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Residual currents and tensor products of holonomic systems

FEABE m B VR —

Shinichi TAJIMA

The primary purpose of this note is to provide an elementary introduction
to the theory of UZf-’x-Modules. This note is not meant to he a survey. We try to
explain some hasic notions in the theory of yﬁx—modules. We mainly focus
our attention on concrete examples of regnlar holonomic Aax—Modnles which are

related with residual currents. It is hoped that some of the basic features of

holonomic systems emerge.

§ 0. Products of residual currents.

To begin with let us recall the notion of residual current.

Let (X, %) be a complex manifold and let f € [(X, @©x) be a holo-
morhic function. Dolbeault (6} and Herrera-Liebermann (10) showed, by making
use of a desingularization of the hyperfurface defined by f = 0, that for

any compactly supported smooth test differential form ¢, the limits

i ¢ [ ¢

lim — and Iim —_

e—10\ f e—>1() f
Jflre < | fl=¢

exist.

1
The linear functional (-;-] defined by
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1 . ‘ ¢

[(—1 : ¢ ——> lim g —_—
f e—>10 f

If]>e

1 L
is called the principal value of —¥-. And the current defined by

is called a residual current. Note that

-1 ;
i—=1(= 1i —.
( : 1(¢4) . im 0 ;

I fl=¢

Recently Passare (22) defined and intensively studied "products of

residual currents”. Let r be a product of residual currents of the form

rzﬁﬁwAﬂiM~Aﬂ1

—1, fi, fa,..., fu € T, Ox).
: 3 =l w e X, Ox

Passare showed in particular the following fact.

Theorem(local version). Assume that f; =fa=----=fx=0 1is a complete
intersection at x. Then a germ of holomorphic function h € ébx annuls‘the
residual current r if and only if the holomorphic function h belongs to the
ideal generated by fi; fa,..., fu i.e. h € O«(f1, fa,.., fi). Here (O,
denotes the stalk at x of thé sheaf of holomorphic functions.

For incetance, in (2 = {(x, v)|x, v€C } , let us consider the

_2._



following residual current.

]

y—x2

Since v2r = 0 and (v—x3)r = 0, you get x*r = 0. Hence in particular
the current r is supported at the origin. Therefore r 1is a linear combina-
tion of derivatives of Dirac's delta function. In fact, one can verify the

following equality.

1 1 92 324
] dxAdy)y =-—(27i)%2 {— — (0, 0) + (0, 0) } .
2 - 6 x> Ixdy

But it seems dificult, in general, to get such an explicit formula. We are thus

interested in the following problem.
How to calculate or characterize a residual current?

Now let us explain our basic idea. _
Let r be a residual current in the sence of Passare (22). Let be be the
sheaf on X of rings of holomorphic linear partial differential operators with
holomorphic coefficients. We write ?/r C ,5;< the sheaf of annihilator ideals

of the residual current r.

g;c/_x:{})ep(éx.x’ Pm = 0},

where ¢2§x,x denotes the stalk at x of éax. Then the current r can be
regarded as a distribution solution for the system of linear partial differen-
tial equétions : Pr =0 for any P € §Q. ’

If the annihilator ideal 5[ r 1s determined, one can employ the fheory of

linear partial differential equations to study the residual current r. And

3 —
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if in particular the dimension of the vector space of distribution solutions of
this system ahove is equal bto one, the ideal iifr characterizes the residual
current, r.

In this report we will restrict ourselves mainly to the two dimensional
case and we will derive a regular holonomic system and its generator whose
distribution solutions may equal to a constant multiple of the residual current
r. In other wards we will derive a left )ax-ideal which may equal to the
annihilator ideal of the residual current r.

We will use the notions of

(i) D x-Modules and algebfaic local cohomologies,
(i1) regular holonomic distributions,
(iii1) tensor products of holonomic systems,

and

(iv) blow-up and blow-down of holonomic systenms.

§ 1. Z x-Modules and algebraic local cohomologies.

Let us recall some basic notions and fix our notation.
We start with a linear partial differential equation with an unknownfunction u
Pu = 0, where P is a holomorphic linear partial differential operator
with holomorphic coefficients. Notice that QPu = 0 holds for any linear
partial differential operator 0. Let us consider the left jﬁxtlinear homo-

morphism from dfx to éax defined by P :

Dy> P < e,

Here )6x denotes the sheaf on X of holomorphic linear partial differential

operators with holomorphic coefficients.

—4 —
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If we denote hy gf the sheaf of left J x-ideals generated by P, we
have Ker(P:ﬂX———?ﬁX)=0 and Im(P:ﬂx——éﬂx) =j.

I[f we set

%:COKEr(PZVéX——ﬁjax) ___z}\/g,

then ()2 becomes a left aax—Module. And the exact sequence

p
0 <— ] <— )dx «— dﬁ( -— 0.

can he regarded as a finite presentation of the left ;ax~Module ﬁ7ﬁ . In this
sence /1 is an intrinsic object. |

Notice that éax is a coherent sheaf of rings and the each stalk §é>gx
is a Noetherian ring.

Let ;ﬂ he a left }ax-Module. The solutions of the equation Pu = 0

belonging to ?Z can be considered as follows. From the exact sequence above

“we get an exact sequence

P -
0— 7@@%3@ (wt, ¥y — ?%bﬂﬂz§(éox, ;Z) —> ;ﬁ&z%&(“ax’ 54)

X .
112 2

/2 g —= Pze F.
It follows that

Hem 5 (0, Fdx = Ker (P2 F —> F)x = { g€ Fh | Pz =0} .

Therefore determining the solutions of Pu = 0 1is equivalent to determining

-5 —



the sheaf lﬂg““ﬁo‘(/”T* %Y. Tneidentally, we have
X
gxf;o(m'%) ZCO}(EI‘(P:%__;%V),
X

in the sence of homological algebra.

Hore generally let
N 3
)?P” Il_;zﬂ 121,2,...,N1
J=

be a system of linear partial differential equations, where P;; denote linear
partial differential operators and u; denote unknownfunctions. We can associ-

ate to this system a coherent left ng-Module MT with finite presentation :

N N

ve—agn «—— F_ < 3
X

Let 34 he a left Xox-Mndule. We can consider the sheaf of ééx-homo—

morphisms from (¢ to Qﬂ and its extensions :

' Kk
Homy (M0, F)  and  fury (2, F) k= 1.
Let
P Py P
N Nl N2
Vot 4, 2, g

be a (local) projective resolution of %, where P; denote matrices of linear

partial differential operators. It is easy to see that jﬁaw% (M, %4) is the

X

solutions sheaf and each cohomology group éqft; (mn, 34) gives the
X



169

obstructions of the solvability of Py-; with compatibility condition given by
Py.
For this reason we mean by a system of linear partial differential

equations a coherent left 5ax—Module.

Example 1.
The structure sheaf é5x is naturally endowed with a structure of left
A x-Module by differentiation. For instance, let X = {(x, y)| x, y € C} .
= (2. For any germ f € Cbx,x of holomorphic function we have
a - af

' d af
—f = — € O,x d _f = — € @,x.
X ax C\X an ay ay x

But if you regard f as an element of de:x, f becomes a linear partial

differential operator of order zero and

—ﬁ-f af d
ax ax ax

, a
Hence we have O, =4 / (A ~ T D).

X X

We also have

Homy (G @) = C, and bty (O @) =0 for k = 1.
A X

Let us recall the notion of algebraic local cohomology.
Let Y={f = 0} be a complex hypersurface, f denotes a defining holo-
morphic function. We define the algebraic local cohomology sheaf by the

inductive limit
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B ay(0 = din Ext, (G /(D" O
Kk X

where (f)k denotes the é7x—ldeal generated by f% . We also consider

Wt @) = Lin, Hony, (1", @),

K >
hence have a exact sequence

0 ——> Oy —> W 11O — K () —> 0.

- 1f we denote by ¢« be a section of Z%Q”ﬁ@ (f) é? Y defined by

K
b {f ) = 1, then ¢ can be identified with —x. Hence a germ of
f

UC[an(@ ) can he represented hy

. h] ha hey
hg +— + — +--- 4——;;, where ho,..., hx € é7x,x.

2
This means that ?GEXTY]((&&) is the sheaf of meromorphic functions with pole
on Y.

A‘germ of '3€[;j(69x) can bhe represented by

— =+ +—  mod Oy x, where hqg, ..., hx € éax,x.
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It is thus easy to verify that these two sheaves have the structure of left

,éé x-Module.

Example 2.

et X=C={({x, ! x,yveCl, Y=1{(&v9) € X| x=0}.

1 , ,
If we set n =—, then n generates the sheaf Tﬂf[x?yj(égg over déx.
X

d
Since (x— + 1)n = 0 and —i-n = (), we have
ax dy

_ N 3 L
Kpan (O = Ben = B /D= D+ By o).

0
Hence (@ ) 1is a coherent left -Réx—Module.
Cxly) 7x

It is easy to verify the followings.

0

[x{Y](C/)x)' C/?x) - CX—Y = Jib

X-Y

73 (
Hom ,
and

Cxt ﬁi (%EXTY](@X), o) =0 for k=1,

where j : X—Y (—> X 1is the natural open inclusion map.

Example 3.
Let X =02 =1{(x, 9| x,veC},Y=1{(x vVeE XIx=20}.

‘ b—— 1 e . K [
If we set m = :: mod C};, then m generates the gﬁx—Module je[Y](é?x)'

. ]
Since xm =1 € ) and = 0, we have
4y
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Wy (O) = Dym = D/ (B x D300
We also have

’ M ! ) ) —
Jémﬂxuem(cx), &) 0,

Ext 3){(%[;3(@)(), Gy =rc,

and ,
1 1
fxtxﬁx(getﬂ(@x).@x) =0 for k = 2.
| o= g - g -
Note. Set m = E; m. Then m € ) . Hence ;éxm c g M-
Since m = —xm , we have joxm c Zﬁxm'. Therefore we have.
Jym = JD.m as set. But the annihilator ideal of m” is equal
to
D x2 + ,6.(x—3—+2)+¢0,—0.
X X 0\, X 0y

In what follows we say that a éfx—Module ;Oxm, generated by my is
equal to a QDX-Module ;ﬂxmg generated by mp if the annihilator ideal of

my is equal to the annihilator ideal of ms.

Notation.

We write J1C, = M4 if the aax-Module M. is isomorphic to the

& Module /70 5. VWP. wﬁte o’éxml = oaxmg if the OZ)X-Module ﬁxml is

X

~10-
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equal to dé na.
. X

Let ¢ be a coherent C?X‘Ideal and Y the support of éax /U( .

We define the q-th algebraic local cohomology sheaf by the inductive limit
a : . q K
’;le [Y]((Qx) = ‘l_ll,;ﬂ)g%t@x( @X /([ . @‘()

We also set
. Kk
%[xiﬂ((’”x) = I_IL"),gx'téx(C( , (éx)‘

K

We thus have a long exact sequence

10— R (0) —> O —> I [ [ 1(0) = Ken(b) — 0.

and isomorphisms

Y

a | GRS
K [x]yjb( @x) =% Cyj(éjx) oq = 1.
It is easy to see that these are left Dx-Modules.
Recall that a left coherent JJx-Module whose characteristic variety is

Lagrangian is called a holonomic systen.

Following result 1is known.

Theorem (Kashiwara (13), Mebkhout(20)).

q

(i) J¢ () 1is coherent.
Sy Tx

a -
(ii) 2€Eyj(69¥) is a regular holonomic system
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For the notion of regular singularity we refer to (16).

Theorem (Mebkhout (20)).

R?ﬁ'ﬁomﬁx RT SO, ©,)) = C,,

where R T denote the right derived functor of [EY] and R %Woom, ( , (%)

Lyl Ay

denotes the right derived functor fo :ﬁ%mﬁg ( ,00.
X

To end this section let us recall that the sheaf ¢Z>< has the following

description :

dimX (0, dimX)

= ‘ i
ij %[xj ( OXxx
(0, dimX) ' '
where (© is the sheaf of (dim X)-holomorphic forms in the second

X AX
variables with holomorphic functions as coefficients and X 1is identified

with the diagonal of XXX. Note also that the sheaf ino of rings of linear

partial differential operators of infinite order can be described by

00 dimX (0, dimX)

Z)(:/Je (O ).

X Xx X

Let X and Y be complex manifolds and % a holomorphic map from Y

to X. Kashiwara introduced the sheaf and D by
_ Y—>X | X<y
mX dimX
_ eAdl
Qév—>x _ 7 (v] ((a;xx Oy X
and



dimX dimY

‘Zﬁ vy = gl (@ ® @ ),

(vl Y p, vxx
v dimX dimY . .
respectively, where QX (resp. QY ) signifies the sheaf of the holo-

norphic (dim X)-forms (resp. (dim Y)-forms).

§ 2. Regular holonomic distributions and residual currents.
In this section we try to illustrate the Reconstruction theorem for. holo-
nomic systems (16). We shall content ourselves with discussing the most simplest

case which is related to residual currents.

Let us first examine the one dimensional case. Let X =1{z |z € C} ,

Y = {0} . We set

and
e 8 d e A0
We thus have a short exact sequence of Jﬁx—Modules.
(1) 00— —— M —> i ——> 0
By applying the derived functor RGQWWaﬁx( x , O,) to the exact

_1%"‘.;__



176

sequence ahove we get an exact sequence

0 — Som, (M7 @) —>Hom (DR, () = Yoy (M, O))

"64\’ /éx X

.
— tat (M7 0) — &

X

1
r
‘)JX X

X 1
Since Yom ((ME’,&’X)Y = f.r['a.é )

2 (e, [ﬂx)Y = (), we thus have

(%) 0 — Cy_y Ce — c, —=10

let us recall the following quasi-isomorphisms.

| 7
P‘y&””‘c(cx-v’ @x) = [0—> JBX—Y B ‘ﬁx“\’
R¥eem(C , ©0) =[0—>B ——> B —>
and
Rt (C, . ) =10 —=>T,B, ' Kjif_a

(m, 0) = gty (7 ) — 0.

01,

01,

0].

where QBX denotes the sheaf of hyperfunctions and Fyzﬂx denotes the sheaf

of hyperfunctions with supports in Y. It follows that
RJ&/MAC(CX"Y' &;X) = J*.] @ ’

R¥om (C_ . 7)) = O,

and
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R¥om (€0 ) - i @x)[ 1]
where denotés the natural open inclusion map j : X — Y <> X. We thus
verified the following results.

| | /-
RHom ((R¥om y (O, @) = /M
X

R¥own RFuangy (M, 0)) = J & I
X

and

V4 X 74
R%WC(R?&MX)X(M .0 =, % .
where X{x denotes the sheaf of rings of linear partial differential
operators of infinite orders.

Let us reexamine the result above by using the following double complex

associated with the exact sequence (¥%) :

0 0 0

A | ¢ |
0 > B —s 5 — 3 —> 0
0 —> ryéBX v :>: By - Byey ™= 0

0 0 0
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‘ 1
Let start with the meromorphic function — € [(X-Y, J3X_Y). Since
z

the sheaf Q3>; is flahy, the sheaf morphism ng —> lgx-v is surjective.

N

In fact the principal value hyperfunction (— )} € T(X, lgx) satisfies

1 1
[—] =— on X — Y thus in particular that d{— ] belongs to
VA vA 7

I QBY. Hence the coboundary morphism

Ker(—a—:B — B ) —> Coker(?:f‘}%—>]‘$),
Y X-Y Y X Y X

maps d to ET-J—].
7 7

00
We thus have the following exact sequence of éax-Modules :

which is isomorphic to

00 0 gy 1
0 — é7x — aéxx)?ebilﬂ(@x) — Ax(g)%fvl(@x) - 0

We also have the following exact sequence of coherent left &§x—Modules :

1 — 1
06— &6 —> (=) — § G- — o
Z : Z

[t is easy to verify that the exact sequence above is isomorphic to the

following one :



179

18] 1
i Oy T K g) —= 0

0 —> @ — K
X
It is hoped that the explanation above illustrate some aspects of the
subjects. We refer to (16) and (14) for the reconstruction theorem for holo-
nomic systems and for the Riemann-Hilbert correspondence for regular holonomic

systems.

~ Nextly we hriefly examine the two dimensional case.
2

Let f he a holomorphic function defined in a domain X in C2. We set

F=1{f=0}. Let us denote by &(f) the section of tktil( @1) defined hy
f% mod @&. If the function f 1is analytically irreducible, the section

1 1
3(f) generates the Jéx-Module }ﬁcF](éQX), for ¥

(@) is simple as
[F] X

A x-Module ((8)).
We have the following result (cf. (3),(7) and (19)).

Theorem. 4

Assume that the holomorphic function f 1is analytically irreducible.

o

1) holds. More precisely the annihilator ideal

Then J,(3(f)) = 2,00l

of §(f) and that of the residual current d[—] coincides.

1
f

1

In particular the residual current '5[—¥—] is a regular holonomic distri-

bution ((15)).
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§ 3. Tensor products of holonomic systems.

In this section we examine tensor products of holonomic systems supported
on plane curves. |

Let us recall the notion of tensor product. |

Let 0, and s be two d;x-modules. Let Xy and X5 be two copies
of the complex manifold X. Let p; (rsp. pz) be the projection from X; XXz

to X; (resp. Xz). We set

B . - -
My ® Me = J ® (P17 M1 Rp2710 2).
XX, Pfloéx @’Pz_l@x

1 2

I
Let us denote by &  the left derived functor of xR

We have the following result.

Proposition (Kashiwara (13]).

For two  J x-Modules #{, and AM 2, we have

I. A 1. /\
My & M = 3 ® (AR M)
Qx . X=X xx, "bxxx '
' 1 2

Now let us examine the tensor products of two algebraic local cohomologies
with support in plane curves.

Let X he a domain in €2 = {(x, y) | x,'y € C} containing the
origin P = (0, 0). Let F and G be two analytic plane curves (defined in X)

passing through P. Let f (resp. g) be a defining holomorphic function of

the curve F (resp. G). We set :



ap ! Ny !
K - %VEF]((QXI) ® %L‘
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GJ((pXZ-

We ideﬁtify X with the diagonal of ¥X;XX,. We choose the natural

coordinates (X1, vi, Xz, ¥2) on X1 XXz such that X = {(x1, y1, %2, v2) |
X1 = Xz, Y1 = vz | . Since
] . A / (Xl“‘Xz)OJ -+ (yi—y2)J ,
.‘(—5)(1 )sz xlxxz xxxxu xlucxz
"'. L ‘ ‘ ‘ N : ¥
T, X ‘Qf is quasi-isomorphic to the complex
' X—?X])(Xo ‘J
- X XX,

X1

0 €— VZi <

where z; = (xi—%2, y1—y2) and 712

1 the
X7 X XX,

If we denote by

(23}, we have the following :

1

(— ’(XAJ
2

X 1 =1

X—>X xX X—>X x X
EEGNTaR TRy X,

) d
=]

ix X—>Xxx,

X—>X XX,

It is easy to verify the following

‘6X1'

x X2

O <

( .Vz_.Vi')
X1~ X2

canonical section of

Z «— o

A

X—>X XX
7 T2

+ X2)),

etc..

result.
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Proposition 5.
Let F and ZG be two'ana!ytically irreducible plane curves containing
the origin P. Assume that F and G meet properly at P i.e. FNG = P.

Then we have the following‘resutsf

. . @X ., 1 . 1 o ‘,Z)’XIXX;)
() Yo (%, (0D, ¥ (L) = T ' *f

Kk

D

for any Kk

I
o

y
X-2 X xX,

v

1 1
(ii) The tensor pj"odu_ct }E[FJ(@X) QZ b [ea( @x) = "Ox——> 2,2y el
X ' T Yxoax
12

“is isomorphic to the simple regular holonomic aax-Module G%E;]( é?x)

supported by the origin P.

Let us denote by 8(f) (resp. by 3§(g)) the section of the sheaf
- 1 4 1
in[;](€7x) (resp.9€[él( 0.)) defined by + mod (7, (resp. —mod (2).
g

We set :

VAN .
m =1 R(f) ® 3(g)).

X—=> Xlx Xz

The following result is an immediate consequence of Proposition 5.

‘Proposition 6.

Under the assumption of Proposition 5, we have the following equality.
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We can use the result . above to calculate thevannihilator ideal of the

generator m.

Example 7 ((24)).

Set X=C={x,ywlx,yecC},F={(x,y)]ly=0} and

G={(x, ¥) | y—x2 = 0} . Let us denote by 0(y) (resp. 8(y—x2)) the

canonical generator of Mﬁ{;}(éﬁx) (resp. ?C[;B( @:)). We set :

A
n=1 R (y1)R8(y2—x22)).

X—> X x X
EEGR TaR

Then we have

' 1 A 1
(0,0 B (8,))

X xX
1

;OX "= 'ijﬁ xlxx

2

and

a
éa m = Xfx /(‘,a'x x2 + OJX (xé;—+ 2) + oéx y)

é
= J (=8x, v),
X ,

X

where @#(x, v) denotes Dirac’s delta-function at the origin.

For the detailed account, we refer the reader to (25).

Example 8.
Put F={(x, y)EC2|y=20} and G = {(x, y)€ % | y2—x3

If we set

0} .
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| - A
m=1 "~ R(3(y1)R08{y22—x23)),

X—= Xl)()(3

then we have

X

An S e (0) Qé)?ﬁ[;]((/)x).

X
By direct calculation we have

bow= 4 A4+ J(x—+3) + F v

X ax

2.

a
= (—3d(x, ¥)).
djx 0x20 Y

Let us state a conjecture.

Con jecture.
Let F and G be analvtically irreducible plane curves intersecting
properly at the origin. Let f and g be holomorphic defining function of F

and G respectively. f we set

: A
n =1 R (F)X(2))
X—> X %X, , ,
then we have ‘bx mn = j& r, where r denotes the residual current
ST A |
r = 43d[—] Ad[—].
- f &



§ 4. Blow-up and blow-down of holonomic systems.

In order to calculate tensor products of holonomic ;5X—Modules we use

the notion of blow-up and blow-down of E%§X-Modules>
Let X and Z be two complex manifolds. Let ¢ be a proper holomorphic

map from Z to X. For any coherentv é&g—Module /M, we set :

Lo -t

‘I,é*{}VC = 7 y m.

X
2-7)(. d,--lj6 -
X

For any coherent, sz-Module M we set :

L ,

Here R$ is the right derived functor of of ¢ .

E 3

 Example 9. ,
S
Let X =12 and let # : X —> X be the blowing-up of X at the

origin P= (0, 0). Then we have
‘ O »
) = 4
, ICQ/ X fp]((px)'

We have the following projection formula which we will use later.

Projection Formula (cf. [(11), (25)).
Let ¥ be a proper holomorphic map from 7 to X. For any coherent

;Jz*MOdUle (P , and for any coherent é{x-Mdddle-/%@, we have
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R = (| p)®m.
S» o‘oz¢ ) {L/ﬁ, oy

Note. If we set /N = ébz then we have

* 7 1.
Ly g = <J@ Y ®, M.
fw vz el

Now let us return to the two dimensional case. Let X be a domain in C2?
and let F be a plane curve on X with a holomorphic defining function f.
Let = :‘G(———e> X be the blow-up of X at the origin. Let us denote by KEJ :
the total transform of F, i.e. q;==-{ for =0} .

[t is easy to verify the following result.

7 Proposition 10.

7
() Tow' (B RO =0  for k=1.

X—=>X

1
{(ii) ﬁg{_} . ® 76[,,3

1
(&) = Ky (O

It means that the total transform of the sheaf of algebraic local coho-
mology supported in F 1is equal to the sheaf of algebraic local cohomology
supported in the total transform of F.

~ ~/ ‘
Note that if we set f = foz then O(f) = IQ/ ® §(f) generates
—> X

the  J-Module UQIL (Ov).
X lr] 7'x

Example 11. -

We calculate the annihilator ideal of 1

X X
2 1t

/\
. R (y1)R8(y22 —x23))
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by making use of the projection formula.
Set. F = {(x, YEC2| f(x, y)=y = 0} and G = {(x, y)€C?| g(x, y)
= y2—x3 = 0} . Let ()2 be the sheaf of algebraic local cohomology with

support in the cusp G :
PV
o= B uE =R, ()

Let (u, v) be local coordinates on X which satisfy x = v and y = uv.

. Vad
Since g = gor = vZ(u®2—v), we have

- «JQ(?{)

] ] d 0
= I/ (P22 =) + Jalu—=+2—=+6) + J A= —v — +2u)).
X X x ou av x du du

If we set (= Judu) = Ju/ (;@Vu + o ~ — ), then we have
- X X X X v :

o

It is easy to verify that

a
<]x /‘(de y + Obx 5;_)'

N XM = I/ (o + dav? + OJ/\/(V-i +3)),
aﬁu X X X X GV
62
= D (— &(u, v)) -
X avz

and
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(— §(u, v)) = ‘%x/ ((}S’x <3 + ﬁ*(x%?ﬁ) + o?jxy).v
X .. . - 2 E

Therefore we have

where

0x

d.on= D, /4, 2+ d, (x2 + 3) + By

ai
= X)x(;;; 3(x, y’))}

n =1 R (y1)Ri(ya2 —x22)).
X—?Xlxxz
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