ooooboooao
7140 19900 73-85

NOTES ON CERTAIN CLASSES OF ANALYTIC FUNCTIONS
DEFINED BY RUSCHEWEYH DERIVATIVES
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1. INTRODUCTION

Let Ap denote the eclass of functions of the form

1.1 fz) =2° + ¥ az' (peN=1{123, ..
n
n=p+1 '

which are analytic in the unit disk U = {z: |z| < 1}. For functions

R ' . o 00 v
(1.2) f(2) = £ + % a jz“ G = 1,2
n=p+1

belonging to A, we denote by f; * f,(z) the convolution of f, ()

[,(z), that is,

0
(1.3) ' f. *f(z) =2° + ¥ a_.a 2"
1 2 n=p+1 n,l n,2
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and
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Using the convolution, we define the Ruscheweyh derivative Da+p~1[(z') by

(1.4) ptPlg,) = ﬁﬁ)— * f(z)‘ (@ > —p)

for f(z) € Ap . A function f(z) belonging to Ap is said to be in the

class R(a+p—1) if it satisfies

D a+pf(zL} at+p-1
1.5 : Re{ — > (z € U),
(1.5) patp 1f(z) a+p

where o > -p.
For an integer « greater than —p, Soni [4] proved
THEOREM A. R(a+p) C R(a+p-1).

for '@ =ne€eN;=1{012 ..} and p =1, Singh and Singh [3]

proved

THEOREM B. R(n+1) C R(n).

In the present paper, we improve the above results.
2. PROPERTIES OF THE CLASS R(a+p—1)

We begin with the statement of the following lemma due to Miller and
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Mocanu [2].
LEMMA 1. Let ¢(u, v) be a complex valued function,

oD - C, DcC c? (C is the complex plane),
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and let u = wu+u, v = v +ivy .  Suppose that the function  ¢(u, v)
satisfies

(i) p(u,v) is continuous in D;

(ii) (1, 0) € D and Re{yp(l, 0)} > 0

. 1

(iii) for all  (iug, Vl) € D such that v, < — —%li,

Re{op(iuy, v{)} < 0.
Let q(z) = 1 + qz + q2z2 + .-+ be regular in U such that

(q(z), zq(z)) € D for all z € U. If

Re{w(q(z), za'(2))} > 0 (z € U),
then Re(q(z))} > 0 (z € U).

Applying the above lemma, we derive

THEOREM 1. If {(z) € R(a+p), @ > 1-p, p € N, then
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a+
2.1) Re{ D‘; +pfi{§2) ] > Bla, p) (z € U),

where

(2.2) Ba, p) = 2(0+P)—ZW(L\C{:1LI%?4‘P) 2—4 (atp)+9 |

PROOF. We define the function q(z) by

DA*Pr) |

where [ = ﬂ(d, p). Noting that

@) AP UE) = (arp)D*Pie) — o) (@ > —p)

we have, from (2.3), that

Da+p+1f » 1 1- ’
(25) DCH—Pf(S) = “arp-I {1 + (o+p)(B+(1-B)a(z)) + 7 f—z qg}’
or
Dcv~l—[)+1f z
(2.6) Re{ D“'“’f(i)L - a-clf;—al }



= Reﬁl’ {(1-'&‘—])) + (a+p)(ﬂ+(1—ﬁ)q(z)‘) + —1%_1—2 q;}

Letting

(2.7) o(u,v) = E_Jr—[l)ﬂ {(i-—af—p) + (a+p)(f+(1-B)u) + Béql{—_ﬁ_%;{ﬁ},

we see that

(i) ¢(u, v) is continuous in D = (C — {’[ﬁ_l}) x C,
. » 1 , :
(ii) (1, 0) € D and Re{g(1, 0)} = Tl 0;
(iii) for all . (iu2, Vl) € D such that v, < — 1‘5‘15 ,

Re{p(iugv))} = gropri(i-ep)+Aatp) + Fpt)

< arprrllmep iarn) — gii) ”“5}

= — L {2(atp)FP{2(atp)-3]B-1)(B+(B-1)u3)

a+p

+ (1-f)[2(a+p)(f-1)+1]u2)

_ (1=B)2(etp) (1) +1]u
a+p+1
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because 2(oz+p)ﬁ2 — [2(a+p)-3]p-1 = 0, and under the condition oa+p > 1,

we have

0<ﬂ51"‘21ﬁpj<1‘

Therefore, the function ¢(u, v) satisfies the conditions in Lemma 1. Since

Re{q(z)} > 0 (z € U), we conclude that

D*HPr(y) | o g~ Aetp)3+/T(atp] 71 (atp]¥

(2.8), Re{ Da+p—1f(z) 4(a+p)

REMARK 1. Since

Da+pf(z)] s 2(atp)3+y4(atp)?—4 (atp)+9  _ atp-l

(2.9) Re{Da+p_1f(z) A(atp) a+p

for @ > 1-p, Theorem 1 is the improvement of Theorem A due to Soni [4].

REMARK 2. For a = n € N0 and p = 1, we have

(2-10) Re_D_n—:l_g_(_zl > 21'1—1+\/4112+4n+9 S n .
D" {(2) 4(n+1) S|

™ -
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Therefore, Theorem 1 is also the improvement of Theorem B by Singh and

Singh [3].

Taking a = 2-p in Theorem 1, we have

COROLLARY 1. If f{(z) € R(2), then

f" 17 — 3
(2.11) Re{l + Zf,gg } > ‘/_4 (z € V),
that is, f(z) is p—valently convex of order —‘/114—1—3— :

PROOF. For a = 2—p, we have

(2.12) Re(Di(@) = Re(1 + § 1) - 1+ 1T

Therefore, (2.12) leads to

1" _
(2.13) Re{l + zf/z > Z/ﬁ 9 = m4 3

3. AN APPLICATION OF JACK'S LEMMA

In order to prove our next result, ww need the following lemma by Jack

Y
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LEMMA 2. Let ‘w(z) be regular in U with w(0) = 0. If |w(z)|

attains its maximum value on the circle |z| = r at a point 2z, € U, then
zow’(zo) = kw(zo),
where k is real and k > 1.

THEOREM 2. If f(z) € Ap satisfies

a+p+le, 12
31 Re{ DDa+pf§£)1] > nyf}tﬁl” (z € U),

and a + p > 1 then

‘ 1
Da+pf(z) 2 atp-l .
(3.2 Re[ ~ } > (z € V).

PROOF. For {(z) € Ap satisfying (3.1), we deline the function w(z) by

D**Pi(y 2 -1 1 — —2)w(z
Rl grpte] = SE  ah T — e )

Then w(z) is regular in U with w(0) = 0 and w(z) # =1 (z € U).

After taking the logarithmic derivative of both sides of (3.3), using (2.4)



and (3.3) we obtain

D¥tPi(z)

(3.4)

= a+;1)+1{H((Mp)ir(iijIs)zzggw(z))Z

If there exists a point 2y € U

dzw’ (2)

— (1+w(2))((o+p) +{at+p-2)w(z))

such that

max |w(z)| = |w(zy)| = 1,
R
then. by Lemma 2, we have
ZoW (ZO) = kW(ZQ) (k4 211)
It follows from
1 1
Re{l-i—WiZ();} -2
and
W Z¢ _ 1
Re{l*l—WiZ();} -2
that
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(35) ({Da+p‘+1f(zo)]

Da+pf(Z())
— Re_1 -2 2 4kw’
- R"a+p+1{1+((a+p)_r(-€+£(zgv;(20)) - (1+w(zo)f((a+v1§)—(F%(c)vz-p—Q)w(zo))}'

Let  w(zy) = ew, we have

. o ig i0 . .
1+ wz)? = (1 + el = 7 4 e’

= (2 cos g)QeiO = 2(1 + cos 0)w(z0).
It follows that
v. 0
(a+p)+(a+p-2)w(zo)
(3.6) Re[ Hlotp 2l

— (a+p)? } {2(a+p)(a+p—21 (at+p-2)%’ }
B Re{2(1+cos 0)ew + Re 2(I+4cos 0)] + Re{2 I'+cos

{(a+p)2+(a+p-2)?} cos 0+2(a+p)(atp—2)
2(1 + cos 0)

(a+p)2+(a+p—2)Z+2(a+p)(a+p—2)

< = (a+p—l)27

Ax+B

/=~ is an increcasin
x5 2 creasing

since (0z+p)2 + (a+p—2)2 > 2(a+p)(a+p-2) and

function of x if A > B.

/, &



Next we have

(3.7) Re{(H—w(zo))(( a+p\;74(r%2v-)kp"2)w(zo))}

| . » L
= Tlatp)+{atp-2)w(zo)[? \Re{ (o)[§aip‘zl~(£gv+p Q)W—O)‘]]

= 1 [ (aw%p)‘l; + (a+p-2)%;} > 0.

[{o+p)+(atp—2)w(zo) ||

From (3.5), (3.6) and (3.7) we obtain

{e{DCHp_Hf(zo)} ¢ 1+ (a+p-2)
at+p+l :

This contradicts our. condition (3.1). Therefore, we conclude that — w(z)

satisfies  |w(z)] < 1 for all z € U, which completes the proof of our

theorem.
Letting a = 2-p, Theorem 2 gives
COROLLARY. If f{(z) € Ap satisfies

(3.8) | Re{g;f%} >2 e,

then
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(3.9) » Rey 2 + Zfl,((g)) > */g (z € U).
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