 176 2 _ 1 173 6
=3 P= 324 » ¥ 108
Then we reduce the form to
3 2 . 2 3.4 2.2 3 4_
X z+alxy z+a2xyz +a3xz +y +a4y z +a5yz +a62 =0, (a3,a5,a6)¢(0,0,0).

A dimension of parameters space of this form is equal to 5.

Step 8

XBZ"’& 2 + X222+a X 22"‘3 X 22+ x23+a 32*‘3. 222+a 23+a 24"0
1 X yzra, 3XY 4%¥e Tag 67 7Y gy g% =Y

-18-
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Replacing X by x'+Xy where X is a solution of 13+a1A2+a31+a6=0,

we reduce the form to

3

X Z+g1X yz+g2x 2 +g3xy z+g4xyz +g5xz +g7y222+g8y2

2 2.2 2 2 3 3

+g924=0.

X 010 '
Changing the coordinates so that [y]=[l 0 O]{ ’}. We reduce the

2 001

NN K

2.2

2 2 2 3,.3 2 3 4_
form to g3x yz+g7x A +glxy z+g4xyz +g8xz +y z+a2y z +g5y2 +g9 =0.

From Corollary 1.4.4, the analytic set defined this form is singular

. 2
curve in P°.

3.2

the

Normal form of nonsingular plane quartic curve
From the results in 3.1, we obtain a following lemma.
Lemma 3.2.1 There exists the following three types forms as
normal form of nonsingular quartic curve in Pz.
Type I :x3z+xy3+a1xyzz+a2x23+a3y4+a4y3z+asy222+a6yz3+a7z4=0
A (az,as,a7)¢(0,0,0).
Type 11 :x3z+a xy22+a xy22+a x23+y4+a y222+a y23+a 24=0
1 2 3 4 5 6
’(aa,as,a6)¢(0,0,0).
Type III:x32+x2y2+alxy2z+a2xy22+a3xz3+y3z+a4y222+a

’aS’aﬁ)i(O’O’O)f

yza*a z4=0

5 6

(a3

There exists the relations of parameters for the above type I~III.

The relations determine a structure of moduli space. The structure of

moduli space is important to mathematics.
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