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On Legendre’s theorem related to Diophantine approximation

Shunji TTO ( Tsuda College )

bPR% 1R XS )
§1 Tnt%oductgnn

Tt is well known that the sequeuﬁe of oonvergents P, / a,of a,
which is induced by a continued faction expansion,provides "good"
approximation of o.

More exactly we haveythe following theorem.

Theorem ( Legendre ). Let a be a positive dvvational number.

if a simple fraction p/q, O0,satisfies the inedwa!ity

¢ 1 1
then there exists n such that

| = -5

(Pn+an)=(Pra)

and the constant 1/2 is best possible.

hi

We call the best possible constant 1/2 Legendré constant

associated with a simple continued fraction expension or

l.egendre constant related to the principle convergents.

By the way we know other continued fraction expensions, for
example nearest integer continued faction expansion, ag-continued
fraction expansion. and so forth. And each expansion provides a

"good" approximation of «.



16

‘

Tt is the main purpose n% thié paper to discuss how we are able
to dicide the Legendre constant tor each continued faction
expansion.

Tn this paper, we give the proof in the case of the simple
continued fraction expansion, but it is easy to see that the
mithod of the proof is universal and it is abhle to be extended
to other expansions. The central idea consists in constructing a
kind of decomposition of integer lattice, which will be called cone
decomposition associated with a simple continued fraction expansion,
and main tool is the natural extension of the simplé continued
fraction expansion transformation, which is hasic n6nnept in
ergodic theory.

Tn the final section, we give T.egendre constants for several

kinds of continued fraction expansions.
§2 On the simple continued fraction expansion

Let X=[{0,1] and an integer valued function a(aq) on X be

a(a)=[1/al, and define a map T on X and digits a_(n21) by

Ta = = ala) (2.1)
and
a = a (a) = al Tn—la ) nz1,

then, by using the algorithm (X,T), we have a simple continued

fraction expansion of geX inductively:
v i ; ) ,
T T ¥ e Ty T
! 22 +-, )

(2.2)
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Put

An dn-1 ] B} [ A, 1 ]
Pn Pn-y 1 0 ;

1 -9 ='( 10 ]
Po P4 0 L 1

and define a linear transformetion ék from (Xk’ yk) plane

and

to ( X1 yk—l) plane by

X ) 1
b [ n-1 ] 3 [ an ] [ *n ] (2.3)
Yn-1 1o Yo )

then we see inductively the following fundamental properties.

Fundamental property 1.1. let us denote anzTna, then for each

irrational qel[0,1),

P * Pp_i19y

1) a =
A
- 1
2) @ aycccan_y =
Ay * Y%-12n
and
3) a‘XO-Y0=(-1)na 0102"'an_1(aﬁYn-Yn) .

Define a map ¢n+1,k from ( Xn+1' el ) plane to ( xng ¥n ) plane by

b's k 1 X
$nel,k ¢ "= n+l (2.4)
' ¥n Voo Yn+1



and define a cone LO and a lattice cone fo in R2 by

Loz{x(é)+y(}):X.yz 0}

and

£o=1t (§)+m (1) : £ smen) , (2.5)
and also define a cone L{(n,k) and a lattice cone #(n,k) on
(xo,yo)—plane by |

Lin,k)= gyo gge---edpe ¢y, k(o)
and ‘ ‘ .

Z(n,k)= ¢yo ggo--odpodiy k(%) ?

then we: have the following formula

4 ,
f(n k)—{f{k[ ] [ ]}+m{(k+1)[ } [qn—1]}1(.meN}
Pn Pn-1 Pn Pn-1 '

(see figﬁre(l)) .
Using the above notation, we get the'genmetrina1 1émma.
Lemma 2.1. let [0 be a»]ine tg @ axg- ¥ = 0

then we have

1) Lin,k) N = ¢ , if k4o,

2) L(n an+]) > {0

3) 7 L(n an+1) = Z 1.( n+1, k )

and |

4) ﬂ L Bner) = o

D9f1n1f1on 2.1. for eanh irrational a € (‘O, 1),

zb has a following deonmpoq1+1nn fb a )

co

fo(a)- z Z f( n, k) ‘ (2.6)
n=0 k=
k#an+]

and we call fo(a) a cone decomposition associated with the

simple continued fraction expansion of g.
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Our goal in this section is to prove the T.egendre constant is

equal to 1/2. For this purpose, it is sufficient to see

inf inf - =4
x€eX gq’p;; ,ﬁ ‘ Qo p ‘ 7
(L D)2 {n+Tn)

and, by a cone decomposition (2.6),it is equivalent to

inf inf inf inf q 'qa—n‘ = %
a€eX n kikga 4 (q,plefin,k): :
(q,p)=1
(37902 (a1 Ppat)

The following lemma is easily obtained from geometric consideration.
l.emma 2.2. for each irrational qe(0,1),

1) min alaa=-pl 2 X, 1 |aX, -¥
(p,q)e#(n, k) ATLIL HU G B
O Xp ka1]2 Xn k41 In, k+1]

where (Xn,[’yn,{) is given by

_ [ %p | ,]‘z,. (i['qn],( [qn'_{]
y“:f , p“ L

2) min 1 mjﬁ  j ‘ ; fdf”qaf—ip |
k:k#an+] (r,a)ef(n, k) »

and moreover

= min a- X -y
£=1,8,,1-1,a, 441" n,{ “{,n

By the way, from the fundamental properties (1),(2) and (3)
we have the following
Lemma 2.3. for each irrational a,
An-1 C
{ppn=1 . :
(14282 1, 1]

Xn.¢ “'xn,t”yn.tlz -1 o )

1+ .
Toay An
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Remark 2.1. we know from the definition of a continued fraction

expansion that

1) if 8n+t1 < ' then (Yn,l’yn,1):(qn+1 ’pﬁff)
2) if ET T 2‘then (Yn,1’yn,1)=(yn,an+1—l ’yn,an+]—1)v
3) b if 18£8 ' .
sign(1—ano[):[ n+1
-1 if (gan+1

+1
Using L.emma 2.3 and the Remark 2.1, we define the constants

as follows:

[1 +:—“i-‘-] (1-ap)

cila):= min 3 ‘ (2.7)
n:an+1#1 1+ n-1.
Un
q
n+1
[(an+1—1)+q ] 0= et a0
02(0):= min h n
n:an+2) 2 1+»n—]‘a
n
n
(a +1)+Canrl ( a +1 )
n+1l an, o (Pn41 )-1
cg(a):z min
* n ]+qn-l
‘a,
n
and
cola):= min ~ cjla) ’
i=1,2,3.
and
cqy = min oo(a)
06[011) : -
Then we have from Lemma 2.2 and 2.3
Proposition 2.1. Tf there exists a simple fraction p/q

such that

Q'QG‘P|<°0
then there exists n satisfying (qn.pn):(q,p) and the constant c,
is best possible, that is, constant e is the Legendre constant

associated with the simple continued fraction.
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To calculate the value of the constant ¢ p We use the Fo]iowing
transformation (X,T), which is called a natural extension of a simple
continued fraction A]gorithm (*,T).

Let X=[0,1)x[0,1) and definé the'map'T §n X
by T(a:B):(Ta, E#%F ],‘theﬁ‘we ;Bfain the fﬁndamental Lémma.

{The proof is found in (3].)

Fundamental Lemma 2.5. For any irrational qel0,1),

a,. ‘ :
Tn(a,0)=(a“, qn—]] . f2.8)
n .
‘ Coaq
Therefore the value of f[an, aﬂ—l] is equal to f(Tn(a,O)) for
n

any function f on Y.

Theorem ( lLegendre )
The value of the constant c( is equal to 1/2.
Proof. Tt is not difficult to see that
Cl(a) < 02(0) < 03(0)
Therefore we try to calculate the constant 4= min 01(a)-

From the formula (2.7) and fundamental lemma 2.5, we see

cyfta) = min  f(T'(q,0)) 2 min f( x, v)
n:a #1 “(x,y)e X
n+l ) . - 1x<1/2
where f(x,y)= 1+ +x;'x

Now it is easy to see that

. . . (1 1
cy2 min f(x,v)= min{f(0,0),f(0,1),f ,0],f 5,111}
Conlst Lo o))
X _ -
- f(-z-,O) =5
The opposite inequality, that is, the constant % is best possible,

is concluded from the property the closure of the orbits

{T"(a,0):n21} is equal to X for almost all q.



§3 results

In section 2, we had a method to find the legendre constant.
Thfs method is summarized as follows:
1-8t step ¢! to find the algorithm (transformation)

(X,T) related to the given diophantine approximation,

2-nd step to decide the cone decomposition (2.6) associated with
the élgorithm,

3-rd step : to obtain the formula(2.7) in order to calculate

the constant co,

4-th step : to oonstrﬁct the natural extension (X,T) of the
algorithm (X,T), and to decide the statement of
fundamental 1emma(2.8)

5-th step : to calculate the constant ﬁ& integrating thg‘results‘
of 3-rd and 4-th steps.

In this séotion, we will see on:several examples that the method

is "universal"” for "any" one dimentional diophantine approximation.

Example 1. an approximation of x from below.

P .
As an approximation of g from below: q-—>0 we know the following
a

algorithm. (see[2])

Algorithﬁ: pﬁt
X210,11
b(a);f%ﬂr (smallest integer greater than % ) .
T(a)=b(a)-1

and

b; (a)=b(Ti 1y,

2

then the algorithm (X,T,b) induces an approximation qP of «
n
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where (qﬁ ,pﬁ) is defined by ‘ :
q; -q/_ -1 Yy -1 b -1
n ~n 1. 171 2 R L (n21)
Pn ~Ppn-1 ‘l ojf1- 0O 1 0

Cone _decomposition : put

and

Lp(n.k) =818y dpdnyy i (€o)
where

£o=1{1 ((1)) +m G) 11, meN} ,

then we have a cone decomposition

oo - -

gB(G)z N > fﬂ(nvk)
n=0 k)hn+1

of the domain {(x,¥)tax-y>0,x>0} .

Formula of Legendre constant :

Lacl 41 9n-1
¢ n+1 l;n-i-l q, o 5
Tin ?(qa—p) & min 5 : (3.1)
q.,p): n = In- '
(q,p)=1 [H “,1,-o=n]
qa-p>0 9,
(a,p)#(a; +Pp)
Natural extension: put X=[{0,11%x[(0,1]

and define a map T on X by T(q,B):[Ta,E%:F),then (Y,T) is

a natural extension of (X,T) and the following formula holds:

™ (a,m:("r“a, ‘—1-’}-—‘-’-]
qn L]

Result: using formula (3.1) and natural extension, the value

of Legendre constant cg on the algorithm is calculated as

1+%+%y .
min R and its vale is equal to 1, that is, we have the
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following result:
if 0<ql{ga-p)<1 (q,plJ=1 and qg>0
then there exists n such that

(a,p)=(q,,p,) -

Example 2. Nearest integer and ag-continued fraction expansion.

The nearest integer continued fraction expansion and singular
continued fraction expansion are the special cases of g-continued
fraction expanéions defined as follow. {(seel4d4})

Algorithm: for %§a§1, put Xa:=[a;1,a];
a(x):=[ l % |+1—a ]

a(x).—( for x=20
-1 for x<0

Tax::j%|~a(x)
and
_ n-1
an(x) a(T X)
p0)ize (2l
then the akgorlfhm (X T ,a,8) (gﬁaéi) induces an

ala)

approx¥matdien E—wa of x whpre (qn(a) pn(a)) is defined by
a,te)a,_q(a) (24 N (a, 1
ppla) po_qla)) |y O} e, O

Cone decomposition : put

$n

Q@

. X
Pn+1,k° ( " ]

€0 k) 261,00, 18pndnyy k(£o, Enst)

r——
4 X
3.3
1 |
,—}\—b
| S
] n
r—
; [LU
:! 3 3
s .
b—l O -
—_— N——
\.—d
TN
4 AR
3 3
+ +
— b
| S

and

where fO,s is given by {l(é)+m(;) ll,meN} for g=+1,

then we have a cone decomposition

10
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fa(x)=n2 £, n k)

(e
=
=0 k=1
k:7éar\+1

of the domain {(x,y):-x<y<x,x>0}

Formula of Legendre constant

In-1(q)
[]+En+l'qn( ) []—£n+1an)
min qlqx-p| 2 min : g

14_n-la)

(a,p):(q,p)=1 n:
RN Ane17l U (q) n
(a,p)#(q,(a),p,(a))

Natural extension: put
.= 1-2 2 1-2 2a-1 1
Ya.—[a—h-j;—a-]x[(),g 1Y (—;—g’ 1?7)"[0,2']
U[%%il,a]x[o,g] {in the case of %§a<g)
and ’

.= 1- 19 1-
X, :=la-1, Z¥]x[0,5] Y [F5% o]x[0,1]
{in the case of g<a<1)
where g is given by g:igll N
and define a map Ta on Y& by
- 1

TG(X:Y)—(TGX"—a]+"y)’

then (Xﬁ'Ta) is a natural extension of (XQ,TG) and the following

formula holds:

Ta“(a,0)=(T2x,q3;‘)

Result:
The value of Legendre constant c(a) associated with‘afcéntinued

farction expansion is culculated as:

min _ f,(x,y) if iSasg

(x,y)exa
and min fo(x,y) if g<la<l
(X,Y)EYa e
and x(a%T
(1t 1¥x
where fi(x,y)- Xy ’

and c(aq) is given by

11



clay=| Mintl-a i) if 1/25 a S¢

—_E%T—— if 25 a $1

In particular the both Legendre constants associated with
Nearest integer continued fraction expanion and singular continued
fraction expansion, which correspond respectively to the expansion

2

of the value a:% and aq=g,are the same and equal to g°.

Example 3 Mediant convergent transformation.

Algorithm: put X:=[0,1],

[ = if xe[0,3]
i xelz1]
co 1-

0  if xef0,
e(x)::[ ) [1 2-]
if xe[7,1]

T x =
[¢ 2

1

and e (x)ize (TN 'x),

v

then the algorithm (X,T,e¢) induces the approximation Gﬂ , which
n

is a mediant or a principle convergent of x, as follows {see[l]):
let matrixes A, and A; be
' 11 11
A= and A,=
0[01) 1(10)’

and put

then (Vn ,wn) is given by

wn'tn*un ’ vn-rn+sn

Cone _decomposition: put
x X
Yn-1 nM{¥n

£o=11(g)+m () 11 men)

and

then

12
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f():‘fbe (fo) U ¢_ ;fo

where Ekzl-ek. Therefore we have a following cone deomposition

of fo for each x;

©0

0m Zyteytey eyt Fo .

Formula of Legendre constant‘

() L) ()

n
(qqp) (q,p)=1 x <? rn+sn(1 Xn)+xn n>? ntsn
p/q is not principle

nor midiant.

Natural extension: put X:=[{0,11x[0,1]

min q|gqe-p| 2 min m1n

and define a map T on X by ‘
T(x,y):z[ (T§;’T¥§) if XE[O’%)
| (= k) if xelf, 11
then (X,T) is a natural extension of (X,T) and the fllowing

.
formula holds,

: T
™ (x 1)=[T x, —2 )
7 s n™’ ro+s, ).
Result. The Legendre constant cMLaSSOCiated with mediant

convergent transformation is calculated as

min ( min f(x,y)  , min g(x,y) ]
(x,7)€[0,$)x[0,11  (x,¥)el4, 1)x[0,1]
where f(x,y)=(1;%¥li?;£X) and g(x,y)=(2+Y)(3x-1)

y{l-x)+x

and its value is equal to 1.
So,we obtain the well known result: (q,p) is mediant or principle

convergent if qlqe-pl<1l, (q,p)=1,9>0.

13
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Example 4. Even ﬁartial quotients transformation
Algorithm: put X:[O,lf |
a(x) be the nearest even iﬁteger of %
ei(x)=sign(3?—a(x))
Tx:'%—a(x)l
an(x)=a(Tn—1x)

and sn<X)=£(Tn-1X) )

then the algrithm (X,T,a,g) induces an approximafion'of x by

such”thét,(wn,vn)z(odd,odd), where'(wg v,) is defined by

: ?h‘Sn {21 1] (22 &2 Bn €n]
th Wal 1 o |1 o 1 0 3

and wn-rnisn R vn=tniun.

" Cone decomposition : put

¢ :[x“'l ::{an ‘ﬂ][xn] D
D Yn-1 170 ) In SN
¢ . *n .= 2k £n41 xn-H
n+l,k Uy, "7 o Yn+1
and

£o=1(zpr1) (D+2a(L1) 2p (D) + 20+ 1) (1) a,pen)
(z{(m'n)lm’n‘6dd:m20 andylnlém}) | |

then fo has a;cone decomposition for each xeX

-] 00 N
f= > > f (n,k)
0 n=0 k#an+1 E

where

Zg(n k)=g1 8y 0 $niy, k(€o)

14

v

n



Formula of Legendre constant:

min qlax-p| 2 z
(?,p); . 0<TnX<% ( iﬂ.T”x]
] = r
(d,p)=(odd,0dd) "
(a,p)#(r s ,t tu ) '
Natural extension : put Y::[O,])x[—1,1)‘andbdef1ne a map on X by

T B .
(x,y)= X’ETT? ) |
Then (X,T) is a natural extension of (X,T) and the following

formula holds

Tnz(x,O)z(Tnx,iﬂJ

T
n
Result: Using the above formula and the natural extension,
The Legendre constant Cg associated with even partial quotient

is calculated as

(3+y)(1-3x%)
1+y-x

min
(X’.V)GX 1
and 0<x<5

29

and its value is equal to 1, that is, we have the following result:

if qqu—p|<1, (q,p)=1, q,p:odd then there exists n such that

(a,p)=(fpts,,t ts,)
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