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ON A NEW CLASS OF ANALYTIC FUNCTIONS
WITH NEGATIVE COEFFICIENTS

Tefuo Yaguchi (Bk-X® AO¥RB)

1. Introduction

Let A denote the class of functions of the form

k

flz) = =z + z

k

. %k
“~

Uz

which are analytic in the unit disk U = {z:]z|<1}.

We consider some subclasses of the class A. Let S denote the
subclass of A whdse functions are univalenﬁ in U. A function F(z)
belonging to the class A is said to be starlike of order o« ( 0 < & <
1 ) if it satisfies the inequality ‘

Re —Z £ (2) N

Tz o (zeU)

for 0 <=« < 1. We denote by S*(a) the subclass of A consisting of
all starlike functions of order « in U. On the other hand, a function
belonging to the class A is said to be convex of order @ ( 0 < @ <

1 ) if it satisfies the inequality
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Re { 1 + 2 £ 7Lz}

Tz o (z €U )

for 0 < ¢ < 1. We denote by K{a) the subclass of A consisting of
such functions. It is well known that K(o) = S*(a) c S. These
classes were introduced by Robertson [13] in 1936, and studied
subsequently by 5child {15}, MacGregor [5], Pinchuk [12] and Jack [3}.
Let T denote the subclass of A of the form

(1.1) flzy = z - % a zk
k:

where a, are non—negative real‘numbefs for all k. In 1975, Silverman
[18] introduced the classes T*(a> =Tn S*(a) ‘and Cla) = T n Ko

for some 0 < o« < 1, and proved the following lemmas.

Lemma A. A funetion f(z) =z - 2 a, X is in TNw
e k=2
if and only if > (k- o) a, <1 - «
k=2 ‘
Lemma B. A fumction f(z) =z - 2 a, zk is in CiaJ

if and only if Sk (k- o) a, <1 - .
k=2

‘ Several other subclasses of T were studied by Sarangi and
Uralegaddi (14), Owa (6,7,8,9,10,11], Gupta and Jain [1,2] and Jain
and Ahuja [4].

In 1986, Sekine and Owa [17] introduced new subclasses T*(a,pk)
and C(a,pk) ;pf T*(a) and Cle), respectiveli; They defined the

sﬁbclass of“T*(a) consisting of functions of the form
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n
f(z) = =z - g o ay z { a, = 0 ),

2
where 0 < p, <1 and 0 < S p, <1 , and denoted it by T (e,P,).
. k k=2 k . X
They also defined the subclass of (C{x} consisting of functions of
the form

f(z) = z - X

p, (1 - ) X
kK ( kK — ¢

i M

k=2

n
where 0 < p, <1 and 0 < 3 p, <1 , and denoted it by C(x,P,).
K k=2 Tk X
In 1981, the classes T*(a,pz) and C(a,pz) for k = 2 were
introduced by Silverman and Silvia [19].
In 1987, Sekine [16] introduced a new generalized subclass of T as

follows. Let {Bk} denote a sequence of positive real numbers,i.e.

(1.2) B, > 0 ( k= 2,3,--- ).

Let T({Bk}) denote the subclass of T satisfying the coefficient
relation

(1.3) °§°

B, a, <1
k k Tk

2

All functions belonging to the class T({Bk}) satisfy the coefficient

relation

1
(1.4) Osaks—y ( k=22 ).

The classes T*(a) and. C(x)} become to special cases of Sekineis

new class. Sekine [16] showed many relations among the new class and
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various subclasses of T.
I'd like to introduce a new subclass of TékB }3 by using the
inequality (1.4). For a finite sequence (pk?kfz of real numbers
n
< 2 P <1,

consisting of

satisfying the condition
(1.5) . OSkaI (k=2731"‘
we define by T({8;},{p;}5) the subclass of T({B8;})
functions f(z) of the form :
n D ©
flz) = z- 3 Bk 2K - > a; K.
k=2 k k=nt+l
2. Fundamental results
THEOREM 1. Let a funetion f be in the class T({Bk}). Then
feTB}. {p 1% if and only if
® n
2 Bpa, <1~ kéﬁ P

(2.1
k=n+1
The result (Z.1) is sharp.
Proeof. Since f € T({Bk}), the function f has the form (1.1}
and the relation (1.3) holds for a, and Bk’ . We put
S B, a < 1
k=m+l k» k

o
._'gi(__ ( k:z,-‘.,n)’ then
X :
if and only if Pk +
1t and only 1 22 Bk > Bk

VIR

Lk
. -
f € T(in}’{pk}z)
This shows the result (2.1). The function flz; of the form
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. 7
n D 1 - 2 Py
4 k : k=2 N
f(z) =z -2 z< - z
= Byr1

for ¥ =2 n + 1 shows that the result (2.1) is sharp.

The following corollary is a kind of coefficient estimates for f.

'COROLLARY 1.  Let a fumction f be in the class T((B.},{p D).
Then,
n
7 - .gr Py
(2.2) 0s ap = L= ( kzmn+1 ).

a

The result (2.2) is sharp.
The following theorem shows an inclusion relation.
THEOREM 2. Let sequences {Bk}z and {pk}g satisfy (1.2) and

(1.5), respectively. Then we have

’ ' n 3 2 ‘ m,
T({Bk}.{pk}z) c T{{Bkdkj.{pkdk}zj

" for positive integers m and n and a sSequence {dk}g such that 2 < m

n and J < dk < 7.
We can obtain the proof of Theorem 2 by using the following two
lemmas’.

LEMMA 1. Under the same hypotheses as in Theorem 2. we have

, n [ 1M

for positive integers m and n such that 2 < m < m.

LEMMA 2. Undef the same hypotheses as in Theorem 2. we have

<



7 : T ‘ . g R
T(‘Bk}‘(pk}z) c T8, b ipdy

for a sequence {dk}gv such that 0 < a; < 7.

Proof. Let f denote an element of T({gk},{pk}f}, Then we

obtain the form

p,d @
k" k k S a 2K
k=n+ 1

and the relation (2.1). The hypotheses 0 < dk <1, B, > 0 and

a, = 0 show
, | » n
(2.3) 0 < pkdk <1 (k=2,3,---,m ), 0 < k§2 pkdk <1
and
0¢ 3 5 1 - § 1 - 5
‘ < B, d,a, < B, a, < p, < - p.d,,
k=m+1 K KK k=m+l K K k=2 Tk kS2 Tk

. Ie 7
which prove f € T({Bkdk},xpkdkiz)-
Theorem 2’ is an analogous result as Theorem 2.

THEOREM 2° . Let sequences {Bk}?, {ijﬁ and {dk}f satisfy

(1.2),(2.3) and dk > /. Then we have
: o g 10
T({Bkdk}, {pkdk}2> c o). (o

for positive integers m and n such that 2 < m < 7.
3. Convexity of the class’ T({Bk}.(pk)g}

THEOREM 3. Let a sequence f{nj}? consist of integers larger
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than 1 and n denote the ainimum oF the aumbers LRI Let each
. i H

Function
nj p(j) - .
(3.1) f.(z) =z -2 Bk zX - > aiJ}zk ¢ aiJ/ = 3
J k=2 %k . k=n *1
J
. [ ‘g ~nj - s
be in each class T(gBk}.{pk j.%s for each J = 1.---.,m. Then the
funcetion F(z) defined by
n
(3.2) Fiz) = 2 x.f.(z),
=1 9
< : L (i) m
where i, = 4, Sax, =1, is in the elass T({B, }.{ 3 x.p,”" }%2).
J Jj=1 J . k i=t? JTk L
Proof . By (3.1) and Theorem 1, we have inequalities
@ .. n'f ..
(3.3) S Boa <1 - 3 pd) (G = 1. m)
k:nj+1 k=2

An easy calculation shows from (3.1) and (3.2) that

i P
7yl :
T D, , « m 5
Fiz) =z - 2 l"‘gi“k_“ z¢ - 2 ( 2 *'GLJV) 2
k=2 k k=n+1 j=1 Y ’
‘f)
- o
where a(J) = Kk for k=n+1, n+ 2, «v+, n_.
k Bk J

: PP
By (3.3) and the definition of T(;Bk},{pLJ)}QJ), we observe that

m ;i
0 < 3 x.a;J)
FE U



c_ ’
n m - 8 J n
(q) { g -
0 < Z(Exp )svxfp]£2k;~l,
k=2 V51 Ik JELV I K FER
and
® n n had 3
s (Bk s A.akdw) =z a ( S Bya;? )
k=l 9G=1 Y =L T ezarl F
n
m .. -3
- 3T« 3 sald)
PN B AV R k:nj*l k™K
n
< g A( "’p(jj) + 1 - EJ p(J))
PSR AV S ks2 Tk
n n .
=1 - 2(2 l'plij)) ’
k=2‘j=1 4

n 3
which prove F € T({Bk}v{ 21 ljpéi)}f) with the aid of Theorem 1.
J= “

Immediately, the following coroliaries are obtained by Theorenm
COROLLARY 2. Let funections f and g be in the class T{{B,

and T({Bk},{pé }2’), respectively. Then we have
Af + X'g € T({Bk},{kpk r x‘pk}?;

where 0 < 2 < [, <12 </, x +x" = and n < n".

The next coroilary shows convexity of the class T{{Bk};{pk}f'

COROLLARY 3. If f and g are functions in the class
T({Bk},{pk}g} and X is a real number such that 0 < x < [, then the
function Af + ( I - X )g is also in the class T({Bk}.{pk}g).

"We like to obtain a generalization of Corollary 2.

THEOREM 4. Let f and g be functions in the class

PERRR RN

41
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T({Bk},{Pé}g’) and T({Bé’},ipk’}?‘s, respectively. Then the Function
A'Ff +Axg , where 0 < 1" <1, 0.< X < { and A * X" = !, i8 in the
elass
S BL B Bl X+ Bt
T( L B ) 5 Fo i
I X =
where B, = maz {Bk',Bk”} and n = min {n".n" "}.

Proof. We may consider the case of #nn” = n°° = n, by virture of
Lemma. 1. We can put,with the definitions of f and g and aid of Theorem
1,

n. o7 ®
flz) = z - 2 Bk 2K - z a; zK
k=2 k k=mn+1
and
n pr -
glz) = z - 2 86‘ 25 - > ak’zk,
k=2 k k=n+1
where
(3.4) E | 1 g S 1 5
.4) B’ ar < _ Pl s S Blral‘< - 3 pi-
k=m+1 * K k=2 Tk k=m+l K 7K k=2 Tk
Then we have
xX° Flz) + 3177 gl(z)
n 0 o’ ot
_ 14 . k - k .. '
=z -3 ( L + 2 ) zt -3 ( xal *t 1 a ) z
K2\ By B k=n+1 K x
n q w .
=z -3 ek 25 - > b, zk,
k=2 k k=m+l
B B- B pia’ Bp A
_ k "k - . P ; _ Tk Yk k7 k
where ey = Bk s bk Fxla, + X ap and U = - Bk
Since, by (3.4) and a simple calculation,
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0 < qp < ppa” * p """ <27+ = 1,
0 7 n n
. . . -
< kg‘zqk < X kgzpk X kgzpk < a7 o 1
and
> e, b, < > ( B 'a, v B, "x"Ta.’ )
k=n‘*'l k X k:n'*‘l 1.4 .4 X K

1- 5 ( 1- 5
- _ ol + A"p") < = q
Pt k k k?Z k’
we obtain that
Xf+t X g € T({ck}aiqkl’g’,\'
with virture of Theorem 1.
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