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Coinpl_exity of Maximal Path. Cover Problems for Directed Acyclic Graphs
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2 Tsuru University , Tsuru , Yamanashi 402 , JAPAN

3 Department of Information Sciences , Tokyo Denki University , Hatoyama ,
Saitama 35003 , JAPAN

Abstract. We consider the covering problem of directed acyclic graphs(DAG) by node
disjoint paths . (The graph which consists of one node is regarded as the path of length
zero.) The set of such paths is called pa.thb cover, chain matching or simply covering. If the
number of paths in a path cover of a DAG is minimum, we call that path cover maximal.
We give algorithms for finding maximal path cover of given DAG.

First we show that this problem for DAG is reducible to the one for alternating subgraphs,
and give a (node) linear time algorithm for DAG of outdegree or indegree at most two. Also
we analyze the average number of visited nodes by this algorithm bounded by n + log=.
Moreover an efficient parallel algorithm is given. Finally we show the eqivalence between the

maximal path cover problem and maximam matching problem for some bipartite graphs.

1 FE2PE

BRI 7S 7o RAN—2ROLBBEREE T 7 7ROF— 2 BEE” B
& 8] LT, EtiRoTElEr Lo RE ¢ 2MEHET 2. fIAETe s 547
o—F+— bZcoding ICE DFERUYLTZ LR, FOTR—F 4+ — DRI /N—%
KHBETHB. DB, B/INDT vy 7 8EES e A e— 3530 (goto X)
B/ coding X}t 3 (6] .

—fED (H4 7 VEHD) BRI S 7L T, BA/ R A~ NPELT
BBIEDHONTVE[5]. ¥4 7 VORVERZ 57 (G=(V,E), ccic|Vi]=n
E45. ), DAG &EBd, KX LT, BRI CXAAN—ERDBZT7TLTY XLD0WT
i3 O(n®?) BB b OBFSh TV S [5] . AR, Bk E 654 2 D DAG icfL
TR O(n) BEObOBHMOoNTVWS [6]. bhbhidtHkE, XRAKRKDAZEAL
2LHMBLT, 46TROMN)BMO7TVIY Xa%kRL[4], Bicco7ray XA
w3 visit B TEROPGEM O LIROKIERE X n+1logn THB I EZERT[I]. 5HIT
B COBEBATGFERED Y 5 R NCIltgd o L 2RT.

CORRO—MIIHABERFR SRR ORARIRKR IS Fera—Rr—va ¥ (#)
DOEGEEHRIC L DiTIRbI .
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FRChSOTATY XaR, FIRENWAZHS 570 F v SEBARIGH
TEIENTES., — Oy F Y IEERSERBHTRI B EBHSATNS
B, ZDIFFERIZKBRT, RAOHLIBREOBRRI-E IS5 7icbit b=y F
v 7 BT O(n®*polylog(n)) ¢ NCEFITH 5 (see [12]) . - THRA REHBahr
QTS 7ICODWTNCTUTY X aEBZ I LIRS,

2 iy
B 57%G=(V,E) TKY. CITVRESOES, ERIOESTH 5.

BO757GkBiFIEIEvOARYMEBRY, indegree(v, G) & outdegree(v,G) &
ERENRT, ZROLICED S :

indegree(v, G) =| {u € G;(u,v) € E} |
outdegree(v,G) =| {u € G;(v,u) € E} |.

RICIZAAN—%ED B, Gy =V, E1),Gy = (Va,Er),-+,Gn = (Vy, E,) 28]
757G=V,E)ofprs5s7&45. s LVUWLUu---UuV,=VhoV,nV, =
$(1# §) RS P={G1,Ga,---,Gn} 2 G OREE WS, EHB 57 G = (V,, N;)
=P oSG EWVD. NEP 3R GBROFHE() XiZ(2) ZRifcd & &2 AN
Wb

(1) GiR—2 D 2 h 51 3.
(2) Giid—mE ({v},9) TH 3.

¥/, Pick 3757, G(P)=(V,E(P)) L&, LR G(P)=G1UGU---UG,
DIETH 5.

BE757 G=(V,E) D2 A= M ={G1,G2,---,Gn} BBAKTH B L1}, G
DEBD R AN— NIZH L TRBIZD 122 ETH S :

| (E - E(M)) |[<| (E - E(N)) | BB,
| E(M) || E(N) |.

o B35 7 G OBRKCRH /N~ M = {Gl,Gg,---,Gn} RBRE/DNORSE =R
2. b, GOEBED/CZAH/N— N ={H1,Hyy- -, Hp} HLTn<m TH 3.



3 XHEITIF7
COHEITIX

Bl BRSZAAN—ERDS.
pop)

FIgE2 . DEB/NOERE 5 7%2RD 5 [4].
KRETEBRIEERYT. BH/ S5 70O ZREEE & WS BEEHSH
Tw5[4]. BiclfE2 RIROBBEI CRETE 5. [4]

RIEE3 . FoRMERFRICE D REEhABHD 75 7iIc>20WT, DB/ PNOERE 7
ST7%RKDB.

EH®. FRISF57G6G=V,E) B3 ER vOSIEKEIZ

outdegree(v,G) — 1 outdegree(v,G)> 0

branch(v,G) =
ranch(v,G) {0 outdegree(v, G)=0

LEHON B, G DORIKEE,

branch(G) = Z branch(v,G)
vEN

TH5.

branch (G)

E8®. FEI/57G6 =V, E)ofnsrs7 H=(V,F) IZEH v LTrE
—208B (u,v) € F (v eV)BEETEEE, GOERBIS7ENWS, 2L
indegree(v,G) > 1.

%7, TEEODOF v, 2, oo, Uns 1t BEEE LT e = (v, Vi41) TH B 5 Xt &; = (vig1, Vi)
THBLE, ADFerer.enTrINAENS, Fi, BINABY A I NERTLE
%, FNEEIFAINENS,

B 75 7 0D OB EERMGREED, %@Hﬁﬁ%k;ofﬁﬁ777%ﬁﬂ?
3. COEESEHB/NOERE S 71, FOREICLVEBESNIRES TS 7 (B
KRZE 57 EVD) KT 20EBB/NERE 7 72 RDBEICLDESNE.

EFR 4 BRI757G6G=(V,E) Dl (u,v) & (w,z) BREBEETH 3, (u,v) ~ (v, 1)
EEL, &R

(1) (w,v) #(w,2) THY,
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(2 u=uwXBv=zTH5.

EHETHEEEWND.
=W W W~

ar e . ', A =2
HEL T~ ORHEBHaYEDT. G/~D&TE: G OBAKHEIS /5 7 &0,
G/R=GDE&EGARHETFI7EWVS,

-

*
(FeZE §2777)

WEL. [4] Gi,Cs .., Gn% DAG G OBAKERS /5 7 DF~TEF S, i<n
LT Hi% Gi OB B/INDERIE 7 57 £ 53 &, Urgicn Hi 1t G DSHEHE
INOERRE TS 7ThH 5.

4 BRTIVTIZLE ZO A

4.1 7TnrITy XA Al

G oBARZHEED 7S 75185 0n)BRETLVTY XA, BIBEFEXR] K
- TEBICHRTES, X->TUTTR, XA 5 705ERB/NOERE 75 7
ERDBTNITY XA AL 2RT. ‘ \

B35 7RVRAMRBE (Vv /7RE) CX0RBEBINLTOVWBERET 3. Eig,
inlist(v) RIEA vIC A > TL 2TEEADHY, outlist(v) Zvhr SH T BRIV ZE
ZhZEnERdbT.

PROCEDURE ALTSEARCH(v,G,F)

G (input,output) is an alternating graph; verteces in G are marked ”UN-
COVERED”, ?COVERED”, ”UNVISITED” and/or »VISITED?”.

v (input) is vertex in Gj; searching starts from v.

F (output) is the set of the edges; a spanning out forest for G of minimal
branches.

begin
mark v "VISITED”;



23

-while vertex u remaining in ”outlist(v)” mareked U NCOV ERED” do
begin -
add (v,u) to F; mark u >’COVERED”;
while vertex z remaining in ”inlist(u)” marked "UNVISITED” do
ALTSEARCH(z,G, F)
end
end

PROCEDURE ALTMATCH(G,F)

G (input) is an altDAG with outdegree atmost two.

F (output) is the set of edges of a spanning out forest for G of minimal

- branches.

~ begin
F:=¢
mark all vertices v with outdegree(v) > 1?UNVISITED”;
mark all vertices v with ividegree(v) >1”UNCOVERED”,
if there is a vertex v with outdegree(v)=1
then ALTSEFARCH (v,G, F)
else
begin ‘
if there is an alternate semicycle [4] C in G
then
begin
choose any vertex v in C with outdegree(v)=2;
ALTSEARCH(v,G, F)
end
else
begin
choose any vertex v with outdegree(v) > 1 ALTSEARCH(v,G, F)
end
end
end

Bz ohicfiik¥E4 2 ® DAG G = (V,E) OBAREHRS 75 7 0F A L0
T, ALTMATCH 1% depth first iy &, O(m) B THBEB/NOLRHBES A 5.
BONTERHFZED, SBA R A N-DBF LN, :

BICRANTe & 9 i G » SBAKERS 75 702 TEES O(m) BE7 LT Y X
ADERTES, koTIhoDT7NVT Y XLELD ALITMATCH 2358 TS
A& LTO(m)-BRETH L3 BRFEIBEOTLVTY XLEHKTE 3.

5
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RELOM<2n THBHS, Bo5NB7VTY XaiRO(n) 5%55‘(@?( 5T
UToEEBsE>N 3.

EE1 . G 2HREE~2 20FEH A 7 VIRBERI V5783 5. G OBK/ SR A
N—2EZ ZTEA-HREMT7TVTY XLANEET S, O

4.2 PHEHE OB

COEITR7TNTY XA AL OFEEBHEZEFTT 5. CCTRAEBTZS 70 &
ZExiElTbDET B,

(C1) AXREiIEx 3, HRERE~ 2.
(C) HLoEEEJ\RALTHIEYA 7 V8.

FRERES 5 7IRIBIBELIENZHREP 0 TRVWERSEET S b0 LL, R
2REOXHESS 72 BAKHE IS 7S, BREARE7S 7R3EILHERTH SN
5bDET 5.

EH BAKLEZS7 G OEHWEEIZROL I ICERT 5.
$(1/2)% * g(e)

CCT, aldGDy—IFNVESRML OJESR), k3B a 2RI X ITHIT
ZESDHMOE, 9a) R I XDEIETS.

G ¥R
=(ﬂn2+(931+(9s3

)
7 .

TR nEEXEISST7OPHNESEZRDLIICERT 5.

SM D(n)/N AL(n)

T NAL(n) X n HRIBMNRKRE Y 5 7 DR, SMD(n) & n Téﬁfﬂﬁﬁf}_ﬁ 5
7®:Fi’]ﬁ']bk‘c"®%‘fﬂc‘:‘§‘6

WE2. NALT(n) #BHB 45— FVEEATH S n BEAKES 5 70BKE L,
SMDTW)%%ﬂb®777hﬁ?5$ﬂm%é@%mk?é CDEERD(1)-(4)
ABKILT 5. ‘
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(1) NALT(2n) = L2 NALT(2n — 2 — i) » NALT()
+NALT(n ~ 1)+ {NALT(n - 1)+ 1}/2

NALT(2n+1) = Y- NAIT(2n — 1 — i) « NALT(i)

NALT(0)= NALT(1) =1, NALT(2) =0
(2) NAL(2n) =¥, NALT(2n + 1 — i) » NALT(i)
NAL(2n+1) = Y0 NALT(2n +2 — i)  NALT (i)
+NALT(n+ 1)« {NALT(n+1)+1}/2
(3) SMDT(2n)=SMDT(2n—2)+2+xNALT(2n)
+{T 3 SMDT(2n — 2 — i) x NALT (i) + SM DT (n — 1)}/2

SMDT(2n+1) = SMDT(2n — 1)+ 2% NALT(2n + 1)
+ T2 SYDT(2n — 1 i)« NALT(3)/2

SMDT(0)=SMDT(1)=0
(4) SMD(2n)=SMDT(2n)
{1 SMDT(2n +1—14i)« NALT(3)}/2
SMD(2n+1) = SMDT(2n +1)
+{X, SMDT(2n + 2 — i) NALT(i) + SMDT(n + 1)}/2
ZEBH D HEEE.

(1) BEs—IFVEATHEnHEBARES 5 73S EDLIKEERT &
BTE5.
(A iHEXE7S 7. )

oo- AM—J_

b

-
\’\

(2) nERBAZESS7R2ED0LIFBERTIENTE S,

ot

Am
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3) WPEs—IFVERTHZ 2 HARMAKE 7S 7BV, 1 BRI 5 7 |,
i=n/2-10DEE%2DFVT, NALT(n-2-i)Hbobhd, £->TIDIF
EDFHDESE, SMDT(E)« NALT(n—2—1) Td 5.

i=n/2—-1DE&iBERISI 7R NALT(n/2-1)+1HSobNB. Lo
TIDBEDOEHOESIR, SMDT(n/2-1)*{NALT(n/2-1)+1} TH 3..

i#n—20¢%E, COnEERAKE IS 7IIBITERISS70MBicd 50 &
SHEPSHEESH S (K1(b)). £->TIDBEDEHDEXIZ, 2xNALT(n)
TdH 5.

(4) (3) LEHK O

WE3. EEDOt>1, A>1RML, 52 NEFELTEREDOn > NicxLTo

g0 (a)-(c) XAKRILT 5.

(a) loggn<n

(b) (Bn+1)>(bn—1)+1 .
. e Y Y >0 i>0

() {(3n+1) +(3n =1} = {Bn+i-1)"+(3n - i)t} {>1 > i>n

AERH.  EBg O

FE2. (1)-(4) KB 2EROLETOBME, 801> 1, A>1 LT, A
kDKREC AY X p/hEW,

HEH., 74 ¥ F o FHFIEORKRILLD ANLDREWT EIZHSH.

%9 NALT(n) > O(a™) %77,
NALT(n) = O(A™) 23 A>0 BEELETEE, 2c>0 LEEDS O
XL, H2BENBELELT, £8On> N2,

c— €< NAILT(n)/A" < c+¢

2 hrdeal
NALT(4n+1)

=NALT(4n — 1)+ NALT(4n —2)+---+ NALT(3n — 1) * NALT(n)

+---+ NALT(2n) x NALT(2n — 1)

> NALT(3n — 1)« NALT(n) +--- + NALT(2n) x NALT(2n — 1)

> (n—1)A""1x (c—€) .
L7dS-> T NALT(dn + 1)JA™ = (n—1)(c— €)?/A? > c+ ¢ L1 ->TIHIEF
BETHB., WAk NALT(n) > O(a™) BR&N 3. NALT(4n + 2), NALT(4n +
3), NALT(4n) ic>WT bERRIC U THEHETE 3.

2 iz NALT(n) < O(4™) %77,

NALT(n) = O(A™) %3t > 0 BEELIETEE, 5 c> 0 LEED> 0
XL, DE3BYNBEELT, £8EDOn> NitoWT,

NALT(n)/A™ < c+¢

8
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ZiEoL, B n>NEHOWT,
¢ — ¢ < NALT(n)/A™

EiGTod.
M = maz{NALT(i)/A", 0,1,---,N} £33 &, NALT(G)< M x A" TH3. 0
& &,
NALT(6n+1)
= NALT(6n—1)+ NALT(6n—2)+---+ NALT(5n — 1) x NALT(n)
+---4+ NALT(3n)x NALT(3n — 1)
<(c+ e)M(A(Gn—l)'+O' 4o +A(5n;—1)1+n')
(e + R(AGP=D H ) Ly A(n— 1) ()
+ A= +@n+1) 4 L 4(3n)+(B3n-1))
Lidso> TEBDOn > Nictt LT NALT(6n + 1) < ASn—D'+0' 1w 7
Wi NALT(n) < O(A™) BSREh 5,
7 NAL(2n) = S, NALT(2n + 1 — {)NALT(i)
< VP o NALT(2n +1 = 1)NALT(i)
= NALT(2n +3)
WZic NAL(2n) < NALT(2n + 3)
ERIcLTNAL(2n +1) < NALT(2n +3) 8/R& N 5,
L7255 T NAL(n) = O(NALT(n)) < O(A™). [Ekkic LCSM DT(n) < O(A™), SMD(n) <
O(A™) BR&h3. O

LOEEE, FBOt > 1 kLT, SMD(n)/NAL(R) #ntCBEZ 5N 5C
EARELTWS,

FH#. &Kt (a), (b) ZMATEEO n ERRES I 7EANE LI LE, TH
Y XA AL Bvisit $EEEAOEHOEKIZ, 2Ot >1kHLT, n+nlTBE
ABIEBTESB, O

X 5 icFr it ntOER, &n Ot 3 SMD(n)/NAL(n) OBIERH 5, logn
TBEAoNBIEEHAILL (F1).

n NAL(n) SMD(n) SMD(n)/NAL(n) {SMD(n)/NAL(n)} /logn
20 1746 10307.3 5.90337 1.97059
40 3.77919E+407 2.68012E+08 7.09179 1.92248
60 1.12707E+12 8.56329E+12 7.59785 1.85569
80 3.89366E+16 3.06692E+17 7.87670 1.79750
100 1.46386E+21 1.17888E422 8.05325 1.74874
%1
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5 NC 7IVTY XA

COHITRBK R AL, HS5ED CRCW-PRAM(Concurrent Read
Concurrent Write Parallel RAM) T O(logn) Bfd, O(n) a4 TR T &H
T&5ZE%2RT.

Fx BEWBEE O E 5 vizarbittary CRCW PRAMEWHNBZIRDDTH 5.
(see eg. [7], [12]).

E¥EO T oy H(RAM), P, P, .. . Pis@ AT Y ~FBic7 72 L, 5HE%

CETT A O, RE@Exey (2QoxA®Y EEKT, VYR IOIY) Ob S EH

KX 3, HEEO Tty 4 ORAB LRUESAAOERHRFINATHEYE, &
EABICOWTI, EDOT oLy $HRBEALCKIILELE, SpSRVEDLT
3. BPOo—ANAEYONER Ly, Ly, .. ORICEL & 1T 3.

51 E&XHIS57
e XBEREEBICT 20, ROFLEXHETSS 70 E2EBAT 5,

E®. G = (V,FE) 2KRBE7r57¢33. Ke€ EiciL, e ichEdsLTod
e'MNe~e ZHEBETHLEGCUELTHBEVWS, O

A T Tiu 287177 %% 787 77

¥, BREXHS I 7OHEEER L LERAEREARKE WS,

ETCT, G%2DAG ¢£93, G ORER vVCERTAILOMEICL-T, vE V-
IN,v-OUTE280ICRBL, G 2WL 20Dk G1,Ga, ..., Grit 3RS 5 &,
G (I<i<k)BRERKRAIF7RB-TVWS, TO&EMES BROME4 iTfF
ETE3 (BIcTAVTY XLDEYSEOHCEEEY 2) .

4. GAZERKHII 7B, TORADBKN XA N—%2KD 3,

52 7TNHITYUXAHLAL

COFITREMIS IHOBRNRAAN—ZRDBZTNVNTY XAA 2%EAT
3.
COTNTYXAA 2T, BABER LA, )) ML, ENEhERI-OUT, j-
INRUA (i~ OUT,j—IN), (j—IN,i— OUT) %X 3.
42 De{IN,OUT} icdL T, D=INDEL &DTOUT, D=0UTD L %DT

10



INZFbT.

ANAEYIRDWT Ly, =i~

-

Tety ¥ PSTHE i~ DiciEd 3 (Po=pr(i—=D) &), &k, Boa—

'_Da Lkz -
UTTAlicoW0WwTRRB,

WNITYXAA 2

AH G=(V,E), 22TV ={1,2,..n} BEI57

EABSi AT 0i BcBmans.
E= {(il)jl)a L) (2m)]m)} GC;@ L"C,

il)jlaiQij)""imyjmbi‘;ﬂ:‘ﬁ)‘ TYDn+ ]-%imb“; n + 2m %mif‘:: @mﬁ
BEoimans[1].

HA F : GOWmK/CR AN~

N

B RORF» TOBORF» 7Bk 5.

Z 7 7 0 (pre-computation)

LITR M+ M BOT vy ¥ EHARVDEHIES €5, (1)-(5) TEO
HERT. '

n) et L, Pk«pr(z—OUT), Potmyk =pr(1 —IN) &5 5,
BB A Y D EBHOAR.

L
¢
2Yk(n+1<k<n+m)icxtl, B =pr(
pr(j —OUT,i— IN) &§ 5.
DHE.
(j—IN,i— OUT) 02k%E &<,

= OUT,j = IN), Popntk =
CCTildn42k—1%&H, jidn+2kEMH

1), () cOTuty % EEARCAOHGMIFRITOEDL S 1072 5,

AE Y OFH BEMORNE | WiEd 27wy 4
].,2,...,72 ]:é,r?l?\ Pl:"';P'n

Pn+m+1) wrey P2n+m

n+1,..,n+2m 3 Prt1; oy Pogm

P2n+m+1; P2n+2m
RD(3) — (5) BANF— yéﬂﬂ@kﬁﬁﬁ
BICEE T 57HICITRI.

DM DBEY OMATE, F—s RBMEERETERETETLICT
5. X, BEALBRALWET 270y FOu—A v EYORRIR, 757

Eabhb¥sLoicy R ME

11

D, L, =0BERILTEELEEEZNS, Tok,y 4 P
B(i—D,j - D)l (P =pr(i—D,j— D) &) ik, Ly, =1
- DBRITBEEE NS,

29



OEBENY X MEESREESN308bET, BUREFEINZbDET 3.
(10]

(3) EoE1RSIC>WTYy—bML, Y—FU X+ SEFES[8][11].
Tl §S= (51,52,...,Sn) THn,
(i:j1)>(i1j2)"“)(i?jk)E En kL& .
Si=((1—-0UT,j1—IN)(i-OUT,j2—IN)..(i—OUT,jx—IN)) &4 5.
7o LR S BOT, nest(i— OUT, je—IN) := (i — OUT, jeg1 — IN) ~
DFEAH LT B,

(4) &1 (1<i<n)icHLT,
adj(i ~ OUT) = SioBHOLB (1 - 0UT,j1 —IN) ~DOFEA 5 &5 5. -
(doubling techniqueZfi 3. ) ’
Si DBEDB(1—0UT, jr—IN) icxt LT nest(i — OUT, jx — IN) := null
T 5.

(5) EicoW\WT(3),(4) ERBDC EZEFTRS.
A7y T0DEDLD.

CDRF» 70TCRELRES S TDELED G1,Ga,...,GricMREn, &
N2 HEHOBELTERINS, #-TG REA IS 7 EF—BTE3. C
e A(G)=UiL; Gi&EB LT 5. $AREALSHTWCAD Y X b2,
¥4 v adj,nest ODETHREINE., CORF—JOERTHR, 571U R}
ELTROES cRBEnd,

S
——tN——
1 > = "
: T ~
T
- S T

Birid, TERKHET 57 GOBRNRAH N—13, GOIRZHERKZEERKL,
ZDBKR A A N—ERODNVER VI EERT. |E] S 5 7 DERRK (spanning
tree) 2K 2UF 7 I Y X AR [10),[12] 0B TEBAETH TV S, DT
25y 71-5 OBELTT.

12



2571 Al(G) ®, HAEHF (Unrooted) FE%H# 73\ (Undirected) 4
Bk UUST(AING)) < 5. UUST(AI(G)) O BNl b D icid
<=—2%F 3 [10],[7. (CORXF» 7TG OREERKHBRS. )

%% 5 72 UUST(AI(G)) O 4 5 —BIBS5 MR L (VUST(AIG) 0&D it
AR BB SN T VB, BEF45—BBRNEETS. ), FEO

BHrDOERLBT30E20A%YMT 5 Lk » T UUST(Al(G)) o

FSN—2 Y X FTEES. 2OV S 0icBich-> TUUST(Al(G)) DR
BDREZIHNSB. Ih% RUST(AI(G))(Rooted Undirected Spanning Tree
of Alt(G)) EE ¢ &ic¥ 5 [10] .

R RAXTRAFy 71RERFy S 2120 TR [7),[10] EE#IT D TE
MIZET B, RFw 71, A7y T20EFTE, PSN—-IYR+TO
BH T (i—D,j— D) ORDBIZEA ~ % tournezt((i — D, j— D)) T&
ANns.

25973 RUST(AI(G)) OK:D%E F 53— ¢ BEFIE-> TEEFIFL,
(i—OUT,j—IN),(j—IN,i—-OUT) ®> 5BEDEVAICT—2F 3,
NICEL > T RUST(AIYG)) ORALEBDLSFREMSBELTERERST 3. &
D& >R EBE 7 K% RDST(Al(G))(Rooted Directed Spanning Tree
of Alt(G@)) a%< T &ied 5. RDST(AIN(G)) AV TR EAOHERE
T3,

2% 74 RDST(AI(G)) DEi—OUTD > b b SIS & Lic 0 & iE
U, i—-OUTOHERE TS, INEAL v EWS, $LEI-OUT
BRENEZRF» 75 ~17K.

25575 &M —D,D € {OUT,IN} e LUIF 2 E74 5.

i— OUT € mainpath 135 F := FU(i— OUT,parent(i — OUT)) &4 3.
i— IN & mainpath 135 F := FU (i — IN,parent(i — IN)) &4 5.
(RAF 9w TATAA Y ABERINBZTREORF » THETENS.)
ERi-DBED220RFy 7TFIREEIRWIES, Fi=FU(i— D)
95,

FoEZRIGEINh AR, HAOEESh @ x%veﬁéﬁﬁu
nENEEAEN S,

W7 T Y XLAOEMERRS

ZFyT3DEM FSN—RYRFTHERSNIZD, TOUYR M=
23 3BIIEFAF L, &G —-O0UT,j —IN) RO (j—IN,i-OUT) ic
DNWTEEDEWS D% RDST(AR(G)) oD E LTHRATS . #h 53
KD7 AT Y X s NUMBERING, PARENT ic k0 EiTFah 3.

PROCEDURE NUMBERING((:— D, j— D), tournezt(i— D, j— D))
begin
pardo for each (i — D,j— D)in T
begin
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numtoend((i — D, j — D)):=1;
temp(i — D, j = D):=tournezt((i — D, j — D));
repeat logn times do
if temp(i — D, j — D) is not null then
begin
numtoend((i — D, j — D))
:= numtoend((i — D, j — D))
+numtoend(temp(i — D, j — D));
temp(i — D, j — D) := temp(temp(i — D, j — D))
end;
end
end pardo;

number(i — D, j — D)::Z(n—l)—numioend((i - D,j— D))
end

&, &(i-D,j—D),(j-D,i-D) kT WABEDEVHIcv—2T5C
Ltk ->T, KORD2EH» o Ficm» >BELE LTEET 2. b
RDST(AlIY(G)) 2445 C LB TE 5. Riclk~5Dit, RDST(Al(G))
DREHDCEARDET VT Y XL THS.

PROCEDURE PARENT ((i — D,j — D),number(i — D,j — D)
begin
pardo for each (i— D,j— D)in T
if number(i — D, j — D) < number(j — D,i — D) then
parent(j — D):=i—D
end pardo
end

25y 74 DHM RDST(AIYG)) OET, i—OUTD DM, bLbhiE—
DB, i —OUT ERAEFEI R (A4 veR) 2RETS. RiIFHER
T o T BHNESE,
25 T4IBRDOTNTY XA MAINPATH ic X D ETah 3

PROCEDURE MAINPATH (i — D, parent(i — D))
begin
anc(i — D) := parent(i — D);
pardo for each ¢ — OUT
if 1 — OUT is a leaf in RDST(Alt(G))

then mainpath =1 — QUT
end pardo

repeat logn times do
pardo for each 1 — D
begin |
if 1 — D € mainpath then

14



mainpath := mainpath U anc(i — D);
anc(i — D) := anc(anc(i — D));
end
end pardo
end

RF w75 DM KOT T Y X s CHAINMATCH i & b RDST(AIt(G))
DK NA B N—%KRD B,

PROCEDURE CHAINMATCH (i — D, parent(i — D))
begin
F = ¢;
pardo for each i — OUT € matnpath
F:=FU(i—0OUT,parent(t — OUT))
end pardo;
pardo for each i — IN ¢ mainpath
F:=FU(i—IN,parent(i — IN))
end pardo;
pardo for each i — D ¢ F
F:=FuU(i-D)
end pardo
end
7wjuXA@E%%MO?@%%%&U%E#E%&%%.

mE4. m%*§777G7b>7K%fa‘a‘Béi Steps DEDICBEATZRH
N GRBWTHRKTH 3.

FERA. ROELEZER2OFHFREISHS P TH B, O

EHE3. GEBAOhIETEEREYS7L$ 5. G OERORAARKRK

T(G) RBOWTBRENZAN—F G IRBOTORALIR S,

FEBH. :
CGODHBERHEERKT, 0 20EMB,GDXOKEZLLBELINRD
OBEETHIERELTH S, BERS, INE -7 3NTdBEAZRI
EEL, ZIhOMOLTOESAEEY, AHEZERLTOEY 4 7 VB TS
7 (BIBKR) 220K 3EMTEENLTHS.

ERRITE, 5&U&oﬂ%ﬁf@ﬁi#%?w&&oTLi9§TAX%0<
5., =DEHFEOAIR AZ%%ﬂLTmahbo,%h%%@?ég&ﬁT%%

FEE2 O ROERIELD, G ORHEERADET, OUT &<—2 shi
EROHER/NE T 2K, G@ﬁk&ﬂ%ﬂﬂ—%%&%*ﬁ&&*f&é
B>THAIE, CORXEERAEEDOLS CBRLTS, GicBuwT OUTE
T ENTEORRI—TETHEILEZRBELIN., LG ILBLWTHKEKL
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DIERIL, REERAREEDOLICHEKLTS, BIFELERD, - TEOEYK
R—BOICFEE S, WARLTTIRG RERY1 OEARBFALZZVLDERE
LTH LW,

a5 7 G, BRXHET 57 GIRIRDARVv—33 Y OP1ZEDERL
TEA L7 G LEBICR B8, G Of/NTHB &S,

AV —3 v 0Pl £TD(,5),(6,k) € EiedL<, EEA{j, k} o< 3.

STHEREDERRAEIS 7 G L G OR/NERZBEEI 757 G2EL
3. WEGIRBOVT, k 2HKRENS 2 TH2EMAOER, T(G) 2@ DEED
RHERKE L, T(G) OR/NERBA%ET(G) &35, | V(T(G)) |=n-k
X0 | E(T(Q")) |=n-k-1 & » T | B(T(G)) |= 2% | E(T(G")) |=2(n-k-1) W Z.ic
| {€ — E(T(G))} |=m-2(n-k-1) &723. ®->TT(G) KEETNRVG DTEED
B, {m-2(n-k-1)}/2, Bicm=2k TH2H 5 2kn+l £H83, COIEELHE
A2 o FEES BTN S, O '

255 70—5%, Oflogn) B, O(n) Y=t HTETEh 3D
HTHB. o TROEEBERSNE. |

TE4, GE2HREXBAREEZS42CHBLAZDAG £3+5& G o
KIZAHN—RBZBENCTLVITY X ABELET S, O ’

XSIERELH TS 70K/ R A=}, DOFMEZEETHIE, 22>
TOBRKZ v FVIZDbDTH3. fE-oTIROER:E2ES.

F1. G=(V,E), V=ViUVa%2®r57&35. Vitrid ValcBit 3
EHROXREEZE# 2 CHIRBRIHE, GORR~ Yy FY I %2515 NCT7LTY
X LABFEET S, O '

6 IV

KX TREMT 7 70K 2 A~N—[HBOHER%:, /57 XHEHEE
WIBIREBEAL, (1) MEBET LT Y XA LT ORI, (2) 1517 4T
YXAEODWTERLTE ., ULoEREF L0 3L,

(6] TIRHIKRE, AKREES2ICHBLADAG K WTHEIATWS Y, H
WEIEF2IERBLTS, TLTYXADF—F—3EILTEH 3.

() 7=y XL visit 3T 3TEADOFEDEED LBIE n+logn TH B
EEHERIU fe. :

(1) DT ALY XA LT BRI RAFI7 4Ty X AEBRL 7.
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7, k02207 vTY X4}, —HOEESICBITITEROKRE%: 2 HIR
Ltz, ZHWIr5 70FK~y Fr /BB CBERATES. BlcBK~y ¥ v 7HE
OWFIHER I RBREBICL->TVT, JITOERR, $iRsh="%7 3
FIHOWTEbI N &ici 3, BRI, SBROWEZRHII—ALD DAG ki
BRA R A N—EBEOWFEFERBERDE LT, ChIRTH I I 7icBiF 3
BRK<y F v/ HEOUFTFHERELROZ I ELEHETH 5.
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