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I. Introduction

In a problem of the Ising spin glass on the Bethe Lattice

we encountered a nonlinear integral equation (1], 2D

@®

S{x) = 5%[ K(x,y)[SC(y>1% dy (1.1

-

Kix,y) = 2ndlydcos x - 2jo(y>cos X

@®
+ 2 m;O (1 + 4m)j2m(x>j2m(Y) (1.2>

where z is the natural number. and j2m(x) is the SbhericaL Bessel

function of order 2m.

We put

@D

S(x>) = a + bcos x + ng Cop j2£<x) . (1.2

Substituting (1.2> and (1.3) into (1.1), we get a system of
algebraic equatﬁons for unknowns a, b, and Cop of which the
coefficients are given by definite integral of products of Bessel
functions. Solution S{(x> can be solved &y the solution of the
simultaneous algebraic equation. We defined the following

integral I:
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KD 1 j K . . .
I = = cos x Jj, (x> 3, (x> ...j, (x> dx
21 22 ...£V Tl 21 22 v Bu

(1.4

Katsura [3], and Katsura and Nishihara [4] calculated

qs)) ap X X oy X
Iﬂl 2 £3and Iﬂl 2 by using the residues and J. E. Kilpatrick.

Katsura and Inoue [5] calculated

A
W {(a,, Ae-, va,)
Vl v2 . Yy 1 2 2
= J J C(a,t) J (at... J (a,t) t dt (1.9
0 Vl 1 vz 2 uﬂ 2

In this paper we calculate the values of following
integrats I, N, V., A, and R which appeared in the spin glass

calculation as slated above by extending their method.

@©

p<hiko = lj sin (x5 (03 (x)...3. (x>dx
MNg...n = wl_g Ny No n,
(1.5)
. QO
N;h$K) = %J sinl (x+K) no Gon GoLLLn GOdx
1Mo M, - m 2 i
: . (1.6)
V(hl, ho» Ky Kge e aK)
ﬂ1n2 ny.mlmz...mﬂ
® h h h<
_1 RS . 9 R
= nj_mswn. (x+K1>s1n (x+k2)...51n (x+kk)
X i (x>3_ (x)... 3. (xon_ (xon_ (x>...n_ (x>)dx
M No my My Mo m, (1.7
17 ° 2
ACL,m.nD E-E;j {j0<x>} sin™x cos'x dx (1.8
-®
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(6) 1 ® imx
——J e Joo4x) j_(x> ... F (x> dx

n1 n2 ... Ny T} _s ny n2 n,

(1.9

0
[

where nm(x) is the spherical Neumann function of order m.

ITI. The integraL for I, N, V. A, and R

jn(x) and nm<x) can be expressed in

P00 = 5% rgo Eﬁnreix + Q:re_ix] x " (2.1
m

n o = mr Fo D™ e e+ Br 2T T 2.2)

Anr* - an ir—n—l ’ Bms = Yns i

v - _(n+ro! o~r (2.3)

nr n'n-r)!

* o, .
(Anr is the comprex conjugate of Anr) and

h p h-p
sin" - b, . h-p_ . _..(p*2a>/2 -~h
sin (x+Kk) = pgo q;O ugo cps K sin kK (=15 2
hy (P h—h .
X G Y expdich-2a-2uw%0 . (2.4)
Furthermare by using
' @ ; Lo A=1
exp (iky) _ ik .
P J_w 2 dy = —gop5T T sanckd  (k#0>  (2.5)

where P is the principal part. Hence by using (2.1)-(2.5), we can

evaluate them.



h p h-p
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ICHS Ny 0o 0y h
I = 7z z DI 2 ..z 2z~ COS K
NNg...n,  P=0 a=0 u=0 r;=0 r,=0 r,=0 ¢=0
h p hy ¢bPy yh-p
X 51" QA
Voo 1. Y
| I P ) S5l ,Z1€2r,tn 2t p+2uw ]
X y -1
(wgl rw+u—1)!
v
wzlr +y-1 ,
X w¢(v s0) f sgn(f> (2.6)
P h p h-p m 7
Chik) - 1 Mo # h
lemQ...mﬂ p20 a%0 u¥0 5,20 s B0 ~*s %0 gZ0 €S K
h-p hy Py (h-p
X sk Q) Qe
M Y 1 M
wgl M WS w §{w§1<25w+mw+ﬂ)+(p+2u>}
X 2 -1 ‘
<w§1 sw+u—1>!
M
w;15w+ﬂ_l
X w¢(0.u) g sgnd(g) 2.7
(where if ¢ is odd. the integral for N = 0, because N is the
odd functiond
V<h1’h2""'hk kl o KA>
NyNo. . nv.mlmz...mﬂ
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h h p P p h.-p., h P
" 5,20 5,50 9,E0 5,20 a0 q;F0  uwE0 o0
Py 2 PA=% 9417V 99 ax 1 2"
h,-p n n n m m m v+u
050~ 20 r 20 r 205 20 s %0 s B0 gFo
A 1 2 Y 1 2 7]
A P '
R 4 & Z £ &
X (O, cos = K, sin Ke (D )(q 3 ( Ny )i
A 7,
Y Y
% 1 wgl ngl nwrw mnsn
A Y, 7 ‘
2521 h$+v+u <w§1 rw+ n§1 s77 +y+u-1>1
1 A v H ;
_ §{Egl(pg+2u$)+wgl(nw+2rw)+n§1(mnfsn+ﬂ)}
X (-1)>
v 7
C2Z, r + . 5 _ +y+u-1>
X Wy @ 5H @ TR0 53 (&) (2.8)
2 m n ' -m/2+u+v
2N My Ny (DD
ANLmond = 3o oo s (M ()
u=0 v=0 w=0 W’ W N 2£+m+n (9-1)1
X 771 sancry : (2.9)

(where if m is odd, A(L.m.n> = 0. because A(L,m.n) is the odd

function>
n n n ]
m> <1 2 i} -y
R = 2 Zn - 2 42n 2
Ny Ny ... n, — ry50 r%0 r,50 ¢=0
] Voo
w1 2rgtnp/z Oongr.
X (=1 ” w¢<v,0>
C 2, r +y-1>!
w=1l  w
y
wgl rw tv.-1
X 7T sgn (T (2.1

where f=(h+y)-2(q+u+¢), gé(h+u)—2(q+u+¢). éa(nilhn+v+u)

—Z{Dgl(qn+un)+¢}, '=(2+m+n)~-2¢u+v+w), and T=m+v-2¢. w¢(v,u) is as

- £ -
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follows.
wo(y,u) =1 (2.1
o v retnetl I s _+m
- _ & & a n n
wl<y.u) = $§l -1 + ngl -1 ’ (2.12)
WyCv.p> (8 = 2,....0> is defined by the sum of‘(V;“) products
rx+nx+1 SC+mC
of ¢ pieces of (-1) A=1,...,¥) and (-1D CoTE=L, L.
ExampLe; v =3, u=2, ¢ =4
(r.o+ro+tro+s. d+(n, tn+tn,+m, D +3
W32 = -1 P23l e s
(rl+r2+r3+52)+(n1+n2+n3+m2>+3
+ (=1>
(r.trots, +s0+(n, +no+m, +m, ) +2
+ (-1 1 2 °1 °2 1 2 712
(ro+tro+ts. +s0+(n, +n,+m, +mo ) +2
+ (=1 1 '3 °1 °2 1 '3 71 72
N (_1)(r2+r3+sl+52)+(n2+n3+m1+m2)+2
; (2.13).
W, (V10> € W (0. ) > is defined only of (-l oy™Fs

Values of I and N for 2 £ v (u) £ 6, n, (m#) =0, 2, and O

£ h £ 4 are shown as tables in Appendix. Values of V for A =1, v
=1, 2, u=1l. 0 < n, £ 3, m# = (0, and 0 = hk £ 1 are also in
Appendix.
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Appendix | Tables of the integral of,orodutts of

Bessel functions

Here tables for I in Tables 1.1-1.3, N in Tables 2.1-2.3, V

in Tables 3.1-3.2 are shown.
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Table 1.1 The integral for I (h=0.1, v=2,....6, n =0.2,
K=m/2) |
N1N2MzNgNgNg n 0 :
00 1 ‘%‘
02 0 0
2 2 %? ‘i&?
000 % 7
00 2 ”%? 0
022 TR 0
222 7%%: ‘%%?
0000 %%‘ é%%
0002 ‘%tr iéET
0022 e T5440
0222 0 17570
2222 fﬁ%{ ‘ﬁﬁ%%%%f
00000 %Hﬁ% %%7'
00002 1;30 W%KT
00022 3%%20 2
00222 7izéo “Tflﬁo_
02222 "T§§§%§§‘ EE%TET
22222 15%%%%@; ‘7ﬁ%§ﬁ%ﬁf
000000 %fr 123%
000002 7&%{ 1?90
000022 =5 £49170
000222 E%RKT "TT%%%ZRT
002222 3%%57 "Eﬁ%%%ﬂ?
022222 -y S75 24512500
222222 1z§%§é§zr - 3§i§§9§§§230

~?-




Table 1.2 The integral for I (h=2.3. v=2.....6. n =0.2,
K=m/2>

N1 MoN3My N5y . 3
T T T
02 0 0
2 2 %jr "'%%6‘
000 ‘%%: %%
002 -%z— 0
022 =5 0
222 35540 gy
0000 %%7 %%%
0002 jéﬁr Eﬁﬁf
0022 7£fr 265%0
0222 0 35340
2222 738’0 - 1?;2200
00000 %%ﬁr %ﬁ%
00002 ’1380 Eﬁﬁr
00022 ??éao °
00222 103200 2é00
02222 “ETg%éiﬁb 7E£RKT
22222 Sta8134400 " T0S1050°
000000 %%% é{éé
000002 fﬁ%; Eﬁﬁ%&?
00002 2 E%ﬁfr Tf%%%ﬁﬁ?
000222 jgézﬁr ‘Tffg%g§66" 
002222 i}fﬁ}? B 19é28§2880
022222 ‘f@?%%%%@ff S740366300
222222 TaevEs0T Sr450663379000

.—/0.—

13
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Table 1.3 The integral for I (h=4,

=2, ...

3r'l

4n5n6 h

N2
0
2
2
0
0
2
2
0
0
0
2
2
0
0
0
0
2
2
0
0
0
O
0
2
2

N NN N O O ON N NN OO N N N N O

NN NN N O O N N N N N O

N N N N NN O

3072
113
30720

123
573440
1621

5734400
5933

T 7756940800

222940799

137763225600
101
320

1848000
17669

'nJ N N O O OO N N N O O O N N N O O N N N O

36652000

- 11 -
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n =0.2.
v

k=n/2)



Table 2.1 The integral for N (h=0.1, u=2....:6, mu=0,2-
K=m/2)

m1m2m3m4msme 0 !
00 -1 "%%
02 -0 %%
2 2 ‘7%‘ 'ﬁ%%
00 o;o | 2 %%?
00 p‘z —-%%r "“%%*
0022 %ﬁ? iiﬁé-
0222 0 - 5555
2222 —%%%; %%ﬁég%%T
000002 %?L %éil |
000022 '%f%% - 55550
0 00222 ;ééo %‘%g%
o222 z Het
022222 385380 , 1832323280
222222 550850 - Gea9a5e30400

- /2~
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Table 2.2 The integral for N (h=2,3, u=2.....6, mﬂ=0.2,
K=m/2)

my MoMs M, Mgy 2 3
02 3 <
0000 2 42
600 < 02
ooz > s
o2 ¥ -
000000 - 22 - 114985
000002 282 2032
000022 -z sz
000223 = s
o0zezz | -BE | -y
SN R
992999 132823 2499231739269
» 1021020 12450532454400

\,,3-.
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Table 2.3 The integralL for N (h=4, u=2.....,6., m#=0,2,v
K=m/2)

NN N O O O O N N N O o
N N N N O O O N N N N O

NN N N N O O
N N N N N N O

134641
1944800

- )Y~



118

Table 3.1 The integral for V (A=1, y.u=1. ny=0. 1, 2, 3,
m#=0, hk=071)
hy
. = = T = = It
nl-ml K = k = 5 K 0 K 5
1
0 0 0 0 5 O
-1
1 0 0 0 0 2
2 0 0 0 0 0
1
3 0 0 0 0 18

Table 3.2 The integral for V (&=1, v=2, wu=1, nv=0, 1. 2.

3, m#=0. k=0 or n/2>

nlnz:m1 1 0
00 O 0
1
01 0 Z
c2 O 0
03 O 0
11 0 0
5

bz 0 740
13 0 0
22 0 0
19

23 0 1120
332 0 0

1§ -




