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- 0.INTRODUCTION

In this talk we will consider the Caunchy problem for Hamilton-Jacobi equation :

0z 0z 0z
(1) -5?+H(t,21,...,zn,52—1',...,-0;—;)—0
(2) 2(0,21,...,2,) = ¢(21,...,22),

where H and ¢ are C*-functions.

It is well-known that, even for smooth initial data, the Cauchy problem (1) (2) does
not admit a smooth solution for all ¢. Therefore we consider a ”geometric solution” which
is constructed by the method of characteristic equation and it may have the singularities.

Recently Tsuji ([4] [5]) studied the behavior of solutions near the singular point on the
base space in the case where n < 2.(Nakane also treated for the general n [3].) He assumed
that these singularities are folds or cusps. But, other singularities may be appeared in
generic. In fact, by the consequence of our theorem, the generic singularities for geometric

solutions for (1) (2) is equal to generic metamorphoses of an 1-parameter caustics which

are classified by Arnol’d ([1],[2]).



- The picture of these are the following :
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The case (() in the above picture is the process of the appearance of the generic
singularities of the solution from the non-singular solution. Because the initial data of the
Cauchy problem (1) (2) is smooth, then this p'rocess must exist for a neighbourhood of
some 1g

I study this problem in the framework of the theory of Legendrian unfoldings. Then
we now introduce the theory of Legendrian unfoldings.

All map germs and diffeomorphisms considered here are class C*, unless stated oth-

erwise.

1.LEGENDRIAN UNFOLDINGS

7 Notations:
1) JYR™,R) = R**1 5 (t1,...,2n,2,P1,...,Pn) : 1-jet bundle.
2) The canonical 1-form on JY(R*;R) : 6§ =dz— ) [, pide;.
3) JHR™—™ x R"\R) R+ 3 (f1,. e ytrony 1yevey Zny 2, QL+« oy @r—nyPly- -+, Pn)
4) The canonical 1- form on JI(R"™™ x R*,R) : 0=0- Z, _1 g;dt
5) = : JL(R™,R) - R* x R; 7r(z z,p)k = (z,z)
Let R be an r-dimensional smooth manifold, p : (R, %) — (R""™,10) be .a. submersion

germ and £ : (R, y) — J!(R™,R) be a smooth map germ.. We say that the pair (£, p) is a
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Legendrian family if £, = £|up~!(t) is a Legendrian immersion germ for any £ € (R” ™™, ¢,)

By the definition, we héve the following simple lemma.

LEMMA 1.1. Let ({.p) be a Legendrian family. Then there exist unique elements
hi,. . he_n € Cg2(R) such that £*0 = 377" hidp;, where p(u) = (p1(u), ..., ptr_n(u)).

Define a map germ

L:(R,y)— JY(R"™" x R*,R)

£(u) = (u(w), z 0 £(u), z 0 £(u), h(w), p o &(u)).

Then it is easy to show that £ is a Legendran immersion germ. We call £ a Legendrian
unfolding associated with the Legendrian family (£, ). Since L is a Legendrian immersion

germ, it has a generating family: Let
F:((R"™™ x R™) x R*,0) — (R, 0)

be a smooth function germ such that d, F|0 x R® x R¥ is non-singular, where

oF oF

sz(t’ z’q) = (—'(t) 2’9)7 ceey —(t’ z, q))

Oq Oqw

Then C(F) = d, F~1(0) is a smooth r-manifold and
xr : (C(F),0) - R"™™

is a submersion germ. Here nr(t,2,q) =t.

Define map germs

§F : (C(F),O) - Jl(anR) ‘

- . oF
Q.l"'(tvz) q) = (2, F(t?z$q), O_z(t7z’q))

and

' &5 :(C(F),0) = J'(R"™™ x R*,R) -



OF OF :
§.l;‘(t7z)q): (t7z,‘F(t, z7q)’ -Ezd(t, ziq)’ E(t1z’q))°

It is easy to show that & is a Legendrian unfolding associated with ($z,xz). By the

same method as the theory of Arnol’d-Zakalyukin, we can show the following proposition.

ProroSITION 1.2. Every Legendrian unfolding germs are constructed by the above

method.

By this proposition, we can apply the singularity theory of smooth families of function
‘germs with distinguished parameters. In this note we will only consider the case where
r = n + 1. This case is much easier than the other cases. We have another application of

the theory of Legendrian unfoldings, in which the case of » > n + 1 is very important.

2. GEOMETRY OF HAMILTON-JACOBI EQUATION

In which we will treat Hamilton-Jacobi equation in the framework of the geometric
theory of first order partial differential equations. Hamilton-Jacobi equation is defined to

be a hypersurface
E(H) = {(t’z’zaPaQ) € Jl(R X R",R)Iq+H(t,z,q) = 0}

in J(R x R™,R).

Since the equation is contact regular at every points (i.e.®|E(H) # 0), a generalized
Cauchy problem (GCP) has a unique solution: It is solved by the method of characteristic
equations. In this case the characteristic vector field is given by

8 ~~0H 0 °N 8H 8 OHO ~~0H 0
Xy = — 9= 2 Sy WA A CEL A,
H +; O LT ek 3F il 7 0q+§0z; op;
We say that a generalized Cauchy problem (GCP) is posed for an equation E(H)

if there is given an n-dimensional submanifold ¢ : L' C E(H) such that :*® = 0 and
XH, ¢ To(L') for any 2z € L'.



THEOREM 2.1. (CLASSICAL EXISTENCE THEOREM). A GCPi: L' C E(H) has a unique
solution, that is, these i§ a Legendrian submanifold L C E(H), L' C L and any two such

Legendrian submanifolds coincide in a neighbourhood of L'.

3. _GENERALIZED CAUCHY PROBLEM ASSOCIATED WITH THE TIME PARAMETER
For any ¢ € (R,0), we set
E(H)c = {(c,z,z,—H(c,z,p),p) € JI(R x R",R)|(z,z,p) € Jl(Rn’R)} .

Then it is a (2n + 1)-dimensional submanifold of J}(R x R*,R). ©. = O|E(H). =
dz — I, pidz; gives a contact structure on E(H).. -
We define a mapping

te: JY(R™,R) — E(H).
by
te(2,2,p) = (c,2,2,—H(c, 2,p),p).
Then it is a contva.ct diffeomorphism and the following diagram is commutative:

J'(R™,R) e, E(H).

- =

R* xR R™ x R.

We say that a generalized Cauchy problem associated with the time parameter
(GCPT) is posed for an equation E(H) if a GCP i : I' C E(H) with i(L') C E(H).
for some ¢ € (R, 0) is posed. » |

REMARK. The Cauchy problem z(0,21,...,2,) = ¢(21,...,2,) is a GCPT. The initial

submanifold is given by
¢, 8 .
Lo = {(0,2,6(), ~H(0,2, 32), g)le € R} B

Our purpose is formulated in the following problem: -
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- ProBLEM. Classify the generic bifurcations of singularities of

m|: LOBH) >R* xR

and

i’tl :ﬁﬂE(H)t — R

with respect to the parameter t.

Let i : I' C E(H)o C E(H) be a GCPT and £ be the unique solution of L'. Since
Xps ¢ ToE(H)., then L is transverse to E(H). in E(H) for any c € (R,0). It follows
that E; =LNE(H).is a.nﬁ-dimensional submanifold of E(H). and it satisfies ©.]C. =0
(ieLl.isa Legendrian submanifold of E(H).). If we consider the local parametrization of

L, we may assume that £ is a image of an immersion germ
L:(R" xR,0) —» E(H)

such that L|(c x R*) is a Legendrian immersion germ of E(H).. Hence the coordinate

representation of £ is given by
L(t,u) = (t,2(t, u), 2(t,v), —H(t, 2(t, u), p(t, u)), p(t, u)).
We now define the projéction

= : J'R x R*,R) — J'R",R)

t?(ta z,2,4, p) = (za Z_,’p). B
It follwos from the above arguments that (' o £, 7;) is a Legendrian family, where
71 : (R x R",0) — (R, 0)

- is the canonical projection. Hence L is a Legendrian unfolding associated with (x' o C, ).

The main theorem is as follows. "
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THEOREM 3.1. (1) The local solution of the generalized Cauchy problem associated with

the time parameter for Hamilton-Jacobi e‘q‘u’atim‘l
g+ H(t,z,p) =0
is a Legendrian unfolding
L:(RxR"0)— J'(R x R”,R).

(2) Let £ : (R x R*,0) — J}(R x R*,R) be a Legendn'anJ unfolding associated with
(£, 7). Then there exists a C®-function germ H(t,z1,...,%n,P1,...,Pn) such that L is a
local solution of the generalized Cauchy problem associated with the time parameter for

Hamilton-Jacobi equation

q+H(t7z’p)=0’

where the initial condition is given by £(0,u).

ProoF: The statement (1) is already proved by the avobe arguments. We now prove the

statement (2). Taking a coordinate representation of £, we have
£t,u) = (=(t,u), 2(¢,u), p(t, u))
| Since (¢, 1r1’) is a Legendrian family, we hgye
(dt)e,,. D (£*0)¢, .-

Hence, there exists a C*-function germ H(t,u) such that

dz(t,u) — Z:p;(t, u)dz;(t,u) - h(t,u)dt.

i=1

By the defintion of the Legendrian unfoldings, we have

L(t,u) = (¢,2(t,u), z(t, v), h(t,u), p(t, u)).



We now define a C*°-map germ

i:(RxR"0)>T*R"

{(t,v) = (2(t,u), p(t, u)).

Since (£,m)is a Légendrian family, /; is a Lagrangian immersion germ with respect
to the canonical symplectic structure on T*R™ for any ¢t € (R, 0).

We also define a C°-map germ
£ :(RxR*0)->RxTR"
by
£(t,u) = (¢, z(¢,u), p(t, ).
By the above argument, £' is an immersion germ. Then
£* : Ci%)(R x R™) — C°(R x R™)

is an epimorphism. Since h € C§°(R x R™), there exists H € CZ,"EO)(R x R™) such that
{*(H) = —h. That is,
| H(t, 2(t, ), p(t, v)) = h(t, v).

Thus the Lgendrian unfolding
L:(RxR*0)— J'(R xR",R)
is a geometric solution of the Ha.milton—J acobi equation
q+ H(t,=z,p) = 0.
It is also a local solution of GCPT of the Hamilton-Jacobi equation whose initial condition

is £(0,u).

By this theorem, we can apply the classification theory of bifurcations of singular-
ities of 1-parameter Legendrian unfoldings. It is corresponding to Arnol’d’s theory of

1-parameter bifurcations of caustics and wave front sets.
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