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A MHEEIEO Hadamard § -

(Algebraic elements in formal powér ‘series rings II)

RE S (Takashi Harase) : (HTA.H8)

SECTION 0. Z O TidM##E® Diagonal map, Hadamard f REIZOWTDOE
EOWBREELDTENS, |
F¥%kD classical % proposition 2% 3% 5. (cf. [2])

(*) Every algebraic function ¢(z) is a coutour integral of a rational

1
function of two variables: ¢(z) = ~—

a2 |y R(z,w)dw.

(5) Plzw) % Pz,d(2))=0 , 9o (0,0% 0 AWETSARLTFLE  Rlzw)=

P aP
“ow : - ow w
5 tThiddkn,. RERLIE Plz,w)=(w-¢(2z))g(z,w) B & 5 =
. _ | w-¢(z)
w w w . ‘
g(z,w) ’ JY gzw) 70 jY mgln OV T EmiB). | O
- 8P
w~8—w z. 1
T, fxy)eClxy) PEA —J—=f(w, )= ZHETHOETEH, DL
&, fxy)= X a  x'y €Clxyll £¥5L d(z2)= L a 2" rBID. —#
n,mz0 ’ , ' nz0
‘ : el ™ n
lz Diagonal map $:k[[x1...x'm]]—>k[[x]] %* "3)(Zan.1""’nmxl T . )=Zan,. ’nx

TEETHL. ROFENED 29,
Theorem(Furstenberg). Let ¢<€k[[x]] be algebraic over k(x), then ¢
is a diégonal“'of some rétional R(x,y)€k(x,y). (k/':ﬁelvd) ,

COEHDO—HKIL. BIUELDLDHZEHNLUBOREE R,
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wiz =% anx ,8= X b X Tek([x]] #ZwLT Hadamard, Hurwitz,
nz0 nz0

Lamperti product #ZhEFhO2EDLSICEHT 5,

f¥g= Y a b xn,
3o n B

tng= T (% nCiBiPr1))X

nz0 k=0
f(L)g= Z Cc X ’
nZO
- n! i.j k
ZZC ¢ = XY — a b’ ¢ a, b, o
n i+jtk=n itjtk! itk itk

CDEEHEBMZ fxg=D(fg),

SECTION 1.

k % characteristic‘ P 0 O, x % indeterminate, X/k(x)% ~ proper
smooth variety 23 %, &<LBRTWAHESI deRham cohomology HL . (X)
i "Gauss—Manin" connection WEFEXN 3 :

Vi Hpp () > L, (0 ® 9l .
ZDL & dlmk( y B g (X)=l <0 ZFHIT & w € H g (X)) REWLT,

[<v<d—x>> B ((8)) ] oo

é:fgtéj'j (depend on w ) ARH 3., 7_]' @ denominator O RNDEE%E® & €
klx] &9 5,

- -k 4. o
sczo o kruLT wndl ox 0| (2)™E (5]

DOEDITOEMRAFDOESL geometric differential equation(g.d.e) EWHZ 2T
5, %7 g.de ORELZLZNHEED gde HHDHT LTS,

¥k K LOomKK f—gaX(a €K) Fo& D HHEAETEE
nz0 .

G-function W5,



1. a
n

@ order,

2. £ I k(x) ko homogeneous linear differential equation DfiE,

K »#k. 2% (m=1) OBA

@ conjugates & 1.c.m.{dén(al); 1 £ n} @ absolute values &

Hadamard fEi2oWTLHRTWAZ AR

ZTBLERDEDIZEZ D,
X rational algebraic g.d.e. G-function
rational rational algebraic g.d.e. G-function
algebraic | algebraic g.d.e. g.d.e. G-function
g.d.e. g.d.e. g.d.e. g.d.e. G-function
G~-function | G-function | G-gunction | G-function | G-function

F¥E 1., *Ff Woodcock-Sharif I m=2 @& X rational*rational=algebraic %
G LM, —BO m I2OW Tk rational*rational HRMMTH 5,
B2, LOEXRODOGHIZ Andre [1] S8, Hgdamard i B XU Diagonal

RELTIBEOFEVPHIN. HEDITBBITELZDT. ETEKT 3,

SECTION 2.

k % char(k)=p>0 ® fk f,8 1% k(x| ,.,x 1] 5 &9 5& % Hadamard
B fxg 22oWTHEZX3%, EE 0 OBALELZ>TRORIFISLERZEIC
EROBRGTRBETED 20,

m{m>0)-

* rational |algebraic|?
rational | (rational) | algebraic | ?
algebraic | algebraic | algebraic | ?
? ? ? ?

(rational) & m=1 D& X rational, m>1 DL X algebraic BT S,

Hurwitz,Lamperti BicowTdvE&KE, ¥~ ‘fEk[[Xl,--nXm]] parl

' algebraic/k(xl,...,xm) 6 D(f) B algebraic/ki{x) Thd,
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LOERILEIRBEZROEHEMNSH 5, (cf.[3])

Theorem 0’. The following conditions are equivalent.

(a) f is algebraic

{(b) f is contained in A-stable k(x)-finite submodule M < K.
(c) f is contained in A-stable k-—ﬁnité suspace V C K.

IZT K=k((x))=k((x1,~-.,xm)) 9%, ¥7% a9 % p ORE, r =(r1 pess T

), O<r1<q8'§'58§o

_ n,, ., - 1/9g _n .
f =X a x 2Z2nwL T Ar(f)-— ¥ (aqmr ) x &¢9%, %7 subset MC

k((x)) » A-stable &t f'€M=—‘>Ar(f)€M TEET 3.
COEMAERBICLI I TOSOE RN RERA/BE, (f4) 27T

size(1")=ma.xi{degX (f)} &35,
' i

Theorem 0". Let f and g be elements in k[[x]]=k[[x1,...,xm]].
(a) If f is an element in k((x)) of degree at most d and size at most

s then the diagonalv D(f) is algebraic of degree at most

pd[(pd‘2+1)(pd+1—1)/(p-1)—s(pd’2+1)p‘wkd2—1)+1}m

where w is the smallest integer with pw s d.
(b) If f (resp. g) is algebraic of degree d1 (resp. d2 ) and size )
(resp. S, ) then the Hadamard product f*g is algebraic of degree at most

exp{ log(p) . d1 dz
d.-2 d +1 d.-2 -w
[s; (' +D = -D/p-1) -s; (0 © +Dp (a5 -1) +1 1"
d, -2 d, +1 d,-2 -W,
[s, (2 +(p 2 -D/(p-1) -s, (p 2 +Dp 2 (d2 -1) +1 1™ }.
w, ’

where wi. is the smallest integer with p ' 2 s,

TEHOWMB, Tho OEHEIZ (2)=>(c)=>(b)=>(a) OMETH>%. DR
DEENE - =,
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. > A
(2) M contains all q1 -th powers of f,
d da-1
(3) If f sutisfies a nontrivial equation ay 9 +ad_1 £4 4.0t ag f
= 0 with a, € kix ] and size(ai) £ ¢, then d_imk (V) £ d. (qd—2+1)c+1)m.

WiZ. KD Lemma 2FHAEICHET S,
Lemma. If f is algebraic with degree d and size s, then f sutisfies
the following non-trivial equation over klx I:
d d-1 1

(%) 4 4 4+ C4-1 £ 44 ¢y £ =0 size(cj ) £ ¢ where C:=S[(qd+

“1)/(g-1) - ¢V (d% -1) 1.

T f W Lemma DFEHZ2AETELETZHE. 2O Lemma HH ¢ BLENGFF
fliiks. (3) »6 dim, (V) WML R D DT diagonal I(f) 25T I (V)
OWRTTWFMHR S . (V) izl T (1), (2) ZAWSZkiIcE-T 2() @
k(x) k@ degree % L H#MHiTE5, Hadamard, Hurwitz, Lamperti ﬁt;é:‘o
WTHARTH 5. ’

B3, geometric differential equation i characteristic 7% p>0 Dt &b &
EBTX3D. OBOBTHS hyper geometric functions i mod p T (ZhH
SHTEXHLE) algebraic %o TLES,

#E4., LEOET 2 & A7 EhAF?2TH5.
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