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A CHARACTERIZATION OF {2va +

o1t g W T2 ;t,q}-MIN.HYPERS IN. PG(t,q)

B

(t>2, g>5and 0 < a < B < t) AND ITS APPLICATIONS TC ERROR-CORRECTING CODEg |

KB £ —F 2 ¥ (= =] & (Noboru Hamada)
ANV — DK Michel Deza

1. Intrbduction

Lef F be a set of f points in a finite projective geometry PG(t,q) of
t dimensions where t > 2, £ > 1 and q is a p;ime power. If (a) IF r\Hl
2 m for any hyperplane H in PG(t,q) and (b) |F N H| = m for some hyperplane
H in PG(t,q), then F is said to be an {f,m;t,g}-min-hyper (or an {f,m;t,q}-
minihyper) where m > O and IAl denotes the number of points in the set A,
The concept of a min-hyper (or a max-hyper) has been ihtroduced by Hamada
and Tamari [17]. In the special case.t = 2 and m > 2, an {f,m;2,q}-min.
hyper F is called an m-blocking set if F contains no l-flat in PG(2,q).

For example, let F be a ﬁ-flat in PG(t,q) where 0 < u < t. Then lFI =
v and |F N H| = v, or v for any hyperplane H in PG(t,q) according as

u+l u+1l
F € H or F < H where vy = (qz—l)/(q—l) for any integer % > O. Hence F is
a {vu+l,vu;t,q}—minohypere Tamari [27,29] shows that the converse holds,
i.e., if F is a {vu+l,vu;t,q}—minehyper, then F is a y-flat in PG(t,q).
Let V(n;q) be an n~dimensional vector spacé consisting of row vectors
over a Galois field GF(g) of order g where n is a positive integer. A k-
dimensional subspace C of V(n;q) is said to be an (n,k,d;q)-code (or a g-

ary linear code with length n, dimension k, and minimum distance d) if the

minimum (Hamming) distance of the code C is equal to d where n > k > 3 and




d 21 (cf, McWilliams and Sloane [24]). It is well known that if there
exists an (n,X,d;q)-code for given integers k, 4 and g, then

k-1 d

n > z 2 (1.1)
2=0 q

where rxT denotes the smallest integer > x. In what follows, we shall
confine ourself to the case k > 3 and 1 < d < qk_la In this case, d can

be expressed as follows:
d = q - I €. q (1.2)

using some integers k, g and Eoc (o = 0,1,---,k=2) and the Griesmer bound

(1.1) can be expressed as follows:

k-2
n > W - X
Q=

. €y Vorl (1.3)

where 0 < € < g-1 for a = 0,1,°-+,k=2. Recently, Hamada [5,10] showed

k-2
that in the case k > 3 and d = qk_l' - I anm, there is a one~to-one
a=0

o

correspondence between the set of all nonequivalent .(n,k,d;q)-codes meeting

k-2 k-2
the Griesmer bound (1.3) and the set of all { £ ev ., I € v ;k-1,g}-
4=0 o o+l o=1 a o

minohypers if we introduce some equivalence relation among (n,k,d;q)-codes.
Hence in order to obtain a necessary and sufficient condition for integers

k, d and g that there exists an (n,k,d;q)-code meeting the Griesmer bound

k-1 aind to characterize all (n,k,d;q)-codes meet-

ing the Griesmer bound (1.3) in the case 1 < d < qk—l, it is sufficient to

(1.3) in the case 1 < d < g

solve the following problem.

N



Problem A, (1) Find a necessary and sufficient condition for integers t,

g and ea {a =‘O,i,u-.,£—1) that there exists a t#Zl euva+l,t21 eava;t,q}_
0=0 - a=0
min-hyper, ‘
”‘ t-1 -1
(2)  Characterize all {an euvu+l,afo euvu;t,q}-min-hypers in the case -

where there exist such min-hypers.

Since all (n,k,d;q)-codes meeting the Griesmer bound (1.3) have been

characterized by Helleseth [20] and Tilborg [30] in the special case g = 2

k>3and1<dc< zk"l, we shall confine ourself to the case q'> 3, k >3

r

and 1 < d < qk_l in what follows,

k-2
In the case I ¢ =1 (i.e., ed = 1 for some integer a), it is shown by
a=0 o ‘ ‘

Tamari [27,29] that F is a {va+l,va;k—l,q}—min~hyper if and only if F is an

k=2 ,
o-flat in PG(k-1,q). In the case I Eu = 2, it is shown by Hamada [5,6,7]
a=0
. + v sk Crin. . . .
that F is a {Va+l * Vairr Yy VB,k 1,gq}-min-hyper if and only if F is the

union of an:a-flat and a B-flat in PG(k-1l,q) which are mutually disjoint

k-2
where 0 <o < B <'k~-1, In the case I €, = 3, it is shown by Hamada [5,
v ‘ =0
i + +
6,7,8,91 and Hamada and Deza [14] that F is a {Va+l + Vil VY+1, v, Vo

VY;k—l,q}—minohyper if and only if F is the union of an o-flat, a B-flat
and a y-flat in PG(k-1,q) which are mutually disjoint where q > 5 and
either 0 < a < B <y <k-lorO0O<a<B<y<k-l

In the case k 23, g>3 and € =0 or 1 for a = 0,1,---,k-2, it is shown

k-2 % k-2
by Hamada. [5] that F is a { £ e v ;, L € v ;k-1,q}-min<hyper if and only
T 0=0 o o+l a=0 o o e ; : L

if F is the union of €5 O-flats, € l1-flats, o-- (k-=2)-flats in

r Epe2

PG (k-1,q) which are mutually disjoint. Hence in the case k > 5, g > 3 and



<0 <B<y<§<k- i + + +
00 <B<y<§<k-1, Fis ,a‘{vo‘+l Vo1 vY+l Vsi1’ Vo Vg + VY”+

va;k—l,q}-minohyper if and only if F is the union of an a-~flat, a B-flat,
a y-flat and a d-flat in PG(k-1,q) which are mutually disjoint. Recently,
it has been shown by Hamada {8] and Hamada and Deza [12] that (1) in the

case k = 3, g>25,0=8=0and y =8 =1, there is no {Zvl +2v,, 2v, +

2vl;2,q}-minohyper and (2) in the case k > 4, g 25, a =B =0and y =&

=1, Fis a {2v, + 2v2, 2v

1
union of two O-flats and two l-flats in PG(k-1,q) which are mutually dis-

ot 2vl;k—l,q}—minshyper if and only if F is the

joint, The purpose of this paper is to extend the above results, i.e.,

to prove the following theorem (cf. Reference [13] in detail).

Theorem 1.1, Let t and q be any integer > 2 and any prime powér > 5,
respectively, and let o and B be any integers such that 0 o< B<t,

(1) 1In the case t > 2B, F is a {2v + ;t,ql-min-hyper

+
atl ¥ Vpert Vy T

B

if and only if F is the union of two d-flats and two B-flats in
" PG(t,q) which are mutually disjoint.

. + . _
(2) In the case t < 2B, there is no {2va+l 2VB+1' 2va + 2vB,t,q}

min-hyper.
From Theorem 1.1 and Theorem 5.2 in Hamada [10], we have the following

Corollary 1.1l. Let k and g be any integer > 3 and any prime power > 5,

respectively. Let d = qk_l - 2qa - ZqB and n = Vi T 2Va+l - 2vB+l where

0 2a<B<k-l,

(1) In the case'k > 2B+l1l, C is an (n,k,d;qg)-code meeting the Griesmer
bound if and énly if ¢ is an (n,k,d;q)-code constructed by using
two a-flats and two B-flats in PG(k-1,q) which are mutually
disjoint. |

(2) In the case k < 2B+1, there is no (n,k,d;q)-code meeting (1l.1).
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2, Propositions for the proof of Theorem 1.1

Let :}U(e,ul,uz}t,q) denote a family of all unions of ¢ points, a ul~flat
and a uz—flat in PG(t,q) which are mutually disjoint where 0 < & £ g-1 and

1 §=“1 §=u2 < t. Let ;}(vl,vZ,e--,vh;t,q) denote a family of all unions

-=flat in PG(t,q) which are mutually dis-

of a vl—flat, a v2~flat, crs s @V

e <y < t,

Ia .

joint where h > 2 and 0 < v. < v

1

In order to prove Theorem 1.1, we shall prepare the following propositions,

2

Proposition 2.1. (Hamada [5,10])

Let t and q be any integer > 3 and any prime power > 3, respectively, and
let o and B be any integers such that 0 < o < B < t/2. IfF € éﬁ(a,a,e,e;

t,q), then F is a {ZVa 2Va + 2v,;t,g}-min-hyper.

+1 ¥ Vg 8

Proposition 2.2, (Hamada [5,10])

Let t and q be any integer > 2 and any prime power > 3, respectively.

0 + + - — i o
If there exists a {zva+l 2v6+l’ v, ZVB,t,q} min-hyper F for some

integers a and B such that 0 < a < 8 < t, there exists at least one (t-2) -

flat G in PG(t,q) such that |F NG| = vt ZVB_l where v_, = 0 and v, =

(ql—l)/(q-l) for any integer % > O. Let Hi (i=1,2,-+,g+1l) be g+l hyper-
planes in PG(t,q) which contain G.

(1) In the case a =0, F r\Hi is a {6i + 2VB' ZVB_l;t,q}—minohyper in H,
, g+l
for i = 1,2,--+,g+1 where Gi's are some nonnegative integers such that I 6i
i=1
= 2,

. i + 2 ; -mine
(2) 1In the case a > 1, F r\Hi is a {2va + ZVB, 2Va—l Va1 t,q}-min

hyper in Hi for i = 1,2,°--,g+L,

Proposition 2.3. (Hamada [5,10])

Let t and g be any integer > 4 and any prime power > 3, respectively.

g



(1) Let e, B and cSi (i =1,2,-+-,g+1) be any nonnegative integers such

g+l
that 0 < € <g-1, 2<B<t/2and I § =¢. IfF is a {ev, + 2v ev

== 7
i=1 i 1 B+1 0

.+ 2v,_;t,q}-min-hyper such that (a) IF N Gl = 2 for some (t-2)=flat G in

B Vg-1
PG(t,q) and (b) FN &, € 3U(5i,3-1,3-1;t,q) for any hyperplane H, (1 < i

A

g+l) which contain G, then F € }U(S,B,B;t,q)o
(2) Let o and B be any integers such that 2 < a < B < t/2, If F is a

{2Voz+l + 2VB+1, B;t,c_{}--m]_nohyper such that (a) |F(\c]| = 2v |+

2V6-l for some (t-2)-flat G in PG(t,q) and (b) F [} Hi € }(a—l,a—l,s—l,e—l;

2v_ + 2v
o

t,q) for any hyperplane I—Ii (1 < i < g+l) which contain G, then F € 3(&,&,

BrB;trq) °

Proposition 2.4. (Hamada and Deza [13])

Let t and g be any integer > 4 and any prime power > 5, respectively, and

let B'be any integer such that 2 < B < t/2. If F is a {2v2 + 2VB+1' 2vl +

for some (t-2)-flat G in

2v,;t,q}-min-hyper such that (a) |FN G| = ZVB-l

B
PG(t,q) and () F (&, € F(0,0,8-1,8-1;t,q) for any hyperplane H, (Lgig

g+l) which contain G, then F € 3(1,1,B,B;t,q).

Proposition 2.5, (Hamada [6,7,10])

Let t and q be any integer > 2 and any prime power > 3, respectively, ahd

let B be an integer such that 0 < B < t.

(1) 1In the case t > 2B, F is a {2vB+l,2v8;t,q}—minehyper if and only if
F € Fh(B,8it,q).
(2) In the case t < 2B, there is no {2VB+1,2VB;t,q}-min-hyper.
Proposition 2.6, (Hamada [6,7] and Hamada and Deza [14])

Let t and q be any integer > 2 and any prime power > 5, respectively, and

let o and B be integers such that 0 < a < B < t.
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(1) In the case t > 28, F is a {Vd 17 Yy + 2v,;t,q}-min-hyper if

+1 + 2vB+ 8

and only if F € :ﬁ(u,B,B;t,q)o
(2) In the case t < 2B, there is no {Va+l + 2VB+1' vy * gvs;t,q}—min~hyper_

Proposition 2.7. (Hamada [8] and Hamada and Deza [12])

(1) 1In the case t = 2 and q > 5, there is no {2v, + 2v , 2V + 2V it,gql-

1 2 0 1

min-hyper.

(2) 1In the case t > 3 and q>5, Fis a {2vl + 2v2, 2v0

hyper if and only if F € }(0,0,1,1;t,q).

+ 2v1;t,q}—min-

Proposition 2.8. (Hamada and Tamari [19])

Let t and g be any integer > 2 and any prime power > 3, respectively, and

let o, B, vy and § be any integers such that 0 < a < B <y <8 < t. Then

F(a,8,v,6:t,q) # @ if and only if y + & < t-1.

3. The proof of Theorem 1.1

It follows from Proposition 2.1 that if F € :}(a,a,B,B;t,q), then F is a

{2v + 2v

o+l B+1’ zvu + 2

B;t,q}-—min-hyper where 0 < a < B < t/2.

. . + g . i ,
Suppose there exists a {2vm+1 2vB+l 2va + ZVB,t,q} min-hyper F for some

integer avénd B such that 0 < o < B < t. Then it follows from Proposition
2.2 that there exists at least one (t-2)-flat G in PG(t,q) such that |F () GI

=.2va_l'+ ZVB_l. Let Hi (i=1,2,-+,g+l) be g+l hy?erplanes in PG(t,q)

which contain G. Then it follows from Proposition 2.2 that (1) in the case

a =0, F rTHi is a {6i + 2v t,q}-min-hyper in Hy for i = 1,2,---,qg+l

BI 2Vs_l;

and (2) in the case & > 1, F’ﬂ Hi is a {2va f 2VB, ?Va—l +‘2vs_l;§.q}—min-

hyper in Hi for i = 1,2,---,q+l where 6i's are some nonnegative integers
g+l ‘

such that I di = 2, We 'shall prove Theorem 1.1 by induction on o -and 8.

i=1



s

Case I : o = Oyand B =1, It follows from Proposition 2,7 that
Theorem 1,1 holds. .- |

Case IT : o = 0 and B > 2 (i.e., B= 6+l and 6 > 1), Suppose Theorem 1.1
holds in the case oo = 0 and B = 8, i.e., suppose that (1) in- the

case t > 28, F is a {2vl + 2V6+l' 2v0 + 2ve;t,q}—minohyper if and only if

F € $(0,0,8,6it,q) and (2) in the case t < 26, there is no {2v, + 2v .,

2v, + 2ve;t,q}-minohyper F.

In the case B = 6+1, it follows from induction on B and Propositions 2.5

and 2.6 that (1) in the case t-~1 > 20 (i.e., t > 28-1), F F\Hi is a {5ivl +

+ 2v,; <mine i -1)- ; -
2Ve+1' 6iv0 ve,t,q} min-hyper in the (t-1)-flat Hy if and only if F H

is the union of Gi O-flats (ioéo, Gi points) and two 6-flats in Hi which are
mutually disjoint (i.e., F N Hi € :ZU(Gi,B—l,B-l;t,q)) and (2) in the case

t-1 < 20 (i.e., t < 2B-1), there is no {Si + 2v_;t,ql-min.hyper in H, .

2Vor1r 2V

Hence it follows from Propositions 2.2 and 2.3 that (1) in the case t > 28-1,

F € :}(0,0,B,B;t,q) and (2) in the case t < 28-1, there is no {2vl + 2VB+1'

2v_ + 2v,;t,q}-minchyper F. Since it follows from Proposition 2.8 that

0 B

EF(0,0,B,B;t,q) = @ in thg case t = 2B, there is no {2vl + 2VB+1' 2vO + 2vB;

t,gql-min.hyper F in the case t = 28. Hence Theorem 1.1 holds in Case II,
Case III : o = 1 and B 2 2, It follows from Cases I and II that (1) in

+ 2v_,

1 B

v, + ZVB l;t,q}—minohyper in the (t—l)—flat_Hi if and only if F rlHi €

F(0,0,8-1,8-1;t,q) and (2) in the case t-1 < 2(B-1) (i.e., t < 28-1), there

the case t-1 > 2(B-1) (i.e., t > 2B-1), F r)Hi is a {2v

is no {2v1 + ZVB, 2vO + ZVB_l;t,q}—minohyper in Hi, Hence it follows from

Proposition 2.4 that (1) in the case t > 28-1, F € J(1,1,8,8;t,q) and (2)

. : - + +
in the case t ;?26 1, there is no {Zv2 2VB+1' 2vl +;2V

B;t,q}—min‘hyper F.

Since it follows from Proposition 2.8 that :}(l,l,B,Bit,q) = @ in the case

= i + +
t 28,:there is no {2v ,2Y8+l' 2v, 2v

;t,q}-min-hyper in the casé t = 2R.

2 B



Remark 3.2, In the case t > 3 and g > 5, we can characterize all {2v

Hence Theorem 1.1 holds in.Cése ITI,
Case v 220a<Bc< t. It follows from Propositions 2.2, 2.3 and
induction on o and 8 that Theorem 1.1 holds. This complétes

the proof.

Remark 3.1, In the case £t = 2, o =0, B =1and g = 3 or 4, it is shown by

Hamada [8,11] that there exists a {2v, + 2v,, 2V + 2V ;2,9}-min-hyper F in

1 0 1
PG(2,q) such that F g;;}(o,o,l,l;z,q). Hence' Theorem 1.1 does not hold in

the case g = 3 or 4,

o+l

+ + v ; _-mine P .
+ vB+l + VY+1, 2va vB VY t,g}-min-hypers for any distinct integers a, B

and vy in {0,1,.-.,t-1} using a method similar to the proof of Theorem 1.1.

Remark 3.3. In order to solve Problem A, completely, for the case g > 5

t-1
and I ea = 3 or 4, it is necessary to solve the following open problem,
o=0

Problem B, Let t and g be any integer > 2 and any prime power > 5, re-

spectively.

(1) Characterize all {3v0!'+ ,3va;t,q}-m1n-hypers and all {4Va+ ,4va;t,q}-

1 1

min.hypers for any integer a in {1,2,...,t-1}.

i + . -mine
(2) Characterize all {3va+l VB+1, 3Va + VB,t,q} min-hypers for any

distinct integers o and B in {0,1,.--,t-1}.
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