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0. Introduction.

In the theory of singularities of linear differential equations,
it is important to know whether a system of linear differential
equations is regular singular or irregular singular. To a given system
of linear differential equations and a point, we can assign a number,
called the irregularity, so that the system is regular singular at the
point, if and only if the number is equal to 0. In this article, we

investigate the irregularity of linear differential equations.

1. Irregularity of a Linear Ordinary Differential Equation.

Consider a 1inear ordinary differential equation of the m-th order
PuiCZﬁgﬂq(x)(d/dx)i)u:O at the origin ' in the complex plane,l where
a; (x) is holomorphic at a point x for any 1=0,1,...,m. Without loss of
generality, we may suppose that the point x is the origin. P can be
regarded as a Jlinear operator of various functional spaces. Let © be
the ring of convergent power-series at the origin and 6 be the ring of
formal pOwer—seiies at the origin. .Let K and K be the field of
fractions of © and ©, respectively, and let E be the ring of convergent
Laurent séries‘ at the origin. ‘0, K and E are the rings of germs of
holomorphié{ merémofbhic and - esséntially .singular - fucntions at the

origin, respectively. Malgrange (18] proved
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Theorem I. For M=6, 6, K, K and E, P is a linear operator from M
to itself with the index x(P,M) = dim Ker (P:M—M ) - dim Cckgr (P:M—-M):
x®P,0) =  mvi(a), x®0 = suwp@l-v@)), x®K) = -
sup (i-v (a; )+ m-v{(ag)) » x®P,K) = 0 and xP,.E) = O.

Then, he defined the irregularity i (P)y of P at the origin as the
number  sup{(i-v{g; ))-(m-vig,)), which is equal to _x(P,@)—x(P,O),
x®P,6/0), x®P.K)-xPK), -xPK), x®PKK, xPE-xPK), and
x(P,E/K).

Notice that the irregularity is also equal to x(P,.E/0)-xP,K/0)
and that E/0 and K/0 are the rings of hyperfunctions and distributions
with support at the origin, respectively.

Let @, be the sheaf of germs of functions asymptotic to the formal
series O over the real blow-up (C ,pr) of C with the center at the
origin. Then, we have H!'(pr1(0),8))=6/0 by a theorem of Malgrange
[17) , P can be also considered as a linear operator from Gy into
itself and v

0-Xen (P, G >~ao~aoso ,
is an exact sequence of sheaves by a theorem of Hukuhara (8] ,
Malmquist (18] and- Trjitzinsky [(27) . From these facts, the
irreregularity of P at the origin is also equal to dim
H' (pr™' (0),%en(P,Gp)) . On the other hand, by a Theorem of Hukuhara
(8] , Malmquist [18] and Trjitzinsky - [27) ., the function which
assigns to 0 € pr ! (0) the dimension of Xea(P,3p)s , has only a finite
number of discontinuous points. And so, the irregularity is also equal
to (1/2)(the tbt,al variation of the function: 6 < pr!'(0) — dim
ZKUL(P,GO)Q ). These are due to Malgrange and Deligne(cf. Bertrand

(13 ).

Put E=E+K . Then, by the isomorphisms 60 = KK =E/E and ER =
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E/K, wé havé the foiléwing

Proposition 1. The - irregularity of P 1is also equal to
2 PE)xP.E), xP.E)x®P.K), xP.E/E), xP.E/R) and x(P.E).

In particular, thé dimension of the formal Laurent series solution
space to the differential equation Pu=0 is not less than the
irregularity of P at the origin. (cf. Dwork [4] ).

Notice that x(P,E) is equal to —x(P,K) if x(P,E)=x(P,K)=0.

Let P* be the adjoint operafor of P, i.e.

P*=) o (-1)* (d/dx) (ai (@) - ) .
Then, by the form of P* and Theorem I, we have

Proposition 2. x(P,0)=x(P*,8) and x(P,0)=x(P*,0). In paticular,
X (P,0)-x(P,0) =x(P*,0)—x(P*,0) and i(P)=i(P*) .

By using the fact that E/0 is the dual space of‘vO and that K/0 is
the dual space of 6, we have

Proposition 3. x®,0)=-x®P*.K/0) and xP,0)=—xP*.E/0). In

particular x P,0)-x P,0) =x P*,E/0)—x P*,K/0).

By the above results, all the following numbers are equal ‘to the
irregularity of P at the origin: x@,6)-x®P,0), x(P*,CA))—X(P*,O),
x(P.E)-x(P.K), x(P*.E)xP*.K), x(P,E/0)-xP.K/0), x(P*.E/0)-xP*,K/0),
X (PE/EY, PP R/E), 1@ R)-2 Py 2P R)% P KDy 2 PK)s (P K),
x PR, 2P RAK), xP.E/K), x®E/K), dim H (r' (0),Ker®P,G))
dim H' (or 1 (0),Ken P*,8p)), (1/2)(the total variation of the function: 0
€ pr'(0) - dim XKea(P,Gg)e) and (1/2)(the total variation of the
function: 6 € pr'(0) — dim K (P*,Qp)g).

Malgrange [»16) proved also‘ that ‘the irregularity is equal to dim

Ker (P,6,/0) and ‘to dim Ker (P,E/K).



10

2. Holonomic Differential Modules.

We shall summarize some results on hoionomic differential modules
vhich will be used in the latter section. The results are due fo
Kashiwara [7-10) , Kashiwara-Kawai {11) , Brilinski-Kashiwara (2] .,
Mebkhout [19—23] (cf. Le-Mebkhout [12) ), Ramis [25-26) -and Noumi
(24]

Let Dy be ‘the sheaf of germs of holomorphic linear differential
operators of finite order over a complex analytic manifold X of
dimension n. Let ' be the sheaf of germs of holomorphic i-forms over X
for i=0,1,...,n. We write 0y for Q°. Let M be a holonomic Dy-module,
namely a coherent ﬁx—module such that M has a projective resolution of
the form _

0 - o — . ce e - M- 0,
and that RiSGome(m,Dx) = em’sx@rz,:nx) =0 (i>=n) . Denote by W the
adjoint  Dy-module Iowmg, (',&«tf M,Dy)) of M. Then, we have the
relations W* = M and ©* = 0.

Theorem II. For two holonomic Dx-modules M and I,

RiConp, (1, M) = RiCowp, (N, 9°).

In particular,

RiCowp_(Ox,M) = Ritonp, (T,0x).

‘Let Y be an analytic subset of X and 9y be the defining ideal.
Denote by Oxjy the Zariski formal completion of Oy along Y: Oxjy =
proj lim ox (V).

Put
Tun: =imfﬂ£%mg@%ﬁ),’
Cop® = ind lim Xomo, (Or/s330),
and denote by R["x.yy and RI'(yy the right deriVed,funqtor of I'wx-yy  and

¢y, repectively, in the derived category.
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RTornM = ¥ xn @ = ind Lim sef, (5590
R =¥ M) = ind lim &3, (0x/9%:9),
are called the 'g-th algebraic 108a1 cohomology sheaf of M. Then, we
have the following triangles
RC oy
+17 N
R tx-yy MM,
RT (x-y;ny, 1
+17 N
RT (x-v,) MORL (x-vy) M=RL x-v,urp M,
and we have the relations
R (x-yp RU (x-v,) M = RT (x-v,ury M,
RO R M = RCy RN -n: = 0,
RU (xypRC vy M = R vy R (x-yp MW
R ovpRTC vy MO = R ynyy M.
If Y is a hypersurface defined by f=0 with a holomorphic function f,
then R["(x-n1M = MW O0(+Y) , RC (M = MW 0 xY)M(-1) , i.e.,
RTayW = M 0Y), RTxnM = 0 (gx0),
RT i = M@0 (+Y)M, RT M = 0 (gx1) ,
where ©O(xY) denotes the sheaf of germs of meromorphic f unctioné which
are holomorphic in X-Y and have poles on Y.
Theorem III. For a coherent Dy-module X,
Rilowp, M, 0x7y) = Riomp, (RT" vy M, 0x) .
Theorem IV. For a holonomic Dy-module T,
R¥omp, M,RT (x-v1 N) = Riomp, (RT ey WH*, ) 5 -
Ritonp, (M,RT (13 W) = Ronp, (RT vy M )H*,3) .

Denote by I'x.y and I'y the sheaves of sections of W with support in

X-Y and Y, respectively. Denote by Rlx.y . and Ry the right derived
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functors of I'y.y and I'y, respectively. Ryl = ¥y M) RITYM = M‘(ﬁﬂ)
are called the transcendental local cohomology sheaves. Then, we have
the following triangle
Ry

+1/7 N

Ry yJ—N.
If Y is a hypersurface defined by f=0 with a holomorphic function f,
then R[yyll = M®¢ j+i'0x » ROYN = Mo, jxj 'Ox/M(-1) , i.e.,
R - Meoi 0y« RTYAM = O (q%0).

RTYN = Moo ji'0x/M, RO = 0 (g1)
where j is the inclusion of X-Y to X and jij '0x is the sheaf of‘ germs
holomorphic funétions in X-Y eventually with essential singularities on

Y.

Theorem V. For two holonomic Dy-modules M and N, R”"JCome ;I =
&t M;N) are constructible, i.e., dimc&«tf M;N); is finite for any
point x in X and there exists a stratification on X on each of uhose
stratum &« M;N) 1is locally constant.

By this theorem, the character of the complex Ritoswp (M;N) at x in
X,

X Ritomp, M, T))x = Y (~1)9dime8xzf, M)y
is defined as a finite number.

Theorem VI. For a holonomic Dy-modules W and a point y in X,
8«t§ M;0x,) and &uz§ M;0,) are the dual wvector spaces of
E LB (W87 oy x) and &P 98, x) » respectively, uhere Oy, is the
r;ng of formal power-series at vy, By x = XyOx) and By x. =
Iy Ox) . Therefore, |

x (Rioup, (M;0x))y = —x Riomp, 3 RTL0x) )y »

x (Rionp, M;0x1y ) )y = —x (Riomp, (RT3 Ox) )y -
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Theorem VII. For a holonomic Dy-module 'Jfl-,

Ritoup, (M,0) and Riomyp, M ,0) are mutually Verdier dual, i.e.

Ritowc, (Rtomp, OT°,0)),Cx ) = Ritomp, (W, 0) ,
Ritowc, (Ritomp, M,0)),Cx ) = Rilonp, M",0) .

Moreover, we have

X (Rioup, (M, 0x) )y = x (Rionp, ", 0x) )z -

Theorem VIII. For a holonomic Dy-module T,

Ritomp, MRy (0x)) and R}Comgx(‘JW,Ox)xw , are mutually Verdier dual,

Ritomc, (R¥omp, O ,RTy (0x)),Cx) = Ritonp, AT,0)xy »
Ritowe, (Ritonp (M, 0x)x1y),Cx ) = Riowp, (M,RTY (0x)).

Moreover, we have

x (RiConp, U,RTy (0x)))r = x (Riomp_ (T, 0% x|y )z -

3. Irregularities of Holonomic Dy-modules.

For a holonomic Dy-module with singular points on Y, by using the

derived functors Riom. , Rly, Rlx.y , Rl'(yy and RI["(x-yy , we define the

irregularities of M at x in X as follow:
X (R¥onp, M, 0x7y ) )z — x (Rowmp, (M, Ox )x|v )z »
x (R¥onp, M,RIx-vyOx ) )z — x R¥owp, (M,RT (x-v1 Ox) x>

— x (R¥onp, M,RTYOx ) )y + x (Rionp, (LRI (1 Ox) )z .

ik (0,

and s

it @M, =

ig/m (m>x

1l

11

By the triangles, we have

x Rionp, (N,0)); =

x (Rioap, M, 0) )z

o)

iha @), =

Lemma 1.

H

iZ/m (ﬂfl)x

x (R¥omp, MR (x-v1 Ox ) )z + x (R¥omp, (MR vy Ox ) )z »
x (R¥owp, W, RTx-yOx ) )y + x (R¥owp, (M,RTyOx ) )z »

x (R¥omp, (M ,RT cy) Ox) )y r = x (Riowmp, W, 0x7y) ) -
Proof of Lemma 1. By Theorem III,

-7-
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Ritowp, O, 0xy) = Ritowp, (RT 3T, 0x),
and”by 'i‘heorem 1v, '
Ritomp, (W ,RT ty) Ox) = Riomp ((RT (ry T)*,0x) .
On the other hand, by Theorem VII,
x (Riowp, (RT vy M, 0x))z = x (Riomp, (RT vy M*,0x) )z -
Hence, we obtain the equality mentioned above. Q.E.D.
Lemma 2. For a holonomic Dy-module M with singular points at. most
on Y, ife@y = @), and ife @) = i@,
Proof of Lemma 2. By Theorem VIII and Lemma 1, we obtain the

equalities. Q.E.D.

For a holonomic Dy-module Ml = Dy/DyP defined by a iinear ordinary
differential operator P, the irregularities coincides with the
irregularity defined in the first section. Moreover, we have

Theorem 1. For a holonomic Dy-module M with singular points on Y
in the complex analytic manifold X of dimension 1, i¥/c MWz, i?;/d(m)x,
e May ibe M e, 10, @), and ifq M), are equal for any point x in
X.

In ordel; to prove this theorem, we use the following facts:

Lemma 3. For a holonomic Dy-module M = Dyx/DxP defined by a linear
ordinary differential operator P, W' = Dy/DxP* . Therefore, i}/cm)x,
il M, i My ife @, ilm @) and il @), are equal for any
point x in X, where singular‘points of Pdm included in Y.

Proof of Lemma 3. As M = Dx/DxP, &«th (WD) = Dy/PDy , i.e.

0 —- Dy — Dy — B/Pdy — O,
is an exact sequence 6f‘ right Dy ~niodules". Frorﬁ this sequence and
gth (@ D) = O, ve obtain M = Dy/DyP* . Q.E.D.

Lemma 4. A holonomic Dy-module M i‘n the one-dimensional complex

analytic manifold X, is locally generated by one element, and for any
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point x in X and a neighborhood U of x, there exist a linear ordinary

differential operator P and a positive number ! such that
0 — of — Dy/DP - M~ 0,
is an exact sequence of holonomic Dy-modules in U.
Proof of Lemma 4. See Kashiwara-Kawai [11) , Lemma 6.4.2.
Proof of Theorem 1. By Lemma 4 and i%b(ﬁl)x o,
if/e M) = i Dy/DyP)s -
Again, by Lemma 4,
0 — &b MDx) — &xth (D/DP,Dy) — &uf (0',Dx) — 0,
is an exact sequence of right Dy-modules. Therefore,
0 — W — @O — ©H,
is exact. Hence,
ife ()2 = e (Dx/DPY s
By Lemma 3,
if/e Dx/DP)e = il/e (Dx/DXPY s -
And so, we have
if7e Me = e M.

Combining the equalities in Lemma 2, we complete the proof. Q.E.D.

Then, ‘we propose the following

Conjecture. For a holonomic Dy-module M with singularities along Y
in the complex analytic manifold X of any dimension, i%%cm)x, ikucm>x,
e Mes ke M)y, ilm@), and il,4 (M), are equal for any point z in
X.

By vthe equalities in Lemmas 1-2, and Theorem VII, the conjecture
is equivalent toAthe validity 6f the following equality:

X(RﬂbﬂbxGH“WJm,ﬁx))x =" x (Rionp, (R ey W, 0x) )z .

Proposition 4. If % = RM M and I = RM iy M, the conjecture

_g_._
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is. vdiid. In 5articular, If Y is a hypersurface'and if MW and W are
meromorphic integrable connections with singularities along Y, the
equality holds.

Proof of Proposition 4. By the relations, Rl (Rl x-1yM = O and
RC iy RC M = 0, the equality is obviously valid.

If M and M are meromorphic integrable connections and if ¥ is a
hypersurface, by the results in [11] , the hypothesis is satisfied.
Q.E.D.

Remark 1. In general, the following is not valid:

Ritonp, (RC (rnM,0x) = Riowp, (RC 1y M, 0¢)

RCp® = RCoI

For exemple, take 0(xY) and 0, respectively, for M. However, the
characters coincide with each other.

Remark 2. At a generic point x in X the equality is wvalid.
Because, in the case where dim X=1, the equality is valid, and for a
generic point there exists a non—charécteristic submanifold with
respect to M and we have a isomorbhism theorem analogous to the theorem
of Cauchy—KbWaléwsky (cf. [11) , Lemma 6.4.4.).

Moreover, if Jl is a meromorphic integrable connection, then we can
calculate 'the irregularity by wuseing asymptotic ~method. (cf.

[13-15) ).
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