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Let S’denote the smallesf family of subsets of all Euclidean

sapces Whiéh satisfies the following conditions:
(i) Every analytic set in a Euclidean space is an element of S.

(ii) For elements Xl and X2 in R"® of S,'X]_UX2 and Xl—X2 are elements.
of S. N o

(iii) Let X in R be an element of S, and let p:IfI+Eﬁlbe a linear
map such that the restriction of p to the closure of X is proper.
Then p(X) is an element of S.

Definitions. We call an element of S subanalytic. A subanalytic

map between éubanalytic sets is a continuous map with subanalytic
graph.

Exémgles. Examples of subanalytic sets are a semianalytic set
in a Euclidean space and a polyhedron included and closed in a
Euclidean space [H]. Examples of subanalytic maps are a semianalytic
map and a PL (=piécewise linear) map. Embeddihg closedly a polyhedron
in some Euclidean space we give a unique subanalytic structure to the
polyhedron.

Remark. A subset X of R" is subanalytic if and only if X is a
finite union of sets of the form Im fl-Im f2, where fl and f2 are

proper analytic maps from analytic manifolds to RO[H].

Subanalytic sets and subanalytic maps form a category. The
subanalytic category has strong relations to the PL category of

polyhedrons and PL maps. For the study of the PL topology, the
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subanalytic category is useful. Conversely we use many techniques
of PL topology for the study of the subanalytic category..The
following results show the relations.

(1) Subanalytic Hauptvermutung [S-Y]. Two polyhedrons'which

are subanalytically homeomorphic are PL homeomorphic.

(2) Subanalytic triangulation of a subanalyfic function [Sll.

<

Let X be a closed subanalytic set in a Euclidean space, and let f
‘be a subanalytic function on X. Then f admits a subanalytic
triangulation, namely, there exist a polyhedron P and a subanalytic

homeomorphism 7:P -+ X such that fer is PL.

‘(3) Subanalytic triangulation of avcomplex anaiytic function.
Lét X be a\complex analytic set in an open set of.Cn. Then a
cdﬁﬁiex analytic function on X admits a suBanalytic triangulation,
naﬁely, there exist a polyhedron P and a subanalytié imbedding
m:P>€" such that n(P) equals X and for is PL. (Here X is not

necessarily subanalytic.)

- We want to restate these facts without using analyticity
terminology and with only C” terminology. Consequently some
important properties of subanalytic sets and subanalytic maps
become clear. I am now preparing for a paper which contains the

proofs and other facts.
§1. Subanalytic HauptvérmUtung

Let X and Y be polyhedrons and let 7:X-+Y be a homeomorphism.
We explain conditions on 7w in terminology of c” Whitney
stratification. Under these conditions X and'Y_Becomé PL

homeomorphic, and of course a subanalytic homeomorphism satisfies
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these conditions. For simpiicity of notations we assume X and Y
to be compact;

Example. Before stating the conditons we consider a simple
case of two polyhedrons which are homeomorphic but not necessarily
PL homeomorphic. Let M and N be compact C” manifolds which are
h-cobordant. Assume dim M24. Then it is known that MxIRR and NxRR
are C” diffeomorphic. Let X and Y denote the suspensions of M and
N respectively, and let xl,xzeX and yl,yzeY be the vertexes. Then
by the above diffeomorphism we have a homeomorphism m:X +Y such
that n(xi)=yi, i=l, 2, and the restriction of = to X-{xl,xz} is a
Cc” diffeomorphism onto Y-{y;,y,}.

Let Mp_and NP mean the C” triangulétions of M and N,
réspectively,‘in the sense of Cairns-Whitehead, let XP and YP
denote the suspensions of MP and Np, and define xg, xg, yE, yg
and 7P:XP > YP. Then it is easy to see that Xp and YP are PL
homeomorphic if and only if MP and NP are PL homeomorphic. Hence
XP and YP are homeomorphic but not necessarily PL homeomorphic.

When are they PL homeomorphic? The following condition on 7 is

sufficient.
Let X and Y be included in some Euclidean space. Let pX and
pY denote the distance functions from {xl,xz} on X and from {yl;yz}

X and pY are C* functions on U-

on Y respectively. We note that p
{Xl’XZ} and V- {yl,yz}, respectively, where U and V are some small
open neighborhoods of {xl;xz} in X and of {yl,yz} in Y respectively.
Choose U and V so that w(U)cV.

The condition is
Igradpﬁlgrad(pY°n)x+Igrad(pY°ﬂ)X|gradp§=O for xeU.

If this is the“éase then M and N are C* diffeomorphic and hence XP
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and YP are ?L'homeOmorphic. Note that the above vector vanishes if

~and ohly if at least one of‘grad(bYon) rapdApi vanishes or they

p 4
point opposite directions. When the condition is satisfied, we say -

X

that p” and pY°n on U satisfy the condition 1.

The proof is easy. It suffices to see that pxnl(e) and pY-l

(g)
are C° diffeomorphic for small e€>0 since they are c” diffeomorphic
to M and N respectively. Let C be an integral curve of the above
defined vector field, and restrict pX and pY°ﬂ to C. They are

strictly monotone. Hence there exists a c” difeomorphism e of C

such that

px = pY°ﬂ°TC on CnU',

where U' is a smaller neighborhood of {xl,xz} in X. Define T to be

T on C. Then

X _ Yo ° LI
pt = promet on U {xl,xz}

and t is a C” diffeomorphism, which implies‘that TeT maps px_l(e)

Y-1
p

to (e) for small e>0.

Remark. If M, N and 7 are subanalytic then-pX and pY°n satisfy
the condition l.as follows. Let Z denote the points of U where the
condition i,is not satisfied. Then it is easy to see that Z is
subanaiytic. Assume the closure Z of Z contains Xl -0r"" X,. Then by
the curve selection lemma there is a subanalytic curve C‘in Z such

X Y

that C contains X, Or X,. By restricting p and p em to C we reduce

to the l-dimensional case. The l-dimensional case is clear.

Conjecture. Let X and Y be compact polyhedromns, let {X;} and
{Yi} be C” Whitney stratifications of X and Y, respectively, and

let W:{Xi}-*{Yi} be a stratified diffeomorphism, namely, m(X;)=Y,
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‘and the restrictions of 7 .to X, are Cc” diffeomorphisms. If 7 is an
isomorphism in the following sense, then X and Y are PL homeomor-

phic.

Definition of isomorphism. First assume that {Xi}={Xl, Xy}

and dim X;<dim X,. We call 7 an isomorphism if p% and p¥°n on

UlnXZ satisfy the condition 1, where p¥ and p% are the distance
functions from X and Y, respectively, and Uy is an open neighbor-
hood of X

Next assume {Xi}={X1,X2,X3} and dim X1<dim X2<dim X3._Then we

call 7 an isomorphism if the condition 1 is satisfied for the five

pairs p% and p¥°n on UlnXZ, p% and p¥°ﬂ on UlnX3, p§ and p§°ﬂ on
/ X-1 X Y
UanB, p% and p§°ﬂ on UanBnpl (e), and P9 and ppem on Uan3n

(p¥°n)—l(e) for every small e€>0. Here U; are open neighborhoods of

Y

X, .
i

i and p?, p: are the distance functions from Xi, Yi respectively.

We define an isomorphism for general {Xi} in the same way.

I could not prove the conjecture and I proved it under a
condition. But I believe that the conjecture is true. Before
explaining the condition we remark the following.

Remark. Let X and Y be compact subanalytic sets, and let
m:X~+>Y be a subanalytic homeomorphism. Then there exist c” Whitney
stratifications {Xi} of X aﬁd {Yi} of Y such that n:{Xi}-»{Yi} is
'a stratified diffeomorphism. In this case 7 is automatically an
isomorphism.

Remark. Let X, Y, {Xi},‘{Yi} and m be the same as in the

~conjecture. Assume dim X1<dim Ko<ere Lét ©X> €1 €9 -++>0. Then

for each &

X(2)=pX " (Ley,=Dn- 0okt (Ley,@lnphy1 (10,65, 100
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Ppaa([0reg o0

and Y= ¥ (Cey,=Dn npl T le, m0np 51 (10,6, 1100
pzlé([0'€z+2])”"'

are C* diffeomorphic C® manifolds possibly with corners.

We prove this in the same way’as the suspension case. Moreover
we can construct a c” diffeomorphism from X(2) to Y(z) which maps
a face of X(1) to the corresponding face of Y(g). If X(2) and Y(4R)
are all finite unions of PL balls then we can modify the diffeomor-

phisms so that they form a piecewise diffeomorphism from X to Y.

Condition 2. For simplicity of notations we assume that 7 in

the conjecture is extended to a C~ map between the ambient spaces.
(This assumption is not strong because we can replace 7:X-+Y by the
projections graph m+X,Y.) For each stratum Xi’ Xi is isomorphic to

a finite union of simplexes.
Theorem 1. Under the condition 2 the conjecture holds true.
Remark. If 7 is subanalytic then the condition 2 can be
satisfied. Under the condition 2 X(%) and Y(%) in the remark are
finite unions of PL balls.
§2. Subanalytic triangulation of a subanalytic function
We generalize the concept of subanalytic sets. Let £ be a family

of subsets of Euclidean spaces such? that the following conditions

are satisfied. An X-set means an element of . We define an X-map

between ¥-sets, an X}function, an Y-triangulation of an f-set, and
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an ¥-triangulation of an X-function in the same way as the subana-
lytic case.

(1) All élgebraic sets in Euclidean spaces are X-sets.

(ii) If X; and X, in R™ and Y in R"™ are ¥-sets then so are X1, X-%,
, xlnxzcmm and xleclRmeRﬁf

(iii) If X is a nonempty X-set then dim(X-X)<dim X.

(iv) Each connected component of an X-set is an RX-set.

(v) Let X in R™ be an X-set, and let p:E$L+Hflbe a linear map such
that the restriction of p to the closure of X is proper. Then p(X)
is an ¥-set. '

(vi) Let X be a subset of R™. Assume that X is an X-set locally at
each point of R™, namely, each point of R™ has a neighborhood U
such that UnX is an X-set. Then X is an X-set.

(vii) A polyhedron ¥-homeomorphic to a simplex is PL homeomorphic

to a simplex.

(viil) An X-set admits a C¢” stratification with -set strata.

(ix) Let an X-set X in R™ be a C~ submanifold. Then the tangent
space TXcR®xR™ is an X-set.

Examples. ,The family of locally semialgebraic subsets of
Euclidean spaces 'is the smallest example of X. The family of
subanalytic subsets of Euclidean spaces is another example and
may be the biggést. There are many other examples. The family of"
semianalytic subsets nor the‘family‘of semialgebraic subsets is
not X. The semianalytic family fails the conditon (v). The semialge-

braic family fails the condition (vi).

Theorem 2. Let X be a closed ¥-set in R™. Then an X-function

- f on X admits a unique X-triangulation.
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Corollary. A subanalytic function on a closed subanalytic set
in R™ is subanalytically triangulable. A semialgebraic function on

a compact semialgebraic set is semialgebraically triangulable.

Consider the graph of f in Theorem 2. Then for the proof it is

sufficient to prove the following theorem.

Theorem 2'. Let X be a clqsed X-set in R™IR. Then there exists
an X-imbedding m of X into. R™ TR of the form

T(X,t) = (r'(x,t),t) for (x,t)éﬂf%dm

such that n(X) is a polyhedron.

For the local proof of Theorem 2' we use all conditions (i),
,» (1x) except (vﬁj,.and we use the codition (vii) to paste the
local triangulations.
If admit a C® stratification in the condition (viii) then we do

not need all the conditions. Let Y be a family of subsets of Eucli-

dean spaces such that the conditions (i), (i), (v), (vi), (viil) and
(ix) are satisfied, where in (viii) we replace c” by c?. We define
naturally a Y-set, Y-function and a Y-triangulation. Then we have

Theorem 3. Let X be a closed Y-set in I@n. Then a Y-function £
on X admits a Y-triangulation.

As the uniqueness condition (vii) is not assumed, it is
difficult to paste local triangulations of f. So we need well-
controlled local triangulations of f. The C” stratification

condition assures such well-controlled local triangulationms.
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§3. Subanalytic triangulation of a complex analytic function

The mapping case of Theorem 2 and its corollary is not true.
For example, a blowing-up ]Rza(x,y)-+f(x,y)=(x,xy)eﬂR2 is not

triangulable. Here we call f triangulable if there exist polyhedrons

P i=1,2, and homeomorphisms Ti:Pi~+]R2 such that-{égforl is PL.

i
If f were triangulable then the mapIRza(x,y)-+dim f_lf(x,y)eN
would be lower semicontinuous by elementary properties of PL maps.
But dim f-lf(x,y)=1 for x=0 and =0 for x=0.

So subanalytic triangulability of a complex analytic function
comes from some speciél properties of complex analyticity.

Let U be an open set of €%, let X be a closed subset of U, and
let £:X > € be a continﬁous map. Now we introduce conditions on X
and f under, which £ is X}triangﬁlable. The conditions are satisfied
if X and £ are complex analytic and if we modify the coordinate

system of ch.

Let {Xi} be a finite family of compact X-sets in €™. We define

{Xi} to be X-solvable by projections by induction on n. If n=0 we

require nothing. Assume that we have defined the ¥-solvability for

n-1

n-1. Let p denbtg the projection €" ¢ which forgets the first

factor. We call {Xi} -sovable by projections if the following
conditiéhs”a;e satisfied. If p'l(x)nXi is of dimension 2 for some
point x of p(Xi) then Xi is of the form Clx---an,.where Cj are
compact polyhedrons in €. Let I denote the index set of other Xi’
and set

Xl

u X
iel

i Z=p(X').

‘Then there exists a finite family of compact X-sets {Yj} in ¢l

X-solvable by projections such that p(Xi) for each iel is the union
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of sbme-Yj's, for ‘the canonical C~ stratification {z,} of Z
compatible with {Yj},

-1
p]xnp-l(zk):an () > 2y,

are covering maps, and the family of all connected components of
anfl(Zk) is compatible with {X }, 1.

Theorem 4. Let U‘be an open set of (Bn, let X be a closed
subse‘t of U which is an X-set locally at each point of U, and let
f:X~> € be an X-function locally at each point 6f U. Assume that
the graph of £ is the union of compact X-sets X, i=1,2,..., and
that every finte subfamily of {Xi} is ¥-solvable by projections.

Then f admits an X-triangulation.

Corollary. Let U be the same as above, and let X be a complex
analytic set of U. Then a complex analytic function f on X admits

a subanalytic triangulation.

The essential parts of the proof of the theorem are local
triangulations and their pasting. The ¥-solvability admits well-
controlled local triangulations. The local triangulation follows from

2x]Rn, and q: IR2

Lemma. Let Y be a compact ¥-set in R xR" » R"
the projection. Assume that q(Y) is the underlying polyhedron of

. - -1
a simplicial complex K and for each ¢ of K, q[q—l(Intc yid (Int o)
+ Int ¢ is a covering map. Then there exists an X -homeomorphism n

2

of R*xR™ of the form

T(xX,y) = (7' (%,y),y) for (x,y)eIsz]Rr1

such that 7(Y) is a polyhedron.

- 10 -
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If we replace ]Rz here by R, then this lemma is very easy to
see. But for ]Rz we have too large freedbom of choice of 7. We need

to choose a canonical method, which is not easy.
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