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b ghasOg THER®W, %ot ag =X 3o dipORT S
2. ﬁ&\ﬁﬂlﬁ®&mm2¥M3J§MI%2

( dbdre sdke | dobre 3 dbe v, 2)

AP %U\ ncter

AR S AR IE AT (SRS S

\%f’-:ﬂp‘t%mz 3,
\31@03;0*1‘61\“(, l) I (Io&x 1.\ “t“éﬂ( < . +&)

)

A Y | Y
Lo (Xc‘\ ) (X\-’Xa)a\is T (C(X\XO" C\Ioz X, Xo- 2.6102 +hXo —CX, +CX '~1|Icﬁ~

. 2 2
~+ 3 X * X, Q}’,_x; -¢Iol+zxa> i -+ (fm )((13(‘ 2a1°~ﬁdofc ~3( YM—D(( zxo)gi
~ Llena |

% reduce | < recluu; a&etp

REDUCE 3.3, 15-Jan-88 .

1: on comp; & .lrkﬁﬁ 33 M8 preceducelxa st 3,

2: in _"dh.r"s in "db.r"s_ &~ Q("H&.a;l B . G-bass Package éfo*@"""mc?f;’
-VARS := 2 , :

F| 2 w"\,\'&l:)\f)

.o06514, length 2268 bytes q\a x. o“m\-.mu,ﬁ'@
Vproced

GBASIS ‘ 2075w iR N%3 .

4: f1: -opmult(xa*dﬂ xﬂ*d0+x1*d1+c 1)- xﬂ*opmult(xﬂ*dﬂ+x1*dl+a x@%dg+b);

- T e e e e e e e v e e e

Fl1 = - X@%(AxB + AxX0*DO + B*X1xD1 + B*X9%D@ - C*D@ + X1%X@*DOxD1l -~

2 2 2 '
X1xD@xD1 + X4 *D@G - XO%xDg + X@xDg)

— o e eme e e e e e m— o —— e e

2 2 2
FF1 := - X1%(A*X1%Dl + A%BP - C#D1 + X1 *D1 + X1%X0*D@%D1 - X1%D1

+ X1xD1%BP + X1%D1 - X@%D@%D1 + X@GxD@*BP)
62 _a__g(l_}_ =f1ls ag(2) =ff1s$ ag(3) -ﬁ

ﬁ- ghosisty Molfeie

AG(3) := @

AN
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16: t-ode:=1; &—— basc BTl
“ODE := 1 ODE Section, YT B3 T Eedirng 231%

Time: 68 ms

(agar.oqm o]
11: gbafxi(l._é———— ?\x\s.‘s a)‘}rfg

- S8ize of old Ag is ..... g
_ ) IIFURY
Compacted. Size of reduced Ag is ..... 2 vabi%
*#%%%% ID fill no longer supported --- use lists instead
*%k% Z3 Z2 Z1 Z0 are non zero \J/
Recuded Field factor: X1xXd
Spol of 1 and 2
*%%%% ID fill no longer supported --- use lists instead
*%% Z2 Z1 Z@ are non zero
Recuded Field factor: - (A - C + 1)
. _ 5 ,
1: New s-pol is added. A*BxX1 - AxB*X@ + Ax*xX1%X0%D@G - A*X¢ *Dg + Bx
2 2 2
X1 %D1 + BxX1%X@%D@ - BxX1%D1l - B%X@ %D@ - CxX1%D@ + CxX@*xDg + X1%xX0
2 i 2 ‘ 3 2 2
*D@ - X1%X0*Dg -~ X1xX@+#DOxBP + X1%X0xDG + X1%D@%BP - X¢ *D@& + X0 *
2 2
D8 -~ X8 %D
Size of old Ag is ..... 2
*%%%% ID fill no longer supported --- use lists instead

x4%% Z3 Z2 Z1 20 are non zero
Recuded Field factor: Xo%x(Xg - 1)

Found target! Answer is FFFF. .
~——— ~ = ‘Bie FRFR:.

Completion is completed.‘
Basis consists of 3 elements. (Ag(l),...)

Time: 242386 ms
12: disp(ffff)s

B0 24 2¢ 2% = el
Do

[X81]
(X - 13

\j -
X1 - X2] . J:l\.F %' '
f— ---------------- ==/ St

/€.



/usr/users/z@87/basis/Rims/dh@.rr 1989/1/14 14:8:25 1 p. 1--
%order definition for the ring of differential Operators.
% dh@.rr 1988/82/26
% 1989/91/14
Ring of differential operators with meromorphic coefflclents.
Order is lexico graphic. ( .D3>D2>D1>DG )

This program is implemented on REDUCE 3.2 and 3.3.
We do not use ' ‘symbolic procedures'' to make a simple program.
But the time performance is not good for the reason. ‘

o += 3¢ T MWW

%K% NN NN Y%%K %% %N %% %%%%% MOALTY here UXUAAUUAUKK%%2%%%%%%%0%%%%%0%% 0% %% 0% Ve

-VARS:=2; ;

UKo BN Ko Va2 ta Ko 2 Vo Yo Ko Ko U6 2o 2660626247000 et Vol Koo Lo o Yo o Lo Sl U 2 U Vo 2e 2 06 Ya Ya e Vo Lo Vo ta B Ko Yo e U N Ko K Ve e % Ve Vo 00 04
z%z%z%zzz%%z%x%zu%nzz%z global Vvars XXUUUUAUUALUULAALLKNARKKN %NS %%7%2%%2%% 0%
%% X#,X1,.... DG,D1,D2,..... are global wvariables.

BARUNRALKUKY N %% 7Y%t Ve Ve 2o Ko o Dot o Vo o RN Ko K B Vo Yo o Yo B Yol R AU K Y % %o Yo Lo % %o Vo Ko Yo Vo Yo Yo 2a ot Vo Vo Yo Yo Vo o 20 Pa Vo Yot
off factor;

symbolic operator numberp;
symbolic operator xx;
symbolic operator dd;
symbolic operator myzz;

symbolic procedure xxX k;
intern compress(list('x,car explode(k)))s$

symbolic procedure dd k;
intern compress(list('d,car explode(k)))s

symbolic procedure myzz k;
intern compress(list('z,car explode(k)))s

procedure head(f); .
begin ’ .
scalar m; . .
for m:=(!-VARS-1) step (-1) until @ do f:=mylterm(f,dd(m));
return f;
ends

% headcof(f) is the head coefficients of f.

procedure headcof(f); %for monic. Calculate head coefficients
begin ) .
scalar m;
for m:=(!-VARS-1) step (-1) unt11 g do f:=mylcof(f,dd(m));
return f;
ends
brocedure mylcof(f,v);
begin
scalar tmpDen;
‘tppDen:=den(f); f:=num(f);
if (deg(f,v) neq @) then return( lcof(f, v)/tmpDen)‘
else return (f/tmpDen);
ends

Procedure mylterm(f,v);

(]
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/usr/users/z0807/basis/Rims/dh@.rr 1989/1/14 14:8:25 2 p.

begin .
scalar tmpDen;

tmpDen:=den(f); f:=num(f);

if deg(f,v)=0 then return (f/tmpDen)
else return( lterm(f,v)/tmpDen );

ends

procedure mypart(f),

begin .
for 1.=(!-VARS—1) step (-1) until 4 do f:=mylterm(f,dd(i));
‘return f; ' : v

ends$

% f and g must be monomials.
% If £>g then 1 else 4.
procedure larger(f,g);

begin
' scalar fd,gd;
if £f neq § then fd:=f/headcof(f)
else fd:=0;
if g neq 4 then gd:=g/headcof(g)
else gf:=98;
return( largers@(fd,gd, !-VARS-1) );
ends )
procedure largersd(f,g,m);
begin
if m < & then return 4;
if deg(f,dd(m))>deg(g,dd(m)) then return 1;
if deg(f,dd(m))=deg(g,dd(m)) then return (largersﬁ(f g,m-1));
return 9;
ends -

% If £f is ODE of x9 then 1 else 4.

procedure isODE(f);

begin

if £f = 9 then return 4;

if larger(di,head(f))=1 then return 1 else return g;
ends : :

% f and g must be monomials.

% If f is m-reducible by g then 1 else ﬁ
procedure reducible(f,g);

begin o
if infield(den(f/g))=1 then return 1 else return 4;
ends

% If £f does not contain Dg,D1,... then 1 else g.
procedure infield(f);
begin
scalar result,m;
if numberp(f) then return 1;
result:=1; m:=!{-VARS-1;
while (m>=8) and (result=1) do <<
if deg(f,dd(m)) neq 4 then result:=0;
m:=m-1;
>>;
return result;

.
[x
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end$

% binomial coefficient.
pracedure binom(a,m);
pegin
scalar result,k;
if (a<=8) or (m<=0) or (a=m) then return 1;
if 2%m>a then m:=a-m;
result:=1;
for k:=1:m do <<
result:=resul txa/k;
a:=a-1;
>>;
return result;
end$s

% Function for pretty printing
u%%%%%%%%% disp() for REDUCE 3.3 %%%UAA%AULAXXUKBLKALL%ALKLHKKIZ%%2%2%%%
procedure disp(f);

begin
scalar tmp; . .
if (£=9) then <K write "8"; return(g); >>;
while f neq & do <<
tmp:=head(£f); t=f-tmp;
disp!~-monomial (tmp);
>>;
f ends

f procedure disp!-monomial (f);
1 begin
' scalar tmp, tmpd,m,k;
tmp:=1;
for m:=@:(!-VARS-1) do <<

k:=deg(f,dd(m));

:=£/(dd (m) *%K) ;

tmp:=(dd(m)*xk)*tmp;
>>3
write tmp;
tmp:=factorize(f);
for each tmpd in tmp do <<.

write " [, tmpg,"1"s
>
| write "----------crrr e "$

: scalar tmp; . . o
3 Write "/e—mmm e e e e —_—— e ————
while f neq # do <<
' tmp:=mypart(f);
on factor; write " ",tmp; off factor;
c=f-tmp;

tmp:=0; %to save memory.

>>

19
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"~ ends$

% opmult(f,g) is the multiplication of f and g as operators.
procedure opmult(f,g); % don't write tail recursive program to save memory.
begin
scalar tmp,result;
if (£f=8) or (g=0) then return 4;
result:=9;
while ( f neq & ) do <<
tmp:=mypart(f);
result:=opmultsl{(tmp,gl)+result;
f:=f-tmp; ’
>,
return result;
ends
% f must be monomial.
procedure opmultsl(f,g);
begin
scalar a,fd,k,m,alpha, tmp;
if numberp(g) or numberp(f) then return (fxg);
a:=headcof(f); )
fd:=f/a;
if numberp(fd) then return (f*xg);
for k:=@:(!-VARS-1) do <<
- tmp:=0;
alpha:=deg(fd,dd(k));
for m:=@:alpha do <<
tmp:=tmp+binom(alpha,m)*df(g,xx(k),m)%dd(k)**{alpha-m::
>>; :
gi=tmp;
>
return (a*xg);
ends
% opPower(f,p) is fxfx....*f ( p times ).
Procedure opPower(f,p)};

begin
- scalar tmp;
tmp := 1;
if p = @ then return 1;
if p =1 then return f; ¢
for i:=1:p do <<
tmp :=opmult(f,tmp);
>>;
return(tmp);
ends
on ged;
Write ™ 1111t ON GCD. !!!1! "

ends
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% The generic procedures to compute the Groebner basis
% for Differential Operators, difference operators and Weyl algebras
% An order must be defined in dh@.rr

% db&.rr 1988/12/95
% 1989/01/14

%u%%%%%% Global variables XAKALAUAULUKNALNKNAIA%KK%%%%LT2%%
%%%%

RRBNKR% NN KN Y%%K V%% N VKT K V%%

AN YA %

UKRA VAR KRALARKKAK%H%% modlfy here %%%
SIZEAG:=40; SIZ =

t~ODE := @; f you want to stop when you find ODE in the
g, then !-ODE:=1 else !-ODE:=

UNLKKK %020 % 00 e Ve 2 2o 2a o oo 26 26 o o o e S o Ko o o Ko Ho o o S AL R o 2 6 Yo U b 2 % % 26 26 26 6 K 26 % %6 %0
array Ag(SIZEAG); % G-basis

clear FFFF; % If you want to find ODE in the generators, the result

% is put to FFFF. cf. !-ODE
UNKALA%%%%%2%%%%%% variables for the system. X%UUUUAUAKLAI%ALHKRAL%%%1LHAL%%Y%L%%%

t-DBG := 0% % Debug flag of mred().

'-DBG@ := @3 % Debug flag of reduceAg()

1-DBG1 := @S % Debug flag of gbasis(). Output the candidate af S-pol.
{-REDIFLAG := ©0%5% used in mredl(). 1==)> reduced.

!-REDFLAG :=0% % used in mred().

!-FFFFFLAG: =08 % Flag for the ODE check ,
RUKKKA%KA %K%K %%%%%%% end of definition of global vars XAAARUAXARAAARKLARKLKRKKLK
symbolic operator myzz;

UNANLNNNN%N%%%%%%%% MOAi LY here HUXisskiikl%l %%t %X hAh%%dH K %%%%
cedure checkAgForStop();
in

scalar result;
result:=9g;
return( result );

% mredl(f,g) is m-reduction of f by g.
pProcedure mredl(f,g);
begin ,
scalar hf,hg,result;
t~REDIFLAG := &;
if (g=86) then write "@@@ Error in mredl() : devide by &";
if numberp(g)=1 then return 4;
result:=f;
repeat <<
fi=result;
if (f=0) then result:=¢
else <«
hf:=head (£);
hg:=head(g);
if (reducible(hf,hg) = @) then
result := f
else <<
’ !-RED1IFLAG:=1;
result:=f-opmult(den(hf/hg)xhf/hg,g)/denchf/hg);
result:=resul txden(result); % (x+y)/2;
>>;



/usr/users/z@@7/basis/Rims/db&d.rr 1989/1/14 14:52:2 2 p. 57--

>>,
>> until ¢ f = result );
return result;
ends

% mredAg(f) is m-reduction of f by the set Ag.
procedure mredAg({f); *

begin
scalar oldf, 11,tmp.k ftmp,mm, kk;
t-REDFLAG:=0;
k:=0; oldf = 0;
while (oldf neq f) and (f neq @) do <<
ii: ; oldf:=f;
whxle (Ag(ii) neq 9) and (f neq &) do <<
tmp := mredl(f,Ag(ii));
if !'-RED1FLAG= 1 then !-REDFLAG:=1;
if ( !-DBG =1 ) then <<
write "#&##mredAg():",f," ===> ",tmp;
write " by Ag(",11 ") : "L,AgZ(ii);
>>;
if (tmp neq f) then <K<
’ k:i=k+1;
f:=tmp; tmp:=8; %to save mem.
>
iiz=ii+l;
>
>>
return{(f );
ends

% mredaa(f) is m-reduction of f by the set aa.
pProcedure mredaa(f),

begin
scalar oldf,ii, tmp,k,ftmp,mm,Kkk;
{-REDFLAG:=0;
k:=@; oldf := 4;
while (oldf neq f) and (f neq @) do <<
ii:=1; oldf:=f;
while (aa(ii) neq @) and (f neq @) do <<
tmp = mredl(f,aa(ii));
if t{-REDIFLAG=1 then !-REDFLAG:
if ( {-DBG = 1 ) then <<
write "#&#&#mredaa();",f," ===> ",tmp;
write ™ by aa(",ii,") : *,aa(iiy;
>,
if (tmp neq f) then <K
k:i=zk+1;
f:=tmp; tmp:=0; %to save mem.
>>; L
iit=ii+1;
>
>>;
return(f )J;
ends

% sp(f,g) is the s-#olynomial of f and g.
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procedure sp(f,g);

pegin

end$

scalar hf,hg,lc,tmp,hcoff,hcofg,coflc, ftmp,kk,mm;
if (£=@) then return g;

if (g=@) then return f{;

hf:=head(f); hg:=head(g);

hcoff:=headcof(hf); hcofg:=headcof(hg);
hf:=hf/hcoff; hg:=hg/hcofg;

lc:=hfxhg/gcd(hf,hg); _
coflc:=hcoffxhcofg/gcd(hcoff,hcofg);

tmp:=opmul t((coflc/hcoff)*lc/hf,f)-opmult((coflc/hcofgl*xlc/hg,g);
tmp:=tmpxden(tmp);

return( tmp );

procedure getsizeAg();

begin

end$

scalar n;

n:=1;

while Ag(n) neq @ do n:=n+1;
return(n-1);

procedure getsizeAs();

begin

ends

scalar n;

n:=1;

while As(n) neq ¢ do n:=n+1l;
return(n-1);

% The procedure reduces the set Ag.
procedure reduceAg;

begin

scalar n, j,k,tmp,m;

n:=getsizeAg();

array aa{(n),newAg(n+l);n:=getsizeAg();
for k:=1:n do newAg(k):=Ag(k);

repeat <«
% newAg ===(compaction)===> Ag
n:=getsizeAg(); newAg(n+l):=0;
k:=1;

for j:=1:(n+1) do <<
Ag(k):=newAg(j); ’
if (Ag(k) neq @) then k:=k+1;
>>; % compaction
Ag(k):=0; ni=getsizeAg();
% Ag ==> nevwAg
for j:=l:(n+l1) do newAg{(j):=Ag(j): ‘
if !'-DBGY neq & then write "#reduceAg() : size of Ag is ",n;
% Do reduction of newAg :

K:=9;

while (K < N) do <K<

‘ K:=K+1;
% aa<== complement of newAg(k) except 4.
m:=1; o

2.3
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if (j neq kK) and (newAg(j) neq 8) then <<
aa(m):=newAg(j); mi=m+l;

>
>
aa(m):=9;
%

newAg(k):=0; %%% to save memory.

tmp:=mredaa(Ag(k));
if !'-ODE=1 then <K

if isODE(tmp)=1 then <K
write "Found target! Answer is FFFF. ";
ffff:=tmp; !-FFFFFLAG:=1;K:=N;

>3
>V,
if !-DBGY neq g then

write "#reduceAg(): M-reduction of Ag{(",k,"™)

+JAg(K)," -=> ",tmp;

newAg(k):=tmp;
>>5.

>> until (seteqAgAndNewAg()>=1 OR

clear aa,newAg;
ends

111

{-FFFFFLAG=1);

% If the set Ag and newAg is equal, then 1 else 4.

procedure seteqAgAndNewAg();

if Ag(Kk) neq newAg(k) then <<result:=8; k:=-3;>>

if (Ag(k)=8) and (newAg(k)=0) then <<

result:=1;

begin
scalar result,k;
k:=1;
while (k>@) do <«
else <<
>>3
>3
k:=k+1;
>,
return result;
ends$

% The procedure compuﬁ7\f Grobner basis.

% input: Ag
% output: Ag or FFFF.
procedure gbasis:
‘begin
scalar k,j,n,m, tmp, kkk;
array As(SIZEAS);
!-FFFFFLAG:=0;
n:=getsizeAg();
for k:=1:n do As(k):=Ag(k);
As(n+l1):=9; Ag(l):=0;
repeat <«
% Ag:=Ag+As
ji=getsizeAs();
i=getsizeAg();

k:=-3;

% work area of G-basis
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ends$

ends

write "gbasis():(reduction of Ag): Size of old Ag is ... ",n;
m:=1;

for k:=(n+l):(n+j+1) do <<Ag(k):=As(m); m:=m+1l; >>;

% reduce Ag

reduceAg();

{-FFFFFLAG := checkAgForStop();

if (!-FFFFFLAG = @) then <<
rzgetsizeAg(); )
write "gbasis(): Compacted. Size of reduced Ag is
% generate new S-pols
kkk:=@;As(1):=9;

"K:=8;
while (K<N) do <<
K:=K+1;
J:=K;
while (J<N) do <<
Ji=J+1;
tmp:=sp(Ag(k),Ag(j));
write "gbasis{()>: S-pol of ",k," and ",j;
if '1-DBGl neq & then
write "##gbasis(): The candidate is "
tmp:=mredAg{(tmp);
if tmp neq 9 then <<
kkk:=kkk+1; .
As(kkK):=tmp; As(kkk+1):=0;
write "gbasis():",kKkk
,": New s-pol is added. ", tmp;
if !'-ODE=1 then <<
if isODE(tmp)=1 then <K
write
"gbasis(): Found target!",
" Answer is FFFF., ";
ffff:=tmp; !-FFFFFLAG:=1;
K:=N;J:=N;
>
>3
>> else <K
write '
"gbasis(): The S-pol is reduced
>,
> 3 v
>,

>>3
>> until (getsizeAs() = @& OR !'-FFFFFLAG=1);
if !-FFFFFLAG neq 1 then << '
write "gbasis(): Completion is completed.";
write
>
clear As;

¢

Basis consists of ",getsizeAg()," elements. (Ag(l),...

" .
s N

» tmp;

to @.
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