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BT A BIHF EZ (Yasuyuki Tsukui)

5 0.

S ST ERWTEREAERT 5 LURABFETHEPRT N 30 20
MTr7S 7D EEERAREER T IV OO0 2MBIZEANL. 20H 01
DTHLBEEORBET 5 TFrame OMB | % 2KEEMIC. 3KTEME
TEENE YIIONEAMALTIERSFOAEEBET 5,

§1. DS-diagram
2R D2 OBRAEAF 1D LS Cell HSHLTIRNVENIT B, 2
DIRNVIZHSDTERDVEAEDEZLHAME (2XRTERE) 28 3,

Bl

AROCL%3RAETHEATHLD, 3RAREG-LAIDOKRTH 5 2K
JCEK W = connected 3-regular planar oriented graph G=(V,E) 2 & &%. #
N6 OE/. B0, BIISRNINVENFITD. FEL4H. 38, 2HM¥ERE
RALIRNVE2KO>Z2LeT 3, 20 3-ball OBRTOALIRNODBOD
H-ROPSKTHAZRUEZ2 -BRED A LT TIc Dehn-Seifert 2k T
MEAhTWEY, ZOBA»PLHO3IRAEZREFEOTARR, ZORKE, HATHE
BRIRZ2IRTWEDBDOTH 3, 21 S*42 KR T 5 DS-diagram T H 3,
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§ 2, Crystalization
G=(V,E) % loop %% =4 v (n+l)-regular (n+1)-edge-coloued graph,
c:E~>{1,2,...,n+1} % % Dedge-colouring &:‘3‘60. WEGIKBEWT colour
i 2505 5LDHAY AL BTHBHET B,
NRXAEBERZEAOBEKETAHELT. ThoBEOHEAKRLI»SENn+ 10
B2 452 THEL 22o0nKTHEKA B#% colour i DEAOERNED
(n-1)BHKT BEROEBESZ2abE®T. B-HRITZ[EH3],

A

3
CREGOFRTODLEOMALNLUTHA> L nKTESEE P (G,c)
%%, P(G,c) B—BRERERALCEZSRZVWY, IRXRTOnRKTHZRE
M LT, P(G,c)=M" &2 3057 G '2:{“0) edge—coblouring c
BHELET S, 2O G % M O cristalization w5, —#iciz P(G,c)
HERKLBEZDEIDIE G OMBEN S RHETET A W, |
Crystalization OB %k 210) +fliliﬂl};'r 1t>a1y'és»q:,u; RHaEmcHRSTR
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TE&7T. MA@ EDY 57 -~ Combinatorial Map OHIEXZE I Mb->THREL T
%T‘/‘%o

§3. Frame
X #% Polyhedron ¥ 722 BEGDL & #X T X 0oHERTOBBEZE A EE
EixFxbL., | X]=U/{p: peX] I underlying space # . T,

Definition 1. G=(V,E,f) %% generalized graph T & 5 & &,
© a) V,E It finite sets T. VNE:=¢
b) f:E > {X:Xc V] map, 2% L Ve€E gL T 05#f(e)<2

Eae M hoop © f(e):=¢
loop = = {v}]
pure edge < ={u,vl u#v u,ve v

A (N

A

hoop . . l
=4

ZO%IF. TANT loop L O generalized graph O A A2 E R B2 L L ¥ 3,
¥ 7. 6=(V,E.f) O»bniz 6=(V,E) e biRF L7 3,

Definition 2. ¢:G - C«=1{1,2,...,k] »% generalized graph G=(V,E,f) ®
edge-colouring TH 3 &1k map c:E » C, e~e’(edg‘e—adjacent) br S
X c(e)#c(e’) 2WMATHREZ W D,

_Definition 3.
"R(k)={G: Gl k-regular k-edge-colourable generalized gtaph}
“R(K)> G, c:E(8) - C. % edge-colouring &9 %, XCC:x 129 W T.
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Ex=c ' (X), Gx=(V,Ex,fl Ex), ix =E-¢71(X), Gx=(V,Ex",f ] Ex7)
v, i ,

X={i} DL E Gx % G, Gx™ &% G~

X=(i,i] D& 6x & Gis, Ox % Giy” BT

T 1% (R S R Pl I D
T
] L ]|

i A R
G; 6;° G;
H

D A "‘i‘.,‘; """"""""""" " [ K |
WPrommmmmeean R - 4
| )]
 — N I ] e
e IS S P S

I ’ “b,=8, 0,12, b,(G) =4,

--------- ‘ 5 b2 (H) =6

Definition 4. "R(k)® 6, ¢:E(G) - C. % edge-colouring & 9 3% & %,
bi=2 [#Gx: #X=i}.

bo=#V(G) (even), b,=#E(G), b,z 2@ TH XK 3 cycles OB HK.

Cbe=#6 CGRR O BO

[&: hoop & bz ® count T (k-1)=x-1C.-y M X BN %
[ "R(4)26=(g ,{el) Il LT, ba(6)=3, b3(6)=3=3C ,, bs(6G)=1=5C

Definition 5. "R(k)® G, c:E(6) = C« % edge-colouring & 9 % & &,
PO(B, )=l V(B) |, p'(G,ed=lGl=1V()IUIE®I,
P2(G,e)=16G| 2 b, D _facycles 2P THHN B 2-polyhedron.
BL. PI(E,0) H EEX R (DL, | ‘
VICC.(#X=i) VH:6xD WD oW T P'(H,c| H)=S'(i-sphere) DK,
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P'*1(G,c) = P'(G,c) i by (i+1)-ball % P'(H,c|l H) ICH->THN D}
T/ N5 Polyhedron.
W(G,c)=P(G,c)=P:"*(G,¢c): (k-1)-manifold.

[ 6:(¢,le) e RM) KHLT, POG,c)=¢, P(E,c)=lel,
[ P2(G,c)=2 2 {p*,p?,p?} (Z & suspension, (p*,p?%,p?} WER%Z 33 K
[ P?(G,c)=8S"? .

i k=3 D &lX. RQA)26 & Vc:E(E) » Cs iI2oWT P?(6,c) 2R
MEQRTERIE)L BB, £/, baz3 O (G,c) # frame(2-frame) & WF
Ho TDEE bo>2 5 frame | multi-edge ZF =R W,

Definition 6. graph G:=(V,,E1),G2=(V2,E2) XL T,
f:6, > Gz ?* map TH 3
&
1. £:VoUE, > V,UE; » map T f|Vi:Vy > V,, f] Ei:Ex > Ea ¥ map,
2. £ 2% adjacency #H&#T 5 ( e~ {u,vIi>f(e)~ [£(u),f(v)] in Gz)

Definitien 7. R(k)26G,,¢,:E(G,) - C, ,&edge—cvqlouri_ng 4 35(=1,2).
map f:G: > G2 »% colouring preserving TH 3 k&
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Ci DE®H o0 :Ck » Ck PEFHELT. o6C.i=Cf DL EZ WS,
| E(G,)—f—éE(Gz) |
I
Ck'__.‘.’_%, C.

identity map i:6 - G »% colouring-preserving T3> 3.

(£ V=iv % % colouring-preserving isomorphism f:6 - & DFELET )

[simple graph & L T almost colou'ring-unique & colouring-uique &%

—8®¥ 5]

colouring unique almost colouring unique

cdlouring admissible 4- and 6—colo'uring admissible
(b,-admissible)

=7

Definition 9. “R(K)2G M¥ A% 2 DM colourings ¢.,c2:E > Cx I2H L
T % colouring-preserving isomorphism £:6 > G WHEET 3L & ik
colouring-admissible TH 3 & WS, - , _
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Definition 10. "R(k)2 G »' by-,-admissible(kSby-1) TH 3 & iL.
bx-1(G,c1)=by-3(G,c2)=bx-1 & 3 edge‘CQlouringS Cl,Cziﬁ(G) - C I2
# L T colouring-preserving isomorphism f:(G,c,) - (G,c2) PHEHET 3,

Proposition 3-1. "R(3)> G ¥ edge-colouring c¢:E(8) -» Cs 2o Ww T,
BAMi®E P2(G,c) @ Eular BE¥ x .
X = boe - bs + bz = b2 - bo/2

Proposition 3-2. {FEOMME F &:?ﬂ‘b‘(\, “R(3)2G & edge-colouring
D:E(G) - Cs3 i]i#ﬁfbf PZ(G,C)zF, b2=3.
Proof. F ¢ triangulation > S ¥ M h 3,

§4, 2~-frame

MUF 2RABRUZRBIDIISTOBELRTO IS5, RB)26 &2
bhhiE, AMEIRLII»PSBRTE 3L, 0O orientability bREI N T
W, L2LWEEXTOMATHIR TCEZLSIC. colouring Ik > T b2 BE
ﬂﬁﬂ‘Z:i)‘67"777‘5!‘)‘1)‘66:1:51&1*01—*%!:53:39&&6&‘1%

Proposition 4-1. "R(3)3 G » colouring-admissible % 5 X,
P2(G,c)=~P2(6) . ¥28bHBII70AICE> THHMENE X 3,

2T, ¥$TROBMBIZOWTEZXTHA & D
(M 1] ‘R(3)_BG Z2oWT. P2(G,c.)=P2(G,c2) ZHIX

(6,c.)=(G,c2) (colouring preserving isomorphic) #?

COMENAEEO I RIE SREEERT ST TRONTD
be-admissibility EWIHOIMEBV EREOAHMLABLTHALDIRT N,



LPL. chitRERDESZRBAN B 5,

(1-2)-cycles;

(2-3)-cycles;

(3-1)-cycles;

w

/  b,-5

bz =H

(1-2)-cycles:
(2-3)-cvcles:
o (3-1)-cycles: 1

NN

=8 5-admissible TZ W

(1-2)-cycles D EX:4,16

(1-2)-cycles = 2, (2-3)-cycles = (3-1)-cycles = 3

(1-2)-cycles O EX:10,10

B9 (i-j)-cycles OBHP—KLTLRABTEWH
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CORMBTIE b2>3 B2 OT Proposition 3-2. ¥ bbb K% frame CH
LELZOMEL %2 5, |

[M&E 21 "RA)C 20T,

b2(6,c1)=b2(G,c2)=3 , P*(G,c.)=P%(G,cz) B HIE (G,c.)=(G,c2) ?

Chiza LTHhXRDODEIDIICRFAPR-OPD, ERGEOBAHBEZRBICY ST
DHEBMTRRITBZZLIIEBETDH % 5,

non-admissible frame (non-bipartite)

HM10



§ 5., 2-frame ® reduction.
ST U9 VORBeERIEARTIMBEOREIERTE C 5,
5-1. Graph @O sum '
“R(k)>G,,G2, » connected &9 5. c¢.:E(G,) > Cu, c2:E(Gz) - Cy
Vi€ V(G.),v2€V(G2) ZL‘C (G1,c1) & (Gz,c2) ® (vi,vz) TO sum
(G,c) = (G862, ci¥ca) = (Gi,ca) # (G2,c2) / (Vi,V32)
% KOBTRINRBLIOLCEET 5,

e"‘""""""""_‘-\ ‘/' """"""""" |a C:> ° 2}
i v, |
(Gl’cl) (GE’CE) | (Gl)cl)#(ezlcg)

B11

SOE & bozh,(G,c), bya % by(Ga,c.) (a:1,2) ERDT L,
bo = boe: * boz - 2
by, = byx + bsz - «C,  (0<))
2% (k=3) T x (G:1¥G2,c.¥cz) = x (B1,¢1) + x (G2,c2) - 2 T\
BAMI M @ connected-sum 2L TwWw 3,
2 X7 TIE. connected-sum KB LCHRE - P—F R - HWETEYUNI
prime (connected-sum CBALTHBATE) THWw, LBLEDOTST7OD
sum B LT prime RBbOTEDRBE T H2HMEA prine TREWHOW B 3,

5-2. Graph ® reduction.
:ZTED‘*Z) reduction @ 1 2R ZRBRBOEHABATY S 7 MES

EHRLEMBIZDIDTH %,

“R(3)> &, » connected T. <c:E(G) - Cs % edge-colouring & ¥ 3,

G #2¥D &S (local i) ERLTIR/GNET I T % 6=r(B). HRIC ¢
6/ H5Nh3 6 O edge-colouring 2% 7% ¢ L&,

-10-
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W q\l‘l ,,,,,, o X W om o X
a P
e ; f g
c : d
G/,/v‘ ~~~~~~~~~~~~ o Qe e o
y z y z
G G'=r(G)

H12

a:E(6) - {-1,0,+1] 2 XDES52FERET 3,

E(G)2e ~ {u,vl ,c(e)=3 ¥ 3L &,
1) u 2385 (1-2)-cycle & v 2585 (1-2)-cycle W RZ B & & a(e)=0,
2) u t v #8B5(1-2-cycle LT u &t v OFBEY odd O & %, a(e)=1.
D ue v £BB(1-2)-cycle T u & v QMM even D E, ae):=-1
3 %,

Lemma. (1) (G,c) » frame 2 HIF¥ a(e)*# 0 for any e€ E(G),

(2) (G,c) A% frame T. P2?(G,c) » orientable © a(e)=1 for any e€ E(G)

P2(G,c) & P2(G’,c) tOBMFRAERTWZ 5,
lcase 1 [ a(e)=0 k& ] ,
f & glAUL (1-2)-cyclekicH D, x (6°,c)=2 (G,c)+(-2+3-1)=x (G,c)"
T P2(G,c)=P2(G’,c).
[case 2 [ a(e)=1, #G’=2(G’d'disconnected) D& ¥ ]]
f & g XRR25 (1-2)-cyclek iz b 3,
2 (6’ ,c)=x (G,c)+(-2+43+1)=x (G,c)+2 , P2(G,c)=P2(G.",c) % P2(G:",c),
ZE L. 61’,62° i 6> @ components.
([case 3 [ a(e)=1, G'A% connected D& & |]
f & g 8 23 (1-2)-cyclebk iz b 5,
x (6",c)=x (G,c)+(-2+3+1)=x (G,c)+2 , P?(G,c)=~P*(G’,c) % T?
EL. T2 @B =5 RA(=S8'Xx81),

-11-



107

[case 4 [ a(e)= -1 D& & ]]

f & g AL (1-2)-cyclekizH D,

2 (6°,¢)=x(G,c)+(-2+3)=2x (G,c)+1, P2(G,c)=P2(G’,c) # P?
EEL OP?2 I 2%RAHEFE

"'.\‘ v - i ,/ - «\.'
Y G ./ [case 41 W G'=r(g)/Z

.
...........

K13

(G,c) Jb§ frame % H X lemma »»H case 3 or 4 WHAYVEET H 5,
case 4 @ reduction O RO (r(6),c) X X7~ frame TH 52 case 3
DBRTIE bazd TZTHIZH LT case 1 BEATET H 5, %2 T,
case 3 2 L TIRDoJIWT case 1 @ reduction #2532t ThiE

_12..
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frame {2 9 % reduction OFRIEHICE A frame 2% 3, Iheo
reduction TW-Dd graph @ order(JHAKIN 2 F A2 RF 498D TH5056
2 Wz i fiﬁﬁl:?& 5, XOFHEHMPE LIFhIE reduction case 3+1 RU 20
W% orientability EROBRTH 5,

[F#] order 6 lE® frame 2k &Y. a(e)=1 &3 edge XFET 35,
HOo LEBWEKROFHRI2KRATIXERI OGNS BN,

[[$2] ] casel DOFEENICHE case 1 M reduction DARDH
KE@:D*@HW@E*EO)M\%'PQ%#T*}S%O
(%D, @L order #f > bipartiteness (D%LL\ZOG) frames i ko
reduction OHBETHB D B R %, )

[ REFERENCES 2D W T]
CODFED references PE LEFH>TRRAILHVPBEVWER DI BODT,
BEEPHABTEZRTVWRZVWDHBOIEDOVWT D, TEBESRNZEL BT TE L,
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