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The Optimal Stopping Problem for Multi-armed Bandit Processes
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§ 0. Abstract. This paper deals with the optimal stopping pmbiem’ for d;armed
bandit processes. Under the assumption {8‘ independence bf arms this paper shows that
not only optimal strategies but also optimal stopping times are expressed by'the dynamic
allocation indices for each arm. Therefore we see that in order to solve this problem it is
sufficient to calculate the dynamic allocation indices for each arm. -On the other hand
this paper reduces this problem to solve d independent one-parameter optimal stopping
problems for each arm and shows that the optimal stopping unie for the original p‘roble‘m
is expressed explicitly as the sum of d smallest optimal stopping ﬁmes forv,one~parametter
Omimai stopping probiems. |

Moreover this paper gives-a necessary and sufficient condition for the finiteness of the
smallest optimal stopping time of the original problem. This canditignrrgsuns in the
finiteness of the smallest optimal stopping times of d independent one-parameter
stopping problems for each arm.

In Markov case this paper shows that the optimal smppiné region is equal to
Cartesian product of the optimal stopping regions for each arm and also investigates

nymerical calculation of optimal strategies and optimal stopping times.
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§ 1. Preparation.

§ 1.1. Optimal stopping problem.

H={0,12---3}: time‘space.

X ={ X.o,.P )t ey © Markov chain with state space E.

M : family of all stopping times { {1 =1t} € F, forallt € N, Pt <oo)=1 )f
ﬁ . discounted rate ( 0 <B <1 ).

I bounded measurable function on E.

¢ : constant function on E.

Z=1{ f( Xt) } t ey © reward process .
. 1-1
EX [ Z B Ly Xt) +Blc ] : expected value of reward process starting from initial state x.
t=0

Optimal stopping problem ( @ ) -
Find optimal stopping times o, € . !

Gp-1 T-1

pid Z

E [Z ﬁ‘f{xt>+5"ﬂc]= sup E [Z ﬁtf(Kt%ﬁ’C](=U(x}}foerE.
t=0 el t=0

o,=inf{te M :U(X)=c): smallest optimal stopping time.
¢ 1

§ 1.2. Dynamic allocation index.

% -1
E [Z ﬁffixr}]
=0

v(x) = sup L (x € E) : dynamic allocation index

Tem ® T-1
tzy; E [Z ﬁr]
r=0

t=inf{t=1: v XL) < W XO) } : optimal stopping time.




§ 2. Notations and results.

§ 2.1. Optimal stopping problem for multi-armed bandit processes.

d : number of arms ( positive integer ).

B: discounted rate { O <P <1 ).

Xi=(xi, 3’: P'), ¢ : mutually independent Markov chains with state space E' (i=1,---,d ).
fi: bounded measurable function on Ei (i=1,---, d).

¢ : constant function on E.

7 i={ fi( Xi)}te 1 . machine with arm i ( = reward processi){(i=1,---,d ).

X=(XJgeT =1 X;l e ng Js-rsl .  g4) e d-parameter process with state space E.
4
T =H?: timespace E-= H E': state space
a i=1 d
P= H P! probability - %, = @ gti co-field (t={t,, ~, t )
- i=1 i=1 i

strategy 1 = {n{t)} oy - ((nMt) - mdt)))en
n{t):0— T satisfying (i), {ii)and {iii):
(i) =mn(0)=(0,---,0)
(ii) Forall teN itholdsthat
%
n{t+l) =n(t) +{0 - 010..0) forsomei=1,--,d.
(iii) {m{t)=r} e &, forall teH and all reT.

ni(t) - number of pulls of arm i up to time t { = time of machine i at time t).

77 - { all strategies T },



MrP=(1:0-H s.t. {1-tin{n(t)-r}e F,oforteH and reT }
. family of all stopping times along n € /7.

-1 4 .
Vi) = EX[ D) D Ui Ehi) (niCts 1) -ni(1))+ pTe] (ne 7 and 1 e MY
t=0i=1 .

.. expected value of reward process.

y**(x) = sup sup V&Y x) (x=(xl---,x9)€E) :optimal value.
neZte MM

Optimal stopping problem for d-armed bandit processes { @& ) :
Find strategies n*e 77 and stopping times t*e '

* ok /
l- vy . sup sup VT(m) (= vA¥m)) forxeE
1
neZreql,- -

Theorem 1 ( Bellman equation )

Vir(x) = max (e max (fi(x)EX[ p ver(x, )] 0
1¢izd

§2.2. Optimal strategies and Optimal stopping times.

vi(xi) ( i-1,---,d): dynamic allocation index with arm i.
w(x) = maz i) ( x-(xl---,x9)eE): maximum index.
12i4d -

Theorem 2
(i) =n*( e 7ZZ7):index strategy ie.

for eacht € N n* satisfies



221

N
b 1:0; e

"’(Xn*(t}): vi(X,iin(t;,) on {n(t+1) =mn(t) +{0Q, .0 0}

for somei=1,--,d.

(ii) "= inf(teHM: (X (1-B)-¢ )

) )
(iii) P(1™ <o) =1

= T7* is optimal strategy and 1 s optimal stopping time for { @& ).

i family of all 1. adapted stopping times ({1 <t} e S‘: foralite M, BP(1 <w)=1).

Optimal stopping problem with armi( @1) :

r Find optimal stopping times ci e i :
o§-1

7 by N gty o 7 o %l t i T L L

| =L 2 et g |- e ET] B ptabeste | (vt sore
t=10 : Te M £tz 0 ’

G;= inf { t e N : Ui( Xi Y=c} (i=1,---,d) : its optimal stopping time.

Theorem 3

n* € /7 : index strategy .

—
-

(i) Ggi= inf{teN:‘ﬂi(Xi)s(l—ﬁ)-c} 7' (¢™) (i=1,--,d) --- machinei

4 B ;

(i) %= Z op = inf (te NV (Xgxgy)=cl oo bandit process
i=1 » :
X d ‘. .

(i) P[eV<w] - []P[od <= ]

i=1



