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Diffusion of Vortices in Planar Navier-Stokes Flow
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1. Introduction

We consider the flow of a viscous and incompressible fluid in the whole
plane R2, assuming that the vorticity of the flow is initially concentrated in

a small region. The motion of the fluid is described by the two-dimensional

Navier-Stokes system :

u' - vau + (uv)u + vp =0, Vveu =0,

(1.1) :
/ u>0 as x| »~, u(x;0)=a(x), Vv-a=0,

where u and p represent unknown velocity and pressure, respectively, v >0

is the kinematic viscosity, (u-v) = Ei u1a/axi s Veu = zi au1/ax1 and

u' = 3u/ot. The density of the fluid is assumed to be ohe. Our assumption for

the initial velocity a is formulated as follows :

The initial vorticity : v xa = aaz/ax1 - aal/ax2

(1.2) , 2.
is a finite Radon measure on R".

The velocity fields satisfying (1.2) include those with vortex sheets and vortex

lines, which are both‘important;in the vortex theory for ideal fluids. Recently,
Marchioro and Pu]virenti»[lg], [20] and Turkington [31] have studied the relation
between the classical theory of the motion of vortex lines and the solutions of
the Euler equation, i.e., the system (1.1) with | = 0. For the Navier-Stokes
system (1.1) Benfatto, Esposito and Pulvirenti [3] constructed a global smooth
solution of (1.1), assuming that yxa is a finite pure-point measure :

m
v xa=_J q.8(x-2z,)
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and v is sufficiently large comﬁared with Zj la.| 3 here 6(x—zj) is the

J
Dirac measure supported at zJ. €R2. This result means that the point source
vorticity. can be smoothed and diffuse following the Navier-Stokes flow when v

is large.

Our main purpose in this paper is to show the same existence result as above
under the more general condition (1.2) without any restriction on the size and on
the form of the initial measure Vvxa. We note that our result does not follow from
the classical theories of the Navier-Stokes equations as deVe]Oped by Léray [17],
Ladyzhenskaya [16] or Temam [30J. Indeed, the initial velocity a is not always
square-summable, even locally, when vxa is a measure. |

We prove the existence result by a standard procedure. First we'reguTakize
the initial velocity a, construct the corresponding rggu1ar solution for (1.1),
and then take a subsequence converging to the desired solution of the original

problem. Necessary estimates for extracting the subsequence are derived from the

so-called onticity>equatiOn for v = vxu :

o v = vAv + (u-v)v =;0,
(1.3) '
u = Kgv

for:smooth initial data v(x,0) = vxa, where
v 2 RN
(1.4) K(xl,xz) = (-xz,xl)/Zn]x| s X = (xl,xz)
and ¥ denotes the convolution. Note that there is no vorticity stretching term
in (1.3) since the space dimension is 2. We regard (1.3) as a linear parabolic
‘ | y v
equation for v and write corresponding” fundamental solution as ru(x,t;y,s).

A bound for r = due to Osada [25] (see also [247 and [26]) gives our key estimates:

S -
Ci(t-s) “exp -C,|x-y|"/(t-s) < r (x:t5¥58) <

(1.5) i
< C3(t“5) 1eXp -C4|X".Y|2/(t'5)

h |
4

where the constants C; > 0, j=1,2,3,4, depend only on v and Ll-norm of vxa.
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Estimates of this type with Cj independent of the smoothness of coefficients were
first shown in [1] (see also[2]) for Tinear parabolic equations of divergence form.
The result in [25] extends estimates in tl] to a class of linear equations of
nondivergence form which includes (1.3) as a typical exemple.

We start with presenting the existence results for (1.1) on Rn, nz 2, with
initial data in Lp, p > n. Parts of our results are already known (see, e.g.,
[7] and C211); however, we give our version here for later use. In particular,
we discuss higher regularity of solutions up to t = 0. As a byproduct we obtain
the persistent property (in the sense of Kato [15])) of solutions of the two-
dimensional problem in the Sobolev spaces wm’p, p > 2, m=0,1,2,...

More precisely, we show i:hat if ag wm’p(Rz) and Vxa equ(Rz) with 1/q =
1/2 + 1/p, then the correspending (global) solution steys in wm,p(RZ) for all
time witn a bound independent of the vfseosity v, Pefsistent property of this
sort is systematically studied in [15], [27] and {34]. However, it seems to us
that our result is not included in either of them.

In Section 3 we state our key a-priori estimates for solutions of the two-
dimensional problem given in Section 2, and apply them to the proof of existence
(and uniqueness in some special cases) of solutions of the original problem,
i.e., the problem (1.1) in R2 under the condition (1.2). It is to be noticed
that the theory of the Lorentz spaces ([4]) p]ays an important role in giving
a precise meaning to the initial condition.

For other results on the initial value problem for nonlinear equations with
measures as initial data, we refer to [5), [35], [23], (18], [22], [24], [29].

The details of the results presented in this note will be published

elsewhere ([36]).
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2. Existence and Uniqueness in R" with Initial Data in LP

As is a usual practice ([7,10,11,12,14;32,33,34]), we consider (1.1) in the

form of the integral equation :
(2.1) u(t) = e¥® a + SQu(t), t> o0,
where

(2.2) SLQ(t) = Sfuu}(t) 5 SLuwd(t) = -f e¥(5)8 p( g )u(s)ds.

tA

Here e is the solution operator for the heat equation in Rn; P is the

projection on each Lp(Rn)P;‘l < p < =, onto the subspace of divergence-free

vector fields. Using the boundedness of the operator P and the so-called

LP-L9 estimates for solutions of the heat equation, we can easily prove

Lemma 2.1. Let 2<n<p<w, T>0 and o = 1/2-n/2p. Then :

(1) [S[uwdl, 1 < M(vT)OIUIP’T Wl /v provided that veu =0 ;

(1) 102 wsua |y ¢ < MO July 02wl o/ s
(1) IsLum]lg 1 3 M(vT)°|u|§fT ((vt)l/ZVu|;:$°iijq’T/v g lc1pl,

where lep,T = SUPg T llw(t)lp s ”'"p is the LP-norm,‘and M is a positive

constant depending only on n and p.

We note that the assertion (iii) is proved with the aid of the Gagliardo-Nirenberg
inequality ([9, p.24, Th. 9.3]). Using Lemma 2.1, we try to solve (2.1) by the

successive approximation :

(2.3) Ujyp = Ug * S[uj] R uy = eVt a, j=0,1,2,...

Our existence result for the initial data in LP (p > n) is the following.
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Proposition 2.2. (i) Let a be in Lp(Rn) with p>n and V-a = 0.

Then there is a unique local solution u of (2.1) which, for some T > 0, belongs
to the space Bp.T of continuous and bounded functions on [0,T] with values in
E] B

Lp(Rn). Further‘we‘have

(2.4) luly s elaly

(ii) The time T can be taken so that

(2.5) T 3 ey *l/e Ha";/c, 0o =1/2-n/2 3

172

(2.6a) (vt)l/zﬁhJEBp’T with [(vt)"/% vul - < clal 5 and

(2.6b) If va€LYR") with 1/q = 1/p+l/n, then vuly,7 < Alval

where C depends only on n and p.

k

(iii) Let m 2 0 be an integer and suppose that v aeLP(Rn), k=0,..., m.

Then in addition to (i) and (ii) the time T can be taken so that

k

k ' _ ) .

(2.7a) V\JGBP’T and |v ”lp,T sC s k - O0seees m 3

(2.7b) (vt) /2 ™1, e and | (vt)Y2 ey <
p,T p.T

(2.7¢) vkazue Bp,T and |yk32ulp,T < C'  for k+2h ; m o,

where C' depends only on n, m, p and bounds for v and Hvkaﬂp, k=0,..., m.

Assertion (i) follows in a standard ménner if we apply Lemma 2.1 to (2.3).
(2.5) is due to the factor (vT)° which appears in the estimates of Lemma;2.1. |
Note that o > 0 since b > n. (2.6a)-(é.7b) follows in a simf]ar way if we
take Vk_ of (2.3) and apply the same argument as in (i). For the details we
refer to 36 ; see also 12 . (2.7¢) is immediately obtained from (2.5),

(2.6a)-(2.7b) and the equation : u' = vAu - P(u-v)u..
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The next result establishes a regularizing effect for our solutions.

Proposition 2.3. (i) Let,zaeLp(Rn), p >n, with vea = 0, and let u be

the corresponding local solution given in Proposition 2.2. Then, Vk32

continuous from [e,T) to Lp(Rn) for all k,h >0 and 0 < e <T. Further we have

u .is

sup HVKSQUHp(t) c

[E’T)

in

with C depending only on €, p, n, k, h and a bound for HaHp. In particular,
u is smooth for t > 0 and solves the Navier-Stokes system in the classical

sense for t > 0.

2 0. Then all derivatives

b

(ii) Suppose further that vkaeLp(Rn_) for all k

vkagu are bounded and continuous on RnXCD,T) so that

sup_[Iv*aul,(t) s €
. [0 ‘ -

. . . z .
with C depending only on p, n, k, h, v and bounds for maXo p k42h+1 v aﬂp .

Proof. (i) By (2.6a), HVUHp(tO)~5 C for 0<t,<T with C depending

0
only on n, p, t; and Haﬂp. We then solve the Navier-Stokes system for t 2z t,
with initial data 'u(-,to) and obtain, due to fhe uniqueness, Hvzqu(Zto) s C.
Repeating this prdgess yields that vauﬂp(mto) "is bounded by the same C so
long as mt0 < T. Since t0 may be taken arbitrarily small, this shows that

v is continuous from Ce,T) to Lp(Rn) for all e >0 with a bound C

depending only on p, n, m, ¢ and HaHp. Combining this with (2.7c) gives the

estimate in (i). (ii) follows from (2.7c) and the Sobolev inequality.

From now on, we restrict ourselves to the two-dimensional case. In this
case, the vorticity v = vxu = suz/axl - aul/ax2 is a scalar which satisfies

the so-called vorticity equation :

(1.3) v = vav + (u-v)v =0 ; v(x,0) = (vxa)(x,0).
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Suppose that a Tlies in va(RZ), p > 2, together with all its derivatives.
Then by Proposition 2.3 u 1is bounded on ,RZX[O,T) together with all its deri-

vatives ; thus the linear parabolic operator

L =2

y R + (u-v)

has a unique fundamental solution

Fu(x,t 3 YsS)s, O0Ogs<t<T, x,yeR2

such that L r, =0 asa function of (x,t) and

lim [, T (Xt y.s)f(y)dy = f(x)
t>s R o

for every bounded and continuous f on R2 ; see U8]. The fundamental solution

Ty has the:following properties :

]

(2.8) [ oo (xst 5 y,s)dy =1, 0< s<t<T.
R . |

1]

(2.9) , / o T (st 5 y,8)dx =1, 0<s<t<T.
RE U .

Note that (2.9) follows from the condition : veu = 0. The result below ig
immediately obtained. ' | |
k

Proposition 2.4. (i) Let vfa€LP(R?), k = 0,1,..., for some p > 2 and

vea = 0. Let u be the Tocal solution given in Proposition 2.2. Then v =

Vxu 1is expressed as
(2.10) v(x,t) = [ 5 T (%t 5 ¥,0)(vxa)(y)dy, O <t<T.
R® o

(ii) Suppose further that vwaeLq(Rz) for some q with 1 <q <=
then '

(2.11) IVIlq(t) 3 lleaIIq » 0gt<T.

We have thus established a godd estimate (2.11) for the vorticity v. Our next

task is to find a way in which to recover the velocity u from its vorticity v.



To ;tate the relation between u and v = Vxu, we introduce some function spaces,
By 9, we denote the space of all finite Radon measures on R2 with norm given
by the total variation. A measurable function f on R2 is said to belong to
LP"(R?), 1 < p < =, iff

= sup o meas{x ; |f(x)] > u})l/p

| fl
Pse a>0

where meas denotes Lebesgue measure on R2. Although H-Hp . 1is not a norm,

it is known (see [4]) that Lp’w(Rz) is a Banach space -with respect to a norm

| Dy’
Let us now consider the function

LP>® s often called a Lorentz space.

which is equivalent to

K(X) = (-Xy» xl)/2w|x|2 X = (Xgs Xp)

and the corresponding convolution operator U = k®%¥. Note that K is in L?’m(Rz),

but is not contained in any Lp(RZ), 1<p s~

Lemma 2.5. (i) U = KeV satisfies the estimates :

(2.12a) Ul s CIKlp VI, if VELIRY), 1<q<2 and 1/p = 1/q - 1/2 ;
(2.12b) HU‘B'Z’,OO s ClIKl, JVllom, for  ve My
(2.12¢) - Ivul, s clvi for Vel"(RY), 1<r<a,

with C independent of V; where anqﬂz denotes the total variation of the

Radon measure V.

2 2

(11) If UEGLP(RY), 2 <p <w, v-U =0 and vwxU€LI(R?) with 1/q=1/p+l/2,
then | '

U = Ke(vxU).
(ii1) If UELZ(R?), v-U =0 and vxU6M, then

U = Kie(vxU).
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{2.12a) is the generaliyed Young's inequality ([28, p.32]). Since vK :

is a Calderon-Zygmund kernel, (2.12c) follows from the standard theory of

singular integral operators ; see [13, Chap.9]. (2.12b) is shown in the following
way : Consider the linear operator Af = f%V for any fixed VE€éWD. It is easy

to see that A defines a onnded Tinear operator on each Lp(Rz), l<p <o,

with operator-norm 5 ﬂVHQnJ. Thus it follows from an interpolation theorem

([4, Th. 5.3.4]) that A is bounded on L®*“(R%) with norm g C[Vjgy. This
shows (2.12b). (i) and (iii) are easily obtained from the Liouville theorem

for harmonic functions on the whole plane Rz.
The following result is now obvious from the preceding arguments.

Proposition 2.6. Let VkaELp(RZ), k =0,1,..., for some p > 2, v-a =0

and VXaeLg(RZ) with 1/q = 1/p + 1/2. Then the solution u given in

‘Proposition 2.2 is expressed as
u(x,t) = K¥(vxu) = [ 5 K(x-y)(vxu)(y,t)dy, 05t <T.
; R ‘

Further, we have the estimate -

(2.13) lul (t) 5 Clvxull (t) < Clvsal, » Ot <T

with C depending only on p.
We can now show our global existence results, using estimate (2.13).

Theorem 2.7. Under the assumption of Proposition 2.6, the solution u
| extends uniquely to a global (in time) solution, which is again denoted u,
such that ueBp o ? Vuqu . - and

Ul e s Chmalg > lv,vku|xq,°° 5 vl

~with . C depending only on, p. The derivatives‘kaagu‘ belong to 'Bp 7 for

any finite T.
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Note that the extensibility of u follows from (2.13) and the estimate
(2.5) for the "life span" T of the Tocal solution. The next result is

obtained by combining Theorem 2.7 with Proposition 2.3.

Theorem 2.8. Let aeLp(Rz) for some p > 2 with vea =0 and
vvaeLq(Rz), 1/q = 1/p + 1/2. Then there 1is a unique global solution u of

s Vue&B and

(2.1) such that ueB g,

p.>

uly o s Clwalgs vl < Clvsalg

P> ™

with C depending only on p. Moreover, the derivatives vk32u exist on

RZXIk,w) for any ¢ > 0 and satisfy, for any T > O,

| k.h
SUPEE,TJIIV aull(t) < C

with C depending only on p, T, k, h, €, v and a bound for ﬂvxaﬂq.

We close this seétion by stating our version of persistent property (in
the sense of [15] and [27]) of solutions of the two-dimensional problem.
In what follows wm’p(Rz), m=0,1,2,..., denotes the usual LP Sobolev space

with norm : || | .
. i

Theorem 2.9. Let aew'“’P(Rz) for some p > 2 with vea =0 and
VXaGlfRRZ) where 1/q = 1/p+1l/2. Then the solution u. of (2.1) given in
this section is continuous from [0,T] to wm,p(RZ) for all T >0 and

satisfies

(2.14) SUP[o, 7] ”u”wm’P(t) ; C uniformly for v > 0.

Proof. The case m =0 is already shown in Theorem 2.8.. For the case
m = 1, the vorticity equation for v = vxu, together with (2.12c), gives
uvu“p(t) P Cmvﬂp(t) s CHanHp .‘wcbmbining this with (2.14) for m =0 gives
(2.14) for m = 1. We next assume m = 2. We.apply v to the vortex equation,

multiply the resulting equality by lvvlp-zvv and integrate by parts, to get:

— 10—
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(2.15) | (IoiPy" < cllwul fiwvllp

with C depending only on p. To estimate |vull  we appeal to the following

result of Kato [15, Lemma A3] :
(2.16) Ivull, < cCivl, +livi, + IIVIIm'109(1+(||VVIIp/iIVHw)))

with C depending only on p. Since |[lv| x lvxa|_ x Cllall 2.p and Hvﬂz,g
w S

-2 2 - ' .
Vg #P 1P < lloxall 2Ploal /P, (2.16) gives

(2.17) Ivull,, < €(1 + Tog"lovi ),

With ¢ depending qn]y on P, Han"q and ”a“w2 (Note that here we have used

L)

the Sobolev inequality.) Estimates (2.15) and (2.17) together imply that
(2.18) HVVHp(t).s C, te€(0,T),

where C depends also on T. Using v2u = Vk¥(Vv) and the fact that vK 1is a
Calderon-Zygmund kernel, we see that Hvzqu(t) <C on (0,T). This implies
(2.14) for m = 2. Suppose finally that mx 3. We apply vkk to the vorticity
equation and then multiply by |Vkvlp—2vkv. ‘After an integration hy parts, we

get, by the Sobolev inequality,

p ' p
(10" = Sl g 1¥1P g

with C depending only on m and p. Integrating this, using induction on m,

together with the relation u = Kev, we get the desired result.

Remark. Kato [15] and Ponce [27] discuss persistency in the L2 sobolev spaces.
Their results are then extended in [34]) to LP case. Namely, they prove in [ 34]
the persistency in the spaces Hz’p, s > 142/p. However, our result above is

not covered by the results 1r1C34] when m =0 or 1.
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3. Existence of solutions in R with measures as initial vorticity

In this section we show the existence (and uniqueness in some special cases)
of solutions of the Navier-Stokes system in R2 corresponding to the initial
data a such that aéLz’w(RZ) and vxae(mv. The (generalized) Young's
inequality implies that the function a .= e V4 a, n >0, lies in Lp(RZ) for
all 2 <p<ow anq that v><an is in Lq(Rz) for all 1.5 q 5 =, together with
all their derivatives. The resu]t in Section 2 therefore imp}ies that there
exists for each n > 0 a unique global solution u, with initial value a -
Here we wish to let n > 0 1in order tovobtain-é solution corresponding to the
initial value a. Necessary estimates for u, are derived from the following
result, in which Pn(x,t 3 ¥»S) denotes the fundaménta1 solution of the linear

parabolic operator Ln =8, - vA+ (un-v)c

Proposition 3.1. (i) There are constants Cs >0, j=1,2,3,4, depending
only on v and a bound for “an"qn, so that
(3.1) Cl(t4s)'1exp(fC2lx—ylz/(t-s)) ST (Xt 5 y,s)
-1 12
5 Ca(t-s) “exp(-C4lx-y|/(t-s))

for x,yeR2 and 0xs <t.

(i1) There is a 8, 0 < g <1, depending only on v and a bound for ”an"qn,
so that

(3.2) 17, (%0t 5 ¥28)T (x'ot' 5 y's")]
£ Gl Iss 172 4 fymy 1B n et 172 4 et B

for 7 < t-s, t'-s' <~ and x, x', ¥y, y'€ R2, where C5 depends only on

v, 7> 0 and a bound for “an“an’

Note that estimates (3.1) and (3.2) are uniform for the parameter n > 0.

=2



93

Assuming Proposition 3.1 for a moment, we continue the discussion as to how we

can obtain the desired solution. From Proposition 3.1, we obtain

~ Proposition 3.2. Let u, be the unique global solution corresponding to the

initial velocity a . Then we have the following estimates :

(3.3) v lly(t) s liveallgy s v, =7

sl lly o(t) < Cllvxallgy, for t >0

2

where |[[+], s the norm of L ’w(Rz) and C depends only on [IK||, _ .

(3.92) v )l (t) < ct Y Moallyy, for t>0 and 1<r <o

(3.4b Ivu ll.(t) s Ct_1+1/rHanH for t>0 and 1<r<e
n'r wu

(3.4c)  lu | (t) s ct¥/"H2

IVXquqb for t>0 and 2 <r<e ,
with C depending only on r, v and a bound for |vxa|gp, -

k.h
(3.5) SuP[e,TJ v atunﬂw(t) <C, €>0

with C depending only on ¢, h, k, v, T and a bound for "anﬂon:'

Proof. The first estimate in (3.3) is a direct conséquence of the formula,

(3.6) v, (x,t) = fR2 I (xstsy,0)(vxa )(y)dy »

the relation (2.9) and the estimate : ”annnl < ”an”qmb . The second estimate in
(3.3) follows from the first one and the generalized YoUng's inequality (2.12b).
(3.4a) 1is obtained from (3.6) and (3.1), while (3.4c) is obtained from (3.4a)

and (2.12a). Since vu = vK*vn » (3.4b) follows from the Calderon-Zygmund theory.

(3.5) is a consequence from (3.4c) and Proposition 2.3 (i).

Due to the estimate (3.5), one can apply the Ascoli-Arzela theorem to extract
a subsequence of un, as n > 0, which converges uniformly on any finite interval
[e,T] to a function u together with all the derivatives. Obviously, the

function u is-a classical solution of the Navier-Stokes system for t 2 0.
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It remains to give a precise meaning to the initial condition u(0) = a. This is
carried out with the aid of the following two results, which are also consequences

of Proposition 3.1 (i).

Lemma 3.3. The functions vn, n > 0, are uniformly bounded and equicontinuous
on any finite interval [0,T]) with respect to the weak topology of measures.
Namely, for each continuous function ¢ on RZ vanishing at infinity, the

pairings (vn(t),¢), n.> 0, are uniformly bounded and equicontinuous on any [0,T].

Lemma 3.4. The functions un, n > 0, are uniformly bounded and equicontinuous
on any [0,T]) with respect to the weak’® topology of the space Lz’w(Rz).\
2y 21 see £4].)

(Recall that L is the dual of the Lorentz space L™’

The boundedness of Vi and u, ~are obvious from (3.3) ; so it suffices to
show the equicontinuity. We first consider the case where ¢ is rapidly decreasing
in the sense of L. Schwartz. In this case, the equicontinuity of (vn(t),¢) is
directly verified by calculating the difference (vn(t),¢)-(vn(s),¢) with the aid
of the estimates given in Proposition 3.2. Since the rapidly decreasing functions
are dense in the Banach space of continuous functions vanishing at infinity, we
get Lemma 3.3. Lemma 3.4 is proved by contradiction with the aid of Leﬁma 3.3
and the relation u, = K*vn. For another proof of Lemma 3.3, which uses a
special kind of metric on the set of measures as treated in(:Q], we refer to [36];

see also [19], [20] and [31].

We can now mimick the proof of the Ascoli-Arzela theorem to show that the
Timit function u obtained above is chogen in such a way that it is weak]yﬁk
continuous from [0,=) to Lz’m(Rz) and the corresponding vorticity v = vxu is
weakly continuous from [0,~) to %

The foregoing arguments are summarized in the following form, which is the

first part of our main results.



Theorem 3.5. (Existence). Suppose that a&L2>”(RZ

)s v-d = 0, and that
yxa is a finite measure. Then the problem (1.1) has a global solution u which
is smooth for t > 0 such that

2’°°(R2) is bounded and continuous in the weaf* topology

(i) wz: [0,°) > L
and satisfies u(0) =

(i#) v =vxu : [0,°) > M5 is bounded and continuous in‘the weak topology
of measures and satisfies v(0) = vxa.

(iii1) The estimates

(3.7) ”U”r(t) = Ctl/r_l/z S for t>0, 2<r<ce;

-141/r

Ct for t>0, l<r«<e

i

(3.8) lvul (t)

holds with C depending only on r, v and a bound for HVXdk”QD.
(iv) For 0 < e < T and nonnegative integers k, h, there is a constant

C >0 so that

k. h
SUPL. 79 [viaull (t) < C

and the C depends also on v and a bound for [vxallgy, -

(v) The function wu so]ves the integral equation (2.1) in Lz’w(Rz).

Proof. It remains only to show (v). First we note that the interpolation
theory of the Lorentz spaces implies that the operators thA and P are all

bounded ‘in Lz’m(Rz) (see'[4]); It is easy to see that u satisfies

u(t) = \)(t e) ft v( t S vP(u ®u)(s)

ev(t-e) u(e) - JF ve\?(;t.'s)fA Plu®u)(s)ds

for all 0 <e<t. As e~ 0, we see from Theorem 3.5\(ii{)ntﬁét.the second
2
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term tends to S[uJ(t) in L (R2), and hence in. Lz’w(Rz), for each fixed t > 0.

On the other hand, an elementary ca]cu]at1on shows that the first term tends to

vta 2,0

e a in the weaé‘ topo]ogy of L (R ) s hence (v) is obta1ned

15—
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We next discuss the uniqueness of our solutions. To this purpose, we need

the following, which is our second main result.

Theorem 3.6. (Integral Repfesentation for Vvxu). Under the assumption of

Theorem 3.5, the vorticity v = vxu 1is expressed as
(3.9) v(xst) = [ 5 T(xst ; y,0)(vxa)(dy), t > 0,
' R

in terms of a continuous function T(x,t:y,s), X,y€ R2, t > s> 0, with the

following properties (3.10)-(3.12):

(3.10) ) o T(Xst3y,s)dy = i o T(Xst3y,8)dx =1, t>s203
R R ‘
(3.11) r(xstsy,s) = [ 5 T(x,t3z,t")r(z,t'5y,5)dz, t>t >s>0;
‘ R ‘ :

(3.12) € (t=5) Texp(-C, |x-y|%/(t-5)) 5 T(xst 3 ¥s5)

2 Cy(tes) Texp(-Cy oy (% (ts)). £ s 20,

with Cj > 0, j=1,2,3,4, depending only on v and a bound for HanquJ-

Moreover, the estimate

t-1+1/r

(3.13) ’ Ilv]|r(t) <C , t>0, l<r<ew

holds with C depending only on r, v and a bound for HVXqunJ.

Proof. The existence of the function r follows easily from the uniform
estimate (3.2) and the Ascoli-Arzela theorem. The remaining assertions are
immediate from the foregoing arguments.

vTo state our uniqueness result, let us recall the classical Lebesgue decompo-

. : n
sition of a Radon measure u on R :

where He is characterized by the property uc({x}) =0 for all x € R"  and

U is expressed as a (possibly infinite) linear combination of Dirac measures.

PP
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Lemma 3.7. For any finite Radon measure u on R2 we have

1im sup gl-1/r HetA

2 C forall 1<r <o,
0 “"r by ‘”upp"qytp a < <

where: C depends 6n1y on r.

Proof. We first recall the estimate :

tA -1+1/r
let ul < ct [
Indeed, since the linear operator Af = f¥u is bounded in both L} and L® with
operator-norm < Humnb, applying the Riesz-Thorin theorem ([4]) yields the estimate
if we take as f the heat kernel. This estimate and the Lebesgue decomposition

together show that we have only to prove that

=0 for all 1 <r <=,

(3.14) Tim t171/7 ety

-0 r
provided u = Her With no loss of generality we may assume that px 0. For any
fixed ¢ > 0, we take N >0 so that, denoting B(0,N) = {x ; |x| 5 N},
u(Rz\-B(O,N)) < e and hence ué = (R2\ B(O,N))d n satisfies
(3.15) et ) sc forall 1<r<e.

The support of the measure S i) is contained in B(O,N) and direct

calculation gives

tl-]./l" ”etA

(3.16) )" = T g (S oy P by /88 (a0

= ¢t o * T jwjean WUy eXp('|*'y|2/4t)“1(dY))rdx

= ;1(t) + Iz(t).

Since |x-y| > |x|/2 if |x] > 2N and |y| <N, we get
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(3.17)  1y(t) 5 C'lluyll gy, 71 [ xls2n exp(-r|x|%/16t)dx > 0, as t + 0.

For Iz(t), applying the Minkowski inequality yields

(3.18)  I,(t)

A

et [ eon gy [os ©XP(= Iy 1274800, (dy)) Tex

+ C't-l f]xlsZN(flx-ylsé exp(-|x-¥|2/4t)p1(dy))rdx

I, (t) + I,5(t),
where & > 0 is to be chosen later. Obviously, for any fixed ¢ > 0,

1

(3.19) I,1(t) = C'méas(B(O,ZN))nuIH;n5x t; exp(—r62/4t)‘+ 0, as t -0

where meas is the Lebesgue measure on R2. On the other hand, Hélder's inequa-

lity yields
(3.20) Tpp(t) 5 €' F oy (BN (f Ly (s exp-rlx-y %/t ) (ay))ax/t

-1
D TR

17N

C" sup |x|<2N (Ul(B(XS u1H1<

i

c" IIull%xf SUP || <2N (u (B(x,8)))"T,

{y:; ly-x] < §}. Thus; we have only to show that

where B(x,$¢)
(3.21) . ul(B(x,G)) + 0 as & > 0 uniformly for x| = 2N.

This is easily obtained by contradiction if we note that u({x}) =0 for xeRZ.

The proof is completed.

Remark. Although Lemma 3.7 is elementary, it does not seem to be well-known ;

so we have presented here its complete proof.

We are now ready to state our uniqueness result.
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Theorem 3.8. (Uniqueness). Suppose that aeL?’m(Rz), vea = 0 and that
vxa € M. Take m> 0 so that ||vxa||%,5m and let u be the solution of-

(1.1) given in Theorem 3.5. Then we have the following.
(5) For é]] 'p > 2,
. 1/2-1/p
3.22 1 t t Cii(v
(3.22) im sup lull p(t) < IIV( x‘a)ppllmb

with C depending only on p;'m and v.

(ii) For each p > 2 there is a positive constant e = e(p,v,m) such that
if II(an)ppll¢mp < e, the solution u is unique in the class of functions w
with the following properties : .

(a) w :[0,°) ~ Lz’m(Rao is weakly continuous and = w(0) = a.

(b) w : (0,») -~ Lp(Rz) is continuous and satisfies (3.22) for p > 2.
(c) w solves (2.1) in Lz’m(RZ).

In particular, the solution u is unique prdVided that vxa = (an)c.

Assertion (i)’folloWs dirett]y from the formula u=Kev (v =vxu), (3.9),

(3.12), Lemma 3.7 and (2.12a). The proof of assertion (ii) is then rather standard,

so we omit it here.

We finally discuss on the derivation of our baéfc tool, i.e., Proposition 3.1.
Considerion R" “the linear parabolic operator of the form : | |
9y = A+ (bev),

1

where ‘b = (b",..., Bn) i's' smooth, bounded on ’R"x[b,T) ‘together with all its

derivatives and satisfies the following conditions :

(3.23) veb =0 3 and there are bounded functions c‘J, ij=1,..., n, on Rnx[p,T)

so that

i ij .
b! = Zj ajc J . i=1,..., n, where aj = a/axj .

_]q,_.
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We denote by Pb(x,t 3 YeS)s x,yeRn, 0 5xsx<t<T, the fundamental solution

of the operator Lb‘

Theorem 3.9 (U251). (i)} Let L, satisfy (3.23). Then there are constants

Cj >0, j = 1,2,3,4, depending only on v, and a bound for Y| . SO that
. L

Cl(t-S)‘"/zexp(-Czlx-yl2/(t-5)) s T{xstiyss)
< Cy(t-5) ™ Zexp(-Cy -y |/ (t-5))

for x,yERn and 0 gsxtc< T.

(ii) Under the same assumption as in (i), there is a constant 8, 0 < 8 < 1,

depending only on v and a bound for ”c1j" , SO that
L

|rb(X9tQYs5)‘rb(X' st'sy',s' )l

s CUx=x"1P + |y-y'|P + 1t-t' |82 4 |s-st /2

for x,x',y,y'é€ R" and 0 <t < t-s, t'-s' < o, with 0 < t,s,t',s' < T, where C

depends only on v, T and a bound for Hcin N
s S B

The above type of estimates were first proved by Aronsoh [ 1] and Aronson-
Serrin [2] fqr the operators of divergence form. If cijl.above_satisfy the anti-
symmetry condition : cij =»-cji, then Lb is of divergence form and ‘therefore
Theorem 3.9 is regarded as a generalization of the result of [1] and [2] to the
case of operators of nondivergence form. For the full version of Theorem 3.9; we
refer to [25]. We can obtain Proposition 3.1 fr6m<Theorem 3.9 via the following

interesting lemma.

_20_.
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Lemma 3.10. The function

2

K= (KLY = (o xp)/200xI%, % = (xq %))

is expressed as

1l A
+ 32A 5 K- = alA 32A .

1 3
K BlA

where

2.2 4 2 Y 3 (4
—xlxz/n[x} , A" = -3x1x2/2n[xi + x1x2/n|x| ,

p =
]

A3

: 2 4
-3x1x3/2n1x| + xlxg/nlxl .

The proof is done through direct calculation. Now let u, be the solution
corresponding to the initial value a = eVl a, so that 'un = K*vn s V= VU
Using Lemma 3.10, together with the estimate . annl(t)<g HVXanll1 < ”annan R
we easily see that the operator Ln =3y - VA ¢+ (un~v) satisfies condition (3.23)

uniformly in n > 0.
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