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MacWilliams Identities for Linear Codes with Group Action
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1. CoDEs

First of all, we introduce notation and terminology in coding theory.
Let F := GF(q) be the Galois field of order ¢, N := {1,...,n}, and
1% :—-—: FN :={v:N — F}, so that V can be identified as the row vector
space of dimension n. The support and the weight of a vector v € V are

defined by _ ‘
supp(v) :={i€ N |v; #0},

v .:'= Wt(v) = lsﬁpp(v)|. |



Furthermore V has an usual inner product

. .
(u,v) := Zu,-v,-.
‘ i=1 v

Now a code C of length n is a subspace of V. The minimal dis-

tance(or minimal weight) of the code C is defined by
d(C) := min{|u| |0 £ u e C}
The dual code of C is the orthogonal complement
| Cizz{vEV‘I(u,b):O VueC}.

The code C is called to be self-dual if C+ = C.
The weight enumerator is the homogeneous polynomial of degree n

defined by

n
wo(z,y) = Z iyl = ZAra:"’ryr,
u€C =0

where {A4i,...,A, } is the weight distribution of C, that is,
Ap=f{ueC|lu=r}

Then the MacWilliams identity holds:

THEOREM 1.1 (MACWILLIAMS).
_ 1
Woi (3773/) = me(‘T + (q - 1)@/,.’1) - y)

For the detail, refer to [MS77], [P182], [MMS72].
The purpose of this paper is to extend this identity to codes with group

actions.



2. WE WORK IN THE CATEGORY OF (G-SETS

Throughout this section GG denotes a finite group. A G-set X is a set
equipped with right G-action

X xG— X; (z,0)— zo.

A Gmap f : X — Y between G-sets is a map of X to Y sﬁch that
f(zo) = f(z)o.

Let Set® denote the category of G-sets and G-maps; and let Set?
denote the category of finite G-sets. If we consider combinatorial theory as
a theory of Sety, the category of finite sets, then the theory of Set? can
be consider as equivafiant combinatorial theory. I have studied Fisher’s
inequality for block designs with group action based on this idea([Y087])).
Fortunately, this idea can be also applied to the formulation and the proof

of the MacWilliams identity for linear codes with group action.

Because the category of G-sets has similar properties as the category
of sets, we can formally extend usual theories to theories with group action:
that is, equivariant versions of theories. However the category of G-sets has
many non-isomorphic connected objects (transitive G-sets) in addition to
the terminal object, if G is not trivial. For this reason, it is often unavoid-
able that such theories become too difficult to study them directly. For
example, the theory of vector spaces is easy, but the theory of vector spaces
with group action is nothing but the representation theory of groups. Even

the definition of the concept of matrices is not trivial in this theory.
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Now, for two G-sets X and Y, we use the following notation:

X + Y : disjoint union;
X x Y : direct product;

YX:={f:X — Y}: configuration set;
where the G-action on YX is defined by
fo(z):=f(ze™) -0 forfeYX oe€GzeX.

For example, when G acts on N := {1,:--- ,n} and F is the field with ¢
elements, the row vector space V := F'V becomes a G-module by this way.
The action of G on F' is supposed to be trivial. The poWer set 2% of a
G-set becomes a,lsif a G-set in the usual way. Furthermore, the one point
set, denoted by 1, is a terminal object of Set€.

Next, let X be a G-set and H a subgroup of G. Then we obtain the
H-fixed point set and the H-orbit set: |

X :={zeX|zh=2 Vhe H};
X/H = {zH|zeX}

(Be careful not to confuse X# and YX.) For exaﬁple, for the row vector
space V := FN ‘as above, VH is canonically isomorphic to F¥/H_ Thus if C
is an F'G-subspace (=G-code) of V, then C¥ can be regarded as a subspace
(= code) of FN/H,

The disjoint union X 4+ Y and the direct product X x Y of finite G-

sets satisfies the distributive law, and so the isomorphism classes of finite



G-sets make a semi-ring. Thus the Burnside ring (G) is defined as
the Grothendieck ring of Set? with respect to disjoint unions and direct

* products, that is, )(G) is generated by [X], X € Set? and has the relations

X]=[Y], fX %Y,
X +Y] = [X] +[¥].

Since any finite G-set splits uniquely into a di‘sjoint union of transitive G-
sets, we see that Q(G) is a free abelian group with basis { [H\G] | (H) €
C(G) }, where C(G) is the set of the G-conjugacy classes (H ) of subgroups
H < G. The Burnside ring plays a role as the ring of “integers” in equiv-
ariant theories. | | |
For any subgroup H of G, the map [X] = |X H | can be extended to
a ring homomorphism ¢y : (G) — Z. Taking the product’ of ¢y for all

conjugacy classes (H) € C(G), we have a ring homomorphism

= H(,oH : @) — QG) = H Z.
(H)eC(G)

The following lemma is the fundamental theorem for Burhside rings and it

is due essentially to Burnside (cf. [Bull]):

LEMMA 2.1. ¢ : Q(G) — Q(G) is an injective ring homomorphism and
its cokernel is isomorphic to H(H)(Z/ING(H) :H|Z).

There are congruence relations which characterize the image of .

See tom Dieck’s book [Di79].
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Any G-set Z can be regardéd as a category as follows:

Obj(Z) = Z;

~homgz(z,y):={ceG|z=yo}.

The compositions are deﬁnéd by multiplication in the group G.

Let Z be a finite G-set. We view Z as a category. A functor Z°P —s
Set 7 is called a finite set over Z, where Z°P is the dual category. Thus
a finite set A over Z consists of finite sets A(z),z € Z and isomorphisms
between finite sets o* : A(z2) = A(zo);a — ao satisfying the condition l
that al = a,a(a%) = (ac)r. Furthermore, the total space A := H.cz A(2)
has the structure of finite G-set together with G-map A — Z. Hence

[Z°P,Sety], the category of finite sets over Z, is equivalent to the comma

category Set?/Z by A — (A — Z).

LEMMA 2.2. Let Z be a finite G-set. Two finite G-sets A,B over Z are
isomorphic in the category [Z°P,Set;] if and only if |A(2)®| = |B(2)¥| for
any H < G and any z € ZH, |

This is proved by the similar way as the proof of the» injectivity of ¢ |
in Lemma 2.1. Or it is proved by reducing the proof to the case where
Z = H\G and by using Lemma 2.1 to H.

Furthermore, we can define , for example, an A-module over Z as a
functor Z°?» — Mod 4, where A is a ring and Mod 4 is the category of

(finitely generated) A-modules.




LEMMA 2.3(MASCHKE THEOREM). Let Z be a finite G-set. Assume that
|G| is prime to the characteristic of the field F'. Then the Maschke theorem
holds in the category [Z°P,Modp| of F-modules over Z.

PrOOF: For any finite G-set Z, we put Z7:= [Z°P, Modp]. Then thereis a
canonical eqﬁivalence of categories : (X +Y) 2 X"xY". Furthermore, fbf
any transitive G-set H \G, we have that the category (H \G) is equivalent
to Mod FVH,‘ the category of F'H-modules. Thué the lemma follows from |

the ordinary Maschke theorem.

3. How TO DEFINE (EQUIVARIANT) WEIGHT ENUMERATORS

In this section, we define the weight enumerator of linear codes with

group action. From now on, let G be a permutation group on N :=

{1,---,n} and let F := GF(q). Then the row vector space X := FV
is an F'G-module. In fact, the action of G is defined by

(v7); :=v;p-1  forall veV,o0 €G,i€N.
The support map’
supp : V — 2V ; v supp(v) C N

is a G-map.
A G-code is an F'G-subspace of V. (We don’t treat monomial action.)

If C is a G-code, then the dual code C* is also a G-code.



DEFINITION. Let C be a G-code in V := F. Then the (equivariant)

weight enumerator of C is defined by the set -
WolX,Y]:={(u,p) € C x (X +Y)"|supp(u) = p~(Y) },

- where X,Y are finite G-sets.

We list some properties of this weight enumerator W[ X, Y.
(1) We[X,Y] is a G-subset of the G-set C' x (X + Y)N Furthermore,

there is a pull-back diagram in Set$ 7 as follows:

We[X,Y] —— C

N
(X+Y)VN —— 2N,
where the‘G-ma,p (X+Y)VN — 2N is defined by p — p~1(Y).

(2) WelX , Y] ié a homogeneous polynomial of “degree N”. This means
that o g (W¢[X,Y]) is represented by a polynomial in variables | X?|,|YP
for all H# and D < G and that WC[A X X,Ax Y] =g AN x W¢[X,Y].

(3) [WelX,Y]| = we(|X|, |Y]), where we(z,y) is the ordinary weight
enumerator. |

(4) The equivariant weight enumerators gives a homogeneous polyno-

mial functor of “degree N”
W : Set x Sety — Set?; (X,Y) > We[X,Y].
Thus W¢ can be extend to a polynomial map

We : UG) x QG) — UG).



Furthermore, by the fundamental theorem of Burnside rings, it is possible

to extend this map to
Wo : Q(G) x AG) — Q(G).

(5) We[X,0] 2¢ XV, We[1,1] g C as G-sets, where 1 is the one
point set. | |

(6) The linear map
FNIC Ve, (vig)ig — (vig)i

is an F-isomorphism. Thus there is a subspace D of F/@ corresponding
to C¢. This subspace D is the contracted code. The (ordinary) weight

enumerator wp(a,b) of D is given by
wp (a, b) = (IDGWC[CL, b]

4. THE EQUIVARIANT MACWILLIAMS IDENTITY

In this section, we state the MacWilliams identity for codes with group
action, that is, the equivariant MacWilliams identity. As before, We assume
that G acts on N := {1,--- ,n} and that C is a G-code in the row vector
space V := F¥ over F := GF(q). /

THEOREM 4.1 (EQUIVARIANT MACWILLIAMS IDENTITY). Assume that
(IG|,q) = 1. LetY and Z be finite G-sets. Then there exists an isomorphism

between G-sets:

CXWerY +Z,Y| 2¢ We[F xY + Z,Z].
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COROLLARY 4.2. Assume that (|G|,q) = 1. Let z,y be elements of the
Burnside ring Q(G) (or more generally elements of C ®z 2(G)). Then

C xWeilz,y] = Wc[m + (¢ -1y, z — 9]

in the Burnside ring (or in C ®z Q(G)).

As some special cases of the theorem and the corollary, we have the

following results.

(1) Taking the cardinalities, we have that
ICl x wor(y+2,9) =welay +2,2)  (y=1|Y],z:=|Z|)

and

ICI X Wwel (.’L','y) = ’wc(l' + (q - 1)y7$ - y)

Both identities mean the ordinary MacWilliams identity.
(2)In the theorem, let Y := 1,Z := @. Since Wc1[1,1] 2 Ct and
Wel|F,0) 2 FN =V, we have that

CxC+rav.

In particular, if C is self-dual, that is, C+ = C, then V 24 C x C, and so
|N/H| is even for any subgroup H of G (this result is trivial when ¢ = 2
because H is of odd order). To tell the truth, we can take F'G-module

isomorphisms as these G-set isomorphisms. See the next section.
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5. THE OUTLINE OF THE PROOF

In this section we shall state only the outline of the proof. As before,
we assume that G acts on N := {1,---,n} and that C is a G-code in the
row vector space V := F¥ over F := GF(q). Furthermore, we assume that
(|Gl,q) = 1. All modules are supposed to be finitely generated. ‘

For R C N, we put |

V(R) :={veV|supp(v) e R}
={veV|v=0 Vi¢ R}=F%
C(R) := CNV(R).
These are F-subspace of V and the following statements hold:
(1) The maps
V(-): R~ V(R),
C(=): R C(R)

are both functors from (2V)°P to Modp, where we regard the G-set 2V
as a category (see Section 3). In other words, V(—),C(—) are F-modules
over 2V, In fact, for ¢ € G the isomorphism V{R) = V(R?) and C(R) =
C(R?) are given by v +— v°.

(2) Furthermore, there are F-modules over 2V defined as follows:
R~ V,C,C(R)',C(N — R),V/C(R),C(R)*(:= Homp(C(R), F)), etc.
(3)As F-subspaces over 2%V of the constant F-module V : R — V over

2N

’

V(R)* = V(N - R),C(N — R)* = C* + V(R).

11



LEMMA 5.1. (i) C* ® CH(=) & V(=) ® C(N — (=))* as F-modules over
oN.

(i) C x CL(=) 2 V(-) x C(N — (=)) as sets over 2.

PRrROOF: (i) There are F-isomorphisms as follows:

(%) V/C(N — R)* = C(N — R)*
(%) C(N — R)*/V(R) = C+/C+(R).

(%) is clear. (*x) follows from the isomorphism theorem and the facts that

C(N = R)* = C++V(R) and CH(R) = C+ N V(R). Tt is easily checked |
that these isomorphisms give isomorphisms F-modules over 2N. Thus (i) :
follows from Maschke’s theorem stated in Section 2. (ii) Let H be any
subgroup of G and R an H-subset of N. We put D := C(R), so that D is |
an FH-module. Since (|G|, q) = 1, we have that D = D¥ & [D, H], where
[D, H| is the subspace of DC generated by { —u + ur | v € D,7 € H}.

“Thus |(D*)®| = |(D/[D, H))*| = |D¥|. By Lemma 2.2, we conclude that
C(-) and C*(—) are isomorphic as sets over 2V. Thus (ii) follows from (i).
~ We can now prove the equivariant MacWilliams identity. Let Y and 2
be any finite G-sets. The map (Z + Y)Y — 2V ; p— p~!(Y) is a G-map,
and so it can be regarded as a functor between caﬁegories. ‘See Section 2.

This functor induces a pull-back functor
[(2™)°?, Modr] — [(Z+Y)")?,Modr]; (M(R))rcN = (M(p~ (Y)),-
Next, there is a forgetful functor

[((Z + Y)N);°P,.Modp] - [((2 +Y)N)or, Sétf] & Set?/(Z + )N,

12



Furthermore, there is a functor which corresponds total spaces:

tot : [((Z +Y)V)P, Set;] — Set§; (4(p)), = A= [ [ ().

P

Take the composition of these functors, we have the following functor:
w: [(2V)°P,Mody] — Set§.
This functor maps the F-module C(—) : R — C(R) over 2V to
Wol2, Y] = {(u.5) € C x (Z+ )" | supp(u) € (¥},
By the aboVe lemma, we have that
078 CH )2 V()@ CWN — ()

as F-modules over 2V. Their images by the functor w gives the isomor-

phisms between G-sets as follows:
C®Weasr|Z,Y] 26 Wo|F X Y, Z]

On the other hand, we can easily prove that there exists a canonical G-set
isomorphism

——

WC[Z7Y] =Jei WC[Z + YaY]

Hence the above isomorphism gives the required isomorphism

CxWor|Z+Y,Y] % Wol|Z + F x Y, Z].

13
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6. A WEIGHT ENUMERATOR IS AN INVARIANT POLYNOMIAL |

We shall continue to use the notation of the preceding section. For any

subgroup H of G, let
or QUG — Z; X — |XH]
be the ring homomorphism defined in Seétioﬁ 2. We put
0 :=CQz UG).

Then the above map ¢ can be extended to g : @ — C, and furthermore {

by the fundamental theorem for Burnside rings () is isomorphic to C ®

0(G) = €% by ¢ := [] pn. |
We shall first calculate og(We[z,y]). Let H be any subgroup of G.

We decompose N into H-orbits as follows:
Nig 2 [ [ nd(HA\E),
where Hy, H;,- - - are pairwise non-conjugate subgroups of H.

PROPOSITION 6.1. Let x,y be elements of Q. Put z; := @y.(z),y; =
¢m;(y). Then |

(pHWc[:L', y] = Z Ag') H x?i—re yz‘e :
(ri) i

where

A =f{ue CH | supp(u) =g Y ri(H\H)}.

14




We define a linear map M by

M: Q60 —Q6Q; (””) H-l—(“(q‘l)y).
y Va T—y

Then it follows easily from the equivariant MacWilliams identity that if C
is self-dual, then W¢z,y] is invariant under M, and so the polynomial of
several variables on the right side of the above proposition is also invariant
under the transformation M : z; — (z; + (¢ — 1)yi)//Q, yi — (i — y,)/\/'(j

We shall consider binary self-dual codes. We define other linear trans-

formations on 2 @ § as follow_s:

op(a)=v=1P'  foral D<G.

THEOREM 6.2. Assume that ¢ =2, G is of odd order and C is self-dual.
Then the following hold: |

(1) W¢lz,y] is invariant under the transformations M, J.

(2) If C is doubly-even, that is, thé weight of every codeword is a

multiple of 4, then W¢|z,y] is fnvarjant under the transformations M, K.

This theorem follows from the above proposition. In particular, using
notation in the above proposition, ¢ gWe¢[z,y] is, as polynomial of variables
| Z1,Y1,T2,Y2, -+, invariant under M and J : z; — z;,¥; — —Y; }(or under
M and K : z; — z;,y; — a(H};)y,-). |

15
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LEMMA 6.3. (1) The group A:={(M,J) is Jsomorplnc to a d1hedra1 gI‘Oup
of order 16. _ -

(2) The group F := (M, K) is isomorphic to Zg x GL(2, 3), the centra]
prbduct of the cyclic group of order 8 and the general linear group, of orde

192.

7. NUMERICAL EXAMPLES

A doubly—evéh binary self-dual code C has the length n divided By

and satisfies the bound for the minimal distance

d<4[]+4

When the equality holds in this ineqtiality,' the code is called to be ex-
tremal. It is a famous open problem whether there exists an extremai?
doubly-even binary self-dual code of length 72 or not. Let C be such a codé
- of length 72. The weight distribution of this code is uniquely detefmined

by the MacWilliams theorem for ordinary weight enumerators.

Ao =An=1;
Are= Asg = 249849
Azo= A52 =181 067()4;
© Aga= Agg = 462962955, -
Agg= Aygq = 43973 42400;
Asy= Ago = 166027 15899;
Asg = 257567 21120.

16




Other A, are all 0. It is pfoved‘that a prime dividing the order of the auto-
morphism group of C is at most 7, if it exists, by J.H.Conway, J.Thompson, -
V.Pless , etc. In this section, we shall study C with an automorphism of or-
der 7. But our method does not induce a contradiction and the contracted
code is uniquely determined. | |

After this, C denotes a doubly-even binary self-dual cdde and (¢ denotes
a group of automorphisms of C' of order 7. Conway and Pless ([CP82])
proved that N has 2 orbits of length 1 and 10 orbits of length 7.

We shall determine the polynomial pgWelz,y]. By Proposition 6.1,

we have that

10— 2
peWclz,y] y ZArl,rg Ty YTy YR

T1,72

where z1 := ¢1(z), Z2 = va(z), -, and
Apy vy o= t{u € C%| |u| = Try + 72, |supp(u) €| = ra}.

This polynomial is invariant under the group I' := (M, K) C GL(4) of order |
192. See Lemma 6.3.
Put R := C[z1,y1,22,52]. We want to know the invariant ring RT.

The ring R is a bi-graded as follows:

R = €{>—Rrﬁ’

7,820

‘where

r, .-—{Zaul lw;J]!a,JEC}CR

17



Since the I'-space R; := Cz; @ Cy; @ Czz @ Cy, is the direct sum of the
I'-subspaces ’Rl,o = Czy ® Cy; and Rp,1 = Cxy & Cy2, we ha,ve that

R = P (R..)".
r,820
The Generalized Molien series is defined by
Fr(hp) =) _ dim(R,.) A"’
r,82>0
Then Molien’s theorem for the generalized Molien series states that

1 1
) ==Y =
Frdhm =1 ; det(1 — Aoy)det(l — pos)’

where o1 and oy are the matrix representations of ¢ on Ry and R,

respectively.
Using a computer, we can calculate the sum of this series.
A30,30 4 ...
Fr(hp) =7 ) 54 8 24
(1 =A%) = A%)(1 — p®)(1 — p??)

B 1+('\+>‘17)ﬂ+()‘2+A10+>‘18)#2+"'
- (1= 28)(1 — A\24) '

Now, oaWe|z,y] belongs to the subspace Ryg 2. Define the ring
S := Clws(z1,y1), waa(z1, ¥1)],
where

ws(a,b) := a® + 14a*b* + b8,
waa(a,b) = a®* + 7594166 + 2576412612 + 75948516 + b24.

18




Here wg(a,b) is the weight enumerator of the extended Hamming code Hg
and w24 (a, b) is the weight enumerator of the Golay code Ga4. Under these
notation, the above result about the generalized Molien series Fr(A, ) im-

plies that dim¢ Rjg2 = 2 and that
ecWelz,yl € Sfs @ Sfm @ S fa0,
where

fo = (2122 + 1192)2,
A=z (e — 1),
fi2 == {2211 (3322912 - x12y22) + (5”14 - 1114)5”23/2}A

f20 := {(z{y2 — 229?)? + 32yl (z122 — y192)* } A

Since the minimal distance of C is 16, there is no coefficient of z)y;z2ys.

By this condition, the polynomial wgWe¢|z,y] is uniquely determined:

paWolz,y] = 21°25 +5z1yiy; + 10272, 9
+ 3227 w2yrye + 1021y ys + b ziyr + i Y5 -
For example, the fact that the coefficient of z}ySy? equals 10 means that
there are ten codewords u € C'© such that |u| = 7-6+2 and |supp(u)®| = 2,
that is, u is of weight 44 and supp(u) contains the two element set NC.
In particular, putting z; := x5 := a,xy := ys := b, we have the weight

enumerator of the contracted code D of C:

wp(a,b) = a'? + 15a°b* + 32a%0° + 15a*0° + blzf

19
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Thus D is the unique indecomposable self-dual code of length 12.

We want to check the congruence relation. In this case, this éondition
states that for any element ¢ of ﬁ(G), t is in the image of ¢ : Q(G) — Q(G)
if and only if pg(t) = ¢1(t)(mod 7). Assume that the variables z,y are are
contained in the Burnside ring 2(G). Then z; = z; = z{(mod 7),y2 =

y1 = y; (mod 7). Thus we have that

vcWelz,y] = p1Welz, y]

= oy + 52y +3ziyl + 4wyl +oo-
So we can not get a contradiction by this way.

8. PROBLEMS

MAIN PRrOBLEM. Extend coding theory to coding theory with group
action.

In this paper, we considered the MacWilliams identity. To tell the
truth, the proof of the equivariant MacWilliams identity in this paper is
just a straightforward extension of the proof written in Pless’ book.

"EXERCISE. Observe that the proof of the equivariant MacWilliams
identity gives a proof of the ordinary MacWilliams identity in the case
where G'='1. What result does the equivariant MacWilliams identity give
in the case where G is a cyclic group and acts regularly on N — NC.

The following sub-problems are important:

(1) Study cyclic codes. A cyclic code is a code with cyclic automor--

phism group which acts reguldrly on the coordinates.

20



(2) Find equivariant versions of various kinds of bounds(e.g., the sin-
gleton bound or the sphere packing bound).

(3) Can we prove mass formulas for self-dual codes with group actions.

 (4) What can we say about lattices with finite group actions? Can
we define the équivariant version of theta functions? There is no Maschke
theorem for lattices. |

In order to study equivariant coding theory, the following problems are
important:

(5) Get a condition that a polynomial map Q(G) x Q(G) — Q(G) of
degree N comes from Q(G) x QG) — Q(G). We might obtain extended
congruence relations.

(6) Develop the theory using other Hermite inner products instead of
the usual one Zi u;v;. When we consider the decompositions of V and C

by central idempotents, such the inner products can appear.
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