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Ideal Class Groups and Diophantine Equations

ZBKRAE $H M (Shin Nakano)

§ 0.

ARKREAE K ©ideal B C(K) THDL. B 4 LHLT

(k) = {eeC® : ¢ =11, p,(K) = din Cu(K)
LB, 2T din B Z/0T-space ELTORTEBKT 5. ABMTES 7 —
~i C(K) Dgorank. TRbBE 0,(K) O (Fhb0) HETHE. HELL WA
He WAWABEME (FAK LLORMPRBRAOAHLE) OV ERYK
T KT oK) BREVSOEMEZONHEHETS 5.

—fEe. [K:Q OHMMTBEER 2T p(K) (B30I > &ES
C(K) @ g-part) RELABERBIEMBTE3. zhid, BOoBHLZTAH
5 FEANERE DD THE COBALONTE §1 ThL SN —H.
(K:Q] ZHORBVRE f R2VT oK) ORVHMmESASILBBLA
WEITHSB. L2Ll., 55BO0LAEFTERXAEELT, COMBART Tw -7

ERES

[}

THAARAEFBARB VO LoOBAMBEERT 2. T I TR, BHHHBROFER



DI 3B (Mordell-WeilBf) & Co (k) (OB ZEZRZ CLPEKRRS I ER
TdH 5. 84 TR, COXIBHETHBONAL3IKRKE{KICBE S %2Washington
DHBEEZBENAL. 8§85 TZxORE>VWTHET 3. §5 TOERR, BE

ODKEFREDIINEHEREOEFHRZT L LSZ SO TH 5.

s1.
T, K/ oS HAV(K) %&@&5@:%5?5;
Hg(Ki = { ace K*/k*‘ { (a) =01’, for some ideal Ot ofv K };v
a ¢ H,(K) wbL ot = (a)kf&Z:’LK ®ideal OL 2 & b, %@cllass’&%m‘\ké
H LIk, H(K=C(K) R22HEANBERTEE. TOHE, K 0
BHEBEL Uk EFFE. WK/ &3, #h% U,(K) TEDEBEE,. B &
A REL2FRT
(1) I —— U, (1) —— H () —— Co (k) — 1
é%é;ccer§K@$ﬁﬁmmm\nﬁ!KmE?61@&*ﬁ@@
METBE. 145 vk OMBMTHBdR WM LENoT dim U (K) = re+l
¥l o LRBBEDL ROFEREHE 5.
, {Mmmw)—m—l (41wk)
P (K) = ‘

dim He (K) - rx (grwk).

LB o>Te WARLT B, (X) BBLOBMUBTER>LILCTE2rBHEL

3 5.
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LT gEEBE umr=f6%é%%iz.%&pﬁiwofﬁﬁﬁz;
#mb5<m=f‘ueﬁ~pemm)aamﬁ5.set%bgbm%ﬁé
ik, BIAMRY —2FRVT K/ KBOLWT 2/07 EM¥MIT e w3, Ui

> T, ZOMEBE t ¥ 5 & din B, (K) = t.

pe(X) 2 t - rx =1 or t - rk.

CHhicED p(K) WO STHIRKEWY § RE K 2L EAEDZEBTE B,
21K:Q] oL & b FAROBBARDIL>. COLIBERRBUBEOME S

Kivfﬁ@@%ﬁ&@ﬁb\CM)@Q&UtKODt@JDﬁ%K%%%W‘

Beic g % (B LI Gras[2], Ishida(4], Yahagi[15] W EE B M) .

§ 2.

Kic (K:Q] OBAKbENTH L3 5—>0FEESIF LS. % TR
ﬁéﬁmxiﬁﬁﬁﬁé§ﬁ&ﬂ%%tf

£0X) ¢ 20X] ZuonicBBHEER. 6 2200 E5>0MEL K = Q8) &7
5. Wi, FEHER

(2) £(X) = =y*
© s OB (X, ¥) = (&, C) (1siss) # (£'(A), &) =1 %af
F L4 B ZOEE 6-A mod K ¢ B, (K) BB ENEBRRENE, &5
m\%aﬁﬁoﬁkﬁ&mﬁnﬁﬂsﬁKVW‘?&i&ﬂa L7 T,

dim H, (X) = s.



0, (K 2 s - rx- -1 or s .- TIK.
S2F D, KEPICE-T. AEFERX 2) ol sAdbniE. o, (k) OF

POLOBEWIHEMmBELhIbIFTH S, BLEHBERHALE T L.

Bl1 (%E2R®RiE)
QEHFREU £(X) = X2 - (p?*+q?*) RO 2ZREFHERXEE LS. I .
T. pq REERBZFRMTH 3. K = Q(8), 682 = (p?*+q®*) & BKL.
f(p*) = -q®*, 7 (p*) = 2p* #£ 0 (mod q),

£ 6-p* mod K** ¢ H,(X), BI#Eic 6-q* mod XK** ¢ H,(K) &7 3., 2T

Z 2
(3) . p = q¢ = 1 (mod 2), (—-——) # 1, (+~) £ 1
P /e ' a4 /s

RBRED b ET, 0-p, 0-¢* A K /K CTHITERZENERDOE S LT

il

REQB. ET P- (p, 64+a') B K O 1KOKideall B D Oc/p =~ I/p1 -
BROILD. WE. B3 abe 1/ KHLT (6-p*)°(0-¢*)® ¢ K** &4 3.
(6-p*)2(8-a*)® = (-¢*)°(-2¢*)® = (£>*®)*2® (mod P)
THBB. (3) XY 2 nod PT L NEHRKTHUSDS b= 0. AHELT
a =0 %2185, o THIENVEL LN T din B, (K) 22, WE 0
& w;LrK=1ﬁw6 mﬂ)zm.?ﬁb%xoﬁﬁmﬁfﬂna
S50 (3) 28k F pq AELHBIEL LD, COLIBNE2 RENER

CEETACENRAN B, o ’ (B 1)
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Fto%® 2P ULEBIELT § BEBTRwWEER L LEABHROERE2BEZENBT

%2, ¥HbLE “E2XRECHEEBPELASOWEEHARTEH P»UL S DB EE

KELET B COERRIINERTD I, Yananoto[16], Weinberger[14] i€ &

STHEBHINTWE, ghhtoFEE BEL —Bkdasciicdd, K
@ﬁ&ﬁmaurm(o#@%%%%?é&ﬁf%é(MmmNLHLUHL

COBAK L YN = +f(X) RABORESFBAVEENSLEHERALLT WV 3,

§ 3.
uT\%KQFz@%émﬁmr#i%.tm%é%%%ﬁ#%mmmu<
owoﬂmﬁaa.o&bu;QHx%%iaceu\ﬁﬁ%mxb‘Kio
¥ 2 OFRS B KumnerdE K EEX 52 & &»ﬁﬁf&i%i&\ bH 0 &2, R
EHEBERX Y2 = 1(X) OB/VBETH B, KT deg £(X) =3 O BHMER
BEEOHRERLSE, CHARSDVTRETHLIBX S,
ET, §1 TBALIERS [KQ BEUOBABRBVT S L. HTF.
HJ]&%&&?%.&?HMUO%%%
,HZSK) = {a e H,(K) ; a = square (mod 4), and
a is totally positive. }
EEALBL. 0l vell-defined TH 2 I L RFCILbh 5. BEH L Kunner
mk¢ﬁﬁﬁﬁxb %u)=MmMu>ﬁﬁbzo,EW)oﬁ%&ﬁum

KHRTERENESDVHE, (k) OFBRELT K OBRBBOEE2Z IR L



. BBV EVWR S EE FEERCHLTIDSIREVWHEEB RSN B &

% B (Nakano[91,[10]) . D& - DH % & F & 5.

Bl2 (HFHERMEARKE)
B¥ on O LT, n REARKEDideal HED 2-rankic > W TE X 3,
if\

XZ+Y2+22  XY+YZ+ZX
D(X,Y.Z) = : - Z

BANBRO3EY OB

-X+Y+2)\2 X-Y+7\2 [ X+Y-7\2.
CD(X, Y, Z) = — ) - ¥z = ) - X = , Xy
2

cEHLT

_xn+yn+2n

Ay = vz, ¢, =

k‘xn_yn+zn
A2=ZX, 02=—‘—‘-——

xn+yn_zn
A; = xy, C; = —mmmm8

EBl L
D(x“:y“,z") = Cf - A) = (3 -.AS = C§‘- A
BEROIo b5 £(X) = X" + D"y z") EBCE (LY) = (A.C)

it Y2 = f(X) DL B, K = o(e‘),'e" - D(x",y", z") L4 3. {5\]1 DK
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AP LEET B EicdD, 5% x,v,2 ¢ 2 2@~ 6%+ Af mod K*2 ¢
Bz (K) (i=1,2,3, dln, d<n). &> {09+ Af}iie B K/K*2 TR EZB. ¥
Hhb (k) = 30, 283, T An it n ED/MEWV 0 OKRKEOER

TH 5. , (A2

rtoflT., Bk n =3 OB &I, Craié[ll b

(1) #=x5hp
m%%@xﬁﬁﬂﬁfﬁ%t<saﬁogm%%ifhé.&m%n%é&w
anmuﬁﬁ@%mnmmmLk(LYm&E%Anﬁiaf)ﬁﬂiéxam' 
Fic k- THIRKCERT 5 E “o(K) 2 6 A8 S KIE K HEEIE
'Y 37 Cc‘:iJﬁ[E@'@%% (Nakano[12], A; =1 bS5, LofFMm&» BL
MoTWBH I &iwER) . —H, Kiharals], (6] & (4) TERSN 2HAEHR
E® Q ko Mordell-Weil rank > WTERLTWA., K = Q(8), 8% = D &
T 5 & &

B(Q)/2E(Q) —— K*/K*2
v w
(x,y) =~ — 6+x mod K*?

ma%%ﬁﬁﬂﬁﬁb\cnmgb MMEN)&dMHHHiJ.%H)ﬁ%
%?6@?&5.cmﬁ#é%bmagﬁm\—%K\Xiﬁﬁiym=ﬂm
éﬁ&ﬁﬁ&&r%ﬁ?%w&ﬁomﬁ%féégﬁbné.%%\Muw

[1] BED XS BFHEEAVT, ideal BB EBT 2V 2P OBEREB TV B,
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§ 4.
e~k 3ic () TEHES N CROREE: E e Kikoideal BB & b BB
PO L EBKE W (Hondal3]) 25, ST TREAKH NS, B0 oK M8
L3 REDideal B O i-rank: O M E % WashingtonO HEEBUCH 3 & &
T35 (M [13] 28 R) ..
£(X) e Z[X] %Zmonici 3 REMWSHRA L LL E %2 = £(X) TEHEN 3
QLoORAEBESS () 00Lo0f 0 SEEL K - 00) &8 &
Ca B(Q —— KK
w w
(x,y) — x-6 mod K*2 .
WHMEMATERTE T, Ker A = 28(Q) &85, FUbb5. BHERN
A E(Q)/2E(Q) ——— K*/K*2
%18 3. E ® 2-descent icX ¥4 3 SelmerBf. Shafarevich-TateB %, T h ¥

nos, W XHFHE.

(5) 1 ——— E(Q)/2E(Q) > § iy s ]

BEZELFRFBBSNE, o, HRi S C KY/K2 &aRFTLPBTE,
HEE E(Q/28(Q—S RETERLA N wk>TERSH 3.
ST Bk onel kuL
f(X) = X3 + nX2 - (né3)X + 1
BeaROoZHEKXEEZLS. (X)) RAZED n tX L THHTHL. 2 o¥HR
c1mhmmﬁ;utﬁorKc:oi3&QME¢ama;m§\kﬁ%i

'\@norﬁg'&’& N &L
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H = {aecH (X ; Na>0}, U = U,(K)NH
&$<t\Chéﬂ'WH%ﬁmw'th\U)&Eﬁwﬁé%ﬂ%ﬁéz

(6) - 1 > U » H - > C — 1.

2L C iR C(K) oBBTH B (BIFREK). ToT ROREZE LK.
. om® + 3m+ 9 i square-free T 3.

CoLtE s CH THY (6) D HoC %2 S RERT B ID, =2
%5
(n 1 —— o/ —— § —— ¢ —— |
ORDIAUDIEBTEHRETH S, (2 MBWashingtonOEHOXEMNRE I TH
5. ) IIT .
Eoc(Q = { P e E(Q ; X(P) is totally positive }

B, ik EQ) ORSBTH 3.

FB 1 (Washington) RERED® S &L T

(i) 1 —— Eo(Q)/2E(Q) y C - > I ——— 1 (exact),

(i) 1 + p2(K) 2 rank E(Q).

C(BSEE) (i) i (0,1) ¢ E(Q), A((0,1)) = -6 RERLT. 220%2 K

Fl (1), (8) %3¢k ~,



1 *5, <(0,1)>+2E(Q)/2E(Q) — S - - C 1
v I, o
1 — E(Q)/2E(Q) > S > I 1

CORKX i Snake lemma ’EJEWL"C\
Ker(C— M) = Coker(<(0,1)>+2E(Q)/2E(Q)—~E(Q)/2E(Q)) = Eo(Q)/2E(Q)
'vuéﬁﬂbeﬁéné.ﬁﬁmﬁﬂm

<(0,1)>+Eo (@) = E(Q),  2E(Q) C Eo(Q).

moEHh, Thickb (i) bREAE, | (W5 3 #0)

§ 5.

AT, (X)) odrbic gX) -f(=-X) = X% - mX2 - (m+3)X -1 2 {F > &

E3RBTHB 5. B £ Y2 - g(X) Kt o-THEESN 2 Q LOBMME

+3 &,
N : B’ (Q)/2B° (Q) —— K*/K*2

W ) . Y . i
(x,¥) ———— x+6 mod K*2

REMHERNSERECTES (g(-8) =0 KHEE) . E’((D 2-descent I X9

%2 Selmer®f. Shafarevich-TateB 2 Zh #h S’ 11’ THbd. &5
E¢(Q) = { P e E'(Q ; A (P) is tota'lkly bbsitive }
LB &, WashingtonD R -4 C L2220 EECOBARERTAE. HED b

& T

_10_
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(i)’ 1 — E§(Q/2E (Q) —#C —+—5 W’— 1 (exact),
()" 1+ ez (K) 2 rank E'(Q),

BBLNB. LidH-T
% EEOSET 1+ 0,(K) = max { rank E(Q), rank E'(Q) }.

B B B REBICAVAC LIk D VashingtonO R OMBE L B 5.
kK'= Q(i), 1% = -1, EBL & B> (0= (-x,iy) ¢ B ic&xD B B R k
ERMER S 22T, CORBIRX->T E(Q, E(Q kXIiBET 5 E(k) @
WHBEELTNLEN B, B, &8

E(k) = E"(k)

Ty U
E; =~ E’(Q)
U : U

B, = Eg(Q)
D& & E(QNE, = {0}, {to'c E(Q) + By l:iﬁﬂ]c‘:faé
ooB(Q) + By = E(Q) © B'(Q) - AR W
&9 % & Ker X = 2E(k) HAREH 3. (-’r%“fGC‘ZE(k) C B(Q) + B &W 3. )

zoT,

(8) 1 — E(Q)+E /ZE(k) — 8 s’ > IH > 1-
72\675% 7}'] iIc & Shafarevich- Tateﬁ@ﬁ{u% m %fﬁi?‘% X 6!: P
= (x,y) ¢ E(k) e LT ZzoHEHZH®E%E2 P = (X,y) ¢« E(k) THD L. E(k)

#5 E(Q ~OnornEg N %NP=P+F(RHU)T%§?%.VH)#

_1‘1_



5 E'(Q) ~®nornEH N’ sEBIECERT S, DL E

EH 2 RED S &.T

(1) 1 — Eo{Q)+E,/2E(k) > C > M ———— | (exact),

(o) 1 + p2(K) = rank E"(Q) + dim Eo (Q)/N E(k)

rank E(Q) + dim B (Q)/N’E’ (k).

i

- (B&EE) (1) 0% BE2BRBId+RELRIELT
1 (-0, -1+0>K*%/k"? 5 §§° ——— ' C — 1
EBIEBTE B, Th %, 0, 1)) = -6, X((-1,1)) = -1+86 TEXBL T

(8) & I i~

1 — <(0,1), (-1,1)>+2E(k)/2E(k) —» S S~ y C y 1
oo o I
I ——— E(Q)+E; /2E(x) - —>  § 8§’ m — 1

Snake lemma 2 #BH LT (1) »Ehrhsd. FiHh, (O0) i
1 — B,/2B, — Eo(Q+E,/2E(k) — Eo(Q)/NE(k) — 1
|3
Eo (Q)/2E (Q)

BEREHRNELVDRT I ENBTE B, o ‘ (g 3E #)

Washington® EEB F L3R EH RSB E 0, (k) OFEMIZT dim Eo (Q)/NE(k) ¥

724k dim Eg(Q/N'E' (k) OB EIFBEL > TW 53,

_12_
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Bi%ic, BF B E O twist OD &I BrTWBIEERITMATEI 5.

THbBL E OO tvist KOVWTELBI L ARTHY, EB. 558E

FBROFERBTEEL5THE. CHE>VTRINOBESLWT B I &icd 5.
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