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von Neumann algebra 2553 5. BR#MRYL enveloping von Neumann
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2. Universal W¥*-dynamical systems

Let (A, G, o) be a C*-dynamical system. A representation

mT is said to be G-covariant if it induces a o-weakly continuous

action B8 on 7w(A)" such that Bom = ToB .

Theorem 2.1([5, Theorem 1]1). Let (A, G, a) be a

C*-dynamical system where G 1is a locally compact group.
Then there exist a W*-dynamical system (M, G, &) and a

*-isomorphism 'j of A into M satisfying the following:

- statements, unique up to equivalence:

(i) Jj(a) 1is weakly dense in M

-

(i1) Joa, = &toj for all t e G ; and

(iii) 4if mw 1is a G-covariant representation of A , then
there exists a normal *-homomorphism 7 of M onto ﬂ(A)" such
that 7,.j - and B om = Tod, for all t & G .

Proof. Let M, denote the set of those ¢ & A* that
G > t» ¢oat is uniformly continuous; then the polar M, ° of
M, in A** 1is a closed o**-invariant ideal of A** énd M, is
isomorphic to the predual of the von Neumann algebra A**/M_ _° ,
denoted by M . Moreover there is an action @ on M such that
&toj = joa** for all t & G , where Jj . denotes the canonical
*_homomorphism of A** "onto M . By the definition ofv M, -8
strongly acts on M, and so o-weakly acts on M . On the other
hand,'since {doa(f) | £ & L1(G) , ¢ls A*} is norm-dense in M,

and O(A*, A)-dense in A* , j|A is injective and further
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&to(le) = (jIA)oat for all t € G .
Let m, N and B be as in the theorem; then, since B
strongly acts on N, , we have N,,mTCM, and so ker m**>M,° ,
. where 7** -~denotes the canonical morphism of A** onto N
associated with 7w . There is therefo;e the normal *-homomor-
phism T of M onto N such that T7ej = jon** , so that .
Btoﬁ = ﬁo&t clearly. We thus complete the proof of the theorem.

For brevity, we call the W*-dynamical system (M, G, a)

constructed above the universal W*-dynamical system associated

with (A, G, a) .

Proposition 2.2([5, Proposition 2]). Let (A, G, a) be a
C*-dynamical system where G is iocally compact abelian or
compact. Let (M, G, o) be the universal W*-dynamical system

associated with (A, G, o) .

If G is abelian, then Aa(K) =~ AQ(K)** , as Banach spaces,

and

Mu(K) = f)Aa(K + V)
v

for any compact subset K of the dual G of G , where the bar

means O-weak closure and V runs over all compact neighbourhoods
of 0 .in G .

A

If G 1is compact, then for any finite subset K of G

MY (K) = A%(K) = A%(R)** .

Proof. Assume that G is abelian, énd let K be a compact

-6 -
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~

subset of G . For a compact neighbourhood V of 0 in G ,
take a function £ e L1(G) .such that the support of the Fourier

transform f is contained in K + V and f(y) = 1 .on some

neighbourhood of K . Then we have

MY(K) € a(f)M < a(F)A < A¥(K + V) < M* (K + V) .

Since N M*(K + v) = M*(K) , we have MY*(K) =N A%K + V) .
\% i \Y
Next we show that A%(K) = A%(K)** . 1Identify A%(K)**

with the o(A**, A*)-closure of Au(K) ; then the norm-closure B

of L&AQ(K')** is a C*¥-subalgebra of A** , where K' —runs over
K

all compact subsets of é . The second adjoint action o** uni-
formly continuously acts on Au(K')** and hence strongly‘contin—
uously acts on B . Moreover (a**|B)(f) = a(f)**|B for any

£ & L1(G) with Supp E compact. Therefore Jj in Theorem 1 is

injective on B . Since B is a C*-algebra, j|B is isometric.
Since the unit ball of Aa(K)** is o(A**, A*)-compact, its image
under j ié o-weakly compact and hence o-weakly closed. There-

fore j(Aa(K)**) is o-weakly closed and hence coincides with

2%(x) .
When G is compact, use the projection

dim vy Tr y_1 a,dt onto M*(K) , instead of «a(f) . vThen we
YeK t t A

can obtain the conclusion in the proposition analogously.

"When G is abelian, the following was proved by Bratteli
and Kishimoto [1] in a different form, however its proof is much

simpler than them.
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Lemma 2.3([5, Lemma 3]). Let G be a locally compact group
and o an action of G on a C*-algebra A . Let (M, G, a) be
the universal W*-dynamical system associated with (A, G, a)
and we may regard ACM .

Let & be a *-derivation in A commuting with a .

Assume that (1+8§)D(§) are o-weakly dense in M and
(1+)x8)(a)]| =z ||al]] for any a & D(§) and X & R .

Then § generates a strongly continuous one-parameter group
of *-automorphisms of A .

In particular, if § generates a o-weakly continuous
one-parameter group of *-automorphisms of M , then the conclu-

sion holds.

Proof. It suffices to show that (1x§)D(8§) are uniformly
dense in A . Since &8 is uniformly closable in A , we may
assume that ¢ is uniformly closed in A and commutes with o .

If ¢ € A* and ¢.(1+8) = 0 , then we have
b0 (£)o(1+8) = ¢do(1+8)oa(f) = 0

for any f & L'(G) . Since 6¢oa(f) € M, and (1+6)D(§) is

o-weakly dense in M , we have ¢.a(f) = 0 for any £ e L1(G) ’
and hence ¢ = 0 . Thus (1+8)D(8§) is uniformly dense in A
and also is (1-8)D(§) similarly.

The following has been proved in [2] originally but is an

immediate consequence of Lemma 2.3.
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Corollary 2.4. ([2, Theorem 1.4]) Let G Dbe a compact

abelian group and o an action of G on a C*-algebra A . Let
be a closed *-derivation in A commuting with ¢ .

If D(§)>A* , then § 1is a generator.

Proof. Let (M, G, X) be the universal W*-dynamical system
associated with (A, G, &) . Since §|Aq is an everywhere
defined derivation in A* , there is a self-adjoint element
h e ;;-= M* such that & (a) = i[h, a] for all a e A* . Denote
by sih the *-derivation on M implemented by ih ; then
(5_5ih)lAa = 0 and §-64p Commutes with o . Hence 8§84y is
o-weakly closable because ¢o(6—6ih) = 0 for all normal G-invar-
iant state ¢ on M . Let &' denote the 0-weak closure of

§-8 so that &' commutes with o and 6']MOt =0 . It

ih '
therefore follows that ¢' 1is a generator in M and the O-weak
closure of § 1is a generator also. Consequently, by Lemma 2.3,

§ 1is a generator in A .

Recall that, in a C*-dynamical system (A, G, &) , a state ¢
on A is said to be G-centrally ergodic if
ﬂ¢(A)"ﬂﬂ¢(A)'ﬂUgi = €1 , where {ﬂ¢, U¢} denotes the G-covariant

representation associated with ¢ .

Lemma 2.5([5, Lemma 5]). Let o Dbe an action of a compact
group G on a separable C*-algebra A and let § be a closed

*-derivation in A  commuting with & and satisfying D(G):DAa .
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Assume that, for any G-centrally ergodic state on A , )
generates a 6-weakly continuous one-parameter group in the asso-
ciated representation.

Then & generates a strongly continuous one-parameter group

of *-automorphisms of A .

. Proof. Let (M; G, @) Dbe the universal W*—dynamical.
system associated witﬁ (A, G, o) . Let Zu be the fixed point
algebra of the center of M , and e a nonzero projection of
z% . Then there is a normal state ¢ on M with <e; $> # 0 .
f¢oatdt is a G-invariant normal state on M and
<e, f¢oatdt> = <e, ¢> # 0 . Therefore, by Zorn's lemma, there
exists a family (¢1) ,Of G-invariant states on A such that the
sum of the support projections of' T is the/identity, so that

1
(A)" . On the other hand, as seen in the proof of

1

M=~ e 7
1

¢

Corollary 4, (E—aih)lmu = 0 for some h g M , and hence we have
§|z“ = 0 , where § denotes the g-weak closure of § in M .

Let ¢ be a G-invariant state on A . We shall show that

I\

||ﬂ¢((1+>\6)(a))” 2 |[1T¢(a)” for any a € D(6) and X € R , and

¢((116)D(6)) are o-weakly dense in ﬂ¢(A)“ . Then it follows

from the above discussion that |[(1+A8)(a)|| = |a|| for any

m

ae D(§) and X &€ R, and (1+8§)D(8) are o-weakly dense in M ,
which imply, by Lemma 2.3, that 6 is a generator in‘ A .

We may assume without loss of generality that A has an
identity. | |

Let u be a subcentral measure associated with
m

(a)"nm (A)Y\U¢' , where (mw U¢) denotes the G-covariant
0 G .

¢ ¢’

- 10 -
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representation associated with ¢ . wu 1is supported by the set

of G-invariant states on A and, since A 1is separable,

i)
m, = J du(g)m

] v !

where (nw, le H ) denotes the G-covariant representation

v

associated with G-invariant state ¢ . Moreover, u-almost all ¢

are G-centrally ergodic. For,

®
" ' Gy _ ' Oy n _
(ﬂ¢(A) ﬂﬂ¢(A)/WUG )' o= (ﬂ¢(A) Uﬂ¢(A)UUG) = J du(w)B(Hw) '
® o _ [® v
ﬂ¢(A)' = J du(w)ﬂw(A)' and US = J du(\D)Ut ’
and hence (ﬂw(A)'Uﬂw(A)UUg)" = BO#w) for p-almost all ¢ , that

is, 7w, (A)Y"nm (A)V\Ug' = C1 for up-almost all ¢ .

U] U]
By the assumption, for py-almost all vy ,

Hﬂw((1+A6)(a))H z "ﬂw(a)n for all a € D(§) and X € R

and ﬂw((1t6)D(6)) are o-weakly dense in ﬂw(A)" . Therefore,

for all a € D(§) and A € R , we have

I\

Hﬂ¢((1+ké)(a))ﬂ

ess sup “Ww((1+X6)(a))” 2 ess sup Hﬂw(a)ﬂ
= ”n¢(a)” .

Assume that <ﬂ¢((1+g)D(§)), f> = 0 for a normal form £

®
on w¢(A)" . f is decomposable with f = J du(v)f(y) . For any

a € D(§) and =z € z® , we have z(1+8)(a) = (1+8)(za) . There-

fore, for any a € D(§) and =z = (z(w))w [ ﬂ¢(Zu) R

((1+8)(a)), £(y)> = <zm ((1+8)(a)), £> = 0 .

Jdu(w)z(w)<n o

v

since m, (2%) = 7, (A)"nr (a)'nud' = L0,

¢ ¢

- 11 -
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<nw((1+6)(a)), f(y)> = 0 for py-almost all ., but, since §

has a separable core, <7 ((1+8)D(§)), £(y)> = 00 for p-almost

1
all ¢ . Hence £(y) = 0 for p-almost all y , and so f = 0 .
Therefore it follows that ﬂ¢((1+6)D(5)) is “g-weakly dense in
ﬂ¢(A)" and also is n¢((1—5)D(6)) . We thus complete the proof

of the theorem.

Let ¢ be a G—céntrally ergodic state on A . ‘Let @ be a
compact space such that C(Q) is isomorphic to the C*-algebra of
those elements x of the center of n¢(A)" such that t » 0 X
is norm-continuous; then, since ¢ induces the measure on
whose support is § , the center of n¢(A)" is isomorphic to
Lm(Q) . Moreover, G acts on ¢ contihuously and ergodically,
and hence an orbit Gy 1is compact, so that HGw = Q. If H is
the stabilizer of  , then @ is homeomorphic.to G/H as left
translations. Therefore it follows from the imprimitivity theo-
rem [7, Theorem 10.5] that the W*-dynamical system associated

with ¢ is equivalent to an induced system.

This discussion and Lemma 2.5 imply the following.

Theorem 2.6([5, Theorem 6]). Let @ Dbe an action of a

compact group G on a C*-algebra A and let & be a closed
*_-derivation in A ¢ommuting with o
If A is of type I and separable, and D(5)2>Aa , then §

is a generator.

Proof. By Lemma 5 it suffices to show that any O-weakly

- 12 -
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closed *-derivation &' in.a von Neumann algebra M commuting
with o is a generator in M if ‘M is of type I, o ergodi-
cally acts on the center Z of M and 6'|Ma =0 .
Since o ergodically acts on Z , it follows that

Zz =~ L”(G/H) and o acts on L7(G/H) as left translations for
some closed subgroup H of G . By the imprimitivity theorem
{7, Theorem 10.5] we have {M, o} = Indg{N, B} for some type I
factor N and action B of H on N , and so we may assume

that M

(N@Lm(G))B®p and o = 19X , where psf(u) = f(us) and
Atf(u) = f(t_1s) for fel”(G), se€H and t, ue G, and ;
dénotes the trivial action of G on N .

We shall show that there exists an increasing directed fami-
ly (el) of B-invariant finite dimensional projections of N
which strongly converges to the identity. Denote by U the set
of those u € N that there is an element s € H such that
uxu* = Bs(x) for all x € N ; then U is a group of unitaries,
because uu* = 85(1) = 1 and 1 = uu*uu* = Bs(u*u) . Moreover
U 1is strongly compact and hence is a topological group. In
fact, the function u+» uxu* 1is weakly continuous on the unit
‘ball of N 'for any x of rank 1 and hence for any compact
dperator X , i.e., the function u e usu* from the unit béll of
N into the space of weakly continuous linear mappings in N is
continuous with respect to the weak topology on the unit ball of
N and the topology of pointwise weak convergence in thé *-subal-

gebra of all compact operators. is compact with respect to

BH
the topology of poinwise weak convergence in N and the topology

of pointwise weak convergence in the *-subalgebra of all compact.

- 13 -
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operators. Therefore U1=_{u | u‘u* EBH] is weakly compact -and
hence strongly compact, because the weak topology and strong to-
pology on the group of‘unitaries‘coincide. The strongly continu-
ous unitary representation u » u of the compact group U can

bé decomposed in irreducible (finite dimensional) representations

and therefore there is an orthogonal family (eé) of finite di-

mensional projections of . N such that u = {ueé and ueéu* = e,

for all u € U . There is thus an increasing directed family

(e.) of B-invariant finite dimensional projections of N which

1
strongly converges to the identity.

Now, since e1®1 € Ma , the restriction G'l(el®1)M(e1®1)
is a O-weakly closed *-derivation in (e1®1)M(e1®1) satisfying
the same properties as ¢' . Since Bsaps and oy cohmute,
((e,®1)M(e ®1))%(y) = (elNeI@L""(G)A(y)) M for any Y e G and
so they are finite dimensional. It thereforleollows that
6'|(e1®1)M(e1®1) is a generator in (e1®1)M(e1®1) , so that
(1+A6')((e181)D(6')(e181)) = (e181)M(el®1) and
le1+x8" )y (x)|| 2z [|x]] for any x s (e, ®1)D(§')(e ®1) and
A & R\{0} . Since Y(e ®1)M(e 81) 1is a weakly dense *-subalge-

bra of M , it follows from the o-weak closability of . §' and

the Kaplansky's density theorem that (1+A8')D(S6') = M and

fcr+xs')y(x)|| = l|x]l for any x € D(6§') and XA & R\{0} , so that
§' 1is a generator in M . We thus complete the proof of the
theorem.

Let (A, G, o) be a C*-dynamical system, provided that G

is abelian or compact. Let 7 be a G-covariant representation

- 14 -
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of A such that Bo7m = m,a , and denote w(A)" by N . Let Ag

and NF denote the union of spectral subspaces ‘Aa(K) and

NB(K) , respectively, where K is a compact subset of G if G
is abelian, and a finite subset of G if G. is compact. : The
following theorem is an immediate consequence of Theorem 2.1 and

Proposition 2.2.

Theorem 2.7([4, Theorem 1]). Let (A, G, a) Dbe a

C*-dynamical system, provided that G is abelian or comact. Let
m be a G-covariant representation.
- Let § be a *-derivation in A  which is bounded on each
spectral subspace Au(K) ywhere K is comapct or finite.
If G is abelian, then there exists a unique *-derivation

~ : ~

m(A)" such that 6 is defined on Np o SoMD Mo

o R
[
=]
=4
1}

and ¢ 1is o-weakly continuous on NB(K) for any compact subset

K of G . Furthermore we have

8188 ()| = inf )§|a%(k + VI ,
v

A

where V runs over all compact neighbourhoods of 0 in G .
Even if G 1is compact, the above consequences hold,
proVided that Au(K) and NB(K) should be replaced with Aa(y)
B8

and N (y) corresponding to Y € G respectively, and the

inequality becomes as follows:

IsIN® ()l s Jsla%n | -

Proof. Let (M, G, a) be the universal W¥-dynamical

- 15 -
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2 o
system. Defininig ¢ by Poll( 8 1A (K))** , where P is the
K

canonical *-homomorphism of A** onto M , 8 is clearly a

*-derivation in M defined on MF which is O-weakly continuous

o ‘
on M (K) , in virtue of Proposition 2.2.
In a general case, denoting by p the support projection of

the kernel of the canonical *-homomorphism of M onto N , p

o
is a central projection in M . Therefore ©&(p) = 0 and

§{x(1-p)) = 8(x)(1-p) for any x g MF . Since NF is

isomorphic to MF(1-p) , we obtain a desired *-derivation § in

NF from § .

The following corollary is an immediate consequence of a

1

series of lemmas in [6] and Theorem because u and u, as

1
t

below commute.

Corollary 2.8([4, Corollary 3]). Suppose that G 1is

abelian. Suppose that there exist a faithful family (nl) of

representations of A and a family (¢') such that ¢! is an

. —_— 1 _ 1 .
action of G on nl(A) P GpeT = M ooty and each ap is

1
t

Then § 1is closable and its closure is a generator.

1

implemented by a unitary u fixed by o .

Furthermore, for any finite measure | on G with {i(0) =0 ,
the *-derivation 5“ on AF , defined by
GU = futOSOG_th(t) ’

is bounded and HGUH < inf “dlAa(K + V)[[jul|l » where V runs over
, \

- 16 -
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all compact neighbourhoods of 0 in G .

Let A be a C*-algebra, o a strongly continuous
one-parameter group of *-automorphisms of A and 50 the
generator of ¢ . In general, 50 is not q—weakly closable in
A**x | Let Eg denote the g-weak closure of So in A¥**@A**

p the canonical *-homomorphism of A** onto M , and I the

kernel of p . Then we have

{(0, x)| x & A**}r\EE = {(0, x)| x € I}
and
(x, )| x 6T ,vellng, = {0, ¥)|yel}.
If (0, x) € EE , then (1 - 60)_1**x = 0 , and hence x ¢ I ,
. because Po(1 - 50)'1** = (1 - 80)—1°p . Since

(1 - § )_1*¢ = fje-ta§¢dt e M, for all ¢ ¢ A* , we have for any

0
x € I and ¢ & A*

<(1 - 60)_1**x, o> = <x, (1 - 50)_1*¢> =0,

and hence (1 - §,) **x = 0 and (0, x) g Eg . We have thus

OeA** N §%* = 0l . If x, y eI and (x,7) & EE , then,

Tex (x-x)= 0 .

since (0, x-y) € EE , (%, x) e EE and x = (1-60)_
Thus we have I&Ifﬁga = OeoI .

By these facts we obtain the following proposition, which is
available for proving the stability of ground states under »

perturbation, or that of KMS-states for a C*-algebra of type I

(see [3]). Even f‘wugh, Ly Theorem 1.7, g,, s O"Weﬂlifﬁa condinwous o each srecfml
subspace car/&srondﬂv\g to cm,wwf sets |, the proposition is not trivial .

- 17 -
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Proposition 2.9([4, Proposition 4]). Let A be a

C*—algebra,‘ ®« a strongly continuous oneparameter group of
*-—automorphisms of A. and 80 be the generator of & . Let 7

be a G-covarinat representation of A and 60 the generator in

nt(A)" such that Eodn =TSy - Let § be a *-derivarion in A
definedvon AF .
Suppose that [ § (x)| = aux“ + b”db(x)u ‘on Ag for real

numbers a, b 0 .

Then there exists a unique *-derivation E in w(A)"
defined on D(go) such that the mapping (%, go(x))|+ E(X)
(x € D(go)) is g-weakly continuous and “g(x)n < allx]| + bﬂgo(x)ﬂ

on D(go) .
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